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Abstract

We conduct a systematic study of the approximation properties of Transformer for
sequence modeling with long, sparse and complicated memory. We investigate
the mechanisms through which different components of Transformer, such as
the dot-product self-attention, positional encoding and feed-forward layer, affect
its expressive power, and we study their combined effects through establishing
explicit approximation rates. Our study reveals the roles of critical parameters
in the Transformer, such as the number of layers and the number of attention
heads. These theoretical insights are validated experimentally and offer natural
suggestions for alternative architectures.

1 Introduction

In recent years, Transformer networks (Vaswani et al., 2017) have emerged as foundational models,
setting new benchmarks across various domains, including natural language processing (NLP),
computer vision (CV), and protein folding. Despite their impressive practical achievements, the
underlying mechanisms and theoretical foundations of Transformer networks remain largely elusive.

Transformer networks encompass various components, posing challenges to their comprehensive
understanding. A typical Transformer comprises multiple layers, each consisting of a multi-head
self-attention (Attn) sub-layer and a feed-forward network (FFN) sub-layer, integrated with residual
blocks. FFN is a two-layer nonlinear network, while Attn includes dot-product (DP) and positional
encoding (PE). To get a better understanding of how Transformer works in practice, we need to study
several key issues. These include:

(i) How do the key hyper-parameters, for example, the number of layers, the number of Attn
heads and the with of FFN layers, affect the performance of the Transformer network?

(ii) How do the Attn and FFN layers contribute differently to the overall performance?

(iii) How does DP attention work, and is the DP structure necessary?

(iv) How efficient is PE in modeling long-range correlations?

Extensive empirical research on Transformer components has led to the proposal of numerous
alternatives to the current structure of Transformer. For example, several relative positional encodings
(RPE) (Shaw et al., 2018; Raffel et al., 2020; Su et al., 2024; Press et al., 2022) have been proposed
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to substitute the original absolute positional encoding (APE), yielding superior performance in
challenging tasks like length generalization (Ontandn et al., 2022; Csordés et al., 2021; Anil et al.,
2022). Additionally, the necessity of the computationally expensive DP in Attn layers has been widely
questioned, and researchers proposed numerous alternatives of DP that show considerable efficacy
in specific tasks (Kitaev et al., 2020; Wang et al., 2020; Choromanski et al., 2020; Tay et al., 2021;
Allen-Zhu and Li, 2023). Nonetheless, these explorations have not yielded a satisfactory theoretical
understanding of the mechanisms of these components.

In this work, we investigate the expressive power of Transformer and the underlying mechanisms of
its components for sequence modeling. Our contributions are summarized as follows:

We categorize three types of sequence modeling tasks with varying complexity, which are relevant
to a broad spectrum of application areas. Task I: Modeling fixed, long but sparse memories. This is
relevant to sparse Boolean functions and the traditional n-gram model in NLP. Task II: Modeling
adaptive, long but sparse memories. This is relevant to multi-step reasoning tasks as well as various
NLP tasks such as dependency parsing, sentiment analysis, and continuation writing. Task III:
Modeling essentially sparse memories. Examples include feature representation in CV and wavelet
analysis in classical signal processing.

For these sequence modeling tasks, we theoretically investigate the expressive power of Trans-
former and its variants, establishing explicit approximation rates. Our meticulous analysis provides
theoretical insights into the underlying mechanisms of Transformer components. Specifically,

¢ The distinct roles of the number of layers, the number of Attn heads, and the width
of FFN layers. Deeper Transformer are capable of handling memories with more intricate
interrelationships, such as nested relationships (Thm 4.4). In contrast, for memories lacking
such interrelationships, single-layer Transformer with sufficient number of Attn heads and FFN
width should suffice (Thm 4.1). This is quite intuitive: If the content of the next token relies on
a few previous tokens in an independent way, we can treat each such dependence by a separate
attention head. There is no need for many layers. Additionally, increasing the depth can also
alleviate the reliance on the number of heads and width (Prop 4.5).

* The different roles of Attn layers and FFN layers. Our results consistently suggest that: FFN
layers are tasked with approximating nonlinear memory functions and the readout function,
while Attn layers are responsible for extracting the tokens from these memory locations.

* The functionality and necessity of DP. For the relatively simple Task I, DP is not necessary and
can be omitted (Thm 3.1). However, for the more complex Task II, the cooperation between DP
and RPE provides the needed interaction between the temporal space and the token space, crucial
for the extraction of adaptive memories (Thm 4.1 and 4.4). Additionally, for Task II, while the
nonlinearity provided by DP is necessary (Prop 4.2), a computationally efficient alternative to
DP exists, as we show in Prop 4.3.

* The efficiency of RPE in modeling long-range correlations. Our results consistently suggest
that the primary role of RPE is to approximate the memory kernels. Specifically, for Task III,
we demonstrate that Transformer with suitable RPE can handle heavy-tailed memories, thus
overcoming the Curse of Memory faced by recurrent neural networks (Thm 5.1). Moreover, our
findings give theoretical support to the choice of RPE in practice.

Finally, we conduct experiments to validate our theoretical insights.

2 Preliminaries

Basic notations. We use bold-faced letters for vectors or matrices and lowercase letters for scalars,
eg. = (z1,,24)] € R¥and W = (W;;)imuxn € R™*". The standard Euclidean inner
product between two vectors is denoted by (-, -), and the I, norm of a vector is represented by ||-,,.

We employ standard big-O notations O, €2, © to hide absolute positive constants and use 0,.9,0to
further hide logarithmic constants. For any positive integer n, let [n] = {1,--- ,n}. Denote by I{ E'}
the indicator function for an event E. Denote by a V b = max{a, b} for real number a, b.



2.1 Sequence modeling with long but sparse memories

Sequence modeling. For convenience, we consider input sequences of infinite length (¢t € Z). It
is important to note, however, that our theoretical framework can be adapted to finite-length input
sequences by masking distant tokens. Formally, the output sequence Y = (y;)icz € R*? is
generated from the input sequence X = (x;)icz € X C R¥*Z via an unknown mapping H.(-)
dependent on the input sequence up to the prediction time, and this can be expressed as:

Yy = Hy(X) = f(xy, -1, @12,---), te (D

Our objective is to learn the mapping H.(-). Additionally, we define the norm ||HJ|| :=
Sup;ez Sup x e v |H(X)|. Without loss of generality, we assume |||, < 1 for any X € X
and set the output dimension ¢ = 1 for simplicity.

Long but sparse memories. To model such sequences, we define three types of memories: fixed,
long but sparse memories; adaptive, long but sparse memories; and essentially sparse memories.
These memory types are prevalent in sequence modeling tasks across diverse domains such as NLP,
CV, signal processing, and sparse function representation. In Section 3, 4, and 5, we will formally
define these different types and investigate Transformer’s capacity to model them.

2.2 Transformer architecture

Transformer network. Transformer (Vaswani et al., 2017) is a network architecture designed for
processing sequences and generating predictions. Given an input sequence X, Transformer executes
the following steps. Initially, each d-dimensional (dim) input token is transformed into a D-dim

vector through an embedding mapping such as :E,EO) = Wgx; + bg, where Wy € RPX4 by € RP,
Subsequently, a typical L-layer Transformer with residual block operates according to the formulation:

X0=32) = x0=D 4 Aggn@ (XD 1€ [L];
l -1 ! -1 (2)

X0 = x(=3) y FFNY(X(-3)), [ e[L].
At the [-th layer, FFN(Z)(~) denotes a standard (point-wise) two-layer ReLU networks with m
neurons: for a given input z € R?, FEN® (z) = 7" aPo (b’ Tx + cl), where o(-) is the
activation function such as ReLU. Additionally, in the final (L-th) FFN layer, the residual block is

omitted, commonly referred to as the readout function. Moreover, Attn® (+) refers to a multi-head
self-attention, as elaborated below.

Multi-head self-attention. Our focus lies on standard dot-product Attn, denoted as Attn® (1) and
consisting of H heads. When applied to an input sequence X, Attn operates as follows:

H
Attn®(X) = WS > Wi Xsoftmax. ((WSM X, WX )+ RUD) . 3)
h=1

Here, the parameters Wg ’h), W}é’h), W‘(,l ’h), g ) correspond to the query, key, value, output

matrices of the (I, h)-th head, respectively. softmax, represents taking softmax normalization across
column. Furthermore, R(:") € RZ*Z denotes the relative positional encoding matrix, which satisfies

Rg;h) = —oo for t < s in the next-token prediction paradigm. Consequently, the ¢-th output of Attn
is expressed as:

H +oo W‘(/Lh){lit,S exp (<Wg7h){lﬂt, Wj(é’h)$t75> + Ri(tfi}i)s)

Attn(X) =w "N
h=1 s=0 ;;Og exp (<Wg’h)ﬂ!t, W[((l’h)mt—j> + Rilig)

Logarithmic and Power relative positional encoding. As highlighted in Section A, among various
types of RPEs, the RPEs used in T5 and KERPLE(log) demonstrate superior performance over Alibi,
significantly outperforming other RPEs and APEs in the length generalization task (Kazemnejad
et al., 2023; Chi et al., 2022). This finding motivates our focus on the T5-type, KERPLE(log), and
Alibi-type RPEs throughout this paper. All of these RPE matrices are Toeplitz, with the form of



R; s = r(t — s). Notably, for TS and KERPLE(log), (¢ — s) undergoes an initial linear decrease
followed by a logarithmic decrease as the relative distance ¢ — s increases (Please refer to Section G.1
for more details). In contrast, for Alibi, r(¢ — s) decreases linearly. Inspired by these discussions, we
examine the following RPEs with different decay rates:

logz, z2>1 )
00, otherwise ’

-2, z>0
—o00, otherwise -

Prog(2) = {: Prin(2) = {

We will study Transformer with ¢¢ype RPE (type € {log, lin}). Specifically, the RPE in the (I, h)-th
head (3) is as follows:

R = pM gy e(t — s), )

where p(.") € R, is a trainable parameter.

Remark 2.1. For standard Transformer (2) incorporating Attn (3) with RPE (4), the parameters are:
the embedding matrix W; aé) b(l) ( ) in the FEN layers; Wg’h)7 ng’h), W‘(/l’h), plbh) W(()l)
in the Attn layers. Notably, the number of parameters is independent of the sequence length, thus
enabling the model to handle input sequences of arbitrary length.

Remark 2.2. In the subsequent sections, we will analyze Transformer and its variants. For the sake of
brevity, some shorthand notations are introduced here. For examples, Transformer (2) using ¢106/¢1in

RPE (4) is referred to as “Transformer with log/lin-RPE”; Transformer with Wg ’h), Wl((l’h’) =0is
called “dot-product-free Transformer”.

2.3 Expressive power via approximation theory

This paper delves into the expressive power of Transformer through the lens of approximation theory,
with a specific focus on establishing explicit approximation rates for Transformers in modeling long
but sparse memories.

Approximation rates v.s. universal approximation. In approximation theory, results are generally
categorized into two types: universal approximation (density-type) and approximation rates (Jackson-
type) (Jackson, 1930). Universal approximation investigates whether the hypothesis class is dense
in the target class. Although this property is fundamental, it does not offer detailed insights into
approximation efficiency. In contrast, approximation rates go deeper, emphasizing the efficiency of
the approximation. A typical example within this framework is the approximation theory of two-layer
neural networks (2NNs).

Barron space of 2NNs. The well-known universal approximation result for 2NNs asserts that 2NNs
can approximate any continuous function (Barron, 1992; 1993; 1994). Nonetheless, this result lacks
a characterization of the approximation efficiency, i.e., how many neurons are needed to achieve
a certain approximation accuracy? This gap was addressed by the Barron space theory (E et al.,
2019; 2021; Ma et al., 2020). It is established that for any function within Barron space f € B
(Appendix G.2), 2NNs with m neurons (denoted by #,,) can approximate them efficiently, at a rate
ofinfy ey, [|f — fmll < O(|| fllz /+/m), remarkably independent of the input dimension d, thus
avoiding the Curse of Dimensionality (Bellman, 1966; Bach, 2017).

3 Fixed, long but )/-sparse memories

3.1 Problem formulation

Fixed, long but )/ -sparse memories. In this section, we investigate a fundamental category of long
but sparse memories. Our focus is on scenarios where the positions of the sparse memories remain
fixed and are independent of the tokens. The target function is represented by:

Yt = f(wta Lt—Tyy " 7wt*TM)a (5)

where 1 < Ty < --- < Ty < +oo signify the fixed positions of the memories. Despite the memories
being fixed (token-independent) and sparse (finite M), the task can still be complex due to the
potentially long-range memories (11, - - - , Ths can be large enough).



Examples. (I) For Boolean inputs, (5) aligns with sparse Boolean functions, also studied in (Edelman
et al., 2022; Bhattamishra et al., 2022). Notably, Bhattamishra et al. (2022) observed that Transformers
outperform LSTMs in learning sparse parities. (II) Selecting the simplest case of 1; = i in (5)
corresponds to the traditional n-gram model, which consists of short and sparse memories.

Target class. We focus on target functions described in (5). The readout function f is considered
within the standard Barron space B, i.e., which can be effectively approximated by 2NNs. Moreover,
we assume that f is Lipschitz, denoted by f € L. Thus, we can focus more on investigating the
memory extraction power of Transformer. Formally, we define the target class for modeling fixed,
long but M -sparse memories as:

H™ = {H: Hy(X)=(5), where 1 <Ty <--- < Ty < +o0, f € BNL}. (6)

Transformer hypothesis class. As mentioned in Section 1, one of our main aims is to study the
necessity and roles of different components in Transformer, such as DP and RPE. This section focuses
on the “simplest” one-layer Transformer and investigates whether it can effectively model this task.
Formally, our hypothesis class includes all one-layer DP-free Transformers, configured with H Attn
heads and FFN width m:

TFEP;}?)FG = {TF : TF is a 1-layer, H-head, m-width 7
dot-product-free Transformer with type—RPE}.

3.2 Theoretical results and insights

Theorem 3.1 (Approximation rate). For any target H € H¥™* (6), rate n € N, and H,m € N,

there exists a 1-layer Transformer TF € TJ:(?P; ’%pe (7) and a constant C'(n) such that

IH = TF|| < Errn + || fl|Lip Easin(type),

, +1
C(n) M 0.01T: )"
O+ (2izi e

+1 :
o< ZfilTi“”) ) ,type = log

Theorem 3.1 establishes the approximation rate of one-layer DP-free Transformer for modeling fixed,
long but sparse memories. Here, the model complexity is governed by the number of Attn heads H
and the width of FFN layers m, while the target complexity arises from the lengths of the memories
T1,---, Ty and the complexity of the readout function f. The approximation error comprises two
components: the error in the FFN component Eppn and the error in the Attn component i, (type).
The error Eppy aligns with classical results, showcasing its effectiveness in approximating Barron
functions. On the other hand, Eattn (type) hinges on the capacity of the Attn block for modeling
long-range memories. Specifically, with increasing memory length, the necessary number of Attn
heads grows at a small exponential rate for lin-RPE and at a polynomial rate for log-RPE.

) ,type = lin

where Eppn = O (l%) and Epgn (type) =

The proof of Theorem 3.1 is deferred to Appendix B. We can draw some insights from Theorem 3.1
and its proof.

Different roles of the Attn layer and the FFN layer. The Attn and FFN layers fulfill distinct roles in
this task. Specifically, the FFN layer efficiently approximates the nonlinear readout function f, while
the Attn layer is responsible for extracting the token x;_7, by approximating the memory kernel
I{- = T;}. These components together enable effective modeling of fixed, long, but sparse memories.

Non-necessity of DP. Theorem 3.1 suggests that the DP component in Attn is not necessary and can
be omitted for modeling fixed, long but sparse memories. This is due to the relative simplicity of
modeling fixed memory kernels. In a more complex scenario in Section 4, the role of the dot-product
becomes important. In contrast to Edelman et al. (2022), which utilizes the property of DP to prove
that Transformer can model sparse Boolean functions, our result reveals that one-layer Transformer
can successfully tackle the same task even without the dot product in the attention layer.

Effect of RPE types on expressivity. Our result indicates that the type of the RPE used in the Attn
layer subtly influences the Transformer’s ability to model long-range memories. As the range of
the memory increases, the required head number grows at a slightly exponential rate for lin-RPE



and at a polynomial rate for log-RPE. The subtle difference is attributed to the relative simplicity of
approximating the memory kernel I{- = T;}. We will explore a more complex task in Section 5,
where the impact of different types of RPE becomes even more pronounced.

4 K-Adaptive, long but ) -sparse memories

4.1 Problem formulation

In this section, we delve into a more complex modeling scenario closely aligned with typical language
processing tasks.

K-Adaptive, long but ) -sparse memories. This section investigates the scenario where the
positions of the sparse memories are “adaptive”, meaning they depend on the input tokens. The target
function is formulated as:

Yo = f(Tt, ety s Toty)s 3
where the positions of the memory tokens t1, - - - , t3s follow a nested relationship:
tr = gi(xe)ita = ga(®e, Tty )5 st1 = 9 +1(Tt, To—ty 0 s Tty )
st = gm (T, Tty Ty )

Here, M denotes the number of memory tokens, and K measures the nesting complexity in the
memory structure. We assume that memory functions g; generate positive integers for the input
tokens, and there exist maximum values 7; such that g; < T;. In this adaptive framework, each
position of the memory token depends on multiple input tokens and is nested within other memory
structures, leading to potential influence of later memory tokens by the earlier ones.

To facilitate understanding, we first consider a warm-up case, i.e., { = 0 in (8). In this case, the
positions of memories only depend on the current token, without interaction with each other. It can
be represented as:

Yo = (T, @0y, s Toty)s )
where t; = g(x;),1 € [M].

Target class. The target classes for modeling adaptive, long but sparse memories in both warm-up
and general cases are as follows:

Hohe = {H: Hy(X) = (9), where g; € B,1 < g; <T,,i € [M];f € BAL}.  (10)

Hiery = {H: Hy(X) =), where g; € B,1 < g; <Tj,i € [M;f e BNL}. (11
Examples. Adaptive memories are commonly encountered in practical scenarios. (I) Adaptive sparse
Boolean functions, €.8., Y1 = Tt * Ti—g(z,) * Tt—g(z,_,(,,))» Where X € {£1}2, g(z) = 1forz =1
and g(x) = 2 for x = —1. This fits within our framework (8) with K = M = 2. (I) Multi-step
reasoning, e.g., modeling the K-adaptive, long, but K -sparse memories contains a complicated
K -step reasoning task, which require the sequential search following the rule ((- - - ((x¢ — x¢—s, ) —
gty ) > Ti—ty_,) — Ti—t,. (D) In NLP tasks like dependency parsing, part-of-speech
tagging, sentiment analysis, or continuation writing, the positions of relevant prefix tokens usually
depend on the context itself, and can vary depending the content. Additionally, the nested structure is
a fundamental characteristic of natural language (Hawkins, 2021).

Transformer hypothesis class. Some previous works Yun et al. (2019); Kim et al. (2022) treated the
softmax with normalization as an approximation of hardmax, suggesting the potential importance of
the normalization. In contrast, in this section, we remove the normalization in the denominator of
softmax and investigate its ability for sequence modeling. Additionally, to address the discreteness of
time and memory values, we consider Transformer with specific precision, as detailed in Appendix C.
The precision technique is widely used in LLM training (Kalamkar et al., 2019), such as BFloat16.
Formally, the hypothesis class is defined as follows, encompassing all normalization-free L-layer
Transformer, configured with H Attn heads and FFN width m and using type-RPE and specific
precision.

T.ng; my = {TF :TF is an L-layer, H-head, m-width

12
Transformer with type-RPE and specific precision}. (12)



4.2 Theoretical results and insights: The warm-up case

é(’i;‘}’) (8), rate n € N,

and H,m € N, there exists a two-layer Transformer TF € T F/J*S ) (12) and a constant C(n)

Theorem 4.1 (Approximation rate, warm-up case). For any target H € ‘H

(2,H,m
f the width sati Q3 lgills ) type = lin _
such that: if the widih satisfies m = {~ R ’ , then the following
Q( Ziil ||10ggi||igTi2) ,type = log

approximation rate holds:

I — TF|| < Errn + || fllLip Eastn(type),

n+1
O Ch(rz) Z£1 0-01T; ,type = lin

+1 :
@ C;f,f) PO Til'(n) ) ,type = log

where Eppn = O (l%f’;) and Eavin(type) =

In Theorem 4.1, we present the approximation rate of two-layer Transformer for the warm-up case:
modeling 1-adaptive, long but M-sparse memories. This theorem reveals that the approximation
error comprises two distinct components: the error in the FEN component Eppn and the error in the
Attn component Eaty (type). A critical difference from 3.1 is the presence of the condition related
to the width m of FFN layers. This term arises from using the FFN layer to approximate the memory
function g;. Owing to the discreteness of memory g; and the implementation of rounding operations,
the approximation within rounding accuracy all achieves zero error after rounding, while it can not
get correct rounding beyond this accuracy. In contrast, the error Erpy is caused by using FEN to
approximate the readout function f, the same as Eppy in Theorem 3.1.

The proof of Theorem 4.1 can be found in Appendix C.1. Theorem 4.1 and its proof offer several
critical insights into the underlying mechanism of Transformer.

Distinct roles of Attn layers and FFN layers. Our proof elucidates that the FFN layers are tasked
with approximating the readout function f and memory functions g;, while the Attn layers are
responsible for the extraction of the adaptive memories. It is essential to clarify the difference
between “approximating memory functions” and “memory extraction”. The former refers to utilizing
some function to estimate the memory function g;, whereas the latter pertains to extracting the token
T;_g,(x,) from the memory location.

Cooperation between DP and RPE. In the 2-nd Attn layer, the extraction of the memory functions
is achieved through an interplay between DP and RPE. Specifically, this is done through a nice
interaction between the temporal space (provided by RPE) and the token space (provided by DP).
Please refer to Appendix C.1 for more details.

Rethinking DP in Attn. Our proof highlights that the core mechanism of Attn is to provide a nice
interaction between the temporal space and the token space through the cooperation of DP and RPE.
This leads us to the following question: Is DP in Attn necessary and replaceable? The following two
propositions provide some hints.

Proposition 4.2 (DP vs. DP-free (informal)). There exists a target H € ’H(Ald?)p (10) such that:

(A) For any € > 0, there exists a 1-layer Atm Attn®Y such that HH — AttnP? H' <e

(B) For any 1-layer DP-free Attn AttnPF 4 uniform lower bound holds: H‘H — AttnDPFH‘ > %

Proposition 4.2 reveal a significant distinction in the expressiveness of two network types for modeling
adaptive, long, but sparse memories. Specifically, 1-layer Attn with DP can effectively model this
task, while 1-layer DP-free Attn provably fails. This finding underscores the essential role of DP in
providing the necessary nonlinearity for Attn to model adaptive memories. The formal version of
Proposition 4.2 and its proof can be found in Appendix C.2.

Proposition 4.3 (Substitute for DP (informal)). There exists a substitute structure for DP, requiring

only O(D) parameters (compared to O(D?) in standard DP) that can effectively model H &
HZ?E) (10). Specifically, if we substitute DP with this structure, 1-layer Transformer can achieve

the same approximation rate as stated in Section 4.1.



Proposition 4.3 demonstrates the existence of a structurally simpler yet effective alternative to
traditional DP for modeling (10). This alternative is proposed based on our insights into the role of
Attn in facilitating the interaction between the temporal space and the token space. Specifically, we
propose a more direct structure to achieve this interaction. More details are deferred to Appendix C.3.

4.3 Theoretical results and insights: The general case

Theorem 4.4 (Approximation rate, general case). For any target H € HAI??*J\]}), rate n € Ny,

and H,m € Ny, there exists an L-layer (L = K + 1+ I{M > K + 1}) Transformer
TF < T]:(tzpz my (12) and a constant C(n) such that: if the width satisfies if the width satis-

fiesm > {Q< maXie(r] V Z —r+1119i HB ) » type = lin , then the following approximation
Q(maxle[K]\/zl K41 ||loggz\|6 ) type = log
rate holds:

IH = TF|| < Eren + [ fllLip Easen(type), where

(@) o \/Z 10 02(n+1)Tiy e0-01T; 2n+2>,type:hn
EFFN O (”fHB) gAttn(tyPe): C{{n 2 02 n+1 ( l K 11 01 2713—2 .
o \/Zl 1 (Zz w1 10) ) ;type =log

In Theorem 4.4, we establish the approximation rate of deep Transformer for modeling K-adaptive,
long but M -sparse memories. Similar to that in Theorem 4.1, the approximation error divides into
two distinct terms. A key difference from Theorem 4.1 is the impact of the nested relationships
among the memory functions on the required number of layers, Attn heads, and the width of FFN
layers. The nested structure within the initial X memories mandates sequential processing in the first
K layers one by one. If M > K + 1, then in the K + 1-th layer, the remaining M/ — K non-nested
memory functions tx 1, - - - ,tps are concurrently processed. The proof of Theorem 4.4 is deferred
to Appendix D.1.

Distinct roles of the number of layers L, the number of Attn heads H, and the width of FFN
layers m. Theorem 4.4 and its proof highlight the distinct roles of three key hyper-parameters
of Transformer: L, H, and m. Deeper Transformer are capable of handling the memories with
more intricate nested relationships, requiring a K + 1 layer network for a nesting complexity of
K. In contrast, the number of heads and width needed is dictated by the individual complexity of
memory functions themselves (||g;| 5 i|| 5> T for memory g;), necessitating that each layer’s
Attn heads and FFN width are sufficient to capture the memory functions extracted in that layer. This
understanding is quite intuitive: If the content of the next token relies on a few previous tokens in an
independent way, we can treat each such dependence with a separate attention head. There is no need
for many layers.

Mitigating required head and width with depth. Recalling Theorem 4.1, the memories lacking
nested relationships can be efficiently approximated by 2-layer Transformer with a sufficient number
of heads and width. The subsequent proposition further explores how increasing the depth of
Transformer can influence its efficiency for modeling memories without nested relationships.

Proposition 4.5 (Deep network, warm-up case). For any target H € "Héd;})) (8), raten € N, and

H,m € N, there exists an M + 1-layer Transformer TF € T F, (t]{fil #.my (12) and a constant

C(n) such that: if the width satisfies m > {ngaXZE K] ||92HB) ) , type = lin, then the
Q( max;ex) [|log gi |5 T ) type = log
following approximation rate holds:

IIH — TF|| < Erpn + || fllLip Eastn(type),

C(n) \/Z £0.02(n+1)T; ) ,type = lin

where Eppn = O (” llf and Epgn (type) = )
) o C(") W) type = log

Upon comparing Proposition 4.5 with Theorem 4.1, a notable distinction becomes evident between
2-layer and M + 1-layer Transformer in terms of the requirement of the number of Attn heads and the
width of FEN layers. Specifically, for 2-layer Transformer, the required width is proportionally linked




to the sum of all the memory functions’ complexity (||g;|| 5, [|10g gi|| ;5 , Ti for memory function g;).
In contrast, for M + 1-layer Transformer, the required width correlates with the maximum complexity
of the memory functions, much lower than that for 2-layer Transformer. Similarly, the required
number of heads for M + 1-layer Transformer is much fewer than that for 2-layer Transformer. Please
refer to Appendix D.2 for a detailed comparison. The observation suggests that increased depth can
significantly reduce the demands on the number of heads and the width. The underlying reason is
that deep networks can distribute the memories across different layers for processing, with each layer
focusing on approximating only a single memory function.

5 Essentially )M -sparse memories

5.1 Problem formulation

In language tasks, each token possesses clear semantic meaning. As a result, the structure of the
memory is sparse in the original space. This aligns well with our modeling assumptions discussed
in Section 3 and 4. However, in other machine learning tasks, we may encounter situations where
the input tokens lack distinct semantic meaning. This might happen in image processing or classical
signal processing. In these situations, the memory structure could potentially be dense in the original
space. Nonetheless, the memory structure might exhibit sparsity in some transformed domain. We
call such memory structure “essentially sparse”. In this section, we study the situation in which the
memory structure in long-ranged but essentially sparse. For simplicity, we consider the situation
in which the positions of the memory kernels are fixed. The analysis can be easily extended to the
situation with an adaptive memory structure.

Fixed, essentially )/ -sparse memory. Consider the following situation:

yt:f((X*pl)(t)7""(X*pM)(t))’ (13)

where p1(+),+ -, pa(-) € £1(N) serve as memory kernels, and (X * p)(t) = Z::og Ti—spi(s)
denotes the convolution of the inputs with kernel py.

Target class and Transformer hypothesis class. The target class for modeling essentially sparse
memories is defined as:

HE = {H: H,(X) = (13), where py, -+, pp € '(N), f € BN L}. (14)

For the hypothesis class, we consider one-layer dot-product-free Transformer with Attn head number
H and FFN width m, as defined in (7).

Examples. Essentially sparse memories are prevalent in real-world scenarios:

(I) Image Tasks. In CV, a fundamental objective is identifying and representing meaningful “features”,
such as ears, nose, etc. These features can often be modeled using convolution kernels, leading to a
task in the form y = f (X * peye, X * Proses X * pear). This is an extension of the task we discussed
above, in which the kernel functions {p; } are data-dependent (“adaptive” in the terminology used in
the previous section).

(ID) Signal processing. In signal processing, it is commonly the case that the signals are highly
sparse under Wavelet or Fourier transforms. For instance, let ¢(-) be a wavelet function and

define ¢4 (t) == w(%)/\/|a|. Then we have y = f (X *Ya, by, -, X *Pa,, by, ) Where
(a1,b1),- -, (arr, bar) might be data-dependent.

(IIT) Mathematical calculation. Consider algebraic operations where memory exhibits sparsity

under specific linear transformations. For example, y; = 10z; + x¢_4/ (220:00 WsTt—10—5) —
Z::Og VsTt—100—s can be represented in our framework as y = f (X * p1,--- , X * py), where each

p; represents a specific linear transformation.

5.2 Theoretical results and insights

Theorem 5.1 (Approximation rates).
(A) Consider H¥** (14) with exponentially decayed memory kernels, i.e., there exists 3 > 0 such that



p1(t), -+, par(t) = O(e=P). Then for any target H € HS, rate n € [|998]], and H,m € N,
there exists a 1-layer DP-free Transformer TF € ng?;ﬁr)l (7) and a constant C'(n) such that
B = TF[| < Epex + [ fllLip - Easin;

(B) Consider H¥* (14) with polynomially decayed memory kernels, i.e., there exists 3 > 1 such
that py(t), -+, pa(t) = Ot=P). Then for any target H € H®S, rate n € [|0.998] — 1], and

H,m € N, there exists a 1-layer DP-free Transformer TF € T F, 8P; 71:;5’ (7) and a constant C(n)

such that

IH — TF(| < Errn + || fllLip - Eatens

where Eppn = O (%) s Eattn = O (7““2%”“) .
Theorem 5.1 illustrates that one-layer DP-free Transformer with lin-RPE is effective in modeling
essentially sparse memories with exponentially decayed kernels, and one-layer DP-free Transformer
with log-RPE can efficiently model the memories with polynomially decayed kernels. A key differ-
ence between Theorem 5.1 and Theorem 3.1 lies in the memory kernels they address. In Theorem 5.1,
the Attn layer should approximate general memory kernels p;(-), instead of approximating indicator
kernels I{- = T;} in Theorem 3.1. The proof of Theorem 5.1 can be found in Appendix E.

Overcoming the Curse of Memory (CoM). For recurrent neural networks (RNN), it was discov-
ered (Li et al., 2021; 2022) that both approximation and optimization become exceedingly difficult
when the target has long-term memory. This phenomenon is referred as the “curse of memory”, or
“CoM”. It was shown in (Li et al., 2021; 2022) that RNN requires an exponentially large number
of neurons to approximate targets with heavy-tailed memory kernels, such as the ones that exhibit
polynomial decay. In contrast, Theorem 5.1 reveals that Transformer with log-RPE efficiently handles
polynomial decaying memory kernels, requiring only a polynomial number of neurons for effective
approximation. This finding theoretically elucidates the superior performance of T5’s RPE and
KERPLE(og) in length generalization task in practice (Section G.1).

6 Experimental Validation

As summarized in Section 1, our theoretical analysis reveals novel insights into the expressive power
and mechanisms of Transformer. To validate these insights, we conduct experiments ranging from
simple toy models to more complex language model pre-training. Due to space constraints, detailed
experimental validation and practical implications of our insights are presented in Appendix H.

7 Conclusion and Future Work

In this work, we investigate theoretically the expressive power and the mechanisms of Transformer for
modeling long but sparse memories. Our analysis establishes explicit approximation rates and offers
much-needed insights into the functionalities of the various components of Transformer. However,
we still have a long way to go for a full theoretical understanding of Transformer. For instance,
although we have investigated the mechanisms of Transformer in terms of expressive power, the
evolution of the mechanisms during the training process remains elusive. Recent studies revealed that
Transformer exhibits multi-phase learning dynamics (Boix-Adsera et al., 2023) and undergoes phase
transitions (Olsson et al., 2022) during training, akin to the phenomenon of learning with increasing
complexity in classical neural networks (Kalimeris et al., 2019; Xu et al., 2019; Rahaman et al., 2019;
Abbe et al., 2023a; Wang and Ma, 2023). These and other issues will be studied in future work.
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Transformer can approximate fixed sparse functions. Dehghani et al. (2019); Pérez et al. (2021); Wei
et al. (2022a) explored the Turing-completeness of infinite-precision and finite-precision Transformer.
Giannou et al. (2023) showed that looped Transformer can implement practical computer programs.
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Jiang and Li (2023) provided explicit approximation rates for Transformer in sequences modeling
with inherent graph structures. Liu et al. (2022) found that Transformer can execute finite-state
automata. Ma and Ying (2022) asserted the natural suitability of Attn for achieving permutation
equivariance. Besides these affirmative results, several studies characterized the expressivity lim-
itation of Transformers, particularly in modeling formal languages or simulating circuits (Hahn,
2020; Weiss et al., 2021; Bhattamishra et al., 2020; Merrill and Sabharwal, 2023b; Merrill et al.,
2022). Additionally Feng et al. (2023); Merrill and Sabharwal (2023a) examined the expressivity of
Transformer using Chain of Thought prompting (Wei et al., 2022b). Moreover, some studies showed
that the in-context learning ability of Transformer is attainable by simulating gradient-based iterations
across various layers (Garg et al., 2022; Akyiirek et al., 2022; von Oswald et al., 2023; Von Oswald
et al., 2023; Mahankali et al., 2023; Bai et al., 2023; Shen et al., 2023). Besides, experimental studies
also provide insights into the mechanisms of Transformer through induction head (Elhage et al., 2021;
Olsson et al., 2022), information flow (Wang et al., 2023), anchor functions (Zhang et al., 2024), etc.

Positional encoding. One core component of Transformer is the PE, which facilitates the representa-
tion of input sequence order. Theoretically, Transformer without PE lacks UAP and is restricted to
representing permutation-invariant functions. PE was first introduced in Vaswani et al. (2017). It has
limitations in encoding unseen positions. To overcome this difficulty, Shaw et al. (2018) introduced
RPE. Subsequent studies proposed various different RPE types. Notable examples include T5’s
RPE (Raffel et al., 2020), Rotary RPE (Su et al., 2024) (utilized in PaLM (Chowdhery et al., 2023) and
LlaMA (Touvron et al., 2023)), Alibi RPE (Press et al., 2022) (employed in BLOOM (Workshop et al.,
2022)), and KERPLE (Chi et al., 2022). A prevailing belief is that RPEs can outperform APEs in the
“length generalization task” (Ontandn et al., 2022; Csordds et al., 2021)- the ability to generalize from
smaller training contexts to larger ones, a critical challenge for Large Language Models (Anil et al.,
2022; Abbe et al., 2023b). However, Press et al. (2022) revealed that the commonly used Rotary RPE
may exhibit suboptimal performance in this task. The recent work (Kazemnejad et al., 2023; Chi
et al., 2022) conducted systematic experiments comparing the length generalization capabilities of
Transformers with various RPEs and APEs, suggesting that the RPEs used in T5 and KERPLE(log)
demonstrate superior performance over other types.

Rethinking dot-product. Another critical component of Transformer is the DP structure. Due to its
quadratic cost as a function of the sequence length, the necessity of DP has always been questioned.
Numerous variants of DP have been proposed, demonstrating competitive performance across diverse
tasks. Representative examples include Longformer (Beltagy et al., 2020), Big Bird (Zaheer et al.,
2020), Reformer (Kitaev et al., 2020), Linformer (Wang et al., 2020), Performer (Choromanski et al.,
2020), Synthesizer (Tay et al., 2021), etc. In particular, a recent study (Allen-Zhu and Li, 2023)
compared standard and DP-free Transformers in modeling "context-free grammar". Their findings
suggested that the presence of DP has a marginal impact on performance. These evidences motivate
us to rethink the necessity of DP in Transformer.

Sparsity (Donoho, 2006; Candeés and Wakin, 2008) has gained considerable attention in sequence
modeling. In classical signal processing, there is a prevailing notion that valuable signals are extremely
sparse. For example, when representing an image, one often finds that only a few wavelet coefficients
hold significant values in wavelet space (Meyer, 1992). In NLP, the starting point off the traditional
n-gram model (Shannon, 1948) is that the next token only relies on a few previous tokens. Such
models, however, overlook long-range information, often resulting in suboptimal performance. For
NLP tasks such as dependency parsing (Nivre and Scholz, 2004), sentiment analysis (Nasukawa and
Yi, 2003), part-of-speech tagging (Francis and Kucera, 1979), and continuation writing (Brown et al.,
2020; OpenAl, 2023), it is indeed often the case that only a limited subset of preceding information
is crucial for accurate prediction. However, these relevant information can be quite distant. For
instance, the resolution of a mystery novel may hinge on elements introduced at the outset. Moreover,
for Transformer networks, extensive research into the visualization and interpretability has revealed
that (i) the learned activation maps of FFN layers are extremely sparse (Li et al., 2023); (ii) the
learned self-attention matrices exhibit notable sparsity, yet it does not closely resemble a diagonal
configuration (Elhage et al., 2021). These observations suggest that the prediction of the next token is
influenced by a small number of previous tokens which might be far away. Therefore, being able to
represent sparse but long-range dependence is important for sequence modeling.
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B Proof of Section 3

B.1 Proof of Theorem 3.1
In this subsection, we give the detailed proofs of fixed, long but sparse memory:

Y = f(wh LTy, " 7wt*TJVI)7
where 1 < T < -+ < Ty < 400 signify the fixed positions of the memories.

Theorem B.1 (Restatement of Theorem 3.1). For any target H € HY™* (6), rate n € N, and
H,m € Ny, there exists a 1-layer Transformer TF € T]-‘gplf "“YP€ (7) and a constant C(n) such
that

B = TF[| < Erpn + [ fllLs, Eavin(type),

where Eppn = O (%) and

n+1
C;;:L,) (ZzAil eO.OlTi> > , type =lin

@)
Eattn(type) = 1 )
O (G (s, mror) > . type=log

Proof of Theorem B.1.
First, we choose the embedding dimension D = (M + 1)d, and select the simple embedding
Wg = (Idxd,O)T S RDXd,bE =0¢c RP.

Then for any input sequence X = (x;);cz, the token after embedding satisfies:
xf = Wgx, +bp = (z/,07)" ¢ RP.
DPF type

For one-layer Dot-product-free Transformer TF € T F, (1,H,m with ¢¢ype, the output token
TF,(X) of ¢-th input token x, satisfies:

H
o — 2 L WY Atenf (X)),
h=1

z{") = FFNW (/%)

where

Attn(™" (X) h)z xi_s exp (PP prype(s)) .
120 exp (P11 Geype (7))

This proof can be summarized as the following process:

zy
Step I. Attn layer |
1/2
(/) (wt7w;rT17"'>w;rfTM)T

Step II. FFN layer J

mgl) ~ f(mtﬂ e A amt—TM)
Now we give the formal proof.

Step I. Extract the memory locations by (Dot-product-free) Attn layer.

We consider to use H}, attention heads (from Z H + 1-th head to Z 1 H;-th head) to extract
it, and it satisfies to Zk:l H, =H.

For simplicity, we denote the following projection matrices:
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P® = (04xpa Igxa 0)eR>*P 1<k< M.

I 0 0
P(k) — kdxkd dxd RIVIdXD 1<k<DM.
1 0 Oaxd L(nv—kydx(M—k)d < ’ -

Now we consider the extraction of k-th memory ;7 (1 < k < M).

* Case type = lin.

By Lemma F.1, for any rate n € N, there exists an constant C'(n) and a function

PR = > ane” !

S HA1<h<Y  H

such that 5;, > 0 and

£0-01(n+1) T

L =T} = o5 Ol ) = Zm{sw} () < Ol —

Therefore, for these attention heads (Zi:ll H,+1<h< Zle H,), we can choose

1,h)
P =B, Wy ZeXp —Bnd) | 0G0y

where §(F+t1:1) € RP*D means that: it equals to T4 for the (k+1,1)-th d x d blocks,
and 04,4 for the other d x d blocks.

Then it holds that:

Y Hi v Hi +00 0r4
S = S S (o) e

hzk L H 1 hzk LH+1 s=0 0
This implies:

’; 1 Hi ?:1 H; +o0

PO N Attn(XO) = YT 0 Y e e,

h= Zk 1H +1 h;Ef;ll H;+1 s=0

i Hi

POTSS At (x0) o

Zk L H 11

moreover, the following estimate holds:

kL H;
i=1
PO N At (XO) — g,
h=3"F"1 Hi+1 9
f 1 Hi +00
= Yooy e m —myg,
h=yF"lHi41 s=0 5
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k
+oo i1 Hi

- Z Z ape Prs — {s=Tk} | ®i—s

5=0 \h=3"F"' H;4+1

Zf:l H;

+oo
< Z Z ane” s —T{s = Ty}

5=0 |p=3"F"' H,+1

=16y () =L = Ti}l, ) < C(n)

2

£0-01(n+1)Ty,
Hi:
* Case type = log.

By Lemma F.4, for any rate n € N, there exists an constant C'(n) and a function
I _
EO Y(t) = Z apt 5!17
STl Hi1<h<YF H

such that 3}, > 1 and

Tl 01(n+1)Hg

[t =7y = a0, fZ)H{s—Tk} o ()] < C(m) -

Therefore, for these attention heads (Ei.:ll H,+1<h< Ele H;), we can choose

P — g, 1 h) Z] Bn | gkt

where §(F+t1:1) € RP*P means that: it equals to T4 for the (k+1,1)-th d x d blocks,
and 04 4 for the other d x d blocks.

Then it holds that:

i_c=1 H; f:l H; +oo
P Z Attngl’h)(X(O)) = Z ap Z sPra,_,
h="F"1Hi+1 h=FtE1 =1
k| H;
PP N Attn"M(Xx©) =0,
h=>"F"! Hi41

moreover, the following estimate holds:

5:1 H;
> POAtn"(XO) —a, g,
h=YFlHi41

k
i—1 Hi +oo

= > any s -,

h=Yi2¢ Hi+1 571

+oo le

- Z Z aps P — {s =Tk} | x1—s

s=1 \h=3"F"1! H;+1
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k H;

i=1

+oo
gz Z aps P — s =T}

s=1 [ h=31" Hi+1
1-01(n+1)
<o|Cmn)~E—-—-].
6(Ny) — ( () Hy

1
=[|lob™ ()~ =)
Then we combine the results for all k € [M] for these two cases. By choose W = Ip, we have:

Ty
(1/2) _ | Teon
Lt—tpr 2
Tt Od
Lt—t M Tt—t
_ ( —|—ZAtt - T = D At x) - | T
: h=1 .
wt*t}w 2 wt*tM 2
M Zf 1 Hi 0kq
=(>_ > At (X) - (mt Tk>
k=1 \h=3"F"1! H;41

St Hi Okd
g > Attnl"(X) - a:t Tk
k=1{[h=3F" Hit1
M ?:1 H;
S a0
k=1||lp=x"F" H,4+1 5
£0-0L(n+1)Ty, .
C(n) Ek 1 S type = lin
<Eatn(type) := M T 01(h41) .
C(n)> iy T, type = log

Consequently, one detail is to assign the head number { Hy, }2 | such that the error’s sum Egen (type)
is as small as possible. Our way is solving the minimization problem:

min  : Eagn(type)

H17... 7I—IN[
M
st Hy=H,
k=1
which suggests that we should choose the head number:
£0-01T,
Hy = WH, ke [M], type = lin;
=
T1.01
Hy, = k H, kec[M], type=log.

M
Zj:l le‘(n

Thus, we obtain the bound in Step I:

M nl
Cn) ( eo.om> , type = lin
Eattn(type) < kl\z/fl s
o ( > T;i‘”) - type = log

>
Il
—

[\
—



Furthermore, by choosing Eaten(type) < 1, it holds that

Ty T

Lt Lt—t
wglﬂ)H < :cgl/Q) — o + o < Eaten(type) +1 < 2.

LTt—tr/ o Lt—tr/ Mo

Step I1. Approximate the readout function by FFN layer.

In this step, we aim to approximate the function f using two-layer network. By Lemma G.6, there
exists a two layer neural network with m neurons defined on R”

FFNW (y) = Z aro (bl y + cx)
k=1

such that

Erex = HFFN(I) - fHLoo([—m]D) <0 <%) '

The final bound.
For any ¢t and X € &, it holds that
00 o] a5 )|
= ’f (T4, Tp—tyy Tity) — f (w§1/2)> +f (wgl/2)) — FFNW (wgl/”)’
< ‘f (g, @pgyy o Tity) — <w§1/2)>‘ + ‘f (mﬁ””) — FFN® (m§1/2)>‘
<l [ (@7 2y 2ls,,) = 22|+ ]|~ FENO)|
S fllip - Easen(type) + Eppn,

Le=([-2,2]7)

where

Errn = O (jll—f) ;

n+1
S

n+1 ’
O %Z) ( ,1:[:1 Tkl'm) ), type = log

Due to the arbitrariness of ¢ and X, the proof is completed.

Entin(type) =
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C Proof of Section 4.2

In this section, we give the detailed proofs of the approximation theory of Transformer for modeling
the warm-up case of adaptive, long but sparse memory:

Y = .f(wtawtftu e 7wt7tM)7

where the adaptive memory satisfies to:

ty = gr(xe), k€ [M].

Moreover, gi(-) generate positive integers for the input tokens, and there exist maximum values T
such that 1 < gi(a¢) < Ty holds for any x; and k € [M].

To tackle the discrete values of the time and the memory values g (), a modified version of standard
FFN, termed “FFN with precision”, us cibsudered. This approach ensures that the output of FFN
undergoes a simple rounding operation. Notably, the precision technique is widely used in LLM
training (Kalamkar et al., 2019), such as BFloat16. Specifically, for Transformer using RPE with
type, we use the following FFN with precision:

F/‘_}‘:I/\T(:c) := [FFN(x)], type = lin;

—~ 15)
FFN(x) :=log [exp (FFN(x))], type = log,

where [-] signifies rounding to the nearest integer, i.e., [z] = argmin |n — z| (z € R).

nez
It is important to note that the rounding obtained by using the operator log[exp(z)], used in (15), is
quite fine, which is much finer than the vanilla rounding obtained by [z]. To elaborate, the following
proposition is presented:

Proposition C.1. For any z > 1, the following holds:

1
(i) | loglexp(z)] — 2| < W; (i) |[2] = 2| <

| =

C.1 Proof of Theorem 4.1

Adap

Theorem C.2 (Restatement of Theorem 4.1). For any target H € H(l M)

(8), raten € N4, and

H,m € N_, there exists a two-layer Transformer TF € T.ng’;ﬁ? (12) and a constant C'(n) such
that: if the width satisfies
~ M 2 .
O( S lail3 ). type = lin
mzy - M 2 o I
Q( 2z lloggiliz T ), type =log

then the following approximation rate holds:

IH — TF|| < Errn + || fllLip Eastn(type),

where Eppn = O (”fHB) and

3

n+1
o (5 (Syero™)™ ). type—tin

gAttn(type) = n4+1 :
et (Zﬁl Tf‘m) ) type = log

Proof of Theorem C.2.
First, we choose the embedding dimension D = (M + 1)(d + 1), and select a simple embedding
Wg = (Idxd,O)T S RDXd,bE =0¢c RP.

Then for any input sequence X = (x:):cz, the token after embedding satisfies:

w§°) = Wga; +bp = (z/,0")" € RP.
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To tackle the discrete values of g, (x;), we utilize F/‘F\‘N, FFN with precision (15). It ensures that the
output of FFN undergoes a simple rounding operation.

NF type

Thus, for two-layer normalization-free Transformer TF € T F (2. Hm with ¢¢ype, the output token

mg ) of t-th input token satisfies:

H
o — 2 L WY Atenf (X ),
h=1

&)
m,(fl) = w§1/2) +FFN (:cgl/z)),

H
o7 2D £ WS Atenl (X)),
h=1

z{”) = FFN® (2(*/?),

where
Attngl’h) (X) = W(l ) Z:Bt s €XP (<W(l M, WI((l’h)wt,S> —i—p(l’h)qbtype(s)) .

This proof can be summarized as the following process:

» Case type = lin.
2"
Step L. 1-st Attn |
m§1/2) _
Step II. 1-st FFN |
(1)

Step III. 2-st Attn J

(:Bt 70T7gl(wt)7 e agM(wt)7 1)T

3/2
( /2) (mt ,CC: gi(@)r 7m;r—gM(a:t)7gl(mt)7 - ,gM(CCt)7 1)T
Step IV. 2-st FFN |
2
:135, )~ F(@6 g Brogu (@)

* Case type = log.
2"
Step L. 1-st Attn |
x§1/2) _ wl(fO)
Step II. 1-st FEN |
(1)
Step III. 2-st Attn +

(3/2) (:BtTath gi(ze)? " ?w;rng(:ct)JOggl(wt% T 710ggM(mt)a10g 2)T

(mt ) T,lOgg1($t), T >10ggJV[<xt)710g2)T

Step IV. 2-st FFN |
2
',BE ) ~ f(mt7mt_gl(wt)’ T ’mt—gz\4(wt))

Now we give the formal proof.

Step L. Identity map.

For the first Attn layer, we only need to do the identity map by taking Wo(l) = 0. Then mgl/ D = a:,EO).
Step II. Approximate the adaptive memory function by the first FFN layer.
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Case type = lin. Our main idea is that using the first FFN layer to express
(x/,07 g1(z), -+ ,gm(xe), 1) exactly.

First, we consider to approximate the r-th memory function g,.(x) by standard FFN.

For any r € [M], by Lemma G.6, there exists a two-layer neural network with m,. neurons
NN 1,7) (1,r Te (1,r)
fi (@ Z a, ( Tzt )
defined on R such that

- 7

<o (lale),
Le=([=1,1)P) AL

5 (lclls) _ 1
o(lole) <2,

Therefore, if we choose

the following holds:
1

e
<35
-/ (=114 2

gr(®1) — f(211\,1r1\)1(93t) (1,r)

Noticing g, (x:) € N, we have [fglNg(wt)] = g, (@), which implies:

—

TN @) = [N (@0)] = g (@1):

Consequently, in order to construct the form (0", g1 (x¢),--- , gar(x¢),1) T € RP, we need
to arrange the parameters ag’r), bg’r) and C(1 ™) (k € [my,],r € [M]) appropriately.
Denote E,gl’r) = (b;cl’r) T.0")T € RP for k € [m,],r € [M]. Consider the following
two-layer neural network with 1 + Ziw:l m,. neurons defined on R”:

M

FFN(l) ($) = Z Z €D—M+r— lakl ) (b(l " x + C](cl’r)>

=l my k<SS my

+ep-1-0(0+1).

It is easy to verify that for any wgl/ 2) , it holds that
FFNW (2{'/?) = FFN® (V)

M

- Z Z eD_M+r—1a§€1’T)a (l_),(gl’r) ngo) + c,(cl”')) +ep-1-0(0+1)
Tl my <k<ST g my
M

= Z Z ep_ Mir_ 1a§€1 g (b,(gu) To, + b T)> +ep-1-0(0+1)

=l m <k<S T my

M
= Z 6D7M+r71ffNN(th) +ep

r=1
=04, fED (@), - fian (=), 1) T € RP.
Moreover, it satisfies that

(1)

FFN ( (1/2)) [FFN(I)( (1/2)):|
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=0, [ @]+ [ @] )T
:(0;791($t), o 19M(wt)v 1)T € RD'
Thus, we have achieved our goal in this step:
——(1)
wgl) = w§1/2) +FFN (a:gl/Q)) = (x],07, g1(x¢), -, gnr(x),1)7

Case type = log. Our main idea is that using the first FFN layer to express
(z{,07,logg1(x+),- -, log gar (1), 1og 2) T exactly.

First, we consider to approximate the r-th memory function log g,-(x) by standard FFN.

For any r € [M], by Lemma G.6, there exists a two-layer neural network with m,. neurons
(21N,1\)I Za(l . ( (Lr) T o C;.CLT))
defined on R¢ such that

Hlog g — I

<& (IIIogngB) .
Le(-111P) ~ NG

Therefore, if we choose
& (Meegrlls _ L’
N 4T,
the following holds:

1

2NN
< =
Le=([-1,1]4) 4T,

fan

log g1 (@) — F2) (@1)
which ensures
lexp (BN @) = g0 ()| = exp (FEN @0)) — exp (l0g (g, (22)

< exp (max { A (1), log (g0 (20)) } ) | /83 (@) — log (g0 (1)

1\ 1

Sexp logg’r‘(mt) + Z 4T
1 1
<e'/t. T, - =,
=¢ TuT S 2

Noticing g, (x:) € N, we have [exp (fleg(mt)ﬂ = g,(x;), which implies:
TEN @) =1og [exp (£ )| = log gr ().

Consequently, in order to construct the form (0", log g1 (), - - - ,log gar(x:), log2) ", we
need to arrange the parameters a,(fl’r), b,gl’r) and c(1 ™) (k € [my],r € [M]) appropriately.

_ T
Denote b\ = ("™ ,07)T € R for k € [m,],r € [M]. Consider the following
two-layer neural network with 1 + Ziw:l m, neurons defined on R”:

M

FFN" (z) :Z Z €D— M+r— 1a,(€1 g (Bl(cl’r) T+ c,(cl’r)>
T2 my<k<3DT_o my

+ep-1-0(0+1og2).
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It is easy to verify that for any :1351/ 2), it holds that

FFND (2{"/?) = FFNO (V)

M
Y Y eomrea o (5 el 4 ) e 100+ log2)
r=1 1+Z;;é mj SkSZ}:o m;

M
_ Z Z eD—M+r—1a§CLT)U (b](cl,r) th + cél,r)) +ep-1- 0(0 +log2)
Tl my <k<TT g my

M
= ep_nryr-1 7N (@) + eplog 2
r=1
=(04, FE) (o), S any (@), log 2) T € R
Moreover, it satisfies that
ﬁﬁ(l)(x?/z)) = log {exp (FFN(I)(wgl/Q)))}
=(0,,log [exp (f(lell\)I(mt))] o0, log [exp (fle}\\})(cct))] Jlog2,07) 7"
=(04,logg1(z¢),- -~ ,log gar(¢),log2) .
Thus, we have achieved our goal in this step:
2 = ) LFEN (@) = (27,07 loggr (), Jog g (), log2)

As established in the proof above, the width m must satisfy:

A M 2 .
> 1+ ZM Q> ||9r||13> ) type = lin
m =~ my = ~ M .

= Q (XL oz grl5 72) . type =log

Step II1. Extract the adaptive memories by the second Attn layer.

We consider to use Hy, attention heads (from Zf;ll H; + 1-th head to Zle H;-th head) to extract
it, and it satisfies to Zi\il H, =H.

For simplicity, we denote the following projection matrices in RP*P:

P® = (04xpa Iaxa 0) e R>*P 1<k < M;

pk) . Traxka Odxa 0 c RP-DXD | <} < M-
L 0 Oixd I(D—(kt1)d)x(D—(k+1)d) ’ -

QM) = (Iins1yax(v+1ya 0) € RM+1dxD,
Now we consider the extraction of k-th adaptive memory ©;_g, (z,) (1 < k < M).

* Case type = lin.

By Lemma F.2, for any rate n € N_, there exists a constant C'(n) and a function

¢, " (6 B) = > ap exp(—Bi(t — B))

Sio HiH1<h<3E | H;

= Z aj, exp (ﬂhB - Bht)

k—1 k
21':1 H77+1§h52i:1 H;
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such that 35, > 0 and

C(n)60.01(n+1)Tk

su - =B P (.. B
T = B) = B < S

Moreover, Noticing that 1 < g (x;) < T} holds for any X = (@;):cz € X, the following
holds:

sup||]I{ = gr(ze)} — 00" (+ gk(xt))Hél(N)

C(n)e0.0l(n—i-l)Tk

< su {-=B P (.. B
71§B£Tk ||{ } ¢ ( )”gl(N) H,?

Therefore, for these attention heads (Zi:ll H, +1<h< Zle H;), we can choose:

(2,h) = By, Wél) = Ipxp, W(2,h) h‘s(ﬁf € RDxD,

(2,h) _ (1x1) DxD 2h) (1x1) DxD
Wy =/ Bn J(D M+k11)€RX , =+/f 6(D1)€RX

where 6(p1 p,) Means that: it equals to I, for the (p1, p2)-th r x r blocks, and 0,.x,. for
the other r x r blocks.

Then it is easy to verify:

<W(2 ) (1) W(2 h) (1) > F @M (s) = 75}1(87%(%))’

which implies:

:ZC:I H; f:l H; +o0 Orq
Z Attn?’h)(X(l)) _ Z a Z e Br(s—gir(zt)) (-’W—s) c RD’
0

hzk1H+1 hzk1H+1 s=0
Then it holds that:
f:l H; f:1 H; +oo
Pk Z Attngz’h) (X(O)) _ Z an Z e—ﬁh(s—gk(wt))wtis’
h=Y"F"lHi41 h=FlH,41 5=0
f:l H;

PP N AttnPM(x©) =0,
h=5"52] Hi+1

moreover, the following estimate holds:

f:l H;
S POAn(X) - x4y, ()
h="F_" Hi+1 9
f:l H; +oo
— Z ap Z e Pnls—gr(@)) g T gy ()
h=yrtH 41 =0 9
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+oo ?:1 H;
— Z Z ape Prls—gr(@)) _ I{s = gr(z:)} | 24s
s=0 \p=3"F"' H;41
400 Z;C:l H;
< Z Z ape” Prlman@)) _ Tl — g ()}

5=0 |p=3"F "1 H,+1

2

ox C(n)e0-01(n+1) Ty
= 65" Crgn(@e) — I = gr(@)}Hl, ) < ()T
k

* Case type = log.

By Lemma F.5, for any rate n € N_, there exists a constant C'(n) and a function

P B) = > an(t/B)~
Sio Hi+1<h<3P  H
= Z Qp, exXp (ﬁh log B — B, log t)

k—1
it Hi+1§hfzrl§:1 H

such that 3, > 1 and

C<n)T]iOl(’n+1)

I{- = B} — ¢}°Y (1 B) ntvg = HT
1 k

sup
1<B<T,

Moreover, Noticing that 1 < g (x;) < T} holds for any X = (x;):cz € X, the following
holds:

"0 HH{- = ge(@e)} — 02 (5 gr ()
X

£1(Ny)
C(n)Tl;lOl(nJrl)
6Ny T H} ’

I{- = B} — ¢2°"(:; B)

< sup
1<B<T},

Therefore, for these attention heads (Zi.:ll H;+1<h< Zle H;), we can choose:

p(27h) = Bha Wél) = IDXD7 W(2 " — - ah(S (dxd) RDXD7

(k+11
2h) (1x1) DxD @h) _ VB s(1x1) DxD
=Vh 5(D Mk, E RV W ~log2°0.) e R7XY,

where 6(p pp) Means that: it equals to I,.»,- for the (p1, p2)-th r x r blocks, and 0,.x,. for
the other r x r blocks.

Then it is easy to verify:

<Wéf’h)ac§1), W}(f’h)wﬁl,)s> + PP Grog () = — By log (S/Qk(%)),

which implies:

?:1 H; ?:1 H; +oo (]
S AW =Y an ) (s/nlen)) (”3) €R”,
0

h=3"F"! Hi41 h=F"tH41 =0
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Then it holds that:

S H; >k H; T
p) Z Attn§2,h)(X(0)) _ Z o, Z(S/gk(mt))iﬁhmt—s,
h=37000 Hitl h=3"12 Hi+1 s=0
Y Hi

PO S A (x0) o,
h=YFTlHi 41

moreover, the following estimate holds:

kL H;
> PYAn"Y(X) — 2 gy
h=YF"tHi+1 2
¥ Hi +oo
= Do an) (s/gk(@) P me s — g m)
h=Y02) Hiv1 570
+o00 Zf:l H;
=11 Y anls/ala) — s = i)} | i

$=0 \h=3202) Hi+1

2

2
k
i—1 Hi

—+oo
<SS Y anls/gelm)) - Ifs = gul(@)}
5=0 |p=3"F"' H,+1
1.01(n+1
< C(n)Ty ( ).

=[x Gontan — 10 =@}, ==k

Then we combine the estimate for all k& € [M] for these two cases. It holds that

Lt
Li—gy ()

Q(M)m§3/2) _

Li—gnm(ms)/ llg
Tt

_ T\ L i Q(M)Attn(z’h)(X(l)) I G
~ |\ Ona —~ t :

Li—gn(me)/ llg

04
M Ty ©
— Z Q(Nj)AttDEQ’h)(X) . g'l( )
h=1
Lt—gnr () 2
M S H; 054

_ Z Z Q(M)Attnglh)(X) — <mt_%k(mt)>

k=1 \h=3F)' Hi+1

2
k
i=1 Hi

M @.h) Okd
< Z Z Q™M) Attny™" (X) — (‘Bt—gdc(wt)>
k

c—1 h:Zi‘.;ll H;+1 9
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M ?:1 H;
-3 S PWARP (X) — @, (0
k=1 }L=Z§;11 Hi+1

Cr(,n)e(l.ol(n+l)T]C

= type = lin

H »

SgAttn(type) = C(n)Tl.Oki(n+1) .
}c{il ) type = IOg

Similar to the proof of Theorem B.1, we choose the head number:

e0.0lTk

szwH, ke [M], type:hn,
Tl.Ol

H), = k H, ke[M], type=log.

M 1.01
Z]‘:l Tj

Thus, we obtain the final bound in Step III:

n+1
, type = lin

el
Il
—

Q
7 N
Mg
a
o
o
o
=

EXH (type) <

b
Il
—

n+1
'01> , type = log

=2
HE
N
Mz
ox

Furthermore, by choosing Eatn (type) < 1, it holds that

Lt Lt
HQ(M)wgs/z)H < Q(M):ngm) _ xtfg}(mt) N ili‘tfg}(mt)
Li—gns () 0o Lt—gnr () 0o

<Eattn(type) +1 < 2.

Step IV. Approximate the nonlinear function by 2-nd FEN layer.

In this step, we aim to approximate the function f using two-layer network. By Lemma G.6, there
exists a two-layer neural network with m neurons

2 2 2
f(221\)IN(w) = Za,(c ) (b;C ) Tx + C,(€ ))
k=1

defined on RM+1d guch that

o o (1ls)
Hf Je) HLN([—2,2](M+1M) - O(\/ﬁ

- T
Denote b,(f) = (b,(f) ,0")T € RP for k € [m]. And we consider the following two-layer neural
network with m neurons defined on R”:

FFN® () := Z aff)a (I_)ff) Ta+ cf)) .
k=1

It is easy to verify:
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FFN® (w§3/2)> _ f(221\)IN (Q(M)mgs/z)) .

Moreover,

G

@ g (2)H <& (1fls
SFFN : Hf FFN Loo([—2,2](M+1)d)y = \/a ’

The final bound.
For any ¢ and || X || € X, it holds that

HHt(X) - w§2)H _ ‘f (4, @1 gy (@) Tt gy (ay)) — FENG (13,(53/2))‘
= ‘f (@, @y, Tygy,) — f(221\)IN <Q(M)x£3/2))’
:‘f (T4, Tt gy (@)s Trgny () — | (Q(]V[):BE3/2)>
f (Q(M)$§3/2)> _ pan (Q(M)m§3/2)> ‘
< ‘f (Tt oty Toty,) — f (Q(M)wgs/z))‘ + ‘f (Q(M)wgs/z)> — AN (Q(M)wgii/Q))‘
< Wl @ T -0 = @00+ |7 - 5]

< fllLip - Eaten + Erpn,

Loo([-2,2)M+1)D)

where

Erpn = O (%) ;

y n+l
L A
Eatn(type) =

n+1 ’
) C};Z) ( 21:1 Tkl'01> ), type = log

Moreover, recalling our proof in Step II, we further need the hard condition:

ol

M 2 )
Zr:l HQTHB> ) type = lin

M 2 .
Zr:l Hloggr”B TE) 5 type = log

joll

Due to the arbitrariness of ¢ and X, the proof is completed.

Remark C.3. The core step in this proof is Step III, where the extraction of the memory functions
is achieved through a a nice interaction between the temporal space (provided by RPE) and the token

space (provided by DP). Specifically, the memory functions g; () (in token space) are mapped into
the temporal space s, resulting in the form of @,_, () for DP Attn with lin-RPE or log(s/gi(x:))
for DP Attn with log-RPE.
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C.2 Proof of Proposition 4.2

For Proposition 16, we denote the following one-layer Attn hypothesis class:

ATT. ({p;) = {Attn : TF is a 1-layer, H-head (normalization-free) Attn with type-RPE};

NEPE)WPe := {TF : Attn is a 1-layer, H-head DP-free Attn with type-RPE}.
(16)
Proposition C.4 (The formal version of Proposition 4.2). Consider 1-layer Attn. Then, there exists a

target H € H’(lfaf) (10) such that:

(A) (Attn with DP) For any € > 0, there exists a 1-layer Attn AttnP" e .A’TTNWPe such that
H‘H - AttnDPH’ <e.

(B) (Attn without DP) For any 1-layer DP-free Attn Attn°'F ¢ ATTJ\f(?Pg)type, a uniform lower
bound holds:
2
A B
3
Proof of Proposition C.4.

Consider the following target function H € H7 ; Adap 1 et the input sequence X € X = {-1,0,1}%,
and we consider the target

Yt = Hf(X) = xt—g(mg)v

where the adaptive memory is

0, x=-1
g@)=4q1, =0
2, =1

Part (A). The Efficiency of Attn with DP.

First, we choose the embedding dimension D = 2, and select simple embedding Wgr = bgp =
(1,0)T € R?*!, Then for any input sequence X = (x;);cz, the token after embedding satisfies:

$2(50) =Wga + b = (a4, 1)T.

We consider one-layer normalization-free Self-attention with ¢exp,, which has the form:

NGB0 o 3 W S0 (W0, W) 1)
h=1

By Lemma F.2 (for n = 1), there exists a constant C' > 0 and a function

H
% (1; B) Z anexp(~n(t = B) = Y anexp (BB — fit)

h=1

such that 85, > 0 and

060'0122 1
I{-=8B °xp < — = — .
s 1= B) = 6™ Bl < “— =0 ()
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Moreover, Noticing that 0 < g(z;) < 2 holds for any X = (x4):cz € X, the following holds:

sup [1{- = ()} = 677 (3 9w, )
1
SOE}; IT{- = B} — 6™ B)|| g,y < O (H)

Therefore, for attention heads (1 < h < H), we can choose:

p =g, W =107 eR¥ WM = apslln) e R,

Wi = /B, )T e R, WM = \/5,(0,1)T e R,

where 6, (rx means that: it equals to I,.x,. for the (p1, p2)-th 7 X r blocks, and 0, for the other

(p1,p2 )
r X r blocks.

Then it is easy to verify:

<WC(21,h)w§0)’ W}Q’h)w§‘1)5> 4 phg = _ph) (S (e + 1)) — _p(th) (S _ g(xt)).

Thus, the following estimate holds:

[ AP (X) = 24— gl

H +o00
S S e oy,
h=1 s=0 2

“+00 H
> (Z ape ol s = g(m)}) -

s=0 \h=1

39

s=0

2

Zahe Br(s—gk(xt)) —H{s = g(zy }‘
h=1

= |6 (s 9(x0)) — I{- = g(z) Hlpy oy < O (é) '

Due to the arbitrariness of ¢ and X, the proof is completed: for any e > 0, we only need to use
H = Q(1/e¢) heads to approximate it.

Part (B). The Hardness Result of Attn without DP.

We consider one-layer Dot-product-free Self-attention with ¢exp Or ¢1og. For any input X, the
corresponding output can be written as:

+oo
AttnPF(X) =Y po(Wezi—s + bp).
s=0

For simplicity, we denote:
2\ = Wea, + bg,

then we have the following estimate:

[JH — AttnPF ||| =supsup [HPPF (X)) — Attn, (X)| > sup [Ho(X) — Attng" ™ (X))
t X X
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+oo
= sup .Z‘_g(xo) - Z psx(_)
(- yx—2,2-1,20) s=0

2
(0)
T—g(xg) — Z PsT_
s=0

106{170’1}111&}({ ( max —1-— ( ( Wg + bE) + plx( ) + PQI(O))

T_2,x_1)

fixingx_s = 0fors > 3
> sup

(51372,171,10)

max |T_g) — ( obEe + /)11'( % + P29€( )>

(x—2,x-1)

max T—g(1) — (pO(WE +bg) + pal®) + m(m)‘ }

(x—2,2-1)

= max max{ ‘x_l — ( obE + plx( i + pgx(o))

(z—2,5-1)

‘*1 - (Po(*WE +bg) + pra?) + PQI(O))

)

‘1‘—2 - (PO(WE +bg) + p1$(_02 + pzl‘(_og)‘ }

max{a,b,c} >3 (a+b+c) 1 0)

> max ( ‘x,l - (PObE +pry + P2$g)’
3(:16 2,_1)

+ —1—( o(— WE-l-bE)—&-plx(%—&-pgx(O))‘

+|z_o — (PO(WE +bp) + p12°) + pa x(O)) D

|a|+[b]>]a+b| 1
> ~  max (‘x,l — (pobE + Plﬂf(_oi + Pﬂ(—o%)’

3 (z_2,x_1)

+|-1+x 92 (PObE+p1x( ) +p2x(0))‘)

1
>—  max (‘x,l — (pObE —|—p1x( % —|—p2x( )>’
3(95 2,T-1)
—1+z_
+ 72x 2 (PobEJrPliE( )+,02-T(0)) )
|a|+\b|>2\a*b|1 . 1 z_ 2
= @y [T T | Ty

C.3 Proof of Proposition 4.3

In this subsection, we propose a structurally simpler yet effective alternative to traditional Dot-product
in Self-attention. This alternative is proposed based on our insights into the role of Attn in facilitating
interaction between the temporal-space and the token-space. Specifically, we propose a more direct
structure to achieve the interaction gyype(s) — Grype (W' T¢).

Definition C.5 (TMX Transformer). We define the TMX (‘¢ minus x”’) Transformer as follows. In
standard Transformer (2), we modify the term

(WP, W@, ) + ) ey (s)

in Multi-head Dot-product Self-attention to the new formulation:

P(l’h) (¢type (3) - ¢type (’w(l’h) Tmt) )7
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where the parameters w("") € RP*1,

Notice that in TMX Transformer, the revised term requires only O(D) parameters, much less than
O(D?) in standard Dot-product Transformer.

Consequently, we define the following TMX Transformer hypothesis class.

TF e := {TF :TF is a 1-layer, H-head, m-width )
(normalization-free) TMX Transformer with type-RPE}.

Proposition C.6 (The formal version of Proposition 4.3). Under the same conditions in Theorem 4.1,

there exists a two-layer TMX Transformer TF € T F (T;\;Iqxgype (17) such that it can achieve the same

approximation rate as standard Transformer presented in Theorem 4.1.

Proof of Proposition C.6.
It is worth noting that TMX Transformer only replaces <Wg’h) W]((l )a: - 3> + pt ¢type( s)

in standard Transformer with p(l’h) ((;Stype (s) — Dtype ('w(l’h) Ta:t) ) Therefore, the proof is highly

similar to that of Theorem C.2. We only need to prove that TMX Attn can also achieve Step I and
Step III in the proof of Theorem C.2.

Step L. Step I is trivial due to the same use of the residual block.

Step III. Extract the adaptive memories by the second Attn layer.

We still consider to use H}, attention heads (from Ei:ll H; + 1-th head to Zle H;-th head) to
extract it, and it satisfies to 22/121 H, =H.

Now we consider the extraction of k-th adaptive memory @;_g, (z,) (1 < k < M).

* Case type = lin.

For the proof of standard Transformer (the proof of Theorem C.2), for the attention heads
(Z H +1<h< E | H;), we can construct specific p(>) W(2 h) W(2 ") W(2 ")
such that

(WMD) WED )+ pCM gy(s) =~ (s — gr(@0)).

In this proof, we only need to prove that we can also construct specific w"), W‘(f’h) such
that

p&" (¢1in(5) — Plin (w(z,h) Txl(tl))) = —hn (S - gk(mt))

Recalling the proof of Theorem C.2,

wgl) = ($1£T70T7gl(wt)a"' agM(wt)al)T € RD

Therefore, we can choose

2.h) _ 2,h (1x1) D (2,h) _ (dxd) DxD
pPM =B, w®M =50 ) eRP WY = b () € RPXP.

where é(p | pn) Means that: it equals to I, for the (p1, p2)-th r x r blocks, and 0,.x,. for
the other r x r blocks.

The the following holds:
pM (¢1in(5) — Plin (w(2’h) Ta:i”))
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S p(2’h) (s —w®h ngl)) = —0n (S - gk(f'?t))'

* Case type = log.
For the proof of standard Transformer (the proof of Theorem C.2), for the attention heads
(Zf;ll H;+1<h< Ele H;), we can construct specific p(2:") Wg’h), Wf(f’h), W‘(,2’h)
such that

(WS, WM e, )+ p* M b1og(s) = —Bn log (s/gu(ar) ).

)

In this proof, we only need to prove that we can also construct specific w "), W‘(,z’h such

that
p2h) <¢log(5) — Blog (,w(2,h) ngl))) = — B log (s/gk(a:t))

Recalling the proof of Theorem C.2,

aV) = (x],07,loggi(z), - ,log gas(:),log2) .
Therefore, we can choose
2,h) _ 2,h) _ s(1x1) D (2,h) _ (dxd) DxD
pPh =8, wh = 5(D_M+k_1,1) eR”, W7V = ahé(kHJ) € RP*Y,

where 68:;; means that: it equals to I,..,. for the (p1, p2)-th r x r blocks, and 0, for
the other r x r blocks.

The the following holds:
p(Q’h) ((Z’log(s) — Plog (w(lh) ngl)))
=~ p®M 1og (s/ (wM Ta(V)) = ~gy 10g (s/gn(@1) ).

The rest of the proof is exactly the same as the proof of Theorem C.2, and we do not repeat it.
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D Proof of Section 4.3

D.1 Proof of Theorem 4.4

In this subsection, we give the detailed proofs for the general case of K -adaptive, long but M -sparse
memory:

Yt = .f(wta Lp—ty, " 7xt—tM)7
where the adaptive memories satisfy:

t1 = g1(x);
ty = go(@s, Tp—y, );

tri1 = 9k +1(Te, Te—ty, o Tity );
trio = gr4+2(Te, @iy, Loty )s
v = gr+1(Te, Tety s o Tr—ty ),

where 1 < t;, < Ty, holds for any k € [M].

Theorem D.1 (Restatement of Theorem 4.4). For any target H € H‘(Alga]@), raten € N, and H,m €

N, there exists an L-layer (L = K + 1+ I{M > K + 1}) Transformer TF € TF 2% (12)

(L, H,m)
and a constant C(n) such that: if the width satisfies
~ M 2 .
O(maxv > llglly ), type = lin,
m> i€[K] i=K+1

)

- M
Q(maxv > ||10ggi||§Ti2)7 type = log
i€[K] =K+1

then the following approximation rate holds:
IH — TF|| < €rpx + Eaen(type),

where Eppy = O (l%f’;) and

2n+2
o CH(n) \/leil €002+ )Ty (Z;\ifﬂ-l 60'01Tl) > , type = lin

2n+2
C K 2.02(nd1 M
o B(TZ) \/211 T; ) 4 ( I=K+1 Tzl'Ol) ) , type = log

Eattn(type) =

Proof of Theorem D.]1.
First, we choose the embedding dimension D = (M + 1)(d + 1), and select the same embedding
matrix Wg = (Id,O)T € RP*4 by = 0 =c RP as the proof of Theorem C.2. Moreover, we

still use the network with precision FFN defined in Appendix C.1 to tackle the discrete values of
memories.

Then for any input sequence X = (x:):cz, the token after embedding satisfies:

wgo) = Wgx; +bg = (:ctT,OT)T e RP.

Thus, for L-layer (L = K +1+I{M > K + 1}) normalization-free Transformer TF € Tf(l\iF};yﬁf)
(K+1)

with ¢¢ype, the output token x; of ¢-th input token satisfies:

H
zf VP =2+ WY Attn" (XYY 1 <1< L1
h=1
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_ —),
o) =27V L FFN (27Y?) 1<1< L

wEL+1) _ FFN(L+1)(:BEL+1/2)),
where

+oo
Attngl’h) (X) = W‘(/l’h) Z Ti_s XD (<Wg’h)$t, Wf(gl’h)wt—s> +p(l’h)¢type(5)> .
s=0

Since the proof of this theorem is similar to the proof of Theorem C.2, we mainly discuss the
differences.

The proof can be summarized as the following process:

. CaSe type = lin.
— Regime M > K + 1.
o0
Step 1. 1-st Attn |
wgl/ 2 — wg())
Step 2. 1-st FFN |
) a0, 1001
Step 3. 2-st Attn |,
2 ~ 2 4+ (0], 27, ,0T)T
Step 4. 2-st FFN |
o 5P (0,07, )
Step 5. 3-st Attn |

2P ~ 2P + (03,2 ,,,07)7

Step 2K 4+ 1. K 4+ 1-st Attn |
K+1/2 K
i Y =™+ (042, 07)T
Step 2K + 2. K + 1-st FEN |
ng“) _ w§K+1/2) + (OT,tKH, . 7tM70)T
Step 2K 4 3. K 4 2-st Attn |

(K4+3/2) _ _(K+1 T T T T
2D g (D 4 (O(K1)ds To—tierrr " 1 ity 0)

Step 2K + 4. K + 2-st FEN |

w§K+2) ~f(xe, gy, Tty,)
— Regime M = K.
=
Step 1. 1-st Attn |
w§1/2) _ mio)

Step 2. 1-st FFN |
! = 2P+ (07, 41,00,,1)7
Step 3. 2-st Attn |

m§3/2) ~ mgl) + (OdT, ar:tT_tl,OT)T
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Step 4. 2-st FFN |
:E§2) = 113,(53/2) + (0T7t27 OXI—I)T
Step 5. 3-st Attn |

5/2 2 T T T\T
mg /2) %CDE )+<02damt—t230 )

Step 2K + 1. K + 1-st Attn |

2 e (kg 00T
Step 2K + 2. K 4+ 1-st FEN |
w§K+1) ~f(Te, gy, Tpty,)
* Case type = log.
— Regime M > K + 1.
2"

Step 1. 1-st Attn |
7= 0
Step 2. 1-st FFN |
o8 — a3 4 (07 togin, 0]y l0g2)|
Step 3. 2-st Attn |
w§3/2) ~ IBgl) + (037 w;/';h ’ OT)T
Step 4. 2-st FFN |
z?) = 2*? + (07 logts, 05, )"
Step 5. 3-st Attn |

w§5/2) ~ w§2) + (ngw;lltyOT)T

Step 2K + 1. K + 1-st Attn |

K+1/2 K T T TN\T
CC]E = ~ .’131(5 )+ (OKdamt—logtkvo )

Step 2K + 2. K + 1-st FFN |

m§K+1) _ mgK—H/Z) £ (07, logtgsr, - logta,0)"
Step 2K + 3. K + 2-st Attn |
K+3/2 K+1
wlg / ) ~ :B§ ) + (O?K+1)d7 w;rftK+17. o 7:B;|—7t1y]’0)—r

Step 2K +4. K + 2-st FFN |
m§K+2) ~ f(mta Lt—tyy " 7mt_tM)
- Regime M = K.
o

Step 1. 1-st Attn |

mgm) = wgo)
Step 2. 1-st FFN |

) = x{'/* + (07 logt1,07, ,l0g2)"

Step 3. 2-st Attn |

$§3/2) ~ .’.Ugl) + (057 x;r—tl ’ OT)T

Step 4. 2-st FEN |
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w§2) = wgg/z) + (07, logts, 04, )"
Step 5. 3-st Attn |

:c£5/2) ~ m§2) + (O;d7m:_t270T)T

Step 2K 4+ 1. K 4 1-st Attn |,
$§K+1/2) ~ ng) + (O'II;wm;I;tK?OT)T
Step 2K + 2. K + 1-st FFN |

K+1
fb‘g )~ flog, @iy, ®igy,)

For simplicity, we denote the following projection matrices:

P® = (04xka Taxa 0) € RP 1<k< M,

pk) . Trixra Odxa 0 c RP-DXD | <} < M-
+ 0 Ouxd  L(D—(k+1)d)x(D—(k+1)d) ’ -
Q(k) = (I(k+1)d><(k+1)d 0) S R(k+1)dXD, 1 S k S M;

(f) = (0 I(p_(kt1)a)x(D—(ht1)a)) € RPTEFDDXD g < o < pp
R:= (0—ryax(x+1ya  I(v—gyaxi—rya  0) € RM—KdxD,
R, — Ik 11yax(x+1)a O 0 c RID—(M-K)d)xD
0 0 Inry1yx(m+1)
Step 1 is trivial due to the use of the residual block.

Step 2. In the same way as Step II in the proof of Theorem C.2, we obtain the conclusion in this step:
If the width of FEN satisfies

o}l

2 .
||91||5) ) type = lin
2 )
llog 3 T2) . type = log

o]l

then the following holds:
) =2+ (07,4,07,1)7.

Thus, (E1) holds for [ = 2.
Step 3 ~ Step 2K + 1.

* Case type = lin.

— FFN layers.
We use I-th (2 < [ < K) FFN layer to express [-th memory ¢; exactly.
By Lemma G.6, there exists a two-layer neural network with m neurons defined on R'?

N @) =Y a o) Te + )
k=1
such that

2NN <0 lgill s .
Hgl 1) HLOQ([J,Q]M)_ <\/ﬁ

For [-th FEN layer, we only need to arrange the parameters a,(f), b,(cl), and c,(f) (k e
), 2 <1< M).
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_ T
Denote b = (b ,0T)T € RP for k € [m],2 < | < K — 1. Consider the
following two-layer neural network with m neurons defined on R”:

FFNU) ZeD M+l— 1ak) (B,(cl) T+ c(l))
It is easy to verify

.
FFN")(z) = (0T7 o (Q(l)$> 70£7M+l71) €R”, VzeR”.

Notice that if the width m satisfies

5 (lals) _ 1
o(1le) < 1.

(1-1/2)

and the input x; satisfies
l 1/2 1
oty - (@ ol )T - QU <
the following holds:
l—
’91(3’%,'-~ J Tty ) — f(Qll)\TN (Q(l)mg 1/2))‘
o v )@
_ 1— _ —
@ Vaf ) AN (@Il )|
_ 1—
S R N
<1 n 1 1
4 4 2
Noticing t; = gi(s, -+ , @4, ,) € N, we have

-1/2
f(Qll)\IN(Q DTV =4,

Thus, it holds that:

=<0, a-1/2
CT

FFN = (0T7tl70£—M—0—l—1)T

— Attn layers.
By Lemma F.2, for any rate n € N, there exists a constant C'(n) and K functions

?Xp t B Zalhexp ,Blh<t— ))

h=1
H

= Zaz,h exp <51,hB - 5l,ht), 1<I<K
h=1

such that 3; », > 0 and
C(n)eo‘01("+1)T’

sup |[I{- = B} — ¢ZP(-: B e 7 <1<k
S I{- = B} =& (5 B)ll gy ) < Hn

Moreover, Noticing that 1 < ¢;(-) < T; holds for any X = (x¢)icz € X and
2 <1 < K, the following holds:

sup I = 1} = 67 ;1)
C(n)eo'01("+1)Tl

< H — B exp (.
= 1§S§I§)Tz || { } (b ( )H[l(N) Hn
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Therefore, for the attention heads h (h € [H]) in each layer [ (1 <[ < K), we can
choose:

U+Lh) — g Wg+1) —1, W(l+1,h) é(dxd) € RD*D,

(1+1,1)
W(z+1 ) \/mé(;leH N c RDX(D/H)’

W}({Hl ,h) \/W(;E}Dxll) c RDX(D/H)

p

where 6(7 ; ) means that: it equals to I,.«,. for the (p1, p2)-th r X r blocks, and 0.y
for the other r X r blocks.

* Case type = log.

— FFN layers.
We use [-th (2 < I < K) FFEN layer to express [-th memory ¢; exactly.
By Lemma G.6, there exists a two-layer neural network with m neurons defined on R

m

l l l
BN@) =Y alod) Tz + )

k=1
such that
~ (log gl
1 2NNH <O I B
|tos -7 L NG
For [-th FFN layer, we only need to arrange the parameters a,(f), b , and c(l) (k €
[m],2 <1< M).

Denote b(l) (b(l) 0")" € RP fork € [m],2 <1 < K — 1. We consider the
fo]lowmg [-th layer 2NN with m neurons defined on R”:

FFN(Z) Zep MAl—10ag, (") (Bgf) T+ cgf)) .
It is easy to verify
T
FFNO (z) = (oT, fANN (Q%:) ,OE_MH_l) eRP, VaecRP.
Notice that if the width m satisfies

5 (1Mog g1l 5 1
O| ——= ) < =,
( vm 8T;
(1-1/2)

and the input x; satisfies
T T T 1) .(1=1/2) 1
||1OgngLip ) H(wt STy )~ Q( )‘L't H2 < ]T)
the following holds:

110g91<wt’-~- @) — SN @V
o )@ )

1—1/2 -1/2
+|a(@Ua) - N@Val )
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1-1/2
< og gl [[@ @y )T = QVaY| +[log g — FBN

HL“’

which ensures

‘ (f2NN l) 51_1/2))) =@, Tty )
’ (szN QW El—l/”)) — exp (log (gi(y, - -- 7mt—tl—1)))’
<exp (max {fQNN(Q(l)wz(el*l/z))v log (gi(@s, -+ @i, 1)) })

) ‘f(zll)\rN(Q(z)wgz_l/z)) —log (gi(s, -+ 7le_1))‘

1 1
<exp <10g (gi(s, - ity ,)) + 8)

4T,
1 1
<5 L
et <)
Noticing t; = g;(@s, -+ ,@1—+,_,) € Ny, we have

f(zll)\IN(Q a:(l 1/2) ) = log (exp [FFN(Z)(a}t, e 7wt—tl—1):|) = logt;.
Thus, it holds that:
—~—() 4_1/9
FFN (zf /%) = (07, logt,05_pr1-1) "

— Attn layers.
By Lemma F.5, for any rate n € N, there exists a constant C'(n) and K functions

IPOIth Zalht/B —Bun

= Z i, €Xp ( = Bun 10%(75/3))’ 1<I<K
h=1

such that 5; 5, > 0 and

C T1.01(n+1)
sup H]I{ = B} — oY (5 B) < L, 1<I<K.

1<B<T} 6(Ny) H™

Moreover, Noticing that 1 < ¢;(-) < 7; holds for any X = (x¢)icz € X and
1 <1 < K, the following holds:

sup [1{- = 11} — 6 (1)

£1(Ny)

C(n)Tl.Ol(n+1)
=B} =¢""(:B)||, <=
1 (N4

Therefore, for the attention heads h (h € [H]) in each layer [ (1 <! < K), we can
choose:

< sup ’
1<B<Ty

p(l+1,h) = Bun, W(()Hl) -7 W(l+1,h) 5(ld+xld1) c RDXD7

W(z+1 h) _ \/m(;(jljleH € RDX(D/H),

(I41,h) 1x1 Dx(D/H
WD = /B ¢ ROXD/,

9

where J(Twz) means that: it equals to Iy, for the (p1, p2)-th 7 x 7 blocks, and 0,.x -

for the other r x r blocks.
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Similar to the estimate in Step II and Step III in the proof of Theorem C.2, it is easy to prove the
following estimates by induction.

If the width satisfies

9 (sl ) = 2 (lowl3) eype — ln
m > le[K]

)

6 (o loganl 77) = (Iloganl3 T7) . eype =log

and the head number satisfies

C(n) K—=1 0.02(n+1)T; —t— =1li
\/Z 0-02( T < 4[61?1ax llgillip type = lin
2 02(n+1) 1 7
. \/Z < ——"+——— type=log
H 4LEI[I]I?.§1]‘|IOggl‘ILip’

then the following estimates hold:
e (El)forany 2 <[ < K,
l 1-1/2
) =af TP (070,05, 1)

e (E2)forany 1 <[ < K,
PJ(_l)w§Z+1/2) _ PJ(_l)iL‘gl);

e (E3)forany 1 <[ < K,

£0-01(n+1)Ty 1i
n b t e =1n
HP(z) (m§z+1/2) B (ml(tl) + (OL,w:—t,a )) H T ol mrny P ;
——m——, type = log

Hfi \/Z 60.02(n+1)Tl’ type = lin

HQU)( FY - EO))H = c / 2.02(n+1) '
2 (n) Zg 1T n 7 typezlog

The Remained Steps.

* Regime M > K + 1.
Step 2K + 2 and 2K + 3.

In the similar way as Step 3 ~ Step 2K — 1 in this proof and Step II, Step III in the proof
of Theorem C.2, it is easy to verify the following estimate.

If the width satisifes

je}i

M 2 )
Zl:K+1 ”ngB) ) type = lin

m 2 M 2 2 B}
Zl:K-H ||10ggl||BTl ) , type = log

ol

and the head number satisfies

C(n) K 0.02(n+1)T, 1 _
Hn \/Zl e0-02(n+1)Th < 4maXHyzHL,p type = lin

C(n) K p2.02(n+1) _ ’
VZED Zl:l Tl < 4[12[%3(]”10g 9o’ type = log
then the following estimates hold:
mIEK-H) _ m§K+1/2) + (OT,tK+1,"' 7tM’0)T;
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le§K+3/2) _ RngK—H);

K+3/2 K41
’ R (w’g - (m‘(f I (O(TKJrl)D’th—tKH’ o ’xtT—tM’OT)T>) H2

M £0-01T, n+1
C(n) (Z’K“ : ) , type = lin

T
H 7t

n+1 R
M 1.01
C(n) (El:K“ T ) , type = log

IN

i)
Hn+I

| (@i - 217)]
2

Hn

2n+2
C(n K 2.02(n+1 M
T \/ S TP 4 (S )T type = log

2n+2
C(n) \/Zlfil 0.02(n+ )Ty | ( IIZKH eo.om) , type = lin

IN

Step 2K + 4 and the final bound.

In the same way as Step IV in the proof of Theorem C.2, there exists FFIN, such that the
following estimate holds for any ¢ and X:

| Ex) = 2| <l - (| @ (842 )| + s
=|[fllLip - Eaten(type) + Errn,

Errn = O (H\iﬂ—f) ,

where

Enun(type) = QU (2 o) |

Hn

2n+2
C(n K 2.02(n+1 M
H('") \/Zl—l T 0+ (Zl:K-H Tll'm) ; type = log

2n+2
C(n) \/Zlfil €0-02(n+1)T} | ( IIV:TKH eo.om) , type = lin

Recalling our analysis, we need the head number satisfies

type = lin

C(n) \/Zlfil £0.02(n+1)T; <

1
H™ — 4 ma; 7
lrg[}g]l\gzl\mp

C(n) K 2.02(n+1) 1 _ ’
e\ 2= T S T ogal,  ©Pe =18
le

Due to

E o \/ YL, €020 DT < £y (type),  type = lin

C(n K 2.02(n+1 ’
e V2im T D < Exm(type),  type = log

when we is large enough, this condition holds naturally and do not affect the approximation
rate.

Moreover, we need the following condition on the width:
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6 (s VS e ol ) type = lin
m > lE[K]

3

Q lrg[é}gvzl K41 |1ogngT2>, type = log

* Regime M = K.
Step 2K + 2 and the final bound.

In the same way as Step IV in the proof of Theorem C.2, there exists FFN, such that the
following estimate holds for any ¢ and X:

HHt(X) B ngH)H <1 flls - HQ(M) (ngH/z) _ wgo)) H2 + EFFN

= ||f||Lip ' gAttn(type) + 5FFN7

Errn = O (%) ;

where

Eaten(type) = HQM ( (e )H
C(n) \/ZK €0.02(n+1)T) ¢ — 1
_ ) E" 1=1 » type =l
S5 TP, type = log

Recalling our analysis, we need the head number satisfies

1;1 0-02(n+1)T1 <

1 .

type = lin

g
ler[f;(afl]l\gz\lmp

2 02(n+1) — log

1
type
=7 P 1 g
s Mog gullsp

Due to

C(n) \/ZK L0024+ )T < Eu (type),  type = lin
C(n \/Z 2 02(n+1) < Enun(type),  type — log

when H is large enough, this condition holds naturally and do not affect the approximation
rate.

Moreover, we need the following condition on the width:

o]l

2 .
max , type = lin
1K) ||gl||3> yP

0 1 212 type = 1
ﬁ?ﬁ§||0ggl”5 ; ) , type =log

Combining these two regimes, we complete our proof.
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D.2 Proof of Proposition 4.5

Proof of Proposition 4.5.
This proposition is a direct corollary of Theorem 4.4. It can be seen as a special case of M = K in
Theorem 4.4.

Therefore, under the same conditions, there exists a K 4 1-layer Transformer TF &

Tf(l\g_;_tly e my (12) and a constant (n) such that: if the width satisfies

Q( 7 2 )7 t = l )
gggﬁ\lg I ype = lin
O max llog gilly 7). type =log

i€
then the following approximation rate holds:

IH — TF|| < Errn + || fllLip Easen(type),

where Eppn = O (”fHB> and

3

O C;Ezz) \/leil 60.02(n+1)Tz) , type = lin

5Attn(type) ==
o(FVEL Tf'm("H)) , type = log

Comparison between Proposition 4.5 and Theorem 4.1.

We compare 2-layer Transformer and M + 1-layer Transformer regarding the requirement of the
number of heads and width.

* The required width of FFN layers.
(2)

— For 2-layer Transformer, the required width of FEN layers m,__,

linked to the sum of all the memory functions’ complexity:

is proportionally

~ 2 .
Q( > ||gi\|3>7 type = lin,
@ i€[K]
need ~ 2 2 .
Q( 2 ||10gg¢||BT7;), type = log
1€[K]

(M+1)

need . correlates

— For M + 1-layer Transformer, the required width of FFN layers m,
with the maximum complexity of the memory functions:

Q(ma |1 ), t =1
o mex ll9:1l ype = lin,
need -

Q(ma lo 1-2T»2), type = log
ie[%]ll 29ills T; yP g

It is easy to see that:

(M+1)

Myeeq ~ max{ar,---,an}
@2 = M )
Myeed k=1 Ak
M
max{ai, - ,ap} < E ay
k=1

o The required number of Attn heads. To achieve the same Eatn(type) = €,
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— for 2-layer Transformer, the required number of Attn heads H (ee)d satisfies:

0 ((Hm) \/Zl el 02(”+1)Tl> type = lin

need

202 n+1
<H<2) VL, T )> type = log

need

€ =

— for M + 1-layer Transformer, the required number of Attn heads H (MHD) gatisfies:

need

n M A\l .
( (H(M+z> (Zi:l eO'OIT'L> , type=lin

need

n+1 .
C(n M
((H(zvf+3> (Zi:l Til'm) ) ,  type =log

need

It is easy to see that:

<H§j§{ﬁ”> T
(2) B S 27
Hneed (bl + bM)
by + -+ b3 < (b4 bar)?
This finding suggests that increased depth can significantly reduce the demands on the number of

heads and the width. The underlying reason is that deep networks can distribute memories across

different layers for processing, with each layer focusing on approximating only a single memory
function.
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E Proof of Section 5

E.1 Proof of Theorem 5.1

In this subsection, we give the detailed proofs of the warm-up case of (fixed) essentially sparse
memories as follows:

ye = F (X xp1) (8),--- (X xpur) (1)
too

where pi(-), -+, pa(-) € £*(N) serve as memory kernels, and (X = pi)(t) = D150 @1—spi(s)
denotes the convolution of the inputs with kernel py.

Theorem E.1 (Restatement of Theorem 5.1).

(A) Consider HF (14) with exponentially decayed memory kernels, i.e., there exists 3 > 0 such that
p1(t), -+, par(t) = O(e=Pt). Then for any target H € H¥S, rate n € [|995]], and H,m € N,

there exists a 1-layer DP-free Transformer TF € T F, (?P; ;LXP (7) and a constant C'(n) such that

I — TF|| < Errn + || fllLip Eastn (type);

(B) Consider H¥* (14) with polynomially decayed memory kernels, i.e., there exists 3 > 1 such
that py(t), -+, pam(t) = Ot=P). Then for any target H € H¥S, rate n € [|0.998] — 1], and

H,m € Ny, there exists a 1-layer DP-free Transformer TF € T F, ?P; ﬁl%ly (7) and a constant C(n)
such that

IH — TF|| < Eppn + || fllLip Eatin(type);

where Eppx = O (H HB) and

m

C(n)MnH) .

EAttn(type) = O < H”

Proof of Theorem E. 1.

The proof of this theorem is highly similar to the proof of Theorem B.1. The only difference is
that the Attn layer needs to be used to approximate general memory kernel p(-) instead of simple
I{- = T} }. But for the completeness of the proof in this section, we still provide the detailed proof.

First, we choose the embedding dimension D = Md, and select the simple embedding Wgr =
(Lixa,0)" € RP*4 by =0 € RP.

For any input sequence X = (x;)tcz, the token after embedding satisfies:
xf = Wgx, + b = (2] ,071)T e RP.

DPF type

(1,H.m without residual blocks, the

Then for one-layer Dot-product-free Transformer TF € T F,
output token TF;(X) of ¢-th input token ; satisfies:

H
210 — WS AttnftP (X0,
h=1

zl") = FFNO (2{"/?)
where

Attn(™" (X) h)z wi_s exp (PP prype(s)) .
32520 exp (P deype (7))

This proof can be summarized as the following process:

E
Ty
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Step I. Attn layer |

2"~ (X 1) (0), -, (X pan) ()T
Step II. FFN layer |
Va FUX 5 p1)(t), 5 (X par)(8)
Now we give the formal proof.

Step 1. Extract the memory locations by (Dot-product-free) Attn layer.

We consider to use H, attention heads (from Z H + 1-th head to Zz 1 H;-th head) to extract
it, and it satisfies to S 1, Hy, = H.

Pk .= (de(kfl)d T w4 0) € RdXD, 1<k<M.

p)._ I 1yax(k—1)a Oaxd 0 c RM-1dxD | <1 < M.
< 0 Oixd I(M—k—1)dx(M—k-1)d ’ -

Now we consider the extraction of k-th memory (X * pi)(t) (1 < k < M).

* Case (A). Approximating exponentially decayed memories by type = lin.

Because there exists 3 > 0 such that p () = O(e~?*), by Lemma F.3, for any n € [[993]]
and m € N, there exists an absolute constant C'(n) only depending on n and a function

ko (8) = > ape Pt

k=1 :
S H+1<h<3F  H

such that 3}, > 0 and

10k () = 62l ) = Zm _ g (s) < C0),

mn
Therefore, for these attention heads (Zi:ll H;,+1<h< Zle H;), we can choose
1,h)
p =B, Wt Zexp —Bni) | 855,

where 851 € RP*D means that: it equals to I ;g4 for the (k, 1)-th d x d blocks, and 0, 4
for the other d x d blocks.

Then it holds that:

’; 1 Hi ?:1 H; +0o0 O(kfl)d
S Attn"(XO) = YT Y e ( T ) eRP,
0

h="F"l Hi+1 h=>F"lHi41  5=0
This implies:
Z?:l H; f:1 H; +oo
PO N Attn"(XO) = YT e Y e P,
h=3"F") Hi+1 h=F"lHi41 =0
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k
i—1 Hi

>

h=3"F"! Hi+1

P Attn{"" (X ) =0

moreover, the following estimate holds:

k
=1 H7'

2
h=S"F"1 H, 41

k
i—1 Hi

>

h=37") Hit1
Z?:l H;

s=0

P® Attn{"" (X

—+o0
ap E e Prig, o —

©) = (X % pi) (1)

+oo
Z Tt—sPk (5)
s=0

2

+oo
= Z Z ape” P — s =T} | s
5=0 \p=3"F"1' H,+1 9
+o0o E"iczl H;
S et )
5=0 [h=3210) Hit1
C(n)
exp
*”‘ZS (')*Pk(')Hgl(N) < Hi}j

* Case (B). Approximating polynomially decayed

Because there exists 5 > 0 such that pg(t)

memories by type = log.

O(t=?), by Lemma F.6, for any n €

[10.998] — 1] and m € N_, there exists an absolute constant C'(n) only depending on n

and a function

(b}]zoly(t) _ Z Ozht_ﬂ"
SICl Hi+1<h<YF  H
such that 5}, > 1 and
poly — ‘ poly ’ < C(n)
Hpk( — ¢ él(N Z pr(s (s)| < .

Therefore, for these attention heads (Zi:ll H,+1<h< Z?zl H;), we can choose

P = B W =

Zﬁ B | k1),

where § 1) € RP*D means that: it equals to I ;g4 for the (k, 1)-th d x d blocks, and 0,4

for the other d x d blocks.
Then it holds that:

k
i1 Hi

>

h=5F Hi+1

Attn{""(X©) =

This implies:

k .
i—1 Hi

D

h=3"F"1 Hi41

p® Attn{"" (X ) =

52

h=3E2) Hit+1

h=Y"F"lHi41

ahz

—+oo
s—Bn
s=1

Ok—1)a
Ti—s ’
0

k )
i=1 i

—+oo
§ ap § S_Bhwt,&

s=1



PP N Attnf"M(x©) =0,

h=3252 Hi+1
],9:1 Hi
> POAw (X)) — (X« 1) (1)
h=352 Hi+1 2
?:1 H;

+o0 too
= Z ath’ﬁhxt_s - th—spk(s)
s=0

h:Zfz_ll Hi+1 s=1

+o00 Zf:l H;

= Z Z thsi’Bh —Pk(s) Lt—s

s=1 \h=x0") Hi+1

Z§:1 H;

+oo
<> S ans = pi(s)

s=1|h=x"1) Hitl

=[ek 0 =m0,

Then we combine the estimate for all k& € [M] for these two cases. By choose Wy = Ip, we have:

2

2

C(n)
< .
(Ny) — Hp

M kL H; O
=1 S AtV (X) - ((X ¢ p?)d(t)>

k=1 \n=y"k"' H;41 04

M iz Hi O(k—1)a
X AV - ((X . pk><t>)
k=1 || h=3h ) b4 04
M Z?:l H;
= Y POAtn"(XO) — (X« i) (1)
k=1{[h=32F Hi+1

2

M~ (n)
<Eattn := E P for both Case (A) and Case (B).
k=1 K

Consequently, one detail is to assign the head number { H;, }2 | such that the error’s sum Eagn (type)
is as small as possible. Here, we simply choose the same Hy:

H
Thus, we obtain the bound in Step I:
e f C(n)  C(n)Mm+!
Attn = 2 P Hn .
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Furthermore, by choosing Eay, < 1, it holds that
(X p1)(t) (X *p1)(t)
[ S R : + : < Enun +1<2.
oo
(X = par) () (X par) (1)

oo (oo}

Step II. Approximate the readout function by FFN layer.

In this step, we aim to approximate the function f using two-layer network. By Lemma G.6, there
exists a two-layer neural network with m neurons defined on R”

FFNM (y) =Y aro(bly + cx)
=1

such that

Eerx 1= [FENO —f| <0 <||f|3) ,
The final bound.
For any ¢ and X € X, it holds that
[ ) — 2] = [7(X = o)1), (X % par) (1)) — FENO (172
= [F(X o))+ (X pan)(0) = £ (2672) + £ (2f/?) — FENO) (/7))
<[F(X p) @), (X pa)(®) = f (22) ] + |1 (2f7) = FEND) (/)|
<l [[ (X o) (X 5 pan) )T =22+ |7 - PPN

<[ fllnip - Eaten + Erpn,

L= ([-2,2]P)

where

171l

C Mn+1
ErrN = \/%37 Enttn = Cln)M™

T ,  for both Case (A) and Case (B).

Due to the arbitrariness of ¢ and X, the proof is completed.
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F Key Lemmas about Approximation

F.1 Approximation by the sum of exponential decay

Lemma F.1 (Exp decay, fixed Delta function). For any T € Ny, n,m € Ny, there exists and

absolute constant C(n) only depending on n and a ¢S3P (t) = are Pt such that
k=1

0.01(n+1)T
6 =T) = 65y gy < S0

where 3, > 0 holds for any k € [m).

m’ﬂ

Proof of Lemma F.1.
Let o, v > 0 be constants, and they will take specific values at the end of the proof.

First, recall the standard bump function on [—1, 1]:

0, otherwise

)

and we can define the following constants for 7" > 1:
pr =e T, op=e 0T — gm(T+1),

Then we consider the following bump function ¥ € C*° ([0, 1]):

)

Uy (z) = Vv (m;gT) , © € (pr —or, pr + o71)
0, otherwise
where Vr is a scaling constant such that Ur(e=T) = 77

First, we consider the approximation of ¥z on [0, 1].

Notice that U7 € C*°(]0, 1]), and \Ilgpk)(()) = 0 for any £ € N. For the standard bump function

U, for any n € N, there exists an absolute constant M (n) > 0 only depending on n, such that
max  sup |\I/(k)(x)| < M(n).

0<k<10 z¢[—1,1]

Notice that for any ¥ € Nand z € [0, 1],

k Vr T — pr
U (z) = Lu® <) .

or ar
Therefore, the following upper bound holds:
\% V;
My(n) = max —M(n) = —M(n)
0<k<n ok ol
T e M(n)e

e(yna)T .— C(n, a)e(”“’a)T.

- (e*O‘T — e*a(T+1))nM(n) - (1—1/e)"

m—1
By Lemma G.5, for any m € N, there exists a polynomial @, (x) = arz” such that
k=0
Mr(n C(n,a)eytn)T
sup [Wr(z) — Q)] < M) Clme)e 7
z€[0,1] m m

at

Now we use the transform x = ¢~ %" on the function ¥ and consider

Or(t) :==e " Up(e ), te[0,+00).
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It is easy to verify that @1 satisfies that

Moreover, we consider the function

Pm(t) = ei’thm(eiat)a te [Oa +OO)

Then by choosing av = v = 0.01, the following error estimate holds:

+oo
1P () = 1 = Dllgy ) = D |Pm(t) = (1)
t=0

+oo

= My (n)
_ § :e—fyt‘Qm(e—at) _ \I/T(e_at” < 2 et T
mn
t=0 t=0

C(n, a)e(rna)T EX
<N

ot < C(n)ed0 40T

m pt mn 1—e

C’(n)eO‘OI(”“)T

mn

Finally, notice that Py, (t) = e~ Q,, (") = 3 e (0:01+0.01k) 5o we can select ¢<XP () :=
Pou(t). =

O
Lemma F.2 (Exp decay, adaptive Delta function). For any T € N, n,m € Ny, there exists an

m
absolute constant C(n) only depending on n and a ¢S¥P (t; B) = kz are P =B) such that
=1

) C(n)e0.0l(n—i-l)T
max |[I(-=B) =P (5 By € ——————

1<B<T mn

where By, > 0 holds for any k € [m).
Proof of Lemma F.2.

The key point of the proof is to note that the adaptability of B can be eliminated by the translation
operator t — B.
First, recall our proof of Lemma F.1. For the same ¥ (-), for any n, m € N, there exists an absolute
m—1
constant C(n) only depending on n and a polynomial Q,,(z) = Y. azz"* such that
k=0
C(n)60‘01(n+1)T

sup |\IIT(5L') - Qm(l')‘ < n
z€[0,1] m

Moreover, using the transform 2 = ¢ =091 (t=B+T) (¢ > () on the function ¥ and consider

Dy (t; B) i= e OB gy, (o7 0C0UBED) g [0, o).

It is easy to verify that & (-; -) satisfies that
Or(t; B)|, = 1(t = B).

And we consider the function

Po(t; B) = ¢~00L=B+T) () (efo.m(thJrT)) e o, +00).
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Then, for any 1 < B < 7T, the following error estimate holds:

1P (5 B) = 1(- = B) g, vy = ZWtB ®r(t; B)|
_Zefo 01(t—B+T) ’Q ( —0.01(t— B+T)) Uy (670.01(th+T))’

<Ze 001 sup |Qum(2) — Up(2)|

=0 z€0,1]

C(n)60.01(n+1)T too C«(n)eo.01(n+1)T

Z e—0-01t _
mmn o mm

t=0

Due to the arbitrariness of B, the proof is completed.
O

Lemma F.3 (Exp decay, fixed Delta function). Consider a exponentially decayed memory p(-): there
exists 3 > 0 such that p(t) = O(e~Pt). Then for any n € [|998]] and m € N, there exists an

absolute constant C(n) only depending onn and a ¢S (t) = 3 are™ Pt such that
k=1

C
16) = 852 Ol < 2,

where By, > 0 holds for any k € [m)].

Proof of Lemma F.3.
There exists C' > 0 such that |p(t)| < Ce™P,

Let o, v > 0 be constants, and they will take specific values at the end of the proof.

First, recall the standard bump function on [—1, 1]:

¥(z) = {exp (—ﬁ) Lz e (—1,1) |

0, otherwise
and we can define the following constants for 7" > 1:
1
oT - (efaT _ efa(TJrl)) ,

Hr =e ", or =5

and we consider the following bump function U7 € C>°([0, 1]):

)

V() = VT\I’(I “T>7CU€(/~LT—0T7MT+JT)
0, otherwise

where V7 is a scaling constant such that Up(e=*T) = YT p(T)).

Consequently, we consider the sum of bump functions on [0, 1]:
—+oo
=) V()
T=1
It is easy to verify that (ur, — oy, o, + o) N (U, — oy, i, + 01,) = @ for any Ty # T5 and

| Yr(x), pr—or <z < pr+or
(z) = .
0, otherwise
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First, we study the property of ¢(-).

We denote the absolute constants M, = sup,, |¢*) (). Notice that for any k € N,

W (z) = VT k) (x_“T) :

0']% ar

Therefore, it holds that

k
sip Je®P@)l= s U ()
x€(pr—or,pur+or) z€(pr—or,ur+or)
Vr e'yTP(T) CMge +ka—B)T
S oE M= ey e S e
or (e=oT — e—a(T+D))

Therefore, if 5 > v + ko, then the following uniform bounds holds:

sup o™ ()] = sup sup o ()]
z€(0,1] T>1ze(pr—or,ur+or)
<sup CMye e(YHha=AT < CMye = CO(k,a).

T>1 (1 _ e—a)k — (1 _ e—a)k

Consequently, we consider the smoothness of ® at x = 0.

Recalling the previous results, for any x € (0, 1], we have

(k) (y+ka—B)T
|90 (SU)| < C(k,a)e _ QC(kva) e('y+(k+1)a75)T’ = (,UfT — o, +0'T)§
T Ur —or l—e @
(k)
M = 0, otherwise
x

Thus, by induction, it is easy to verify that for any ¢ < % (i eN),

#!(0) =0.
Therefore, for any n < % (n € N), ¥ (0) = 0 holds for any 0 < k < n. Moreover, there exists
absolute constant C'(n, «) such that:

o) <C
max Ssup x n,«o).
nggnxe[o,l]‘ ( )l ( )

m—1

By Lemma G.5, for any m € N, there exists a polynomial @,,(x) = apz” such that
k=0
Cn,«a
sup Jo(@) — Quu(e)] < S22,
z€[0,1] m

Now we use the transform z = e~ ** (¢ > 0) on the function ¢ and consider
1 1
D(t) := Ecp ot ) t €0, +00).

It is easy to verify that ® satisfies that



Then for any n < % (n € N), the following error estimate holds:

1Pm () = pC)lle, vy Z [P 0l

t=0

t —at —at Cn,a = —~t
_Ze—"v ’Q a) (e )|§¥Ze Tt

mn
t=0

By choosing o = 5 - 1073 and v = 10723, it holds that 998 < % = 5=

[

Thus, we obtain our result: for any n € [[998]] (8 > 1/99), the following error estimate holds:

Cn)X ., Cn) 1 C(n)
1P () = Pl vy < W;)@ = {0 =

F.2 Approximation by the sum of polynomial decay

Lemma F.4 (Poly decay, fixed Delta function). For any T,n,m € N, there exists an absolute

m
constant C(n) only depending on n and a ¢2°Y (t) = kzl at=P% such that

C(n)Tl.Ol(nJrl)

_ ol
1 =T) =6 Ol ey S ——5m

)

where By, > 1 holds for any k € [m).
Proof of Lemma F4.
Let o, v > 0 be constants, and they will take specific values at the end of the proof

First, recall the standard bump function on [—1, 1]:

U(x):= {exp (—ﬁ) , v e (=1,1) 7

0, otherwise

and we can define the following constants for 7" > 1:

1 1 1

o i AR

Then we consider the following bump function ¥ € C*° ([0, 1]):

— #T _
\IIT(x) {V\I/( )7$€(MT UT7MT+UT)

b

0, otherwise

where V7 is a scaling constant such that Up () = T1+7.

First, we consider the approximation of ¥ on [0, 1].

Notice that U7 € C*(][0,1]), and \Ilgfﬁ)(O) = 0 for any £ € N. For the standard bump function
U, for any n € N, there exists an absolute constant M (n) > 0 only depending on n, such that

max  sup \Il(k) < M(n).
O<k<nm€[ 1,1] | ‘ ( )
Notice that for any k € Nand z € [0, 1],
k Vr T — jir
v (2) = T () :

or

59



Therefore, the following upper bound holds:

Vr Vr T'*e
r(n) orgnl?%(n ok (n) o (n) (1/T* —1/(T + 1)*)" )
§T1+7(T+ 1)”(1+“)M(n)e - QnM(n)eTHWn(HQ) — C(n7a)T1+'y+n(l+oz).
an” - an

m—1
By Lemma G.5, for any m € N, there exists a polynomial Q,,,(z) = > azz* such that
k=0

Mr(n) < C(n,a)THHy+ni+a)

sup |Ur(z) — Qm(z)] <

z€(0,1] mn mn

Now we use the transform = = t% (t > 1) on the function ¥ and consider
1 1

It is easy to verify that @1 satisfies that
(1)

Moreover, we consider the function

P(t) := tlﬂQm(Q) t e [1,+o0).

Then by choosing oo = v = 0.01, the following error estimate holds:

+00 +oo
1 1 1 1 Mp(n)
:Z ti+y Qm <to‘) —Vr <ta) ‘ S Z tI+y  mn
t=1 t=1
C(n7a)T1+'y+n(1+a) = C(n)Tl'Ol("'H) R Y
= m" ey mn $1+0.01
t=1 t=1
C(n)Tl'Ol(”H)

mn

m—1

Finally, notice that P,,(-) satisfies to P, (t) = tlﬂ Qm (t) Z at~(101+0.01k) "0 we can

select pPOY (t) := P, (t).
O
Lemma E.5 (Poly decay, adaptive Delta function). For any T',n,m € N, there exists an absolute

constant C(n) only depending on n and a g% (t; B) = . ay,(t/B)~P* such that
k=1

R C(n)Tl.Ol(n+1)
1?§§T’|H B) — ¢m ly ||41(N+) - mm

where By, > 1 holds for any k € [m].
Proof of Lemma F.5.

The key point of the proof is to note that the adaptability of B can be eliminated by the rescaling
operator t/B.
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First, recall our proof of Lemma F.4. For the same W (-), for any n, m € N, there exists an absolute
m—1

constant C(n) only depending on n and a polynomial Q,,(z) = Y. azz"* such that
k=0

C(n T1.01(77,+1)
sup [ Wr(z) - Qu(z)| < T
z€[0,1] m

We use the transform x = to% (t > 1) on the function ¥ and consider

wrtenr= () e ((8)7). eenim

It is easy to verify that &1 (-; -) satisfies that
<1>T(75;B)|N+ =1(t = B).

And we consider the function

Po(t: B) == <£)1'01 Qum ((3)0'03 , te[l,400).

Then, for any 1 < B < T, the following error estimate holds:

+oo
1P B) 1 = B)llyy i,y = S [Pt B) — ®r(t; B)|

() e () ()

<> fior 2 [@n(e) = ¥r(a)
z€l0,

<C(n)T1'01(”+1) g B é(n)Tl.Ol(n+1)
mn P $1.01 mm :

“M§ ZM*

IN

Due to the arbitrariness of B, the proof is completed.
O

Lemma F.6 (Poly decay, fixed Delta function). Consider a polynomially decayed memory p(-): there
exists 3 > 1 such that p(t) = O(t=5). Then for any n € [|0.993] — 1] and m € N, there exists an

m
absolute constant C(n) only depending on n and a g2°% (t) = > axt™P* such that
=1

C(n)

mn

Hp() - ¢$r?1y(')”gl(N+) <

where By, > 1 holds for any k € [m).

Proof of Lemma F.6.

There exists C' > 0 such that |p(t)| < C/t5.

Let o, v > 0 be constants, and they will take specific values at the end of the proof
First, recall the standard bump function on [—1, 1]:

¥(z) = {exp (—ﬁ) Lz e (—1,1) |

0, otherwise
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and we can define the following constants for 7" > 1:

_ L .
BT =7 0T =5\ Ta T+1) )

and we consider the following bump function U1 € C*°([0, 1]):

b

Vpw (23, — o7,

Up(e) =47 or z € (ur —or, pr +07)
0, otherwise

where V7 is a scaling constant such that Ur () = T p(T).

Consequently, we consider the sum of bump functions on [0, 1]:
+oo
p(z) =Y Ur(x).
T=1

It is easy to verify that (ur, — oy, g, + o) N (4, — oy, i, + 01,) = @ for any Ty # T5 and

fVUr(x), pr—or <x < pr+or
(z) = .
0, otherwise

First, we study the property of ().
We denote the absolute constants M, = sup,, |¢*) (). Notice that for any k € N,

= e (2222,

O'é:'! ar

Therefore, it holds that

k
sup o™ ()| = sup w5 ()]
ze(pr—or,ur+or) ze(pur—or,ur+or)

T p(T
SV—ZM;.C: p(T)

or 11
Ta — (T+1)@

(T+ 1)k(1+a)T1+77ﬁC2kMk6 - 2k<2+a)CMk€
k

= 2'“Mke

< T1+'y+k(1+a)7ﬁ.

ok o

Therefore, if k& < w, the following uniform bounds hold:

sup |o™)(2)| = sup sup o™ ()]
z€(0,1] T>1ze(pr—or,ur+or)
kE(2+a k(24+«
< sup PETICMye )CMkeT””*k(Ha)*’B < HETICMye = C(k,a).
T>1 ok ok

Consequently, we consider the smoothness of ® at x = 0.

Recalling the previous results, for any € (0, 1], we have

(k) 1+y+k(14+a)—8 24
[ ()] < C(k, a)T < Ok, )2 T EENOF)E g e (up — or, pr + o7);
T ur —or o
(k)
M = 0, otherwise
x

. U . S B—(1+7) .
Thus, by induction, it is easy to verify that for any i < =5 (i € N),

©D(0) = 0.
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Therefore, for any n < 8- HA’ (n € Ny), ¢®)(0) = 0 holds for any 0 < k < n. Moreover, the
following uniform bound holds

. (k) <
Jnax. S [ (2)] < C(n, ).

m—1

By Lemma G.5, for any m € N, there exists a polynomial Q,,,(z) = > az* such that
k=0
C(n,a)
sup |p(z) — Qm(z)| < .
S lp() (@) < ——

Now we use the transform = = t% (t > 1) on the function ¢ and consider

B(t) = t%@ <1> . tell,+o0).

t()é
It is easy to verify that ® satisfies that
Oy, =,y -

Moreover, we consider the function

1 1

Then for any n < w (n € N), the following error estimate holds:
1P () = Py vy = Z\P (®)]

—+oo +oo
B 1 1 C(n,a) 1
- ; 1+ @m (a) —V¥r (t‘l) ‘ < mn Z i+

t=1

: —10-2 — 104 _ B— B=(4y+a) _ B=(1+7)
By choosing v = 1072 and v = 10~ 8, we have 0.998 — 1 = 71 — 1 = ==y 5% < =00,

Thus, we obtain our result: for any n € [[0.995]| — 1] (8 > 2/0.99), the following error estimate
holds:

400 +o00 -
1P () = pO)llgy ey < C(n) Ztllﬂ - C(n) ZM}W _C)

mmn mn
t=1 t=1
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G Some Background and Proof Preparation

G.1 TS5’s relative positional encoding

The T5’s Relative Positional Encoding is primary focus of this study. Its standard form in practical
applications (Raffel et al., 2020) adheres to R; s = r(¢ — s), where

n, ifn<B
—r(n) = B+ |B- (A ifB<n<D.
2B -1, ifn > D

Here, D is a large integer, signifying the longest distance of concern, while B is a small integer. One
can see that for n < B, r(-) exhibits polynomial decay, whereas for B < n < D, (-) demonstrates
logarithmic decay. Consequently, the overall decay rate of r(-) is logarithmic.

The following Table further provides an example of standard T5’s Relative Positional Encoding.

Table 1: An example of standard T5’s Relative Positional Encoding

t—s 0 1 2 (3|4 5|6 |7 |89 |1011]12]13|14 | 15

—r(t—s)| 0| 1 [2 3|45 |6 |7 |8|8[8|8]9]9]09 9
t—s 16 | 17 [ 18 | 19 | 20 | 21 | 22 | 23 |24 | 25 | 26 | 27 | 28 | 29| 30 | --

—r(t—s) 101010101010 |10 [ 11 |11 |11 [ 11 |11 |11 |11 ] 11

G.2 Barron space theory

The well-known universal approximation result for 2NN asserts that 2NNs can approximate any
continuous function (Barron, 1992; 1993; 1994). Nonetheless, this result lacks a characterization of
the approximation efficiency, i.e., how many neurons are needed to achieve a certain approximation
accuracy? This gap was addressed by the Barron space theory (E et al., 2019; 2021). It is established
that for any function within Barron space f € B, 2NNs with m neurons (denoted by H.,,) can approx-
imate them efficiently, at a rate of infy, ¢y, [|f — fin| < O(||f|l 5 /v/m), remarkably independent
of the input dimension d, thus avoiding the Curse of Dimensionality (Bellman, 1966; Bach, 2017).
Specifically, the Barron space is defined by:

Definition G.1 (Barron space (E et al., 2019; 2021; Ma et al., 2020)). Consider functions f : X — R
that admit the following representation:

f(x) = /Qaa(b—r:c + ¢)p(da,db,dc), = € X.

For any p € [1, +00], we define the Barron norm:
. » » 1/p
111, := inf (B, [lal (], + [cl)"])

Then the Barron space are defined as:
By :={feC:|fllg, <+oc}.

Proposition G.2. Forany p € [1,+00], B, = Boo and || f[|5, = [|f|5..-

Remark G.3. From the Proposition above, the Barron spaces 13, are equivalent for any p € [1, +o0].
Consequently, in this paper, we use 53 and ||-|| 5 to denote the Barron space and Barron norm.

Remark G.4. For Barron space B, both Direct and Inverse Approximation Theorems hold (E et al.,
2021). In this paper, we mainly utilize the Direct Approximation Theorem, stated in Lemma G.6.
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G.3 Useful approximation lemmas

Lemma G.5 (Jackson (1930)). Let f € C™([0, 1]) with f(0) = f'(0) = ---

m—1
Sor any m € Ny, there exists a polynomial Q,,(x) = apz® such that
k=0

M (n)
1f = @l poe o,y < =5

where M (n) = hn Hf(k)HL""([O’l])'

= f"(0) = 0. Then

Lemma G.6 (Ma et al. (2020)). For any f € B and m € N, there exists a two-layer ReLU neural

network f.,(z) = Y. aro(by x + ci) with m neurons such that
k=1

5 (/1
1 = Fll oy < © (ﬁ) |

m
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H Experiments

H.1 Restatement of our theoretical insights

As detailed in Section 1, our theoretical analysis reveals the following novel insights into the
expressive power and mechanisms of Transformer:

Insight (1). The distinct roles of the number of layers, the number of Attn heads, and the
width of FFN layers. (1a) Deeper Transformers can handle tasks with memories with more intricate
interrelationships, such as nested relationships (Type II). (1b) In contrast, for tasks with memories
lacking such interrelationships (Type I), a single-layer Transformer with sufficient Attn heads and
FFN width should suffice.

Insight (2). The different roles of Attn layers and FFN layers. (2a) FFN layers are tasked with
approximating nonlinear memory functions and the readout function, (2b) while Attn layers are
responsible for extracting the tokens from the memory locations.

Insight (3). The functionality and necessity of Dot-product (DP). (3a) For the relatively simple
Task I, DP is not necessary and can be omitted. (3b) However, for the more complex Task II,
DP provides necessary nonlinearity: the cooperation between DP and RPE provides the needed
interaction between the temporal space and the token space.

Insight (4). The efficiency of Relative Positional Encoding (RPE) in modeling long-range
correlations. The primary role of RPE is to approximate the memory kernels. (4a) Transformer with
log-type RPE can handle heavy-tailed memories. (4b) Transformer with lin-type RPE can handle
light-tailed memories.

H.2 Experimental Validation

To validation of our theoretical insights (1a)~(4b), we conduct 8 experiments, from simple toy
models to more complex LLM pre-training. The experiments are conducted on 1 A100.

H.2.1 Validation of Insight (1a)

Objective. As indicated in Section 4, numerous NLP tasks exhibit complex interrelationships among
tokens and belong to our Task II. This experiment aims to verify our Insight (1a): for such tasks,
increasing the number of layers L is more efficient than increasing the number of Attn heads H.

Setup. Specifically, we pretrain decoder-only Transformers (Vaswani et al., 2017) with different L and
H on the OpenWebText dataset (Gokaslan and Cohen, 2019) for 10,000 iterations (approximately 1B
tokens) on 1 A100, using cross-entropy loss and AdamW with the same hyperparameters. To ensure
comparability, we meticulously balance the total number of parameters across both experimental
setups.

Results and conclusion. The final validation losses are shown in Table 2. By comparing these
two subtables, the benefits brought by increasing L are much greater than the benefits brought by
increasing H (0.802 > 0.136), thereby corroborating our Insight (1a).

Table 2: Results of the experiment supporting Insight (1a).
L=1,H=8Q26M) | L=1,H=12(29M) | L =1,H =12 (32M)

5.796 (baseline) 5.689 (1 0.107) 5.660 (] 0.136)
L=1,H=8@Q6M) | L=4,H=8QM) | L=28,H =28 (32M)
5.796 (baseline) 5374 (] 0.422) 4994 (] 0.802)

H.2.2 Validation of Insight (1b)

Objective. As mentioned in Section 3, sparse Boolean functions have no interactions among the
memories and belong to our Task I. This experiment aims to verify our Insight (1b): for such tasks,
a single-layer Transformer equipped with a sufficient number of Attn heads H and FFN width m
suffices, and there is no need to increase the number of layers L.
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Setup.  Specifically, we train single-layer DP-free Transformers with different H and
m to learn a sparse Boolean target function f*: f*(x) = ¢*(x4s,T56,%99) =

o ReLU((w}, (48, 56, Tog))) for input sequence & = (21, ,Z1000) € {£1}1°%, where
wj, are generated by w; ~ N (0, I3). Training proceeds for 10,000 iterations (1M samples) using
squared loss and AdamW with the same hyperparameters.

Results and conclusion. The final validation losses are shown in Table 3. As shown in this table, a
single-layer Transformer equipped with a sufficient H (32) and m (256) is adequate for representing
this sparse Boolean function. This empirical evidence supports our Insight (1b).

Table 3: Results of the experiment supporting Insight (1b).
H=2m=16 | H=8m =64 | H=32,m = 256
0.21 0.04 0.01

H.2.3 Validation of Insight (2a)

Objective. This experiment aims to verify our Insight (2a): to learn a sparse Boolean function with a
“complex” readout function and “simple” memories, increasing the FFN width m can significantly
improve the performance, whereas increasing the number of Attn heads H brings almost no benefit.

Setup. Specifically, we train single-layer DP-free Transformers with different H and m to learn
a sparse Boolean function with a "complex" readout function (¢*) and a "simple" single memory
(xg9): f*(x) := g*(xg9) := 224:1 ReLU(wj, - xg9) for any input sequence & = (21, - , Z1000) €
{£1}1909 where wj are generated by w} ~ N (0, 1). Training proceeds for 10,000 iterations (1M
samples) using squared loss and AdamW with the same hyperparameters.

Results and conclusion. The final validation losses are shown in Table 4. The tables indicate that,
for learning a sparse Boolean function with a “complex” readout function and “simple”” memories,
increasing m can significantly improve the performance (0.49 — 0.002), almost completing this task
perfectly. Conversely, increasing H fails to yield substantial improvement. This empirical evidence
supports our Insight (2a).

Table 4: Results of the experiment supporting Insight (2a).
m=8 | m=64 | m=>512 H=8| H=64 | H=512
H=8] 049 0.006 0.002 m=38 | 049 0.49 0.52

H.2.4 Validation of Insight (2b)

Objective. Contrasting with Experiment (2a), this experiment aims to verify our Insight (2b): for
learning a sparse Boolean function with a “simple” readout function and “complex” memories,
increasing the number of Attn headers H can substantially improve the performance while increasing
FFN width m will offer almost no benefit.

Setup. Specifically, we train single-layer DP-free Transformers with different H and m to learn
a sparse Boolean function with a “simple” linear readout function (¢*) and relatively “complex”
memories (48, Ts6, Tgg): f*(x) := g™ (z4s, T56, Tog) := Tag + T56 + x99 for any input sequence
x = (w1, ,T1000) € {£1}19%0. Training processes for 10,000 iterations (1M samples), using
squared loss and AdamW with the same hyperparameters.

Results and conclusion. The final validation losses are presented in Table 5. The tables indicate that,
for learning a sparse Boolean function with a “simple” readout function and “complex” memories,
increasing m can significantly improve the performance (1.16 — 10~°), closely achieving task
perfection. In contrast, increasing m brings almost no benefits. This empirical evidence supports our
Insight 2(b).

H.2.5 Validation of Insight (3a)

Objective. As mentioned in Section 3, learning sparse Boolean functions has no interactions among
the memories and belongs to our Task I. This experiment aims to verify our insight (3a): for such
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Table 5: Results of the experiment supporting Insight (2b).
m =64 | m =256 H=2| H=64
0.81 1.23 1.16 <le-6

H = 256
<le-6

m =2
1.16

m=2

tasks, a DP-free Transformer equipped with a sufficient number of Attn heads H and FFN width m
is sufficiently capable. Moreover, there is no need to use DP structure in Attn.

Setup. Specifically, we train single-layer DP-free Transformers with different H and m and with
DP or without DP to learn a sparse Boolean target function f*: f*(x) := ¢g*(x4s,Z56,T99) :=

ot ReLU((w}, (48, T56, Tog))) for input sequence & = (1, - - ,z1000) € {+1}'°%°, where
wj, are generated by w; ~ N (0, I3). Training proceeds for 10,000 iterations (1M samples) using
squared loss and AdamW with the same hyperparameters.

Results and conclusion. The final validation losses are shown in Table 6. The findings illustrate
that a DP-free Transformer equipped with a sufficient H (32) and m (256) is adept at accurately
representing the given sparse Boolean function. Additionally, the Incorporation of the DP structure
into the layers contributes marginally to performance enhancement. This substantiates our Insight
(3a).

Table 6: Results of the experiment supporting Insight (3a).

H=2,m=16 ] H=8,m=064 | @ =32,m = 256
with DP 0.21 0.04 0.01
without DP 0.17 0.11 0.02

H.2.6 Validation of Insight (3b)

Objective. As indicated in Section 4, numerous NLP tasks exhibit complex interrelationships among
tokens and belong to our Task II. This experiment aims to verify our Insight (3b): for such tasks, the
utilization of DP structure in Attn layers is necessary.

Setup. Specifically, we pre-train Transformers with DP or without DP on the OpenWebText dataset
for 10,000 iterations (approximately 1B tokens) on 1 A100, using cross-entropy loss and AdamW
with the same hyperparameters.

Results and conclusion. The final validation losses are presented in Table 7. As shown in the table, for
NLP pre-training tasks, Transformer incorporating DP structure is more efficient than Transformer
without DP (5.796 < 5.830,5.374 < 5.486,4.994 < 5.274), thereby supporting our Insight 3(b).

Table 7: Results of the experiment supporting Insight (3b).

L=1,H=8 | L=4H=8|L=8H=28
with DP 5.796 5374 4.994
without DP 5330 5.4%6 5274

H.2.7 Validation of Insight (4a)

Objective. This experiment aims to verify our Insight (4a): for learning Task III with heavy-tailed
memories, Transformers with log-type RPE are efficient, whereas those with lin-type RPE fail.

Setup. Specifically, we train single-layer, FFN-free, DP-free Transformers with log-type RPE or lin-
type RPE and varying numbers of Attn heads H. The target function involves a heavy-tailed memory
kernel p(t) = t95: f*(z) := 32120 2,p(1000 — s) for any input sequence & = (21, - , Z1000) €
{£1}1990 Training processes for 10,000 iterations (1M samples) using squared loss and AdamW
with the same hyperparameters.

Results and conclusion. The final validation losses are shown in Table 8. As shown in the table,
to learn heavy-tailed memories, even single-head Transformer with log-type RRE can complete it
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perfectly (< 10~?). Conversely, Transformers employing lin-type RRE exhibit limited improvement
even with up to 64 heads (0.19). This empirical evidence supports our Insight (4a).

Table 8: Results of the experiment supporting Insight (4a).
H=1|H=4| H=16 | H=064
type=log | <le-5 | <le-5 <le-5 <le-5
type=lin 0.73 0.68 1.16 0.19

H.2.8 Validation of Insight (4b)

Objective. In contrast to Experiment (4a), this experiment aims to verify that for learning our Task III
with light-tailed memories, Transformers with lin-type RPE are efficient, whereas those with log-type
RPE fail.

Setup. Specifically, we train single-layer, FFN-free, DP-free Transformers with log-type RPE or lin-
type RPE and varying numbers of Attn heads H. The target function involves a heavy-tailed memory
kernel p(t) = e~ f*(x) := ziozolo xsp(1000 — s) for any input sequence « = (1, - , T1000) €
{£1}1990, Training processes for 10,000 iterations (1M samples) using squared loss and AdamW
with the same hyperparameters.

Results and conclusion. The final validation losses are shown in Table 9. As shown in the table,
to learn light-tailed memories, even single-head Transformer with lin-type RRE can complete it
perfectly (< 10~7). Conversely, Transformers employing log-type RRE exhibit limited improvement
even with up to 64 heads (5.3 x 10~%). This empirical evidence supports our Insight (4b).

Table 9: Results of the experiment supporting Insight (4b).
H=1|H=4|H=16 | H=64
type=log | 9.1e-4 | 3.7e-3 | 2.6e-3 5.3e-4
type=lin | <le-7 | <le-7 <le-7 <le-7

H.3 Practical Implications

Our theoretical insights and empirical evidence can directly lead to the following 8§ practical implica-
tions, such as the strategic selection of Transformer hyperparameters for specific tasks.

¢ Implication (1a). (supported by Insight (1a) and Experiment (1a))
For sequence modeling tasks with complex interrelations between memories, such as many NLP
applications, enhancing the number of layers L is more beneficial than increasing the number of
Attn heads H and FFN width m.

e Implication (1b). (supported by Insight (1b) and Experiment (1b))
For simple sequence modeling tasks with almost no memory intercorrelation, such as the learning
of sparse Boolean function, improving performance necessitates only sufficient / and m in a
single-layer Transformer, without a need to increase L.

* Implication (2a). (supported by Insight (2a) and Experiment (2a))
For sequence modeling tasks with complex readout or memory functions, increasing m can
significantly improve performance.

¢ Implication (2b). (supported by Insight (2b) and Experiment (2b))
For sequence modeling tasks with multiple memories, increasing H can markedly improve
performance.

* Implication (3a). (supported by Insight (3a) and Experiment (3a))
For simple sequence modeling tasks with almost no memory correlations, such as learning
sparse Boolean functions, omitting the DP structure in Attn layers can still perform well.

 Implication (3b). (supported by Insight (3b) and Experiment (3b))
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For sequence modeling tasks with complex correlations between memories, such as many NLP
tasks, preserving the DP structure in attention layers is crucial for achieving high performance
due to its indispensable nonlinearity.

* Implication (4a). (supported by Insight (4a) and Experiment (4a))
For sequence modeling tasks with heavy-tailed memories, the employment of log-type RPE
(such as T5’s RPE and KERPLE (log)) is recommended over lin-type RPE (such as Alibi).

* Implication (4b). (supported by Insight (4b) and Experiment (4b))
For sequence modeling tasks with light-tailed memories, the employment of lin-type RPE (such
as Alibi) is recommended over log-type RPE (such as TS’s RPE and KERPLE (log)).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We believe that the abstract and introduction reflect the contributions and
scope of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: In Section 7.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: In Section 2, 3, 4, and 5; Appendix B, C, D, E, and F.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We believe that all of the experimental results are reproducible in our work.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: The code or data of the experiments are simple and easy to reproduce following
the description in the paper.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: In Appendix H.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: the approximation error is deterministic and there is no need to consider the
error bars here.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: In Section H.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have confirmed that the research is conducted with the NeurIPS Code of
Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: [NA |
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA|
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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