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Extended Abstract

Synchronization is a fundamental phenomenon in complex systems, observed across a wide
range of natural and engineered contexts [1]. The Kuramoto model [2] provides a foundational
framework for understanding synchronization among coupled oscillators, traditionally assum-
ing pairwise interactions. However, many real-world systems exhibit group and many-body
interactions, which can be effectively modeled through hypergraphs [3]. Previous studies sug-
gest that higher-order interactions make it harder to reach and potentially impairing synchro-
nization, despite enriching the dynamics. In particular, Zhang et al. [4] showed that higher-
order interactions make the attraction basin of the synchronous state smaller but more robust
(deeper). These conclusions were further supported in [5], showing that the critical coupling
for synchronization increases, facilitating desynchronization, and in [6], which demonstrated
that once synchronization is achieved, it becomes harder to disrupt.

These recent findings motivated our first research goal, which is to quantify the effects
of higher-order interactions on the synchronous state for general hypergraph topologies. To
this end, we studied Kuramoto oscillators coupled through 2- and 3-body interactions and con-
ducted a detailed numerical analysis on various random hypergraphs. Our study confirmed that,
as expected, higher-order interactions enhance synchronization when the initial conditions are
close to the synchronous state; however, when starting from incoherent states (i.e., far from
synchronization), things become more interesting. In fact, while our simulations support the
finding that higher-order interactions shrink the attraction basin of the synchronous state, they
also reveal that weak higher-order interactions can, counterintuitively, enhance synchroniza-
tion.

Our second research question was: given a limited amount of resources for connectivity of
both pairwise and higher-order interactions, which is the optimal combination to enhance syn-
chronization? With this investigation, we aimed to determine whether higher-order interactions
can offer advantages over purely pairwise ones, and whether a mix of both can outperform
structures relying exclusively on one type. Our analysis showed that, when the total budget for
interactions (pairwise and higher-order) is limited, synchronization is enhanced by a combi-
nation of both types of interactions, regardless of the relative cost of higher-order interactions
within that budget.

The two main findings of this work—that (i) weak higher-order interactions enhance syn-
chronization, and that (ii) with a finite budget for connections, a combination of pairwise and
higher-order interactions optimizes synchronization—are summarized in Fig. 1.

The insights gained in this study offer guidance for the design and control of complex
systems with higher-order interactions and are relevant in both engineered and natural systems:
in the former, it can guide resource allocation for building synchronizable systems; in the latter,
it may help explain the interaction patterns that emerge in nature as evolved or self-organized
solutions to synchronization demands. In the long term, we foresee possible applications in
neuroscience, where interactions between neurons are higher-order [7], and synchronization
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is associated to pathological states, such as seizures and Parkinson’s disease [8]. A deeper
understanding of the interplay between structure and dynamics at a fundamental level may
bring about more efficient and accessible treatments for patients suffering from those diseases.
Lastly, the knowledge on the optimal topologies for synchronization can then be useful in the
study of other phenomena, such as opinion dynamics, or spreading of infectious diseases.

References

[1] A. Pikovsky, J. Kurths, and M. Rosenblum. Synchronization: a universal concept in non-
linear sciences. Cambridge: Cambridge University Press, 2001.

[2] Y. Kuramoto. “Self-entrainment of a population of coupled non-linear oscillators”. In:
International Symposium on Mathematical Problems in Theoretical Physics. Ed. by Huz-
thiro Araki. Berlin, Heidelberg: Springer Berlin Heidelberg, 1975, pp. 420-422.

[3] F. Battiston et al. “The physics of higher-order interactions in complex systems”. In: Nat.
Phys. 17 (2021), pp. 1093-1098.

[4] Y.Zhang et al. “Deeper but smaller: Higher-order interactions increase linear stability but
shrink basins”. In: Science Advances 10.40 (2024), eado8049.

[S] R. Fariello and M.A.M. de Aguiar. “Third order interactions shift the critical coupling in
multidimensional Kuramoto models”. In: Chaos Solit. Fractals 187 (2024), p. 115467.

[6] S. von der Gracht, E. Nijholt, and B. Rink. “Higher-order interactions lead to ‘reluc-
tant’synchrony breaking”. In: Proc. Royal Soc. A 480.2301 (2024), p. 20230945.

[7] C. Giusti, R. Ghrist, and D.S. Bassett. “Two’s company, three (or more) is a simplex”. In:
J. Comput. Neurosci. 41.1 (2016), pp. 1-14.

[8] M. Asllani, P. Expert, and T. Carletti. “A minimally invasive neurostimulation method for
controlling abnormal synchronisation in the neuronal activity”. In: PLoS Comput. Biol.
14(7) (2018), €1006296.

weak higher-order interactions combining pairwise and higher-order
R enhance synchronization interactions enhances synchronization

, o% 0.8
High Synch { ¢ 7
e 0.6
S 10.4
N (] e
"' ¢ °
Low Synch e v 0.2 . °
- @ L

@
0

Figure 1: Main findings of this work: (1) While higher-order interactions generally hamper
synchronization by making the attraction basin of the synchronous state “deeper but smaller”,
weak higher-order interactions enhance synchronization. (2) Under a finite budget for interac-
tions, regardless of the relative cost of higher-order interactions, the optimal configuration for
synchronization always involves a combination of pairwise and higher-order interactions. The
colors of the hyperedges give a pictorial representation of the coupling strength, namely red
indicates a strong coupling while pink denotes a weaker one.



