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Abstract

In this paper, we address the problem of
sparse regression vector estimation in the pres-
ence of corrupted samples, with a particu-
lar focus on accurately identifying the sup-
port. Traditional methods, such as the Least
Absolute Shrinkage and Selection Operator
(LASSO), often fail in such scenarios, exhibit-
ing inconsistency. To tackle this challenge,
we propose a combinatorial, non-convex, and
robust variant of the LASSO framework, de-
signed to enhance estimation accuracy under
corruption. Our approach is supported by
theoretical guarantees, which establish its re-
liability and robustness. Our method also
handles corruption from heavy-tailed distri-
butions, with only a few bounded moments.
We validate our theoretical results through
extensive experiments, comparing the perfor-
mance of our method against the LASSO
and its other robust variants. These compar-
isons highlight the efficacy of our framework,
demonstrating its practical applicability in
sparse regression tasks involving corrupted
data.

1 INTRODUCTION

Many modern-day machine learning problems employ
linear regression as a fundamental technique. In high-
dimensional settings, sparse linear regression is used
to model the response variable using high-dimensional
predictors to leverage sparsity of the parameter vector.
At its core, the task is to estimate a sparse regression
parameter vector using a given dataset of predictors
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and response variables. To promote sparsity, the most
intuitive approach is to use LASSO, i.e., add an #;-
regularized term to the least square loss minimization.
However, in real-world scenarios, oftentimes we receive
samples that do not conform to the linear regression
model due to natural or adversarial corruption of sam-
ples (Hampel et al., 1986). Multiple studies have ex-
plored the robustness of LASSO-type methods in the
presence of corrupted samples, and the findings sug-
gest that they are not robust (Hadi and Chatterjee,
2009). Fan and Li (2001); Zou (2006) have shown
that variable selection for LASSO can be inconsistent.
While Fan and Li (2001) introduced a non-convex penal-
ized likelihood-based method, Zou (2006) proposed the
adaptive LASSO. Other researchers, such as Lambert-
Lacroix and Zwald (2011); Sun et al. (2020); Dalalyan
and Thompson (2019); d’Orsi et al. (2021) have used
Huber criterion (Huber, 2011) to deal with corrupted
samples.

Robust regression has been a well-studied area in the
literature. Readers are encouraged to consult the fol-
lowing works, along with their references, for further
insights, though the list is not exhaustive: Bhatia
et al. (2015, 2017); Suggala et al. (2019); Prasad et al.
(2020); Gao (2020); Awasthi et al. (2022). Similarly,
the concept of robustness has also garnered significant
attention in the context of sparse linear regression:
Nguyen and Tran (2012); Chen et al. (2013); Lozano
et al. (2016); Dalalyan and Thompson (2019); Liu et al.
(2020); d’Orsi et al. (2021); Norman et al. (2023). Most
of these works, besides Chen et al. (2013), focus on
providing estimation guarantees aimed at minimizing
the estimation error in the ¢5-norm, with sample com-
plexity depending on factors such as sparsity, problem
dimension, and the number of corrupted samples. Addi-
tionally, some studies, such as Nguyen and Tran (2012);
Chen et al. (2013), impose further restrictions on the
proportion of corrupted samples for their recovery guar-
antees.
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Motivation In this work, our primary goal is to esti-
mate a sparse regression vector and accurately recover
its support within the framework of robust LASSO.
These objectives have been extensively explored in the
context of traditional LASSO, with well-established
sample complexity results (Wainwright, 2009; Mein-
shausen and Biithlmann, 2006). For exact support re-
covery in LASSO, the sample complexity exhibits poly-
nomial dependence on sparsity while scaling logarithmi-
cally with the problem’s dimension, enabling existing
algorithms to perform effectively in high-dimensional
settings.

The seminal work of Chen et al. (2013) introduced non-
convex trimming methods to address support recovery
under the presence of a small number of corrupted sam-
ples. Crucially, their analysis highlighted that convex
optimization frameworks are inherently unsuitable for
achieving robust support recovery, thereby motivating
the need for non-convex formulations. Inspired by this
insight, we propose a non-convex approach tailored for
robust support recovery. However, non-convex opti-
mization poses inherent challenges, particularly due to
the lack of general methods capable of finding global
optima efficiently.

To navigate these challenges, our approach focuses on
analyzing local solutions to the proposed non-convex
problem. We demonstrate that certain local solutions,
which satisfy integrality properties, are sufficiently close
to the ground truth. This allows us to achieve robust
support recovery without requiring global optimality.
Furthermore, we provide rigorous theoretical guaran-
tees for our approach, addressing both the ¢4 estimation
error of the sparse regression vector and the exact recov-
ery of its support. Importantly, our method retains de-
sirable sample complexity properties, with polynomial
dependence on sparsity and logarithmic dependence on
dimensionality, aligning closely with the characteristics
of standard LASSO.

1.1 Main contributions and discussion

In this subsection, we present the central results of
this work and discuss their significance in the broader
context of existing literature. The objective in the
subsequent discussion is to estimate a p-dimensional,
k-sparse regression vector using n samples, where up
to an e-proportion of the samples may be corrupted.

1. Exact support recovery: Our first result estab-
lishes the necessary technical condition for achiev-
ing exact support recovery in the presence of cor-
rupted samples. We demonstrate that exact sup-
port recovery using some specific locally optimal
solutions is possible with high probability when

3
the number of samples satisfies n = Q (62’“10;%).

This finding is particularly noteworthy because it
shows that the analysis can be performed on any
of the integral local optimal points of a non-convex
optimization problem, rather than requiring the
problem to be solved to global optimality. This
broadens the applicability of the method and pro-
vides a practical pathway for analysis. Note the
polynomial dependence on k and logarithmic de-
pendence on p, which we target in this work.

The readers might also notice the seemingly coun-
terintuitive dependence of sample complexity on
€. This relationship, however, arises naturally
from our analysis and is a well-documented phe-
nomenon in robust statistics. For example, in the
context of robust linear regression, Theorem 1.3
in Diakonikolas et al. (2019b) demonstrates a sam-
ple complexity lower bound of Q (% polylog (%))
to recover the regression vector with a confidence
level of at least 1—§, when e-fraction of the samples
are corrupted. This inverse relationship between n
and ¢ is also evident in other works, such as Corol-
lary 3.1 in Balakrishnan et al. (2017) and Theorem
4.1 in Liu et al. (2020). Broadly, this dependence
stems from the inherent challenge of managing
the interplay between corrupted and uncorrupted
data. Our analysis carefully balances the distribu-
tional properties of two subsets: one containing
~ (1 — €)n uncorrupted measurements, and the
other comprising en corrupted measurements. By
rigorously accounting for the impact of corrup-
tion, we derive results that align with established
findings in the robust statistics literature.

Our results hinge on two critical technical criteria:

(a) To achieve exact support recovery, each non-
zero entry in the ground truth 6* € RP must
satisfy a “minimum weight criterion”, which
is influenced by the corruption proportion.
Specifically, the non-zero entries must be
Q (elog(1/e)) to counteract the effects of cor-
ruption in the observed data. While this cri-
terion is a standard condition in the sparse
linear regression literature, as highlighted in
prior works such as Wainwright (2009, 2019);
Ravikumar et al. (2007, 2010); Daneshmand
et al. (2014); Maurya and Honorio (2024),
the dependence on ¢ is unique to our setup.
These studies emphasize the necessity of en-
suring that true signal components are dis-
tinguishable from noise for accurate support
identification.

The central insight in our work is that when
the non-zero entries of 6* exceed this thresh-
old, effectively nullifying the influence of cor-
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ruption. This shows that the locally optimal
solutions of the proposed non-convex opti-
mization problem are sufficient for exact sup-
port recovery. This eliminates the need to
achieve global optimality, which is computa-
tionally challenging in non-convex settings.
By leveraging local solutions, we provide a
more practical and computationally feasible
pathway for recovering the support, thereby
broadening the applicability of our framework
to real-world scenarios where corruption is
inevitable.

(b) Our analysis further necessitates a mutual-
incoherence condition that explicitly accounts
for the proportion of corrupted samples in the
data. While the mutual-incoherence require-
ment originates from the classical LASSO
framework Wainwright (2009, 2019); Raviku-
mar et al. (2007, 2010); Daneshmand et al.
(2014); Maurya and Honorio (2024), our for-
mulation tailors it to address the challenges
introduced by the presence of corruption.
On a high level, this condition ensures that
the predictors corresponding to the true sup-
port exert a significantly stronger influence
on the predictions than the predictors out-
side the support. Furthermore, we also need
the mutual incoherence coefficient to grow as
w (elog(1/e)), i.e., as the number of corrupted
samples increases, the disparity in this influ-
ence must grow proportionally. This scaling
ensures that the true signal remains distin-
guishable despite the presence of substantial
corruption.

Our insights highlight the interplay between cor-
ruption and predictor influence, offering a nuanced
understanding of how sparsity and robustness can
coexist in high-dimensional regression problems.
Our results are expressed directly in terms of the
corruption proportion €, making the dependency
on corruption both explicit and transparent.

2. Estimation error: Our work establishes an
e-dependent guarantee on the estimation error.

Specifically, we demonstrate that when the sample
k2 log p

W), any integral local

size satisfies n = Q) (
solution is guaranteed to lie within a distance of
@) (\/Es log(l/s)) from 6* in the fo-norm.

3. Algorithmic contribution: Our results are
presented for algorithms that yield an integral local
optimal solution, emphasizing their theoretical and
practical significance. However, it is worth noting
that typically first-order methods, while capable
of converging to a local optimal point, do not

inherently guarantee convergence to an integral
local optimal point. This distinction is crucial, as
integral local optimal points form the foundation
for our theoretical guarantees.

To address this gap and enhance the practical ap-
plicability of our approach, we propose a straight-
forward yet effective black-box construction of an
algorithm that outputs an integral local optimal
point while using any first-order method as a sub-
routine. This enhancement guarantees that the
solution is an integral local optimal point. By in-
tegrating this construction, our framework bridges
the theoretical guarantees with real-world algorith-
mic efficiency, making it accessible for practical
implementation while maintaining the robustness
and accuracy promised by our theoretical analysis.

4. Corruption in labels and features: We pro-
vide theoretical guarantees when the corruption
can be in both labels and features. Our method
handles corruption from any heavy-tailed distri-
bution with only a few bounded moments using a
pre-processing step similar to Awasthi et al. (2022).
In our pre-processing step, we choose thresholds
carefully based on the moments of features, which
can be of independent interest, as it is not re-
stricted to sparse linear models.

Our theoretical claims are also validated empirically
on synthetic datasets.

2 DATA GENERATION PROCESS

In this section, we introduce the data-generation pro-
cess for the sparse linear regression problem under the
presence of corruption. The uncorrupted samples are
generated according to the following procedure:

(Vien]) vi=(Xi,0") +e.

We assume that X; € RP is a zero-mean sub-Gaussian
random vector (Hsu et al., 2012) with covariance matrix
Y. The additive noise e; is independently sampled from
a zero-mean sub-Gaussian distribution with parameter
oc. As aresult, the samples (X4, ¥:)ic[n) are generated
independently and identically distributed (i.i.d.). The
regression vector §* € RP is assumed to be k-sparse,
meaning it contains at most k non-zero entries.

Corruption Model: We adopt the strong corruption
model from Awasthi et al. (2022) to introduce noise
into the dataset. Specifically, the adversary has access
to all clean samples and en samples from (X, ¥;)icn]
can be arbitrarily corrupted.

n—m

The corruption proportion ¢ is then defined as e = =,
where m denotes the number of clean samples. We
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assume € < 0.5. This model operates under a strong
corruption assumption, meaning that any n — m out
of the n samples can be arbitrarily corrupted, allowing
for maximal flexibility. With the above setup, we are
interested in the following question:

Given the e-corrupted dataset (X, yi)ie[n], 18 it possible
to have a good sparse estimate of 0* ¢

3 A NON-CONVEX FORMULATION

In this section, we propose a non-convex formulation
for outlier-robust estimation of the sparse regression
parameter vector. Our task is to estimate 6* using
(X, Yi)ie[n]- At a high level, we design a combinatorial
problem where we choose m out of n available samples.

1

min i
QC[n],|Q|>m,0€R? 2 =

(yi — (X;,0)) + A0]|1

Mathematically, we can formulate the following con-
tinuous relaxation of this combinatorial optimization
problem:

2
bGRn geRp2m Zb Xl’0>) +>\H9”1 (1)

such that, Z b; =m
i=1
0<b; <1, Vie€ln],
where A > 0 is a regularizer which along with ¢;-norm
on 6 ensures the sparsity of the solution. At a high
level, we want b; = 1 to denote an uncorrupted sample.
Ideally, we expect exactly m b;’s to take the value 1
and the remaining b;’s to take the value 0.

One can easily show that the optimization problem (1),
even with continuous variables, is jointly non-convex
with respect to b and 6.

Proposition 1. The optimization problem (1) is non-
convex with respect to by,...,b,,0.

Proof. 1t suffices to show the non-convexity of the
function g(b,0) = > i b;(y; — (X;,60))?, which can
be viewed as a special case when A = 0. First, we
compute the partial derivatives of g:

(9g _ L } 2 .

6[)7; - (yZ <XZa 0>) ’ VZ € [n]a
99 _ 722 :b X (yi — (X:,0)) .
90 iy

Table 1: KKT conditions

KKT

Condition Equation

Stationarity: (i —(Xi,0))*+pu—a;+8; = 0,Vi € [n](2)
— i by — (X, 0)Xi +AC=0 (3)

Complement-

ary slackness: (37", bi —m) =0 (4)
aib; =0, Vi € [n] (5)
ﬁl(bz — 1) =0, Vi € [n] (6)

Dual

feasibility: a3 >0, 8; >0, Vi € [n] (7)

Primal

feasibility: 0, b =m (8)
0<bi <1, Vi€ [n (9)

Next, we define the function G(b,b,6,0) as follows:

G(b, Bv 9, g) =g(b,0) — g(l_jv é) -

00
To prove the non-convexity of g(b,6), we aim to con-
struct specific instances of (b,0) and (b,¢) such that
G(b,b,0,0) takes both positive and negative values.
Consider the following assignments:

. 1 1
b=1(0,... b={(=,...,=
(07 70)7 <23 K 2) )
0. — 1w ifi=t, g._ W ifi=t,
L 0, otherwise, L 0, otherwise.

Under these settings, the function simplifies to:
G(b,0,0,0) = =37 (yi — Xipw) Xie(u — w).

If X;; =0, we can modify the index t to ensure that
Xt # 0. By fixing w, we can select an appropriate
value of u such that G(b,b,0,0) alternates between
positive and negative values. This establishes the non-
convexity of g(b,0). O

Due to the inherent non-convexity of problem (1), at-
taining a global optimal solution is generally not possi-
ble. Consequently, our focus shifts to identifying local
optimal solutions, often referred to as Karush-Kuhn-
Tucker (KKT) points. These solutions are characterized
by satisfying the KKT conditions, which serve as nec-
essary optimality criteria for constrained optimization
problems. Below, we outline the complete set of KKT
conditions for problem (1).

In Table 1, p,ay, B¢ € [n] are dual variables and
¢ denotes an element of subdifferential set of ||0]|;.
The analysis presented in the following sections relies
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extensively on these KKT conditions. Specifically, we
introduce a distinct subset of KKT points, referred to
as “integral” KKT points, which play a critical role in
our theoretical and practical framework.

Definition 1 (Integral KKT points). A KKT point
(b,0) that satisfies all the conditions listed in Table 1
is referred to as an integral KKT point if b; € {0,1}
for all i € [n].

If a KKT point is not an integral KKT point, we call
it non-integral KKT point. We now present and prove
several properties related to the integral properties of
KKT points of problem (1), which are instrumental to
our analysis.

Lemma 1. Let (b,0) be a non-integral KKT point
of problem (1), then 3 a primal feasible point (b,0)
satisfying (8) and (9) such that b; € {0,1},Vi € [n] and

Zb

n

—(Xi,0))° — (X:,0))%) (10)

i=1

Proof. We define a set P in the following way: P =
{i € [n] ] 0 <b; <1}. It follows from equations (5)
and (6) that a; = 0 and 8; = 0 for all ¢ € P. Therefore,
following equation(2):

1

%(yi -

(X;,0)? =—pu, VieP (11)
Moreover, since 2?21 b; = m, it immediately follows
that ), pb; is an integer. We pick ), p b; entries
from P and for each such entry j, assign b; = 1. For
the remaining entries in P, we assign Ej = 0. For all
other indices j that are not in P, l_)j =b;. It is easy to
see that (b, ) is primal feasible. Additionally, equation

(11) ensures that equation (10) holds. O

The result of Lemma 1 is useful in developing an al-
gorithm that always produces an integral KKT point
of problem (1). Next, let b* € {0,1}" is defined such
that b =1 if ¢ is an uncorrupted sample and b = 0,
otherwise. At a high level, the next lemma establishes
local optimality of the integral KKT points.

Lemma 2. Let (b,0) be an integral KKT point, then
- 0 < 3t

Proof. Let P = {i € [n] | b; = 1}. Since (b,6) is an
integral KKT point, we have that P, = {i € [n] | b; =
0} = [n] \ P. Using equation (5), (8), and multiplying
equation (2) with b; and summing it over i € [n]:

Zb

—(X;,0)) —(X;,0))* (12)

—(X;,0))? = —pum — Zﬂ’

i€EP

Similarly, multiplying equation (2) with b and sum-
ming it over ¢ € [n], we get:

Zb* —(X;,0)° = —pm = > Bib; + > a;b}

iceP i€P,

Since b;‘k € {Oa 1}v ZieP sz: < Ziep Bz and
> icp, @ibf >0, the final result follows. O

4 ESTIMATION AND SUPPORT
RECOVERY

In this section, we present our main result and provide
a comprehensive theoretical analysis. Our approach
is based on the well-established primal-dual witness
framework Wainwright (2009); Ravikumar et al. (2007,
2010); Daneshmand et al. (2014). However, our anal-
ysis incorporates additional arguments to address the
challenges posed by suboptimal local solutions and the
presence of corrupted samples in the dataset. While we
build upon the standard assumptions of the primal-dual
witness framework, these assumptions are adapted to
ensure robustness against data corruption. Before de-
tailing the assumptions, we clarify some key notations.
Specifically, we define the support of the true regression
vector 0* as the set S, where S = {i € [p] | 6} # 0}.
The set S¢ represents the complement of S, defined as
S¢ = [p]\S. For a matrix A € RP*9, its restriction
to rows B C [p] and columns C' C [¢], where |B| = r
and |C| = s, is denoted as Apc € R™™%. Let ¥ denote
the population covariance matrix of the samples. The
analysis in this work adopts the following assumptions,
borrowed from the primal-dual witness framework, to
facilitate robust estimation and support recovery.

Assumption 1 (Positive Definiteness). There exists
0 1+€101g7£16/€) , and ap > 0 such that a1 <
Y55 = asl, where I is an identity matrix.

an oy =

Assumption 2 (Mutual Incoherence). For some x €
(0,1] with & = w(elog(1/¢)), [|ZsesTgalloo < 1 — &
where || - ||oo denotes matrix-induced {y-norm.

Assumption 3 (Minimum Weight Assumption). For
each entry in the support, ie., Vi € S, [07] =

Q < MOTg(p) Jr&:log(l/s)>.

Note the presence of € in Assumptions 1, 2, and 3. This
dependence is to overcome the effects of the corrupted
labels in the dataset. With these assumption in place,
we are ready to state our main result for the simpler
case of corruption only in the labels y. We discuss
similar results for the case of corruption in both labels
and features later in Section 6.
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Theorem 1 (Informal). Let (b,6) be an integral KKT
point of the problem (1). Under assumptions 1, 2
((2—n)aaex/Ea log(l/e))

and 3, and choosing X = and
k3 log p

n=.Q (m) , we claim following with probability
at least 1 — O(/p):

1. Support of 0 matches exactly with support of 0.

2. Furthermore, the estimation error between 0 and
0* is bounded by

160 = 0 [|oc <O (0clog(1/e)) - (13)

Proof Overview. The proof primarily adheres to the
standard primal-dual witness framework. We begin
by assuming that the true support of 8%, denoted as
S, is known and that the given solution 6 shares the
same support S. The goal is to construct a primal-

(13, 0), C) and demonstrate that
[¢slloo < 1and [|¢selloe < 1. The first inequality is triv-

ial, as recall that { is an element of the subdifferential
set of ||0]]1. Therefore, it follows that ||(||s < 1. For
a comprehensive introduction to the primal-dual wit-
ness method, readers may refer to Wainwright (2009);

Ravikumar et al. (2007, 2010).

dual witness solution (

The primary challenge in this proof arises from the
presence of corrupted samples. To address this, we
partition the n samples into four disjoint sets. These
sets form the foundation for managing the complexi-
ties introduced by label corruption and for ensuring
the validity of the constructed solution. The sets are
defined as follows:

{Xiw) 167 =10 = Lie ],

gee _
oo :{ Xiy) | b =1,b; =0,i € [n]},
Joe _
Joo _

{

{ Xiyi) | bF=0,b; =0,i € [n]}.

(
(
(Xiy) | b7 = 0.6 = Li € [n]]
(

joo =
Using

For convenience, we also define
{(X“yi) 1bi=1,i € [n]} _ gee |y Joc.
the stationarity condition (3), we can write:

X Xl (X08) A =0,

(Xi,y5)€de
1
- Z
(Xi,y:)€J°¢
1
)3

(Xi,yi)€J°C

Xi(yi — (Xi,0)) + X =
Xi(yi — (Xi,0))  (14)

For all (X;,y;) € J°¢, we can substitute y; = (X;,0*)+
e;. Observing that 6 has support S, we can write

equation (14) in two parts. First part only considers
the entries in S:

O 7¢ece * 1
Sgs (0= 07) == Ms +

1
t— Y

(Xi,yi)eJoe

Z Xv;@i

(Xi,yi)eJee

Xi(yi — (X;,0)) (15)

where 57 = % Z(thi)ejw X; XTI and 0 € R*, 9* €

R*, and )Z'z € R” denote 6,6* and X; restricted to the
entries in S respectively. Equation (15) only considers
the entries in S. Similarly, equation (16) below only
considers the entries in S¢:

1 = jcc * 1 —
Cse =7 ~Sls@ -0 +— > Xie
(Xi,yi)€Jee

Y Xl (Xi0) (16)

(Xi,yi)€Joe

where X; denotes X; restricted to the entries in S°.
Equation (15), after using norm inequalities, provides
{+, error bound for entries in the support:

~ rCC 1
10 =0 lloe <11 (£55) lloo (IXCsllos

G

1
Z )?z'eiHoo

(Xi,yi)€JC

1
=
m

Gg:due to noise

Xi(yi — (Xi,0))]l00

NEEDS

(Xi,yi)€J°°

G3:due to corruption

Observe that ||A(s||oco < A, which follows directly from
the definition of (g. With our proposed choice of n
(note that m = (1 —¢€)n), controlling Gy and G is rela-
tively straightforward. This is because neither of these
terms involves any corrupted samples. Additionally,
X, and e; are drawn from subGaussian distributions,
ensuring their tails are well-behaved. Furthermore, the
spectral properties of Y gg, as guaranteed by Assump-
tion 1, facilitate the analysis by providing stability and
boundedness for ¥ (See Lemmas 5 and 6).

Bounding G5 becomes a little trickier as it involves
corrupted samples (details in Lemma 7). By changing
norms, observe that :

9

(I-¢)

Gz <

= Y Kl (K0

(Xi,yi)€Joe
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Further, we use the Cauchy-Schwarz inequality to get:

1/2
€ 1 = 12
GgQglm 2 %, (17)
(Xi,yi)€JTOC
G31
1/2

=Y - (Ke)

(Xi,yi)€J°°

G32

The first term G371, can be bounded using the resilience

condition from Awasthi et al. (2022). The second term
(32 still contains the corrupted labels. We utilize the
result from Lemma 2 to deal with G3o. Specifically, af-
ter removing entries in J°¢ from both sides of inequality
(12), we get

G32=ni€ Z

(Xi,yi)€Joe

(y: — (Xi,0)* (18)

1
S%Z

(Xi,ys)€dee

(yi — (Xi,0))? .

Observe that the RHS in equation (18) does not depend
on corrupted samples and thus can be handled with
appropriate subGaussian bounds. Combining all the re-
sults together, we arrive at |0 —0"| = O (oelog(1/¢))
for sufficiently small € satisfying Cvkoo.clog(1/e) <
1/2. For more details, kindly refer to proof of Lemma
4 in the appendix.

With equation (13) in place, we turn our attention to
equation (16). Using (15) we can write:

aJce QJcc_1

YgesXgg Cs
—_————

G4: mutual incoherence

(1 Z Xi(?Ji*()?i,Q))JF%

m
(Xiyi)eTee

aJce Qe
. ZSCSZSS

I¢selloo = | S

(19)

(Xi,yi)€Tece

1 1 — 1 — =
(Xi,y5)€JC¢

(Xi,y5)€J0¢

Leveraging the subGaussian properties of X; and e;
and Lemma 7, we address the impact of corrupted
labels. All terms on the right-hand side of equation (19),
except Gy, are effectively bounded. Establishing a
bound on G4, however, necessitates the use of a finite-
sample variant of the mutual incoherence condition
outlined in Assumption 2. The presence of corrupted
samples introduces a dependency on the corruption

proportion e. Specifically, the following result can be
derived from Lemma 15:

ce A~

Higcszgfg—lum <1- g + O (clog(1/e)). (20)

This imposes a more stringent requirement on  in As-
sumption 2. Specifically, k must scale as w(elog(1/¢))
to sufficiently mitigate the effects of corruption. Once,
equation (20) is established, we can bound (g. as:

[Gselle 15 +O(log(1/)) <1 (21)

The proof is complete after combining results from
equations (13) and (21). O

5 CONSTRUCTING AN
ALGORITHM

Our theoretical analysis in Section 4 hinges on identi-
fying an integral KKT point. However, most existing
methods are only equipped to guarantee convergence
to a potentially non-integral KKT point. Consider an
algorithm, referred to as GET-A-KKT-POINT, which
outputs such a KKT point. Leveraging the insights
from Lemma 1, we propose a black-box framework that
modifies the output of GET-A-KKT-POINT to produce
an integral KKT point.

Algorithm 1 GET-AN-INTEGRAL-KKT-POINT

L: Input: A\, D = (X, %i)icn
2: Initialize:
(b,0) < GET-A-KKT-POINT((binit, Ginit), A, D)
3: while (b,0) is not an integral KKT point do
4:  Construct an integral primal feasible point (b, 6)
using Lemma 1
5 (b,0) < GET-A-KKT-POINT((b,6), A, D)
6: end while

Since Lemma 1 constructs an integral primal feasible
point quite efficiently, the computational complexity of
GET-AN-INTEGRAL-KKT-POINT is influenced by two
primary factors: the complexity of GET-A-KKT-POINT
and the number of iterations executed within the while
loop. If it is ensured that each iteration of the while
loop decreases the objective function in (1) by at least
a fixed amount, §, then, using an argument similar
to that in Awasthi et al. (2022), one can establish
that the while loop terminates after a finite number
of iterations. Consequently, the efficiency of GET-
AN-INTEGRAL-KKT-POINT is intrinsically tied to the
efficiency of GET-A-KKT-POINT.
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Figure 1: (Left) Support recovery against varying amounts of corruption proportion in a high dimension low
sample regime, (Right) Estimation error against varying amounts of corruption proportion in a high dimension

low sample regime.

6 CORRUPTION IN LABELS AND
FEATURES

In this section, we discuss more complicated setting
of corruption in labels and features. We use a pre-
processing step similar to the literature (Awasthi et al.,
2022) to deal with corruption in X.

Basically, we first ensure all the features have zero mean
by subtracting the mean. Note that this operation does
not change the coefficients of the sparse linear model.
The next step is to remove any samples with large
absolute values. Formally speaking, we remove sample
i € [n] if | X;;] > 7, for all j € [p]. We choose the value
of threshold 7 very carefully based on the generalized
assumptions on moments of X as shown in Lemma 3.
This result is not restricted to linear models and can
be used in other works also.
Lemma 3 (Informal). Let A= - 3
(Xiyi)€doe
any j € [p]. Then with high probability of 1 — §, we
clatim A < 7, where

X[ for

Co M, if Xij ~ subGaussian(o),Vi €
[n], implying all moments are bounded.
varng)

o T =

o T = , if only second order moment of X;;
is bounded for all i € [n].

o T = (%)1/(1, if any even order moment, say 2q

of | Xi;|, denoted by poq is bounded. Here, ¢ > 1.

The above lemma bounds the quantity A, even when
the corruption or the features X are sampled from some
heavy-tailed distribution having only a few bounded

moments. Now, we are equipped to present our main
result for exact support recovery.

Theorem 2 (Informal). Under assumptions 1, 2, and

3, if we choose A = Q ((2_'/”)0086” leOg(l/E)), n >

K

3
Q(#?(gl’;e)), then with probability at least 1—0(1%)—5,

we claim |0 — 0% ||oc < O (oclog(1/e)). Here, T is a

function of § chosen based on the moments of features
X as shown in Lemma 3.

Proof Overview. The proof is very similar to proof of
Theorem 1 discussed in Section 4. The only difference
is bounding the quantity Gg; defined in Eq. (17).
Instead of using the resilience condition, we use the
pre-processing step and Lemma 3. For more details,
please refer to Section A.2 in the appendix. O

Comparing Theorem 2 from Theorem 1, we can infer
that the corruption in features influences the regular-
ization parameter as it is a function of threshold .
From Lemma 3, we can also note that the value of 7
(and hence \) is smaller when higher order moments
are bounded. This makes sense intuitively as all the
moments being bounded make the distribution well
behaved like subGaussian.

In the next section, we proceed to experiments to vali-
date the theoretical results discussed in this section.

7 EXPERIMENTAL VALIDATION

In this section, we empirically validate our theoretical
findings. We compare our method with LASSO, R-
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LASSO (Chen et al., 2013), and Ad-LASSO (Lambert-
Lacroix and Zwald, 2011; Zou, 2006). To obtain a
KKT point, we employ an alternating minimization
approach, akin to the method proposed in Awasthi
et al. (2022), with LASSO serving as a key subroutine.

Data generating process: We conduct experiments
with parameters p = 2000,k = 5, and n = 1000. No-
tably, this regime is characterized by a limited number
of samples, specifically n < p. The predictors X; were
sampled from N(0,X), where 2; = 1Vi € [p] and
¥ = 0.4Vi,j € [p],i # j. The non-zero entries of 6*
were drawn uniformly at random from {—1,1}, and
corrupted labels were selected uniformly at random
from [—2,2].

Estimation: Following our theoretical framework,

the regularization parameter A was set to &ngp +
elog(1/e), where € represents the corruption propor-
tion. Further, we briefly discuss the hyperparameters
chosen for baselines. We use Algorithm 4 (“Robust
Lasso”) from Chen et al. (2013) and assume the true
hyperparameters ny and R = ||3*|, are known, which
favors the baseline. All baselines Chen et al. (2013);
Lambert-Lacroix and Zwald (2011) were run for 500
gradient-descent iterations or until convergence. The
weights for Ad-LASSO were chosen as 1./6,)5, where

0,15 denotes the ordinary least squares solution.

The experiments were carried out for varying values
of g, with each point in the results representing the
average of 30 independent runs. For this setup, we vary
the corruption proportion & within the range [0.05, 0.2].
We compute the size of the identified support over 30
independent runs. Estimation error was assessed as
|10 — 6%]]2, quantifying the deviation of the estimated
vector @ from the ground truth 6*.

Observation: Figure 1 highlights the robustness of
our approach in terms of both support recovery and
estimation error. The degradation in performance be-
comes noticeable only at higher corruption proportions.
For comparison, we also present the performance of
standard LASSO as a baseline, demonstrating how
corrupted samples can significantly compromise the
recovery guarantees of LASSO.

Figure 1a demonstrates that both our approach and R-
LASSO exhibit robustness in support recovery within
the high-dimensional, low-sample regime. In contrast,
other baselines, such as LASSO and Ad-LASSO, show a
marked decline in performance. Additionally, Figure 1b
underscores that while both R-LASSO and our method
accurately recover the support, our approach achieves
a lower estimation error.

We conduct additional experiments for various settings
of (n,p, k) and outlier proportions. We make a similar
observation that our method has better support recov-
ery or lower estimation error from these experiments.
The results are presented in Section C of the appendix.

8 CONCLUSION AND FUTURE
DIRECTION

In this paper, we addressed the challenge of robust
sparse linear regression by establishing theoretical guar-
antees for integral local solutions to a non-convex opti-
mization problem. Using the primal-dual witness frame-
work, we derived sufficient conditions for exact support
recovery and accurate parameter estimation. We also
introduced a simple, yet effective pre-processing step to
handle corruptions from heavy-tailed distributions with
only a few bounded moments. An exciting direction for
future work is extending our analysis to more complex
settings, such as generalized linear models or Gaussian
graphical models.
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produce the main experimental results (either
in the supplemental material or as a URL).
[No, but we provide all the experimental de-
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pants and the total amount spent on partici-
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Supplementary Material: Robust Estimation of a Sparse Linear
Model: Provable Guarantees with Non-convexity

A  Formal Statements and Proofs of Theorems and Lemmas

A.1 Proof of Lemma 4

1—¢

Lemma 4. Under assumptions 1 and 2 and if we choose A = () (2’;‘ <O’O’e\/ klzgp + JUEE]Og(l/E))) and

3 . .7 . ES
n >z logz(ll/ca)lflg(zlmmz)), then with probability at least 1—(9(1%), 10—0"||c0 < Opn e, whered, . = O (celog(1l/e)).

Here 11(a1, k,0,%) is a constant which is independent of p, k,m and n.

Proof. We define the sets:

Jje = {(Xi,yi) bi=1,i¢ [n]} — Jeey Jee,

Let J*¢ denote the set of n clean samples before any corruption. So, J¢ = J*¢\ J¢.

The optimization problem can be rewritten in the following way:

1 ~ ~ -

0 = in — s — (X, 0)2 6]

0 =arg min o = > A(y ( )"+ Al
(Xi,yi)ede

Then § must satisfy the stationarity KKT condition, i.e.,

1 Y Xy~ (Xi,0)+AC =0,

m .
(Xi,yi)ede
1 - - 1 - -
-—— Xi(yi — (X;,0)+A = — Xi(yi — (X5,0)),
LY R Eeeyec= Y K (X0
(Xi,yi)eJee (Xi,yi)eJoe

where ¢ is an element of the subdifferential set of |61 at 6. Since (X, y;) € J, we can substitute y; = (X ,0*)+¢;.
gy fe163 1 > 1 i oy
J *) e 4 — (s — (X
Sis @-0)=-X+— > Xeit— > Xilyi—(Xi.0)
(Xi,yi)eJee (Xi,yi)€Joe

SUALEES | v.vT
where ZSS = m Z(thi)e(]cc X’LXi .

With little manipulation and by use of norm-inequalities, we can rewrite this as

* = gjee -1 1 i
10 = 8" lloo <[ (X35 ) lloo | IAClloo + 11— Xieilloo
m

(Xi,yi)€Jee
1 - -
+HE Z Xi(yi — (Xi,0))loo
(Xi,yi)€Joe

where m = n(1 — ¢) and e denotes the outlier proportion. Note that the set J will contain at least n(1 — ¢)
clean samples.
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k2 log(p)
atfle)

O 7ece -1 _
1(225)  lloo < 3155800 Thus,

We observe that by using n = Q( ), where f(g) = elog(1/¢) and Weyl’s inequality in Lemma 5, we have

. 3 1 - 1 - ~
60"l < SIS (A +1- S Fialetl- Y Kilwi— (%0l (22

(Xi,yi)eJee (Xi,yi)€Joc

We bound |- X;ei]|oc using Lemma 6. We can bound the last term in the RHS using Lemma 7. We
(Xiyi)€Jee
arrive at:

ooeelog(l/e)

10— 0"l <A+ ()\—1—128
1—¢

) + CVkooeelog(1/e)]|8 — 07| -

This can be further simplified to following, if Cvkoo.clog(1/e) < 1/2

. o0, klog(p) 00,
188l < © (1 —Vkoo.clog(1/e) n * 1 —Vkooee 10g(1/€)510g(1/€)>
<0 ( k:log( ) + €log(l/s)>
< O (oelog(l/e)) .

A.2 Proof of Theorem 2

K e2log?(1/e)/?
then with probability at least 1 — (9(%) — 4, we claim [|§ — 0%||» < O (oelog(1/¢)). Here, 7 is a function of §
chosen based on the moments of features X as shown in Lemma 3:

Theorem 2: Under assumptions 1 and 2 and if we choose A = Q <(2_R)(me€ Y leog(l/E)), n > Q(M)

o 7=Coy/ log(l/é) , if X;; ~ subGaussian(o), Vi € [n], implying all moments are bounded.

o T = Var%Xj), if only second order moment of X;; is bounded for all i € [n].

o T = (HT) , if only the fourth order moment of | X;;|, denoted by 4 is bounded.

o 7= (4) 1/3 , if only the sixth order moment of |X;;|, denoted by p is bounded.

o T = (‘%“)Uq, if any even order moment, say 2¢ of |X;;|, denoted by pa, is bounded.

Proof. We start from Eq. (22) of Lemma 4:
. 3 1 - 1 - -
10—l < 51858000 [ A+ 11— >0 Xieillo+1— > Xilsi — (Xi,0)llo
(Xi,yi)€Jee (Xi,yi)eJoc

We bound || > Xeills using Lemma 5 as done in Lemma 4. We can bound the last term in the RHS
(Xi,yi)eJee
using Lemma 8.

1
10 — 0l < A+ (A+ 1280065110?;(/5> + Coeey/krlog(1/e) |6 — 07 .
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This can be further simplified to following, if Co.e/k7log(l/e) < 1/2

fofe log(p) 00

1 —cee/ktlog(1/e) n * 1 —oee/krlog(1l/e)
<0 ( @ + aslog(l/e))

< O (oelog(l/e)).

10 — 0"l <O ( 510g(1/6)>

The strict dual feasibility can be assured by appropriately tweaking the proof of Lemma 14. We use Lemma
8 in the proof of Lemma 14 instead of Lemma 5. One can still ensure strict dual feasibility by choosing

A=0 (mmeem )

K

Note that the value of 7 can be selected as suggested in Lemma 3.

A.3 Proof of Lemma 5

k21 . . . ce\ 1 _
Lemma 5. Ifn = Q(ng((f/)s))’ then with high probability of 1 — O(1/p), we claim || ( és) oo < 31254100

Proof. We start by applying the triangle inequality:
e T agee) 71 -1 -1
1(225) e <1 (S25)  — S5hloo + 1558 lco-
Further, we use simple norm inequalities to bound
1(845) "~ Satlloe < VA (325) T — 258l
cc 1
< V(S5 1 (835) = Dssllal (£45) Il

e 1 -1
Further using Lemma 16, we can claim || (Eés) I2 < (1 -0 (‘Elolgii/a))) o' with high probability. We

-1
know that elog(1/¢) < 0.16 for 0 < ¢ < 0.5. For sufficiently small £, we can assume (1 -0 (%)) is

o for some constant 0 < ¢; < 1.

bounded. Hence, || (ié;) l|l2 <

Using arguments similar to Lemma 16, we can also bound || (ig;) Yssllz < (;1\0} 25400 With high probability

of 1-0(1/p)ifn= Q(k icj’fé))) for sufficiently small €, where f(¢) = elog(1/e). So, we can finally claim

Jee -1 —1 = 7ee Jee -1 —1
1(245)  lloo < VE[S58], 1 (855) — Sssllall (S55)  lla + 125400

1 clal
< \/E
< Q\f

3 e
IZ58llse + 155500 = §||ES§||oo-
A.4 Proof of Lemma 6

Lemma 6. If A > 8006\/@ and n = Q(k?log(p)/(elog(1/¢))), then ||ﬁ Y Xieillso

Xiyyi)€J e

((1 5+ 128”651%(1/5)) with probability at least 1 — O(}%),
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Proof. We take the i-th entry of ﬁ D (X, ) e e )?jej for some i € S, i.e., \ﬁ 2o (X, ) e g0 Xji€jl- We
use the standard approach used in Lemma 4.3 of Diakonikolas et al. (2019a) or Lemma 8 of Jambulapati et al.
(2020):

1 Z &67]_ n 1 Z le' €;j ne 1 Z in €j
n(l—e¢) oo, n(l—eg)n o oo n(l—¢)ne o o,
(Xj,y5)€Jee (Xj,y;)€T*¢ (Xj.y5)€dee

Recall that X; is a sub-Gaussian random variable with parameter o and e; is a sub-Gaussian random variable
with parameter o.. Then, )i“ j—’ is a sub-exponential random variable with parameters (4\/§7 2). Using the
concentration bounds for the sum of independent sub-exponential random variables (Wainwright, 2019), we can

write:

1 e 2
P(- Y Y zm)<2em(-Ll), 0<h<s
(Xj.y)e€T*e ¢

Taking a union bound across i € S:

1 X e nt?
P(3i st TR > 4) <2k -1 <t; <8.
@es|l~ > Sl zt) < 2kep(—ph), 0=t <8
(Xj,y;)€T*e

We select t; = %n’ where A\ > 800, % to claim || 3 X;eilloe < A with probability 1 — (’)(%).
(Xiyi)ed*e

Similarly, focusing on the second term, we can claim using sub-exponential tail bounds:

1 Xie;
P(3 — T > < _
(zGS||nE E . U€|_t2)_2kzexp(

(Xj,y5)€dee

neto

o1

Let M represent the set of all samples. Let 7 = {J°¢ | J C M,|J| = n(1 —e)}. Further, taking a union
bound over all the sets of size n(1 — ¢)

. 1 X e n neto

P(3Jce «“IPels||l— TR T > 1) < 2k ——=).

Grecgesies| Y Y zm <o) )ew-"52)
(Xj,yj)€dee

Further, we use log (n(fie)) = O(nelog(1/e))

1 Xji € t
P(3J° C J°,3ies | |n—E N Z)EJ TJ%J > tg) < 2kexp(—% + nelog(1l/e)). (23)
3:Yi €S

Further we take to = 128log(1/¢) > 8 and n = Q(k?log(p)/(clog(1/¢)).

ﬁiﬂ > t) < 2kexp(—nelog(l/e)) < O(%) (24)

o O,

1
P cc cc -
FJreccg ,HzeSH—nE E
(Xj,y5)eJee

Further, we use the triangle inequality to arrive at:

1 > A e
Z Xieilloo < (1 + 128;0 c log(1/5)> .

l———
n(l _6) (Xi,yi)€JCe -c —c

which gives the desired result.

Next we bound ||-- > )N(z(yz —(X; ;)0
(Xiy:)€Joe
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A.5 Proof of Lemma 7

€2 log?(1/e) n(l—e)

Lemma 7. Ifn=0Q (LM>, then with probability at least 1 — O (%), we claim || —=- S Xy —
(Xi,yi)€Joe

(Xi,0) o < OVkooeelog(l/e) [0 — 07

Proof. We start with algebraic manipulation

I Y R Ele € skl Y Kl (K0

(Xi,y:)€JoC B (Xi,yi)eJoe

We focus on the j™ entry of X 3 X,;(y; — (X;,0)), which is denoted by L 3 X;;(yi — (X;,0)).
(Xi,yi)eJee (Xi,yi)eJee
Further we apply Cauchy-Schwarz inequality for this j* entry:

1/2 1/2
1 =~ ~ 1 ~ 1 ~
(Xi,yi)€Jee (Xi,yi)eJoc (Xi,yi)edoe
1/2 1/2
1 ~ 1 ~
<l 2 X | X e
(Xiyyi)eJoe (Xs,yi)EJC0

where we have used the optimality of the solution in the last step. Note that J° denotes the set of clean samples.
Hence we substitute (y; — (X;,0"))? = €? to simplify (y; — (X;,0))*

(yi — (X, 002 = ((Xi,0 — 7)) + €2 4+ 2(e; X ,0 — 67). (25)

Further, we use norm inequalities to claim:

~ 1 ~ ~ 1 ~ ~
— X,.0-0))%<|— X, XT — 0P <k|— X, XT — 0% .
> (Xi,0-07) < o > iXi || 8-y <k — > X || 18— 07115

(Xi,yi)eTee (Xi,ys)€Te0 9 (Xi,yi)€Teo 9

The first term can be easily bounded to O(log(1/¢)) with probability 1 — O(1/p) using Lemma 8 of Jambulapati
et al. (2020) if n > of P,

Similarly, for <61Xi ,0—6%)

1 - . 1 - . 1 - .
g > (eiXi 8- < Py S eXi|| 10-07, <k e > eXil| 10—67l -
(Xiyi)€Jee (Xi,yi) €T 9 (Xiyi)egee 00

The first term of the above equation can be bound using Eq. (23) as O(log(1/¢)).
2

i

As e; is assumed to be sub-Gaussian, e
for t > o2

is sub-exponential, and we use sub-exponential concentration inequalities

1 2 ¢ ¢
P e > e —Elef]| > t| <2exp (—cnemin (UZ, ! )) = 2exp (—cneag) :

2
13 o
(Xi,yi)€Jeo e e

Let M represent the set of all samples. Let J¢ = {J°¢ | J C M,|J°| =n(1l —¢)}. Further, taking a union
bound over all the sets of size n(1 — €) and using log (n(ln_s)) = O(nelog(1/e))

cc cc 1 2 2 —cty
P |3J°C T, P Z e; —Elef]| > t1| < 2exp (ns( p= —Hog(l/s))).

(Xs,yi)€Jee ©
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Further, we take t; = % and n > —os@)

elog(1/e)"
Substituting the above bounds in Eq. (25), we obtain the following bound with high probability:
1 - *
— > (= (K00 = koO(log(1/2)) 8- €[
(Xi,yi)€Je°

Similarly, for X2

;7» we claim the following using sub-exponential tail bounds:

cc cc 1 v v —cty
P |3J C g, - Z ij - E[XZQJ] >to| <2exp (ne ( = + log(l/s)>> .
(Xi,y:)€Jo°

So, we can claim the following with probability 1 — O (%) — 2exp (ne (%? + log(l/s))):

1 i > *
. E Xij(yi — (Xi,0))| < VEVI20.0(y/1og(1/2)) |0 — 67| . -
(Xi,yi)eJoe

Taking the union bound across k entries, we can claim the following

I Y Rl (KBl <

(Xi,yi)eJee

£

- VEVE0.0(V/10g(1/2)) 18~ 7|

207 log(1/e) 41\ take n >
. >

with probability 1 — O (l> — 2k exp (ne (=%* +log(1/¢))). Further, we select to =

p o
2log(p)
elog(1/¢e)

to bound the above probability as 1 — O (%) We finally arrive at:

II% Y. Xy~ (Xi,0)w < 1;\/,{ (20310@;(1/6)) <202100g(1/€)> 10— |

C
(Xi,yi)eJec

< ———CVhoo, log(1/2) |18 - "]l
< OVkooeelog(1/e) |0 — 67| -

A.6 Proof of Lemma 8

Lemma 8. If n = Q(%) and nis > |)Z'ij|2 < 7, then we claim ||ﬁ > Xy —
(Xiyi)egee (Xiy)€gee

(Xi,0))lloo < Coer/krlog(1/2) 18 — 07|

Proof. The Cauchy-Schwarz inequality inequality in the proof of Lemma 7 can be generalized using Holder’s
inequality:

1/r 1/q
1 - . 1 . 1 -
. > Xy — (Xi,0)| < . > IXl oy S i — (X0
(Xi,y:)€Jo° (Xi,yi)€Jo° (Xi,yi)€Joc
1/r 1/2
1 . 1 -
S [ Z | Xi; oo Z lyi — (X, 0)/? ;
(Xi,y;)edoe (Xi,yi)edee

where % + L1 =1. To use Hélder’s inequality, we need r > 1 and ¢ > 1. In the last step, we assume q € [1,2] and
use the fact that power means function is monotonically increasing in order. Hence, depending on the value of g,
the value of r can lie in the interval [2, 00).
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The second term S |y — (X;,0)|? can be bounded using the optimality of the solution as done in the
(Xi,yi)€Joc

1/r
proof of Lemma 7. The first term of (nle > |)}ij |’"> can be bounded depending on the assumptions on
(Xiyi)eJoe

the features )Z'”
Before doing that, we utilize a simple transformation using vector norm inequalities for any r > 2:

1/r 1/r

1 ~ 1 S 19 _ 1-2/r

— 3 X <= X 1%y X,;

ne 4 st 2 Wl <<Xif53)éw| ”>
i»Yi)EJ (Xi,yi)€ed

We obtain a high probability upper bound for the first term under various generalized settings. The bound on
the second term is obtained due to the preprocessing step. In the preprocessing step, we remove any rows if

m?)]< ij > 7 for all j € [p]. The value of the threshold, denoted by 7 is critical and is actually the bound on the
i€[n
first term, which is derived later. Hence, the overall bound turns out to be:

1/r
1 o r — r
— > XKl <@ =vr
(Xi,yi)eJ“C

Using the above equation, we arrive at the desired result. In the next lemma, we show the derivation for the
threshold 7. O

Lemma 3 Let A= L 3 |X,;]2 for any j € [p]. Then with high probability of 1 — 4, we claim A < 7,
(Xi,yi)edee
where

e 7=Co W, if X;; ~ subGaussian(c), Vi € [n], implying all moments are bounded.

o T = %, if only second order moment of X;; is bounded for all i € [n].

o T = (%)1/2, if only the fourth order moment of |X;;|, denoted by g4 is bounded.

o T = (%)1/3, if only the sixth order moment of | X;;|, denoted by i is bounded.

e T = (“—;‘7)1/(1, if any even order moment, say 2¢ of |X;;|, denoted by a4 is bounded.

Proof. We show the proof for a very generalized setting. Let ¢ : [0,00) — [0,00) be a monotonically increasing

2
and non-negative function. Let A = % > 0 for any j € [p]. Without loss of generality, we assume all the
columns of X are zero-mean. Note that all the columns can be made zero-mean by subtracting the mean. This
operation will not change the coefficients of the sparse linear model.

By using the Markov inequality, we claim:

Pr[A > 7] = Pr[¢(4) > é(1)] < E[((:)‘)] =, (26)

where 7 > 0 and 6§ > 0. Further, we can claim 7 = ¢! (m).

Further, for all five claims in the statement, we use a different function ¢ to derive 7. The proof for each lemma
can be seen from the other lemmas summarized below:

1. For the subGaussian case, please refer to Lemma 9.

2. For the second order moment bounded case, please refer to Lemma 10.
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3. For the fourth order moment bounded case, please refer to Lemma 11.
4. For the sixth order moment bounded case, please refer to Lemma 12.

5. For any even order moment bounded case, please refer to Lemma 13.

0
Lemma 9. Let A= L % X512 and X;; ~ subGaussian(c),Vi € [n], then with probability 1 — &, we
(Xi,yi)€doe
clatim A < 7, where 7 = CU2W‘

Proof. We use ¢(z) = e'* for some t > 0 in Eq. (26). Also note that if X is sub-Gaussian, then X? is
sub-exponential. Hence, we use sub-exponential concentration bounds:

2
Pr(A > 7') < exp( — cnmin{%, %}),
ot o
For the heavier tail side, we will have

> 00_2 log(l/(s)
-_ n .

O
Lemma 10. Let A= L > |)?U|2 and let X;; be sampled from some heavy-tailed distribution with only

" (X edee
second order moment bounded, then with probability 1 — &, we claim A < T, where T = %XJ)

Proof. In this case, we consider ¢(z) = z in Eq. (26), hence we have

S E[% 2 ij] _ Var(Xj).

o o

O

Lemma 11. Let A= L > |)A£;ij|2 and let X;; be sampled from some heavy-tailed distribution with only

" (Xiperee
fourth moment bounded and denoted by 4, then with probability 1 — 9§, we claim A < 7, where T = (%)1/2.

Proof. Assume 4*" moment is bounded. Consider ¢(z) = 22 in Eq. (26) and therefore ¢~1(z) = /z. So we have

For the ease of notation, we drop the subscript j. For simplicity, we assume the samples are independent. Further
we assume the fourth-order moments for each variable are bounded as shown below:

E [X}] < pa, Vi € [n].
Further, we can simplify
SLX2\ 1 1
E[A?] =T [(n = —E XY XIX7| = s (nE[X}] + n(n — DE[X7X7]) .
i i#]

Further, we use Holder’s inequality to arrive at:

BA] < -5 (nEIX] + n(n — 1)\ /BXEDG]) < B < o
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Therefore the final expression of 7 simplifies to:

_ (M4)1/2
=% i
O
Lemma 12. Let A = - > |)?ij|2 and let X;; be sampled from some heavy-tailed distribution with only

.
(Xi,yi)€goe

sizth moment bounded and denoted by pg, then with probability 1 — §, we claim A < 7, where T = (%)1/3.
Proof. Consider ¢(z) = 23 in Eq. (26) and hence ¢~1(z) = z3. Hence, we have

1/3

5 IV

1/3

T =

For the ease of notation, we drop the subscript j. For simplicity, we assume the samples are independent. Further,
we assume the variance, fourth-order, and sixth-order moments for each variable are bounded as shown below:

E [X?] < e, Vi € [n].

We can compute E[A] and E[A?] as done previously. So we proceed to E[A?]

s (22X 1 3 ey
E[A%] = E l( n ) ] =3 (E L1+7n;m=3 (mlmQ...m)ilj[l(Xi) D
- ;(iE[Xf}+BZE[X;‘Xf]+6 > E[XfX]?X,%}).

i=1 i#j i<j<k

Further using Holder’s inequality, we arrive at:

ol

B[4 < — (ns + 33 (BLXF)) (]E[XfXg])% +6 % (E[Xfxg])% (E[ijg])% (B2 )
i#j i<j<k
< % (npg + 3n(n — Dpe + 6n(n — 1)(n — 2)ug) < pe.

Here, we have assumed that the samples are independent in the above proof. Hence, the final expression for 7
simplifies to
(us>1/3
T=(— .
0

O
Lemma 13. Let A= L > |)?ij|2 and let X;; be sampled from some heavy-tailed distribution with only

ne
(X’lr 7yi)eJDC

some even order moment, say 2q bounded and denoted by fiaq, then with probability 1 — 9, we claim A < T, where

r= (%)

Proof. Consider ¢(z) = 29 in Eq. (26), and r := 2q. We assume the r** moment is bounded and denoted by ..

SR eEn)”

:m

T =
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Hence, we start with the computation of E[A]

E[A%] = E KZnXQﬂ = % (]E m1+m2;+mﬂ:q (mlmz ) ﬁl D

[ F Gt i)

n 2m; x —L- @
mimy -« my ) 3
mi +m2+ +mp=q i=1
- I (e[x])
nd mimy -+ My ) 3 ¢
mi +m2+ +mn=q

=

=

Further, we use Holder’s inequality,

B4 < —

nd

=1
1 . m;
<m< mam >HW“>
mi+mao+-+my=q 1Mz == Mn =1
1 Eim
< —xnTxp = pg.
nd

where we have used r = 2¢, and the 7** moment is bounded and denoted by .. We have also used multinomial
theorem in the last step.

Hence, the final expression of 7 is

(5"

A.7 Proof of Lemma 14

Lemma 14. Under assumptions 1, 2 and after choosing A > €} (25"‘ <cme klogp + Mcslloga(l/e))> and n >

Q(ﬁ);ﬁjé’)), the following bound on ¢ from (16) holds with high probability |||l < 1, which ensures strict dual

feasibility.
Proof. We start by rewriting equation (16). Let ¢ = (s- for the ease of notation.

1 cc 1 -_— 1 - e
CZX S0 —0%) + - Z XﬁH-E Z Xi(yi — (Xi,0)
(Xi,yi)edee (Xiy:)€Joe

Jee /\]cc i

cc ce_ E c E 1 oy 1 ~ i
=SS - % — Xiei+— ) Xi(yi — (Xi,0))
m m
(Xi,yi)€Jee (Xi,yi)€Joc
1 1 — 1 — =
S g Xiei + — E Xi(yi — (Xi,0)
(Xi,yi)€Joe (X yi)edoe

To bound the first term, we use Lemma 15 and the mutual incoherence condition.

The second term can be bounded using arguments similar to Lemma 6 and Lemma 7:

Sy & o+ Y Sl (%) -0 i 4 7oe/helog(1/e)

Jee J“ 1 1—¢
(Xi,yi)eJee (Xi,yi)eJoe 8 HZ E Hoo

o [ee}
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Specifically, we can choose t; = Tl” in Lemma 6.

—=z
8||=5

Similarly, we can use Lemma 6 with ¢, = )‘—“ and union bound over (p — k) entries to claim

LY Ferl ¥ Xin- () co(y ol

m 8 1—¢
(Xi,yi)eJee (Xiy:)€Joe oo

with high probability of 1 — O(1/p) if n = Q (%)

Using the above results, we can claim:
"Eéché;_l" ooVkelog(1/e)
Al —¢)

lCll, <1-5+0log(1/e) + 5 + O

We take A > SHZSICSZSIS 1” oo log(1/e) -0 ((Q—H)ave\/fs log(l/s)>

prgE— to claim:

Il < 1= +O(ooeelog(1/e)) < 1

where we have used k = Q(ooc.clog(1/e)) in the last step. This completes the proof for strict dual feasibility. O

Lemma 15. If Assumption 2 holds and n = Ekfogo(gi(/;;))’ then HEéZ;EJCC_lu < 1—%5+0(elog(1/e)) with
probability at least 1 — O(1/p).

Proof. We start by applying the Woodbury matrix identity for igi‘si ~1 to bound HZSCSZJCC_l H
oo
o0

-1
= gee 1 = gee E & geo o gre—1 xc—1 2 jco
Eg‘s L= <1€Z§s —lszss> =(1-¢) (qus —Z(Ezés Equ) )

=1

Hence, the overall term simplifies to:

o0
aJee Q1 (agre aJgee Jre—1 aSJre- 1AJco
Escszss = (ESCS_EZScs) (E — E (EESS ) )

=1

9]
J*(, = —1 (,O AJ*L 1 AJ*C /\Jco *(, lAJcO
ZSCSZSS —Ezscsz (ZSCS_EZSCS> E (EZSS .
i=1

We apply the triangle inequality to bound the ¢, norm.

Jee .] c_q fa 1 /\Jco
R N e I

Qre—t
HESS

Ik
DS Clss Ll

We can bound the first term in the RHS using Lemma 17 as 1 — 5. We can use ideas similar to Lemma 5 to
bound Higs‘ < 3|54/, with high probability of 1 — O(2), if n = Q(k2log(p)). Similarly, Higs

be bounded as (’)(log(l /€)) using arguments similar to Lemma 6. We apply sub-exponential tail bounds and
algebraic details are similar to Eq. (24). The last term involves a geometric series and can be bounded if the

2557 | |B55]| . = 0 (eros1/2) [Z54]1..) < 1

The overall term can be simplified as follows for sufficiently small e

e

+ iJ*c + i(]co
ses|| €||&ses

o ‘

‘ can
o0

common ratio term, €

Hiézgiégﬂ“w <1- g + O (elog(1/e)),

with high probability of 1 — O(1/p) if n = Q (:folgo(gl(/i )) ) O
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B Auxiliary Lemmas and Proofs

Lemma 16. If Assumption 1 holds and n = Q(’jg?éf), where f(e) = elog(1/e), then (1 -0 (%)) ol =
1

iég = (1 +0 (Elolgii/ev) aol with probability at least 1 — O(%).

Proof. By the Courant-Fischer variational representation Horn and Johnson (2012):

eig(Xgg) = min yTZSSy = min yT(Zss — Zg: + Zg:)y
min [lylla=1 [lyll2=1

<yT(Zss) — s + 243y
=y (Zss — s )y +y™Edgy.
It follows that

eig(Sds) > a1 — || Sss — S |2

min

Further, we can proceed in a similar manner as compared to Lemma 6
aJee 1 S & agce
[X5s — Yssllz < 17_€||Ess —Zssl2+ 17_5||Ess — Zssle-

The first term ||§§SC — Y55/|2 can be bounded using Proposition 2.1 in Vershynin (2012) for sub-Gaussian random
variables.

For the second term, we use the heavier tail arising from sub-exponential concentration inequality to claim the
following with high probability of 1 — O(%):

& jee 1 a1 elog(l/e)
$ls -3 < — :
IE5s —Bssllz < =5 T,

Hence, the upper bound on the minimum eigenvalue will be

cig(S1y) > ay — 22 _ glosl/e) (1 o (“‘)g(l/s)» o

min 1—¢ 1—¢ — 1—¢

with high probability of 1 — O(%) ifn = Q(%). In the last step, we have used Assumption 1 in the last
1

; — log(1/¢)
step, meaning a; = (1 + %)

Similarly, it can be shown that eigmax(igg) < (1 +0 (EIL(UE))) a with probability at least 1 — (’)(1%). O

l1—¢

Lemma 17. If Assumption 2 holds and n = Q(%), then ||§ngasiésp%\| < 1 — % with probability at

least 1 — (’)(%) where T(aq, Kk, 0,%) is a constant independent of n,p and k.

Proof. Before we prove the result of Lemma 17, we will prove a helper lemma.

Lemma 18. If Assumption 2 holds then for some § > 0, the following inequalities hold:

- 52
PS5 — Seesll > 6) < 4(p — k)k exp(— n
(=505 = Bseslloo 2 0) < b = Kk exP(~ fogga T3 102) e 5
P(ISL5 — Sssl > 8) < 4k exp(— o’ ) (21)
99 - 128k2(1 + 402) max; X2 "’
~ rxe 52 4 2
P(|(S15)™ = (Ds5) Moo = 8) < 2exp(— 21" 4 k) 4 2exp(— S92 4 p).

4k
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Proof. Let A;j be (i, j)-th entry of igfs — Ygeg. Clearly, E(A;;) = 0. By using the definition of the || - ||o norm,
we can write:

P(|S45 — Sgesloe > 68) = %?§:mﬂ>5 P> A5l > 0)
JES jeSs

1)
< (p—k)EP(|Ay| > %)’

where the second last inequality comes as a result of the union bound across entries in S and the last inequality
is due to the union bound across entries in S. Recall that X;,7 € {1,...,p} are zero mean random variables with

covariance ¥ and each \/);L is a sub-Gaussian random variable with parameter o. Using the results from Lemma
i

1 of Ravikumar et al. (2010), for some § € (0, k max; X;;8(1 + 40?)), we can write:

nd? )
128k%(1 + 40?) max; X3

P(1Ay] > 2) < dexp(~

Therefore,

—~ *C n52
P(|S4% — Sseslloe = 6) < 4(p — k)kexp(—
(IE5es = Bseslloo 2 ) < 4(p = k)k exp( 128k2(1+402)maxl2121)

Similarly, we can show that

né> )
128k2(1 + 40?) max; X3

P(Hié; — Ygslloo > 6) < 4k* exp(—

Next, we will show that the third inequality in (27) holds. Note that
1(Edes) ™ = (Zses) Moo = (Ss5) ™ (Ess — £ds ) (Eds) oo

< VE|(Zss) HEss — iSTS‘C)(ZSS) 2
< VE[(Zs5) M2l (Bss — S 201 (Z46) 7 -

Note that [|[Zss|l2 > a1, thus [|(Zss) |2 < 55 Similarly, [[Zss|l2 > %+ with probability at least 1— 2exp( cal"—f—
k). We also have ||(Xgs — EA]gSL)Hg < e with probability at least 1 — 2exp(—ce n + k). Taking e = 2\@, we get
o gee a? 52ain
P(|(Ess — Sdg )2 > 6—%=) < 2exp(———— + k).
(I(5ss = £45)ll 2 0578) < 2emp(~ 1 +1)

It follows that ||(X J*c) —(Zss) oo < & with probability at least 1—2 exp(— cd” a1n+k) 2exp(—5 “““ “+k). O

Now we are ready to show that the statement of Lemma 17 holds using the results from Lemma 18. We will
rewrite Y. ¢(X4g )~! as the sum of four different terms:

aJ

SlgCd) T =T+ To + T3 + T,
where

ZJSC ((Zss) - (Zss)7h),
2 (Bls — Tses)(Ess) 7L,
Ty £ (S5 — Tses)(Shs )™ — (Bss) ™),
Ty 2 Yge5(8g5) L.

Then it follows that [[54:(S45) o < [T1lls + | Thlloc + 1 Ts]loe + [ Talloc- Now, we will bound each term
separately. First, recall that Assumption 2 ensures that | Ty|eco < 1 — k.
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Controlling 77;. We can rewrite 77 as,

T = —Bges(Sss) " (Eds — Bss)(Edg) ™

then,
ITilloo = 1€505(s5) ™ (Bds — ) (Eds) oo
< [[Zse5(Z58) Mool (Eds — Z5) looll(BEs) ™ oo
< (1 - H)H(ZSSC - Et’J\‘S‘)”OO\/EH(ZSS )_1”2
~ 2k
< (1=R)(Eds — Bss)lloo—— "
K
< -—.
~ 6
The last inequality holds with probability at least 1 — 2exp(—““1* + k) — 4k? exp(— s 432(17,{)2230(??5402)“]“, <)
L

1K

by taklng 0= m

Controlling Ty. Recall that Ty = (4.5 — Sges)(Sss) ™. Thus,

_ ~ rxc \/E o e R
I Talloo < VEI(Zs8) 2l (Edes — Tses)loo < ?1||(25cs —Zses)floe < -

[«

TL(X?KQ

The last inequality holds with probability at least 1 — 4(p — k)k exp(—46()8,63(1_~_M2)maxz 7

) by choosing § = G\I/E'
Controlling 75. Note that,

o gre o gees _ K
[ Tslloe < (B5es — Dses)llooll(Egs )™ = (Bs5) ™ lloo < -

6
4
The last mequahty holds with probability at least 1 — 4(p — k)kexp(— TSR (T 0% max s7z) — 2exp(— eroqn |
k) — 2exp(—=4" + k) by choosing § = /% in the first and third inequality of equation (27). By combining all
the above results we prove Lemma 17. O

C Additional Experiments

In this section, we present additional experiments to validate our theoretical findings. We compare our method
with LASSO, R-LASSO (Chen et al., 2013), and Ad-LASSO (Lambert-Lacroix and Zwald, 2011; Zou, 2006). To
obtain a KKT point, we employ an alternating minimization approach, akin to the method proposed in Awasthi
et al. (2022), with LASSO serving as a key subroutine.

The predictors X; were sampled from N (0, %E), where ¥ = I. The additive noise e; was independently drawn
from A/(0, %g), with o, = 2. The non-zero entries of §* were uniformly sampled from {—1,1}, and corrupted
labels were randomly chosen from [—2,2]. Following our theoretical framework, the regularization parameter A
for our method was set as A = %= (\ / 1"% + Vke log(1 /5)), where € represents the corruption proportion. The

scaling factor 2= accounts for the variance of X; and e;. Consistent with Chen et al. (2013), we estimated the
support of * by identifying the indices corresponding to the largest k entries in the recovered regression vector.
Estimation error was computed using ||9 0*||, measuring the deviation of the estimated vector 9 from the ground
truth 6*.

We conducted experiments across three distinct regimes, and the results are summarized below:
C.1 Small ¢ regime

In this regime we vary the ¢ in [0,0.0015]. The experiments were conducted in a setting with p = 500, k = 8, and
n = k3log p = 3182. Each point in the plot represents the average of 30 independent runs.
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8.4

T T T
~—¢— Our approach L2F 44— Ow approach
—— LASSO | —+— LASSO

8.2 - —#— R-LASSO —$— R-LASSO

—_
o

E
2,
5 =
—
=t —— Ad-LASSO 5 0.8 —— Ad-LASSO 4]
£ 5.0 e /
‘g ) = 0.6
g £ /
B 73 g 05 =
g
n 0.2
7.6
0.0000 0.0005 0.0010 0.0015 0.0000 0.0005 0.0010 0.0015
€ €
(a) Support recovery in small € regime (b) Estimation error in small £ regime

Figure 2: ( left) Support recovery against varying amounts of small corruption proportion, (Right) Estimation
error against varying amounts of small corruption proportion.

Figure 2a demonstrates that in the small € regime, all methods exhibit robustness to corruption with respect to
support recovery. However, Figure 2b reveals that while all methods perform well, our approach achieves the
lowest estimation error.

C.2 Large ¢ regime

In this regime we vary the ¢ in [0.05,0.2]. The experiments were conducted in a setting with p = 500,k = 8, and
n = k3logp = 3182. Each point in the plot represents the average of 30 independent runs.
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Figure 3: ( left) Support recovery against varying amounts of large corruption proportion, (Right) Estimation
error against varying amounts of large corruption proportion.

Figure 3a illustrates that both our method and R-LASSO maintain robustness in support recovery even in the
presence of large corruption proportions. In contrast, the performance of other baselines, such as LASSO and
Ad-LASSO, deteriorates significantly as € increases. Furthermore, Figure 3b highlights that while both R-LASSO
and our approach successfully recover the support, our method achieves a notably lower estimation error.
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C.3 High-dimensional low sample regime

In this regime, we conduct experiments with parameters p = 2000, k£ = 5, and n = 1000. Notably, this regime is
characterized by a limited number of samples, specifically n < p. Each point in the plot represents the average
outcome from 30 independent runs. For this setup, we vary the corruption proportion e within the range [0.05,0.2].
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Figure 4: (Left) Support recovery against varying amounts of corruption proportion in a high dimension low
sample regime, (Right) Estimation error against varying amounts of corruption proportion in a high dimension
low sample regime.

Figure 4a demonstrates that both our approach and R-LASSO exhibit robustness in support recovery within
the high-dimensional, low-sample regime. In contrast, other baselines, such as LASSO and Ad-LASSO, show a
marked decline in performance. Additionally, Figure 4b underscores that while both R-LASSO and our method
accurately recover the support, our approach achieves a lower estimation error.
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