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Abstract

Generalization in deep learning remains poorly understood, as neural networks fall outside
the framework of classical statistical learning theory. To make progress on understanding
generalization, research has focused on controlled tasks such as modular arithmetic, as a
testbed. On these tasks, models exhibit grokking, i.e., a delayed onset of generalization
after training loss has converged. Prior work has identified empirical regularities in the
learned representations associated with this transition, but the mapping between represen-
tation structure and generalization behavior remains empirical and descriptive. We lack a
predictive theory of why and when generalization occurs. In this work, we provide such
a predictive theory for modular arithmetic tasks including addition, subtraction, multipli-
cation, and division. We introduce the notion of canonical representation of a task: the
representation determined by the target function prior to training which is needed for per-
fect generalization. For modular arithmetic, the canonical representation can be derived
from the group structure of the task. We then define representational deviation as the dis-
crepancy between the learned representation and the canonical representation which meets
a specified target loss. From this, we derive that reaching a prescribed level of generaliza-
tion requires the representational deviation to fall below a threshold. We finally provide
a set of reproducible experiments which empirically confirm the above findings and offer a
regularizer to accelerate the grokking transition.

1 Introduction

Generalization has been a central question in deep learning theory. Why and how over-parametrized neural
networks generalize remains unexplained within the framework of traditional statistical learning theory
(Vapnik| [2013; Mohri et al. [2018; [Hu et al) [2024). Neural networks learn representations jointly with
predictors, a setting that falls outside the fixed-representation and fixed-hypothesis-class assumptions of
statistical learning theory. This gap has significant implications, both for theoretical understanding and for
the deployment of deep learning models in increasingly complex settings. Although several approximations
have been proposed in restricted regimes, we still lack a theory of generalization usable in real world settings
(Jacot et al.l 2020} Tishby & Zaslavsky), |2015; [Watanabe, [2009).

To make progress on this question, research has focused on small and controlled tasks, where generalization
can be directly observed and tested. A prominent example is grokking (Power et al.;|2022)), in which instances
of the same model trained on the same task achieve similar training loss yet generalize at different rates or
not at all. Due to this discrepancy, grokking is thereby used as a testbed for theories of generalization in
deep learning.

Recent work on grokking has uncovered patterns and regularities underlying these dynamics (Nanda et al.)
2023a; |Liu et al.| |2022a; [Kumar et al. [2023; |Ruppik et al.,|2025). In particular, several studies emphasize the
role of the learned representation space, showing that shifts in representation geometry are closely associated
with the onset of generalization. These include the emergence of computational circuits during training
(Nanda et al., 2023a)), phase-transition-like behavior in representation space (Liu et al.l |2022a; [Zunkovi¢ &
Ilievskil 2024]), and convergence toward low-dimensionality representations (Ruppik et al., 2025)). However,
while these works identify correlates of grokking in the learned representations, the results remain empirical
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and descriptive. To tackle the problem of generalization in this restricted case, a predictive theory would
explain these observations from first principles and explain why and when generalization emerges.

In this paper, we develop such a theory for modular arithmetic tasks, one of the canonical settings exhibiting
grokking. We introduce the notion of the canonical representation of a task: the intrinsic representation
structure induced by the target function itself. To each canonical representation is associated a sufficient
representation, corresponding to the minimal representational structure required to achieve a target loss.
We argue that generalization emerges when the learned representation converges toward this sufficient rep-
resentation.

Our contributions are as follows. (i) We formalize the canonical representation of a task and its associated suf-
ficient subspace, determined directly by the target function prior to training. (ii) We define representational
deviation as the residual representation energy outside the sufficient subspace, and show that generalization
up to a chosen margin requires this deviation to fall below a critical threshold. (iii) From the geometry of
the sufficient representation and its associated optimization dynamics, we derive predictive conditions for
the grokking transition. (iv) We provide reproducible experiments validating the theoretical predictions and
observed transition behavior, as well as a regularizer to accelerate this transition. This offers a first-principles
account of grokking in modular arithmetic tasks.

2 The Canonical Representation of a Task

We begin by formalizing the concepts of task, model, and generalization. In our setup, we focus on determin-
istic classification tasks with a finite label set. We then introduce the notion of the canonical representation
of a task and establish its connection to generalization. Finally, we derive the canonical representation
explicitly for modular arithmetic.

2.1 Concepts

Task. The first step is to formalize the concept of task. Intuitively, a task specifies what must be learned
independently of any particular model or implementation (Mitchell, [1997; |Goodfellow], |2016]). Following
statistical learning theory, we formalize this idea by taking a task T' to be the tuple T' = (X, Y, P, L) where
X denotes the input space, Y is a finite label space, P is the unknown probability distribution over X x Y,
and L is a loss function (Vapnik, 2013). For a finite set Y, we write RY for the vector space of logits indexed
by labels y € Y. The goal of learning is to approximate f* given the loss function and finite samples. In
this work, we restrict attention to deterministic classification tasks, where the distribution P is induced by
a target function f*: X — Y, such that P(y | z) = 1[y = f*(x)].

Generalization. Generalization is understood relative to 7. For any measurable predictor f : X — Y,
the population risk R(f) is the expected loss under P. It is a deterministic functional of (f, P, L), and is
fully specified by these variables. However, the underlying distribution P is typically unkown. We thereby
estimate population risk R(f) with an estimator. The empirical risk RS( f) is its sample counterpart given
the test set S, and is a random variable whose value depends on the particular realization S. Generalization is
thereby defined as the discrepancy R(f)— RS( f). For deep neural networks, however, obtaining non-vacuous
bounds on the generalization gap remains difficult (Valiant), |1984; |Chatterjee & Zielinski), [2022)). A model
generalizes well when it achieves small excess risk compared to the Bayes optimal predictor (Shalev-Shwartz
& Ben-David} 2014)).

Model and Instantiation. A task T is not well-defined without restricting to a hypothesis class of
admissible functions H. A model defines this hypothesis class and selects the best approximation within
it given a finite sample drawn from P. Formally, a model instantiates the task by returning the learned
function f € H. The generalization gap of f is then the discrepancy between its empirical risk and the
population risk for the task.
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2.2 Canonical Representation of a Task

A task T implicitly encodes structure through its target function f* : X — Y. Before any model is trained,
f* determines which distinctions in the input space are relevant to prediction: distinctions in X matter
only insofar as they result in different labels in Y. For a classification task, this means f* partitions X
into equivalence classes of inputs sharing the same label. We can thereby define the relation z ~ 2/ <=
f*(x) = f*(«’). This relation defines an equivalence class of = denoted [z] = {2’ € X : f*(2) = f*(z)}. We
call the quotient set X/~ the collection of all such equivalence classes on X. By construction, f* factors
through X/~: it decomposes into a projection that groups inputs into their equivalence classes, followed by
an injective map from classes to labels.

Definition 1 (Canonical Decomposition). Let T' = (X,Y, P,L) be a task with target function f*: X —Y.
The canonical decomposition of T is the factorization f* = f* on, where 7 : X — X/~ is the canonical
projection x — [z], and f*: X/~ =Y is the induced injective map on equivalence classes.

This decomposition depends only on f*, not on P or any model. It is the coarsest partition of X con-
sistent with the correct labeling, and inherits whatever additional structure f* possesses: if f* is a group
homomorphism, the equivalence classes carry the algebraic structure of the quotient group.

A deep learning model instantiates T by selecting a function f € H. For classification tasks, the model
first maps inputs to features through ¢ : X — R, then applies a linear readout W € RIYI*4 to produce
logits W¢(z) € RIYI. The output is obtained by a final decision map p : RIYl — V| so that f = po W o ¢.
Assuming f* € ‘H, we can identify the constraints under which f represents f*.

Since f* factors through the quotient X/~, any composition implementing it must also be constant on
equivalence classes. This is a condition on W o ¢ jointly: since W is linear, ¢(z) — ¢(z') € ker(W) for all
x ~ ', so ¢ already encodes the quotient X/~ up to a linear residual in ker(IW). In the canonical case
where this linear residual vanishes, ¢ factors as ¢ = ¢ o with ¢ : X /~ — R% injective, so that distinct
equivalence classes, which carry distinct labels by definition of ~, receive distinct coordinates in R?. These
are requirements for the composition W o ¢ to represent f*. Under these conditions, the learned predictor
realizes the canonical decomposition. This allows us to identify the constraints on the representational space
R? needed to instantiate f*.

Definition 2 (Canonical Representation). A canonical representation of a task T is a faithful embedding
é: X/~ — R equipped with a readout W such that po W o ¢ = f*.

Canonical representations therefore characterize the class of embeddings compatible with the quotient struc-
ture induced by the target function f*. A model W o ¢ correctly represents the task insofar as its learned
representation realizes a canonical representation. Furthermore, the decision map p is fixed and plays no
role in the representation geometry analyzed below, we suppress it in what follows and focus on the logit
map W o ¢ directly.

2.3 Sufficient Representation of a Task

The canonical representation characterizes the minimal geometry required to realize the target function f*.
However, realizing the quotient structure alone is not necessarily sufficient to minimize the loss function
L. Different losses can impose additional geometric constraints on the representation space, such as margin
separation for cross-entropy loss.

Definition 3 (Sufficient Representation). Let L be a loss and let § > 0. A sufficient representation
for a task T is a canonical representation whose task loss under L is at most §. It is minimal if no
lower-dimensional canonical representation achieves task loss at most ¢.

The sufficient representations therefore characterize the set of canonical representations capable of achieving
a loss below threshold §. By construction, any logit map W&(W(ﬂc)) achieving this loss must realize a sufficient
representation. In deterministic settings, the limit § — 0 corresponds to convergence toward the minimal
achievable population risk for the task.
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The family of sufficient representations induces a nested hierarchy indexed by the loss threshold. If §; < §5
then any representation sufficient for d; is also sufficient for d,. Accordingly V(;Ll C Vé , where VI denotes
the set of representations sufficient at level §. Lower loss thresholds therefore impose increasingly restrictive
constraints on the representation space.

A model instantiates the task through a representation ¢ : X — R%. In general, the learned geometry
¢(X) does not exactly coincide with the sufficient representation. Since V(;L is a linear subspace, we can
measure the discrepancy between the learned representation and the sufficient representation by orthogonal
projection.

Definition 4 (Representational Deviation). Let V' € V¥ be a chosen sufficient subspace for task T at loss
level §. The representational deviation of a sample x; relative to V 1is hl(-v) = Iy é(x;), where Ty .
denotes the orthogonal projection onto the complement of V. For a readout W, the induced logit deviation
is HY) = wn").

The magnitude thv) |? measures the extent to which the learned representation deviates from the chosen suf-
ficient subspace. A model whose representation lies entirely in V' satisfies hz(-v) = 0 for all 7. Representational
deviation induces a loss contribution relative to the sufficient component, denoted d(LV)(Hi).

2.4 Sufficient Representations and Generalization for Cross-entropy Loss

In practice, deep learning models are trained with cross-entropy loss. We therefore specialize the notion of
sufficient representation to the cross-entropy setting and derive the corresponding geometric constraints on
the representation space.

For a task T = (X,Y, P, L), a model produces logits z(z) € RY. We can define the margin against label
y # f*(z) as y,(z) = Zg+(2) () — 2y(x), the loss rewrites as L(z) = log (1 T2yt () e"*?f(m)) . The loss
depends directly on the margin between the correct class logit and the incorrect class logits. The sufficient

representation for a task with cross-entropy loss can therefore be characterized as a canonical representation
with margins large enough to meet a loss threshold §.

Proposition 1 (Sufficient Representation for Cross Entropy Loss). Let (& W) be a canonical representation
of a deterministic classification task, with logits z(x) = W¢(m(x)). Then (¢, W) is d-sufficient for cross-
entropy loss iff

E.wpylog | 1+ Z e~ W@ | <.
y#f*(x)

This provides a link from the canonical representation of a task to generalization via the geometry of the

representation space. Let V € V§L be a chosen sufficient subspace. For each sample x;, decompose the logits

) is the logit deviation induced by the

as z; = z; + HZ»(V), where z; is the sufficient component and Hi(v
component of the representation outside V.
Proposition 2 (Deviation Loss Contribution). For cross-entropy loss, where yf = f*(x;), the per-sample

loss contribution of the representational deviation is

s g .
d(LV)(Hi) = log Z St HL log Z e®iv — HZ(‘;B,
yey yeYy

Thus, once V is fixed, any excess loss relative to the sufficient representation is entirely determined by the

deviation HZ-(V). This gives a direct route from representational alignment to population risk: if the learned
representation concentrates near V', then the deviation contribution is small.

Theorem 1 (Population Risk from Representational Deviation). Let V' € V} be a chosen sufficient subspace,
and decompose the logits as z = z* + H). Then

R(f) <6+ Epepy [df)(H(@))] -
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This result identifies representational deviation as the quantity that remains after the task-aligned component
has been fixed. The sufficient component z* accounts for the loss achievable inside V', while d(ﬁv) (H) measures
the additional loss induced by off-subspace structure. The corresponding generalization gap is obtained by
subtracting empirical risk from both sides of the exact decomposition R(f) = R(z*) + E[dg/)(H)] so it
depends on the sampling error of the sufficient component and of the deviation term.

3 Canonical Representations of Modular Arithmetic Tasks

A central challenge in machine learning is to learn the canonical representations. Since f* is typically
unknown, the partition X/~ must be inferred from finite samples drawn from P and cannot be specified
before training. For certain structured tasks, however, f* is known a priori, and the canonical decomposition
can be derived exactly. In such cases, the canonical representation of the task can be specified before any
model is trained and provide a target against which learned representations can be measured.

3.1 Modular Arithmetic Tasks

We study modular arithmetic tasks of the form f*(a,b) over Z, for prime p, including modular addition
f*(a,b) = (a + b) mod p, subtraction f*(a,b) = (a — b) mod p, multiplication f*(a,b) = (ab) mod p, and
division f*(a,b) = (a/b) mod p. For addition and subtraction we take X = Z, x Z, and Y = Z,; for
multiplication and division we take X = Z; x Z; and Y = Z;. In all cases P is uniform over the
corresponding domain and L is cross-entropy loss. These tasks form a family of deterministic problems
widely studied in the grokking literature (Power et al. 2022; Nanda et al.l |2023b; [Kumar et al., 2023)).

For each task, the target function f*: X — Y induces an equivalence relation on X as per Definition [1} In
modular arithmetic, this quotient structure is determined exactly by the underlying cyclic group operation
defining the task. For addition and subtraction, the relevant structure is the additive cyclic group (Z,, +),
where the task is induced by additive group operations. For multiplication and division, the relevant structure
is the multiplicative cyclic group (Z,,-) over nonzero elements, where the task is induced by multiplicative
group operations. The quotient classes are thereby fully determined by the finite cyclic group structure,
allowing the canonical decomposition of the task to be derived exactly before training.

Proposition 3 (Canonical Decomposition of Modular Arithmetic Tasks). For modular arithmetic tasks, the
target function f* admits a canonical decomposition f* = f*om, where 7 is the minimal quotient map induced
by the task’s underlying cyclic group operation, and f* identifies each quotient class with its corresponding
label in Y .

Figure [1|illustrates this mapping into equivalence classes induced by f* for modular addition. The canonical
decompositions for all other modular arithmetic tasks considered are provided in Appendix

3.2 Canonical Representation of Modular Arithmetic

We now turn to how modular arithmetic tasks can be represented by a deep learning model. A model solving
such a task instantiates a feature map ¢ : X — R?, before a linear readout. Under Definition [2, the central
question is therefore how the quotient structure identified in Proposition |3| can be faithfully represented in
R<,

Because the canonical quotient of modular arithmetic tasks is fully specified by a finite cyclic group struc-
ture, this problem is governed by representation theory (Fulton & Harris, [2013)). In particular, a canonical
representation corresponds to a group representation of the relevant quotient group as linear transformations
on R¢. For additive modular tasks this is a homomorphism p : Z, — GL(V); for multiplicative tasks, after
choosing a generator of Z), it is a homomorphism p : Z, 1 — GL(V), where V' C R?. By Maschke’s
theorem, every finite-group representation over R decomposes uniquely into a direct sum of linear transfor-
mations called irreducible representations (irreps) (Fulton & Harris| 2013; [Serre et all [1977). Thus, once the
canonical quotient structure of the task is known, its minimal realizable vector-space structure is given by the
irreps of its cyclic group. The canonical representation of modular arithmetic tasks is therefore determined

by the irreducible structure of their underlying quotient group.
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(a) Canonical quotient structure for modular ad- . . .
dition with p = 7. The integers are arranged into (b) Canonical representation of the quotient Z7
cosets of (7) C Z. in R2. Under the non-trivial irreducible representation

p1, the generator of Z7 acts as rotation by 27/7.

Figure 1: Canonical decomposition and representation of modular addition for p = 7. Left: the
quotient partition induced by modular equivalence, showing how Z decomposes into cosets of (7). Right: a
canonical representation of the quotient group Z; via its non-trivial irreducible representation in R2.

Proposition 4 (Canonical Representation of Modular Arithmetic Tasks). Canonical representations of
modular arithmetic tasks are given by faithful non-trivial rotation irreps of the relevant cyclic group: Z, for
additive tasks, and Z,_1 for multiplicative tasks after choosing a generator of Z,, along with the assocaited
readout W. Direct sums of such irreps are also canonical.

For Z,, the irreducible representations over R consist of one trivial representation and % faithful non-trivial
two-dimensional irreps, each embedding the quotient group as rotations on the unit circle. For cyclic groups,
each non-trivial irrep corresponds to a rotational Fourier mode of frequency k. The frequency determines
the periodic structure encoded by the representation and the amplitude determines the magnitude with
which that mode contributes to the embedding and therefore to the resulting logits. Each irrep has a
different frequency and amplitude. Since p is prime, every non-trivial irrep is a faithful representation of
the group structure. A single non-trivial irrep suffices to recover f* and provides a minimal canonical
representation of the task. Therefore, any direct sum of non-trivial irreps yields an extended canonical
representation: additional irreps increase the dimensionality of the embedding in R? but do not change the
quotient structure. For Z,_1, the faithful irreps are exactly the rotation blocks whose frequency £ is coprime
to p — 1. The canonical representations for all selected tasks are given in Appendix

3.3 Sufficient Representation of Modular Arithmetic

We now turn to the sufficient representation of our tasks. The loss function L in our setup is cross-entropy
loss, which cares not only about correct classification but also about the margins between the correct and
incorrect class logits.

Once the quotient structure is embedded through irreps, the task becomes a geometric classification problem
in representation space. The readout computes a dot product between the representation and the class
weight vectors, producing the class logits. This is illustrated in Figure and Figure where the class
logit is the projection of the correct-class representation onto each class direction.
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Figure 2: Additive margin contributions from irreducible blocks for modular addition with

p = 7. In each irrep block k, the class logit is the horizontal projection 2P = cos(2mkA/p). The colored

segment is the gap to perfect alignment in that block, v = oy — 2 = ag(1 — cos(2rkA/n)).

Let n = |X/~| = |Y| denote the number of quotient classes; thus n = p for additive tasks and n = p — 1
for multiplicative tasks. We define the margin at offset A as the logit gap YA = 2zex — Zex+n, Where

A e {l,...,n—1}. The per-input cross-entropy loss is then £ = log (1 + 22;11 e*“) . From Proposition
we know how to extend the canonical representation to a higher dimension while preserving the quotient

structure, i.e., via direct sum of irreps. We can therefore express the full margin spectrum in terms of the
active irreps K and their amplitudes {oy }rex. Proofs are given in Appendix

Corollary 1 (Irrep Margin Spectrum). Let K be a set of active non-trivial irreps of the quotient group with
amplitudes o, > 0. For the irrep logit representation over n quotient classes, the margin against the class
at offset Ae{l,...,n—1} is

n

va (K, a) = Z g (1 — cos 27TkA) .

keK
Each active irrep contributes a nonnegative term to every ya, and these margin contributions add across
orthogonal subspaces via the direct sum structure. However, not all irreps contribute equally to all offsets.
For a given k, the term 1 — cos(2rkA/n) may be small for some A, meaning that a single irrep cannot
uniformly separate all incorrect classes. This leads to a geometric obstruction: unless the set of active
irreps covers all offsets A, some incorrect predictions remain with small margin. Since the margins translate
directly to the cross-entropy loss, we can characterize the sufficient irrep subspaces exactly by substituting
the margin decomposition into the loss.

Corollary 2 (Sufficient Representations for Modular Arithmetic Tasks). Let Vi = @, cx Vi Then the
d-sufficient irrep subspaces are exactly

n—1
Vs = {VK : ag > 0 such that log (1 + Z eM(K’O‘)> < 5} .

A=1

Corollary [2] characterizes the irrep subspaces capable of achieving loss d. For a given loss target d, any active
set K = {ky,...,ks} satisfying the corollary defines a sufficient subspace Vi = Vi, @@ Vi, C R™ spanned
by the Fourier modes corresponding to K. The full logit space decomposes orthogonally as R"™ = Vi & VI%,
where Vit contains all logit directions carrying task-irrelevant information. Following Proposition [2| we can
calculate the loss contribution of the representational deviation.
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Figure 3: Effective cost C(A, K) over feasible irreps for a given loss § and amplitude A.

3.4 Optimization and Convergence

Corollary [2] characterizes the sufficient irrep subspaces capable of achieving loss at most §. We now ask which
of these sufficient representations gradient-based optimization is biased to select. Under weight decay, opti-
mization favors solutions that achieve the target loss with smaller parameter norm. For modular arithmetic
tasks, margins can be increased in two ways: by increasing the amplitude of the active irreps or by activating
additional irreps, which improves separation across offsets. These correspond to distinct parameter norms.
Higher parameter norms yield higher costs.

Consider a representation ¢(x) = ), arpr(r), where K denotes the active irreps and oy, their ampli-
tudes. Under isotropic weight decay, the readout contribution scales with the squared norm of the coefficients,
Y okek aﬁ. For fixed total amplitude A = 3, . a, this quantity is minimized when amplitudes are evenly
distributed, yielding Y, ., o2 ~ A?/|K|. Activating additional irreps also increases parameter norm. Each
non-trivial irrep introduces a two-dimensional rotational subspace in the residual stream and requires cor-
responding upstream circuitry in the attention and MLP layers. We therefore model the architectural cost
of activating irreps as increasing approximately linearly with |K|. This yields an approximation of the total
parameter norm C(A4, K) = % + ¢|K|, where the first term captures coefficient norm under weight decay
and the second captures the dimensional and architectural cost of realizing additional irreps.

Under our assumptions, training is therefore biased toward the feasible sufficient representation minimizing
C(A, K) subject to the loss constraint of Corollary |2| The resulting optimum predicts a preferred number
of active irreps, shown in Figure [3b]We analyze different parameter norm regimes and the corresponding
representational costs in Appendix[B.4] This provides a theoretical account of the representations empirically
observed by previous work. (Nanda et all [2023a; |Chughtai et al., 2023} |Stander et al., 2023} |Beck et al.,
2024)).

This framework also characterizes the transition from memorization to generalization. A sufficient solution
occupies only the task-aligned subspace V*, whereas a memorizing solution additionally retains a component
W, orthogonal to V*. Since W, does not reduce population task loss, weight decay penalizes it without
corresponding generalization benefit. The optimizer therefore prefers the sufficient solution whenever the
remaining empirical loss is smaller than the regularization cost of the off-subspace component, £*(S) <
AIWL|2.

4 Experiments

We validate our theory on modular arithmetic tasks (Power et al., |2022; Ruppik et al., |2025)) with modulo
p = 113, over five random seeds. Unless otherwise stated, we fix the target loss to § = 0.02, corresponding to
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(a) Irreps and Loss. (b) Irrep amplitude spectrum.

Figure 4: Training dynamics in the irrep basis for f=0.3. The model progressively concentrates mass
on a small subset of irreps, approaching the minimal canonical representation. This is visible as a collapse
of the spectrum onto a few dominant modes.

approximately 99% accuracy. Corollary [2] gives the family of sufficient irrep subspaces, and the cost model in
Section [3.3]selects the minimal sufficient subspace V* used for the predictions. The corresponding theoretical
predictions are reported in Appendix [B:3] More information on the setup is given in Appendix [C]

4.1 Sufficient Representations

We first test the prediction that a model reaches loss level § only once its logits are well aligned with a
o-sufficient representation. By Corollary [2] each candidate irrep subspace induces an exact margin spectrum
and therefore an exact cross-entropy loss. We enumerate the sufficient representations for each modular
arithmetic task at the target loss ¢, restricting the amplitude budget to A < 30 for tractability. We then
select the cheapest sufficient representation under the cost model of Section [3.3} this defines the predicted
subspace V*. For modular addition with p = 113, the resulting predictions are shown in Figure [3] with
further predictions in Appendix

During training, we cache the final-layer residual stream activations and project the induced logits onto V*.
We measure both the energy contained in V* and the representational deviation outside it. If the theory is
correct, validation loss should drop only when the learned representation has activated the irreps spanning
V*, and the remaining off-subspace energy should decrease.

This is what we observe. Across all four tasks, generalization begins when the predicted sufficient modes
become active and gain amplitude. For p = 113 and § = 0.02, the cost model predicts a cheapest sufficient
representation using six irreps. As shown in Figure [4] validation loss decreases when these six modes are
learned. The spectrum simultaneously concentrates on the predicted subspace (Figure , indicating a
reallocation of norm toward V*. Although the amplitude tends to be distributed evenly amongst irreps,
this is not a strict requirement, and we observe dominant irreps in the selected subspace. Grokking thereby
corresponds to convergence toward the cost-selected sufficient representation, which guarantees targeted
levels of population loss.

4.2 Representational Deviation and Population Loss

We next validate Proposition [2] which states that the loss contribution is determined by the representational
deviation H. For each sample, we decompose the logits as z; = 2; + H;, where 2] is the projection onto the
sufficient subspace V* identified in Section [3.3] Using this decomposition, we compute the predicted loss
dr(H;) and compare it to the observed cross-entropy loss. We find near-perfect agreement, with correlation
close to 1, confirming that the deviation from the sufficient subspace fully characterizes the loss. Experiments
are reported in Appendix
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Figure 5: Generalization is governed by representational alignment. Left: the deviation term tracks
excess loss and the empirical generalization gap. Right: adding a canonical deviation penalty accelerates
convergence relative to standard weight decay.

We then test the prediction that population loss and generalization is governed by the distribution of the
representational deviation, as predicted by Theorem We compute the average deviation cost dz(H) on
both the training set and the full input space and use it to estimate the generalization gap.

The relationship holds across our four selected tasks. Figure [5a] illustrates this relationship for modular
addition. The black curve shows the predicted excess loss from the representational deviation, while the
red curve shows the empirical generalization gap R(f) — RS( f). The two curves closely track each other
throughout training: both rise sharply in the early phase, peak at similar training steps, and decay together
as training progresses. While the validation gap is estimated from a finite sample and is therefore noisy,
the two curves can differ. However the predicted and empirical curves remain closely aligned throughout
training. The gap narrows after training.

4.3 Regularization

Finally, we test whether explicitly penalizing representational deviation accelerates convergence. If our
hypothesis holds, a regularizer that fits the canonical geometry should speed up training compared to weight
decay. We introduce a regularization term ||k, computed by projecting the representation onto (V*)*.
Unlike weight decay, this directly penalizes deviation from the sufficient subspace and enforces alignment
with the minimal sufficient representation. We evaluate several strengths of this regularizer, with A\ €
{0.001,0.01,0.1,1}, and compare against standard weight decay. Importantly, no weight decay is applied in
conjunction with the canonical regularizer, isolating its effect.

Figure b) shows that this approach significantly accelerates generalization for modular addition. Alignment
with the sufficient subspace occurs earlier, and validation performance improves correspondingly. Higher
sufficient-subspace regularization also leads to faster convergence, while small amounts (0.001) yield little
results.

Compared to standard weight decay, the canonical regularizer consistently speeds up convergence and enables
generalization at lower data fractions. Notably, settings with firain = 0.1 generalize under this regularizer,
whereas they fail to do so with the standard weight decay. For larger amounts of training data, the canonical
regularizer remains effective but can slow optimization slightly, reflecting the trade-off between alignment and
flexibility. These results confirm that representational deviation is a key quantity governing generalization
and that controlling this deviation directly affects generalization and convergence speed. The rest of the
experiments can be found in Appendix [D]
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5 Related Work

Generalization and Generalization Bounds How gradient-based training restricts the parameter space
to a much smaller set of realized functions is widely viewed as a core open problem in deep learning the-
ory (Roberts et al. [2022). Classical PAC bounds (Valiant, (1984} [Vapnikl 2013), PAC-Bayes approaches
(McAllester}, |1998), and more recent analyses provide partial explanations in restricted regimes (Watanabe,
2009; [Jacot et al. 2020; [Tishby & Zaslavskyl 2015). Despite this progress, a general, predictive characteri-
zation of generalization that accounts for representation learning remains unresolved.

Universality Hypothesis As training minimizes empirical risk, it shapes the model’s internal feature
map to organize the data in ways that make the task easier to solve (LeCun et al.; 2015} |Goodfellow} 2016;
Whiteley et al., [2025). A recurring empirical observation is that, for a fixed task and sufficiently large
models, optimization often discovers similar internal mechanisms across runs and architectures. This has
been termed the universality hypothesis (Olah et al.l [2020). Recent work has given empirical evidence of
converging representations in large language models (Jha et al., [2025; [Kaushik et al 2025). The challenge
that research needs to address is to turn these regularities into predictive theory.

Grokking Toy setups have been widely used to identify properties of generalization (Power et al., [2022).
Our theory explains empirical results obtained in previous research (Nanda et al., |2023b), where training
moves from a memorizing regime to a richer regime in which the learned representation collapses onto a
smaller task-aligned subspace (Kumar et al.l 2023). Interventions that amplify the effective weight of low-
frequency components, such as GrokFast (Lee et all 2024) or related gradient-filtering schemes (Xu et al.)
2025; [Beck et al., [2024), can be understood as artificially reducing representation deviation early in training
(Liu et al., [2022b)).

6 Discussion

Contributions This work derives a predictive theory of grokking from the algebraic structure of the
target function. It explains a set of independently observed empirical phenomena in modular arithmetic and
provides an account of generalization in this restricted setting. The central bridge is geometric: generalization
occurs when the learned representation aligns with the canonical subspace determined by the task. This also
provides a concrete basis for the universality hypothesis, since the canonical representation of a task is
derivable from the task alone and is independent of any particular model instantiation.

Limitations Our approach faces limitations. It relies on knowing f* a priori. Extending this approach
beyond the toy setup presents substantial challenges. The derivation of the canonical geometry is straightfor-
ward given the simple structure of f* in modular addition but is bound to be significantly more complicated
for real-world tasks. Despite these limitations, this theory still provides an initial step towards a general
theory of generalization and feature learning in deep learning models.
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A Proofs

A.1 Proof of Corrolary [T]

Corrolary [1| (Irrep Margin Spectrum). Let K be a set of active non-trivial irreps of the quotient group
with amplitudes oy > 0. For the irrep logit representation over n quotient classes, the margin against the
class at offset A € {1,...,n—1} is

va (K, a) = Z Qg (1 — cos 27TkA> .

n
keK

Proof. By construction, the contribution of irrep k to the logit of class c is

ORI COS<27T]€(C_C)> ’ (A1)

n

where ¢* is the correct class. Summing over all active irreps gives

Ze= Y ok cos<2”k(c_c*)) . (A.2)

n
keK

For an offset A € {1,...,n — 1}, the margin is

'YA(Kv a) = Zex T Zer4A (A3)
2k A
:Zak—Zakcos( - ) (A4)
keK keK
27kA
= Z Qy (1 — COS mk ) . (A5)
keK n

Equation equation follows from evaluating equation at ¢ = ¢* and ¢ = ¢* + A, using cos(0) = 1
Equation equation is obtained by factoring the sum. O
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A.2 Proof of Corollary [2]

Corollary |2| (Sufficient Representations for Modular Arithmetic Tasks). Let Vi = @,y Vi
Then the 0-sufficient irrep subspaces are ezxactly

n—1
Vs = {VK : Jag > 0 such that log <1 + Z em(K’o‘)> < 6} .

A=1

Proof. For a sample whose correct class is ¢*, every incorrect class is represented by an offset A € {1,...,n—
1}. The cross-entropy loss of the irrep representation (K, «) is therefore

n—1
L(K,a) = log <1 + Z eM(K’O‘)> . (A.6)

A=1

By Corrolary [I} the margins ya (K, «) are exactly the margins induced by the active irrep subspace Vi with
amplitudes o. Hence a fixed pair (K, «) achieves cross-entropy loss at most ¢ if and only if L(K, «) < 4.

The subspace Vi is d-sufficient precisely when there exists at least one amplitude assignment oy > 0 inside
that subspace achieving loss at most d. Therefore the family of d-sufficient irrep subspaces is exactly

n—1
Vs = {VK : Jayg > 0 such that log (1 + Z e“/A(K,a)> < 5} )

A=1

A.3 Proof of Proposition [2]

Proposition [2| (Deviation Loss Contribution). Let V € V¥ be a chosen sufficient subspace and
decompose the logits for sample x; as z; = 2z + HZ-(V). For cross-entropy loss, where yX = f*(x;), the
per-sample loss contribution of the representational deviation is

* V) *
) (H) =1og Y ety —log 3 et — ).
yey yey

Proof. For sample i, let yf = f*(x;) denote the correct label. The cross-entropy loss of the model logits
zi =27 + HZ-(V) is

Li = —Zz7y:¢ + log Z e* (A?)
yey
« (V)
= (s + L)) +log o et (A.8)
i =

Likewise, the loss of the sufficient logits alone is

L = =2, +log Z v, (A.9)
yey

Subtracting equation [A29] from equation [A.8] gives the excess loss

* ) *
Li—£; =log ¥ et _10g 3 et — HY). (A.10)
yeY yeyY '

By definition,
dy ) (H;) = £i - £}

which is exactly the claimed expression. O
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A.4 Proof of Theorem Il

Theorem [1| (Population Risk from Representational Deviation). LetV € V(SL be a chosen sufficient
subspace, and decompose the logits as z = z* + HV). Then

R(f) <6+ Bpepy [d))(H(@))] -

Proof. By definition of d(ﬁv),
dg ) (H(2)) = L(z" (@) + HY (@) — L(=" ().
Taking expectation over the input distribution gives
R(f) = Bany [£(z" (@))] 4 Eanpy [d) (H ()]
@~ Px z~Px |Of :

Since V € VE is é-sufficient, E,p, [L(z*(x))] < §. Substituting this bound gives the result. O

B Canonical Decompositions and Representations

All modular arithmetic tasks considered in this work admit the same general structure. Given a task
J* : X — Y, the canonical decomposition is f* = f* on, where 7 : X — X/~ maps each input to its
equivalence class under z ~ 2’ iff f*(z) = f*(2), and f* is the induced injective map on the quotient.

B.1 Additive Tasks

For modular addition and subtraction over Z,,, the target functions are f*(a,b) = a+b (mod p) and f*(a,b) =
a—b (mod p). Both induce quotient structures over the additive cyclic group (Z,, +).

For addition, the equivalence relation is (a,b) ~ (a’,V') iff a+b = o’ + ¥ (mod p), yielding quotient map
m4(a,b) = a+ b (mod p). For subtraction, the quotient map is 7_(a,b) = a — b (mod p).

In both cases, the quotient space is isomorphic to Z,, and the canonical decomposition is f* = idz, o .

Canonical representations are therefore given by the irreducible representations of Z,,. Over R, the non-trivial
irreducible blocks are the two-dimensional rotations

_ (cos(2mkt/p) —sin(2mkt/p) B p—1
pelf) = (Sin(%kt/p) cos(2mkt/p) | k=1...,— (B.1)

The canonical representations are thus
¢(a,b) = pr(a£b), (B.2)

or more generally
$(a,b) = € prla + ). (B.3)
kEK
B.2 Multiplicative Tasks

For modular multiplication and division, the target functions are f*(a,b) = ab (mod p) and f*(a,b) = ab™!
(mod p). These induce quotient structures over the multiplicative cyclic group (Z, -).

The equivalence relations are (a,b) ~ (a’,b) iff ab = a/b’ (mod p) for multiplication, and (a,bd) ~ (a’,b") iff
ab=t =d/ (V)™ (mod p) for division.
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Since Z; is cyclic, let g be a generator and write a = g* and b = g”. Multiplication and division then reduce
to additive structure in exponent space: ab = ¢*** and ab™! = g* V.

The quotient maps therefore become 7y (¢*,¢") = u+v (mod p — 1) and 7- (g%, ¢g") =u —v (mod p — 1).

The canonical quotient is thus isomorphic to Z,_;, and canonical representations are given by faithful
irreducible representations of Z,_;. Over R, the faithful two-dimensional rotation blocks are

w,n _ [cos(2mkt/(p—1)) —sin(2wkt/(p —1)) p—2 o
P (1) = (Sin(27rkt/(p —1)) cos(2rkt/(p—1)) )’ lsks 2 ged(k,p—1) =1 (B.4)
The canonical representations are therefore
¢(a,b) = py (log, a + log, b), (B.5)
or more generally
o(a,b) = @ py (log, a +1log, b). (B.6)

keK
The zero element is treated separately, since 0 ¢ /i

B.3 Theoretical Representations

The result of a greedy approximation of the theoretical quantity of the canonical representations

6 =0.01 6 =0.02 6 =0.05 6=0.1

A | mt « Loss mt « Loss mt « Loss mt « Loss

8 | unf. unf. unf. unf.  unf. unf. 14 057 0.0484 | 7 1.14 0.0961
9 | unf. unf unf. 14 064 0.0199| 7 129 0.0458 | 5 1.80 0.0927
10 | 12 0.83 0.0098 8 1.25 0.0161 | 5 200 0.0498 | 5 2.00 0.0498
11 8 1.38 0.0073 6 1.83 0.0170 | 5 220 0.0268 | 4 2.75 0.0663
12 6 2.00 0.0085 5 2.40 0.0149 | 4 3.00 0.0404 | 4 3.00 0.0404
13 5 2.60 0.0082 5 2.60 0.0082 | 4 3.25 0.0246 | 4 3.25 0.0246
14 5 2.80 0.0045 4 3.50 0.0150 | 4 3.50 0.0150 | 4 3.50 0.0150
15 4 3.75 0.0092 4 3.75 0.0092 | 4 3.75 0.0092 | 3 5.00 0.0852
16 4 4.00 0.0056 4 4.00 0.0056 | 4 4.00 0.0056 | 3 5.33 0.0640
17 4 4.25 0.0035 4 4.25 0.0035 | 3 5.67 0.0482 | 3 5.67 0.0482
18 4 4.50 0.0021 4 4.50 0.0021 | 3 6.00 0.0363 | 3 6.00 0.0363
19 4 4.75 0.0013 4 475 0.0013 | 3 6.33 0.0274 | 3 6.33 0.0274
20 4 5.00 0.0008 4 5.00 0.0008 | 3 6.67 0.0207 | 3 6.67 0.0207

Table 1: Predicted minimal feasible representations for p = 97. Each block reports the greedy exact-loss
approximation of the minimal number of irreps m!, the corresponding uniform amplitude @ = A/mf, and
the achieved Loss. Entries marked unf. indicate that no feasible representation satisfying the target loss was
found.
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6 =0.01 6 =0.02 6 =0.05 60=0.1

A | ml o Loss | mf o Loss | mf «a Loss | m! «a Loss

8 | unf. unf unf. unf.  unf. unf. 18 0.44 0.0496 | 9 0.89 0.0869
9 | unf. unf unf. 18 0.50 0.0198 8 1.12  0.0477 6 1.50 0.0785
10 14 0.71 0.0099 9 1.11  0.0179 6 1.67 0.0400 5 2.00 0.0765
11 9 1.22  0.0081 7 1.57 0.0139 5 220 0.0443 4 2.75 0.0900
12 7 1.71  0.0067 6 2.00 0.0104 5 240 0.0259 4  3.00 0.0558
13 6 2.17 0.0053 5 2.60 0.0153 4  3.25 0.0346 4 3.25 0.0346
14 5 2.80 0.0091 5 2.80 0.0091 4 3.50 0.0214 | 4 3.50 0.0214
15 5 3.00 0.0055 4 3.75 0.0133 4 3.75 0.0133 4 3.75 0.0133
16 4 4.00 0.0083 4 4.00 0.0083 4 4.00 0.0083 3 5.33 0.0873
17 4 4.25 0.0051 4 4.25 0.0051 4  4.25 0.0051 3 5.67 0.0659
18 4 4.50 0.0032 4 4.50 0.0032 3  6.00 0.0498 3  6.00 0.0498
19 4 4.75 0.0020 4 4.75 0.0020 3 6.33 0.0376 3 633 0.0376
20 4 5.00 0.0013 4 5.00 0.0013 3 6.67 0.0284 3 6.67 0.0284

Table 2: Predicted minimal feasible representations for p = 113. Each block reports the greedy exact-loss
approximation of the minimal number of irreps mf, the corresponding uniform amplitude o = A/mf, and
the achieved Loss. Entries marked unf. indicate that no feasible representation satisfying the target loss was
found.

6 =0.01 60 =0.02 6 =0.05 6=0.1

A | mf @ Loss mt o} Loss mf @ Loss | mf Q Loss

8 | unf. unf. unf. unf.  unf. unf. unf.  unf. unf. 18 0.44 0.0976
9 | unf. unf unf. unf.  unf. unf. 14 0.64 0.0496 | 9 1.00 0.0899
10 | 48 0.21 0.0099 | 16 0.62 0.0189 9 1.11 0.0438 | 7 143 0.0717
11| 14 0.79 0.0094 | 10 1.10 o0.0177 7 1.57 0.0373 | 6 1.83 0.0600
12 | 10 1.20 0.0084 7 1.71 0.0194 6 2.00 0.0338 | 5 240 0.0622
13 8 1.62 0.0070 6 2.17 0.0191 5 2.60 0.0375 | 5 2.60 0.0375
14 7  2.00 0.0053 6 2.33  0.0109 5 2.80 0.0227 | 4 3.50 0.0794
15 6 2.50 0.0062 5 3.00 0.0137 5 3.00 0.0137 | 4 3.75 0.0546
16 5 3.20 0.0084 5 3.20 0.0084 4 4.00 0.0376 | 4 4.00 0.0376
17 5 3.40 0.0051 5 3.40 0.0051 4 425 0.0259 | 4 4.25 0.0259
18 5 3.60 0.0031 4 4.50 0.0179 4 450 0.0179 | 4 4.50 0.0179
19 5 3.80 0.0028 4 4.75 0.0124 4 475 0.0124 | 4 4.75 0.0124
20 4 5.00 0.0085 4 5.00 0.0085 4 5.00 0.0085 | 4 5.00 0.0085

Table 3: Predicted minimal feasible representations for p = 197. Each block reports the greedy exact-loss
approximation of the minimal number of irreps m', the corresponding uniform amplitude o = A/mf, and
the achieved Loss. Entries marked unf. indicate that no feasible representation satisfying the target loss was
found.
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B.4 Theoretical Cost Curves

6 =0.01 0 =0.02

A mT Cc:4 Cc:5 Cc:G CC:S mT Cc:4 Cc:S Cc:G CC:S

8 | unf. unf. unf. unf. unf. unf. unf. unf. unf. unf.

9 | unf. unf. unf. unf. unf. 14 61.79 75.79  89.79 117.79
10 | 12 56.33  68.33  80.33 104.33 8 44.50 52,50  60.50  76.50
11 8 4712  55.12  63.12  79.12 6 4417  50.17  56.17  68.17
12 6 48.00  54.00 60.00  72.00 5 48.80 53.80 58.80  68.80
13 5 53.80 58.80 63.80  73.80 5 53.80  58.80 63.80  73.80
14 5 59.20  64.20 69.20  79.20 4 65.00 69.00 73.00 81.00
15 4 72.25  76.25  80.25  88.25 4 72.25  76.25  80.25  88.25
16 4 80.00 84.00 88.00  96.00 4 80.00 84.00 88.00  96.00
17 4 88.25 92.25 96.25  104.25 4 88.25 92.25 96.25  104.25
18 4 97.00 101.00 105.00 113.00 4 97.00 101.00 105.00 113.00
19 4 106.25 110.25 114.25 122.25 4 106.25 110.25 114.25 122.25
20 4 116.00 120.00 124.00 132.00 4 116.00 120.00 124.00 132.00

Table 4: Effective costs for predicted minimal feasible representations for p = 97 and ¢ € {0.01,0.02}. Costs
are reported for ¢ € {4,5,6,8} using C(A, K) = A?/|K|+c|K|. Entries marked unf. indicate that no feasible

representation satisfying the target loss was found.

0 =0.05 0=0.1

A mT Cc:4 cc:5 Cc:6 CC:S mT Cc:4 Cc:5 Cc:G Cc:S

8 | 14  60.57 74.57  88.57 116.57 | 7 3714 4414  51.14  65.14
9 7 39.57  46.57  53.57  67.57 ) 36.20 41.20 46.20  56.20
10 | 5 40.00  45.00  50.00  60.00 5) 40.00  45.00  50.00  60.00
11 ) 44.20 49.20 54.20 64.20 4 46.25 50.25 54.25 62.25
12 | 4 52.00 56.00  60.00 68.00 4 52.00 56.00 60.00 68.00
13| 4 58.25 62.25 66.25 74.25 4 58.25 62.25 66.25 74.25
14 | 4 65.00 69.00 73.00  81.00 4 65.00 69.00 73.00  81.00
15| 4 72.25 76.25  80.25  88.25 3 87.00  90.00 93.00  99.00
16 | 4 80.00 84.00  88.00 96.00 3 97.33 100.33 103.33 109.33
17 3 108.33 111.33 114.33 120.33 3 108.33 111.33 114.33 120.33
18 | 3 120.00 123.00 126.00 132.00 | 3  120.00 123.00 126.00 132.00
19 | 3 13233 13533 138.33 14433 | 3 13233 13533 138.33 144.33
20| 3 145.33 148.33 151.33 157.33 | 3  145.33 14833 151.33 157.33

Table 5: Effective costs for predicted minimal feasible representations for p = 97 and § € {0.05,0.1}. Costs
are reported for ¢ € {4,5,6,8} using C(A, K) = A?/| K|+ c|K|. Entries marked unf. indicate that no feasible

representation satisfying the target loss was found.
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0 =10.01 6 =0.02

A mt Ce=sy Ce=s Ce—s Ce=g mt Ce=y Ce=s Ce=s Ce=g

8 | unf. unf. unf. unf. unf. unf. unf. unf. unf. unf.

9 | unf. unf. unf. unf. unf. 18 76.50  94.50 112.50 148.50
10 14 63.14 77.14 91.14 119.14 9 47.11 56.11 65.11 83.11
11 9 49.44 5844  67.44 8544 7 45.29 5229  59.29  73.29
12 7 48.57  55.57  62.57  76.57 6 48.00  54.00  60.00  72.00
13 6 52.17  58.17  64.17  76.17 5 53.80 58.80 63.80  73.80
14 5 59.20  64.20 69.20  79.20 5 59.20  64.20 69.20  79.20
15 5 65.00 70.00 75.00 85.00 4 72.25  76.25  80.25  88.25
16 4 80.00  84.00  88.00  96.00 4 80.00  84.00  88.00  96.00
17| 4 88.25  92.25  96.25 104.25 4 88.25  92.25  96.25 104.25
18 4 97.00 101.00 105.00 113.00 4 97.00 101.00 105.00 113.00
19 4 106.25 110.25 114.25 122.25 4 106.25 110.25 114.25 122.25
20 4 116.00 120.00 124.00 132.00 4 116.00 120.00 124.00 132.00

Table 6: Effective costs for predicted minimal feasible representations for p = 113 and ¢ € {0.01,0.02}.
Costs are reported for ¢ € {4,5,6,8} using C(A, K) = A?/|K| + c|K|. Entries marked unf. indicate that no
feasible representation satisfying the target loss was found.

0 =0.05 0=0.1
A mT Cc:4 cc:5 Cc:6 CC:S mT Cc:4 Cc:5 Cc:G Cc:S
8 | 18  75.56 93.56 111.56 147.56 | 9 43.11 52.11 61.11 79.11
9 8 42.12 50.12 58.12 74.12 6 37.50  43.50 49.50 61.50
10| 6 40.67  46.67  52.67  64.67 5) 40.00  45.00  50.00  60.00
11 ) 44.20 49.20 54.20 64.20 4 46.25 50.25 54.25 62.25
12| 5 48.80 53.80 58.80 68.80 4 52.00 56.00 60.00 68.00
13| 4 58.25 62.25 66.25 74.25 4 58.25 62.25 66.25 74.25
14 | 4 65.00 69.00 73.00  81.00 4 65.00 69.00 73.00  81.00
15| 4 72.25 76.25  80.25  88.25 4 72.25  76.25  80.25  88.25
16 | 4 80.00 84.00  88.00 96.00 3 97.33 100.33 103.33 109.33
17| 4 88.25 92.25 96.25 104.25 3 108.33 111.33 114.33 120.33
18 | 3 120.00 123.00 126.00 132.00 | 3  120.00 123.00 126.00 132.00
19 | 3 13233 13533 138.33 14433 | 3 13233 13533 138.33 144.33
20| 3 145.33 148.33 151.33 157.33 | 3  145.33 14833 151.33 157.33

Table 7: Effective costs for predicted minimal feasible representations for p = 113 and ¢ € {0.05,0.1}. Costs
are reported for ¢ € {4,5,6,8} using C(A, K) = A?/| K|+ c|K|. Entries marked unf. indicate that no feasible
representation satisfying the target loss was found.

19



Under review as submission to TMLR

0 =10.01 6 =0.02

A mt Ce=sy Ce=s Ce—s Ce=g mt Ce=y Ce=s Ce=6 Ce=g

8 | unf. unf. unf. unf. unf. unf. unf. unf. unf. unf.

9 | unf. unf. unf. unf. unf. unf. unf. unf. unf. unf.

10 | 48 194.08 242.08 290.08 386.08 | 16 70.25  86.25 102.25 134.25
11| 14 64.64 78.64 92.64 120.64 | 10 52.10  62.10 72.10  92.10
12| 10  54.40 64.40 7440  94.40 7 48.57  55.57 62,57  76.57
13 8 53.12  61.12  69.12  85.12 6 52.17  58.17  64.17  76.17
14 7 56.00  63.00 70.00  84.00 6 56.67  62.67  68.67  80.67
15 6 61.50  67.50 73.50  85.50 5 65.00 70.00 75.00 85.00
16 5 71.20 76.20 81.20 91.20 5 71.20 76.20 81.20 91.20
17 5 77.80  82.80 87.80 97.80 5 77.80  82.80 87.80 97.80
18 5 84.80  89.80 94.80 104.80 4 97.00 101.00 105.00 113.00
19 5 92.20 97.20 102.20 112.20 4 106.25 110.25 114.25 122.25
20 4 116.00 120.00 124.00 132.00 4 116.00 120.00 124.00 132.00

Table 8: Effective costs for predicted minimal feasible representations for p = 197 and ¢ € {0.01,0.02}.
Costs are reported for ¢ € {4,5,6,8} using C(A, K) = A?/|K| + c|K|. Entries marked unf. indicate that no
feasible representation satisfying the target loss was found.

6 = 0.05 0=0.1

A mT Cc:4 Cc:5 Cc:6 Cc:8 mT Cc:4 Cc:S Cc:ﬁ Cc:S

8 | unf. unf. unf. unf. unf. 18 7556  93.56 111.56 147.56
9 14 61.79 7579 89.79 11779 | 9 45.00  54.00 63.00  81.00
10 9 4711  56.11  65.11  83.11 7 4229  49.29  56.29  70.29
11 7 45.29 5229  59.29  73.29 6 44.17  50.17  56.17  68.17
12 6 48.00  54.00  60.00  72.00 5 48.80 53.80 58.80  68.80
13 5 53.80 58.80 63.80  73.80 5 53.80 58.80 63.80  73.80
14 5 59.20  64.20 69.20  79.20 4 65.00 69.00 73.00 81.00
15 5 65.00 70.00 75.00  85.00 4 72.25  76.25  80.25  88.25
16 4 80.00 84.00 88.00  96.00 4 80.00 84.00 88.00  96.00
17 4 88.25 92.25 96.25 104.25 4 88.25 92.25 96.25 104.25
18 4 97.00 101.00 105.00 113.00 | 4 97.00 101.00 105.00 113.00
19 4 106.25 110.25 114.25 12225 | 4 106.25 110.25 114.25 122.25
20 4 116.00 120.00 124.00 132.00 | 4 116.00 120.00 124.00 132.00

Table 9: Effective costs for predicted minimal feasible representations for p = 197 and ¢ € {0.05,0.1}. Costs
are reported for ¢ € {4,5,6,8} using C(A, K) = A?/|K|+c|K|. Entries marked unf. indicate that no feasible
representation satisfying the target loss was found.

C Experimental Setup

Task. We study grokking on modular arithmetic over the cyclic group Z,. Each example is a token
sequence (a,o0,b,=) with target y = a o b (mod p), where o corresponds to addition, substraction, division
and multiplication. The vocabulary has size p 4+ 2 (two special tokens o and =, plus the p group elements).
Following [Power et al.| (2022), we sample a fraction p € [0.1,0.5] of the p? pairs uniformly at random as
the training set and use the remaining pairs as the held-out validation set. Unless stated otherwise we use
p =113, p = 0.3, and global seed 42. The full sweep over p is run on p € {0.1,0.15,0.2,0.25,0.3,0.4,0.5}.

Model. We use a standard decoder-only transformer with pre-norm: L = 2 blocks, h = 4 heads, hidden
width d = 128, per-head attention width d.it, = 32, feed-forward width dg = 512, dropout 0.1, learned
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token and positional embeddings, and a tied-vocabulary linear readout Wy € RP*?. Maximum sequence
length is 5. This is the same architecture used by [Power et al.| (2022) and matches the re-implementation in
(Ruppik et al.| [2025)).

Optimisation. All models are trained with AdamW (3; = 0.9, B> = 0.98, ¢ = 107°), constant learning
rate n = 1073 after 50 steps of linear warmup, gradient-norm clipping at 1.0, batch size 512, and weight
decay Awq = 0.01 unless otherwise specified. We train for T' = 30,000 steps, which is enough to reach > 99%
validation accuracy in every condition where grokking occurs. Validation and geometry metrics are evaluated
every 200 steps.

Reproducibility. Each condition is repeated for 5 seeds; we report the mean and a +1 s.d. band across
seeds (shaded region in all curves on our graphs). All experiments fit on a single Nvidia A100. The code is
available on Github.

D Additional Experiments

D.1 Experiment 1

Irreps vs.\ generalisation (p=113, fiin=0.1) Spectrum collapse on V*: top-7 modes survive (fiin=0.1, seed =2)
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Experiment 1 at training fraction 0.1.
Irreps vs.\ generalisation (p=113, fiuin=0.2) Spectrum collapse on V*: top-7 modes survive (fiin=0.2, seed =3)
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Experiment 1 at training fraction 0.2.
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Irreps vs.\ generalisation (p=113, fiin=0.3)

Spectrum collapse on V*: top-7 modes survive (fi.in=0.3, seed =1)
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Experiment 1 at training fraction 0.3.
Irreps vs.\ generalisation (p=113, fiin=0.4) Spectrum collapse on V*: top-7 modes survive (fiin=0.4, seed =3)
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Experiment 1 at training fraction 0.4.
Irreps vs.\ generalisation (p=113, fiuin=0.5) Spectrum collapse on V*: top-7 modes survive (fiin=0.5, seed =4)
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Experiment 1 at training fraction 0.5.
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Irreps vs.\ generalisation (p=113, fiin=0.15) Spectrum collapse on V*: top-7 modes survive (fiin=0.15, seed =0)
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Experiment 1 at training fraction 0.15.
Irreps vs.\ generalisation (p=113, fiuin=0.25) Spectrum collapse on V*: top-7 modes survive (fiin=0.25, seed =4)
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Experiment 1 at training fraction 0.25.
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D.2 Experiment 2

Theorem 2 scatter (fii, =0.1)
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Experiment 2 scatter plots with confidence intervals.
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Experiment 2 scatter plots with confidence intervals.
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Theorem 2 scatter (fi.i,=0.5)
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Experiment 2 scatter plots with confidence intervals.

Theorem 2 scatter (fiam =0.25)
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Experiment 2 scatter plot with confidence intervals at training fraction 0.25.

D.3 Experiment 3

Theorem 3 decomposition (fi.i»=0.1, runs=4)

Theorem 3 decomposition (fi.in=0.2, runs=5)
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Theorem 3 decomposition (fi.i, =0.25, runs=>5)
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Theorem 3 decomposition for Experiment 3 at training fraction 0.25.

D.4 Experiment 4

Baseline vs.\ WD-only vs.\ canonical H penalties (p=113)
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Regularizer comparison plots for Experiment 4.
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Baseline vs.\ WD-only vs.\ canonical H penalties (p=113)
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Regularizer comparison plots for Experiment 4.
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