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Abstract

The Gromov-Wasserstein (GW) distance is an effective measure of alignment between distri-
butions supported on distinct ambient spaces. Calculating essentially the mutual departure
from isometry, it has found vast usage in domain translation and network analysis. It has
long been shown to be vulnerable to contamination in the underlying measures. All efforts
to introduce robustness in GW have been inspired by similar optimal transport (OT) tech-
niques, which predominantly advocate partial mass transport or unbalancing. In contrast,
the cross-domain alignment problem, being fundamentally different from OT, demands spe-
cific solutions to tackle diverse applications and contamination regimes. Deriving from
robust statistics, we discuss three contextually novel techniques to robustify GW and its
variants. For each method, we explore metric properties and robustness guarantees along
with their co-dependencies and individual relations with the GW distance. For a compre-
hensive view, we empirically validate their superior resilience to contamination under real
machine learning tasks against state-of-the-art methods.

1 Introduction

Aligning unalike objects (images, networks, point clouds, etc.) based on their geometry remains the crux of
machine learning challenges such as style transfer, graph correspondence, and shape matching. The first hint
of a statistical measure of discrepancy between two such distinct distributions came in the form of Gromov-
Wasserstein distance (Mémoli, 2011), quickly finding continual application in data alignment (Demetci et al.,
2022), clustering (Chowdhury & Needham, 2021; Gong et al., 2022), and dimensionality reduction (Clark
et al., 2024). Emerging as an LP-relaxation of the Gromov-Hausdorff distance, it calculates the minimal
distortion between replicates from distributions x and v, themselves defined on spaces X and ) respectively.
In other words,

ir#f”dx(I,CC/) — dY(yvy/)HLp(w@)Tr) ’

where 7 denotes a coupling between distributions (i, v) and the spaces are endowed with the respective
metrics dx and dy, p > 1. We note that the metric space (X,dx) coupled with the measure u defines
a metric measure (mm) space. Resembling the Kantorovich formulation in OT, it immediately inspires a
Monge-like upper bound to the distance (namely, Gromov-Monge (GM)), given by

igf“dx(:c, z') — dy (¢(x), ¢($/))HU>(#®#) )

where the infimum is instead over measure preserving maps ¢ : supp(u) — supp(v). In both cases, the
underlying cost, measuring the extent of departure from strong isometry, differentiates the problem from
mass transportation. It is rather the susceptibility to contamination that unites alignment and OT. The
value of GW can be arbitrarily perturbed only by implanting an arbitrarily ‘outlying’ observation. However,
the defense against such outliers in the context of alignment turns out to be much more nuanced compared
to OT (see Section 4). Its diverse applications, coupled with the objective of aligning geometries, demand
unique solutions in different contexts. The very formulation of GW also hints towards several avenues to
search for a robust formulation. On the other hand, existing approaches to robustify GW and its progenies
all draw insight from similar techniques in OT. While relaxing the optimization following partial (Chapel
et al., 2020) or unbalanced (Séjourné et al., 2021) OT fosters capable solutions, it is perhaps unfounded to
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expect them to serve every context. For example, relieving the set of feasible couplings from meeting the
marginal constraints also takes away metric properties. Moreover, despite showing that image-to-image (I121)
translation architectures such as CycleGAN (Cycle-consistent Generative Adversarial Networks) are indeed
special cases of GM-like distances (Zhang et al., 2022), current literature does not provide a pathway to
accurate generation under contaminated source data. As remedies, this work analyzes three principal means
of robustifying the cross-domain alignment problem. This way, besides meeting diverse requirements of tasks
related to alignment, we address the larger landscape of contamination. We refer the reader to Section 4 for
a detailed outline of the discussion.

Contributions: The key takeaways of our study are as follows.

e The first method introduces penalization to large distortions while calculating GW in the spirit of Tukey
and Huber. In context, it gives rise to relaxed GW distances that preserve topologies and usual metric
properties (Proposition 1). We show that GW, under Tukey’s penalization, becomes robust to Huber
contamination (Theorem 1) and promotes resilience to underlying distributions (Corollary 2). Provably,
it extends the Robust OT (ROBOT) to distributions supported on distinct mm spaces. We provide
algorithms to calculate the Tukey and Huber GW distances, which in applications such as shape matching
exhibit superior performance compared to existing techniques, under contamination. We also suggest
data-dependent parameter tuning schemes that produce precise levels of robustness.

e Offering a finer control over extreme pairwise distances from either space, the second method rather
deploys relaxed metrics that preserve topology. The resultant locally robust distance, surrogate to GW,
becomes a lower bound to the first formulation (lemma 3). We prove that solving the same boils down
to calculating an OT between truncated observations from p and v (Theorem 4). We also show that the
notion can be generalized to define robust distances over probabilistic mm spaces. This eventually leads
to a framework that offers denoising capability to Image translation models, assuming a shared latent
space.

e The third approach regularizes the optimization based on ‘clean’ proxy distributions to achieve robust
measure-preserving maps. We show its connection to robust OT formulations (lemma 6) and the sample
complexity that such optimizations demand under contamination. The resultant optimization generalizes
the notion of partial alignment, as plans corresponding to the latter can be shown to be an amenable
candidate of ours. Based on the same, we propose RRGM, a novel image-to-image translation architecture
that exhibits superior denoising capacity while generating handwritten digit images under contamination.

We place all additional discussions along with mathematical proofs in the Supplementary Material. For
codes, technical details regarding the implementation of algorithms and datasets, we refer the reader to the
repository https://anonymous.4open.science/r/RCDA/.

2 Related Work

Recovering unperturbed transport plans under contamination poses a significant challenge in cross-domain
alignment. In most treatments based on GW (and Sturm’s GW (Sturm, 2006)), the unbalanced relaxation
to the class of underlying couplings is used to ensure robustness (Séjourné et al., 2021; De Ponti & Mondino,
2022). As a result, the ‘denoised’ solutions in both spaces become merely positive Radon measures. In
case the marginal constraints are imposed using the TV norm (instead of Csiszér or ¢-divergence), the
idea boils down to transporting only a fraction of the mass under the distributions (Chapel et al., 2020; Bai
et al., 2024). UCOOT’s (Tran et al., 2023) robust formulation to deter Huber contamination utilizes a similar
relaxation additionally on the feature spaces of the domains. While such a mass-trimming approach penalizes
outliers, the resultant distance suffers significant deviations from its balanced counterpart (Nguyen et al.,
2023). Moreover, the alignment problem, fundamentally different from mass transportation, raises more
unanswered questions. For example, in most image-to-image translation problems, only one domain runs the
risk of contamination. Unbalancing turns out to be ill-posed to handle such a semi-constrained robustification
(Le et al., 2021). Also, the landscape of contamination models stretches way beyond that of Huber’s,
which the current unbalanced techniques are solely equipped to deal with. The most recent technique


https://anonymous.4open.science/r/RCDA/

Under review as submission to TMLR

offering robustness in GW alignment (Kong et al., 2024) reinforces unbalancing, based on inlying surrogate
distributions over graphs. This, essentially being an upper bound to UGW, carries all the aforementioned
issues. As such, a detailed exploration of robust alignment between distinct domains subject to diverse
underlying tasks remains overdue.

Notations: Given a Polish space X', we denote by P(X) and M(X) the set of Borel probability measures
and signed Radon measures defined on it, respectively. For p € [1,00), measures p € P(X) with finite
p-th absolute moment, M,(p) == [|z||” p(dz) < co form the space P,(X). The Total Variation (TV) norm
of p € M(X) is denoted as ||p||;y = 3|p|(X). The space of measurable functions f : X — R satisfying
1fll Loy = (['1fPdp)'/P < oo is denoted by LP(p). The pushforward of p € P(X) by a measurable map f is

defined as fup = p(f~'). We define the uniform norm as || f||_ == sup,c |f(z)|]. The notation ® denotes
the tensor-matrix multiplication, whereas ® and @ signify element-wise product and division in matrices,
respectively. The notation used for the Frobenius norm is ||-||z. Given a,b € R, we write a V b = max{a, b}
and a A b = min{a, b}. The uniform e-covering number of a class of functions F, based on n points {z;}* ,,
with respect to (w.r.t.) the metric d(f, f') == max;cpn |f(2:) — f'(2;)| is denoted as N (e, F,n). We also
write inequalities, suppressing absolute constants, as < and 2. In case a < b, we equivalently write a = O(b).
Given that the previous relation holds for a polylogarithmic function of b (i.e., a = O(b logo(l) b)), we write
a = O(b). If there exists a (strong) isometry between the spaces X and Y, we write X' = V.

3 Preliminaries

Before introducing our robust formulations, we review the basics of transportation and alignment between
metric measure spaces.

Optimal Transport and Entropic Regularization: Given a Polish space X endowed with a metric
d(-,-), the OT problem between p, v € P(X) is defined as

OT.(u,v) = inf / c(z,y)dm(z,y), (1)
mell(pv) Jaxx

where ¢ : X x X — Ry is the lower semi-continuous transportation cost and II(u,v) = {m € P(X x X) :
(- x X) = p,m(X x ) = v} is the set of couplings between p and v. We note that (1) is the Kantorovich
formulation and can be shown to possess a minimizer. Given c¢(z,y) = d(z,y)?, p > 1 it defines the p-
Wasserstein metric W, (u, v) == [OT.(i, v)]'/? on the space P,(X) and metrizes weak convergence (Villani
et al., 2009). OT is a typical linear program, and it is an entropic regularization that makes it strictly convex.
Given a parameter ¢ > 0, reinforcing the marginal constraint under the Kullback-Leibler (KL) divergence
yields the primal Entropic OT (EOT) problem:

BOTE (1, v) = OTe (1, ) + edicr, (vl @ ). (2)

Unlike its unregularized counterpart, the convergence rate corresponding to the empirical EOT cost (towards
the population limit) becomes devoid of dim(X) (Mena & Niles-Weed, 2019). Entropic regularization also
enables computing d-approximate estimates of the transport cost in O(n?/§) time (Blanchet et al., 2024).
Despite computational and theoretical prowess, observe that the EOT cost (also OT) and corresponding
potentials can be arbitrarily perturbed if either u or v (or both) is perturbed the slightest in TV.

The Gromov-Wasserstein distance: As mentioned before, we call the triplet (X, d, 1) a metric measure
space, where p has full support, i.e. supp(u) = X. While it is technically convenient to define GW as
an extension of OT between two distinct mm spaces, we differentiate them based on their origins in mass
transportation and object alignment. Given two Polish mm spaces (X, dx, 1) and (), dy,v), the GW distance
in all its generality is defined as

dew(p,v) ::( inf /Xxy/XX);[A(dX(:Ic,:13'),dy(y,y’))]f’dw<§§>7T>‘1’7 (3)

m€ll(p,v)

where A : Ry XxR; — Ry is a pseudometric measuring the extent of distortion, 1 < p < co. We also sparingly
write dgw(X,Y). Observe that (3) is essentially the LP-relaxation of the Gromov-Hausdorff distance (Mémoli
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(2011), Section 4.1), an operation similar to what leads to the Kantorovich-Rubinstein formulation in OT
(W)). Now, considering A = Ay(a,b) = %]a? — bq|1/q, g < oo one can recover the (p,q)-GW distance (Arya
et al., 2024), which induces a metric over the class of strongly isomorphic! mm spaces with finite p-diameter,
ie. [y vldx(z,2")]Pux(dr)px(de’) < co. Different choices of dx,dy also lead to interesting variants of
the GW distance, e.g., considering dx = (-,-) (with p = 2,¢ = 1) and ||- — -|| (with p = 4,¢ = 2) makes the
corresponding distances invariant to orthogonal transformations and translations, respectively. Bauer et al.
(2024) proposes Z-GW distances by further generalizing dx : X x X — Z (also dy) as network kernels, given
any complete and separable metric space Z. Despite enjoying structural maneuverability, unlike OT, GW
distances pose a quadratic assignment problem (QAP) and are, in general, NP-hard to compute. While it
is still feasible to determine the exact value of (4,2)-GW between spheres (Arya et al., 2024), given samples
from arbitrary distributions, one must resort to entropic regularization to ensure computational tractability
(Scetbon et al., 2022; Rioux et al., 2023). Following the setup in (3), the Entropic GW (EGW) distance is
defined as

EGW*®(u,v) == daw (i, v) + edgr(m|p @ v). (4)

This becomes particularly useful in case both the mm spaces are Euclidean with (u,v) € Py(X) x P4(Y), as
it ties the underlying (4, 2)-EGW? optimization to EOT with an altered cost. However, the issue regarding
uncontrolled perturbation under contamination still persists.

4 Robustifying Gromov-Wasserstein

Formulating a mechanism that forestalls the effects of contamination in GW is more elusive compared to
OT. Firstly, there is the context of the underlying optimization itself. In OT, the treatment ensuring
robustness differs based on the task at hand. For example, cases that prioritize a divergence (e.g., generative
models requiring a robust loss) usually call for a robust surrogate to W, only. As a result, relaxations
such as unbalancing or mass truncation (equivalently, addition) are often appropriate (Nietert et al., 2022;
2023). The goal in such cases lies mainly to recover W, (u,v) based on a robust proxy Wy (fin, ), i-e.
[Wy(p,v) — W (fin, D) — 0 in probability, where ¢ > 0 denotes the radius of robustness. This can also
be achieved by defining a margin on the extent of allowable perturbation while choosing the surrogate
(Raghvendra et al., 2024). While such formulations preserve sample complexity, the resultant transport
plans (7*) do not carry robust marginals that are also necessarily probability distributions. This becomes
crucial when one is also interested in finding a robust measure-preserving map (7 : supp(u) — supp(v))
between the two distributions in the sense of Monge. A surrogate loss ignoring the marginal constraints
is bound to result in a map whose deviation from the oracle (T*) has a non-vanishing lower bound (i.e.
there exists 7. > 0 such that ||T. — T*|| 2 7.). In this regard, Balaji et al. (2020); Le et al. (2021) (ROT)
maintains a balanced transport by optimizing over proxy distributions instead. While statistical properties
of the resulting plans remain unexamined, KL-enforced regularization makes them tractable with comparable
efficacy (O(n?/d), where § > 0 is the error margin and n is the sample size).

Due to its role in alignment (e.g., shape matching) and the involvement of two distinct mm spaces, one needs
to be more cautious in approaching the GW problem using similar techniques. Observe that, daw(u,v)
calculates the optimal p-distortion of a coupling between p and v (L.e. [[A(dx (2, 2"), dy (¥, Y )| Lo(ngm))- AS
such, it may become extremely fragile (Blumberg et al. (2014), Proposition 4.3) and sustain uncontrolled
fluctuation if a single observation from either space is perturbed heavily. Unbalancing readily limits mass
allocation to such outliers, resulting in a robust surrogate to dgw. However, unlike OT, it risks sacrificing
geometric information contained solely in pairwise distances. This creates significant misalignment between
the resultant plan and the isometric benchmark. The latter technique of penalizing the distributions (u and
v) themselves based on robust proxies also needs additional consideration. For example, when only one of
them is contaminated (semi-constrained), the focus must lie on robustifying the pairwise distances, which is
not the same as making the law robust. The problem is further confounded if near-isometric robust Monge
maps (Dumont et al., 2024)(bidirectional, in case of Reverse Gromov-Monge (Hur et al., 2024)) are sought.

NX,dx, ) and (V,dy,v) are said to be strongly isomorphic if there exists a measure preserving isometry ¢ : X — Y (i.e.
¢up = v and dy (d(x), d(x')) = dx (x,z’)) which is also a bijection.
#
2Essentially the square root of the (4,2)-EGW distance. A more convenient way of realizing it is to assume Ag(a,b) =
%|a‘1 — b9| instead, under which the parameters become p = 2, ¢ = 2 (Rioux et al., 2023).



Under review as submission to TMLR

infﬂeﬂ(u,y) H A(dX(LU, a;’), dY(y7 y’)) ‘

Lr(w@m)
l S — l

Plan Regularization

‘ Local Robustification ‘ Norm Penalization

Figure 1: Three disjoint approaches leading to outlier-robustness of different degrees in Gromov-Wasserstein
formulations. The forthcoming discussion follows the course: Section 4.1 (* ), Section 4.2 (' ), and Section
4.3 ().

On top of these existing ambiguities, the participating mm spaces might suffer different types of contam-
ination with varying intensity. As such, the spectrum of contamination models (Wasserstein, Huber’s e-
contamination, etc.) needs to be kept in mind. Based on the varied demands of cross-domain alignment
problems, we identify three solutions to the robustification problem in GW. The primary and most imme-
diate way is to arrest the extreme distortions, given pairwise observations (z,y), (z',4). In the process, we
introduce Tukey’s and Huber’s relaxation into the GW metric (Section 4.1). The second solution stems from
robust surrogates to the metrics dx,dy that limit fluctuations at their nascency while calculating pairwise
distances (Section 4.2). Based on the nature of the mm spaces, this approach may propose both structural
and optimization-based robustness. In search of robust translation maps, the third method advocates re-
laxing the optimization itself by regularizing the set of plans II(u,r) (Section 4.3). Intriguing relations to
robust OT formulations and duality emerge from this approach.

4.1 Norm Penalization: Towards Huber’s Gromov-Wasserstein

The most recognized contamination model in robust statistics (Huber, 1964) assumes the existence of an
arbitrary distribution pu. € P(&X) from which outliers originate. Under the same, it is equivalent to tossing
a coin with € € (0,1) probability in favor of y. during each independent draw from p. In case p. admits
a density with heavy tails, it implies vastly outlying observations in the sample (see e.g., Figure 2(c)). A
similar output may occur if the moments corresponding to p and p. differ significantly. In a shape-matching
context, this amounts to pronounced disfiguration of shapes. Now, let us recall the definition (3),

. 1
dGW(,U/v V) = Trell'lr%i,u) 5 HAXrY HLP(ﬂ'®7T) ’

where Axy = 2A1(dx,dy) in particular. In a sample problem, the I, norm calculating the departure from
isometry is sensitive to unusually large (or small) observations. We employ relaxed [, norms to curb the
effects of such outliers in distortion. Considering the computational complexity of the GW formulation, we
first invoke the most intuitive way of implementing a relaxation, namely Tukey’s relaxation (Clarkson et al.,
2019).

Definition 1 (Tukey loss function). Given a threshold T > 0, the p-Tukey loss function for p € [1,00) is

defined as
p .
T = {'f' ol <7

TP otherwise.

Observe that, it is polynomially bounded above® with degree p. It also induces the corresponding ‘norm’,

1A l7 ) = ([y ﬂ(f(x))du(x))l/p, given f € LP(p). Though dependent on the parameter 7, it enables one
to define

|45 7 ey = /X - /X ) Teldx (e —dy (y, )| dr @ w(w,y,0', 1)) " (5)

3 An increasing function f : Ry — Ry is said to be polynomially bounded above with degree p if ;((Z)) < (g)p‘
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We call the quantity draw (p,v) = inf () %||AX’YH7—D(TF®7T)7 Tukey’s GW (TGW, or specifically (p, 7)-
TGW). Clearly, it is a lower bound to the corresponding dgw(u,v) and drgw — dgw as 7 — oco. It
also carries some major properties of the original GW distance (Mémoli (2011), Theorem 5.1). The non-
negativity and symmetry are obvious, and given X = ), it becomes 0. Conversely, given a threshold 7 > 0,
draw (i, v) = 0 implies that the mm spaces X and ) are isometric, for p € [1,00). Here, we only define the
loss for p < oo since given 7 > 1, the essential norm at p = oo spoils the thresholding and eventually the
robustness. Our goal also lies in avoiding large deviations between TGW from its perturbed GW benchmark,
caused solely due to large thresholds. As such, it is not in our interest to check the continuity of H||7-p ()
w.r.t. the weak convergence of m. Hence, a feasible coupling = € II(u,v) that realizes the infimum only
exists for p € [1,00) (Mémoli (2011), Corollary 10.1*). Also, the triangle inequality exists owing to the same
property for ””Tp .

Proposition 1 (Metric properties). Let (X,dx,pux), (¥,dy,py) and (£,dz,puz) denote arbitrary Polish
mm spaces. Then,

(i) (Triangle inequality)
dTGW(Xv Y) S dTGW(X7 Z) + dTGW(Za Y)

(i) Given v € M(pux, py), for all0 <p <p’ < o0
1A%y [l7, ey <IAx 7, e -
(iii) For 7' > 1 >0, we have (p,7)-TGW < (p,7")-TGW.

The properties altogether make dragw a pseudometric over the collection of isomorphism classes of mm
spaces. It also limits the corruption due to Huber’s e-contamination. For simplicity, let us assume only one
of the distributions is contaminated, say p. As such, one now has observations from p’ = (1—€)u+ep,. instead,
where . € P,(X). Under this setup, the following result gives the extent to which the population-level loss
can propagate.

Theorem 1. Given that the two distributions u,v belong to the same mm space (i.e. they are namely
(X,dx,pn) and (X,dx,v)), if p suffers Huber’s e-contamination, we have

drow(p',v) < 7ev + W (1,),
where W, = ianHdXHTp is the OT,, distance under the p-Tukey norm.

The approach underlying the proof of the result, coupled with the monotonicity of the truncation param-
eter hints towards the fact that TGW can potentially pose as a provably robust estimate to GW, i.e.,
draw (1, v) — daw (u, v) < T€'/P, if the distributions are supported on the same space. If the bound also
holds for the absolute difference, thereby marking a concentration inequality, it becomes instrumental in
robust shape-matching and generation problems. We establish the same in Remark 3. Theorem 1 also has
interesting consequences under specific assumptions on the contamination model. For example, if there exists
k > 1 such that Wy, (u, ne) = kWp(p, v) (Balaji et al., 2020), we have

draw (i, v) < (1 + ke» )W, v),

due to the trivial upper bound on Wy, by the p-Wasserstein distance.

Remark 1 (Resilience under TGW). Theorem 1 (see proof, Appendiz A) also enables one to discuss the
‘resilience’ of a distribution p under dprgw. p € P(X) is said to be (p,e)-resilient w.r.t. the divergence d
if Vi € P(X) such that i < F—p, we have d(p, 1) < p, where 0 < e < 1 and p > 0. It boils down to
checking the mazimum change in Wr, if a e-fraction of mass under p is deleted and renormalized to form

4The only modification required in the first part of the proof of Corollary 10.1 is the following: Define f : [0, M] — Ry
ast — tP if t < 7, and 7P if 7 < t < M, which also becomes Lipschitz with constant pMP~1. Observe that, 7 > M =
diam(X) V diam()’) implies the exact function as in Mémoli (2011).
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fi < . Nietert et al. (2023) show that |Ez[dx (Y, 0)?] — E,[dx (Z, 20)?]| < p implies resilience under W,
given xg € X (Lemma 11). In the process, it is sufficient to assume that u has a finite p-moment. Observe
that,

|[E[L[7;,(dx (Y, 330))] - EMW;;(dX(Z, -TO))H < EYN[L,ZN;L“;?(dX (Y7 ;L'O)) - %(dX(Z, $0)>|
< Ey~p,zon|dx (Y, 20)P — dx (Z,20)"|

<\ Vargldx (Y, z)?) + \/ Var,ldx (Z, zo)r)+
|Eqldx (Y, 20)"] — Ep[dx (2, x0)P]

where the first inequality is due to Jensen’s inequality. As such, since the variances are finite, the mean
resilience also implies the same under T,. However, in case fi results in a vastly distinct variance, the
associated resilience bound on Wy, becomes weak.

Corollary 2 (Nietert et al. (2023)). Given Z ~ p and 9 € X, let E,[dx(Z,z0)?] < 0P for some o > 0. If
To(dx(Z,x0)) is (p,e)-resilient in mean, then p is (2((/)% + E%(O' AT))A 5%7'),5) -resilient w.r.t. Wy .

)

Observe that the bound is non-trivial only when o < 7. While a user-defined T ensures resilience for distri-
butions having thicker tails, the result hints towards distributions (u) that imply sharper resilience bounds.
One immediate example is the class of sub-Gaussian distributions.

Remark 2 (Lower bound to ROBOT). TGW has a surprising relation to existing robust efforts in OT,
following from Theorem 1. Given a transportation cost ¢ : X x X — Ry, Mukherjee et al. (2021) (formu-
lation 2) define the \-ROBOT distance between p,v € P(X) as OTg, (1, V), where cx(x,y) = lax(c(x,y)) =
min{c(z,y),2)\}. Specifically for ¢ = dx, we write W1 2x(p, V). It metrizes the underlying class of distribu-
tions and was shown earlier to lead to faster cost computation in tasks such as image retrieval (Pele € Wer-
man, 2009). On the other hand, if p = 1, the Tukey loss boils down to the exact functional ly(x) = min{z, 7},
x> 0. As such, for any coupling w, by assuming T = 2\ we have

[min{2A1, 73| 1 gy < lmin{dx (2,9) + dx (", 4"), 73| L1 )
< 2||min{dx(l”7y)a7'}||L1(w) :

Taking infimum over II(p,v) we conclude (1,2X)-drgw < Wi ax.

Remark 3 (Concentration). In reality, often outlying observations find their way into the pool of samples,
which is unlike drawing i.5.d. replicates from a contaminated distribution p' = (1 — €)u + €uc. Rather, in
a set of samples {x;},, we are left with |Z| i.i.d. observations from p and the rest, |O| = n — |Z| drawn
independently from adversaries. If the outliers also follow p. identically and |O| = me, it becomes equivalent
to Huber’s contamination regime in an empirical setup. Lecué € Lerasle (2020) call this the OUZ framework.
This is crucial since it allows one to comment on the concentration of the empirical drgw. In such a setup,
given samples {(z;,y;)}™", we get for p=2

ZX|jY |
mn

~T AI)

A A OX OY OX110Y
dgTG’W(Mma”n) _dzgw<//bm,yn ‘ | + | ‘ _ | H |>7

m n mn

1

M4+T(

where fiy, D, are the usual empirical distributions based on {(z;,y;)}™", and pZ, = |IX|71 > icrx O, is the
same based on inliers. The same goes for DX in the other space. Moreover, OX and OY denote the set of
outliers. As such, given |(’)X‘ \/|(9Y| = o(m A n), obtaining TGW may be done alternatively by calculating
GW solely based on the inliers. The associated error becomes arbitrarily small. Moreover,

+ &1, (6)

(B[ wiim, 9n)] = Al v)| < E|dawliim, #n) - daw(iih, oF)

where, (6) utilizes Jensen’s inequality and the estimation error Ez is bounded from above as the following
due to Zhang et al. (2024), Theorem 3
2 (~T AT 2 M* 4 2 .
Er = ‘E[dGW(um,un)] — dGW(,u,y)‘ S—=+ 1+ M) \/ |Z|” @A va (log|Z|)teand'=a3,
|IX| A |IY| IX IV
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As such, in the O UZ framework, LRGW estimates the squared GW distance between inlying distributions
asymptotically unbiasedly, and hence robustly.

The theoretical richness of TGW gives us a solid foundation to search for better approximations using data-
dependent thresholding. It is also quite intuitive that a misspecified 7 > 0 may lead to heavier penalization
than required, generating a large deviation from GW. In practice, even minute fine-tuning errors lead to
a significant loss in tail information. A smoother thresholding may achieve a nearer robust approximation
without sacrificing favorable properties. This leads us to the Huber ‘norm’.

Definition 2 (Huber loss function). The Huber loss with threshold T > 0 is defined as

x?/2r if || <7
H(z) = -
@) {|:17| —71/2  otherwise,

which induces the corresponding norm, || f|l3 ) = ([ H(f(x))du(x))lm.

Observe that, H(-) is continuously differentiable and given 7 ~ 0, closely approximates the /; loss. The
robust penalization also becomes data-dependent, making it essential in robust M-estimation and regression
(Loh, 2017). Following our previous formulation, for (u,v) € P2(X) x Pa(Y), we define ducw (i, v) =
infrem(u 5||Ax,y ||H(7r®7r), namely the Huber’s GW (HGW). Addressing the robustness of GW for p = 2 in

particular, ||[Ax y H ) does not admit a monotonic property. However, based on the fact that 2 is subadditive
(Clarkson & Woodruff, 2014), one can recover a Minkowski-type inequality as in TGW. Moreover, HGW
poses as a robust estimate of the corresponding GW value as it follows a property similar to Theorem 1.
The result involves defining the Huber version of the modified Wasserstein ‘distance’ Wy = infr||dx ||,
Consequently, it promotes resilience to a distribution under it upon mass truncation.

To empirically demonstrate HGW’s robustness, we devote the rest of the section to building an algorithm to
solve a sample HGW. Given m and n € N4 i.i.d. samples from p and v respectively, let us denote the two
pairwise distance matrics (based on dx and dy) as C* € R7*™ and C¥ € R}*". Then, djjqy boils down
to solving the familiar non-convex optimization (Peyré et al., 2016)

. X Y . X Y

Wenr(r}llgm)g;jlﬂ(c’”/ Clp)mymey = _min - (H(CY = CY) @), (7)
where [i,,, Dy, are empirical distributions or rather simplexes and II € R7*". To adapt to the Sinkhorn
scaling framework (Cuturi, 2013), we additionally impose an entropic regularization dkr,(7) to (7), which
at the k-th iteration calculates dkr (7|7*) = (m,logm — log7*). The resultant Huber’s EGW formulation
follows the Algorithm 1. It is immediately beneficial for computing a robust loss, compared to Unbalanced
GW (UGW) or Partial GW (PGW), since it results in marginal distributions and computationally scales
with the EGW (O(m?n?)) exactly.

While we present a simple working algorithm®, HEGW also adapts to lower-complexity approximations. In
Algorithm 1, computing the cost C(7) alone incurs the high complexity O(m?n?). However, we can write
H(a —b) = fi(a) + f2(b) — hi(a)ha(b), where given |a —b| < 7, fi(a) = a?/27, fo(b) = b?/27,h1(a) =
a/T,ha(b) = b and if a — b > 7, we have fi(a) = a, f2(b) = —b,h1(a) = 7,ha(b) = 1/2. As such, the cost
computation can be eased down to O(m?n + mn?) (Peyré et al. (2016), Proposition 1). This is the best
complexity achievable if p, v are not sliced first or no additional constraint on the matrices satisfying lower
ranks is imposed. However, if along with the robust penalization, we identify a set of indices & = {(4,5)}
with |S| = s, such that
0 otherwise,

where (i,7) € S, the modified HEGW problem can be solved with accompanying complexity O(mn + s?) (Li
et al., 2023). While this results in a truncated plan (7), it effectively thwarts outliers in graphs.

5This allows seamless integration into existing libraries: https://pythonot.github.io/
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Algorithm 1 Huber’s Entropic Gromov-Wasserstein

Input: Initialised distributions p,q, regularization parameter £, number of inner and outer iterations
Ny, Ny.

Output: HEGW

Compute pairwise distance matrices CX, CY

Initialise 7(9) = pg”, a(® =1,,, and b =1,

for i € {0,1,--- ,N; — 1} do

C (D) — H(CX - CY) ® > Compute cost matrix
K® « exp (- @) ® @ > Compute kernel
for j € {0,1,--- ,N, — 1} do
{aU+D U+« Lp o (KDbD), g @ (K(i)Ta(jH))} > Sinkhorn scaling
end for
70+« diag(aN2)) K ) diag(b(N2))
end for

Return <‘€(7T(N1)),7T(N1)>

Experiment: Shape Matching with Outliers

We deploy HGW for robust 2D shape matching based on point cloud data (Mroueh & Rigotti, 2020). Observe
that the underlying mm spaces are essentially (R?,| - |,), endowed with measures fi,,, and 2, respectively.
Given two shapes (e.g. cat and heart), we identify one as the target and the other as the source. The
contamination regime we follow is the following: for o € (0,1), we randomly sample ma observations

from the source point cloud and replace them with replicates from an adversary u. (e.g., standard bi-variate
Cauchy). For comparison, we use the vanilla GW, FGW (Vayer et al., 2020), PGW (Chapel et al., 2020), and
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(a) Source (cat) and target (heart) shapes (b) Gaussian outliers (c) Cauchy outliers

Figure 2: (a) Point clouds (m = n = 500) corresponding to shapes of cat (source) and heart (target).
Contaminated source with 20 outliers drawn independently from a standard (b) bivariate Gaussian and (c)
bivariate Cauchy.

UGW (Séjourné et al., 2021) as baselines under p = 2. For the unbalanced methods, we allocate unit mass
to each point, and for the rest, we normalize. Fach method, at each level of contamination, is repeated 100
times to cover for any variation generated due to optimization. The parameters for each distance are selected
based on the recommendations by the respective authors, e.g. in the case of FGW, the mixing coefficient
of GW and the OT is kept at 0.5. The regularization parameter for PGW is taken as 0.001. We find that
only such small values, chosen judiciously, can strike a balance between adequate penalization and a low
enough value of the corresponding loss. In TGW (and HGW), the method’s accuracy hinges on the selection
of 7. Very low values lead to over-penalization and large deviations from the actual robust benchmark. In
our study, we devise a data-driven scheme for selecting 7. Given observations {(z;,y;)}"™" ~ p ® v, we

scrutinize the distribution of sample distortion values (say, Jx.y) |||z — zi||> — v — vy 2 |. An immediate
estimate for a threshold that trims outlying Jx,y values is a higher percentile, e.g., 98%, 95%, which we use
as a reference. Our choice of an appropriate 7 becomes m + 35, where m and & are the median and mean
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absolute deviation about median of Jx y. Ideally, for a standard folded Normal distribution, the value turns
out = 2.04 (see Appendix B, Section A). The method enables a dynamic parameter selection that adjusts
according to the proportion of outliers. We present a detailed discussion in Appendix B.

0.2 SZVW e e g.Olh pEr(e‘r\Ne =0.684
B e [ S LU 95th percentile = 0.753
vew 175 _‘<‘£—<k ----- 98th Eercenme =0.818
0.18 row * === Median + 3*MAD = 0.889
HGW
—— TGW 150 é \<—
0.16 . [
Metrics 74
0.14 %\‘ 125 f _x
‘%;; 0.12 5 1.00
Q =
© g
ot = o7 |
0.08
0.50
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025 It
0.04
0 2 40 s0 8o %% 02 0.4 0.6 08 k 10
Number of outliers |dx - dy|
(a) (b)
Figure 3: (a) Average loss values under increasing proportion of bi-variate Cauchy outliers

(0.02,0.04,0.08,0.1,0.16) in the source domain. (b) Empirical distribution of deviations between pairwise
distances under 80 Cauchy outliers. Realized 95-percentile and m + 3& are 0.753 and 0.889 respectively.

Based on the proposed scheme, the value of 7 is chosen dynamically at each level « for HGW. As a reference,
we use the 95-percentile of Jx y in TGW. The immediate observation is that TGW remains the most stable
under increasing contamination. On the other hand, HGW exhibits performance comparable to that of partial
mass allocation, as in PGW. Since the threshold only penalizes extreme values of Jx y, pairwise distances
between outliers that are similar to those between inliers contribute to the overall loss. This implies a minute
increase in HGW. The effect is much pronounced in Gaussian outliers (see Appendix B). The stability of
PGW is intuitive since its optimal plan ignores the outliers altogether. Remarkably, HGW simulates the
same effect without altering the plan. FGW (with a mixing ratio 0.5) shows elevated fluctuation as its OT
component is also vulnerable to contamination. The instability of UGW might stem from mass-splitting and
the partial dependence of its plan on outliers (as also pointed out by Bai et al. (2024)). However, despite
relying on a full plan connecting outliers to points in the target shape, HGW results in robust estimates of
the corresponding loss. In Appendix B, we show the results corresponding to Gaussian contamination and
compare the effects due to varying 7.

4.2 Local Robustification

Techniques that make the distortion A(dx (z,2),dy (y,v’)), given (x,y), (z',y') € u ® v, robust to outliers,
offer a robust estimate to the extent of deviation from isometry. It is equivalent to selecting a different
measurement to compare the two local geometries, however perturbed; for example, TGW. In other words,
the penalization applies over the discrepancy in pairwise distances, rather than dx(z,z’) and dy(y,y’)
themselves. This may suffer from inefficiency in information retention, as given only an outlying observation
x’ € X, it depreciates the contribution of a ‘clean’ dy (y,3’). An earlier-stage robustification of the distances
solves this issue. In search of nearer GW approximates, we turn to robust surrogates of dx and dy .

For typical choices of metric spaces (for example, (R%,| - ||)), it is quite straightforward to retain metric
properties of dy under thresholding (e.g., Tukey) or Winsorization. For example, the truncated surrogate
Ix(dx) = min{dx, A}, A > 0 satisfies non-negativity, symmetry and the triangle inequality. Based on the
fact that Ta(a — b) > |lx(a) — 1 ,\(b)|2, for a,b > 0, it immediately improves the corresponding robust GW
formulation, evoking a lower bound to Tukey-type distances.

Lemma 3. Given (u,v) € Py(RY) x Py(RY), the (2,\)-TGW between them satisfies

1
d z 5| nf
TGW(/JWI/) =9 (,Tell'lrbj,,u)//

1

e 1)~ (oo )| arom)

10
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We call such formulations, as in the lower bound, locally robust GW ((p, \)-LRGW, in general). Infima of the
corresponding optimization are always realized at relaxed optimal couplings (see Appendix A, Section A).
The modification gives greater control over the extent of robustification based on distinct choices of A, X > 0
for the two mm spaces. First introduced in Chakrabarty et al. (2025), LRGW also follows most metric
properties of GW, particularly non-negativity, symmetry, and triangle inequality. The proofs become similar
to showing the same for GW under altered mm spaces of the form (X,Iy(dx), ), A > 0. For completeness,
we mention some properties of LRGW, including its dependence on the threshold A.

Proposition 2 (Properties). Given Polish mm spaces (X,dx,un), (¥,dy,v); and p € [0, 0]
(i) for X' > X >0, we have (p, \)-LRGW(u,v) < (p, N')-LRGW(u,v). In fact,

(p, \')\-LRGW(u,v) — (p, \)-LRGW(pu,v) < inf
mell (u,v)

o (ia(dx)) = L (a(dy))|

Lr(mxm) ’
where Iy (x) = max{x, \} and 11" is the set of couplings optimal for (p,\)-LRGW.

(“) (pv OO)_LRGW(:U‘v V) = p—GW(u, V)'

Observe that, Proposition 2(7) rather holds for any A > M = diam(X) V diam()), given diam(X) =
maxy 5 ex dx (z,2'), which however may become arbitrarily large in the presence of outliers in a sample
problem. The result is realized at the limit of truncation since LRGW becomes continuous in A (Chakrabarty
et al., 2025). As a consequence of Proposition 2 (%), X = ) implies that the associated LRGW nullifies.
However, the converse does not hold necessarily since, I)(dx(x,2")) = Ix(dy(y,y’)) a.s. does not imply
dx(z,2') = dy(y,y’) a.s. While this formulation sacrifices non-degeneracy, it preserves geometric sensitivity
under appropriately tuned A. It delineates an estimated support of the distribution of distances based on
inlying observations®. Though finer than TGW, such a filtration allows distances corresponding to outlying
samples within A-radius to each other to pass through. This hints towards addressing contamination due
to distribution shifts and mass reallocation as a result. Later in the section, we discuss the origin of local
penalization (I) in a generalized setup. To motivate, we mention that similar costs are often used to devise
robust OT-based divergences metrizing P(X) (see Remark 2). Remarkably, impartially trimmed-W,, due to
Czado & Munk (1998) becomes equivalent to trimming the underlying univariate measures (Alvarez-Esteban
et al., 2008). In this line, our next result shows that variational representations of LRGW formulations link
the alignment problem to certain robust OT costs, relying on trimmed observations instead. Given two
mm spaces (RZ,|| - ||, 1) and (Rilo,H “|l,¥)7, let us consider the locally robust inner product GW distance
(Mémoli, 2011) N

[SIE

duaw(uviN) = (_int | [I(@a) = o) dr o (epa’o)

well(p,v)

Here, the robustification translates to limiting extreme angular deviation. At A — oo, the cost circles back
to IGW. To state the result, let us first decompose the squared LRIGW cost in the following way:

G riaw (Vi) = Fy + Py,
where
2 2
Fl(u,vw\)=/!lx(<x,x’>)! du®u(x,w’)+/!lx(<y,y’>)\ dv@v(y,y'),

Falivi) = _inf =2 [ (@) by dm oo

6Qiven x € X, define the map u) : X — [0, ) by u}(2') = Ix(dx (z,z')). Then, u;‘#u € P([0,\)) denotes the distribution
of distances supported on the trimmed interval.

7Such subspaces remain Polish equipped with the inherited metric (Fristedt & Gray (2013), Chapter 18.1). We may equiv-
alently choose [0, l}d, which is sufficient for the IGW formulation. In both cases, the corresponding problem boils down to
assessing the alignment between distributions corresponding to non-negative multivariate random variables.

11
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Theorem 4 (Locally robust IGW duality). Given (,u, v) € 774(]1%‘%0) X 734(R‘§0), define M), =
VM (p; N) M (v; X), where for any distribution p, Ma(p;\) = [||ix(z) Hde(x), A > 0. Then, there ex-
ists an upper bound to Fy, say Fs, satisfying

Faln,vs (@VA)N) = inf S| A} + 0T,y (1, v),

MA

"%

where Dypy | = [0, M)‘l,/2}dXd/ and ¢y : (z,y) € ]Rféo X Rgo — —8Ix(x)T Aly(y) denotes the cost function
deployed under OT, A

While it is intuitive that a sample-level robustification is sufficient for LR, Theorem 4 additionally provides
the deterministic extent to which the associated cost may propagate. The complexity related to computing
such a bound shrinks down to that of an OT. To observe that, by denoting (d V d')A? = ), let us write

B(uviA) = | inf - 8||A|lp + OTey (wv) =, inf — UL"(A).
v My,

Now, given any other fi € P4(R%,) and 7 € Py (R‘lo) Theorem 4 ensures the existence of A, A € Dy, such
that Fy(u,v; \) = ULV (A) and Fg(ﬁ i \) = U{Y(A). As such, by optimality

Fap,vsN) = Fo(, 5 V)| < |0 (A) = UR7(A)| +|U (A) - UE7(A)|
—[OT, (1¥) = OTy (7,9)| +|0Ty (1,v) = O, (7, 7)

<2 sup ‘OTCA (u,v) —OT o (&, 17)‘ . (8)
AED, A A
9
Since OT . essentially calculates the transportation cost between truncated observations from y and v —
which offers finer control over extreme values — LR turns out to achieve arbitrary accuracy in finding a
robust surrogate to the GW cost. By plugging in the empirical distributions i = fi,, and 7 = #,, in the
stability bound (8), one can also comment on the sample complexity of F». First, observe that M ﬁ\u < A2
and based on the truncation, the measurable cost Cf\x is absolutely bounded. This narrows down the search
for dual potentials (¢ : R, — R) corresponding to OTCA to the class F) = UAGDMA Fa.x such that
e

Fan={6139: Ry = R 30 =vl6]l0 Il S A},

where ¢¢ (the c-transform of ¢ : RY, — R w.r.t. ¢}) is given by ¢¢ = inf, ¢} (-, y) — ¥ (y). As such, we can

further upper bound (8) to obtain
/(ZSd,u fin) /7/)d[V_l>n]

where 7§ = AeD,,, Fa.x (Groppe & Hundrieser, 2023). This reduces the problem to controlling the two

Fo(p, 5 A) = Fa(fin, 0n; N) <4 sup
PEFA

+ 4 sup
YEF

)

empirical processes over F. » and F5. The involvement of raw empirical measures (fi,,7y), susceptible to
outliers, makes further upper bounding the individual errors in terms of entropy only feasible in an O UZ
framework. We identify this as a potential future work since it does not follow directly by adopting the
approach of Ma et al. (2023) into the framework of Zhang et al. (2024) [Theorem 3|. However, the trivial
upper bound (see Remark 2) along with properties such as resilience (Corollary 2) and robust estimation
of corresponding GW (Theorem 1) hold as a result of lemma 3. Nonetheless, it is not apparent how a
penalization as ci;‘ addresses shifts in mass allocation due to contamination. In this line, to motivate our
upcoming formulation, let us first unify the underlying spaces under the general framework of probabilistic
mm spaces.

Probabilistic metric spaces (X, px) are generalizations of typical metric spaces based on the deterministic
‘distance’ px following a modified triangle inequality

T{px(z,2")[0, s], px (', 2")[0,t]} < px(x,2")[0,s + t],

12
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where T : Ry x Ry — Ry (Bauer et al., 2024), for z,2’,2"” € X and s,t > 0. In case px is replaced by the
distribution function, specific choices of T' equate them to Menger spaces (e.g., taking 7" = min or max) or
Wald spaces (T' = *, convolution) (Schweizer et al., 1960). Defining a measure on this collection X’ completes
the triplet (X, px, p), which we call a probabilistic mm (pmm) space. In our setup, we particularly choose
the pair (X = P,(X),W,), where P, C P, is the collection of probability measures with full support on
X C R? having finite p-moments, p > 1. This reinforces the notion of generalization based on the fact that
given x, 2’ € X, we have Wy (0y,0,7) = OT4, (0z,0.) = dx(x,2"). The idea can similarly be extended to an
alignment problem between distinct pmm spaces, which brings us back to GW. Observe that, considering
a distance OTy, (4,) recovers our earlier LR formulation, as in lemma 3. We may alternatively choose the
Lévy-Prokhorov (LP) metric () to construct our pmm space since it ensures that (X, ) remains Polish,
given that (X, dx) is Polish (Fristedt & Gray (2013), Chapter 18.7).

Remark 4 (Localization leading to pmm spaces). Though Dirac measures are the easiest choice to show
that individual x’s are represented in the pmm space, it is only a special case of a localized measure. Given
a € P(X), a localized measure mkL(x) € P(X) is tasked with preserving information about the neighborhood
of v € X wunder the localization operator L®. Given the choice of the metric as W, in the pmm space, it
implies that W,(mE (z),mL(z")) = d%(z,2"): a generalization over the metric dx. This is the precise reason
we name our proposal of a robust GW based on robust dx ‘local robustification’

Given two of such pmm spaces (X, Wp, 1) and (), W), v), the GW distance (Z-GW according to Bauer et al.
(2024), Section 3.2.5) between them turns out as

1
7

dow(p,v) = inf /Xxy/;\fxy (z,2") = Wy(y,y )| d7r®77) . (9)

7761_1 (p,v)

For simplicity, we will always assume p = p’. However, it is not straightforward to imagine the ambient
measures i, v and the feasible couplings II they form. Let us look at an example that puts the problem in
context.

Example 1 (Gromov-Wasserstein between mixture of Gaussians). Consider the mm spaces (N'(R?), Wa, 1)
and (N (RT), Wa,v), where N (RY) is the space of d-variate Gaussian distributions. Observe that

(I) since Gaussians are exactly identifiable based on their mean and covariance matriz, o finite Gaussian
mizture € G(R?) = Urso Gr(R?)? can be deemed a discrete probability distribution on N (RY).

(1) Endowed with Wo, N'(R?) becomes Polish.
(III) Given a; = N(m;,%;), i = {1,0} due to Dowson & Landau (1982)

W2 (0w, 1) = |lmo — ma||? +tr[20+21—2(2 $ix2 )%}

Hence, for any a = Ele a;; € GL(RY) and B = Zé’:l b;B; € GI(RY), there uniquely exist p =
Zle aiba; € PIN(RY)) and v = Zé’:l bjds, € PN(RY)) respectively, where a = {a;}*_| € Ay and
b = {bj}é-zl € Ay (using (I)). (III) implies that, under such a p, (N'(RY),Wa, ) has finite 2-diameter,
ie. fN(Rd)xN(Rd) W2 (x, 2" )dp(z)du(z’) < co (same holds for (N (R ), Wy, v)). As such, the corresponding
dew(p,v) (as in (9), given p = 2) exists and follows all metric properties of GW. Salmona et al. (2024)
show that solving the problem (9) essentially boils down to

[N

( inf > [Wa(on, ) W2(Bjaﬁt)‘27ri,j7'fs,t), (10)

well(a,b)
,4,8,t

where 11(a, b) is a subset of the simplex Ay with marginals a and b. This example can be further extended
to general distribution classes C P,(RY) owing to the fact that G(R?) is dense in P,(RY) for W,, as long as
they are complete and separable.

8L maps P(X) to Markov kernels over X (Memoli et al., 2019).
9G, (R?) := set of Gaussian mixtures with < k components.

13
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Evidently, observations from the distributions p and v can suffer arbitrary corruptions as before. In cases such
as Example 1, one or more contaminated individual Gaussian components from either space may contribute
to such corruption. To remedy e-contamination in the components, we replace W, with the smallest cost
achieved by ‘optimally’ removing e-mass from them. This extends our LR framework to alignment models
concerning pmm spaces, endowed with W,,. Given «, 8 € P(X), it is defined as

€ _ . Y
Wp(aaﬁ) - u/,B}Ieli(X): Wp(a 76 )? (11)
a€Be(a’),BEB(B)

where B, () := {(1—€)a+ey : v € P(X)} denotes the e-Huber ball centered at o (Nietert et al., 2022). In this
context, € € [0, 1] signifies the radius of robustness, which, when chosen distinctly for the two distributions,
generalizes the notion (i.e. W< ). Remarkably, the dual formulation of OT;, (4, can be derived as a special

case of that of (11) (see Appendix A). It also ties the threshold leading to truncation to the underlying
optimization. Based on (11), we define the locally robust GW distance between pmm spaces (9) as

ST
dr ® 7T) , (12)

d ,;::('f ’Wﬁ,’—w,’
Lraw (1, V5 €) WE;II%W)/XW/XW o(@,2") = Wy(y,y')

which also serves as a robust proxy to MGWy (Salmona et al., 2024) or the Z-GW distance. While a
generalization is imminent, the asymmetric robustness (only on space X) in (12) is specifically useful in
cross-domain generative tasks, e.g., unpaired image-to-image translation.

Proposition 3 (Dependence on robustness radius). For any p € [1,00) and 0 < e < € <1 we have

(i) dpraw(p, v;0) = daw(p, v),

(ii) |[doraw(p, vi€) — doraw(p, vi€)| S (i:) "

Remark 5 (Local robustness based on Lévy-Prokhorov metric). The LP distance between «, 3 € P(X) is
defined as
pla, B) =inf{e > 0: B(A) < a(A) + €,V Borel A C X},

where Ac = {z € X : dx(x,A) < €} is the closed e-ball around A. It inherently carries mass allocation
robustness, allowing free movement of an e-fraction mass between o and 3. To observe the same, let us write
LP in its alternative characterization due to Strassen’s theorem (Villani (2021), Section 1.4)

e { inf{e > 0: 7({(z,y) : dx(z,y) > €}) < e}}. (13)

As such, it follows that |p(c, B) — inf{e > 0 : WL “(a, B) < €}| becomes arbitrarily small, given X has unit
diameter (Raghvendra et al., 2024). As a result, the feasibility of LR formulations equivalent to (12) based
on LP metrics is guaranteed. We show that local robustification using truncation, i.e., Ix(dx), also extends
to pmm spaces under the LP metric. It becomes evident due to the relation between W, x (ROBOT) and the
modified LP.

Proposition 4. Define px(c, 3) = inf cri(a,p) {inf{e >0:7({Ix(dx(z,y)) >€}) < e}}, for X > 0. Then

1
—— Wi < px < /Wi
[Y 1ASPANS 1,2

The above discussion on LRGW’s proficiency at recovering unperturbed GW from a theoretical viewpoint
can be empirically supported by its performance on real tasks. Chakrabarty et al. (2025) show that LRGW,
being a natural lower bound to TGW, remains consistently stable under increasing proportion of extreme
outliers in both domains in a shape matching problem. It also preserves unperturbed interpolations in
the form of fixed-support barycenters in R2. In the following section, we explore its role in cross-domain
translations, which in turn reveals intriguing connections to SOTA objectives.

14
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4.2.1 Sturm’s GW and robust image-to-image translation

Instilling intrinsic robustness to outliers in a measurable map (induced by neural networks) X — ), learned
based on contaminated data requires additional regularization. While introducing trimming methods (as in
HGW or LRGW) in a GM setup may lead to denoised translations, the approximation capability of the maps
thus produced remains shrouded. In this section, we rather connect natural upper bounds of GW to losses
that fuel existing 121 models. This way, we ensure robustness guarantees without compromising complexity
in an 121 translator.

In our pursuit, let us first define Sturm’s GW distance (Sturm, 2006) between the altered spaces (X', [x(dx ), i)
and (V,\(dy),v) as inf; _||d||Ls(x). Here, the infimum is over m € II(u,v) and d € Z(Ix(dx), Ix(dy)), the
set of metric couplings'®. Observe that, for A > 0, 2* == [\(2(dx,dy)) C 2(Ix(dx),Ix(dy)). As such,

i inf Ndl| Loy < _inf ||d]| Loy = drsew (1, v), (14)
de.@(l)\(dx),l)\(dy)),ﬂ' de@k,ﬂ‘

which we call the (p, \)-Robust Sturm’s GW, p € [1,00). The distance essentially embodies a locally robust
formulation based on the couplings between dx and dy. We refer to the lower bound of (14) as the lower
RSGW. Complementing the relationship between GW and Sturm’s GW, the respective robust formulations
follow a similar inequality.

Theorem 5 (Upper bound to LRGW). Given p € [1,00) and A > 0,
(p, A\)-LRGW < 2(p, \)-IRSGW.

Also, for 6 € (0, 3], whenever (p,\)-LRGW< &°, we have (p, \)-IRSGW < A(4X + 6)%

The immediate benefit of such a result is that minimizing a realized loss of the RSGW-type arbitrarily in an
121 setup establishes a near-isometric relation between the two image spaces. Intuitively, this should produce
robust translations that preserve geometry. To invoke the notion of an actual architecture, we recall the
equivalent formulation of Sturm’s GW. In our setup,

drsew (l% V) = de@(iﬁffzyMHlk (d) HLP(W)

= inf W, , , 15
Z,(;I)}',(f)y p,A(¢X#N ¢Y#V) (15)

where the infimum is over all isometric embeddings ¢x : X — Z and ¢y : Y — Z into a latent space Z,
endowed with the metric d (Sturm (2006), lemma 3.3). We deliberately bring on the term ‘latent space’ to
emphasize the connection to I2I architectures. The formulation also makes it sufficient to embed observations
from both spaces into an optimal Z prior to truncation. Observe that if instead of W), , we deploy py based
on the metric d in (15), we obtain the robust Gromov-Prokhorov (RGP) metric (Blumberg et al. (2014),
Section 2.5). By definition, RGP < € implies the existence of a metric space Z with embeddings ¢x, ¢y into

it, that satisfy px(dxpp, ¢y »v) < e

Equivalence of losses: With the foundation in place, we explore the similarity between the loss (15) and
that of I2I translation models such as UNIT (Liu et al., 2017) and GcGAN (Fu et al., 2019). We choose the
two models based on their sustained relevance in the domain. However, the equivalence about to be shown
can be extended to models that recognize the role of a latent space or deploy a cycle-consistency (CC) loss,
such as DistanceGAN (Benaim & Wolf, 2017), StarGAN (Choi et al., 2018), or MUNIT (Huang et al., 2018).
The cornerstone of successful I2I learning is inarguably the CC loss. In the population regime, it can be
expressed as Wi (u, G o Fyup) for the space X, where F, G are optimized over measure-preserving (transport)
maps parametrized using neural networks (NN). It becomes equivalent to optimizing the commonly used L*

09(dx,dy) = the set of metrics on X U) that extend dx and dy (Sturm, 2006).
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norm if pu possesses a Holder smooth density (Chakrabarty & Das, 2022).

(¥.n) = )

K

(16)

Now, recognizing the existence of a shared latent space, we may construct G = ¢ o ¢y and F = ¢}, o ¢x,
where ¢4 : Z — ) is the left-inverse of ¢y, and ¢ : Z — X is the right-inverse of ¢ x. We can assume them
to be full functional inverses, as the same applies to isomorphic embeddings, in which case CC is achieved

a.s. However, the maps ¢%, ¢}, may not be measure-preserving in general. Therefore,

Wi GoFyn) = it [ d(a.0% 0 0y (1) dr(a.)

it [ d(ox(0). (0x 0 65) 0 6v()) dna.) (1)

mell(p, Fy )

[ dta.y) dn(ay)

inf
TEIL(Px 4 p1,(Py 0Py, )oPx 4 1)

nf /d(m, y) dr(z,y)

i
mell(w,(¢yodl, ) gw)
= W (w0, by © By ), (18)

where d € P(dx,dy)'. We list out some immediate observations from the upper derivation. Firstly,
constructing such a chaining (X + Z «+ ) reduces the problem of achieving CC in X to that of ensuring
accurate autoencoding of w based on the contextual latent law v (18). The same choice of F, G also guarantees
CCin Y a.s. Observe that, for any F' satisfying Flup = v, given an optimal Z and the pair of embeddings into
it, (17) equates to SGW. As such, SGW is an upper bound to the optimal CC loss infp ¢ W1(p, G o Fyp)
when G follows our construction optimally, which is rather intuitive. It becomes much simpler if u,v €
P3¢(R?), in which the construction can be made uniquely (see Appendix A, Section D).

The second common loss component between UNIT and GcGAN is the constraint that ensures Fiup = v
and Gyv = p. Typically, the imposition is done using a GAN or WGAN objective. In our framework, a
WGAN loss under 1-Lipschitz critics turns out as

Wiln Gor) = _int [ dx(e.G(w) dnta.)
= Wi(dx gp, oy V),

which, again, at an optimal latent space equals SGW. Similarly, the loss Wi (Fxu, v) boils down to solving
(18). As such, it is sufficient to optimize SGW between p and v subject to the autoencoding constraint (18)
to solve the UNIT problem.

The only additional term GeGAN employs is namely the geometric-consistency (GC) loss. In the population

regime, a X’ RN Y translation model incurs a GC loss

Wi (F o sx gy, sy o Fyp),

where sx and sy are automorphisms in X and ) respectively, e.g. rotation. Based on our construction,
considering sx = ¢’y o px and sy = ¢ o dy = Idy meets the constraint. Combining all the above observa-
tions gives the clear impression that effectively choosing a latent space Z — in turn, enabling appropriate
construction of F' and G — implies consistent 121 translation in UNIT and GcGAN. Remarkably, all the

11To avoid complications, we do not differentiate the two W metrics in terms of notations, which are indeed calculated based
on dx and d respectively.
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results hold exactly under the altered metric Wi 5 (also, W) since the constructions remain same for I (dx)
and I (dy) (15). As such, robustifying UNIT or GeGAN only requires updating their dependence on SGW
to one with RSGW.

Experiment: Style transfer with noise

The first experiment we conduct tests the denoising capability of a robust GcGAN deploying (11) during
121 style transfer. Despite an overhaul in the optimization, we call our proposed model ‘robust GcGAN’ for
simplicity. Notably, this is the first outlier-robust cross-domain generative model to our knowledge. Based
on the dataset ‘Apples-Oranges’ (Zhu et al., 2017), the underlying task is to translate the visual style of
oranges onto apples that are contaminated. Unlike the Huber setup here, standard Gaussian noise is added
to the RGB channels of each target sample (apple). The mixing intensity « is kept at 0.2. We present a
detailed discussion on the experimental setup in Appendix B, Section B. As discussed in the previous section,
it is sufficient to optimize the RSGW loss for a suitable Z, which in this case is the image space itself. As a
regularizer, we add the GC loss, taking sx, sy as 90° clockwise rotations in their respective spaces. Model
architecture and the choice of the Lagrangian parameter remain similar to that directed by the GecGAN
authors. For comparison, the experiment contains three phases. As in the first row of Figure 4, we generate

=a S\ ; - e (r‘j =

Ay Lol §E
ve @ L9
Figure 4: Style transfer performance of robust GecGAN under contamination (o = 0.3). Images encircled
in ‘blue’ represent clean target samples, in ‘red’ are noisy versions of them, and the ones in ‘green’ act as
sources of the style to be transferred. At e = 0.5, the robust translations (third row) maintain sharpness and

prevent artifacts from appearing, improving the FID score to 152.65 (compared to 154.74 in the noiseless
setting: first row).

900

Noisy Original

Robust

@@

samples using the original GecGAN (without any modifications) on clean observations (control). The second
row shows the degradation in translation once noise is added. Finally, applying our robust formulation at
€ = 0.5 we observe a significant improvement in images, both qualitative and quantitative. We present our
parameter selection scheme in Appendix B, Section B, in the form of an ablation study.

MNIST — USPS

Figure 5: Unpaired translation under contamination (o = 0.4) using robust UNIT. At e = 0.5, RUNIT
recovers the visual quality of generated USPS samples (FID = 262.48, compared to 304.39 in case of UNIT
under pixel noise).

The second experiment is of a different spirit in terms of the dissimilarity between dimensions of the two
spaces, namely handwritten digit datasets MNIST (28 x 28) and USPS (16 x 16). Our goal lies in checking the
robust domain translation capacity of a UNIT architecture reinforced with RSGW. Unlike style transfer, here,
samples from MNIST (base distribution) are subjected to Gaussian noise. Keeping the robustness radius at

17



Under review as submission to TMLR

0.5, the robust UNIT model produces USPS samples with improved FID score (see Figure 5) compared to
vanilla UNIT. Besides the expected denoising, the heightened image quality is a result of employing WGAN
instead of vanilla GAN regularization.

4.3 Plan Robustification

All existing efforts to make GW robust to outliers rely on penalizing the plan 7 based on partial mass
transport. Relieving the constraint from aligning all points enables the optimization to filter out outliers
as only their contribution to the total mass is ignored. In a GW setup, unbalancing (Séjourné et al., 2021;
Tran et al., 2023) in principle achieves the same by relaxing II(u,v) to M (X x ), i.e. the set of positive
Radon measures. However, it does not restrict the amount of mass to be pruned in its imposition of marginal
constraints under quadratic ¢-divergences. Moreover, it fails to guarantee an optimal plan in the exact sense.
While a rescaling afterward produces a joint probability distribution, it only redistributes the leftover mass to
inlying points from both spaces uniformly. Using the TV metric instead connects the problem to PGW (Bai
et al., 2024). It readily performs the redistribution, thereby linking it to our previous truncation methods
(TGW and LRGW). While the redistribution pathway in TGW is not uniform, it is directed toward points
that, through their interactions with the other space, result in a 7 > 0 distortion. In LR, the redistribution
can be interpreted as assigning the truncated mass to points that lie almost A > 0 distance apart in their
ambient space.

Though imposed on top of an unbalanced GW between surrogates of p and v, Kong et al. (2024) is the only
method to date that employs a direct penalization to robustify in the spirit of robust OT (Balaji et al., 2020).
Since our motivation lies in constructing a robust 121 translation architecture, we rather prioritize a balanced
formulation of the same kind that results in an optimal plan, and eventually maps. As encouragement, we
draw an immediate connection between the robust penalization and ROT (Le et al., 2021). Observe that,
the (4,2)-GW distance between Euclidean mm spaces can be fragmented as d (i, v) = S1 + Sa, where

2

_ . o . o 2 2 _ .

S = _int T(m= int [ <yl dn(e.y) > 3 ( [awinta)’
1<j<d

and S; depends solely on the marginals p, v (Zhang et al., 2024). It enables us to define

Sau) = jal,_min, L)+ 0Dy Gl) + D51, (19)
veP (Y

where Dy is some f-divergence and A1, A2 > 0.
Lemma 6 (Duality). Given (u,v) € Py(RY) x Py(RY), if Dy = dgp,, we have

. . 2
Sa(pv) = inf - inf 8|l A|}p + ROT, (4, v),
vEP(Y) 34

where Dy, , = [—ME?,;/Z,ME?I;/Z}‘I”/ (see Theorem 4) and ROT.,(u,v) = OT.,(ft,7) + Mdgr(fln) +
Xod g, (P|v) is based on the cost c4 mapping (x,y) — —|z|*||yl|> — 8z Ay.

As such, the optimization underlying robust alignment is essentially a moment-constrained robust OT. If
we only regularize based on one marginal (e.g., u only), the optimization boils down to solving a semi-
constrained problem, namely RSOT. The GW estimate corresponding to such a S, (1, v) can be made robust
by plugging in the optimal marginals so obtained, fi, 7 in the functional S;. This marks the potential that
the robust penalization (19) has. In search of learnable maps between the spaces, we may narrow down the
feasible set of couplings following Hur et al. (2024). Instead of II(j, 7), we may choose the path-restricted
distributions that follow the binding constraint

{7‘(‘ T = (Id,F)#[I, = (G,Id)#f/} c (g, v),

where F, G are measurable maps between X', ) (see illustration 16) and fi, 7 are supposedly ‘clean’ marginals.
One can also relax this by choosing a larger subclass of II that imposes only Fiyfi = ¥ and GV = fi. In
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any case, the resultant robust distance— an upper bound to GW under a similar penalization (Hur et al.
(2024), Proposition 5.4)— only inculcates maps that transport inlying marginals to those in the other space.
In a Huber contamination model, this readily implies that the corresponding set of couplings is non-empty.
However, it is in principle different from learning a map possessing a denoising ability in the sense Flypu = 7.
Maps of the latter kind promote carrying out the optimization over couplings given as

{mom= (IH7F>#:“ = (G, Ia)#y}v

where Id denotes the denoising operation that pushes forward p to f (also v in its ambient space). The
set containing such couplings is also non-empty since partial mass transport guarantees the existence of
such ‘robustifiers’ Id, and hence a pair of amenable maps (F,G). Given € € [0,1), let us define the partial
couplings

O (u,v) = {77 = (Id°, F)gp = (G,1d) yv}, (20)

where Ia;a < (1—-¢€)a, for a € P(X). The inequality should be understood setwise. We can also generalize
the notion based on distinct mass fractions to be clipped in the two spaces. It is (20) that we base our final
proposition on constructing a robust I2I translation model. We call the term inf cr, (u0) [ldx — dy||Lr(xgm),
the robust reversible Gromov-Monge (RRGM) distance. The formulation essentially is a robust surrogate to
the RGM distance due to Hur et al. (2024) based on a partial alignment. To favor comparative analysis,
we only consider p = 2 in our experiments. During transform sampling, RGM uses additional penalization
imposing the constraints of measure preservation. The preferred metric for the same is often chosen as
Maximum Mean Discrepancy (MMD). To eliminate the critical question of the ideal kernel given an empirical
problem, we employ instead W;. Under the same, the RRGM loss'? can be written in a Lagrangian form
given as

~,€ ~,€ 2 3 ~ € ~,€
inf | / (ax (" (2), G) — dy (10" (), F@))) dp@ v + M Wi ([ dp, Gopr) + AW (Fgps, 1), (21)
where the infimum is over measurable maps and A, A2 > 0. We may find a further lower bound to the loss
owing to the fact that y

WA (I, G ) > Wi (1, Gy, (22)

where W only carries out a partial transport of p asymmetrically (see (11)). The same argument holds for
the other term, given an asymmetric W; employment on the other space. During demanding I2I translations,
it is often beneficial to have learnable discriminators over 1-Lipschitz dual maps. The usage of W7 is also
advantageous since it enables deploying a larger class of neural network-induced critics. As such, the two
added losses can be optimized using WGAN-GP (Gulrajani et al., 2017) architectures. Despite promoting
a different redistribution pathway of inlying mass, the sample complexity of transform sampling under
W5 should be of a similar order to LR constraints (Nietert et al. (2023), Theorem 4). We note that the
convergence rate corresponding to the latter depends only on the inlying sample size (see Appendix A,
Section C) if outliers remain bounded in number.

Experiment: Image-to-image translation with noise

We test RRGM in a noisy MNIST<«+USPS domain translation experiment. The contamination regime for
the experiment remains the same as that in RUNIT. Maintaining a = 0.4, we randomly select pixel locations
following a Gaussian law and set their values to 1.0 (bright white) for all channels, adding visible outlier
points to the image. Since handwritten digit images have all information regarding the numerical in the shape
of white pixels, this contamination becomes quite challenging for an 121 model. For example, CycleGAN
(Zhu et al., 2017) performs poorly despite employing a cycle-consistency component and generative losses
in both directions. In contrast, RRGM (based on (22) with ¢ = 0.5) under A; = 0.2; ¢ = 1,2 generates
significantly sharper and denoised samples (Figure 6a). For a fair comparison, we also present both clean
and noisy samples to the discriminators in CycleGAN. Even if the discriminators are shown noisy observations
only, the generation quality of RRGM surpasses that of CycleGAN. As a reference, we maintain a similar

I2The loss (21) relaxes the binding constraint (as in (20)) and only imposes robust measure preservation. As such, it is
essentially a lower bound to RRGM.
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parameter selection for RGM (Hur et al., 2024), which deploys an additional MMD loss to impose the binding
constraint. However, in the absence of dedicated critic modules, it lags behind. Our model outperforms both
techniques by a significant margin, in terms of both quantitative and qualitative measures.

MNIST — USPS USPS —— MNIST Noisy MNIST Generated USPS Noisy USPS Generated MNIST
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Figure 6: (a) FID scores corresponding to robust cross-domain generations between USPS and MNIST data
under Gaussian contamination, using CycleGAN, RGM, and RRGM (ours). (b) Denoised generated samples
using RRGM in both domains.

5 Discussion

We explore three major possibilities for the robustification problem in a GW setup. Drawing from classical
techniques in robust statistics, we propose novel GW surrogate distances TGW (and HGW) and LRGW
that limit contamination due to outliers. We study their interrelation and their respective dependence on the
truncation parameters. For TGW, we comment on its population-level robust guarantees and the resilience
it offers to underlying distributions. Based on a data-dependent parameter selection scheme, we present a
working algorithm to solve the HGW distance, which exhibits superior protection against outliers compared
to existing methods in shape-matching tasks. On the other hand, solving LRGW-type measures boils down
to calculating an OT loss between trimmed samples from the underlying distributions. It also hints at the
effective level of trimming necessary (\) given a sample problem. We generalize our notion to probabilistic
mm spaces, which allows one to define LR alignment between mixtures of distributions of distinct dimensions.
We extend this setup to introduce robust image translation networks that surpass existing benchmarks. We
also propose in RRGM a cross-domain transform sampling framework that is robust to outliers. It promotes
robust concentration and uniform deviation bounds, besides significantly improving image quality in I2I
translations.
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A Technical details and proofs

Proof of Proposition 1

(i) First, let us prove the triangle inequality for the ‘norm’||-[|;- (not a norm following the formal definition).
Assume f,g € LP(p), where u € P(X). Now,

I+ 91,0 = [ T@) +0(@)iduto)
| (1 +07%) (17 + 97 Y

—1

< [ (B 0+ T @) (76 +9)F ) (23)

1
where inequality (23) is due to the subadditivity of 7,” (Musco et al. (2021), Lemma C.12) and Holder
inequality implies (24). In the process, we assume that the norm itself is not 0.

Given arbitrary € > 0, one can obtain feasible optimal couplings nxz € I(ux,uz) and 7zy € U(uz, puy)
that satisfy the following

1 1
Haxally, Saavly, ~drew(4Y) 4 drow(X,7) 125 (29

TXZz®TXz) + (mzy ®mzy)
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The Gluing lemma ensures the existence of m € P(X x Y x Z) with marginals 7xz on X x Z and mzy on
Z x Y. Also, let mxy be the marginal of 7 on X x )). Observe that, given z, 2’ € X, y,9' € Y and 2,2’ € Z,
the triangle inequality of A; implies

Al(dX (.CE, .Z’/), dy (y’ y,)) <A (dX (.CE, :E/), dZ(Za Z/)) + A4 (dZ(Z7 Z,)’ dy (yv y,))

(m ® 7)-a.e. Now,

1 1
draw(X,Y) < §HAX,YH7-I7(NXY®NX‘/) = §HAX,YH7—p(ﬂ.®ﬂ)

1
< §]|Ax,z + Az,YHTp(n@w)

1 1
= §||AXvZ||TP(7r®7r) + 5HA27Y||'TP(7T®7F) (26)

1 1
T R O

(rxz®@7xz Tzy ®Tzy)

=draw(Z,Y) +drew(X, Z) + 2¢,

where (26) is due to the triangle inequality of the Tukey norm. Since the choice of € > 0 is arbitrary, this
completes the proof.
(i) The proof of this part follows from the monotonicity of LP norms. Observe that

HAXvYHTp(’Y(@’Y) = |7 (Axy)

=lAxrllz, e

Lr(vey) LY (v&7)

(#ii) The definition of the Tukey loss implies that the corresponding distance is non-decreasing in 7.

Proof of Theorem 1
Triangle inequality of dx implies that given (z,y), (z/,y") ~ ' @ v

201 (dx,dx) =|dx(z,2") — dx (y,9)| < dx(2,y) + dx (2, y/).
Thus, for a coupling 7 € II(y/, v), the triangle inequality of the norm ||||7—p implies

12017y < 2l o - (27)

Now,

=

inf oy = i, ([ Toax(in )" = wr i)

<SWr (1= €)p + epie, 1) + W, (1, v) (28)
< W, (e, epte) + W, (1, v) (29)
< e Wr (. pie) + W, (1, v)

<rev 4 Wr (1, v), (30)

where (29) is due to the fact that for any «, 5 € P(X), we have OT 4, (o, 5) < OTgy (@ —a A B, —aApB).
The triangle inequality of W7 (28) follows a similar proof to that of the p-Wasserstein distance. Inequality
(30) is due to the trivial upper bound of the Tukey function. This, along with the previous observation,
completes the proof.
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Proof of Corollary 2

For any ji < 2—u, by choosing an appropriate 3 € P(X) we can write u = (1 — ¢)ji + £. Now,

W, (1, /i) < &7 (Wr, (B, 6ay) + W, (00 /1)
=ev [HdX Y, o) HT +HdX KmO)H'ﬁ,(ﬁ)}
< 25% sup ||dX(Y7 xO)HT(a) ) (31)
a€P(X),a<—L P

where ¢/ := eV (1—¢). Given that the expectation is finite, the definition of 7, implies E, [7,(dx (Y, zo))] < 7
for all such « as in (31). Moreover,
Eo[Tp(dx (Y, 20))] <|EalTp(dx (Y, 20))] = Eu[Tp(dx (Z, 20))]| + Eu[To(dx (Z, z0))]
1
< -—° P AP
_(1\/ . )p—i—(a NTP), (32)

where the first inequality is due to triangle inequality. As such, combining inequality (32) with the bound
(31) yields,

W (1, i) < 2((;)% Ve (o AT)) AgiT).

A.1 Existence of optimal couplings in LRGW
Given Polish mm spaces (X,dx, ), (V,dy,v) define the locally robust p-distortion realized by a coupling
7 € (1, ) as, p € [0,00)

JA _Hl/\ (dx) — lx(dy) HLP(w®7r)’

where A > 0. Then,
Lemma 7. There exists a coupling 7 € (u,v) such that, (p, \)-LRGW = J;‘(’]T),

The lemma can be proved by extending Corollary 10.1 of Mémoli (2011) for the mm spaces with modified
metrics [y (dx) and 1) (dy). We give a version of the proof for completeness.

Proof. First, observe that the set of couplings II(u, v) is sequentially compact in P(X x ) (Sturm (2023),
lemma 1.2). Hence, for 1 < p < o0, it suffices to show that J;‘(W) is continuous on II(u, v). Let us choose the

metric d*((z,y), (',y")) = Ix(dx (z,2")) + Ix(dy (y,y')) mapping X' x Y to [0,2A]. Given ((z,y;), (z},4})) ~
7 ®m for i = 1,2, observe that

Jin(x (@1, 4)) = In(dy (1, 5)] = [1n(dx (w2, 5)) = In(dy (92, 95))]|
<|in(dx (21, 27)) — In(dx (22, ) + Ia(dy (y2,¥5)) — In(dy (1, 91))|
<|ia(dx (21, 21)) = W(dx (z2, 25))| +|Ix(dy (42, ¥5)) — Ix(dy (y1, 911))]
< [a(dx (z1,22)) + I (dy (y1,92))] + [ (dx (2], 25)) + In(dy (41, %3))] (33)
= dM(1,91), (22,92)) + dN(@, 1), (23, 93)), (34)
which implies the Lipschitz continuity of f; := 2A1(Ix(dx),Ix(dy)) for the metric given by (34). The step

(33) follows from the triangle inequalities of [y(dx) and I)(dy). Now, consider a function f5 : [0,2\] — Ry
mapping ¢ — tP, which in turn implies that fo o f; is Lipschitz with constant < p(2A)P~!. Thus, given a
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sequence {7, }nen C P(X x ) such that 7, > 7, we have

‘//fzof”" (@) (d(a’, ) //fzofl7T d(x,y)) w(d(z',y")
= e (o) o

<| [ e, = ) matdla’ )| | [ maldle’ )) = o mlaa’ )
< s \fs, = fol + | [ frdm— fr ],

where the first term on the right-hand side vanishes as n — co due to the uniformly convergent f. — fx
(based on the point-wise convergence of f., and the Lipschitz continuity of f; o f1). The weak convergence
of 7, ensures that the second term also vanishes. As such, JI;\(WTL) — J;‘(ﬂ') as n — 0o. Hence, the proof.

To show the result for p = oo, first observe that given 7, the sequence {J(7)} is non-decreasing in 1 < 1 < oo
(using Jensen’s inequality) and lim,_oc Jp (7) — J2,(7) = sup{J,' : 1 < p < oo}. As such, J2 (7) is lower
semi-continuous. Now, invoking the compactness argument proves the infimum is achieved in H(,u7 v). O

Proof of Proposition 2
(i) Given X' > A > 0, observe that

lIa(dx) = I(dy)| < |ix (dx) — I (dy)],

a.s. (u®v)®? which proves the first claim. Also, for all a € R the following equality holds
Iy (a) — Ix(a) = min{\, max{a, \}} — X = Ly (Ix(a)) — \.
We point out that, even a stronger equality holds in general almost surely
[l (dx) = b (dy)| =] (dx) = (dy)] + | (a(dx)) = b (In(dy )] (35)
Now, given any 7 that solves the (p, \)-LRGW (u,v) problem
(P, A')-LRGW (11, v) — (p, \)-LRGW (1, ) < [|ix (dx) — v (dy)|| o gy — (P2 N)-LRGW (11, )

< Hlx(l}(dx)) — Iy (Ix(dy))

Lr(r®m) ’

where the second inequality is due to (35) and the the triangle inequality of LP norms. The proof follows since
the choice of 7 is arbitrary in II*. We also present an upper bound that depends on the spaces’ regulated
p-diameters. First, Va € R let us write

|ixin (@) = by (a)| = lo(ix(a = X))
Now, for any optimal coupling 7 € II(u,v) for the (p, \')-LRGW problem, we get
(9 A+ N)-LRGW(s1,) < [[1x s (dx) = I (d3) | Lo oy
< |laga (dx) — Ly (dx) HLP(u@u) +|in (dx) = In (dy) ||Lp(7r®7,)
) — b ()

+ (p7 A/)'LRGW(:UW V)

<[as@xay-wpf
P(u@p

+|fo iy (v ) = X))

Y o VRGN (), )

Lr(vQ®v)
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where
A by
[NCRS] A=
= Hlo l)\(dX(:L',aj/) - )\/))‘ LP(u®u)
- Hl}, (rix (dx (@, 2))) = N LP (p®u)
> Z)\’( (dX (CC, ml))HLP(/Lt@/L) ) - X

= Z_O(Hl)\'*')\/(dX)HLp(M@u) - )‘/)'

As such, (p, A + X)-LRGW (i, v) — (p, \')-LRGW (11, v) < 2maxze(x,y) d’\ A
(i) Choosing X = oo in the first argument of (i) proves the result.

Proof of Theorem 4

The proof follows the decomposition of the GW cost due to Zhang et al. (2024). Recall the
decomposition of the squared LRIGW cost: dipiqw(n.v) = Fi + F», where Fp(u,v;\) =
inf‘ﬂ'GH(u,V) -2 fl)\(<l‘,l‘/>) Z)\(<yv y/>)d71' ® ﬂ(x,y,x’,y’).

Now, for all z,2’ ~ p € Py(R%)

I ((z,27)) lA(ia:ixg) > iz%(m Zz a@ @) = (1 s @)
=1 i=1

In the last step, the function I, applies componentwise.  Similarly, the inequality I\({y,y)) >

Z;l:l l\/w(yj)l\/w(yé) holds for all y,y ~ v € 774(Rg0). Let us generalize by defining M,S?‘,}A) =

Mz (13 \) Mo (v; N'), where Ma(p; A )Hde(x) for any p. Also, let D, x.n) = [O,M,(Lf‘l}/\/)/Q]dXd/.
it

Hence,

Fy < inf =2 Z /l yj)dw(x y))2 (37)

mell(p,v) 1<i<d
1<j<d’

= b St 8 [yl sl (i) (38)

mell(p,v) 1<i<d < <M;)3u a a

1<j<d’ 0<aij<

= inf  inf > 8( /awl\p(xz) /% (yj)dﬂ(x,y))

AEDM‘% mell(pwr) 2, 4 @

1<5<a’

. 2 . 7
= 0 BIAG e [ Awintay)
%

where A = (y/\/d, /\/d') and cA (z,y) € ]R>0 X R>0 — SZM(x)TAl\/W(y). The optimization in A
can be made unconstramed, however, the optimal a;; in (38) is achieved at [ lm(wi)lm(yj)dw(x, y) €
[0, M)}, /2] (due to Cauchy-Schwarz inequality), which enables us to restrict the optimization to D s .

; X

A simple parametrization can result in uniform A-thresholding over the two spaces. Specifically, for the
threshold (d V d’)\2, we achieve the desired upper bound to Fy, as in (37), satisfying

Fy(pvi(dvd)\?) = inf  8|A5 + 0T (u,v). (39)

Y
Miy
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Given an optimal coupling 7 for OTCi\ , a solution A* achieving the infimum in (39) can be expressed as

f In( y)Tdry . (z,y). The associated optimal value of the upper bound becomes
Fa =2 [ (@) @) (L) W) dmh- © 7he (9. 2',1),

A.2 Relation between W; and truncated OT

Given o, 3 € P(X) such that X is compact, the dual formulation of Wy for p € [1,00) becomes (Nietert
et al. (2022), Theorem 2)

(L= Wil By = s / ¢ da — / ¢° dB — ¢ Range(), (40)

where Cp(X) = {f : X — R : f is continuous, || f||,, < oo} and ¢° denotes the c-transform of ¢
w.r.t. the cost dx(-,-)P. On the other hand, the Kantorovich potential ¢ that solves OTy, (4y)(c, B) =
infreri(a,g) [xy x Min{dx (z,y), \}Pdr(z,y) is a solution to the dual

am, foi foa @

Range(¢) <A

such that ¢¢ = ¢ (Ma et al. (2023), Theorem 2.1), A > 0. The latter is a constrained formulation of the
regularized dual (40). Given any tolerable margin A < oo on the range of potentials, the solution to (41)
satisfies (40).

Proof of Proposition 3

(i) The result is a direct consequence of the fact W = W,
(i) For 0 < e <€ <1,

d vie)= inf ||WS(x,z') — W,(y,y ) 42
rew(pvi)) = it Wy (z, ) = Woly. )] (42)

Now, for (z,y), (2',y) ~ p@v
Wi(o,a) = Wyly, )| < Wi, a') = Wy (o,0)| + Wy (@,0') = Wyl )] (43)

Due to the dual form (see, Appendix A.2), given any «, 5 € P(X) we may write

(1= Wiy = sup [ oda~ [6°d5 - cRange(o)

PECH(X)

< sup /¢da—/¢>c dp — € Range(¢) + 2(¢' — €)||¢]| . -

¢Ecb(x)

Since ¢ € Cp(X), 3K > 0 such that Wy (a, 3) — (1_6/)%W5/(a,ﬁ) < K(j/::)% As such,

0 < Wy(z,a") =Wy (z,2")
1—€N\s5 / € —e\s
< g 1] We (z,2') + K ( ) !
_|:(176> p (2)+ 1—¢
1—é\% . € —e\r
<|(7=0)" 1w+ x(7=2)" (a4
where w;:u =inf, oy W;/ (x,2"), which may only be non-zero given a sample problem. The last inequality,
along with (43) and the triangle inequality of L? norms implies that

/

, 1—é\z . € —e\r
diraw (@, V5 €) — diraw (@, v5€') < [(1_€> ]wpu (1 ) .
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Since (43) holds both ways (in €, €’), invoking the trivial upper bound to (44) we obtain

€ —e\s
’dLng(u7l/;€> - dLRGW(/% V;El)‘ 5 (1 — e) :

Proof of Proposition 4

The proof follows as a modification to Huber (1981), Corollary 4.3. Given any = € II(«, [3), observe that

Ex[lx(dx (2, y))] < eP(I(dx(z,y)) <) + AP(I\(dx(,y)) > €)
=ec+ (A—¢)P(x(dx(z,y)) > ¢).

Now, consider € = px(«, ). As such there exists 7 such that 7({(x,y) : Ix(dx(x,y)) > €}) <e. Thus
Exllx(dx(z,9))] e+ (A —e)e < (1+ Ne.

Taking infimum over all couplings result in H%WL A < pa. To show the upper bound, by using Markov’s
inequality, we write

P(Ix(dx (z,y)) > €) < w’

where 7 € II(a, B) is a feasible optimal coupling for W; . Observe that we can always choose e = W y.

As such, py < /Wi .

Proof of Theorem 5

Before proving the first inequality, recall that given two mm spaces (X,dx,u) and (V,dy,v), a metric d
on X U Y (disjoint union) is said to be a coupling of dx and dy if and only if d(z,2") = dx(z,2’) and

d(y,y') = dy(y,y’) hold for all z,2’ € X, y,y’ € V. Let us denote by Z(dx,dy) the collection of all such
couplings.

Now, given (z,y), (z',y') ~ p@v and A > 0, we have|lx (dx (z,2")) — W(dy (y,4))] < L(d(z,y))+In(d(2",y")).
Hence, for p € [1,00) )
P =[x = @) oy < 2Dl

hold for all m € II(u,v). Hence, the inequality. To show the upper bound, we require some additional
definitions.

Definition 3 (Modulus of trimmed mass distribution). For 6 > 0, the modulus of A-trimmed mass distri-
bution of u, having full support is defined as

vy (1) = inf{e > 0: p({x € X : u(B(z,¢)) < }) < e},
where By (x,e) = {y € X : [x(dx (w,y)) < &} is the open ball of A-trimmed radius € > 0 around x € X.

Here, we uniquely consider y to be a probability measure. Observe that only when ¢ < A\, we get By (z,¢) =
Bx (z,¢): the usual open ball around x. Otherwise, the ball becomes the entire X'. As such, we only account

for the ‘thin points’ residing in the trimmed support. v3(u) is essentially equal to min{\, vs(u)}, where vg

is the modulus under the metric dx. This preserves the continuity in the sense that v} (1) 220 ¢ (Greven

et al. (2009), lemma 6.5). The relation also implies that an effective trimming requires A < 1 for probability
measures. The proof for the upper bound requires showing a similar statement to lemma 10.3 under the
altered metrics [)(dx) and {)(dy).

Step 1 (Construction of e-nets): Let 6 € (0,3), and m € II(y, v) such that J)(m) < 6°. Since the altered
metric space (X,Ix\(dx)) also contains a maximal 2e-separated net for any ¢ > 0, we have the following
statement.

Lemma 8 (Greven et al. (2009), lemma 6.9). Given & > 0 and v} (u) < e, there exist points {x;}Y, € X
with N < | §] such that p(B% (z;,€)) > 6, and ,u(Ufil Bx(7,2¢)) >1—¢,Yi=1,---,N. Also, for all
i#j=1---,N, L(dx(zi,x;)) >e.
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Observe that, since the effective range of permissible € remains (0, A), a maximal net of (X,dx) may be a
feasible candidate satisfying the lemma. Beyond the range, the argument becomes trivial.

Now, set & = 4v}(11). As such, we can find a set of points {z;}Y; € X which ensures u(N, BX (z,)) > 1—¢
with [x(dx (z;,x;)) > e/2foralli# j =1,---,N. The set may contain arbitrarily far lying observations, yet
the argument holds until A > ¢/2. Thus, following Mémoli (2011), Claim 10.2 we argue that Vi=1,--- | N
dy; € Y such that

(B (i) x By (i 2(e +9))) = (1= 82)u( B (wi,2)) > 8(1 = 62). (45)
Observe that if A < 2(e +d), the first inequality holds trivially. We denote by S = {(z;,v;),i =1,--- ,N} C
X x Y the set of points constructing the nets.

Step 2 (Bounding locally robust distortions): Consider {x;}Y, and {y;}X, that satisfy (45) with
w(By (z4,€)) > §. Then, for all 4,5 =1,--- | N

|Ia(dx (i, 25)) = Ia(dy (yi, y5))| < 6(e + ).

To prove the claim, let us first assume that there exists a pair (4, j) for which it does not hold. As such, for
all ' € By (z;,¢), 2" € By (xj,¢), ¥y € B3(y;,2(c +6)), and y" € By (y;,2(e + §)) we have

la(dx (2, 2")) = I(dy (v, y")]
> [ (dx (i, 25)) = I (dy (55, 95))| —|In(dx (@i, 25)) = In(dx (2", 27))|

—|ix(dy (', y") — In(dy (5, 95))|
>6(c+9)—3c—4(e+9) = 20.

Then,
T(r) 2 20 7 ( By (wi,€) x BY (4320 + 0)) )7 (B (w5, ) x B (y5,2(c +9)))
> 26%(1 — 0%)2 > 26°,
since § < % This contradicts our initial assumption.

Step 8 (Constructing a suitable metric S): Define dy on X UY as

: / . /
(z,y) — (x'};ges [b\(dx(ff,x ) +]|ia(dx) l,\(dY)HLOO(SXs) +Ix(dy (y,y ))],

also assuming Jg =Ix(dx) on X x X and dy = Ix(dy) on Y x Y. Using Step 2, we get
d3(z,y) < 2\ 4 6(c + 9). (46)
However, for i = 1,--- , N, given (x,y) € B (x,¢) x B (ys,2(c + 6)) we have
dy(z,y) <e+2(e+08) + da(zs,ys)
<e+8(e+9), (47)
where the last inequality is due to Mémoli (2011), lemma 10.1. Now, in pursuit of fragmenting X x ) based

on balls around the points that constitute the maximal net, define L = vazl B (wi, ) x By (yi,2(s + 6)).
Hence,

[ @ewricey = [@eyriey+ [ (@eyPi)
XXy L XXV\L
< (9(e +9))P + (e +6)[2A + 6(¢ + 9)]7,
where the last inequality is due to (46), (47) and the fact that 7(X x Y\L) < e+ ¢ (Mémoli (2011), Claim
10.5), which is obvious if A < 2(e + §). As such, for p € [1,00)
1 15
dirsaw (1, v) < (AX + 6)7 (62X + ?),

since € < 4\ and § < %
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A.3 Sample Complexity of Transform Sampling Using Tukey and LR-guided RGM Under
Contamination

While the formulation (21) (see main paper) proposes altering the set of amenable couplings, based on our
discussion in the first two sections, it is quite intuitive to think of a formulation that rather penalizes the
norms. For example, we may construct a robust transform sampler drawing from both LR and Tukey’s
robustification techniques as follows:

int [ 7a(dx(2. G0) ~ dy (0. F(@) ) d (o, 9) + MWD Gr) + X WP (Fypov), (19)

where the parameter underlying 75 is 7 > 0 and A > 0. Typically, in an empirical problem, both 7, A need
to be tuned, and the infimum is taken over arbitrary measurable maps F, G between spaces X = ). They
need not follow the binding constraint, as the Lagrangian conditions ensure their measure preservation only.
We assume that they are continuous and component-wise uniformly bounded in the following sense.

Assumption 1. Given that X C R% and Y C RY, let Fi(-) : X = R (similarly, Gy(-) : Y — R) denote the
kth (and ith, 1 =1,---,d) coordinate of F, which is continuous (similarly, G), k =1,---,d'. There exists
b > 0 such that for allk =1,--- ,d', andl=1,--- ,d

supl| Fr[| o ,supl|Gill,, <b.
F G

We denote such classes of functions as .7:5“) =Y and .7-'3; —¥ respectively.

A.3.1 Robust Concentration Inequalities

Given a pair of feasible maps (F,G) € ]-'bX =Y x ]_-by ~% we observe the non-asymptotic deviation of realized
values of (48) from a robust population benchmark. We assume, without loss of generality, that A\; = A = 1.
Also, let x1,29,- - ,z,, are sampled following the O UZ framework with p being the inlier distribution.
Similarly, we have y1,ys2, - , ¥y, from the other space with inliers drawn i.i.d from v. The inlying (outlying)
set of samples are indexed using ZX and Z¥ (OX and OY) respectively. Let us denote

T(1., F.G) = [ Ta(dx(@.6) ~ dv (0. F(@))du @ v(z.).
L(,u, v, F, G) = Wl)\(:u7 G#V) + Wl/\(F#,LLv V)'

As such, the population loss function in (48) can be written as C(u,v, F,G) = T(F,G) + L(F,G). The
empirical loss under contaminated measures fi,, Py, is given as T'(fim, On, F, G). However, to emphasize the
robust translations we write the empirical version of L(p,v, F,G) as L(fim,0n, F,G) = W(u, Guiy) +
W (Fygfim,v). The following two results combined, present the concentration of C(fim, 0y, F, G) around

X Y Y X
B g o [T (0L, 0F, F,G)] + ELE, [W (i, G0D)] + LB W (Fy i, v)].

Proposition 5. There exists a constant K > 0 depending on 72 such that for § >0

4(|ZX|v|ZY])
x|z ez | (EEER) ox) o)
i ) . % + +
— *( )

(o om, F, G) mn |ZX| A ZY |

m n

holds with probability at least 1 — §.
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Proof of Proposition 5
Let us denote tpg(x,y) == Ta (dX(nc7 G(y)) — dv (y, F(x))) Now, following the O UZ setup

T(fim, 0n, F,G) = % ZZB(dX(ﬂfi, G(y;)) — dY(ijF(fUi)))

i=1 j=1

7_2
< % > Tz(dx(xi,G(yj)) - dY(yj,F(fL'i))) + %(|OX|\OY| + 0¥z | + |IX||0Y|>

1€ZX jeIY
ynalvas oxX oY oX||oY
mn m n mn
Also,
IX IY OX OY OX OY
B iz, o2, 1) - w21 1L 1OTIOTY < s, 5, o),
mn m n mn

As such, combining the two inequalities we get

XYy
X7

T(ftm, m, F,G) — won [ T(AE,, 0F F,G)]

m’ T n?

o0X oY oX||oY
0%] | 10¥]_10¥I0Ty

< 03, 52, 7.G) = By (T2, 52, F. G|+ 72
>~ mn my“ns L nRr msYns L n mn

Now, observe that

‘T(ﬂﬁ7 ngFv G) - [EM®V[T(ﬂTIn7I>f,F, G)]

1
= W Z Z tF,G(ﬂfiayj) *Eu®u[tF,G(=’177y)}
i€IX jeIY

IN

1 1 1
W Z W Z tF,G(Iiayj) *Eu[tF,G(Izﬁy)} + W Z Eu[tF,G($i;y)] *E/@v[tF,G(Ivy)} .
i€TX JETY i€TX

(50)

Recall that M = diam(X)Vdiam(Y). The function |Z%|7* 3", 7x trc(w;,y) satisfies the bounded difference
inequality with parameter |Z%|~1(4M?2 A 72). Hence, due to McDiarmid’s inequality

1
23] Z Ev[trc(ziy)] — Euultre(z,y)]
i€eTX

(4M2 A 72)21n(2/5)
97|

1
S ]El/ W Z tF,G(xivy) _E;L[tF,G(xay)] S \/

i€TX

holds with probability at least 1 — d, where the first inequality follows from Jensen’s inequality. For the first
term in (50), using the union bound over a similar argument, we get

% 3 % S teaenys) - Bltra(@ay) || < \/ (UMZ A7) In(@IT7]/9)

i€TX JETIY 2|IY|

with probability at least 1 — §. As such,

In <2<|IX|6v\IY|>)
[ZXI AT

| T(3,, 9%, F, G) ~ B [T, 97, F, G| S
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holds with probability > 1 — 24. Hence, putting this back to (49) proves the result.

The proof also shows that it is always possible to replace the term me@y[T(ﬂfn 7L F,.G)] by

mn 'y Pno

X Y
T(u,v, F,G), only by incurring an additional term on the upper bound of O(K?n—| + ‘On—‘)
Proposition 6. There exists a constant K > 0 depending on \ such that for § > 0

. . v . i N
W 0, o) + W (B ) — VB, Cpt)] — B (B 1)

m?

(A VI sy (1274 197

IN

holds with probability at least 1 — §.

Proof of Proposition 6

First, let us note that Fyf, = = > " 0p(,,) based on the transformed observations {F(z;)}/™,. Techni-

m
cally, this is rather the empirical distribution (Fu), . Our consideration remains valid if F' is taken as an
information preserving transform (IPT), which is in abundance (e.g., Lipschitz maps) (Chakrabarty et al.,
2023). Hence, similar to the proof of Proposition 5, we observe
Z¥]

R T R AOX|
‘Wﬁ(F#um, v) = WA B, )| < S

m

<

This implies that

. IX ) X ) .
W2 Fpin) — VB (it ]| < (Wit o) - 60 (P, )

AlOX
L AO7 (51)
m

Now, using the duality of W;* (see, Appendix A.2) we may write

Wy i v) sip S G(F() — B

B |IX| PEC :
p(V): .
Range(p)<x 1€LX

Due to Assumption 1, the composition ¢ o F' € Cj(X) for some b’ > 0. As such, W (Fyfin, v) satisfies the
bounded differences property with upper bound O(ﬁ) Hence,

In(2/5)
7]

(Wi, v) = EW (Pt )| S

holds with probability at least 1 — §. Putting the bound back in (51) yields,

X X
< gy 2L /@0 NOT]
m m m

that hold with probability at least 1 — §, where K’ > 0 depends on A. Similarly, we can show that there

exists K" > 0 such that
< ﬁ In(2/5) A0
n n n

also holds with probability > 1 — 4. Combining the last two bounds proves the result.

A ~ |IX| A ~T
W (Fyfim,v) — =B (P, v)]

. v .
‘Wm Gyn) — B (n. ayo7)]

Remark 6 (Uniform Deviations). The concentration inequalities make it easier to comment on the uniform
deviation
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sup(F)G)efbxﬂyng;ax|T(ﬂm,ﬁn,F, G)—-T(u,v, F, G)‘ Let us assume both dx and dy to be the Euclidean
metrics in their respective spaces. Due to (49), the problem boils down to finding

swp T, 57, F,G) ~ By [T (i, 8, F.G))| = T,
(F.G)EFF Y X FY=%

Since the underlying loss depends solely on inlying observations, using Proposition 4.6 of Hur et al. (2024),
we obtain for any e > 0

In (2<\IX|6v|IY\>

TI
S IZX[AIZY

e | 2k 108 Noc (e, Fies [TX]) + 51 1og Noc (5,61, [7V)
TXTAIZY] ’

holds with probability > 1 — 6, where Fy, and G; are respectively the collections of amenable functions Fy, and
G satisfying Assumption 1. Classes Fy, and G; whose metric entropies scale according to O(1/e)®, for some
a > 0 are abundant. For evample, Sobolev or Lipschitz-smooth functions defined on the unit interval [0,1]%.
One can similarly derive uniform deviation bounds corresponding to L(fiy, Vn, F,G) and hence, eventually

C(fim, on, F, G).
A.4 Existence of latent chaining

While it is difficult to characterize a suitable Z that follows the chaining argument given arbitrary p and
v, we give examples that conform to our experiments. Assume that u,v € P5¢(R?) are fully supported.
Moreover, Z is convex, endowed with an absolutely continuous w (e.g., Lebesgue). Then, due to Brenier’s
polar factorization (Brenier, 1991), any transport map T : Z — X can be decomposed as T = (Vy) o s
a.e., where ¢ : Z — R is convex and s : Z — Z is measure-preserving, both uniquely defined a.e. In
fact, (V) is the unique optimal transport map between w and g under the Euclidean cost. Hence, we can
construct ¢x = [(Vg) o s’|7!, where s’ is also bijective (see diagram (16) in the main paper). Similarly,
define ¢4 := (Vp) o s”, where (Vp) is the OT map between w and v, and s” : Z — Z preserves measure. As
such, F = (Vg) 08" o [(Vy) o s'|7L. One can similarly define G.

The same can be extended to Z (Also, X and ) being a connected, compact, C*-smooth Riemannian
Manifold without boundary (McCann (2001), Theorem 11). Then, any volume-preserving transport T is
represented as exp(—V) o s a.e. Based on this, the rest of the construction follows exactly.

B Experiments and implementation details

We refer to the repository https://anonymous.4open.science/r/RCDA/ for all codes along with execution
instructions. All experiments were carried out on an RTX 3090 GPU.

B.1 Parameter selection in TGW and HGW

As mentioned before, we select 7 = m + 36, where 7 and & are respectively the median and the mean
deviation about median of the deviation values Jx y =|dx — dy|. Observe that, for an univariate standard
folded Normal random variable Z

l\DM—A

P(Z < i) = 28(1h) — 1 =

where ®(-) is the distribution function of N(0,1). As such, m = 0.69, the third quartile of N(0,1). Now,

given a > 0,
~:IE[|Z—a|]:/O |z —al f(2) dZ—\/7/ |z —ale”
:\/;(/O(a—z)_zdz—f—/a (z—a)_Zdz)

2 w2
=1/—=(2e77 — 1)+ 4a®(a) — 3a.

™
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As such at a = 0.69, we have & = 0.46. The corresponding estimate for 7 turns out to be ~ 2.07, which
coincides approximately with the 96-percentile of Z. In our experiments, the deviation between pairwise
distances under contamination does not follow such a law. Thus, calculating only a certain percentile becomes
insufficient. Given a set of observations, we calculate the statistics independently and only use the percentiles
as a reference.

ooew T 90th percentile = 0.546
PGW

I S e - RN pooos 95th percentile = 0.619
1 —_— 1 ue < - 98th percentile = 0.700

FGW ~ ;
-=- Median + 3*MAD = 0.705

0.1 How 2.0 N i
—e— TGW <

)]
[/

[/

0.09 Metrics .

Cost
Frequency
A

0.5 L
0.04
10 20 40 50 80 0.0 0.2 0.4 0.6 0.8
Number of outliers |dx - dy|

(a) (b)

Figure 7: (a) Average losses under increasing proportion of bi-variate standard Gaussian outliers
(0.02,0.04,0.08,0.1,0.16) in source. (b) Empirical distribution of Jxy under 80 Gaussian outliers. Re-
alized 95-percentile and m + 36 are 0.619 and 0.705 respectively. TGW follows the 95-percentile selection
scheme while HGW is calculated based on m + 35.

Performances of the competing methods alter under a contaminating distribution with a thinner tail. While
Cauchy implants vastly outlying observations with higher frequency, Gaussian outliers flock to the immediate
neighborhood (see Figure 2(b) in the main paper). As a result, we observe a much more pronounced distortion
of the shape instead of extremely large distortion values (Jx,y ). Moreover, as the number of outliers increases,
only ‘moderately’ high-valued distances (dx) in the source increase (see Figure 8). This noising phenomenon
is more difficult to eliminate using our thresholding scheme as ‘outlying’ dx values are erroneously considered
legitimate. As a result, the vanilla GW value, due to averaging, decreases even at elevated contamination
levels. This is misleading since it does not reflect the distortion in local geometry. PGW and HGW perform
well, and remarkably, TGW not only stays stable but also exhibits minute increments, indicating intensifying
noise. The OT component’s increase in FGW also demonstrates the same effect.

14
o

N
\
2 B 05 \
£ : =
= Outliers 3, o4
g 0.4 g \
E E 0.3
0.2
0.2
0.1
0.0 0.0
0 5 10 15 20 25 0 1 2 3 4
Pairwise distance (dx) Pairwise distance (dx)
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Figure 8: (a) Empirical density of pairwise distances dx (x,z’) in the source shape (cat) with 40 outliers.
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This motivates a rather finer thresholding technique we call local robustification. Instead of trimming extreme
distortion values, we shift our focus to individual pairwise distances dx and dy .

B.2 LR translation using GcGAN and UNIT

For images, contamination regimes become more complex than point data. In case there are clear outliers
(ne out of n) from other image sources (e.g., MNIST samples in a pool of facial images (Nietert et al., 2023)),
the discriminators can still distinguish between them. In contrast, if all images have noise injected in them
in a predefined proportion («), the resultant generations get much more affected. This is mainly due to the
discriminators misclassifying them. Observe that if ax = 1, the noisy image from the second regime becomes
an outlier from the first case. We maintain a flexible framework, striking a balance between the two.

For the experiment under GcGAN, first, we create a copy of the original image tensor to ensure its data
remains unchanged. Next, we generate standard Gaussian noise with the same shape as the tensor, scaling
it by a = 0.2 to control the noise intensity. Finally, we add this scaled noise to the copied tensor to produce
a noisy version of the original.

In the case of UNIT, we inject random bright pixels following a Gaussian law into the random images based
on the image ratio. The wrapper supports datasets with or without labels by handling tuple or single image
outputs and seamlessly integrates into existing data loaders.

Ablation study: Parameter selection Our experimental framework begins with analyzing the generator
and discriminator loss propagation (Figure 9) under varying values of e. While smaller values imply weaker
protection against noise, larger values tend to degrade discrimination performance (Figure 9b). Coupled
with the quantitative scrutiny, we introduce an additional experiment based on the qualitative outcomes as
in Figure 10. Here, we observe increased meddling in background color and oversaturation as € increases. On
the other hand, a lower parameter value increases the likelihood of noise being manifested in the resulting
images. Based on a trade-off between both examinations, we infer that ¢ = 0.5 consistently demonstrates
balanced performance during training, prompting us to an optimal value.

—e0.2 —c02

£0.5
—€0.65
4 —c08

Loss

4k 6k 8k 10k 12k 14k 16k
Iterations Tterations

(a) Convergence of loss (b) Discriminator performance

Figure 9: (a) Realized robust GcGAN loss for varying e under Gaussian noise (o = 0.2). There is no per-
ceptible difference between € values in this regard. (b) The discriminators also eventually perform similarly.
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Figure 10: Style transfer performance of robust GcGAN for varying e. While small values (e = 0.2) produce
inadequate denoising, high values (e = 0.8) distort the style and oversaturate images.
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