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ABSTRACT

This paper revisits multi-play multi-armed bandit with shareable arm capacities
problem (MP-MAB-SAC), for the purpose of revealing fundamental insights on
the statistical limits and data efficient learning. The MP-MAB-SAC is tailored
for resource allocation problems arsing from LLM inference serving, edge in-
telligence, etc. It consists of K arms and each arm k is associated with an un-
known but deterministic capacity my and per-unit capacity reward with mean p
and o sub-Gaussian noise. The aggregate reward mean of an arm scales linearly
with the number of plays assigned to it until the number of plays hit the capac-
ity limit my, and then the aggregate reward mean is fixed to myug. At each
round only the aggregate reward is revealed to the learner. Our contributions are
three folds. 1) Sample complexity: we prove a minmax lower bound for the sam-

ple complexity of learning the arm capacity Q(Z—; log 5~ 1), and propose an algo-
k

rithm to exactly match this lower bound. This result closes the sample complexity
gap of Wang et al,|(2022a), whose lower and upper bounds are Q(logd~!) and
2 2

O(mjg log 6—1) respectively. 2) Regret lower bounds: we prove an instance-

independent regret lower bound Q2(c+/T'K') and instance-dependent regret lower
bound Q(Zle % logT'). This result provides the first instance-independent
regret lower bound and strengths the instance-dependent regret lower bound of
Wang et al.| (2022a) Q(Zle logT). 3) Data efficient exploration: we pro-
pose an algorithm named PC-CapUL, in which we use prioritized coordination
of arm capacities upper/lower confidence bound (UCB/LCB) to efficiently bal-
ance the exploration vs. exploitation trade-off. We prove both instance-dependent
and instance-independent upper bounds for PC-CapUL, which match the lower
bounds up to some acceptable model-dependent factors. This result provides the
first instance-independent upper bound, and has the same dependence on m;, and
1 as [Wang et al.| (2022a) with respect to instance-dependent upper bound. But
there is less information about arm capacity in our aggregate reward setting. Nu-
merical experiments validate the data efficiency of PC-CapUL.

1 INTRODUCTION

Multi-play multi-armed bandit (MP-MAB) is a natural and popular variant of the vanilla multi-
armed bandits framework /Anantharam et al.| (1987a). MP-MAB has various applications such as
online advertising [Lagrée et al.[(2016); Komiyama et al.| (2017); [Yuan et al.|(2023), power system
Lesage-Landry & Taylor| (2017), mobile edge computing (Chen & Xie| (2022); [Wang et al.| (2022al);
Xu et al.| (2023)), etc. The canonical MP-MAB model consists of a number K € N, arms. Each
round the learner assigns K plays to arms, where each arm can be pulled by at most one play.
Once an arm is pulled, a reward is generated, which is modeled as a sample from a random variable
with unknown mean and known tail property such as standard sub-Gaussian tail. The research line
of MP-MAB is still active, evidenced by various recent generalizations of MP-MAB |Chen & Xie
(2022); Moulos| (2020); I Xu et al.| (2023); [Wang et al.|(2022a)); |Yuan et al.| (2023).

One notable generalization of MP-MAB is MP-MAB-SAC, which enables each arm with a finite
number of shareable capacities Xu et al.| (2023); [Wang et al| (2022a). The key idea is modeling
each arm with a finite capacity and allowing multiple plays to be assigned to the same arm. This
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generalization provides a finer capturing of the resource sharing nature of resource allocation prob-
lems arising from LLM inference serving, edge intelligence, etc. Formally, Xu et al.| (2023); Wang
et al.| (2022a))’s model considers a finite number of K € N, arms and a finite number of N € N
plays. Each arm k is characterized by a tuple (my, ug, o), where my, € N; models the capacity
limit and p € R4 models the unit-capacity reward mean. Both my and py are unknown to the
learner and the arm capacity my, is deterministic. The reward function of assigning a;, € N, to arm
k is modeled as:

Wang et al.|(2022a)’s Reward Model : Ry (ay) = min{ag, my }(pr + €x), (1)

where €, is a zero mean o sub-Gaussian random noise. Wang et al.| (2022a)’s main results can be
summarized as:

2

2
Sample complexity: 2(log 6 ') (lower bound), O (UT]‘ log d _1> (upper bound),  (2)
Hi,
Regret lower bound: €2 (Z log T> (rough bound, instance-dependent), 3)
k

2,2
Regret upper bound: O (Z % log T> (rough bound, instance-dependent). 4
k k

In fact, the sample complexity lower bound and regret lower bound stated in |Wang et al.| (2022al)
are Q ((o?m3 /p2)log6—1) and Q((X°, o?m3 /13 ) log T') respectively. However these two bounds
hold under the same condition z3/(c?m3) > 2 (Theorem 4.1 and Theorem 4.3 of Wang et al.
(2022a)), which implies that (0?m3)/u; < 0.5, yielding the sample complexity lower bound
Q(logd~') and regret lower bound 2 (3", log T').

Note that implies a large sample complexity gap, while |3 and |4 implies a large regret gap.
Motivated by narrowing these gaps, we revisit the MP-MAB-SAC problem, aiming to reveal fun-
damental insights on statistical limits and data efficient learning. Note that the reward func-
tion (I, encodes the capacity in both the mean E[Rj(a;)] = min{ay,my}pe. and variance
Var[Ry(ax)] = (min{ay, my})*Var[ex]. To understand the essentials, first we reduce the capac-
ity information in the reward to the minimum such that only the reward mean contains the capacity
information. Formally, we propose a new reward function to achieve this goal:

Ry(ax) = min{ag, mg Hux + €. 5)

Note that [f] finds its root in the reward model of conventional linear bandits with one dimensional
feature|Lattimore & Szepesvari|(2020). One can check that under , only the reward mean encodes
the arm capacity. Intuitively, the learning of the arm capacity would be harder than (), and the
insights derived from (5)) should be more fundamental. Wang et al.| (2022a)) considered the capacity-

abundant setting with N < M, where M := Zszl my,, which is not suitable enough for real-
world severe competition under scarce resources. We thus focus on the capacity scarce setting with
N > M, for the purpose of understanding the exploration vs. exploitation trade-off under severe
capacity constraint. Assigning a play to an arm generates a constant movement cost ¢ € R, which
is assumed to satisfy ¢ < miny, uy and adds a cost constraint for exploration.

Applications of MP-MAB-SAC. MP-MAB-SAC is a versatile model with multiple applications
in real world. It is illustrated in [Wang et al.| (2022a) that MP-MAB-SAC can be applied to edge
computing, cognitive ratio applications , online advertisement placement etc. To avoid repetitive
narration, we will provide another instance of MP-MAB-SAC application. Here we elaborate on
how to map our model to LLM inference serving applications [Li et al.| (2024). Each arm model
can be mapped as a deployment instance of an LLM. Arm capacity models the number of queries
that an LLM can process at a given time slot. Due to multiplexing behavior of computing systems,
the capacity is unknown and the processing is uncertain |Zhu et al.| (2023). An LLM deployed on
more powerful computing facilities would be modeled with larger capacity. The reward mean py
can be mapped as the capability of an LLM such as large, medium and small LLM mixed inference
serving. The cost ¢ can be mapped as the communication cost generated by transmitting queries to
the commercial LLM server.
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1.1 MAIN RESULTS AND CONTRIBUTIONS

Contributions of this paper can be summarized into the following three folds.

Sample complexity. We prove a minmax lower bound for the sample complexity of learning the arm

capacity Q(Z—z log §—1), and propose an active inference algorithm named Act InfCap to exactly
k

match this lower bound. This result closes the sample complexity gap of[Wang et al.|(2022a), whose

mio

T
is that the difficulty of learning the arm capacity is determined by the per-capacity reward mean.
ActInfCap contributes new uniform confidence intervals for the arm capacity estimation and new
idea of actively probing an arm with its capacity’s UCB or LCB for data efficient learning of arm
capacity. And the UCB or LCB are adopted alternatively in the data gathering process. These
findings shed new lights on arm capacity estimation and serving building blocks for designing data
efficient exploration algorithms.

lower and upper bounds are Q(log §~1) and O( log 6—1) respectively. The new finding here

Regret lower bounds. We prove an instance-independent regret lower bound (ovTK) and

instance-dependent regret lower bound Q(Zszl C:—; log T'). This result provides the first instance-
k

independent regret lower bound and strengths the instance-dependent regret lower bound of Wang

et al.| (2022a)) Q(Zszl logT'). Our regret lower bounds have no dependence on the arm capacity
my,. At the first glance, this looks counterintuitive, however it is aligned with our sample complexity
lower bound which states that the sample complexity is independent of the arm capacity. Also the
dependence on the reward mean is aligned with the sample complexity. The finding here is that
the difficulty of learning the optimal action is basically limited by the number of arms K and the
per-unit capacity reward mean u. Increasing the number of arms or decreasing the reward mean
would make the learning more difficult.

Data efficient exploration. We propose an algorithm named PC-CapUL, in which we use pri-
oritized coordination of arm capacities upper/lower confidence bound (UCB/LCB) to efficiently
balance the exploration vs. exploitation trade-off. We prove both instance-dependent and instance-
independent upper bounds for PC-CapUL, which match the lower bounds up to some acceptable
model-dependent factors. These results provide the first instance-independent upper bound, and
have the same dependence on my, and p;, as/Wang et al.|(2022al) in respect of the instance-dependent
upper bound. But there is less information about arm capacity in our aggregate reward setting. Nu-
merical experiments validate the data efficiency of PC-CapUL. The main idea of PC—CapUL has
four folds: (1) Preventing excessive UEs.At each time slot, ensure that the number of individual
exploration (IE), is no less than the number of united exploration (UE), where UE/IE means that the
number of plays assigned to an arm equals its capacities’ UCB/LCB. (2) Balancing UE and IE. At
each time slot, let as many arms as possible to do UEs, inspired by the insight from Lemma[5|reveal-
ing that both UE and IE are required to reach their corresponding limits. (3) Favorable arms win UE
first. At each time slot, in cases when multiple arms compete for UEs, we resolve this competition
via larger-empirical-reward-mean-first rule. The insight is that it is easier to learn the capacity my,
if the unit utility py, is larger. (4) Stop learning when converges. At each time slot, once an arm’s
capacity upper bound and lower bound meet with each other, there should be no more exploration
on that arm.

2 RELATED WORK

To the best of our knowledge, MP-MAB was first studied by Anantharam et al. |Anantharam et al.
(1987a), where an asymptotic regret lower bound was established and an algorithm achieving the
lower bound asymptotically was proposed. The regret lower bound in the finite time is achieved
by et al. | Komiyama et al.| (2015) via Thompson sampling. Markovian rewards variant of MP-
MAB wa studied in |/Anantharam et al.| (1987b). Some recent generalization of MP-MAB include:
cascading MP-MAB where the order of plays is captured into the reward function [Lagrée et al.
(2016); Komiyama et al.|(2017), MP-MAB with switching cost |Agrawal et al.| (1990); Jun| (2004),
MP-MAB with budget constraint |Luedtke et al.| (2019); |Xia et al.| (2016); [Zhou & Tomlin| (2018])
and MP-MAB with a stochastic number of plays in each round [Lesage-Landry & Taylor (2017),
sleeping MP-MAB et al. [Yuan et al.| (2023), MP-MAB with shareable arm capacities |(Chen & Xie
(2022); |Wang et al.| (2022a); | Xu et al.| (2023)).
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Our work falls into the research line of MP-MAB with shareable arm capacities|Chen & Xie|(2022);
Wang et al.| (2022ajb); |Xu et al.|(2023)); Mo & Xie|(2023). The shareable arm capacities models can
be categorized into two types: (1) stochastic arm capacity but with feedback on the realization of arm
capacity |Chen & Xie| (2022); Mo & Xie| (2023); (2) deterministic capacity without any realization
of the arm capacity Wang et al.| (2022a:b)); Xu et al.[(2023). Though the difference looks small, the
two settings lead to fundamentally different research problems and techniques for address it. For the
stochastic arm capacity line, Chen et al. [Chen & Xie|(2022) models the arm capacity as a random
variable, but in each round the sample of the arm capacity of all arms are revealed to the decision,
i.e., expert feedback on arm capacity. One can directly estimate the distribution of arm capacity
from the capacity samples. Mo & Xie| (2023) generalizes this model to the distributed setting, and
uses the realization of the arm capacity as a signal for coordination. However, the deterministic
arm capacity is technically different. Though the capacity is deterministic, it is unknown and on
the decision maker can only access samples from the reward function, while no samples on the
arm capacity can be observed. Wang et al.| (2022afb); | Xu et al.[ (2023). Xu et al.| (2023) consider
the setting in which multiple strategic agents compete for the resource. Nash equilibrium in the
offline setting is established. Our work revisits this research line. Our work is motivated by the
observation that the condition u? /o2m? > 2 that guarantees the sample complexity lower bound
and regret lower bound of [Wang et al. (2022a) implies that theses two bounds reduces to Q(log § 1)
and (>, log T'), namely trivial lower bound. This implies a huge gap between the upper and lower
bound. We thus revisit this problem, aiming for a deeper understanding of this problem. We close
the sample complexity gap and narrow the regret gap (please refer to introduction for details).

3 MODEL & PROBLEM FORMULATION

Notation: By default, for any integer N € N_.: [N]:={1,...,N}.

Consider K € N, arms indexed by [K] and N € N plays to be assigned to these arms. Each arm
k € [K] is characterized by a tuple (my, i, o), where my, € [N] and p11, € R and o € R. Here, my,
models the capacity of arm k, i models the per-unit reward mean of arm k, and 0 € R4 models
tail property of the reward, i.e., o sub-Gaussian. Both my, and pu are unknown to the learner, and
the capacity my, is deterministic. We consider the scarce arm capacity setting, such that N > M,
where M := Zszl my, denotes the total amount of capacities across all arms. For every play there
is a constant movement cost ¢ to an arm, which is known to the learner. The movement cost can
model the charge of each query in LLM inference serving applications, the transmission cost in edge
intelligence application, etc. From a learning perspective, it adds a cost constraint to exploration.
Let aj, € [N] denotes the number of plays assigned to arm k € [K]. The reward function associated
with ay, is stated in (3).

Consider T € Ny time slots. Let ar; € [N] U {0} denote the number of plays assigned
to the arm k at time slot ¢, and the action made in the slot ¢ is characterized by the vector
a; = (a14,a2,, ..., ax ). The action space A is:

A= {(al,ag,...,aK) S NK‘ ZkE[K] ar < N} .

Denote the utility of the action a; at time slot ¢ on arm & as U}, ¢, which is defiend as the reward
minus movement cost:

Ukt () == Ri(akt) — ¢ Qg ¢-

We then define the expected utility for action a; as f (a):
f(a):=E {ZkE[K] Uk (ak)] = Zke[K] (min {ag, mg} - pr —c- ag)

Let a* denote the optimal action a that maximizes the expected utility f (a),i,e.:
*

a* :=argmax f (a)
a

And it is obvious that the optimal action is a* = (my, ma, ..., mx ). The difficulty then lies on how
to distinguish the capacities of all the arms and the order is important in this problem. The objective
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is to minimize the regret over 7" time slots, which is defined as Reg. (T'):

Regy (1) = E|Tf (27) = X, 7 @)].

4 SAMPLE COMPLEXITY OF ESTIMATING ARM CAPACITY

4.1 SAMPLE COMPLEXITY LOWER BOUND

We focus on understanding the hardness of inferring the arm capacities, since this determines the
optimal allocation of plays. We consider the setting that given a fixed arm k, an inference algorithm
Tinf generates samples by assigning ay, , € [N] plays to it.

Definition 1 (Wang et al[(2022a))). An action ay,; is United Exploration (UE) if ay ¢ > my. An
action ay, ;. is individual exploration (IE) if ay s < my,.

Note that 1 < my < N is taken as a prior, so both UE and IE are possible for 7. We consider a
space of all the inference algorithm 7y, that can adaptively vary the numbers of UE and IE.
Theorem 1. For any inference algorithm myy, there exists an instance of arm k such that:

N 202 1
P |:mk,t # my|t < u—%log (46” >1-4,

where My, ; denotes the estimator of arm capacity produced by T .

Remark. Theorem [1| establishes a minmax lower bound Q(loii‘s;l) for the sample complexity
k

of estimating arm capacity. It significantly strengths the lower bound Q(log 1) of [Wang et al.
(20224a). The new finding here is that the difficulty of learning the arm capacity is determined by the
per-capacity reward mean and it is independent of the arm capacity my. This theorem is proved by
applying the Le Cam’s method with a careful tracking of the number of UEs.

4.2 SAMPLE EFFICIENT ALGORITHM

Uniform confidence interval for arm capacity. First we formally define 7, ; and ¢, ; as the number
of IE and UE on arm k up to time slot ¢:

¢ ¢
Tht = 25:1 WHags <mpl, the= 25:1 H{ag,s > mi}

And since in training process the real capacity my, is unknown, we should use the confidence interval
rather than the capacity itself to calculate an empirical version of 7 ; and ¢ ;. Then we define the
empirical version of 73, ; and ¢y ; as Ty ¢ and iy, ¢:

t t
~ 1 ~
Tkt = Zs:l ]]'{akaS S mk7571}7 Ukt = Zs:l ]]'{ak,s 2 mz,sfl}
Another term we need is the scaling factor of IE:
1 t - 1
= — 1 < , =
Vit 2521 ak,sHar,s < mit, i

Tkt Tkt

¢
Zs:l ak,sHar,s < mgf,s—l}

The estimator of /i up to time slot ¢ is defined as fiy ;. Let vy, := mypp and the estimator of my puy,
up to time slot ¢ is defined as Oy, 4

fik,e = (Zzzl (Uk,s (ar,s) + ¢ ags) 1 {an,s < mﬁw,l}) /(f'k,tl/;m), (6)

t

Okt = (Zs:l (Uk,s (ak,s) + ¢ aps) 1 {an,s > mZ7S_1}> /Zk,t- (7

To simplify notation, we denote the function :

b (2.5) = \/ (1 n 1) 2log 2z +1/9)

x x
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Lemma 1. Then the confidence intervals of the estimator [ii, ; and Uy, ; can be calculated as:

i € |1 = 06 (Fr.050) [t i+ 09 (Pas ) [ ®)

Ot € [k — 0@ (Lgt,0) , v + 0 (Ekt,0)] 9
For fixed k, these confidence intervals are correct for all t € [T with probability at least 1 — 4.

Noticing that v, = myu, we rearrange the terms in the confidence interval (8) (9) and get:
Pkt € {ﬂk,t — 06 (P15 0) [kt fint + 0¢ (Fip, 0) /Zf;k,t]
Mtk € [Ok,t — 0@ (ik,t,0) , Ot + 0 (i 2, 6)]

Use the endpoints of the interval above and then we can get the lemma about the arm capacity
confidence interval.
Lemma 2. For any adaptive algorithm thus uses first K time slots for initialization. If

o (Tit,9) /1/}k,t < [ig,t, the event Ay:

Ay ::{Vte [T],t > K,my, €

Ok — 00 (i1, 6) Okt + 00 (i, 8) ] }
bkt + 00 (Tit,0) [nt 7 Pt — G (Th,0) [Pk

N {¥r € No 6, 1 < 06 (o 0) f () {Vins € Ny J6E | < 00 (ins,0) }

holds with a probability of at least 1 — §, where:
t

t
Eiﬂk,t = Zi:l il {ak,; < miﬂ-_l} [Tt EkU,iyt = Zi:l kil {aws = mi; 1} Jins

These lemma implies that our confidence intervals are correct during the learning process for large
probability. Let A = ﬂéil Aj. A simple union bound inequality shows that A holds with a
probability of at least 1 — K'§. When the event A happens, all estimators’ confidence bounds are
correct and the capacity confidence bounds are correct for all k& € [K] and ¢ € [T, and thus one
arm’s capacity should be no more than the sum of lower bounds of other arms’ capacities. We now
can define the capacity confidence lower bound mfm and the upper bound my; , as the end points of
the capacity confidence interval of my, and refined the bounds with the assumption when A happens

as:
ml = max { | 2kt =00 red) L (10)
ft + 0P (Trye, 6) [Vt
~ ~ K
e g R AU S (11
fik,e — 0P (Tk:,t) 5) /Wm i=1,ik

Now we compare the arm capacity estimator confidence interval with Wang et al.| (2022a)):
Wang et al] (2022a): mj, , = max {[0k+/ (fiks + 00 (Fre, ) + 0¢ (k. 6))], 1}
Wang et al| (2022a): my , = min {0/ (fir,t — 0¢ (Th,6,0) — 0¢ (igt,6))], N — K + 1}

Compared with the UCB and LCB in |Wang et al.| (2022a)), one can observe that the key difference
between theirs and ours lies in how to handle the estimation error of UE, i.e., the term o ¢ (ij ¢, ).
Wang et al.|(2022a) put it in the denominator, however, we put it above denominator. The reason is
that our UCB and LCB is smaller and larger respectively compared to theirs with the same iy, ; and
T,¢. So it takes more rounds of UEs and IEs for their confidence intervals to converge. This will be
proved by the experiment.

Algorithm [I] states Act InfCap, which estimates the arm capacity by adaptively probing the arm
with different number of plays for generating samples. More specifically, Act InfCap uses the
UCB and LCB to generate samples from an arm. The core of Act InfCap is the above new confi-
dence interval of arm capacity which is tighter than [Wang et al.| (2022a). In Act InfCap, the UE
and IE are conducted in an alternating way and the UCB and LCB of arm capacity approach each
other with more utilities returned.
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Algorithm 1 ActInfCap(k,T)

1: Initialize: t < 0, m} , + 1, m}, < N.

2: Do two rounds of initialization, with one UE and one IE respectively.
3: Observe Uy 1 and Uy p. mjt 5 < N,mj , = 1,t < 2.

4: whilet < Tandm! , , <m¥, | do

50 t+t+1

6: if ¢ is an odd number then

7: Assign ay, < mj, ,_, plays to arm k

8: | Observe Uy ;.  Update méc’t, my, , via Equation and ||
9: else

10: Assign ag,; <~ my,  playstoarmk
11: Observe Uy ;.  Update mﬁmt, my, , via Equation and
12:  endif

13: end while
14: Return my ,

Theorem 2. The output of Algorithm i.e., my , satisfies:

o 202 1
P i, = mglt qu—ilog <45) +2} >1-19,

where £ is a universal constant factor independent of model parameters.

Remark. Theorem [2] states that Algorithm |1 has a sample complexity exactly matches the lower
bound. This closes the sample complexity gap.

5 REGRET LOWER BOUNDS AND SAMPLE EFFICIENT ALGORITHMS

5.1 REGRET LOWER BOUNDS

Theorem 3. Given K and M, for any learning algorithm or strategy T, its instance-independent
minmax regret lower bound is:

E [Reg (T, )] > » ﬂJTT(.

Remark. Theorem [3| fills in the blank that previous works Wang et al.[ (2022a)) failed to prove
instance-independent regret lower bound. It indicates that the minmax regret lower bound has a
dependence v/K on the number of arms K and a dependence v/7T" on learning horizon 7. There
is no dependence on the arm capacity my, which aligns with the sample complexity lower bound
stated in Theorem (2) and Algorithm I} Though Theorem [3is proved by the conventional paradigm
Lattimore & Szepesvaril (2020), it is technically non-trivial. The key idea is to carefully balance the
trade-off between the per-time-slot regret and the difficulty to learn the capacities. If the utility is
small, the per-time-slot regret is small. But it is difficult to distinguish the capacities with returned
utilities, since the expected returned utilities’ gaps are small with the same capacity gaps.

Theorem 4. K € N, {my}reix) € N¥, and {pr}reir) € R, for any consistent learning
strategy T, it holds

K
E T 2
lim inf 229 (Do) 2y %
T—o00 log (T') = u

Remark. Theorem 4] states that there is a dependence of the instance-dependent regret lower bound
on ,u,;z . It implies that the smaller py, is, the harder it is to learn the optimal action. Again, it has
no dependence on the arm capacity my. This does not contradict with Wang et al.[(2022a), whose
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instance-dependence lower bound’s dependence on the arm capacity my is O((o*m3ilog T)/p3).
In fact, the above dependence holds under the assumption 2 /(o?m32) > 2. This condltlon implies
that (o2m2)/ui < 1/2, yielding (o?m3 logT)/pui < 1/2logT. In other words, their instance-
dependent regret lower bound has no dependence on uj and my, and therefore is quite loose. The
key idea in the proof is to find a lower bound of the expected number of bad actions during the whole
T time slots. .

5.2 EFFICIENT EXPLORATION ALGORITHM

Efficient exploration algorithm. Algorithm [2] outlines PC-CapUL, which is the abbreviation of
Prioritized Coordination of Capacities’ UCB and LCB. Its key idea is summarized into four folds.
(1) Preventing excessive UEs(Line 11). At each time slot, we ensure that the historical number
of UE is not larger than the number of IE, i.e., 75 ; > iy . The UE is play-consuming compared
with IE, especially at the early time slots when the capacity confidence interval is not leanred well.
During the training process, both iy, ; and 7 ; are required to reach their corresponding limits for
the algorithm to learn the capacity my, and these limits is of similar scale as we will show in the
proof of the Lemma[5 But if there are not enough plays for all the arms to be played with UE, then
some of them are forced to be played with IE, despite the fact that there are already enough IEs on
these arms. These compulsory IEs are important source of regret in our problem setting. So it is
not wise for us to play an arm with excessive UEs, and the number of IEs is a natural good limit of
the number of UEs according to Lemma 5] (2) Balancing UE and IE(Line 13). At each time slot
t, we tend to let as many arms as possible to be played with UEs. The same insight from Lemma
reveals that both 73 ; and 7 ; are required to reach their corresponding limits. And it is always
easier to do IEs because IEs require fewer plays than UEs. So we should try to focus on meeting the
requirement of UEs and make sure that there is at least one UE on certain arms. And this guarantees
the ultimate convergence of our algorithm. (3) Favorable arms win UE first(Line 14-20). At each
time slot £, we should let the arms with larger empirical unit utility to have higher priority when
deciding the arms to be played with UE if there is not adequate plays for UE on all arms. This
design is derived from the insight we discussed in Theorem ] and this insight is further verified in
Lemma5] The insight is that it is harder to learn the capacity my, if the unit utility s, is smaller. So
we tend to focus on the arms with larger empirical unit utility and play UEs more often on them, in
the hope that 7, ; and 7y, ; reach their limits within fewer time slots and then there would be no more
regret generated on those arms. Another reason is that the larger unit utility of one arm is, the more
regret will be generated by IEs on that arm. By rapidly completing learning the capacity of arms
with large empirical unit utility, there are less IEs on these arms and consequently less number of
potential large amount of regret derived from excessive IEs on these arms. (4) Stop learning when
converges (Line 12, and Line 24-27). At each time slot ¢, once an arm’s capacity upper bound and
lower bound meet with each other, there should be no more exploration on that arm. The probability
that the estimated capacity is correct can be guaranteed by Lemma[2] And furthermore, we can do
explorations more freely on other arms, since there will be no more UE on the arms that we learn
well. And this contributes to sooner convergence of all arms’ confidence intervals.

Regret upper bounds. The following theorems state the regret upper bounds of Algorithm [2]
Theorem 5. The instance-dependent regret upper bound for Algorithm|2|is:

230402m? 1152m2
E[REG(T Z <<Z % log (T)> (e — ) my, + kaarQ log (T) cN)

=1 (

K
+ Z (2K max (ugmg, Nc))
k=1

Remark. This upper bound matches the finding we get in the Theorem 4] that an arm’s unit utility is
an important characteristic modeling the difficulty to learn the arm’s capacity. That is, the larger the
unit utility is, the more explorations should be done on that arm. The regret upper bound of [Wang
et al.[(2022a)) shares the similar terms in our upper bound when bounding the capacities of optimal
arms in their setting. This is because we both use UEs and IEs and confidence interval to estimate the
arms’ capacities. However, in our setting, it is impossible to distinguish the capacities via variance
because the perturbations of the returned utility of all arms follow the same distribution. While in
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Algorithm 2 PC-CapUL

1: Notation: m} := (mj, : k € [K]),m} := (m}, : k € [K]),Uy; := (Ups : k € [K]).
7A't = (7A']€,t 1k e [K])7l:t = (Zk:,t 1k € [K]),[.Al.t = (,ljtk;yt 1k € [K]),’{)t = (ﬁk,t k€ [K])
Cndt := (Cndty, : k € [K]) is a binary vector indicating continue exploration (1) or not (0).
w := (wg, k € [K]) is a binary vector with entry 1 indicating do IE and 0 indicating do UE.
©® denotes the Hadamard product, e;, denotes a unit vector with k-th entry being 1.

2: Initialization: m), + 1,m¥% « (N — K + 1)1,7 + 0,i + 0,Cndt + 1.

3: forl <t < K do

4:  The t-th arm do UE and all others do IE: w + 1 — e;

5. Set the arm assignment as: a; < (1 —w) ©mY ;| +woOm!_,.

6:  Observe U,.

7: Update: mi<—m}_,, mi«mi | F4F_1+w,ip—i_1 +1—w, fu with (6). 0, with (7)
8: end for

9: while K +1 <t <T do
10:  if Cndt # 0 then

11: Record the arms whose IE rounds no more than UE rounds: wg+1{7; ;—1 < ix¢—1}, V.

12: Record the converged arms: wy, < I{Cndt; = 0}, Vk.

13: Calculate the capacity needs: Myccqs < (1 —w) - m¥ | +w-m}_,.

14: £ < sort arms based on mean estimation fi; ;1 in descending order with Cndt;, # 0

15: fork=1,...,Kdo

16: if M,,ccqs > N then

17: The ranked k-th arm (with index ¢;) do IE, and update it to the vector w < w + ey,

18: Update capacity needs: Myceqs < (1 —w) -m¥ | +w-ml_,.

19: end if

20: end for

21: Set the arm assignment as: a; < (1 —w) O©m¥ | + w O ml_,.

22: Observe U;.

23: Ty 4= Tpo1 Fw, by 4 B—1 + 1 —w, fi, with (6), D, with (7), m! with (10), m¥ with
Cndty, + ]I{mﬁw <mi,},Vk

24:  else

25: Observe U;.

26: Set the arm assignment as: a; + m._;,m! < ml | m¥ <« m¥ .

27:  end if

28: end while

their setting, the variance of the returned UE utilities on the arm k£ and arm i is different even if
mpp, = m;p; as long as my, # m;. With more complicated setting and less usable information
in returned utilities, we design the algorithm 2] which shares similar regret upper bounds as those in
Wang et al.| (2022a)), and this implies that their upper bound is loose.

Theorem 6. Upper bound The instance-independent regret upper bound for Algorithm|2|is:

E[REG(T)] < a\/(9216M3 + 128K M + 1152M2N) M (T log (T)))
K K
+ Z 2K max (pupmy, Nc) + Z Kppmy,
k=1 k=1
Remark. This upper bound is derived from refining the bound of number of IEs and UEs one
arm demanded before it converges. The design of the arms’ priority for UEs, which is ranked by
empirical unit utility, improves our estimation on the number of IEs a lot. As it is displayed in the
figures of the experiments, K and my, are positive related to the expectation of the regret. There are
not significant changes as NV varies. And this is not a conflict because we set the movement cost c a
small value as 0.1. Wang et al.|(2022a)) only proved an instance-dependent regret upper bound.

6 EXPERIMENTS

6.1 EXPERIMENT SETTING

This section states the experiment setting, including the number of plays, arms, comparison baselines
and parameter settings, etc. The capacity of each arm setting: mj, = 10+[¢ xRand(0, 1)], where £ =
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5,10, 15,20. Number of arms: K = 10, 20, 30,40. Number of plays: N = M, M + 0.1M, M +
0.2M, M + 0.4M. Movement cost: ¢ = 0.2,0.1,0.01, We consider the default parameters unless
we mention to vary them explicitly ¢ = 10, K = 20,N = M + 0.1M,c = 0.1. We conduct
simulations to validate the performance of our algorithm and compare it to other algorithms adapted
from MAB. We consider three baselines: MP-SE-SA, Orch proposed in Wang et al.| (2022a), and a
variant of our proposed algorihtm PC-CapUL-o1d, which replaces the our arm capacity estimator
with that ofWang et al.| (2022a)). Other details are shown in the Appendix [A.T]

6.2 IMPACT OF NUMBER OF ARMS

In figure [lalIb]Icliid] we set K as 10,20, 30,40 respectively. It is rather obvious that as there is
more arms, it takes more exploration for all algorithm to find the true capacities of each arm, as
it is indicated in both the lower and upper bound theorems. And for all K values, our algorithms
outperform the other two baselines and the one with better estimators converges much quicker than
others. In our simulation of 2000 time slots, the regret of Orch in |la| converges to around 4 x 10°
after 700 time slots, which is much slower than ours. There are mainly two reasons for the difference
in convergence speed. First, there are much less tries of UEs at the same time slot in Orch for its
parsimonious and maladaptive strategy. The UEs are only allowed in even rounds in Orch. In
PC-CapUL-o01ld, the arm k is played with UE or IE according to how well the p; and my are
learned. Second, our confidence intervals are more precise, and converge with fewer explorations.
Additional experiments are conducted to verify this, with results shown in Appendix @]

x10° x10°
—— PC-CapUL_old
PC-CapUL_new
—— Orch
—— MPSESA

—— PC-CapUL_old
1.41 PC-CapUL_new
—— Orch

] — MPsEsA

(=]

Regret
N w = w

0 20 40 60 80 100 0 20 40 60 80 100
Times slots Times slots

(a) K=10 (b) K =20

x10° x10°
—— PC-CapUL old 3.0 — pc-capuL old
PC-CapUL_new PC-CapUL_new
2.0{ — orch 2.571 — Orch
—— MPSESA —— MPSESA

0 20 40 60 80 100 0 20 40 60 80 100
Times slots Times slots

(c) K =30 (d) K =40
Figure 1: Impact of number of Arms.

7 CONCLUSION

This paper revisits multi-play multi-armed bandit with shareable arm capacities problem. Our re-
sult closes the sample complexity gap left by previous works. We also prove new regret lower
bounds significantly enhancing previous results. We design an algorithm named PC-CapUL, in
which we use prioritized coordination of arm capacities upper/lower confidence bound (UCB/LCB)
to efficiently balance the exploration vs. exploitation trade-off. We prove both instance-dependent
and instance-independent upper bounds for PC-CapUL, which match the lower bounds up to
some acceptable model-dependent factors. Numerical experiments validate the data efficiency of
PC-CapUL.

10
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A ADDITIONAL EXPERIMENTS RESULTS

A.1 ADDITIONAL EXPLANATION ON THE EXPERIMENT SETTINGS

g, is sampled from an even distribution on the interval [1, 11]. The utility perturbation € is set to
be of the same Gaussian distribution N (O7 02) for all arms with all settings, and ¢ = 0.5. We
changed the returned utility function in both Orch and MP-MA-SE algorithm to match our problem
setting and compare their performances with ours. We conduct simulations on both versions of our
algorithm and the only difference is the estimator of the capacity confidence interval. For every
setting we conduct simulations for 20 times and the regrets are averaged.

A.2  IMPACT OF TOTAL CAPACITY
In figure [(a2bl2c2dl we set the interval that my is evenly sampled from

[10,15],[10,20],[10,25],[10,30] respectively. ~We find that as the capacities of arms in-
crease, the regret is larger at the same time slot. There are mainly two reasons:(1) the IEs with only
1 play generates larger regret as the actual capacities increase, and these kind of IE is inevitable
in all four algorithms when the capacity confidence intervals are not learned well.(2) It takes more
explorations to learn an arm’s capacity as the capacity is bigger according to the regret upper
bound we get. This result is not contradictory with the finding in the regret lower bound which
is unrelated with the capacity, because neither Orch and our algorithm are asserted to be optimal.
No matter in what setting , our algorithms outperform the Orch and MP-SE-SA significantly, and
the improvement of new estimator is also significant, which leads to much quicker convergence
of capacity confidence intervals. In our simulation of 2000 time slots, the regret of Orch in [2a]

converges to around 1.4 x 106 after 1750 time slots, which is much slower than ours.

x10°
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124 — PC-CapUL_old —— PC-CapUL_old
’ PC-CapUL_new 1.44 PC-CapUL_new
—— Orch —— Orch
1.09 _ wpsesa 129 upsesa
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© © 0.8
g06 g
« % 0.6
0.4
0.4
0.2 0.2
0.04 | i i i i i 0.04 i i i i i
0 20 40 60 80 100 0 20 40 60 80 100
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(@) m; € [10, 15] (b) m; € [10,20)]
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1.501 — orch ' —— Orch
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1.00 52
© 1.004 o
> ©1.00
x 0.754 4
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0.254 0.251
0.001 ‘ ‘ ‘ ‘ ‘ 0.00{ ‘ ‘ ‘ ‘ ‘
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(©) ms € [10,25]

(d) mi € [10,30]

Figure 2: Impact of capacities of Arms.
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A.3 IMPACT OF NUMBER OF PLAYS

In figure we fix M as Zszl my, and set the ratio N/M as 1,1.1,1.2, 1.4 respectively.
We find that as IV varies, our algorithms outperform the Orch and the MP-SE-SA in all four settings.
The main reason is that the more number of plays, the more UEs we can do at the same time in our
algorithms, and consequently the less time slots demanded for the capacity confidence interval to
converge. But the increase of plays casts little influence on the performance of Orch, because the
UEs in Orch are limited by their conservative strategy, which is designed for the cases when N < M.
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129 ypsesa 129 upsesa
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x10° x10°
—— PC-CapUL_old —— PC-CapUL_old
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121 — Orch —— Orch
] —— MPSESA 129 wpsesa
1.04 1.01
@ @
£0.8 08
& &
0.6 0.6
0.4 0.4
0.2 0.2
0.0 ‘ ‘ ‘ ‘ ‘ 0.0 ‘ ‘ ‘ ‘ ‘
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Times slots Times slots
(¢c) N =12M (d N =14M

Figure 3: Impact of number of plays

A.4 IMPACT OF MOVEMENT COST

In figure @aldbJAc] we set the movement cost ¢ = 0.2,0.1, 0.01 respectively. We find that as ¢ de-
creases, the regrets of all four algorithms decrease. It is reasonable that with smaller c, the costs
of UE become smaller in all four algorithms, and consequently the regret will decrease if other pa-
rameters remain unchanged. But this change of movement cost casts little influence on comparison
among the regrets of the four algorithms. The main reason is that the movement cost is a signifi-
cant parameter in the estimation of the regret lower bound but not in the estimation of the the upper
bound. The movement cost should be more important and even influence the order of magnitude of
the regret if the algorithm has regret upper bound close to the lower bound.

A.5 COMPARE OF THE OLD AND NEW ESTIMATORS
In ﬁgure@ weset K =1, M = m; = 15, N = 30, and do UE and IE in an alternating way to

explore the capacity. We set the estimators of LCB and UCB of the capacity as (T0) and (TT) first,
and record their values as new-LCB and new-UCB, as shown in the figure @ And next, we set the

14
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Figure 4: Impact of number of plays

estimators as those used in Wang et al.| (2022a), and record their values as old-LCB and old-UCB.
In both estimator settings, we conduct simulations for 20 times and the recorded LCB and UCB are
averaged. It is quite obvious in the figure [5] that the new estimator converges much more rapidly
than the old one, despite the fact that both estimators converge to the correct capacity after adequate
explorations.

w
o
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old_UCB
25 —— new_LCB
—— new_UCB
20
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O
315
©
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101
5 4
0 20 40 60 80 100
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(@

Figure 5: Impact of number of plays
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B TECHNICAL PROOFS

B.1 SAMPLE COMPLEXITY PROOF

Proof of Theorem [I; Consider there is an arm with capacity my, and unit utility value ;. Assume
that there are only two possible values for my: {m,m + 1} where m is a positive integer, and the
perturbation on the arm follows N (0, 02). Let T" be the exploration times we do on this arm.

For any strategy 7 that can calculate the capacity after several times of explorations, we consider the
probability that the capacity is mistakenly judged,i.e. we consider the probabilities:

Pg[m:m]

where m is the estimator given by the strategy 7, and IP;,[P5 are the probability measures defined
on the whole 7" exploration times when the real capacities are m and m + 1 respectively.

. . . . c .
Since there are only two possible values of my, we have {1h = m + 1} = {/i = m} ', meaning
that these two events are complementary to each other. This meets the condition of Theorem 14.2 in
Lattimore & Szepesvari| (2020) and we have:

Py [fh =m + 1] + Py [fh = m)

>—exp (=KL (P;,P3))

1
2

As for the KL-divergence, we use the result we get in (17). Let N (T') be the number of actions
assigned by 7 satisfying that a; > m + 1, and then we have:

2 2
Ly

KL (P1,Py) =E; [N (T)] 992 =" 952

If w works well for probability at least J, then we have:

Pim=m+1]+Py[h=m] <26

And consequently we get:

26
>Py [ = m + 1] + Py [ = m]

1
25 exp (—KL (IPl, ]P2))

1 12
=3 %P (‘%.2)

By rearranging the terms we get:
T 202 1 1
2 oo [ —
|

Proof of Theorem [2; We first assume that the capacity falls into the confidence set, to ensure that
the counters 7y ¢ and i, , are correct. This lead to the confidence set for the reward mean:

P[Vt7 Kk — O¢ (f—k,t? 6) /Q;k}ﬂf S /:Lk7t S 1243 + U(b (fk,ta 6) //l;kt,t] Z 1-9
PV, mppie — 0@ (Ckt, 0) < Okp < mppie + 0@ (lpg,0)] > 1 =06
If the reward means satisfy

ftr — 06 (Tt,0) [kt < fike < ik + 0 (Frt, ) [t
Mtk — 0@ (Lit,0) < Opyp < Mypftre + 0@ (Lg 1, 0)
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It leads to that
l
my € [my, 4, mi ).
The chicken-egg problem with reward means and capacities is resolved by the fact that
my € [1, N].
Thus, we use 1, N to initialize mk’t, my, , respectively
mﬁc,o =1,myo=N

This initialization makes the 0y, 1 and /iy ; fall into the above inequalities with the reward gathered
by the initialized correct lower and upper bound of capacity. And the valid ¥y ; and fij ; leads to
the subsequent valid updates of mfcﬁl and m}! |, which enable us to collect new valid observations in
the next round. Doing this recursively, we resolve the chicken-egg problem. We next focus on the
case that all the reward mean and capacity inequalities hold and ignore the small probability of 26§
that at least one of them fails.

We first derive a lower bound on mfm as

[ {’V @k,t—aﬁb(zk,t»é) -‘ }
my, , = max = 1
7 fikt + 0D (Tit, 0) [k
Ot — 0 (ik,1,0)
T ke + 00 (P, 0) [
Myt — 200 (L ¢, 0)

Tk + 200 (5,0, 0) [
2mk0¢ (Pt 0) [thn + Ufzé(ik,u(s)

te + 200 (1, 0) [ Uk
MG (F1,0) [Vt + 06 (i, 0)

22

:mk,f

ka—Q

We next derive an upper bound on mj , as:

m}at = min - Uit + U? (Lk’t’ 6)A N
Pt — 0P (T, 0) [Vnen

Ukt + 0 (kt, 6)
Pt — 0O (7A7~c7t7 J) /'Q;kt
mppi + 200 (L4, 0)
Tk — 200 (Frt,0) [t
M0 ¢ (T1,t,6) /i + 06 (Bn,t0)
pk =200 (F.1,0) [k
The above inequality holds when pi;, — 206 (74.4,6) /1x, > 0. A sufficient condition is:
¢ (Fpt,6) < 0.2504 /0. (12)

We will discuss how to guarantee later. Suppose that holds, then it follows that

<my +2

u l
My g — Mi ¢

k0D (T, 0) [kt + 06 (i4,0) k0 (Tt 0) /s + 0 (iks, )

=92 ~ +2
ik — 200 (Tr,t,6) [Pk, o
< 4mk0¢ (71,85 0) [Urt + 06 (int, 0) n 2mk0¢ (74,05 0) [t + 06 (ih 1, 0)
Hk ke
_ 6mk0¢ (k.25 0) [kt + 00 (in 1, 0)
HEk
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To reveal the true arm capacity, a sufficient condition is:

Mmyod (7.1, 0) [thrs + 06 (iht,0)
22

6 <1 (13)

Under our alternating of UE and IE algorithm, we have that when ¢ is an even number, 75 ; = iy .
This implies that

& (Th,t,0) = ¢ (Ir,e, ) -
Then, is equivalent to
L fu 1[)k,t

¢(Zk,t75) < =—

—. (14)
6 0 mp + s

We next prove that ﬁlm has nice lower bound under certain conditions. Given an arbitrary constant
v € (0,1), a sufficient condition to guarantee m/, , > ymy is:

kamb (Thyt, 0) /&k,t +0¢ (gt 9)

< (1 —=~)my
" (1-7)
When ¢ is an even number, this is equivalent to
. 1=y e Upemy . T—ypr my
lpt,0) < — = P (g, ) < ——— .
¢ (ik,t,0) 6 o me+ s ¢ (ik,t,0) 6 o mprl
A refined sufficient condition is:
. 1—ypg
¢ (g, 0) < —LEE (15)
12 o
Let ¢, denote the minimum ¢ satisfying (T5):
__ . L — v p
ty = argrtn>151¢(t75) < ETRS

Consider a positive number 8 > 0, it holds that

A ty 4+ ymy Bt 1+ yBmy VB
t>208+1t, = > - > .
(B+ Dty = e 2 (B+ Dty B+1 “B+1 %

If the true capacity is identified before 2(/5+ 1)t., rounds, then we have that the sample complexity is

2(8 + 1)t,,. If not, then applying the lower bound of 1[%,15 implies a refined sufficient condition
to identify the true capacity

B
. lpe g R lpw B
g 0) < =EE L 7 s (i, 0) < B2 16
¢ (ik,t:0) 60 it 22 ¢ (ki 0) 6o B 1118 (16)

Thus the sample complexity is
: - Hi
arg min ¢ (in,t, 0) < —¢

where £ is a constant defined as

. VB B+1)(1—7)
= - 2
¢ 5>0{gler%0,1>max{66+ L+98’ 6 1025

Noticing that in the first two rounds of explorations, we assign 1 and NV plays to the arm respectively,
so a constant 2 should be added on the upper bound. This proof is then complete. |
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B.2 REGRET LOWER BOUND PROOF

Proof of Theorem [3; To avoid unnecessary mathematical subtleties and simplify the proof, we
focus on the case that M /K is an integer and K /4 is also an integer. We first contract two instances

of the problem as follows:

e Instance F;: each arm whose index is an odd number has (% —

) units of capacity and

each of the remaining arms has (% + 1) units of capacity. The per unit reward mean is

fixed to u, i.e., u1 = ... = ux = U, and variance is fixed to o, i.e., 01 = ... = o = 0.
Formally,
arm 1 arm 2 arm K — 1 arm K
Instance £y: M/K—-1 M/K+1 --- M/K—-1 M/K+1
o , o u, o M, o

¢ Instance F5: each arm whose index is an even number has ( T

M _q

) units of capacity and

each of the remaining arms has (% + 1) units of capacity. The per unit reward mean is

fixed to u, i.e., uy = ... = ux = U, and variance is fixed to 0, i.e., 01 = ... = o = 0.
Formally,
arm 1 arm 2 arm K — 1 arm K
Instance E: M/K+1 M/K-1 --- M/K+1 M/K -1
o o o M, o

For an arbitrary learning algorithm or strategy , let Ry (7, E1) and Ry (7, E) denote 7’s regrets
in instance E; and F respective. Let T} denote the number of time slots that at least % arms with
odd index are assigned exactly (42 — 1) plays. Let A denote the event that 7y > 37

e

We can use event A to bound the expectation of the regret in E; as follows:
E [Ry (7, E1)]
=E [Rr (7, E1) 1{A}] + E [Rr (7, E1) 1 {A°}]
>0+ %min(u —¢,c)Pp, (AC) .
And similarly we have
E(Rr (r, B)] > 15 2(u— o) P, (4).

Note that the Theorem 14.2 in|Lattimore & Szepesvari|(2020) indicates:

1
1PE1 (AC) + IPEQ (A) > 5 C€Xp (_KL (IPEH’]PEz)) .

Then, the sum of the regrets of 7 in two instances can be lower bounded as:
E [Ry (m, E1)] + E[Ry (7, E2)]

2% min (1 — ¢, ¢) (Pg, (AC) +Pg, (4))

TK
ZTG min (u —¢,c)exp (=KL (Pg,,Pg,)).

Note that the probability measure IP g, is defined on the entire learning process of 7" time slots,i.e.

T
Pp, [a1,z1,...;ar, 7] = Hﬂ't (atlar,z1,...,ar—1,27-1) PE, a0, (T1) ,
t=1

where a, is the action chosen at the time slot ¢ and vector x; is the resulting reward on the K arms
after playing a;. 7 is the probability measure of the action a, after the observation of the past¢ — 1
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sets of actions and rewards, and Pg, q, is the probability measure of the reward vector x; for fixed
action a; in instance F;. As for the calculation of the KL-divergence, we can separate it into T’
actions.

KL(Pg,,Pg,)

dlP
=Eg, {log <d11321 >}

T
:ZEEl [KL (PElyat’PE‘27at)]

t=1
where in the last equality we use that under Pz, (|a,) the distribution of x; is Pg, q,.

Because the measure Pg, o, is a product of K independent probability measures, we can decompose
the KL divergence as follows:

M=

KL(PEhat’PEZaat): KL (PElaak,t’PE2;ak,t)

k=1

where Pg, 4, , and Pg, 4, , follow normal distribution:

PEhak,t ~ N( min (akttamg)) H—agt-Cc o? )

Ppy . ~ /\/( min (ak,t,mg)) p—agi-c , o’ ) ,
and mg) and ml(f) denote the capacities of arm k in the £y and E» respectively. There is a formula
about the KL-divergence of two Gaussian distributions:
Lemma 3. Foreachi € {1,2}, let i; € R,0? > 0and P, = N (ui,af). Then we have:

1 o3\ , ot (g1 — p2)”
KL(Pl,PQ):§ log 0_7% +O'7§7 +T

Applying lemma 3] we have:

(min () e min (o) )
1,6, My, " ) o —min ( Qg ¢, My~ | 1
202

We want to find the action ay ; maximizing KL (P, a, ,, Pg,.q,,,) at time slot ¢ on the first arm. It

is easy to find that a; ; should be no less than m?) = % +1sothat KL (PEhal,t , PE27QM) reaches
its maximal. The same is true for other arms k£ with odd k. And similarly we should let the action
azt > mél) = % + linorder to let KL (PEW” , PE%au) reaches its maximal. The same is true
for other arms &k with even k. So we get that:

KL (PE1,al,t’PE2valvt) -

KL (PEl,aLuPEQ,al,t) <

KL (PEI,GQ,t7PE21a2,t) S5

20
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It should be noted that it is possible a; ¢, as¢, ..., ak,: can not be taken at the same time in the real
world. But there is no conflict since we are only interested in the upper bound of the KL-divergence.

Note that [E [X] < max [X], then we get:
KL (Pg,,Pg,)

T
:ZEEI [KL (PE17at’PE2,at)]

t=1

<T-max[KL (Pg, a) Pg,.a))
acA

K
=T . gleaj{ ’;KL (PEl,amPEmak)

K

<T- max [KL (PE'l,amPEg,ak)]
jmp @ EN]

K
ST.Z%
k=1

2 2
i
g

Furthermore, by letting ¢ = % 1, we have that:

E[Rr (7, E1)] + E[Rr (7, Es)]

TK
zﬁ min (u — ¢,c)exp (—KL (Pg,,Pg,))

TK
=35 Hexp (—-KL(Pg,,Pg,))
TK 1w

We let © = 0/v/2T K and then we get

max( BlRr (v, B)), B[Ry (mB)] ) > o7 - VTR

This proof is then complete. |

Proof of Theorem [} Here we only consider the set of algorithms that is consistent over the class of
MP-MAB £ we described in section 2, and we further require that the perturbation of the returned
utility follows the Gaussian distribution A (0, o) for simplicity, where 0% < 1/2.

A policy 7 is defined as consistent over a class of bandits £’ if for all E € £ and p > 0 that :
REG (T
i BEG (D)

=0
T— o0 TP

First we choose a consistent policy 7. Let £; € £ be an instance, and there are my, units of capacities
with unit utility i, on the arm k. Next we will consider the number of time slots T'By, (1) when the
arm k is assigned with more than my, plays by 7 in T time slots, i.e.

T
TBy (T) == Z 1{ag,: > my + 1}
t=1

For fixed k& € [K], let E; € & be another instance, and for j # k, there are m; units of capacities
with unit utility ;; on the arm j. On the arm k in F, there are my, + 1 units of capacities with unit
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utility y2;. Let A be the event that T By, < L:

A= {TBk S g}

Let Ry (m, E1),Ry (m, E3) denote the policy 7’s regret in instance F and F5. Then by similar
analysis in previous subsection, we have:

E [RT (ﬂ-a El)]
—F [Ry (r, B1) 1 {A}] + E [Ry (v, B1) 1 {A°}]

>0+ gc]PEl (A9)

Then similarly we have :

E[Ry (m, E9)] >

no|

(ke — ) P, (A)
Then the sum of the regrets of 7 in two instances can be lower bounded as:
E [Rr (7, E1)] + E[Rr (7, E5)]

>=min (ux — ¢, c) (P (AC) +P(A))

Y%
o N

min (:uk -G C) €xXp (_KL (]PE1 ) lPEz))

As for the KL-divergence, we can decompose it by time slots and arms as it is shown in the previous
subsection:

KL (IPEUIPEQ)
T

= Z ]EEl [KL (PEhat?PELat)]
t=1
T K

:Z]EEI ZKL (PElaai.t’PE27ai.t)]
t=1 i=1

And note that E'; and E» are the same only except the arm k. Thus the above equality can be reduced
to:
T

> Ex,

t=1

K
Z KL (PEl,ai,“PEz,ai,t)‘|

i=1

T
:ZEEI [KL (PElyakJJPEZyak,t)}
t=1
T
= Eg, [KL(Pg,ap.: Pesar,) L{are > my +1}]
t=1
T
JrZ]EE1 [KL (Pg, a4, Peyar.) L{aks < my}]
t=1
T
= Eg, [KL(Pg,a,> Pryay,) 1{axe > me+1}] 40

t=1

According to lemmaEI, when ay ¢ > my + 1:

2
KL (PE1,ak,t’PE2’a’“=t) - TCIE
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Thus we have :

T
Z EE1 [KL (PElvak,t7PE27ak‘t) 1 {ak,t > my + 1}]
t=1

T

2
=Y Ep, [1{one 2 mi + 1} 25
o
t=1
T 2
=Eg, Z 1{axs > my+1} ﬁ
t=1
12
:]EEI [TBk (T)} kg
20
Consequently we calculate the KL-divergence as :
12
KL(Pp,,Pp,) =Eg, [TB (T)] 3% (17)

202

Then we have:

E [Rr (m, E1)] + E [Ry (7, E»)] >

=14

2
min (g — ¢, ¢) exp <—EE’1 [TBy (T)] 2/’;@2>

Rearranging and taking the limit inferior on 7" leads to:

T min(pur—c,c)
.. Ep [TBy(T)] _20% . . log(4(IE[RT(W,El)]JrkE[RT(Tr,Ez)]))
liminf —— -~~~ %2 >—lim inf
T—o0 log (T) Wi T—oo log (T')
202 log (IE E E E
277 (1t KB (P BIR )
i Too0 log (T')

Since the policy 7 is consistent, then for any p > 0 there is a constant C), that for sufficiently large
T: E[Ry (7, E1)] + E [Ry (7, E2)] < C,T?, which implies that:

log (E [Rr (m, E1)] + E [Ry (7, E2)])

lim su
T—>oop log(T)
. plog (T') +log (Cy)
<lims
ST 1o (T)
=p

Since p can be arbitrarily small, we have

sy 108 (B [Rr (7, B1)] + B[R (7, E)))
T—>oop log (T)

=0

And consequently,
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It should be noted that

T K

=Epg, Z Z [(mypr — cmy) — (min {ag ¢, me} - pr —c- ak,t)}]
K T

=Ep, | YD [(mrpm — emy) — (min {ag g, mp} - s — - ak,t)]]

K T
>Epg, [ > [(mipk — emy) — (min{ag g, mi} - e — ¢ axe)] L{ag, > myg + 1}

K T
>Ep, | Y Y c-1{axe > mi+1}

k=1 t=1

!
=c- Y Eg, [TBy (T)]
k=1

Taking the limit inferior on T leads to:

. . .E[Ry (7, Ey)]
minf == @y

And the proof is complete. |

B.3 REGRET UPPER BOUND PROOF

Before proving Theorem[5] we need to prove two Lemmas first.
Proof of Lemmal[ll
Consider the confidence interval for u;,. Because
ﬂk,t — Mk
t
Dot Uks (ag,s) +c-aps) 1 {ak,s < mé@,sfl}
= . ; — Mk
Zs:l akxs]l {ak,s S mk,sfl}
t .
Doeeq (min{ag g, mp} - pp — ¢ aps + €+ ars) 1 {ak,s < mfc,s_l}

= . l — U
Zs:l ak,s]]- {ak,s < mk,sfl}

When the event A;, defined in Lemmahappens, then for time slot s satisfying ay s < mfg o_1s WE
have that the action ay, ¢ < my,.

And thus we get
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fit — Mk

t . l
Yoeeq (min{ag g, mp} - pp — ¢ ap s+ €p s+ ags)l {ak,s < mk,s_l}
= . l — Uk
Zs:l ak,s]]- {ak,s < mk,sfl}

t
D1 (ks - pi +€p,s) 1 {ak,s < mgc,s—l}
Zs:l ag,s1 {ak,s < mk,s—l}

t l
Zs:l 6k75]‘ {akvs S mk,sfl}

t l
Zs:l a’k’s]l {ak,s S mk,sfl}
- S ensl{ags <ml
Tk,t s=1 Ck,s k,s > k,s—1

t l T
D ey ksl {ak,s < mk&fl} k,t

Tkt I E

t l ’ kv":k,t
Do ks aks < Mg s—1

By rearranging the the equality above, we get the following statement if A happens:

S ksl {ak,s < mi,sq} (

Tkt

,[Lk’,t - ,uk) S [_U¢ (%k,ta 6) 7U¢ (%k,ta 6)]

Note that z/sk’t is defined as:

¢ z
; 2= ksl {ak-,s < mk,sq}
kit =

Tkt

We get that
(i = o) € |=06 (7, 8) [ 06 (7, 8) i
and consequently we get the confidence interval for y, as:

pr € [ﬂk,T* — ¢ (Fr1,0) [kt fik 7 + 06 (T 1+, 6) /@k,t}

Next we consider the confidence interval of myu; when Ay happens:

Ok, 7 — M flk

Soaey (min{ag o, mp} - g — c - ags +eps+Caps) 1 {ak,s 2 mZ,sfl}

= ” — Mgk
Lk, T+

*

T
Do (Mppp +eps) 1 {ak,s 2 m%,sq}

= = — My bk
L, T~

T+
Zs:l fk,s]]- {ak,s Z m;cisfl}

L,

_UE
_Ekvzk,T*
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And similarly we get the confidence interval of my fu:
Mk € [Og,7+ — 0 (Lk+,0), Ok, 7x + 0@ (i, 7+, 0)]
Thus we know that for fixed k, for all ¢, these confidence intervals are correct with probability
IP {Ax}, and in the proof of Lemma[2] we will show that P {A;} > 1 — 4.
Proof of Lemma[2]

We first display the concentration inequality we use:

Lemma 4. (Bourel et al.|(2020),Lemma 5) Let Y;, ..., Y; be a sequence of t i.d.d real-valued random

variables with mean p, such that Yy — p is o-sub-Gaussian. Let ji; = % Zi:l Y; be the empirical
mean estimate. Then, for all o € (0, 1), it holds

)210g (Vt+1/90) <

1
t 4

P Elte]Nvﬂt_MEU\/(l“"

The key challenge is to handle the chicken-egg problem that the confidence interval of the arm
capacity relies on the estimation of the utility mean and the estimation of the utility mean relies on
the estimation of the arm capacity to distinguish UEs and IEs. Misleading UEs as IEs would make
the reward mean estimation incorrect.

To understand the chicken-egg problem, let us consider a simple problem sharing the essence of our
problem:

Xi = qip + €,
where €;’s are independent o-sub-Gaussian random variable. Let ¢} denote our guess of ¢;, which
may or may not equal to ¢;. We use ¢; to estimate y. The estimator aligned with us is:

. Zf X

Ht = t .
Zi q;
Then it follows that
) gt e
He — B =", —
Zi q;
_ it e~ Y]
Yid
t t
O Nlan—pYid | Yie
_|_

= T t

>4 >4
g — Yl d, toYie
= -

>id Siq t

Then it follows that
t ¢
t "€ t "€
lfie — p— Brry| = | —; ,Zzet =t it )
Zi q; t Zi q; ¢

where
_ Siam—pyid;
> d,
denotes the mis-classification error. Then letting Y; < €; ,t < 7 ¢ and 6 < /2 in LemmaE], and
applying Lemmaf4] we have that

Errt :

Tt
Tkt
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This implies the following confidence interval:
P[Vt, |ﬂt - U — EITt| < Ggﬁ(%k’t,é‘)] > 1- 6/2

This implies that under mis-classification of ¢; a uniform confidence interval still holds, but one
needs to adjust the bound of the interval with the mis-specification error Err,.

With the above argument in mind, we know that if there are mistakes in the confidence bounds of
capacity, the following uniform confidence interval should hold by adjusting the bound with mis-
classification error.

IF’[Vt,,uk — o9 (7A'k,t75) /Q/Aik,t — Err; < ﬂk,t < pip+oo (7A-Ic,t7 5) /1/A1k,t + El’l’t] >1- 5/27

Let us now go back to the chicken problem. With the analysis above, let us consider the good event
falls into to the 1 — §/2 probability region, such that

pike — 06 (Ft,8) [thrs — Brry < figs < pir + 06 (7h.4,0) [thrs + Erry

holds for all ¢. We next solve the chiken-egg problem by showing that Err; = 0. Note that my €
[1, N — K + 1] is known as a prior. In the initialization rounds, the UE is conducted by N — K + 1
and IE is conducted by 1, namely.

mi,ozl,mzﬁo =N-K+1

This initialization generates no initialization error. Thus, with the reward obtained from the ini-
tialization to update the confidence, we would have Err; = 0. This zero error, would lead to the
updated estimation of the confidence interval of the arm capacity being correct, as it is implied from
the confidence of the utility mean estimation. Thus with the updated confidence interval, we would
do correct UE and IE. Doing this recursively, we would have Err; = 0.

And with similar analysis we know that there is also no mis-classifications of UEs if the sampled
perturbations €5 ; on the UE utilities satisfy the condition we desctibed in Lemma [2| that for
Vip: € N, |égﬁ | < 0¢(iks,6). And we know that according to Lemma , this condition
holds with probability more than 1 — ¢/2 as well. Thus by Union-Bound inequality we know that
P {Ax} > 1 — 4. Then the Lemma[2|and Lemmal|l|are proved n

Proof of Theorem

Before proving the upper bound of the regret, we first find the maximal number of UEs and IEs for
an arm’s capacity interval to converge in another form.

Lemma 5. For any arm k, time slot t, and 0 < § < min (2exp (—1152m3o?/pui) . 2VT + 1), if

1152m2 02 log(2/6
mk(:ﬂ og(2/ )’ then

the number of IEs Ty, ; and UEs iy, 4 are both no less than
2

2 2
1152mio 2log(2/(5)) S1-5§

l ~ ~
P (mk,t = My ¢ Thots Lot > ;
k

Since is a sufficient condition for the confidence interval to converge when ¢ (7 ;,0) <
0.25u /6, and notice that ¢, ; > 1, then we have that:

6mk0¢ (Tt 0) + 0 (ik,e, 0)
22
is also a sufficient condition. And a simple case to meet this condition is that:

<1

A 123 A 123
< < —
¢ (Tk:,ta 6) >~ 120'mk ) (b (Lk,tv 5) = 120

And this case also meets the requirement that ¢ (7%, ) < 0.25u /6 because my, > 1. Solving the
inequalities above, we get that:

2,2 2
Foa > 11520 kaIOg (2/0) B> 11520 1(2)g (2/6)
H, H,
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is a sufficient condition for the capacity confidence interval to converge with the assumptions that

VTee+1 < 2/6 and \/ir+1 < 2/6. This assumption is right naturally since we will set
d = 2/T eventually.

It should be noted that ¢ (¢, d) is monotonically decreasing for ¢ > 0, and thus excessive explorations
will not make a converged capacity confidence interval contain more than two integers at future time
slots.

When most of the arms’ capacities are learnt, the rest of the arms can freely be played with UEs
or IEs because there are probably enough plays. Since in PC-CapUL [2it is only required that
ikt < T, there may be excessive UEs because the the requirement of number of UEs is m, times
smaller than the number of IEs for arm k.

11520’2mi

So after #—2103;(2/6) UEs and IEs, we have mﬁw = my; ;. And the lemmais proved.

k

When the event A happens, the capacity confidence intervals on all arms at all time slots t > K are
correct. Here we define an IE or UE at at time slot ¢ as an “effective” one when

2 2 2 2
fer < 1152mzo 2log (2/9) or ixs < 1152mzo 210g(2/5)7
Hi, H,

and as a "wasted” IE or UE when

1152m2021 2/6 1152m2021 2/6
Fea > mk020g(/) or ixs > mkUQOg(/)7
Hi Hi

And there is no wasted UEs in our algorithm: since iy ; < 7, if there is a wasted UE, there should
also be a wasted IE, and then the requirement of lemmaE] is met, which means there should be no
increase in i3, ; and leads to a contradiction. Let

K
1152m202log (2/6
G((S) — Z k 5 ( / )
k=1 M

be the number of most time slots we need to meet the requirement of iy, ; for all k according to
lemma Assume that there is no effective IEs in these G (§) time slots, and thus we need at most
another G (9) time slots to do effective IEs. So after 2G () time slots, we have both

by s> 1152m3o? log (2/9)
i Thit = 2 ’
H,

which meets the requirement of lemmal[5] And there will be no more UE or IE attempt after 2G (6)
time slots because all the confidence intervals converge to integer values.

1152m3 o2 log(
P)

For an arm k, there is at most 2G (¢) time slots for IE and at most " 2/%) time slots for
k

UE.

We now know the maximal numbers of both IE and UE for the capacity confidence interval to
converge to an integer for each arm. Next we will see how the numbers of IE and UE affect the
regret REG (T).
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We can recalculate REG (1) arm by arm:
REG (T)

(Z (Mo — cmk)) - (Z (min{ag ¢, mi} - pk — ¢ ak;,t)))

k=1

T
> (mup — emy — min{age, mp} -+ e ak,t)>

K
:Z (Z (mypr — cmy — min {ay ¢, mg} - pg +c - ak,t)>
1 \k=1
R

where REGy, (T) := Zthl (mype — cmy —min{ag¢, Mg} - e + - Q)

And then the expectation of REG, (T') can be divided by the event A:
E[REGy (T)]

(

)
=E [REG), (T)1{ A}) + E[REG), (T) 1{ A° }]
<E[REGy (T) 1{ A}] + P (A°) max (E [REGy (T)))

The second term can be bounded by 7' multiply the maximum of the per-time-slot regret on the arm
k, which can be generated by either IE with only one play or UE with all NV plays. So let Regmaxy,
be the maximal per-time-slot regret we get on arm k, so we have Regmaxy < max (mypug, Nc) is
a constant value. And thus the second term can be bounded by (K6) T - Regmaxy,.

As for the first term, we know that as A happens, the algorithm works well and the capacity confi-
dence interval converges to the true capacity my, after 2G (§) time slots, and there will be no regret
for the following time slots. Thus we can bound the first term if the numbers of UE and IE on arm k
is bounded. For the UE on arm k, the regret is at most (N — my,) ¢ when all the plays are assigned to
arm k, and for the IE, the regret is at most (my, — 1) (ux — ¢) when there is only one play assigned
to arm k. Then we can relate the first term with the expectation of numbers of IE and UE as:

E[REG, (T) 1{ A}]
<E [#,7] (mg — 1) (e — ¢) + E [tp 7] (N — my) ¢
<E [y,r] mk (. — ¢) + E ik, 7] Nc

Then consequently we can bound the expectation of the regret with the following lemma:

Lemma 6. In our problem setting, the expectation of regret is related with the expectation of num-
bers of IE and UE on each arm as:

E[REG (T)]

M=

E[REG (T)]

=~
Il
—

=

(E[REGy (T) 1{ A}] + P (A°) max (E [REG (T)]))

T
I

(E [#,7] mk (ke — €) + E [tk 7] Nc + P (A°) max (E [REGy, (T)]))

=
Il
—

=

(E [#,7] mg (1 — ¢) + E [ig, 7] Nc + KTéRegmaxy,)

>
Il
—
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We first consider a rough bound derived from the above inequality, where we set the expectation

1152m3 o2 log(2/9)
Libemy o logl2/9)

of both 7 7 and iy to the maximum as 2G (J) and . A refined bound is also

proposed as Theorem By letting § = %, M be the number of plays and ¢ be the movement cost,
the sum of the regret is bound by:

X X o%m? m?
E[REG(T)] < Z ((Z 2301721 log (T)> (g — ) mg, + 11?2’“02 log (T) cN)

K K K
2304m? 1152m?
< E Mkmk> ( E /ﬂml ) o?log (T) + E (lﬂmkaz log (T) cN)

i=1 i k=1 k

K
+ Z 2K - Regmazy,
k=1

Then the Theorem [3]is proved. [

Proof of Theorem [6

As it is shown in the regret expectation upper bound above, for the arm k, if the average reward
w18 significantly small, then the regret can be outrageously large. The main reason is that the
IE [73,7] of the arms with large average reward should be much smaller than 2G () according to
PC-CapUL 2] since the capacity confidence intervals on these arms should converge more rapidly
than others, and then there should be no more UEs or IEs on these arms in subsequent time slots. In
PC-CapUL the empirical unit reward fij, ; serves as an estimator predicting how much regret we
will get at one single time slot, and we decide the action a; according to the rank of {/ix ¢ }ke[k]-
However, the choice of the estimator is not unique, and one can use /lkytm};’t or other estimators as
well. In this algorithm and the proof of its regret upper bound, it is shown that /i, ; is a qualified
estimator. Following the idea we mention above, we will refine the bound of IE [7 1] with the
following lemma:

Lemma 7. Fixed arm k, and for another arm i with u; < py. consider the number of time slots in
the training process of PC—CapUL[2|when the arm i is played with UE but the arm k is played with
IE and the IE on arm k is not compulsory because of the lack of IEs. We let Acy, ; be the number of
such time slots, and then we have :

3202 log (T)

Ack’,i S 2
(o — 1)

+1

We first prove the Lemmal[7]

Let 7™ be the last time slot that the arm ¢ is played with UE but the arm k is played with IE and the
IE on arm k is not compulsory because of the lack of IEs. Then we know that from the K + 1 time
slot to the 7" — 1 time slot, there is at least Acy, ; — 2 time slots at which the arm ¢ is played with
UE and arm k is played with IE. Since we know that the arm ¢ is played with UE at time slot 7™,
and in PC-CapUL[2]the arm ¢ cannot be played with more UEs than IEs, then there must be at least
Acy,; — 2 time slots at which the arm i is played with IEs. Summing up these Acy, ; — 2 time slots
with the at least 1 time slots in initialization phase when the arm ¢ is forced to be played by IEs. We
know that before T, the arm i is played with at least Acy, ; — 1 IEs. And the same is true for arm k.

Then at time slot 7', since the arm k is not forced to be played with IE, then we must have that the
arm ¢ is chosen to be played with UE for its higher empirical unit utility fi; 7. Consequently we
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have fi; 7« > [iy 7, which is only possible when the lower bound of fi; 7~ is not larger than the
upper bound of fi; 7+. Then we have:

2 A 2 A
Hi — 0P (ACk,z’ -1, T) /1/Jkt <pi+o¢ (Ack,i -1, T) /¢k,t

Notice the fact that &k,t > 1. By solving the above inequality we get the lemma:
3202 log (T')

Acyi < 5
(o — pi)

+1

The lemma is then proved.
For the arm k, we now divide the IE into 3 groups:(1) the IEs caused by the UEs of other arms with
unit utility no less than % 1x.(2) the IEs caused by the UE of other arms with unit utility less than

% 1x-(3) the compulsory IEs caused by the UEs on the arm k itself as it is required iy ; < 7 ¢ in
PC-CapUL[Z

As for the first group of IE, we have the number of these IE is less than

K
230402m?
> = log (T)
M 7
i=1,itk, >4 g !
according to the analysis in Theorem[5] And similarly the number of the third group can be bounded

by 2 - 1152‘7 1520%m og (T'). We can bound the number of the first and the third group of IE as:

K

23040%m? 230402m?
Z Tl log (T) + Tl log (T')
i=1,i%k, 0> 5 p ¢ ¢
K 230402%m?
< Z Tl log (T)
i=1,1> S pg ¢
K
921602m?
< Z 2z log (T))
i=1,1> 4k F
9216M?0?
< 720 log (T')
K

As for the second group of IE, we can employ the lemma[7]to bound them:

K

202 log (T
Z 320° log ( 2) i1
izlvﬂif%lik (Htiﬂk‘)

K 12802 log (T)
TR
i=1,pu <5 Hi
128 Ko
<K + 8720 log (T)
H,

Then we reach the lemma that gives the upper bound of IE [7y, 7]:

Lemma 8. In our algorithm, the expected number of IE on arm k is limited with an upper bound as:

9216M?%52 128 K o2
k k
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By replacing the IE [7 7] in lemma @ with upper bound of IE [7 7] in lemma [§] and replacing the

E (i) 7] with the maximal value %02 log (T'), we get that:
k
E [REG(T)]

((9216M2 +128K 5
Mk:

IA

1152m?
g (T )+K> (pre — ) my + kaa2log(T)cN>

k

2
(TKT . Regmawk) (13)

IN

+
1> T T

216 M2 + 128K 1152m?
(Wg2 log (T) my + 1152m;, log (T N)
Mk Mk
K

+ Z (2K - Regmaxy,) + Z (Kmygp)
k=1 k=1
In the second inequality we use p, > ¢ for all k.

Eonl
= 1

For arbitrary A:

E[REG(T)]
K
216M?2 + 128K 1152m?
< Z (96—1—802 log (T') my, + M02 log (T) N + Kpgmy, + 2K - Regmaxk>
uk>A Hi Mk
+ Z (1 — ¢)my)
pe <A
KL [9216M? 4 128K 1152m? &
< Z (AJ2 log (T') mk + ———=0%log (T) N) + Z TAmy,
HE>A HE<A
K K
+ Z (2K - Regmaxy) + Z (K'mypur)
k=1 k=1
9216 M3 + 128K M + 1152M?2N
< + = + o*log (T) + TMA + 0 (1)
—0 (Mzm/Tlog (T))
The last step is letting A = \/9216MS+1287{<A2”+1152M2N02 log (T). |

In the proof of Theorem [6] we actually find a better instance-dependent regret upper bound as fol-
lows:

Theorem 7. The instance-independent regret upper bound for Algorithm[2)is:

9216 M2 4+ 128K 1152m?
E[REG(T Z((Mk o?log (T )+K) (g — ) my, + 2 kazlog(T)cN>

K
+ Z 2K - max (prmg, Nc)
k=1

Proof of Theorem|[7} This theorem is a direct result of the equation (I8)

Remark. It should be noted that the regret upper bound in Theorem [5] can be very large if
max; (;/ min; p; is large, and the same problem exists in Wang et al.[(2022a)’s regret upper bound.
The dependence of the regret upper bound on this ratio is unreasonable, and thus a better form of
regret upper bound is given explicitly here.
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