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Abstract

We present the first gap-dependent analysis of
regret and communication cost for online feder-
ated -Learning in tabular episodic finite-horizon
Markov decision processes (MDPs). Existing fed-
erated reinforcement learning (FRL) methods fo-
cus on worst-case scenarios, leading to v/T-type
regret bounds and communication cost bounds
with a logT term scaling with the number of
agents M, states S, and actions A, where T is
the average total number of steps per agent. In
contrast, our novel framework leverages the be-
nign structures of MDPs, such as a strictly pos-
itive suboptimality gap, to achieve a log T-type
regret bound and a refined communication cost
bound that disentangles exploration and exploita-
tion. Our gap-dependent regret bound reveals a
distinct multi-agent speedup pattern, and our gap-
dependent communication cost bound removes
the dependence on M SA from the logT term.
Notably, our gap-dependent communication cost
bound also yields a better global switching cost
when M = 1, removing S A from the log T" term.

1. Introduction

Federated reinforcement learning (FRL) is a distributed
learning framework that combines the principles of rein-
forcement learning (RL) (Sutton & Barto, 2018) and fed-
erated learning (FL) (McMahan et al., 2017). Focusing on
sequential decision-making, FRL aims to learn an optimal
policy through parallel explorations by multiple agents un-
der the coordination of a central server. Often modeled as
a Markov decision process (MDP), multiple agents inde-
pendently interact with an initially unknown environment
and collaboratively train their decision-making models with
limited information exchange between the agents. This
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approach accelerates the learning process with low commu-
nication costs. In this paper, we focus on the online FRL
tailored for episodic tabular MDPs with inhomogeneous
transition kernels. Specifically, we assume the presence of a
central server and M local agents in the system. Each agent
interacts independently with an episodic MDP consisting of
S states, A actions, and H steps per episode.

Multiple recent works studied the online FRL for tabu-
lar MDPs. Zheng et al. (2024) proposed model-free al-
gorithms FedQ-Hoeffding and FedQ-Bernstein that show
the regret bounds O(v M H*SAT) and O(v' M H3SAT)
respectively under O(M H3SAlog T)) rounds of commu-
nications. Here, T is the average total number of steps
for each agent, and O hides logarithmic factors. Zheng
et al. (2025a) proposed FedQ-Advantage that improved
the regret to O(VMH2SAT) under a reduced com-
munication rounds of O(fy H*>SA(log H)logT) where
fa € {1, M} reflects the optional forced synchroniza-
tion scheme. Chen et al. (2022) and Labbi et al. (2024)
proposed model-based algorithms that extend the single-
agent algorithm UCBVI (Azar et al., 2017). Byzan-UCBVI
(Chen et al., 2022) reaches regret O(v/M H3S2AT) under
O(M H S AlogT) rounds of communications. Fed-UCBVI
(Labbi et al., 2024) reaches the regret O(v' M H2SAT) un-
der O(HSAlogT + M HSAloglogT) rounds of commu-
nications. Here, model-based methods require estimating
the transition kernel so that their memory requirements scale
quadratically with the number of states .S. Model-free meth-
ods, which are also called ()-Learning methods (Watkins,
1989), directly learn the action-value function, and their
memory requirements only scale linearly with S. The re-
gret O(V/ M H2SAT) reached by both FedQ-Advantage
and Fed-UCBVI is almost optimal compared to the regret
lower bound O(vV/M H2SAT) (Jin et al., 2018; Domingues
et al., 2021). In summary, all the works above provided
worst-case guarantees for all possible MDPs and proved
V/T-type regret bounds and communication cost bounds
that linearly depend on M SAlogT or SAlogT. The re-
sults of these works are also summarized in Table 1.

In practice, RL algorithms often perform better than their
worst-case guarantees, as they can be significantly improved
under MDPs with benign structures (Zanette & Brunskill,
2019). This motivates the problem-dependent analysis ex-
ploiting benign MDPs (Wagenmaker et al., 2022a; Zhou
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Table 1. Comparison of online FRL algorithms

Algorithm Gap-dependent Regret Number of rounds
Byzan-UCBVI (Chen et al., 2022) X O(VMH3S2AT) O(MHSAlogT)
FedQ-Hoeffding (Zheng et al., 2024) X O(VMHASAT) O(MH?SAlogT)
FedQ-Bernstein (Zheng et al., 2024) X O(VMH3SAT) O(MH?SAlogT)
FedQ-Advantage (Zheng et al., 2025a) X O(VMH?SAT) O(fmH?SA(log H)log T)
Fed-UCBVI (Labbi et al., 2024) X O(VMH?2SAT) O*(HSAlogT)
Our work v o (%WSAT)) O*(H?logT)

In this table, O hides logarithmic factors and O* hides logarithmic lower-order terms, such as log log T and +/log T, as well as constants.
Parameter fys € {1, M} indicates the optional forced synchronization scheme.

et al., 2023; Zhang et al., 2024b). One of the benign struc-
tures is based on the dependency on the positive subop-
timality gap: for every state, the best actions outperform
others by a margin. It is important because nearly all non-
degenerate environments with finite action sets satisfy some
sub-optimality gap conditions (Yang et al., 2021). For single-
agent algorithms, Simchowitz & Jamieson (2019); Dann
et al. (2021) analyzed gap-dependent regret for model-based
methods, and Yang et al. (2021); Xu et al. (2021); Zheng
et al. (2025b) analyzed model-free methods. Here, Yang
et al. (2021) focused on UCB-Hoeffding proposed by Jin
et al. (2018), while Xu et al. (2021) proposed an algorithm
that did not use upper confidence bounds (UCB). Zheng
et al. (2025b) analyzed UCB-Advantage (Zhang et al., 2020)
and Q-EarlySettled-Advantage (Li et al., 2021), which used
variance reduction techniques. All of these works reached
regrets that logarithmically depend on 7', which is much
better than the worst-case /T -type regrets. However, no
literature works on the gap-dependent regret for online FRL.
This motivates the following open question:

Is it possible to establish gap-dependent regret bounds for
online FRL algorithms that are logarithmic in T'?

Meanwhile, recent works have proposed FRL algorithms for
tabular episodic MDPs in various settings, such as the offline
setting (Woo et al., 2024) and scenarios where a simulator
is available (Woo et al., 2023; Salgia & Chi, 2024). Differ-
ent from the online methods, state-of-the-art algorithms for
these settings do not update the implemented behavior poli-
cies (exploration) and reach M S A-free logarithmic bounds
on communication rounds, whereas the worst-case com-
munication cost bounds for online FRL methods require
the dependence on M, S, and A in the logT term (e.g.,
O(MH3SAlogT) in Zheng et al. (2024)). While increased
communication for exploration is reasonable, existing on-
line FRL methods cannot quantify the communication cost
paid for exploring non-optimal actions or exploiting optimal
policies under the worst-case MDPs since the suboptimality

gaps can be arbitrarily close to O (see Section 5.1 for more
explanations). This leads to the dependence on M, S, and
A for the log T' term, which motivates the following open
question:

Is it possible to establish gap-dependent communication
cost upper bounds for online FRL algorithms that
disentangle exploration and exploitation and remove the
dependence on M S A from the log T term?

A closely related evaluation criterion for online RL is the
global switching cost, which is defined as the times for
policy switching. It is important in applications with restric-
tions on policy switching, such as compiler optimization
(Ashouri et al., 2018), hardware placements (Mirhoseini
et al., 2017), database optimization (Krishnan et al., 2018),
and material discovery (Nguyen et al., 2019). Next, we
review related literature on single-agent model-free RL al-
gorithms. Under the worst-case MDPs, Bai et al. (2019)
modified the algorithms in Jin et al. (2018), achieving a
switching cost of O(H3SAlogT), and UCB-Advantage
(Zhang et al., 2020) reached an improved switching cost
of O(H?SAlogT), with both algorithms depending on
SAlogT. In gap-dependent analysis, Zheng et al. (2025b)
proved that UCB-Advantage enjoyed a switching cost that
linearly depends on S'log T'. Whether single-agent model-
free RL algorithms can avoid the dependence on S A for the
log T' term remains an open question.

In addition, multiple technical challenges exist when trying
to establish gap-dependent bounds and improve the exist-
ing worst-case ones. First, gap-dependent regret analysis
often relies on controlling the error in the value function es-
timations. However, the techniques for model-free methods
(Yang et al., 2021; Xu et al., 2021; Zheng et al., 2025b) can
only adapt to instant policy updates in single-agent methods,
while FRL often uses delayed policy updates for a low com-
munication cost. Second, proving low communication costs
for FRL algorithms often requires actively estimating the
number of visits to each state-action-step triple (see, e.g.,
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Woo et al. (2023)). However, this is challenging for on-
line algorithms because the implemented policy is actively
updated, and a universal stationary visiting probability is
unavailable. Existing online FRL methods reached loga-
rithmic communication costs by controlling the visit and
synchronization with the event-triggered synchronization
conditions. These conditions guaranteed a sufficient in-
crease in the number of visits to one state-action-step triple
between synchronizations. However, this analysis is insuffi-
cient for the estimation of visiting numbers and results in
the dependence on S A for the log 7" term.

Summary of Our Contributions. We give an affirmative
answer to these important open questions by proving the first
gap-dependent bounds on both regret and communication
cost for online FRL in the literature. We focus on FedQ-
Hoeffding (Zheng et al., 2024), an online FRL algorithm
designed for tabular episodic finite-horizon MDPs. Our
contributions are summarized as follows.

Gap-Dependent Regret (Theorem 3.1). Denote A, as
the minimum nonzero suboptimality gap for all the state-
action-step triples. We prove that FedQ-Hoeffding guaran-
tees a gap-dependent expected regret of

HSSAlog(MSAT
o[ )

where Cy = MV H7SA\/log(MSAT) + MH®SA pro-
vides the gap-free part. This bound is logarithmic in 7" and
better than the worst-case v/ T-type regret discussed above
when T is large enough. When M = 1, (1) reduces to the
single-agent gap-dependent regret upper bound established
in Yang et al. (2021) for UCB-Hoeffding (Jin et al., 2018),
which is the single-agent counterpart of FedQ-Hoeffding.
When T is large enough and Ay, is small enough, (1)
shows a better multi-agent speedup in terms of the average
regret per episode, compared to the /T-type worst-case
regrets shown in Zheng et al. (2024). We will present the
theoretical details in Section 3.2 and Section 4. Our nu-
merical experiments in Appendix B.1 also demonstrate the
log T'-pattern of the regret for any given MDP.

ey

Gap-Dependent Communication Cost (Theorem 3.3).
We prove that under some general uniqueness of optimal
policies, for any p € (0, 1), with probability at least 1 — p,
both the number of communication rounds and the num-
ber of different implemented policies required by FedQ-
Hoeffding are upper bounded by

AQ

min

O (MH3SA log(M H?1p) + H3S Alog (

MH®SAL T
3 bialialiodutond) 2 -
+ H Slog( > o )—l—H log( SA))' )

min '8

H5SA>

Here, C; € (0, 1] represents the minimum of the nonzero
visiting probabilities to all state-step pairs under optimal

policies, and ¢y = log(M SAT/p). Since the communica-
tion cost of each round is O(M H S), the total communica-
tion cost is (2) multiplied by M HS.

Compared to the existing worst-case communication rounds
that depend on M S Alog T (Zheng et al., 2024; 2025a; Qiao
et al., 2022) or SAlogT (Zheng et al., 2025a; Labbi et al.,
2024), the first three terms in (2) only logarithmically de-
pend on 1/A,, and log T', and the last term removes the
dependence on M S A from the log T term. This improve-
ment is significant since M represents the number of col-
laborating agents, and S A represents the complexity of the
state-action space that is often the bottleneck of RL methods
(Jin et al., 2018). Compared to the S A-free communication
rounds for FRL methods that do not update policies, (2)
quantifies the cost of multiple components in online FRL:
the first two terms represent the cost for exploration, and the
last two terms show the cost of implementing the optimal
policy (exploitation). Further technical details are provided
in Section 3.3 and Section 5. Our numerical experiments,
presented in Appendix B.2, demonstrate that the log 7" term
in the communication cost is independent of M, S, and A.

When M = 1, FedQ-Hoeffding becomes a single-agent al-
gorithm with low global switching cost shown in (2) (Corol-
lary 3.4). It removes the dependence on S A from the log T’
term compared to existing model-free methods (Bai et al.,
2019; Zhang et al., 2020; Zheng et al., 2025b).

Technical Novelty and Contributions. We develop a new
theoretical framework for the gap-dependent analysis of on-
line FRL with delayed policy updates. It provides two fea-
tures simultaneously: controlling the error in the estimated
value functions (Lemma 4.1) and estimating the number of
visits (Lemma 5.2). The first feature helps prove the gap-
dependent regret (1), and the second is key to proving the
bound (2) for communication rounds. Here, to overcome the
difficulty of estimating visiting numbers, we develop a new
technical tool: concentrations on visiting numbers under
varying policies. We establish concentration inequalities
for visits with the stationary visiting probability of the opti-
mal policies via error recursion on episode steps. This step
relies on the logarithmic number of visits with suboptimal
actions instead of the algorithm settling on the same policy.
It provides better estimations of visiting numbers.

We also establish the following techniques with the tool and
nonzero minimum suboptimality gap: (a) Lemma 5.1: Ex-
ploring visiting discrepancies between optimal actions and
suboptimal actions. This validates the concentrations above.
(b) Lemma 5.3: Showing agent-wise simultaneous sufficient
increase of visits. This helps remove the linear dependency
on M in the last three terms of (2). (¢) Lemma 5.4: Show-
ing state-wise simultaneous sufficient increase of visits for
states with unique optimal actions. This helps remove the
linear dependence on S A from the last term in (2).
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To the best of our knowledge, these techniques are new to
the literature for online model-free FRL methods. They
will be of independent interest in the gap-dependent analy-
sis of other online RL and FRL methods in controlling or
estimating the number of visits.

2. Background and Problem Formulation
2.1. Preliminaries

We begin by introducing the mathematical framework of
Markov decision processes. In this paper, we assume that
0/0 = 0. For any C € N, we use [C] to denote the set
{1,2,...C%}. We use [[z] to denote the indicator function,
which equals 1 when the event z is true and O otherwise.

Tabular Episodic Markov Decision Process (MDP). A
tabular episodic MDP is denoted as M := (S, A, H,P,r),
where S is the set of states with |S| = S, A is the set
of actions with | A| = A, H is the number of steps in each
episode, P := {P, }/L_ is the transition kernel so that Py, (- |
s, a) characterizes the distribution over the next state given
the state action pair (s, a) at step h, and r := {r, }L | is the
collection of reward functions. We assume that 1, (s, a) €
[0, 1] is a deterministic function of (s, a), while the results
can be easily extended to the case when 7}, is random.

In each episode, an initial state s; is selected arbitrarily by
an adversary. Then, at each step h € [H|, an agent observes
a state s5, € S, picks an action a;, € A, receives the reward
rn, = rh(Sh,ap) and then transits to the next state sj,11.
The episode ends when an absorbing state sy 41 is reached.

Policies and Value functions. A policy 7 is a collection of
H functions {m, : S — AA}he[H], where A is the set of
probability distributions over 4. A policy is deterministic if
for any s € S, m,,(s) concentrates all the probability mass
on an action a € A. In this case, we denote 7y, (s) = a. Let
V.S —=Rand Q] : S x A — Rdenote the state value
function and the state-action value function at step h under
policy 7. Mathematically, for any (s,a,h) € S x A x [H],

H

Vi (s) = ZE(st,at)me) [re(se,ar) | sp = 3]
t=h

and

Q5 (s,a) :==rp(s,a)+
H

Z E(St,at)’v(ﬂ),ﬂ') [Tt(sh at) | (Sh,(lh) = (S,CL)} .
t=h+1

Since the state and action spaces and the horizon are all fi-
nite, there exists an optimal policy 7* that achieves the
optimal value V;*(s) = sup, Vi(s) = Vj7 (s) for all
(s,h) € S x [H] (Azar et al., 2017). The Bellman equation

and the Bellman optimality equation can be expressed as

V}:r(s) = Ea’Nﬂh,(S)[ Z(S,a/)]
Q7 (s,a) :==rp(s,a) + Egup, (1s,a) Vi1 (s)
Via(s) =0,¥(s,a,h) € S x A x [H],

Vi (s) = maxqea Q5 (s,a)

QZ(S’ a) = ’I”h(S,(l) + Es’~[P’h('|S,a)Vh>,k+1(S/)
Viiii(s) =0,Y(s,a,h) € S x A x [H].

3

Suboptimality Gap. For any given MDP, we can provide
the following formal definition of the suboptimality gap.

Definition 2.1. For any (s,a,h) € S x A x [H], the sub-
optimality gap is defined as

Ap(s,a) :=Vi(s) — Qp(s,a).

(3) implies that for any (s, a, h), Ap(s,a) > 0. Then, it is
natural to define the minimum gap, which is the minimum
non-zero suboptimality gap.

Definition 2.2. We define the minimum gap as

Apin = inf {Ap(s,a) | Ap(s,a) >0, V(s,a,h)}.

We remark that if
{An(s,a) | Ap(s,a) > 0,(s,a,h) € Sx AX [H|} =0,

then all policies are optimal, leading to a degenerate MDP.
Therefore, we assume that the set is nonempty and A, > 0
in the rest of this paper. Definitions 2.1 and 2.2 and the non-
degeneration are standard in the literature of gap-dependent
analysis (Simchowitz & Jamieson, 2019; Yang et al., 2021;
Xu et al., 2020).

Global Switching Cost. We provide the following defini-
tion for any algorithm with U > 1 episodes, which is also
used in Bai et al. (2019) and Qiao et al. (2022).

Definition 2.3. The global switching cost for any learning
algorithm with U episodes is defined as

U-1

Nﬁwitch = Z H[Wu+1 7£ 7Tu]-

u=1

Here, 7" is the policy implemented in the u-th episode.

2.2. The Federated RL Framework

We consider an FRL setting with a central server and M
agents, each interacting with an independent copy of M.
The agents communicate with the server periodically: after
receiving local information, the central server aggregates it
and broadcasts certain information to the agents to coordi-
nate their exploration.

For agent m, let U,,, be the number of generated episodes,
7% be the policy in the u-th episode of agent m, and """
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be the correspondmg initial state. The regret of M agents
overT = H Z m total steps is

Y (e - v ).

me[M]u=1

Regret(T

Here, T := T /M is the average total steps for M agents.

We also define the communication cost of an algorithm as
the number of scalars (integers or real numbers) communi-
cated between the server and agents.

3. Performance Guarantees
3.1. FedQ-Hoeffding Algorithm

In this subsection, we briefly review FedQ-Hoeffding. De-
tails are provided in Algorithm 1 and Algorithm 2 in Ap-
pendix C.1. FedQ-Hoeffding proceeds in rounds, indexed
by k € [K]. Round k consists of n™* episodes for agent m,
where the specific value of n™* will be determined later.

Notations. For the j-th (j € [n™*]) episode for agent m
in the k-th round, we use {(s)""™, "™ ™ML to
denote the corresponding trajectory. Denote n; ’k(s, a) as
the number of times that (s, a, h) has been visited by agent
m in round k, nf(s,a) = Zﬁf Ly *(s,a) as the total
number of visits in round k for all agents, and N} (s, a)
as the total number of visits to (s, a, h) among all agents
before the start of round k. We also use {V}F : S — R}L |
and {QF : S x A — R}/ to denote the global estimates
of the state value function and state-action value function
at the beginning of round k. Before the first round, both

estimates are initialized as H.

Coordinated Exploration. At the beginning of round k,
the server decides a deterministic policy 7% = {7F}/L |
and then broadcasts it along with {NF¥(s, 7% (s))}s s and
{V}E(s)}s.n to agents. Here, 7! can be chosen arbitrarily.
Then, the agents execute 7" and start collecting trajectories.
During the exploration in round k, every agent m will moni-
tor its number of visits to each (s, a, h). For any agent m, at
the end of each episode, if any (s, a, h) has been visited by

k

¥ (s,a) = max {1, L\MJ } 4)
times by agent m, the agent will send a signal to the server,
which will then abort all agents’ exploration. Here, we say
that (s, a, h) satisfies the trigger condition in round k.
During the exploration, for all (s, a, h), agent m adaptively
calculates n;?’k (s, a) and the local estimate for the next-step
return v;ﬁ: (s,a) by

thn SEIL (57 ™) = (5,0)|

At the end of round k, each agent sends
m,k m,k
{Th (S,ﬂ';}i(s)) ny, (s, Wﬁ(s)) v (s ( Wﬁ(s))}

to the central server for aggregation.

Updates of Estimated Value Functions. The central server

calculates nf (s, a), Nyt (s, a) for all triples. While letting
*1(s,a) = Qf (s, a) for triples such that nf (s, a) = 0,
it updates the estimated value functions for each triple with

positive n¥ (s, a) as follows.
Case 1: Nf(s,a) < 2M H(H+1) =: ig. This case implies
that each client can visit each (s, a) pair at step h at most

once. Let Q = Q¥ (s, a). Then the server iteratively update
@ using the following assignment:

+ kit k k+1
QFUt (rh+Vh+1+bt_Q>7 t:Nh +17...7Nh+
and then assign Q1 (s, a) with Q. Here, r,, NF, Ny
are abbreviations for their respective values at (s, a), n; €
(0, 1] is the learning rate, b; > 0 is a bonus, and V}ffl repre-
sents the (t — N})-th nonzero value in {vZﬁ (s,a)}M_,.
Case 2: N, }’f (s,a) > 1ip. In this case, the central server calcu-
lates the global estimate of the expected return vy’ | (s, a) =
Zﬂ]\f 1 vhmﬁ (s,a)/n¥(s,a) and updates the Q-estimate as

QIZH = ( 773 a) Qh + 775 a (T’h + Uh+1) + ﬁia,h'

Here, 71, QF, Q™" v}, | are abbreviations for their respec-

tive values at (s, a), n/F € (0,1] is the learning rate and
B% ., > 0 represents the bonus.

After updating the estimated ()-function, the central server
updates the estimated V' -function and the policy as

ViEt(s) = rnin{H maXQkH( ’)}

and

+1(5,(1’).

Such update implies that FedQ-Hoeffding is an optimism-
based method. It then proceeds to round k + 1.

k+1 k
T s) = arg max
no () ga’EA h

In FedQ-Hoeffding, agents only send local estimates instead
of original trajectories to the central server. This guaran-
tees a low communication cost for each round, which is
O(M H S). In addition, the event-triggered termination con-
dition with the threshold (4) limits the number of new visits
in each round, with which Zheng et al. (2024) proved the
linear regret speedup under worst-case MDPs. Moreover,
it guarantees that the number of visits to the triple that sat-
isfies the trigger condition sufficiently increases after this
round. This is the key to proving the worst-case logarithmic
communication cost in Zheng et al. (2024).
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3.2. Gap-Dependent Regret

Next, we provide a new gap-dependent regret upper bound
for FedQ-Hoeffding algorithm.

Theorem 3.1. Let 11 = log(M SAT). For FedQ-Hoeffding
(Algorithms 1 and 2), E (Regret(T')) can be bounded by

H 6 S AL1 5
0] (A- + MVH'SA\/i1 + MH SA) NG
min
The proof is provided in Appendix F. Theorem 3.1 shows
that the regret is logarithmic in 7" for MDPs with positive
minimum gap A,;,. When T is sufficiently large, it is better
than the v/T-type worst-case regrets in the literature.

When M = 1, the bound reduces to

(HGSA log(SAT))
@) —Qx. )

which matches the result in Yang et al. (2021) for the single-
agent counterpart, UCB-Hoeffding algorithm. Therefore,
when T is sufficiently large, for the average regret per
episode defined as Regret(T')/(MT), the ratio between
FedQ-Hoeffding and UCB-Hoeffding is O(1/M), which
serves as our error reduction rate. As a comparison, it is
better than the rates under worst-case MDPs for online FRL
methods in the literature, which are O(1/+/M) because of
their linear dependency on v M7T. We will also demon-
strate this O(1/M) pattern in the numerical experiments in
Appendix B.1.

3.3. Gap-Dependent Communication Cost
We first introduce two additional assumptions:

(I) Full synchronization. Similar to Zheng et al. (2024), we
assume that there is no latency during the communications,
and the agents and server are fully synchronized (McMahan
et al., 2017). This means n™* = n* for each agent m.

(II) Random initialization. We assume that the initial states
{slf"j "} ;,m are randomly generated following some dis-
tribution on S, and the generation is not affected by any
result in the learning process.

Next, we introduce a new concept: G-MDPs.
Definition 3.2. A G-MDP satisfies two conditions:

(a) The stationary visiting probabilities under optimal poli-
cies are unique: if both 7*! and 7*2 are optimal policies,
then we have P (s, = s[7*') =P (s), = s|7*2) =: P .

(b) Let Aj (s) = {a | a = argmax, QJ (s,a’)}. For any
(s,h) € S x [H], if P, > 0, then |Aj(s)| = 1, which
means that the optimal action is unique.

G-MDPs represent MDPs with generally unique optimal
policies. (a) and (b) above characterize the general unique-
ness, and an MDP with a unique optimal policy is a G-MDP.

Compared to requiring a unique optimal policy, G-MDPs
allow the optimal actions to vary outside the support under
optimal policies, i.e., the state-step pairs with P’ , = 0.

For a G-MDP, we define Cs; = min{P}, | s € S,h €
[H],IP};, > 0}. Thus, 0 < Cy; < 1reflects the minimum
Visiting’probability on the support of optimal policies. Next,
we provide gap-dependent upper bound for the number com-
munication rounds and communication costs.

Theorem 3.3. For any p € (0, 1), define 1o = 1Og(MSAT).

Then under the full synchronization and random mltlallza-
tion assumptions, with probability at least 1 — p, FedQ-
Hoeffding (Algorithm 1 and Algorithm 2) satisfies the fol-
lowing relationship for any given G-MDP:

H°SA
K< 0<MH3SA log(M H?15) + H3SAlog ()

MH?S A, T
3 0 2
+ H Slog( Caem )—l—H log( SA)) 6)

min

We can get the upper bound of total communication cost by
multiplying the upper bound in (6) and O(M H S), the com-
munication cost of each round in FedQ-Hoeffding. We will
highlight the key technical tools for proving Theorem 3.3
in Section 5.1, provide a sketch of proof in Section 5.2, and
give a complete proof in Appendix G.

Compared to existing worst-case costs that depend on S A
(Zheng et al., 2025a; Labbi et al., 2024) or M SA (Zheng
et al., 2024; 2025a; Qiao et al., 2022) for log T', (6) is better
when T is sufficiently large since the first three terms only
logarithmically depend on 1/A;, and log T, and the last
term that is logarithmic in T removes the dependency on
M S A. Moreover, (6) highlights the cost for different proce-
dures in FedQ-Hoeffding: the first two terms represent the
cost for exploration, and the last two terms show the cost
when exploiting the optimal policies. We will provide more
theoretical explanations in Section 5. Our numerical experi-
ments in Appendix B.2 also demonstrate that the log 7" term
in the communication cost is independent of M, S, and A.

Since FedQ-Hoeffding implements a fixed policy in each
round, when M = 1, the algorithm reduces to a single-agent
algorithm with a low global switching cost. The result is
formally shown in Corollary 3.4.

Corollary 3.4. For any p € (0,1), define 1o = log( SAT)
Then under the random initialization assumption, for any
given G-MDP, with probability at least 1 — p, the global
switching cost for FedQ-Hoeffding algorithm (Algorithm 1
and Algorithm 2 with M = 1) can be bounded by

H5S A, 1
3 2 3
O(H SAlog( 5 >+H Slog(cst>

min

+H 10g(H€’A)>
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Given that the switching costs of existing single-agent
model-free algorithms depend on SA (Bai et al., 2019;
Zhang et al., 2020) or S (Zheng et al., 2025b) for log T!,
our log T-dependency is better by removing the factor S A.

At the end of this section, we briefly discuss FedQ-Bernstein,
another online FRL algorithm in Zheng et al. (2024). Com-
pared to FedQ-Hoeffding, FedQ-Bernstein uses different
bonuses (b; and Bf,a, ;) that incorporate variance estimators.

Although FedQ-Bernstein achieves a v/H factor improve-
ment in worst-case regret while maintaining identical worst-
case communication costs (Zheng et al., 2024), our analysis
in Appendix F and Appendix G shows both algorithms share
the same gap-dependent bounds ((5), (6)). Whether FedQ-
Bernstein can achieve tighter gap-dependent regret bounds
remains an open question.

4. Bounding the Regret with (5)

In this section, we bound the gap-dependent regret by con-
trolling the error in value function estimations. Define
cliplx | y] :==z - Iz > y|. Let: = log(w) where
§ € (0,1) and Ty < 2T + MHSA is an known upper
bound of the total steps T as defined in (e) of Lemma E.1.
We provide Lemma 4.1 to control the total error in the value
function estimations (QF — Q7 )(s, a).

Lemma 4.1. For FedQ-Hoeffding (Algorithm I and Algo-
rithm 2), for any 6 € (0, 1), with probability at least 1 — 9,
the following two conclusions hold for any e € (0, H|:

Z Z Qh Qh ( kjmaaﬁ,ﬁm) 2> 6] < CE' @)
h=1k,j,m
Z Y dip[(@QF — Qi)(s” ™ ay ™) | ] < eCe. )
h=1k,jm

Here

HSSA
06260( ‘SL—F
€

MHSSA + MyVHTSAL )

€
where cy > 0 is a sufficiently large constant.

The proof of Lemma 4.1 is in Appendix F.2. Both bounds
depend on log T" when ¢ is fixed. Compared to the methods
for single-agents algorithms (see, e.g., Yang et al. (2021)),
Lemma 4.1 also accommodates the delayed policy updates,
and its dependency on M reflects the cost of collaborating
multiple agents. We will let € = Ay, later.

'In the literature, these bounds are for local switching cost that
counts the state-step pairs where the policy switches. The local
switching cost is greater than or equal to the global switching cost,
but these works didn’t find tighter bounds for the global switching
cost. We refer readers to Bai et al. (2019) for more information.

Next, Lemma 4.2 characterizes the relationship between the
expected regret and the total error (Q¥ — Q7 )(s, a).

Lemma 4.2. For FedQ-Hoeffding (Algorithm I and Algo-
rithm 2), the expected regret E(Regret(T')) is bounded by

H
SN dipl(@F - @Q)(sp"a

h=1k,j,m

w7 | A |

The proof of Lemma 4.2 is provided in Appendix F.3. By
combining Equation (8) in Lemma 4.1 and Lemma 4.2
and using the definition of expectation, we can bound the
expected regret and finish the proof of Theorem 3.1. Further
details can be found in Appendix F.4.

5. Bounding the Communication Cost with (6)
5.1. Bounding the Number of Visits

In this subsection, we introduce the new technical tool for
estimating visiting numbers. We first provide Lemma 5.1
that quantifies the frequency and the probability of imple-
menting non-optimal actions.

Lemma 5.1. Forany ¢ € (0,1) and any given deterministic
optimal policy T*, with probability at least 1 — 39, we have

H
S aap g AT < G O

h=1k,j,m

Z P <ah’j m

k.j,m

Th(sh ™) | 7*) < AChin, Y € [H].

(10)
Here Cyyn equals C¢ in Lemma 4.1 with € = Ay,

For each aﬁ’j’m ¢ AZ(s;‘;’j’m), the optimism of FedQ-
Hoeffding ensures that

(Q]fl — QZ) (sﬁ’j’m a, k.3, m) > Anmin

with high probability. Therefore, by taking € =
we can bound

Anmin in (7),

I[af?™ ¢ A (s3]

in (9) and its conditional expectation in (10).
pendix G.2 for details of the proof.

See Ap-

Since Chy, scales logarithmically with 7', (9) shows that the
frequency of non-optimal action selections becomes negli-
gible compared to 7" asymptotically. This means that most
states in the learning process are generated under optimal
actions and reveals the visiting discrepancy between optimal
and non-optimal actions in the gap-dependent analysis.

Such discrepancy helps us quantify the communication cost
paid for exploring non-optimal actions. The threshold of
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the synchronization condition (4) implies that the number
of visits to the triple (s, a, h) that satisfies the trigger condi-
tion increases by at least 1/(2M H(H + 1)) times. Conse-
quently, the logarithmic upper bound for non-optimal visits,
as provided in (9), implies a loglog(T)-type communica-
tion cost for exploration, which is reflected in the first two
terms of (6). These two terms depend on S A because FedQ-
Hoeffding only ensures a sufficient increase in the number
of visits for one triple in a round. We remove the depen-
dency on M from the second term by proving agent-wise
simultaneous sufficient increase of visits (Lemma 5.3), lever-
aging the stationary visiting probability under their common
policy in a round.

Next, we bound the number of visits to the optimal visits.
For any k' € [K], let Ry = 22;1 > j.m 1 be the number
of episodes in the first &’ rounds. Lemma 5.2 quantifies the
difference between the number of visits to any (s, a, h) with
a € Aj(s) in the first &’ rounds and the expected number
of visits Ry P; , under the optimal policy.

Lemma 5.2. For any § € (0, 1), with probability at least
1 — 54, the following conclusion holds simultaneously for
any (s, h, k') € S x [H] x [K]:

ZZ s =

k=1 j3,m

< 5, / Rk/P:_’hL + 32HCmm.

Lemma 5.2 establishes that the average number of visits
to (s,a,h) with a € Aj (s) per episode will converge to
the stationary visiting probability P{ , under the optimal
policies. Furthermore, it implies that for any (s, a, h, k)
such that P, > 0 and a = 7;(s),

N}]:+1(57 a) € {Rkﬂbz,h - 5\/ RkP;hL — 32H Cyin,
Ry, + 5\ /RiP; 0+ 32H i .

Therefore, when N/ F(s,a) is sufficiently large (ensuring
that both 12j,_ P} and Ry P ), are sufficiently large), the
ratio N} ™ (s, a) /NF (s, a) approximates Ry /Rj_1. Since
Ry./Ry—1 is independent of (s, a, h), the number of visits
to each optimal (s, a, h) (P% ), > 0 and a is the optimal
action) increases at similar speed. This explains why the
communication cost for exploiting the unique optimal action
after sufficient visits (the last term of (6)) does not depend
on the factor SA. The dependence on M is also removed
due to the agent-wise simultaneous sufficient increase. Ad-
ditionally, we remark that the third term of (6) accounts for
cost with insufficient visit counts.

k]m € A (s )} — R Py,

s,h

Finally, we provide the intuition for the proof of Lemma 5.2.
Standard concentration inequalities typically relate the num-
ber of visits of (s, h) to the policy-dependent probability

P(s;, = s | 7). However, the varying policies employed
by FedQ-Hoeffding across different rounds prevent direct
alignment between the executed policy 7* and the optimal
policy 7*. To overcome this challenge, our proof establishes
a relationship between P(s;, = s | 7*) and the optimal
stationary visiting probabilities Y ;, through error recur-
sion over the step h. This analysis exp101ts the discrepancy
in visit counts between optimal and non-optimal actions,
which is a distinctive feature enabled by the gap-dependent
structure. Especially, we prove that for any b’ € [H],

Z‘P syl "= s | )
h'—1

<QZIP( A

which is further bounded by (10) in Lemma 5.1 and helps
complete the proof of Lemma 5.2. See Appendix G.3 for
more details of the proof.

*
- Ps,h’

i (5™ | 7)),

5.2. Proof Sketch of Theorem 3.3

With the tools introduced in Section 5.1, we outline the
key steps in proving the gap-dependent bound (6) for the
number of communication rounds.

Let o/ = log (**55H0), iy = 200M H(H + 1)/, iy =
6500 H3 Crpin/Cs and C' = 1/(H (H + 1)). In this subsec-
tion, for any (s, h) € S x [H] such that P’} ;, > 0, we use
7 (s) to denote its unique optimal action.

Lemma 5.3 shows agent-wise simultaneous sufficient in-
crease of visits for the triple (s, a, h) that satisfies the trigger
condition in round k when N (s, a) > i;.

Lemma 5.3. For any § € (0, 1), with probability at least
1-96,

N (s,a) > (1+C/3)Nh(s a)

holds simultaneously for any (s,a,h,k) € S x A x [H] x
[K] such that NF(s,a) > i1 and the triple (s, a, h) satisfies
the trigger condition (4) in round k.

The proof of Lemma 5.3 can be found in Appendix G.4.

Lemma 5.4 shows the state-wise simultaneous sufficient
increase of visits for states with unique optimal actions,
which is proved based on Lemma 5.2.

Lemma 5.4. For any § € (0, 1), with probability at least
1 — 59, the following events hold simultaneously for any
k € [K]: If there exists (so,a0,ho) € S x A X [H], such
that it satisfies the trigger condition (4) in round k and
N}]fo (507CL0) > 11 + 19, then ag € .AZO (50).

Furthermore, if the state-action-step triple (sg, ag, ho) also
satisfies that P, > 0, then for any (s',h') € S x [H]
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such that IP’:Z n > 0, we have
NEFL(s, mi () = (14 C/B) N (i (1)

The complete proof of Lemma 5.4 is in Appendix G.5.

We now analyze the number of rounds in which the trigger
condition is satisfied, categorized according to the four cases
corresponding to the terms in (6). A detailed discussion can
be found in Appendix G.6.

Type-I Trigger: It occurs when a triple (s, a, h) satisfies
the trigger condition in round k with N} (s, a) < iy.

For each time the trigger condition is met by a triple (s, a, h),
the number of visits to it increases by at least C /2M times.
Therefore, the maximum number of Type-I triggers for any
triple (s, a, h) is

loo(i

( og(i1) ) — O (MH?log(i1)) .
log(1+ C/(2M))

Thus, the number of rounds with Type-I triggers is no more

than O (M H3SAlog (i1)).

Type-II Trigger: It occurs when a triple (s, a, h) satisfies
the trigger condition in round k with i; < NJf(s,a) <
i1 + iz and either a ¢ Aj (s) ora € Aj (s) and P} ;, = 0.

By Lemma 5.3, which establishes the agent-wise simulta-
neous sufficient increase, the number of visits to the triple
(s, a, h) increases by at least C'/3 times each time the trigger
condition is satisfied.

Furthermore, as shown in (9) of Lemma 5.1 and Lemma 5.2
with P% . = 0, for state-action-step triple (s, a, h) where
a ¢ Aj(s)ora € Aj(s) and P% ;, = 0, the total number of
visits is bounded by 32 H C;,, with high probability. Conse-
quently, the maximum number of Type-II triggers for any

such triple is

. /a 5
o <10g(32HCTm/21)) “o <H2 o (H25A>) |

Then the upper bound for the number of rounds with Type-II

triggers is
H°SA
0 (H3SAlog <A2 )) :

min

Type-III Trigger: It occurs when a triple (s, a, k) satisfies
the trigger condition in round k with i1y < NJ(s,a) <
11+ 19,0 € .A;;(S) and P:,h > 0.

For any triple (s, a, h) that satisfies Type-III triggers, condi-
tion (b) of Definition 3.2 ensures that a is the unique optimal
action 7} (s). Therefore, at most H.S different triples can
satisfy Type-III trigger conditions.

When such a trigger occurs, we have N}]f(s7 a) > iy, and
Lemma 5.3 implies that the number of visits to the triple
(s,a, h) increases by at least C'/3 times. Therefore, the
maximum number of Type-III triggers for any such triple is

log(ia/i1 + 1
o) (Og(“/“*)) < O (H?log(is)) .
log(1+C/3)
Then the number of rounds with Type-III triggers is no more
than O(H?3S log(iz)).

Type-IV Trigger: It occurs when a triple (s, a, h) satisfies
the trigger condition in round k with Nf(s,a) > iy + ia.

In this case, whenever the trigger condition is satisfied by
(s,a,h) in round k, we have Nf(s,a) > iz > 32H Cpi
and ¢ € Aj(s) by Lemma 5.4. Furthermore, since
Lemma 5.2 establish an upper bound of 32H Cy,;, on the
number of visits to triples (s',a’, ') where P}, ,, = 0,
we can conclude that with high probability, P, > 0 and
a = 7 (s) holds.

By Lemma 5.4, for any state-step pair (s',h) € S x [H]
such that P}, ., > 0, the number of visits to (s', 7}, (), 1)
simultaneously increases by at least C /6 times. Therefore,
the maximum number of rounds with Type-IV triggers is

0 (W) <o (s (55) )

By aggregating the bounds on the number of communication
rounds across all four cases, we derive the gap-dependent
upper bound presented in (6).

6. Conclusion

In this paper, we establish the first gap-dependent bounds
on regret and communication cost for online federated Q-
Learning in tabular episodic finite-horizon MDPs, address-
ing two important open questions in the literature. While
existing FRL methods focus on worst-case MDPs, we show
that when MDPs exhibit benign structures, such as a strictly
positive suboptimality gap, the worst-case bounds can be
significantly improved. Specifically, we prove that both
FedQ-Hoeffding and FedQ-Bernstein can achieve logarith-
mic regret. Additionally, we derive a gap-dependent com-
munication cost upper bound that disentangles exploration
and exploitation, with the log 7" term in the bound being
independent of M, S, and A. This makes our work the first
result in the online FRL literature to achieve such a low
communication cost. When M = 1, our gap-dependent
communication cost upper bound also yields a tighter global
switching cost upper bound, removing the dependence on
S A from the log T term.
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Organization of the appendix. In the appendix, Appendix A reviews related works. Appendix B presents the results of our
numerical experiments, demonstrating a log T'-type regret and showing that the log 7" term of the communication cost is
independent of M, S, and A. Appendix C provides algorithmic details for both the FedQ-Hoeffding and FedQ-Bernstein
algorithms. Appendix D and Appendix E include some useful lemmas. Appendix F contains the proof of the gap-dependent
regret bound (Theorem 3.1). Appendix G presents the proof of the gap-dependent communication cost bound (Theorem 3.3).

A. Related Work

online RL for Single Agent RL with Worst-Case Regret. There are mainly two types of algorithms for reinforcement
learning: model-based and model-free learning. Model-based algorithms learn a model from past experience and make
decisions based on this model, while model-free algorithms only maintain a group of value functions and take the induced
optimal actions. Due to these differences, model-free algorithms are usually more space-efficient and time-efficient compared
to model-based algorithms. However, model-based algorithms may achieve better learning performance by leveraging the
learned model.

Next, we discuss the literature on model-based and model-free algorithms for finite-horizon tabular MDPs with worst-case
regret. Auer et al. (2008), Agrawal & Jia (2017), Azar et al. (2017), Kakade et al. (2018), Agarwal et al. (2020), Dann et al.
(2019), Zanette & Brunskill (2019), Zhang et al. (2021), Zhou et al. (2023) and Zhang et al. (2024b) worked on model-based
algorithms. Notably, Zhang et al. (2024b) provided an algorithm that achieves a regret of O(min{v/SAH2T, T}), which
matches the information lower bound. Jin et al. (2018), Yang et al. (2021), Zhang et al. (2020), Li et al. (2021) and Ménard
et al. (2021) work on model-free algorithms. The latter three works achieved the minimax regret of O(v/SAH?2T).

Suboptimality Gap. When there is a strictly positive suboptimality gap, it is possible to achieve logarithmic regret bounds.
In RL, earlier work obtained asymptotic logarithmic regret bounds (Auer & Ortner, 2007; Tewari & Bartlett, 2008). Recently,
non-asymptotic logarithmic regret bounds were obtained (Jaksch et al., 2010; Ok et al., 2018; Simchowitz & Jamieson,
2019; He et al., 2021). Specifically, Jaksch et al. (2010) developed a model-based algorithm, and their bound depends on the
policy gap instead of the action gap studied in this paper. Ok et al. (2018) derived problem-specific logarithmic type lower
bounds for both structured and unstructured MDPs. Simchowitz & Jamieson (2019) extended the model-based algorithm in
Zanette & Brunskill (2019) and obtained logarithmic regret bounds. Logarithmic regret bounds are also derived in linear
function approximation settings He et al. (2021). Additionally, Nguyen-Tang et al. (2023) provides a gap-dependent regret
bounds for offline RL with linear funciton approximation.

Specifically, for model free algorithm, Yang et al. (2021) showed that the optimistic (-learning algorithm by Jin et al. (2018)
enjoyed a logarithmic regret O( %), which was subsequently refined by Xu et al. (2021). In their work, Xu et al. (2021)
introduced the Adaptive Multi-stein)mBootstrap (AMB) algorithm. Zheng et al. (2025b) further improved the logarithmic
regret bound by leveraging the analysis of the UCB-Advantage algorithm (Zhang et al., 2020) and Q-EarlySettled-Advantage
algorithm (Li et al., 2021).

There are also some other works focusing on gap-dependent sample complexity bounds (Jonsson et al., 2020; Marjani &
Proutiere, 2020; Al Marjani et al., 2021; Tirinzoni et al., 2022; Wagenmaker et al., 2022b; Wagenmaker & Jamieson, 2022;
Wang et al., 2022; Tirinzoni et al., 2023).

RL with Low Switching Cost and Batched RL. Research in RL with low-switching cost aims to minimize the number
of policy switches while maintaining comparable regret bounds to fully adaptive counterparts, and it can be applied to
federated RL. In batched RL (Perchet et al., 2016; Gao et al., 2019), the agent sets the number of batches and the length of
each batch upfront, implementing an unchanged policy in a batch and aiming for fewer batches and lower regret. Bai et al.
(2019) first introduced the problem of RL with low-switching cost and proposed a ()-learning algorithm with lazy updates,
achieving O(S AH?3log T switching cost. This work was advanced by Zhang et al. (2020), which improved the regret
upper bound and the switching cost. Additionally, Wang et al. (2021) studied RL under the adaptivity constraint. Recently,
Qiao et al. (2022) proposed a model-based algorithm with O(log log T') switching cost. Zhang et al. (2022b) proposed a
batched RL algorithm that is well-suited for the federated setting.

Multi-Agent RL (MARL) with Event-Triggered Communications. We review a few recent works for online MARL with
linear function approximations. Dubey & Pentland (2021) introduced Coop-LSVI for cooperative MARL. Min et al. (2023)
proposed an asynchronous version of LSVI-UCB that originates from Jin et al. (2020), matching the same regret bound with
improved communication complexity compared to Dubey & Pentland (2021). Hsu et al. (2024) developed two algorithms
that incorporate randomized exploration, achieving the same regret and communication complexity as Min et al. (2023).
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Dubey & Pentland (2021), Min et al. (2023) and Hsu et al. (2024) employed event-triggered communication conditions
based on determinants of certain quantities. Different from our federated algorithm, during the synchronization in Dubey &
Pentland (2021) and Min et al. (2023), local agents share original rewards or trajectories with the server. On the other hand,
Hsu et al. (2024) reduces communication cost by sharing compressed statistics in the non-tabular setting with linear function
approximation.

Federated and Distributed RL. Existing literature on federated and distributed RL algorithms highlights various aspects.
For value-based algorithms, Guo & Brunskill (2015), Zheng et al. (2024), and Woo et al. (2023) focused on linear speed
up. Agarwal et al. (2021) proposed a parallel RL algorithm with low communication cost. Woo et al. (2023) and Woo
et al. (2024) discussed the improved covering power of heterogeneity. Wu et al. (2021) and Chen et al. (2023) worked on
robustness. Particularly, Chen et al. (2023) proposed algorithms in both offline and online settings, obtaining near-optimal
sample complexities and achieving superior robustness guarantees. In addition, several works have investigated value-based
algorithms such as ()-learning in different settings, including Beikmohammadi et al. (2024), Jin et al. (2022), Khodadadian
et al. (2022), Fan et al. (2023), Woo et al. (2023), Woo et al. (2024); Anwar & Raychowdhury (2021) Zhao et al. (2023), He
et al. (2022), Yang et al. (2024) and Zhang et al. (2024a). The convergence of decentralized temporal difference algorithms
has been analyzed by Doan et al. (2019), Doan et al. (2021), Chen et al. (2021b), Sun et al. (2020), Wai (2020), Wang et al.
(2020), Zeng et al. (2021), and Liu & Olshevsky (2023).

Some other works focus on policy gradient-based algorithms. Communication-efficient policy gradient algorithms have
been studied by Chen et al. (2021a) and Fan et al. (2021). Lan et al. (2023) further reduces the communication complexity
and also demonstrates a linear speedup in the synchronous setting. Optimal sample complexity for global convergence in
federated RL, even in the presence of adversaries, is studied in Ganesh et al. (2024). Lan et al. (2024) proposes an algorithm
to address the challenge of lagged policies in asynchronous settings.

The convergence of distributed actor-critic algorithms has been analyzed by Shen et al. (2023) and Chen et al. (2022).
Federated actor-learner architectures have been explored by Assran et al. (2019), Espeholt et al. (2018) and Mnih et al.
(2016). Distributed inverse reinforcement learning has been examined by Banerjee et al. (2021), Gong et al. (2023), and Liu
& Zhu (2022; 2023; 2024; 2025). Personalized federated learning has been discussed in (Hanzely & Richtarik, 2020; Li
et al., 2020; Smith et al., 2017; Yu et al., 2024)

B. Numerical Experiments

In this section, we conduct experiments®. All the experiments are conducted in a synthetic environment to demonstrate the
log T-type regret and reduced communication cost bound with the coefficient of the main term O(log T') being independent
of M, S, A in FedQ-Hoeffding algorithm (Zheng et al., 2024). We follow Zheng et al. (2024) and generate a synthetic
environment to evaluate the proposed algorithms on a tabular episodic MDP. After setting H, S, A, the reward (s, a) for
each (s, a, h) is generated independently and uniformly at random from [0, 1]. P (- | s, a) is generated on the S-dimensional
simplex independently and uniformly at random for (s, a, h). We also set the constant ¢ in the bonus term b; to be 2 and
¢ = 1. We will first demonstrate the log T'-type regret of FedQ-Hoeffding algorithm.

B.1. Logarithmic Regret and Speedup

In this section, we show that the regret for any given MDP follows a log T" pattern. We consider two different values for
the triple (H, S, A): (2,2,2) and (5, 3, 2). For FedQ-Hoeffding algorithm, we set the agent number M/ = 10 and generate
T/H = 107 episodes for each agent, resulting in a total of 108 episodes. Additionally, to show the linear speedup effect, we
conduct experiments with its single-agent version, the UCB-Hoeffding algorithm (Jin et al., 2018), where all the conditions
except M = 1 remain the same. To show error bars, we also collect 10 sample paths for each algorithm under the same
MDP environment.

The regret results are shown in Figure 1 and Figure 2. Both figures display performance metrics through two visualization
panels: the left showing raw regret Regret(T") versus the normalized horizon 7'/ H, and the right plotting adjusted regret
Regret(T")/log(T/H +1) versus T'//H. All solid lines represent median values across 10 trials, with shaded areas indicating
the 10th-90th percentile ranges. Specifically: the yellow lines show the regret results of FedQ-Hoeffding, the red lines
represent the regret results UCB-Hoeffding, and the blue line displays the FedQ-Hoeffding regret scaled by 1/ VM to

2All the experiments are run on a server with Intel Xeon E5-2650v4 (2.2GHz) and 100 cores. Each replication is limited to a single
core and 50GB RAM. The code for the numerical experiments is included in the supplementary materials along with the submission.
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demonstrate its regret error reduction speedup pattern.
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Figure 1. Regret results for H = 2, S = 2, and A = 2. The left panel directly shows the plot of Regret(7") versus 7'/ H, while the right
panel illustrates the relationship between Regret(T")/ log(T/H + 1) and T/ H. In both plots, the yellow line represents the regret results
of the FedQ-Hoeffding algorithm, while the red line represents the results of the UCB-Hoeffding algorithm. The blue line in each plot
denotes the adjusted regret of the FedQ-Hoeffding algorithm, which is obtained by dividing the regret results of the yellow line by /M.
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Figure 2. Regret results for H = 5, S = 3, and A = 2. The left panel directly shows the plot of Regret(7") versus 7'/ H, while the right
panel illustrates the relationship between Regret(T")/ log(T'/H + 1) and T'/ H. In both plots, the yellow line represents the regret results
of the FedQ-Hoeftding algorithm, while the red line represents the results of the UCB-Hoeffding algorithm. The blue line in each plot
denotes the adjusted regret of the FedQ-Hoeffding algorithm, which is obtained by dividing the regret results of the yellow line by v/M.

From the two groups of plots, we observe that the two yellow lines in the plots on the right side of Figure 1 and Figure 2
tend to approach horizontal lines as T/ H becomes sufficiently large. Since the y-axis represents Regret(T")/log(T/H + 1)
in these two plots, we can conclude that the regret of the FedQ-Hoeffding algorithm follows a log T'-type pattern for any
given MDP, rather than the v MT pattern shown in the Theorem 4.1 of Zheng et al. (2024). This is consistent with the
logarithmic regret result presented in Theorem 3.1. Furthermore, as T'/ H becomes sufficiently large, we observe that the
adjusted regret of FedQ-Hoeffding (represented by the blue lines) for both groups of (H, S, A) is significantly lower than
the corresponding regret of the single-agent version, UCB-Hoeffding (represented by the red lines). This further supports
the conclusion that the regret of FedQ-Hoeffding does not follow a v/ M T pattern, or else the blue lines and the red lines
would be close to each other. Finally, as 7'/ H grows larger, we notice that the yellow lines and the red lines become close,
confirming that the regret of FedQ-Hoeffding approaches that of UCB-Hoeffding as 7" becomes sufficiently large. This also
supports the error reduction rate 0(1 /M) for the gap-dependent regret.
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B.2. Dependency of Communication Cost on 1, S, and A

In this section, we will demonstrate that the coefficient of the log 7" term in the communication cost is independent of M, S
and A. To eliminate the influence of terms with lower orders of log T', such as log(log T') and v/log T in Theorem 3.3, we
will focus exclusively on the communication cost for sufficiently large values of 7.

B.2.1. DEPENDENCY ON M

To explore the dependency of communication cost on M, we set (H, S, A) = (2,2, 2) and let M take values in {2, 4, 6, 8}.
We generate 107 episodes for each agent and only consider the communication cost after 5 x 10° episodes. The Figure 3
shows the communication cost results for each M after 5 x 10° episodes.
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Figure 3. Number of communication rounds vs Log-number of Episodes for different M Values with H = 2, S = 2 and A = 2. Each
solid line represents the number of communication rounds for each value of M € {2,4, 6,8} after 5 x 10° episodes, while the dashed
line represents the fitted line for each M.

In Figure 3, each solid line represents the communication cost for each value of M € {2,4, 6,8} after 5 x 10° episodes,
while the dashed line represents the corresponding fitted line. Since the x-axis represents the log-number of episodes,
log(T'/H), the slope of the fitted line is very close to the coefficient of the log T-term in the communication cost when
log T is sufficently large. We observe that the slopes of these fitted lines are very similar, which indicates that for any given
MDP, the coefficient of the log T-term in the communication cost is independent of M. If the coefficient were linearly
dependent on M, as shown in Zheng et al. (2024), then for M = 8§, the slope of the fitted line should be nearly four times
the value of the slope of the fitted line for M = 2.

B.2.2. DEPENDENCY ON S

To explore the dependency of communication cost on S, we set (H, A, M) = (2,2,2) and let S take values in {2, 4, 6, 8}.
We generate 107 episodes for each agent and only consider the communication cost after 5 x 10° episodes. The Figure 4
shows the communication cost results for each S after 5 x 10° episodes.

In Figure 4, each solid line represents the communication cost for each value of S € {2,4, 6,8} after 5 x 10° episodes,
while the dashed line represents the corresponding fitted line. Since the x-axis represents the log-number of episodes,
log(T'/H), the slope of the fitted line is very close to the coefficient of the log 7-term in the communication cost when
log T is sufficently large. We observe that the slopes of these fitted lines are very similar, which indicates that for any given
MDP, the coefficient of the log T-term in the communication cost is independent of S.
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Figure 4. Number of communication rounds vs Log-number of Episodes for different S Values with H = 2, A = 2 and M = 2. Each

solid line represents the number of communication rounds for each value of S € {2, 4,6, 8} after 5 x 10° episodes, while the dashed line
represents the fitted line for each S.

B.2.3. DEPENDENCY ON A
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Figure 5. Number of communication rounds vs Log-number of Episodes for different A Values with H = 2, S = 2 and M = 2. Each
solid line represents the number of communication rounds for each value of A € {2,4, 6, 8} after 5 x 10° episodes, while the dashed line
represents the fitted line for each A.

To explore the dependency of communication cost on A, we set (H,.S, M) = (2,2,2) and let A take values in {2, 4, 6, 8}.
We generate 107 episodes for each agent and only consider the communication cost after 5 x 10° episodes. The Figure 5
shows the communication cost results for each A after 5 x 10° episodes.
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In Figure 5, each solid line represents the communication cost for each value of A € {2,4, 6,8} after 5 x 10° episodes,
while the dashed line represents the corresponding fitted line. Since the x-axis represents the log-number of episodes,
log(T'/H), the slope of the fitted line is very close to the coefficient of the log 7'-term in the communication cost when
log T is sufficently large. We observe that the slopes of these fitted lines are very similar, which indicates that for any given
MDP, the coefficient of the log T-term in the communication cost is independent of A.

C. Algorithm Review
C.1. FedQ-Hoeffding Algorithm
In this section, we present more details for Section 3.1. Denote 7, = gﬁ, 770 1,npi =0fort > 1,and 5! =

7 Hz,:ZH(l —n),¥1 < i < t. We also denote n°(t1,t2) = Ht:tl(l — 1) for any positive integers t; < to.
After receiving the information from each agent m, for each triple (s, a, h) visited by the agents, the server sets nh;f =
1 —n°(NFE(s,a) + 1, Nf ™' (s,a)) and 8% Zt N “b;, where the confidence bound is given by b, = ¢,/ ™
for some sufficiently large constant ¢ > 0. Then the server updates the Q-estimate according to the following two cases.

s,a,h

Case 1: Nf(s,a) < 2MH(H + 1) =: io. This case implies that each client can visit each (s, a) pair at step h at most
once. Then, we denote 1 < Mg <Mk < Myki < M as the agent indices with n, k(s, a) > 0. The server then
updates the global estimate of action values sequentlally as follows:

£+1( ):(1fnt)Q],fL(s,a)Jrnt(rh(x,a)+Uh_,’_1 (s, a)+bf) t:N;’f(s,a)Jrl,...N,]f"‘l(s,a). 11

Case 2: NJ'(s,a) > io. In this case, the central server calculates v}, | (s,a) = Z% 1 U}TJ: (s,a)/nk(s,a) and updates
h(s,0) = (1= nl)Qk(s,a) + 0l (ra(s,a) + vy (s,)) + Bla - (12)
After finishing updating the estimated () function, the server updates the estimated value function and the policy as follows:

VF1(s) = min {H, max Q1 (s, a’)}, mHtl(s) = arg ?SﬁQiH (s,a’),Y(s,h) € S x [H]. (13)

The details of the FedQ-Hoeffding algorithm are presented below.

Algorithm 1 FedQ-Hoeffding (Central Server)
1: Input: 7Ty € N,
2: Initialization: k& = 1, N} (s,a) = 0, Q}.(s,a) = V;} (s) = H,V(s,a,h) € Sx Ax[H]and 7' = {7}, : § — A}he[H]
is an arbitrary deterministic policy.
- while ;7| S, Nfi(s,a) < Ty do
Broadcast 7%, {NF (s, 7F(s))}s.n and {V/F(s)}s 4 to all clients.
Wait until receiving an abortion signal and send the signal to all agents.

3
4
5:
6:  Receive {1y (s, 7 (5)) }s s {05 (5,7 (5)) Yo hm and {vph (s, 7 (5)) }s,h,m from clients.
7
8
9

Calculate N,{f“(s,a),n’g(s,a),vﬁﬂ(& a),¥(s,h) € S x [H] with a = 75 (s).
for (s,a,h) € S x A x [H|do
if a # 75 (s) or nf(s,a) = 0 then

10 M (s,a) < QF(s,a).

11: else if N(s,a) < io then

12: Update Q! (s, a) according to Equation (11).
13: else

14: Update Q’,j“ (s, a) according to Equation (12).
15: end if

16:  end for

17:  Update V;*™! and 7%+ by Equation (13).
18: k<« k+1.
19: end while
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Algorithm 2 FedQ-Hoeffding (Agent m in round k)
I: Initialize n}' (s, a) = vy, (s,a) = ri(s,a) = 0,¥(s,a,h) € S x A x [H].

2: Receive 7%, {NJ(s, 75 (s))}s,n and {V}F(s)}s,n from the central server.

3: while no abortion signal from the central server do

4:  while n}'(sp, ap) < max {1 LWN,L(S}“ ah)J} ,V(s,a,h) € S x Ax [H]do

5: Collect a new trajectory {(sp, an, )} | with aj, = 75 (sp).

6: ny (Sny an) < np' (sn, an) + 1, 03 (ks an) <= vy (Shyan) + V,ﬁ_l(shﬂ), and ry,(sp, ap) < rp,Vh € [H].
7:  end while

8:  Send an abortion signal to the central server.

9: end while

10: ny" "(s,a) < ny*(s,a), v;::_]i(s a) < v (s,a),¥(s, h) € S x [H] with a = 7} (s).

—
—

Send {7 (s, 75 (8)) Ys.no{ny " (5,75 (s)) Yo, and {v;;;’;(s 7F(5))}s.n to the central server.

C.2. FedQ-Bernstein Algorithm

The Bernstein-type algorithm differs from the Hoeffding-type algorithm Algorithms 1 and 2, in that it selects the upper
confidence bound based on a variance estimator, akin to the approach used in the Bernstein-type algorithm in Jin et al.
(2018). In this subsection, we first review the algorithm design in Zheng et al. (2024).

To facilitate understanding, we introduce additional notations exclusive to Bernstein-type algorithms, supplementing the
already provided notations for the Hoeffding-type algorithm.

i ) = _Z [V (stm)] (s, o™ = (s, ).

N

1 M

Nt (s,a) — NF(s,a)

pr(s,a) = 1 (s, @)™ (s, a).

m=1

Here, MZL’]“(& a) is the sample mean of [V}¥, (s];;_ifn)]z for all the visits of (s, a, h) for the m-th agent during the k-th round

and yf (s, a) corresponds to the mean for all the visits during the k-th round. We define Wi (s, a, h) to denote the sample
variance of all the visits before the k-th round, i.e.

1 N;f(s,a) Nh(sa
Wi(s,a,h) = — E Vile1 (sp 4 ™)~ E Vit 3h+1 ™)
Nh(s,a) i=1 i'=1

Here, (k% 1, m‘) is the (round, episode, agent) index for the i-th visit to (s, a, h) defined in Appendix E. Using the
expressions of uf and v; Jﬁ, we further find that

2
k—1
/ ]_ ’ ’
Wis,a, h) Z i (s,amf (s,0) = | 3 by (s.a)nf (s.a)
)= Ni(s,a) =)
Therefore, the quantity Wy(s, a, h) can be calculated efficiently in the following way. Define
k-1
Wi, k 5, a, h Z :u‘h 5, (1 a)a WQ,k(57aah) = Z UZ_,'_l(S,CL)TZ];fL (Saa)v (14)
k=1 k=1

then we have

Wi ky1(s,a,h) = Wi k(s,a,h) + MZ’(S, a)nﬁ(s7 a), Wag+1(s,a,h) = War(s,a,h) + UZH(s,a)nZ(s, a) (15)

and

Wk}-‘rl (57 a, h’) =

2
Wl,k+1(57aah) _ lW27k+1(8’a7h)‘| (16)

Ny+(s,a) Ny (s, a)
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This indicates that the central server, by actively maintaining and updating the quantities W7 ; and W5, j, and systematically
collecting nZL’ks, /L;Ln’ks and v,ﬁ’ﬁs, is able to compute Wy 1.

Next, we define

17)

H H7SA MSAHS H3
Bf(s,a,h):c/<min{\/tL(WktH(s,a,h)—FH)—H,\/ SA+VMS 7 L}>’

t

in which ¢/ > 0 is a positive constant. With this, the upper confidence bound b, (s, a, h) for a single visit is determined by
BB(s,a,h) =2 2;;1 ntbs(s, a, h), which can be calculated as follows:

B (s, a,h)

B (s,ah) — (1 —m) B (s, a,h)
5 :

2,

b1(s,a,h) := , bi(s,a,h) =

When there is no ambiguity, we use the simplified notation by = bi(s,a, h). In the FedQ-Bernstein algorithm, let
B = ﬂfk(S, a,h) —n(tF—1 4+ 1,t%)38 4i—1 (5, a, h). Then similar to the FedQ-Hoeffding, we can updates the global estimate
of the value functions according to the following two cases.

e Case 1: Nf(s,a) < io. This case implies that each client can visit each (s, a) pair at step h at most once. Then, we

denote 1 < m; < mg... < myr_p—1 < M as the agent indices with nZn’k(s, a) > 0. The server then updates the global
estimate of action values as follows:

Z‘H( a)=(1- nt)Qh(s a) +mn (rh(x a) + vh "k(s,a) + Et> A=t 1tk (18)

* Case 2: N}’f(s, a) > io. In this case, the central server calculates v} | (s,a) = S0 _ v"*(s,a)/nf (s, a) and updates
the ()-estimate as

7 (s,a) = (L= nlB)QF (s, a) + 0k (ru(s,a) + vf 1 (s,0)) + B/2. (19)

Then we can present the FedQ-Bernstein Algorithm in Zheng et al. (2024).

Algorithm 3 FedQ-Bernstein (Central Server)
1: Input: T € N,..
2: Imitialization: k = 1, N} (s,a) = Wi (s,a,h) = Way(s,a,h) = 0,Q}(s,a) = V}(s) = H,Y(s,a,h) €
Sx Ax[Hland 7! = {7} : S = A}, ¢ (s 18 an arbitrary deterministic policy.
3: while )7 57 NE(s,a) < Ty do
4:  Broadcast 7%, { N} (s, 7¥(s))}s,n and {V/F(s)} .5 to all clients.
5:  Wait until receiving an abortion signal and send the signal to all agents.
6
7
8

Receive {1 (s, 7 (5)) }on 100" (5, 7E(8)) Yo s L0025 (8,78 (5)) Yo hm and {pf" (5, 7 (5)) }s,,m from clients.
Calculate N}’fﬂ(s,a),nﬁ(s,a),vﬁ+1(s, a), uf(s,a), ¥(s,h) € S x [H] with a = 7f(s).
Calculate Wi (s, a, h), Wii1(s,a,h), W1 gy1(s,a,h), Wa k11(s,a,h), V(s,h) € S x [H] with a = 7 (s) based
on Equation (14), Equation (15) and Equation (16).

9:  for (s,a,h) €S x Ax [H]do

10: lfa;éwh( )orn’,fb(s a) = 0 then

11: Qi (s,a) « QF (s, ).

12: else if N/ (s, a) < io then

13: Update Qk+1 (s, a) according to Equation (18).
14: else

15: Update Qk+1 (s, a) according to Equation (19).
16: end if

17:  end for

18:  Update V;*™ and 7%+ by Equation (13).
19: k<« k+1.
20: end while
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Algorithm 4 FedQ-Bernstein (Agent m in round k)
1: npt(s,a) = v (s,a) = ri(s,a) = pp'(s,a) = 0,Y(s,a,h) € S x A x [H].

2: Receive 7%, {NJ(s, 75 (s))}s,n and {V}F(s)}s,n from the central server.

3: while no abortion signal from the central server do

4:  while n}'(sp,ap) < max {1, LmNﬁ(sm ah)J} ,V(s,a,h) € S x Ax [H]do

5: Collect a new trajectory {(sp, an, )} | with aj, = 75 (sp).

6: ny (snyan) < npt(sn,an) + 1, vt (Shyan) <+ viti(sn,an) + V}f+1(sh+1), WP (sh,an) < pupt(sn,an) +

2

[th+1(sh+1)] ,and 7y, (sp, ap) < rp, Vh € [H].

7:  end while

8:  Send an abortion signal to the central server.

9: end while

10: 0" (s,a) n}l”(s,a),v;;ﬂ(s,a) — vy, (s,a) and 1 (s, a) — pi(s,a) /i (s, a),¥(s,h) € S x [H] with
k

a =7} (s).

11: Send {7 (s, 7 (5)) Yo dnp " (5, 7 (5)) Yons L (5,78 (8)) Yo, and {0)5 (5,7 ()}, to the central server.

D. Technical Lemmas

Lemma D.1. (Freedman’s inequality, Theorem EC.1 of Li et al. (2024)) Consider a filtration Fo C F1 C Fo C - -, and let
Ey, stand for the expectation conditioned on Fy. Suppose that

n

Y, =Y X, €R,
k=1

where { X} } is a real-valued scalar sequence obeying
| Xk| <R and Ep_1[Xi]=0 forallk>1

for some quantity R < oc. We also define

W, = Z]Ek_l[X,f].
k=1

In addition, suppose that W,, < o2 holds deterministically for some given quantity o < co. Then for any positive integer
m > 1, with probability at least 1 — 0, one has

2 2 4 2
1Y,| < \/8max {Wn, ;’m} log Tm +3Rlog Tm

Lemma D.2. (Lemma 10 in Zhang et al. (2022a)) Let X1, X», ... be a sequence of random variables taking value in [0, 1].
Define Fi, = 0(X1, Xo, ..., Xk—1) and Yy, = E[Xy|Fi| for k > 1. For any 6 > 0, we have that

P
k=1 k=1

In, Y Xk =3 Vi +z1og(1/5)] <4

and

P [Hn,ZYk >3)  Xi -I—llog(l/(s)] <4

k=1 k=1

E. Key Lemmas

In this section, we introduce some useful lemmas which will be used in the proofs. Before starting, we define k(s, a, h),
j*(s,a, h), and m*(s, a, h) as the round, episode, and agent indices, respectively, for the i-th visit to the state-action-step
triple (s, a, h) in chronological order. Under the full synchronization assumption, these indices can be constructed as:

k'(s,a,h) = sup{k €N, : Nf(s,a) < z} ,
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j-1 M . - )
j'(s,a,h) =sup{ j € Ny : Z Z I [(s,a) = (shTm g m)} <i—Nf'(s,a) p,

j'=1m=1

m—1

mi(s’a7h) = sup {m c N+ : Z I |:(5,CL) — (Sllji,jiﬂn’,a];i,ji,m/):|

v
)

m/=1
-1 M _ _
; K* _ (KNdm mE i m
<i— Ny (s,a)—z ]I[(s,a)—(sh ,ap )}
§'=1m=1

When there is no ambiguity, we use k%, m® and j* for short. Next, we begin to introduce the lemmas. First, Lemma E.1
establishes some relationships between some quantities used in Algorithm 1 and Algorithm 2.

Lemma E.1. (Paraphrased from Lemma B.1 in Zheng et al. (2024)). The following relationships hold for both algorithms.
(a) To < T

(b) Ni(s,a) < 32, N (s,0) < To/H.

(c) Forany (s,a,h,k) € S x A x [H| x [K], we have

ﬁ?ﬂ&a)gnmx{L{Mgﬁgf?DJ},WnE[wﬂ

If NF(s,a) < o,
niF(s,a) < 1, nf(s,a) < M.

If NE(s,a) > o,

m,k N}IS(S,CL) k N}]LC(&Q)
El < —_—
Ny (S7a) = MH(H—{-l)’nh(S’a) = H(H+1)
(d) Forany (s,a,h) € S x A x [H],
K+1 K+1 1 TO
N, (s,a) < E N, (s,a) < 1+m ﬁ—FMSA.

s,a

(e) Let
1

T1 = <1+}I(}I—‘r1)> T0+MHSA,

then we have T < Ty, < 2T + M HSA.

H K<%.

Proof of Lemma E. 1. (a), (b), (c) can be directly proved given and Algorithm 1 and Algorithm 2.
(d) By property (b) and (c), it holds that

T NE(s,a) 1 To
NE+L < NE K < M4+ )< (14— )2 + MSA.
Sza: s (s,a)_sza: h(s,a)—&—sza:nh(s,a)_H+SZa: +H(H+1) < +H(H+1) H+ S

(e) With conclusion (d), we have T’ = > N, f *1(s,a) < T}. The second inequality is because of (a).

s,ah

(f) It is because K < T'/H < Ty /H. O
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Next, we define new weights 7. For any (s,a,h, k) € S x A x [H] x [K], we lett = Nf(s,a) and i € [t]|J{0}. Let
t' = Nf'(s,a) and t" = N *1(s, a), we denote

1 _ T]C(t/ + 1’t//)

T (" + 1, It > i),

it (s,a,h) = nil[t" <o) +

and we will use the simplified notation 7} when there is no ambiguity. In Lemma E.2, we will present some properties of the
new weights and their relationship with the original weights 7?.

Lemma E.2. The following properties holds:

(a) Forallt € Ny, > 0%, ni =1+ 1/H.

(b) For any k, k' € N such thatt = N,’f/(s, a) and k < K/, we have

k41 k41
N NP

g 77Z s,a,h) E 771,
i=NF+1 i=NF+1

which further indicates that
t

> ik =10t > 0].
i=1
(c¢) Foranyt € Ny and any i € [t], we have that
ili /n; < exp(1/H).
(d) For any t € N and any (s,a,h) € S x A x [H], ift < i, k'(s,a,h) = k and N} (s,a) > iy, we have that
NF i
"y < exp(1/H).

(e) 1/t < 300y mb /i <2/t

Proof. Here (a), (b) and (c) are from Lemma B.2 and B.3 in Zheng et al. (2024) and (e) is from Lemma 1 of Li et al. (2021),
so here we only prove the property (d). Note that

N m (i-NF) (D) - - e
n " _ —(i=Ny THED H + 1) 70
P = T a=n)™ < (1=nnp) < (1= nyp) = <1+ 7 ) < exp(1/H).
e q=N}F+1 h
Here (1) is because 7, is monotonically decreasing. (II) is because i — N (s,a) < n¥(s,a) < 1{1\’&(1:11)) for NF(s,a) > i
by (c) of Lemma E.1. O

Lemma E.3. For any non-negative weight sequence {w:’j’m}h,k,jm and o € [0,1), it holds for any h € [H| that:

k,j,m H[O<N(’”m ’”m)<M] a

wh k,j,m h ’ h 2 1—

> : ~ <> wp? + (SAwlloo,n)* lwll7 1

k.3, k.J, - ) k.J, _ 00, 1,h

s D NEGET T = 2 N e Toa
20(
< 2MSA||wlloon + 7 (SAllwlloo,n)® el 5%

Here, k.g,m Zk}j m w,]j’j’m.

)],
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Proof. We can decompose the summation into two terms

k,j,m
> T
k ,J,m ,J,m
k,j,m,N§>0N( yapR ™)
k,j,m
d k,j,m _k,jm k,jom _k,jm
:ZNk P k,j,ma( [O<Nh( o a? )<M:|+H[N}lf(3hj say” )ZMD
k.j,m (s, a3 ™)
,]m
k.jsm _k,j,n
=3 3 WG len” ™) = (5,0 (10 < Ni(sy0) < M] +I[Ni(s,0) 2 M])
s,a k‘jm

Let ko(s,a) = max{k | 1 <k < K, Nf(s,a) < M}. Then for the first term, it holds that

L[0< NE(sp ™, ap?™) < M]

L
k;n h Nk( k,j,m aﬁ,],m)a
,J, 4
=>. > Nk (s, af ™) = (s,)]1[0 < N (s,a) < M]
s k]m (s,a)
<||W||oohz Z kym ,Jm)—(s,a)}ﬂ [0<N,lf(s,a)<M]

s,a k,j,m

ko
= [[wlloon DD T[0 < Nfi(s,a) < M]
s,a k=1 j,m
= wlloon Y NiFH(s,a) < 2MSAl|w]oo.n- (20)

s,a

The last inequality is because N,’f""'1 (s,a) = N,’f“ (s,a) + ”ZO (s,a) < 2M by Nko (s,a) < M. For the second term, let

ZwZ]mH k]m ,jm)_( )]]I[Nh(sa >M Z th,jm]l Sijm ,jm):(sva)].

k,j,m k=ko+1 j,m

Then we have 3 cn(s,a) <35, 5 w}’f’j’m = |lwl|1,,- Given the term

k,j,m

5 bk = (s [VE )2 ],

k.j,m

when the weights w,’j’j " concentrates on smallest round indices with largest values of we can obtain the largest

1
(Nf(s,a))”
value. Let ko(s,a) < k1 < ko < ... < kt < K be all round indices that satisfy nfl (s,a) >0andlet ks 1 = K + 1. Then

we have:
t
cn(s,a) < [[wlloo.n Z D Ty ™™ @ ™) = (s,0)] = [wloon Yy (5,a).
k=ko+1 j,m i=1
Let
q
¢ = max {q |0 < g <t ||wloo,n anj(&a) < ch(s,a)} ,
i=1
and

q
= Ch(sa CL) - ||w||0<>7h Zn;? (S,CL).
i=1

Then for g < t, we have the following inequality:

kjm

_Yh qpgeam gRamy 5, a) " nyi(s,a) d
> (N};f(w))aﬂ[(h say”™) = (s,0)[1 [N} (s,a) > M] ZH Hooh (,a))a+(N}jq+l(s,a))a' 1)

k,j,m
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Note that for any 0 < y < z and « € [0, 1), we have:
Ty 1

xa < 1 — a(xlfa _ ylfoz). (22)

Then, for any i € [t], letz = N;f?‘(s, a)andy = N;f”'l(s, a), it holds that:

b (s, a) ¥ (s,a) (w*“@a»
h <2a h <2o¢
(NFi(s,a))® ~ ~ (NF+(s,a)) ~

l1—«

<Nws@ﬂa>. 23

Here the first inequality is because N;* 1 (s,a) = N} (s,a) + n)'(s,a) < 2N} (s,a) by (c) of Lemma E.1. Summing up
Equation (23) from 1 to ¢, we know

q k
h 7

: : k

i=1 h

S,

(N (s,a) '™ — (N (s,@))

| /\

11—«

N (5,0)) 7 = (VF (5, @)~

i
C
B

| /\

q+1 —a (N}]fl (s,a))1a>

1704 1 —«

l—a
i=1 nh )

1—«

(24)

The second inequality is because k; + 1 < k; 1 and thus N, ,’f”‘l (s,a) <N, ;f “*1(s,a). The last inequality is because for any
x> 1and 0 < a < 1, we have the following inequality

I,lfa S (l’* 1)17& + 1’

and we can let x = N,]fq“ (s,a)/N;*(s,a). Applying Equation (24) to Equation (21), for ¢ < t, we have

k,j,m

w j,m ,J,m
> WH[(ST’ Lap?™) = (s,a)]I [NF(s,a) > M]
k,j,m h A7
11—«
q k;
ot SE D) g
l—«o (th+1 (s,a))“
11—«
q k;
<90 [l (Zz’:l np, (S»G)> N d
o oo 1-— kq+1+1 o
@ (Nh (s,a))
11—«
(Illoen Sy i (5, ) d
= (2[[wlloo,n)” : + —
— (N, (s, a) [wlloo,n )™

11—«
S a2 ) M
>~ Wloo,h 1—a (Ch(s’ a))a

11—«

< (2o ) LT o)

11—«

Here the second inequality is because N:"“H(s, a) < QN;f"“ (s,a) for ¢ < t. the second last inequality is because

cn(s,a) < Nk‘”lﬂ(s a)||w||oo,n by the definition of ¢. The last inequality is by Equation (22) with z = ¢j,(s, a) and
y = llwlloon Y204y (5,0).
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We can also prove the Equation (25) for ¢ = ¢ with d = 0. In this case, by applying Equation (24) to Equation (21), it holds
that

11—«
w,’i’j’m Ny i i f 1 n’,j (s,a))
5], 5], (6%
g 7(]\[’“(3 a))a]l[(shj cap?™) = (s,a)]l [Nh (s,a) > M} < 2%|w|loo,n
h )

11—«

a (ch(57 a))l—a )

1l—«

k,j,m
= (2[|wllso,n)
Therefore, with Equation (25), we can conclude that

) . 2(1 w «
> Z [(si’ﬂ’m,az’j’m) = (s,a)]l [Nf(s,a) > M] < l'f”;” > (en(s,a)) ™

sakjm s,a

2¢ [ « —«
o (S wlS pllwlly ;™ (26)

IA

The last inequality is by Hélder’s inequality, as 3__ , ¢x(s,a)'~* < (SA)%|lw]|} ;% Combining the results of Equation (20)
and Equation (26), we prove the following conclusion:

wk,j,m 9a

1_

> o < OMS AW + —— (SA )L w5
Nk(s 3]s a 55 )a —«

k.jm,Nf>0""h\"h > Th

F. Proofs of Theorem 3.1

F.1. Auxillary Lemmas

In this section, we provide the proof of the gap-dependent regret bound (Theorem 3.1) for both FedQ-Hoeffding and
Fed-Bernstein algorithms together. We first provide several lemmas describing the key properties of Q-estimates Q¥ (s, a).

Lemma F.1. (Lemma C.1 of Zheng et al. (2024)). Using V(s, a, h,k) as the simplified notation for ¥(s,a,h, k) €
S X A x [H] x [K]. Then given any § € (0, 1), with probability at least 1 — §, for FedQ-Hoeffding algorithm (Algorithm 1
and Algorithm 2), the following event holds:

Nh

g1 = <(QF — Qp)(s,a) <y N H + Zﬂ Vh+1 V;ﬂ)(sfﬁ m ) +5JP\I;;; (s,a,h), V(s,a,h, k)
i=1

Here, for some sufficiently large constant ¢ > 0,

ﬁNk (s,a,h) Zn \/

Lemma F.2. (Lemma E.1 of Zheng et al. (2024)). Given any § € (0, 1), with probability at least 1 — 6, for FedQ-Bernstein
algorithm (Algorithm 3 and Algorithm 4), the following event holds:

g2 = (Qh Qh)(s a‘) < Mo h H + Z n; Vh-‘rl Vi;k-&-l)(slfiljllﬂn[) + B]]i]}’j (57 a, h)7 v(87 a, h’ k)
=1
Here, B2 (s, a, h) is the cumulative bonus defined in Equation (17).

Let X = (S, A, H,K,T,1/)). The notation f(X) < g(X) means that there exists a universal constant C; > 0 such that
f(X) < C1g(X). Then we have the following lemma.
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Lemma F.3. For FedQ-Hoeffding algorithm (Algorithm 1 and Algorithm 2), under the event Gy in Lemma F.1, for any
non-negative weight sequence {wz’j "Y1 k.j,mo it holds for any h € [H| that:

NE * k.j, k,j,m , ) k.J,
Zw Jj,m _Qh)(8h1m7ah7 J,m Y/Jm
k,j,m h'=hk,jm
where forany h < h' < H — 1
wlfi,j,m(h) — wz,j’m,
Ny
k. k/ k, . ’ /7 ’ . ,.,Nk, . . .
wh’i—T(h) = wh/ (h)ﬂ |:Nh’ (Sh/ ) h/j " ) Z ZO:| an " ]I [(kz’]z’mz) = (kvjvm)] )
k/’j/’m/ 1:1
with
Yk,j,m _ N,’f/ k,jom _k,j,m . H3. kjm ,Jm
I = oM H 4+ HIL|0 < N (537 ai?™) < ig| + — 1 0< NJ (s )< M| .
h/

The same conclusion also holds for FedQ-Bernstein (Algorithm 3 and Algorithm 4) under the event Gy in Lemma F.2.

Proof. By Lemma F.1, under the event Gy, we have the following relationship

Z wk \Jsm o Q;) (s}k;,j,m7 aﬁ’j’m)

k.j,m
k,j,m Nh k,j,m ~Nh Litm? k,j,m pH
< E wy, H+ E wy, E Vh+1 Vire)( Sh_H E wy, BN’?. 27
k,j,m k,j,m i=1 k,j,m

For the third term of Equation (27), by (e) of Lemma E.2, we have

N}
: H3 s
5Nk(5ah N’L A\ — 1/ L.
Then by Lemma E.3, it holds that

Z wh’j mﬁN" o ah’J m’ h)

k,j,m
; 1
k,j,
S VH3. Z wh]m\/Nk( Fojom alfb,j,m)
k,j,m ’
<SS 11 [0< N} (28)
k,j,m h

Next, we will bound the second term of Equation (27). We can decompose the term into two parts as

m _NF P m?
thd Z th+1 Vh+1)(5h+1 )

k,j,m

=L e Z i (Vi - V}El)(szﬁ ) (H [0 < N (s @) < %0} +1 {Nh (g™ ap?™) > zo])

k,j,m
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For the first part of the second term in Equation (27), we have

~N7 i k5 k(k.ds k.js ;
Zw sz ' Vh+1_vf;k+1)(3h+Jl )H |:0<Nh(shjm7ahjm)<20}
k.j,m
Nh

<H Z wy, kogim [0 < Nh(sh’7’ ah’J’ } Zn
k.j,m

<H Z w}}f’j’m]l [0 < N;’f(sfl’j’m, afL’j’m) < io} (29)
k,j,m

k k
Here, the second inequality is because Efvz"l ﬁfvh’ < 1by (b) of Lemma E.2.

For the second part of the second term in Equation (27), we group the summations in a different way.

2Js ~N i k"5, kg k.j, .
Z W, n mz " (Vi — V}:+1)(Sh+j1 )H [Nllf(sh] "apt™) > Zo}

k,j,m

#Vi * j : i -
Z Zwkj " h Vh+1 Vh-ﬁ—l)(sfwfl m )H |:Nilz€(827]7m56/21 m) Z ZO:| Z I [(k yJ T ) = (klvjlaml)}
k,j,m i=1 k’.5"m’

~k‘/,',, / ’ k/ i m!
= > @ (Vh’?+1 = Vi) Gh™), (30)
k/’j/,m/
where
ki ’ ; ~N o ; .
w: Jhm' Z I [Nh( k]m’azd,m > ZO:| wh]mzn h]I ’]’L’ml) _ (k/,]/,m')] )

k,3,m

Let |@]/oo,n = ?ax{@];’j’m} and [©flLn = Yogim n @™ Since ZZ 1 7; i < 1 by (b) of Lemma E.2, we have the

2Js

following property:

ol = Z ~§ glm < I [N,‘f(sﬁ’j’m,aﬁ’j’m) > io] w}’j’j’m < |lwlln. 31)
k' / / k,j,m
If we have proved that:

[©]|oo,n < exp(3/H)||wl|oc,n, (32)

then combining the results of Equation (28), Equation (29) and Equation (30) together with Equation (27), we reach

Zw Jom _QZ)(Sh]m7ah]m>
k.j,m
- . ’ N ., Nk
S Y G (VL Vi) A S Al @l + Y Wb
Kj'm! g
+ 3wk [N,’f(sf;’j’m,aﬁ’j’m ) < zo] Z Wl m,/ 11 {0 < NE(shim gkamy < M]
k,j,m k,j,m

gy (33)

~k', 5 m’ k' s K,
S E w, 7" (Qh+1 Qh+1)(sh+j1 o ah+J1 o
k’,3"m’ k,j,m

with ||©]]1,5 < ||w]l1,n and ||©]|oo,n < exp(3/H)||w||so,r. Here the last inequality is because

VE (F 'y o R Rdhm! Ky e (KT S xR m R
h+1(sh+1 )—Qh+1(sh+1 7ah+1 ) an h+1(sh+1 )—Qh+1(8h+1 » Apyy ).
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With Equation (33), we develop a recursive relationship for the weighted sum of QF — Q7 between step & and step A + 1.
By recursions with regard to h, h + 1, ..., H, we finish the proof for Algorithm 1 and Algorithm 2.

For Algorithm 3 and Algorithm 4, the only difference lies in the bonus term in Equation (27) and Equation (28). According to

Lemma F.2, under the event G5, we have the same relationship for FedQ-Bernstein algorithm as in Equation (27). Moreover,

note that 33, (s,a,h) <
h

following part remains the same. Now we only need to prove Equation (32).

vazb by Equation (17), it is easy to prove the same conclusion as Equation (28). Then the

Proof of Equation (32): Now we have

w}’j/;j/7m/ _ Z I [Nk ShJ ,m ;Jm > ZO:| 7]mZﬁNh]I ,ji7mi) — (k‘/,j/,m/)}

k,j,m

| A

|£,L)||OO h Z I {Nh 3h73> ah’77 > 1 } ZnNhH 7‘ji??n’i) = (k/;j/’ml)]

k,j,m

We only need to prove for any triple (k¥’, j/,m’) and any h € [H],

ZH{Nf(Sﬁ’j’ gk >ZQ}ZﬁNh]I kgt mt) = (K, 5, m)] < exp(3/H). (34)
k,j,m

For i € [N}], by definition of k%, 5% and m’, for any given triple (k’, j', m’),
L[, 5", m") = (K, 5" ,m")] =1
if and only if
(sp 9™ apdmy = (s’,z/’j/’m/, aﬁl’j/’ml), kK < kandi=7(k, j,m'),

where ' (K', j/,m') is the global visiting number for (s} /™  ay /™) at (k',m’, j'). When there is no ambiguity, we
will use ¢’ for short. Therefore

NE
Z I [Nk(sh’jm ah’Jm ) > } zh:nlN"]I kgt m') = (K, j,m")]
k,j,m =1
K
= > [N el ) 2, (s ) = (s e A (35)
k=k'+1 \ j,m
Let ¥ < ki < ky < .. < k < K be all the round index such that m}’ (skhatm’ k3 my 0 and
N}’fq (sf{’jl’m , Z’/’j ) > ig for any g € [t], then we can simplify Equation (35):
Ny
S°LNEE 0 ) > o] S AN [ ) = (K, )
k,g,m i=1

kq

t
— k<hj7m kqvjym _ k',j',m’ k}l,j/,ml N
= E E I [(Sh y Gy, ) - (Sh ) Ap, ) U

q=1 \jm

k
k k/,ll, ’ k/,l/, ’ ~]\/‘Lq
< o m" (s e T i (36)

Forany g € [t] and n € [niq], by (d) of Lemma E.2, the following relationship holds

kq

N,

My

N
U

<exp(l/H). (37)

k
q
P

31



Gap-Dependent Bounds for Federated (Q-Learning

Combining Equation (37) with the property (c) of Lemma E.2, for any p € [nff], we have

k k

ﬁizth < eXp(l/H)ni " <exp(2/H)n; N A
and thus
t ros ’ s ’ k t n:'q
anq(sz o ,aZ o )ﬁfyh < exp(2/H) ZZ < exp(2/H) an/ <exp(3/H).

q=1 r=4/

Here (I) is because k' < k1 < ko < ... < ky < K and N,]fl > N,’f,H > i’. The last inequality is by (a) of Lemma E.2.
Applying this inequality to Equation (36), we complete the proof of Equation (34), and consequently, Equation (32). [

F.2. Proof of Lemma 4.1
Proof. The following proof holds for both FedQ-Hoeffding algorithm and FedQ-Bernstein algorithm.
Let N = [logy(H/€)]. Forany i < N, k € [K] and given h € [H], let:

wh ™ = 1[Q(sh7™, ah?™) = Qs ah T ™) € [2 e, 2e)

and
k.j k.j k.j k.j k.j -
wpn =1 {QZ(ShJ’maah’j’m) — Qn(sp”™ a™) e 2N 167HH .
Then o
w2 = maxwp™ <1, ) = 37 whdm
k,j,m
Now for any ¢ € [N], we have the following relationship:
,J m _ Q* k.jm _k,jm > 2i—1 (%) 38
Wp h) (sh )y Ay, ) > €le|1,h' (38)

k,j,m

Combining the results of Lemma F.3 and Equation (38), we have:

2 el S  HOSAllwl (e + Z > W Wy, (39)
=h k,jm
where
wp ™ () = wp ™
NI
wh;{i-Tv Z wh”j' m |:Nh’(sh”j ma h I m >ZO]Z771 h/ kajivmi):(kajvm):lahgh/SH_la
k’,j',m’ i=1
Therefore, for any triple (k, j,m) and h < b’ < H — 1, we have
N Np o
k k/ -/ 7 k:l -/ . - f . " . R
th/% = > (Z wht <h>> L[N (sh? ™ ah ™) = 0| S0 L[, 57 m) = (R Gm)
k5 m’ \i=1 i=1

Then by mathematical induction on i’ € [h, H], it is straightforward to prove that for any j € [K],
Zwk Jm (k) < (exp(3/H))" ™" < 27, (40)

given Equation (34) and the base caseY " wh’f’ (h)y =N, wh’]’ <1.
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Solving Equation (39), we can derive the following relationship:

I k,j,m
o ”(z) H5S A Zh’ thjmwh/]' (h)Y,”

1,h ~ 4i62 21 (41)
‘We claim that "

SVt < MH*SA+ MVHSSAVL, (42)

h'=1k,j,m

which will be proved later. Therefore, by

H[(Qh Q) (sp ™ ap ™) > } Zwk]m,

we have

H H N H N
>3 T[QEGEIT Ak = Qhlsh P ap ™) 2 e < Z Z th’f’” SN el @3
===

h=1k,j,m h=1 i=1

By Equation (41), it holds that

N N :J m ka.j7m
i H5S A Zh’ Ok mWhi'i ()Y,
Z||W||§3L§Z g2 +Z . ¢
, ; 4e ‘ e
=1 =1 =1
H k,j,m
< H5S AL N g: doh=1 2k jom Yo
~ €2 P 2ie
H5SA MHASA+ MVH5SSA
< M0SAC MHITSA+ MVHSAVE (44)
€ €

Here, the second inequality is because 0 < wh’J :"(h) < 27 by Equation (40) and th,’j’m > 0. The last inequality is because
of Equation (42). Combing the results of Equation (43) and Equation (44), we reach

6 5 N HT
Z Z |:Qh k]m kJWL) Qh( k]m kJM)2€:| < H SAL+MH SA+M H SA\/Z

h ~ €2 €
h=1k,j,m

Now we finish the proof of the first conclusion. Further, we can prove the second conclusion by noting that

S5 (@ - Q) (I af (@ = Qi) (sh7 ™ af ™) = ¢

h=1k,j,m
H N .
< Z Z 2%el|wl|;
h=1i=1
H N H H
s H;iAL IS <Z i (b ) ) v
h=1i=1 h=1h'=hk,jm

h=1h'=hk,jm

6
S,HSAL
€

+ MH®SA+ MVHTSAL.

Here, the second inequality is by Equation (41). The second last inequality is because ZZ LW h}J " (h) < 27 by Equation (40)
and the last inequality is because of Equation (42). Next, we only need to prove Equation (42)
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Proof of Equation (42): By definition of Y5™3J  we have the following equation

k,jm __ 5 s k,',m k,j,m s
S = Y Y (NGl <]+ 3[R o < N < ]

k,m,j k,j,m k,m,j k,m,j
(45)
For the first term of Equation (45), we have
k
ST H < HYD SN (s,0) =0, (577, 0} ) = (s5,0)] < MHSA. (46)

k,j,m s,a k,j,m
The inequality here is because if we let (s, a) be the round index such that N,’f,o (s,a) = 0and N,]fPH (s,a) > 0, then
Z I[NE (s,a) = 0, ()7, ay ™) = (s,a)] = Z]I (520 afo ™) = (s,a)] = nf(s,a) < M.

k,j,m
Let k1 (s,a) = max{k | 1 <k < K, NF.(s,a) < io}. Then for the second term of Equation (45), it holds that

ZH]I[0<Nh,(sh}]’ Larim) ] HZZ [O<Nh,sa)<zo,(s’;73’ Lay ™y = (s7a)}

k,j,m s,a k,J,'m

= HZZZ [ (sp”"™ ap™) = (57‘1)}

s,a k=1 j,m

— HZNIC1+1
= H(ZN}lf}(s,a) + Znﬁ}(s,a))

s,a s,a

< HSAig+ MHSA < 5MH3SA. 47)

Here, the first inequality is because N1 (s, a) < ig and then n}'} (s,a) < M by (c) of Lemma E.1. Finally, for the last term
of Equation (45), by Equation (20) with o = 1/2 and w:’]’m =1, we have

2.

k,m,j

N],; [o < NE(sE9™ ab9™) < M| < 2MVE3S AV 48)

Applying Equation (46), Equation (47) and Equation (48) to Equation (45), we know

H H
ST S S (MHPSA + MVH3SAVY) = MH*SA + MVH®SAVL.

h'=1k,m,j h'=1

F.3. Proof of Lemma 4.2
Proof. The following proof holds for both FedQ-Hoeffding algorithm and FedQ-Bernstein algorithm.

To begin, note that
(Vl* - Vlwk) (7)) = Vi (sVP™) — Qi (s77™ ay 7™ + <Q1 QT ) (sham ghiimy
= Aa(spa) B [(V = V) (57 | 59~ Pr( | b )
—E [MS’””"a Q) + Aa(s5T™ a M) | BT Py(-| s abim)]

k,j, k.7, k,j, k, k.7,
+E[(Q—Q5") (57, al ™) | 577 ~ P 8} Jm,aﬁmﬂ

H
\Jsm k,j,m
Z (Sh ) Ay, )

k,j,m k,j,m ad
spin ~ Pu( | s W) he [H 1]1
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Here the second equation is by Bellman equation and Bellman optimality equation Equation (3). Therefore, we can get
another expression of the regret

H
E (Regret(T)) = E Z (Vl* - Vf’k) (st = E Z Z Ah(s:’j’m,aﬁ’j’m)

kjsm k,j,m h=1
By event G; in Lemma F.1 (or G5 in Lemma F.2 for FedQ-Bernstein algorithm),
Qh(sh? ™ af ™) = max{ @ (77", @)} = max{ @i (57, @)} = Vi (577)
Thus, for any episode-step pair (k, h)

An(s? ™) = clip [Vir (s57™) = Qi(sk7 ™ ab ™) | Amin] < clip [(@ = @5) (557 af ™) | A

which further implies

H
E (Regret(T)) <E |3 3 clip [(Q;j Q) (89, gk | Amin}

h=1k,j,m

F.4. Bounding the Gap-Dependent Regret
The following proof holds for both FedQ-Hoeffding algorithm and FedQ-Bernstein algorithm (substituting G; by Go).
Let 6 = 1/T3, we have:

H
E (Regret(T)) < E Z Z clip {(Q’}i - Q) (sﬁﬁj’mﬂﬁj»m) ‘ Amm}

h=1k,j,m

g1 | P(G1)

H
FE DY dlip [(@F - Q3) (5577 ap ™) | Awi| 65| P(GF)

h=1k,j,m

6
<0 (H SA  MVETSAVi+ MH5SA> + Ti HT,
1

Amin
HOSA
:0( 5 M\/H7SA\ﬂ+MH5SA).

The last inequality is because under the event G; , we have

HSS A,

min

H
S 3 el [(@ ~ @) (557" | ] <0

h=1k,jm

+ MHSSA+ M\/H7SA\ﬂ> .
by Lemma 4.1 with € = Apj, and under the event Gf,

H
>3 dlin [(@F - Q5) (557 af ™) | Awin| < HT

h=1k,j,m

Since ¢ = log(m#) = log(2SAHT?), by (e) of Lemma E.1, we have
L < 2log(2SAHT}) < 2log <QSAH(2T + MHSA)) <0 (1og(SAHT) + log(MHSA)) ~0 (1og(SAT)) . (49)
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The last inequality is because M, H < T'. Therefore, applying Equation (49), we have
HSS AL

min

E (Regret(T)) < O (

(HGS’A log(MSAT)
Amin

+ MVHTSAV + MH5SA)

IN

@)

+ MVHTSA\/log(MSAT) + MH5SA> .

G. Proofs of Theorem 3.3
G.1. Probability Events

Lemma G.1. Ler !/ = log(%) with § € (0,1). Then we have the following conclusion:

(a) With probability at least 1 — 0, the following event holds:

H
Z Z I |:(QI}CL - Qz)(sﬁ,’m,j,a}li,m,j) Z Amin:| S C’min

h=1k,j,m

(b) For any given deterministic optimal policy 7*, with probability at least 1 — ¢, the following event holds:

kZ/Z]P’(afL’j’m (s | )<3ZZ [’”m *(s’gﬂm)]+2L,Vhe[H],k'e[K]

k=1 j3,m k=1 j3,m

(c) Forany k' € [K], let Ryy = 22;1 > j.m L which is the total number of episodes in the first k' rounds. Then with
probability at least 1 — 0, the following event holds:

&= {55 (1o =] - (s aet))

k=1 j3,m

< |24 ZZ]P’( ’jm—s|7r’“) L+9, Vs € S,h e [H|, K € K]

k=1 j3,m

(d) With probability at least 1 — 0, the following event holds:

&= i_:{ [ dm }_P<827j,m:8|77k)}

Jk
SREAD: (s’;v»m _ s|7‘rk) V490, Vs €S, he[H) ke [K],me [M]
j=1

Here, under the full synchronization assumption, we can assume in k-th round, each agent will generate Jy; episodes.
Note that given the round k and the policy %, the probability ]P)(SZ’J’m = s|7*) is independent of the index m, j. Let
Pk, = P(sk7™ = s|nk), then &4 can be written as

Jr
a=4>1 [sf/ - s} — JBE | < \[24BE 0 190, Vs € S, € [H] k € [K],m € [M]
j=1
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Proof. (a) Itis proved by Lemma 4.1.

(b) We order all the episodes in the sequence following the rule: first by round index, second by episode index, and third by
agent index. Let n(k, j, m) denote the position of the j-th episode of the m-th agent in the k-th round of the sequence. The
filtration J,,(j, ;) is the o-field generated by all the random variables until the first n(k, j,m) — 1 episodes. When there is
no ambiguity, we will abbreviate n(k, 7, m) as n and Fn(k,jm) as Fn. Then we have:

(Clh3j ™ 7rh,(8h}] ") Wk) - (GZ’J s Wh'(sh,’j ") ]:") '

According to Lemma D.2, with probability at least 1 — § /T2, the following inequality holds for any given h = h’ € [H],
K =k e [B]and Ry =330, 2, 1€ [T] :

X
ZOZIP’ (az,j L ﬂh/(sh, ™ ﬂ'k) <3I ( kodim T (sfb}j’m)) + 2, VK € [K].
k=1 j,m

Considering all the possible values of h = b’ € [H], k' = k{, € [£}] and Ry, = Zzé’zl >~ ;m 1 € [T1], with probability at
least 1 — 4, it holds simultaneously for all & € [H], k' € [11] and R, = Zk:l > jm 1 € [T1] that

ZZIP’(’”M WZ(SZJm )<3ZZ (kjm *(k]m))+2L

k=1 j,m k=1j,m

(c) According to Lemma D.1, with probability at least 1 — §/STZ, the following inequality holds for any given s’ € S,
k/
h=n'e[H],K =kje[Fand Ry = >0, > 1€[T]:

S5 sk = o] B (s = 1)) <o (3538 (s = sint) ) o

k=1 j3,m k=1 j,m

Here, we let 02 = Ty, m = [log,(71)] in Lemma D.1 and

’

Wy = 35S B (s = 1et) (1B (457 = 1)) < 353 (5 = i),

k=1 jm k=1j,m

Considering all the possible values of s = s € S, h = h' € [H], k' = k{) € [], T =T’ € [T], with probability at least
1 — 6, it holds simultaneously for all s € S, h € [H], k' € [1}] and T € [T}] that

S (1o =] (s = iet) ) < 24 (S5 (s = ) ) o

k=1 jm k=1 j3,m

(d) The proof is similar to (c) by considering all the combinations of (s, h,m, k, Ry) € S x [H] x [M] x [2] x [T}].

G.2. Proof of Lemma 5.1

Proof. The event G; N & N &2 holds with probability at least 1 — 3. Next we will prove Lemma 5.1 under the event
G1 N &1 N Es. (For FedQ-Bernstein algorithm, we will prove Lemma 5.1 under the event G, N & N Es.)

For any h € [H], let set Dy, be all triples of (s, a, h) such that a ¢ A7 (s), that is:
Dy = {(s,a,h)|a & Aj(s)}.
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We also let the set D = Uthl Dy, and the set
Dopt = {(s,a, h)|a € A;(S)}
Then we have |D| + [Dgy| = SAH.

If for given (h, k, j,m), (s;"™7,a}""™7 h) € Dy, we have Ay (s; ™7 a}"™7) > Apin. By event G; in Lemma F.1 (or Gy
in Lemma F.2 for FedQ-Bernstein algonthm),

k,gm _k,j,m k,j,m * ¢ k,jm x ¢ k,j,m
QZ(ShJ 7a‘h] )= mgx{Q’,j(shj ,a)} > mgx{Qh(ShJ ,a)} =V (Shj )-
Therefore, it holds that
QIZ(SZ m,J km,]) Q*( km,J Z,m,j) > Ah( kmd I;L,m,j) > Apin.
Then we have
Llap?™ & A (sp?™)| =T [(s5™, 0™, h) € Da] S T[QK(E™,al™) = Qilsh ™ af ™) = Aua]
and thus by the event £&; in Lemma G.1, it holds that
Z S nfapm g A (sp] < Z Z (Qh(sh™ ap ™) = Qi(sh™,al™) = Anin| < Coine (50)
h=1k,j,m h=1k,j,m

Next we prove the second conclusion. Let S) = {s | P%, = 0}. For any given deterministic optimal policy 7*, we have
I [aﬁ’j’m # W;(Si’j’m)] 1 [ai’j’m # WZ(SZJM): sﬁ’j’m ¢ S}ﬂ 41 {af;j»m # ﬂ.}*L(SZ,LM)’ Si’j’m c 52] ) 51)

For s];jm ¢ SV, we have P*jm , > 0and |A;‘l(sﬁjm)| = 1 by condition (b) of Definition 3.2. This means wh(sfl’] ™ s
skdm

the only element in A7 (s 7). Therefore, we have

L|ap?™ # mi(sh?™), sk ¢ Sh| <T[ap?™ ¢ Aj(sh™)] (52)

For the second term in Equation (51), if h = 1, because of the randomness of the selection of slf’j m

sPIM %) = P(s; = sP7™) > 0 and then

, we have P(s; =

I {alf’j’m e CAA WA B S?} =0. (53)

To bound the second term in Equation (51) for & > 1, we first prove a lemma.

Lemma G.2. Forany h € [H| and the trajectory {(slfb’j’m, aZ’J o Th’J "}L_ | in j-th episode of agent m in round k, if
P* Sk > 0 and aﬁ’j’m is the unique optimal action for state sk’] ™ at step h, then P* e g > 0
h h+1 ’

Proof. For any given optimal policy 7*, it holds that

k,j,m *
P*, =P (sh =80T 7 )
sy htl + Wi |
_ kjm _ k,gjm _ kgjm _x _ kgjm _ kjm *
EP(shH—shH | sn =157 ap =a,”™" 7" ) xP (s, = s, an = a; | 7

) k,j,m k,j,m k,j,m *
=P (sny1 =81 | sn=15"" an =a, xIP’;Hmh>0

—

The equation (I) is by Markov property and P(s;, = sy, aj, = af?™ | 7%) = P(s), = sp"™ | 7%) = P* O

k,j,m g
£ N
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2J,m

> 0. Therefore, if for h > 1, P*

k m,J

, we know P* = 0 and sﬁ’j’m € SV, by

k,m,j

For every initial state slf gk g Sk
Lemma G.2, we know there exists 2’ < h such that a;; " is not an optimal action for state Sy

have P* > (. Therefore, for the second term in Equatlon (51), we have

at step h’, otherwise we

k]mh

([ e e ] <1 et < Sl e ] o

h'=1
By combining the results of Equation (52), Equation (53) and Equation (54), we can bound the Equation (51) as follows:

h H
E[ah? # mih ) < SOE[a g A (el ] < 0 T [aht g (st ]
h'=1 h'=1
Therefore, using the first conclusion, Equation (50), we reach

S 1o £t < 5 3 i ¢ At < o

k,j,m k,j,m h/=1

By combining this inequality with the event £ in Lemma G.1, we can conclude that for any h € [H| and k' € [K],

ZZ]P’( L () | 7)< ACi,

k=1 j,m

G.3. Proof of Lemma 5.2

Proof. The event G; N (ﬂ4_ &) holds with probability at least 1 — 55. Next we will prove Lemma 5.1 under the event
Gin (ﬂ &;). (For FedQ-Bernstein algorithm, we will prove Lemma 5.1 under the event Go N (ﬂZ 1€))

Under the event G; N (ﬂ?:1 &) (orGan (ﬂi:1 &:)), we have already proved the Lemma 5.1 in Appendix G.2.
Because N (s, ag) > i1 + 92 > Cpin, by Lemma 5.1, we know ag € Aj(s0). Next we prove the second conclusion.

Using the law of total probability, for any 0 < h < H — 1, s € S and any given deterministic optimal policy 7*, we have
the following relationship

P(Sh’j_lm =S ‘ 7k ZP( h,—sj-lm = S|Sﬁ*j»m = S/,ai’j’m = 7'[';(5/)77'[']9) P (Si’j’m = 5/’a2aj»m = WZ(S/) | 7rk>
+P <5h’_~j_1m = s,afb’j’m #+ WZ(sﬁ’j’m) | 7Tk>
_ Zpk,] ,m ]P)( Jmo S/ ak,j,m _ 7'('*(8/) | ) —|—P<S J,m s ak,j,m 75 W*(Sk’j’m) ‘ ﬂ_k)
- s,s’,h — 2 %h — 'h h+1 = %A h\°h ’
S/
(55)

where

k,jm __ k,j,m __ k,gm _ 1 kgjm _ _x/ 1 k k,j,m __ k,gjm _ 1 kgjm _ _x/ 7
IP’&S,,h ]P’(shJrl = s|s), =5, a, =7y (s),n") =P s = slsy =s,a, =m7(s")).

The last equality is because of Markov property. We also have
P (si’j_’lm = s|7r*) Z]P’ <8h’j_1m S\SIZ’j’m = 8’77r*> P (si’j’m = s'|7r*> = ZIP”: Z,”Z P (Sh’j m s/|7r*> , (56)
S/
where the last equation is because

k,jm __ kgm 1 _x\ _ k,jm __ k:j m __ 1 _kgjgm _ _x k,j,m
]P’(sh+1 = sls) —5,77)—]1”(%“ =slsp " =5 a, =7 (s) =P
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Combining the results of Equation (55) and Equation (56), then it holds
k,j,m k,j,m *

P (shil = s|7rk) —P (shil = s|mw )

= Z]P’E?Z [ ( wIm — o af? ™ = k(s | ) —P(sﬁ’j’m = s'|7r*)} +P<shilm =5, ab P £k (sp )| ok )

- [P (7 = 1) P (497 = 10| -SSR P (A = k™ i) )

+P (sh’frlm s, ap I ok (i | 7Tk> .
Therefore for any 0 < h < H — 1 and s € S, by the triangle inequality, it holds that
‘]P’ (sfb_f_lm =s] 7rk> -P (si_f_lm = s\ﬂ'*) < ZP?;TL ‘IP’ (sfb’j’m =45 | wk) -P ( IZJ = S/|7T*)’

HR P (s = ™ £ mi () [ 7)) + B (530 = s af T A m (™ [ 7). 67)

Summing Equation (57) for all s € S, since > | P, o+ » = 1, then we can derive the following recursive relationship:

Jim _ k k.j,m "
E ’P(hﬂ —S|7T)—P(Sh+1 s|7r>‘
< g ‘]P’ (sh’j’m =5 7rk) -P (SZ“" = s'|7r*)
S/

Since P(s¥"™ = s | 7%) — P(s"™ = s|7*) = 0, by recursion, for any i’ € [H] we can get the following conclusion

Z ‘]P’ (sf}j’m =5 wk) —P (sﬁ)j’m = 5\77*) <2 Z ]P’( I oLk (s | wk)

<2 Z P (af ™ # mi(sh?™) | 7). (58)

+2P (a’,jﬂ?m £ i (sEImy | wk) .

Applying Equation (10) in Lemma 5.1 to Equation (58), then for any h € [H] and k¥’ € [K], it holds that:

SIS (7 =1 54) <P (s =) €23 S (i ) ) < i

s k=1jm h=1k=1 j,m

Based on the property (b) of Definition 3.2, we have P(sﬁ’j’m = s|r*) =P}, thenforany s € S, h € [H] and k' € [K],
we also have

SO (s = o 78) — R, < 3T [P (s = s o) — Bk = sie)

k=1 j,m k=1j,m

S 8Hcmin~ (59)

and thus by the triangle inequality

Yy r (s’;ﬁ*m =] wk) < Ry, + 8HC . (60)

k=1 jm

Applying Equation (60) to £ in Lemma G.1, for any s € S, h € [H] and k¥’ € [K], we have
Z S {u[shim =s] —B(shim = sn) | < \/24 (RwPy, +SHCpin ) 0+ 90
k=1 j,m
< 5,/ RpP? 1+ 23H . 61)

40



Gap-Dependent Bounds for Federated (Q-Learning

Combining the results of Equation (59) and Equation (61), by triangle inequality, we can derive the following relationship
forany s € S, h € [H] and k' € [K]

y
SO [sp = 5]~ RuPl| <5 /R4 8LH i (62)

k=1 j,m

Then by triangle inequality, it holds for any s € S, h € [H] and k¥’ € [K] that

k/
SOSI [k = sl e Ay (s)] - BBl

k=1 j3,m
K k'

< I k,j,m __ R..P* I k.j,m __ k,j,m A*

= Sh =S| — Ly s,h + Sh =S, a’h ¢ h(s)
k=1 j,m k=1 j,m

S 5, /Rk/]P;hL + 32HCmin.

Here, the last inequality is by Equation (62) and also the fact that
K’ K’
k,j,m k,j,m * k,j,m x/ k,j,m
Zzﬂ[shﬂ = 5,a% ¢Ah(s)] §ZZH[ah7 ¢ Az (sF™) | < Coin
k=1 j,m k=1 j,m

due to Equation (9) in Lemma 5.1. O]

G.4. Proof of Lemma 5.3
Proof. The event &4 holds with probability at least 1 — 4. Next we will prove Lemma 5.3 under the event &;.

If the trigger condition is met by the triple (s,a, k) in round k, then we have a = 7%(s). For such (s,a, h), by &4 in
Lemma G.1, it holds for any s € S, h € [H], k € [K] and m € [M] that

Jk Jk
SOL[shIT = s apt ™ =a] = 3T [sp = s| € [JiBE, = \2400PE 0 0 TP+ \J2ATPE 0]
j=1 j=1

(63)

Since (s, a, h) satisfies the trigger condition in round &, there exists an agent myq such that nZ’mD (s,a) = ck(s,a). Then we

reach o k( )
I NZ(s,a A
JpPF USPE 19/ > T 12O 199./.
Ko TSRS O 2 T T 1) N

The last inequality is because N/ (s, a) > i1. Solving the inequality (I), we can get the following relationship

\/Jk]P)(I;h Z \/CN — 3 — \/@

Then by Equation (63), for any other agent m,

Ji

. . 2
SOU[shIT = s af " = a| = aPE, = \JATPE -0 = ([P, - VEI) 15/

j=1
> (\/C’N — 3 — 2@)2 — 15/ > CN3+ 1.

The last inequality is because Cy > 199:'. Therefore, we have

M M Jg
) , : M(Cy+1)  NE(s,a)
m,k k,j,m k,j,m N ’
ni(s’a):mzlnh (S’a):;;qsh] = 50377 =a| 2 3 TSH(H 1)
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and thus
1
N}]f+1(8,a) Nh(S a)—l—nh(s a) (1"’3}[(}[_'_:[)) N]I.::(S,a).

G.5. Proof of Lemma 5.4

Proof. The event G; N ((;_, &) holds with probability at least 1 — 55. Next we will prove Lemma 5.4 under the event
Gin (ﬂ4 &;). (For FedQ-Bernstein algorithm, we will prove Lemma 5.4 under the event Go N (ﬂl 1€))

Under the event G; N (ﬂ4 &) (orGan (ﬂ &i)), we have already proved the Lemma 5.1, Lemma 5.2 and Lemma 5.3.

For P}, > 0, the optimal action is unique. Then for any (s, a, h) such that a = 7} (s) and P}, > 0, we can simplify the
results of Lemma 5.2 to the following equation

Rk’Pz,h — 51 / Rk/P:,hL — 32H0min S N,’f/"'l(s, a) S Rk’]P);h —+ 5Q / Rk'IPZ,hL —+ 32HCmin- (64)

By Equation (64), for any s’ € S and b’ € [H] such that P’}, ,, > 0, we have

Rk]P)S T 5, /RkPS h’L — 32HCmm N;ffrl(sl, WZ,(S/))-
RiaP% 4 5, R Ph i+ 32HCmn Vi (87 ()

To prove the second conclusion, we only need to prove that, for any s’ € S and b’ € [H] such that PP}, ,, > 0,

RiP% 0 — 5y [RiP ot — 32HCoin )
>4 (65)
RpaP% 4 + 5, [Re1P% 0+ 32H Cii 6H(H +1)

Next, we will prove the Equation (65). For the triple (sg, ag, ko), by Equation (64), we know that

6500H3Cy *
Tmn N}y (50, a0) < Rk 1P, p, + 5\/m+ 32H Crin.

Solving the inequality, we have

6500H3C\y; 25 )
Ry 1]P90 ho \/ i _SZHCmin‘f'iL_i

4 2
(;) 6468 H3C'\yin _ H3Cluin
Ost Cst

H3 C(min
> 79 > 79/ H3Chin- (66)

Cst

and then

\/Rk]P’:th > \/Rk \PE > 19y H3Coni. (67)

Here, the inequality (I) is because 25’ < H3Cpi, for H > 2 and 0 < Cy; < 1. Therefore, for any s’ € S and b’ € [H]
such that P, ,,, we have

VBB = RiciPl - P,j” > JRiaP?, - /Cop = 198/ H3Copin, (68)

80,ho
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and thus

\/Rk]P’j;/yh, > \/Rk,lpg,,h, > 79y/H3Crain.

For X > 6241H3Cyin = 792 H3C\pin, note that

C'min*X X
H

5VXL+32HCm1n§ +32Hlen§56?.

(69)

(70)

Here, the first inequality is because 51/t < ,/% for H > 2. Therefore, based on Equation (66), Equation (67),
Equation (68) and Equation (69), we can apply Equation (70) for Rk_l]P’:O)h and Ry P* Rk_lﬂ”:,,h and RkIP’Zf,,h

so,h°

/R 1P 2H Oy < T Wonts 5 [ e 2H Gy < - 00
5 Rk_l 507h0L+ 3 min > W, 5 Rk so,h0L+ 3 min S W
* < Rk_lﬂp:/vh/ * < RkP:lyh/
51 / Rk_l]P)s/,h/L + 32Hcmjn ~ %T, 5« / Rsz’,h'L + 32HCmin < 567

respectively:

and

Since N ,’f(so, ag) > i1 and the trigger condition is satisfied by (s, a, h) in round k, by Lemma 5.3, we have:

N;’f(fl(so,ao) N 1
N;LCO(SQ,CLQ) - 3H(H+ 1)

Together with Equation (64), it holds that

RkPSo,ho +5 \/ Rk]PSo,hoL + 32H Cin > Nh:_ (80, aO) >1 1

> > 14
Ri—1P% o — 5y RicaP% o0~ 32HCmn Mo (s0:0) SH(H +1)

Applying Equation (71) to Equation (73), we have
1 i, gy + 5/ BRPY, 3,0 4 32H G _ (0 sgi) B

< < .
H(H+1) = Ry \P; 0 — 5, /Re1Py, ot — 32HCmn (1~ o) Bia

1
+3

Therefore, we know

1
Ry_1 3H(H—|— 1) 1+ 57

Using Equation (72), we have

Rkp:’,h/ -5 RkP:/ﬂh/L - 32HCmm (1 _ 5611—12 )Rk:

;

1
> (1+ 1 > (1 ~ B6H?
Ri-1P% 45, [Ri 1%t +32HCmn (U somz) Ben — ' BH(H +1)) \1+ 55

The last inequality is by Equation (74). Let

1 . /6H24+6H+1
6HZ+6H~+2
C= —/————/——.
6H24+6H+1
1+ 6HZ+6H+2
Then we have )
1 1 1 1

= . > > s
CTeHPv6H v2 \ |, Jemremes A(GH? + 6H +2) — 56H?2
6H2+6H+2
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and thus )

1+6H(1M_6H2+6H+1_(1—c)2< (1—5&12>
- - < (- —mm

Applying this inequality to Equation (75) completes the proof of Equation (65), thereby proving the second conclusion. []

G.6. Details of Final Discussion

The event G; N (ﬂ?zl &) (or Gz N (ﬂ?:l &:)) holds with probability at least 1 — 5. Under the event G; N (ﬂ?zl &) (or
GaN (ﬂ?=1 &:)), we have proved Lemma 5.3 and Lemma 5.4. Next, we will discuss the number of communication rounds
and consider four different situations:

1. Inround k, the trigger condition is satisfied by (s, a, h) when N} (s, a) < i;. We will refer to this as a Type-I trigger.

For each time the trigger condition is met for (s,a,h) , the number of visits to (s,a,h) increases by at least
1/(2M H(H + 1)) times. Specifically, when the trigger condition is first satisfied, the visit number increases from 0 to
at least 1. Therefore, the maximum number of Type-I triggers for each triple (s, a, h), denoted t5(s, a, h), satisfies

1 t1(s,a,h)—2
1+ — < 9.
( +2MH(H+1)> =N

Therefore, we have

loe(i
tl (37 a, h’) S Og(ll)l
log(1 + 2MH(H+1))

and thus the number of rounds with Type-I triggers is bounded by

+2 = O(MH?log(iy)).

> ti(s,a,h) < O (MH?SAlog (i) . (76)

s,a,h

2. Inround k, the triple (s, a, h) satisfies the trigger condition when i; < NJ(s,a) < i1 + is. We will refer to this as a
Type-1I trigger if a ¢ Aj,(s) or a € Aj(s) and P}, = 0, and as a Type-III trigger if a € Aj,(s) and P} ;, > 0.
By Lemma 5.3, for each time the trigger condition is satisfied by (s, a, h) , the number of visits to (s, a, h) increases
by at least 1/3H (H + 1) times.
For (s, a, h) satisfying the type-II trigger, by Equation (9) in Lemma 5.1 and Lemma 5.2, we know that the maximum

visit number to (s, a, h) is 32H Cyn. Therefore, the maximum number of Type-II triggers for each triple (s, 7} (s), h),
denoted t2(s, a, h), satisfies

1 ta(s,a,h)—1 32HCoin MHS AL H3SA
SH(H + 1) i MH2/AY, A

min

Therefore, we have

log HSZSA .
s L o 152))
log (1 + srrcirymy )

and thus the number of rounds with Type-II triggers is bounded by

> ta(s,a,h) <O (H3SAlog <IZQSA)> . (77)

min

min

s,a,h

3. By condition (b) of Definition 3.2, we know a = 77 (s) for a Type-III trigger. Therefore, the maximum number of
Type-1II triggers for each triple (s, 7} (s), k), denoted t3(s, 75 (s), h), satisfies

11 + 12

11

<

1 ts (s, (s),h)—1
) <ip.

(1 B ICESY
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Therefore, we have

onls
ta(s, 7 (s), h) < Og(”)l +1 = O(H?log(ia)).
log (1 + 3H(H+1))

Because we only have H S triples of (s, 77 (s), k), the number of rounds with Type-III triggers is bounded by

> ts(s,mi(s),h) < O (H*Slog (iz)) - (78)

s,]P’:Yh>0

4. The trigger condition is satisfied by (s, a, h) in round k when NF(s,a) > iy + ia.
By Lemma 5.3, in this case, for each time the trigger condition is satisfied by (s,a, h) , we have a € A} (s). we
will first prove the trigger condition cannot be satisfied by (s, a,h) in round k when a € Aj(s), P;;, = 0 and
NE(s,a) > iy + ia.
Let So = {(s,a,h) | a € Ai(s), P*, = 0}. By Lemma 5.2, we know for (s, a, h) € So, Nj**!(s,a) < 32HCpin <
i1 + 2. However, when the trigger condition is satisfied by (s, a, h) inround k, we have N (s, a) > iy + i, which

is contradicts the fact that N,f“(s, a) < iy + iz. Therefore the triple (s, a, h) satisfies that P, > 0. Then by
Lemma 5.4, for any s’ € S and b/ € [H] such that P% 5 > 0, it holds that

\ 1 .
N]I.f/‘i»l(sxﬂ-h/(sl)) Z <1 + 6]{([{4»1)) N}I;‘/ (8/77Th/ (8/)),

indicating that the number of visits to (s', }; (s’), ') with P, ;,, > 0 simultaneously increases by at least 1 /6 H (H +1)
times. We refer to this type of trigger as Type-IV trigger. Therefore, the maximum number of Type-IV triggers, denoted
ty, satisfies

1 e T T
14+ < - — < .
6H(H+1) _Z1+22_HSA
The last inequality is because io > M H S A. Therefore, the number of rounds with Type-III triggers is bounded by

1 T
ty < Og(HSAl) —0 (H2 log (HEA» (79)
log (1 + 6H(H+1)>

By Equation (76), Equation (77), Equation (78) and Equation (79), the number of rounds is no more than

> tis,ah)+ Y ta(s,ah)+ Y ta(s,mi(s),h) +ta

s,a,h s,a,h s,P% h>0
+ H3Slog (i2) + H*log r
HSA

H°SA
H5SA ( MH9S A, T
< 3 2/ 3 3 i 2
O(MH SAlog (MH*/') + H SAlog<A )+H Slog(Az o > +H log<HSA)>

min

<0 (MH3SA log (i1) + H>S Alog (

min

min

MH® SAL
A2

min Cst

— log <2MS§1HT1> <0 (log <2M55AHT> ¢ log <2M§AH>> o <1og (S?T)) . (50)

Let 0 = p/5 and ¢y = log (%). Since ¢ < ¢/ < O(tp) by Equation (80), then with probability at least 1 — p, the
number of rounds of communication is no more than

5 9
; (MHgsA tog (M%) + H*S Alog ( SA> + HS1og <MHSA) + Holog (HgA))

The last inequality is because i5 < . By (e) of Lemma E.1, we have

A2 AZ. C

min min
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