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Abstract

Federated learning (FL) enables decentralized
clients to train a model collaboratively without
sharing local data. A key distinction between
FL and centralized learning is that clients’ data
are non-independent and identically distributed,
which poses significant challenges in training a
global model that generalizes well across hetero-
geneous local data distributions. In this paper, we
analyze the convergence of overparameterized Fe-
dAvg with gradient descent (GD). We prove that
the impact of data heterogeneity diminishes as
the width of neural networks increases, ultimately
vanishing when the width approaches infinity. In
the infinite-width regime, we further prove that
both the global and local models in FedAvg be-
have as linear models, and that FedAvg achieves
the same generalization performance as central-
ized learning with the same number of GD itera-
tions. Extensive experiments validate our theoret-
ical findings across various network architectures,
loss functions, and optimization methods.

1. Introduction

Federated Learning (FL) is a distributed machine learning
paradigm that enables collaborative model training across
distributed clients while preserving data locality (McMa-
han et al., 2017), a critical feature for privacy-sensitive
domains such as healthcare, finance, and mobile computing,
where regulatory or infrastructural constraints prohibit data
centralization. However, a fundamental challenge in FL.
arises from the intrinsic non-independent and identically
distributed (non-IID) nature of client data (Li et al., 2021b),
where local datasets exhibit significant distributional shifts
due to user-specific behaviors, geographic variations, or
device-specific usage patterns. Such statistical heterogene-
ity leads to divergent local optimizations, degrading model
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convergence and generalization (Li et al., 2019; Zhao et al.,
2018).

To address the challenges posed by non-IID data in FL,
numerous research efforts have emerged, including client
regularization (Li et al., 2020), adaptive optimization frame-
works (Karimireddy et al., 2020; Reddi et al., 2021), person-
alized model architectures (Jeong & Hwang, 2022; T Dinh
et al., 2020), and etc. While these approaches have demon-
strated empirical success, they often require intricate hyper-
parameter tuning or restrictive assumptions about convexity,
data similarity, or gradient boundedness, limiting their ap-
plicability in practical highly heterogeneous environments.

In parallel, overparameterized neural networks have gar-
nered prominence in centralized learning for their remark-
able ability to achieve strong generalization despite non-
convex optimization landscapes, underpinned by theoretical
frameworks such as the neural tangent kernel (NTK) (Jacot
et al., 2018). These networks exhibit implicit regularization
properties, enabling interpolation of complex data distribu-
tions while maintaining robust generalization (Neyshabur
et al., 2015; 2019a;b; Lee et al., 2018), motivating a piv-
otal question: Can increasing the network width inherently
mitigate the effects of data heterogeneity in FL?

In this work, we analyze the convergence of FedAvg with
gradient descent (GD) for multi-layer overparameterized
neural networks and establish that the impact of data het-
erogeneity can indeed be reduced by widening the network.
Further, we prove that as the network width approaches in-
finity, both global and local models behave as linear models.
Strikingly, in this regime, FedAvg and centralized GD yield
identical model parameters and outputs under matched iter-
ations, achieving equivalent generalization performance. To
the best of our knowledge, this is the first work to provide a
quantitative analysis explicitly linking the width of neural
networks to the impact of data heterogeneity on both FL
training and generalization. Our key contributions are:

* Theoretical guarantees for heterogeneity reduction:
‘We prove that the model divergence is bounded and
decreases inversely proportional to the square root of
the network width asymptotically, without relying on
restrictive assumptions on convexity or gradient simi-
larity/boundedness. This bound is vital in the conver-
gence analysis of FedAvg, revealing that the impact
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of data heterogeneity slows the convergence rate, but
vanishes when the width approaches infinity, allowing
the convergence rate to recover linearity.

* Bridging federated and centralized learning: We
extend the NTK theory from centralized learning to FL
with multi-layer networks, showing that infinite net-
work width induces constant global and local NTKs,
further linearizes both global and local models. No-
tably, we prove the equivalence between infinite-width
FedAvg and centralized GD, thereby achieving the
same generalization performance, bridging decentral-
ized and centralized learning paradigms.

¢ Empirical validation: We conducted numerous exper-
iments on MINST and CIFAR-10 datasets, spanning
diverse network structures, loss functions, and optimiz-
ers to validate our theoretical analysis.

2. Related Work

Data Heterogeneity. While prior works have provided
convergence analyses of federated learning with non-1ID
data, many rely on restrictive assumptions. For example,
some studies assume convex loss functions (Cho et al., 2020;
Khaled et al., 2019; Li et al., 2019), others require bounded
gradient dissimilarity (Li et al., 2020; Zhang et al., 2023;
Wang et al., 2020b), and some assume bounded gradients
(Lietal., 2019; Cho et al., 2020). These conditions are often
difficult to satisfy in practice. In this paper, we analyze the
convergence of FedAvg via NTK without imposing convex-
ity, bounded gradients, or bounded gradient dissimilarity.

To address data heterogeneity, various techniques have been
proposed. Regularization-based methods (Li et al., 2020;
Durmus et al., 2021) introduce a regularization term dur-
ing local updates to mitigate client drift. Client selection
approaches (Cho et al., 2020; Goetz et al., 2019; Zhang
et al., 2023) choose a subset of clients whose aggregated
updates approximate those of all clients. Personalized fed-
erated learning (Jeong & Hwang, 2022; Jiang et al., 2024)
allows clients to leverage aggregated knowledge while fine-
tuning on their local data. Other methods, such as SCAF-
FOLD (Karimireddy et al., 2020) and FedNova (Wang et al.,
2020b), correct optimization bias between clients and the
global model to improve convergence. FedMA (Wang et al.,
2020a) constructs the global model layer by layer to dimin-
ish the impact of heterogeneous data, and MOON (Li et al.,
2021a) compares local and global models to correct client
drift.

Overparameterized FL. Recent works have made sub-
stantial progress in overparameterized federated learning.
For instance, Li et al. (2021b) proposed FedBN, which ap-
plies local batch normalization to mitigate heterogeneity,

and analyzed its convergence using NTK. However, their
analysis is limited to two-layer networks, limiting the model
capacity. Under the same two-layer assumption, Jiang et al.
(2024) proposed a local-global update mixing method and
analyzed its convergence via NTK, while Huang et al. (2021)
showed that overparameterized FedAvg converges to the
global optimal solution with linear convergence rate.

Moving beyond the depth constraint on networks, Deng
et al. (2022) proved that overparameterized FedAvg with
ReLU activation converges in polynomial time with stochas-
tic gradient descent (SGD). Fed-ensemble (Shi et al., 2024)
employs model ensembling to enhance the generalization of
FL, supported by an NTK-based convergence analysis. Yet,
data heterogeneity is not considered. To address data het-
erogeneity, Yue et al. (2022) proposed to let clients transmit
Jacobian matrices rather than weights or gradients, provid-
ing a more expressive data representation. Yu et al. (2022)
observed that the learning of final layers in FL is strongly in-
fluenced by non-convexity and propose the train-convexify-
train (TCT) method to alleviate these issues.

Among the most relevant works, Song et al. (2023) estab-
lished that overparameterized FedAvg achieves linear con-
vergence to zero training loss, and empirically observed
that wide neural networks achieve better and more stable
performance in FL. By contrast, we theoretically prove that
the model divergence in FL caused by data heterogeneity is
bounded by O(n "~z ), where n is the network width, thereby
establishing the first quantitative relationship between net-
work width and the mitigation of heterogeneity. Beyond
this, we unveil the generalization performance of overpa-
rameterized FL by proving that infinite-width FedAvg and
centralized learning yield identical model outputs under
matched training iterations, while the theoretical analysis in
(Song et al., 2023) solely focused on training loss.

3. Notations and Problem Formulation

In this section, we establish the basic notations, formulate
the FL problem, and introduce the metric quantifying the
impact of data heterogeneity.

We consider a standard FL setup consisting of a server and
M clients. The local training dataset of client ¢ is denoted by
D; with X; = {z|(z,y) € D;} and YV; = {y|(z,y) € D;}
representing the set of inputs and labels of client 7, respec-
tively, where € R™ and y € R*. The global dataset is
defined as the union of all clients dataset, i.e., D = Ufﬁlpi
with ¥ = UM, X, and Y = UM, ).

Suppose that each client trains a L-layer fully-connected
neural network (FNN), where the width of the [-th layer is
denoted by n;. Then, the output of the /-th layer of client ¢’s
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model can be expressed as

x, =0
f“(x) =<0 (Wi’lfiylfl(x) + bi,l); O0<li<L (1)
Wirfir—1(z)+bir, (=L

where W, ; € R™>*™~1 and b;; € R™ are the weight and
bias of the I-th layer of client 7, respectively, and o (+) is the
activation function.

We define 6; = vec ({Wiyl, bi,l}lel) € R"™ as the vector
of all trainable parameters of client <’s model. Then, the
model output of a single input sample x can be expressed as
fi(x,0;) and the concatenated output of all samples in X;
is denoted by fi(X;,0;) = vec({f(x,0:)},cx, ) € RFP:L
Similarly, we further define the global model f having the
same structure as f; but with parameter § € R"™. Analo-
gously, its concatenated output of all samples in X is de-
noted by f(X,0) = vec({f(z,0)},cr ) € R¥P| To sim-
plify the notations, we use the short hand f;(6;) = fi(X;,6;)
and f(0) £ f(X,0) in the following.

We consider the mean square error (MSE) loss function, and
hence the loss function of client ¢ is expressed as

1

®; =
- 2|Dy

ST i) —yll5. @)

(z,9)€D;

The goal is to minimize the global loss function defined by

P = Zf\il p;®;, where p; = “DDil‘.

At initialization, each client’s model parameters are sampled
from the Gaussian distribution as follows
2
— WY Tw,
= Wiy ~ N(0, 1), 3)

e =By ~ N (0,0) - )

0
Wi,

0
b1,

Upon initialization, each client updates its local model min-
imizing the loss function by GD for 7 iterations. For every
7 local iterations, each client uploads its local model to the
server for model aggregation, and then the server broadcasts
the aggregated model to each client for the next round. Let
t denote the number of global rounds. Then, the model pa-
rameters of client ¢ after the r-th (1 < r < 7) local iteration
in the ¢-th global round can be denoted by /71"

Specifically, during the ¢-th and (¢ + 1)-th global round, say
in the (t7 4+ r + 1)-th total iteration, the model parameters
are updated by GD as

e o - L (@) 6 (077 )

where 7 is the learning rate and

Ji (0:) = Ve, f; (6;) € R*HIPil) (6)
gi (0:) = fi (0:) — vec(Vs) (7

are the local Jacobian matrix and error vector, respectively.
Similarly, we define the global Jacobian matrix and error
vector respectively, as

J(0) 2 Vof(0) € ROXHIPL 8)
g (0) £ f(0) — vec(). )

In the (¢ + 1)-th global round, the model is aggregated by
FedAvg, i.e.,

M
9(t+1)'r — Zpi027+77 (10)
=1

where we let t7 + 7 and (¢t + 1)7 to denote the time in-
stants before and after the (¢ + 1)-th global aggregation,
respectively. Then, the aggregated parameters (17 are
broadcast to all clients, which yields HEHI)T = 9U+DT ;.
Consequently, the relation between the global and local Ja-
cobian and error at the ¢-th global round can be described
by

9: (0;7) =Pig (6'7), (1D
M
J(07) =7 (67) P, (12)
i=1
where P; € R*IP:iIXFIPl s a projection matrix defined as
0O --- 01 0 o0 --- 0
0o -~ 0 01 o0 --- 0
P=1. . . . . . , (13)
0 --- 0 0 0 10 -+ 0
— —
E[Di[x 521 k[Ds | K[Di] x k| Di| K[ Dix 3L, kID;|

whose operator norm || P;||op = 1.

To facilitate convergence analysis, the following notations
are also introduced:

FOTT) = f (X077, (14)
J(0;77) = Voerer f (0777), (15)
g (077T) = £ (0I71T) — vec(Y), (16)

where f (6/7"") denotes the output of the global model
when its parameters are replaced with client ¢’s parameters
inround ¢7 + 7.

In the (¢ + 1)-th global round, the degree to which client ¢’s
model deviates from the global model is characterized by

HAQ(t+1)T o 0(t+1)‘r

tT+T1
01'

= | (17)
2
Therefore, we use Zf\il Di HAGgHUT H2 to quantify the de-
gree of data heterogeneity and term it as model divergence.
Apparently, when the data is 1ID, Zf\il Di HAOYH)T H2 ap-
proaches zero as the number of local data increases. By
contrast, when the data is non-IID, Z£1 piHAf)gtH)T ||2
remains non-zero and increases with the degree of data het-
erogeneity.
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4. Convergence Analysis

In this section, we analyze the convergence of overparame-
terized FedAvg. We derive the bound on the model diver-
gence explicitly and analyze how it influences the conver-
gence rate and error.

We first introduce several notations regarding overparam-
eterized neural networks. Let n = min{ny,na,--- ,nr}
and define the global NTK matrix (Lee et al., 2019) in the
t-th global round as

1
ol = EJ(@”)TJ(Q”). (18)
Meanwhile, the analytic NTK matrix is defined as

© = lim 6°. (19)
n—oo
Analogously, the local NTK matrix of the standard parame-
terization in the (¢t7 + r)-th iteration is defined as

ot = Ly oy p o

The following assumptions are made to facilitate the conver-
gence analysis.

Assumption 1. The minimum width among all hidden
layers n is sufficiently large such that the terms of order
O(n~1) and higher are omitted.

Assumption 2. The analytic NTK O is full rank, i.e., the
minimum eigenvalue \,, of O satisfies \,,, > 0.

Assumption 3. The norm of every input data is bounded,
ie., ||z|2 < 1.

Assumption 4. The activation function o satisfies

o(x) —o(x’
(), 10" los, sup 1ZE =@
r#x’ | —.13|

Assumptions 1 ~ 4 are common in analyzing the overpa-
rameterized neural network (Lee et al., 2019; Shi et al.,
2024).

The learning rate is set to = " and 7 is a constant inde-
pendent of n, which results in infinitesimally updates during
each gradient descent step when n is sufficiently large. Con-
sequently, we adopt gradient flow as an approximation of
gradient descent, which can be expressed as

def‘rJrr _ n

dr ~|Dil

Ji (0;717) gi (07T7) . @D

Next, we present the main theorem regarding the bound of
model divergence and the convergence of overparameterized
FedAvg.

Theorem 1. Under Assumptions I to 4, for any small
dg > 0, there exist Ry > 0, N > 0,179 > 0, C >0
and C1 > 0, such that for any n > N, the following holds
with probability at least (1 — &y) over random initialization:

M
(t+1)7 a 2n0TCRy
pi ||AY; SC=—F/—— (22)
2 =T Uni—g)
20o7CCL Ry (1 — ¢t
lg(0")||, < ¢’ Ry + ZLTCO L L) -
(1-q)
1— t
||0t7‘ _ 90”2 < noTCRo ( q )7 (24)
Vn(l—gq)
2?70T03R0 (1 — qt)
e —0Y%| . < , (25)
o - 6] < 27 Rl
tT+r 0
H@i - ezHF
< 27}0thCSR0\/E 27]0T03R0 (1 — qt) A/ k“'DL| (26)
~ VnlDi| (1-q)v/n
TAm 37204 07TC?
whereqzl—"g‘ip‘—i—%e” c,

The detailed proof is provided in appendix B and we present
the proof sketch in the following.

Proof Sketch. We use mathematical induction to prove
Theorem 1 and the induction hypotheses are (23) and (24).
It is trivial that (23) and (24) hold when ¢ = 0, and our aim
is to prove (23) and (24) for t + 1.

[Step 1] We first present several essential lemmas in Ap-
pendix A, including proving the Lipschitz continuity of the
global and local Jacobians and some properties regarding
the Taylor series expansion.

[Step 2] Prove induction hypothesis (24) holds for ¢ + 1.
Due to the small learning rate n = %" for large n, we treat
time as continuous and use gradient flow to approximate
GD, which yields

0 @ﬁr+r

dg (9£T+T) _ tT+r
i = D, g(677). (27)

Applying the mean value theorem of integral, we can obtain

T AtT+7;
g (07 7) = BT g (67) e (0,m). (28)
Based on (28) and the induction hypotheses, the local model

parameters variation can be bounded by:

noTC ||9 (etT)Hz t 0
—_— = |67 -0
ol

Notably, (29) captures the relationship between the dynam-
ics of local model and global model, based on which we can
obtain the recursive relationship between ||0*” — 6°||, and
[0¢+DT — 90| from

67 = 621l < I, @9
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M
007 = 6%, < 3 pi 67T — 6,

i=1

M
C etﬂ—
- ZW e~ 0], o)
i=1

Using (30), we can prove (24) holds for ¢ + 1.

[Step 3] Based on the inductions hypotheses and a variation
of (29), we are able to obtain (22).

[Step 4] Prove induction hypothesis (23) holds for ¢ + 1. By
taking the Taylor series expansion of Zf\il Dig (0?”’7) at
+DT we are able to derive

M M
Hg(g(tﬂ)r) ‘Qg Zpig 67) | + ZpiQi .31
i=1 2 lli=1 2

where (); represents the remainder terms. Based on the
results of [Step 1] ~ [Step 3], we can further bound

IS pig(077) |2 and || S0 piQill, respectively, as
M
> pig (0717)
=1
< 2noTCCLR(C

M
Q]| <
;p (1—-q)

2
Plugging (32) and (33) into (31), (23) holds for ¢ + 1.

<qllg (6], (32)
2

(33)

[Step 5] Based on the Lipschitzness of the global and local
jacobians as well as the results in [Step 2]~[Step 4], we
prove (25) and (26).

Remark 1 (Bound on the model divergence). Inequa-
tion (22) establishes an upper bound ( on the model diver-
gence caused by data heterogeneity. Since ( = (’)(n’%),
increasing the network width can reduce the effect of data
heterogeneity. Note that we do not impose any strict as-
sumptions on the convexity of the loss function (Cho et al.,
2020; Khaled et al., 2019; Li et al., 2019), the bound of
local gradients (Li et al., 2019; Cho et al., 2020) or the di-
vergence between local and global gradient (Li et al., 2020;
Zhang et al., 2023; Wang et al., 2020b). Instead, we prove
that model the divergence is indeed bounded as long as the
network is sufficiently wide.

Remark 2 (Impact of data heterogeneity on the conver-
gence rate). Inequation (23) characterizes the evolution of
training error across the global aggregation rounds. Differ-
ent from Song et al. (2023); Huang et al. (2021), the pres-
ence of ¢ > 0 here slows down the convergence, making
the convergence rate no longer linear and the convergence
error no longer zero. Recalling that { = O(nfé ), widening
the network enhances the convergence rate by mitigating
the model divergence. When n — oo, we have ( — 0 and
the impact of data heterogeneity vanishes, resulting in a

linear convergence rate and zero training error as shown in

(23).

Remark 3 (Lazy training). Inequality (24) shows that as
the network width increases, each global update in overpa-
rameterized FedAvg remains confined within an increasingly
smaller neighborhood of size O(n™ %) around its initial-
ization, thereby extending the lazy-training phenomenon
observed in centralized settings (Chizat et al., 2019) to FL
settings.

Remark 4 (Constant global and local NTKSs). Inequation
(25) shows that as the network width increases, the global
and local NTK experiences less variation during training.
When the width approaches infinity, the both the global
and local NTKs are constant, which extends the findings in
centralized learning (Jacot et al., 2018) to FL settings.

Next, we will investigate the training dynamics of FedAvg
in the infinite-width regime and compare it with central-
ized learning to further investigate the generalization perfor-
mance of overparameterized FedAvg.

5. Generalization Performance

In this section, we analyze the training dynamics and gener-
alization performance of overparameterized FedAvg as the
network width n — oo. First, we prove that both the global
and local models behave as linear models during the train-
ing process. Then, we derive the closed-form expression of
those linear models and establish the equivalence between
infinite-width FedAvg and centralized GD.

We define the linear models f™ (§'7) and fI™ (67*") as
the first-order Taylor expansion of the global model f (6'7)
and local model f; (6;7""), respectively:

flin (atT) — f (00) +J (00)T (0757' o 00) (34)
filin (afrJrr) _ fz (00) + J; (00)T (9§T+T _ 00) (35)

Our main results are as follows.

Theorem 2. Under Assumptions 2 to 4, when n — oo, we
have

sup || f1(0'7) — £(0'7)|, = O(n™%), (36)
t>0

sup |17 (6777) = £ (67) |, = O(n %), i G3T)
1<r<r

The detailed proof is provided in appendix C.

Remark 5 (Infinite-width FedAvg induces linearized
global/local models ). Theorem 2 suggests that as the net-
work width approaches infinity, the global and local models
become linear models. This extends the findings of Shi et al.
(2024), which demonstrated that the global model can be
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approximated by a linear model, to show that both local and
global models can be well approximated by linear models.

Therefore, we can analyze the training dynamic of those
linear models instead. The main theorem describing their
training dynamics is presented as follows.

Theorem 3. Under Assumptions 2 to 4, when n — oo and
noT is sufficiently small such that the terms of O (173 7'2) and
higher are neglected, the linear model has closed-form ex-
pressions for the global parameters and outputs throughout
the training process:

0=~ (6°)(0°) (1 ¢ HEO") g(6) + 00, (39)

1"(2,0"7) = f(z,0°)
—0°@)(©) 7 (1 - #T) g(6°). (39)

where ©°(z) £ L.J(z, 097 J(6°).

The detailed proof is provided in appendix D.

Suppose there is a model having the same structure that
trains on the global dataset D via centralized GD, whose
model parameters at the ¢'-th GD iteration is denoted by 93;1]
and the model output is f(z, 0", ). When the initialization
of Ocen and 6 are the same, i.e., 2, = 6°, the following
can be obtained according to Lee et al. (2019, Equations (8),
(10), (11)):

ng©°¢’

Bhon =~ 200%™ (1 57 ) g(0) + 0"
o)
fcen(-r70€len) = f (x’eo)
- e%@(e") ! (1) o). @n

When ¢’ = t7, by comparing (38), (39) with (40), (41) and
employing Theorem 2, we can obtain

F(z.0b,) = f(x,0') (42)

Remark 6 (Infinite-width FedAvg generalizes the same
as centralized GD). Equations (42) suggest that when the
total number iterations of centralized GD and FedAvg are
the same, both models share the same model parameters
in the infinite-width regime, thereby producing the same
output for an arbitrary test input and achieving the same
generalization performance. This means that the impacts
of data heterogeneity on the generalization performance
vanishes.

o,

_ ptt
cen_e ’

6. Numerical Experiments

In this section, we verify our theoretical findings by numer-
ical experiments spanning various network architectures,

loss functions, and optimization methods. Specifically, we
evaluate the impact of data heterogeneity under different
network widths, verify that both the local and global models
of overparameterized FedAvg can be well approximated
by linear models, and demonstrate that overparameterized
FedAvg generalizes the same as centralized learning. The
number of clients in our experiments are set to M = 10,
and the dataset as well as the model settings are provided as
follows.!

Non-IID Data Generation. 1) Standard dataset: We con-
duct experiments on two widely used image classifica-
tion datasets: MNIST (LeCun et al., 1998) and CIFAR-10
(Krizhevsky et al.). To partition the datasets among different
clients and generate non-IID data, we follow the approach
proposed by Hsu et al. (2019), which employs the Dirichlet
distribution with a concentration parameter o controlling
data heterogeneity. Specifically, a smaller value of « in-
dicates a higher degree of data heterogeneity and we set
o = 0.1 throughout our experiments.

2) Small dataset: To facilitate MSE loss minimization using
gradient descent (GD) as required by our theoretical deriva-
tions, we also use the mini-MNIST and mini-CIFAR-10
datasets for binary image classification tasks. The mini-
MNIST dataset is created by randomly selecting two classes
from the MNIST dataset, followed by randomly sampling
50 images from each class for the training set and 10 im-
ages from each class for the test set. A similar approach is
used to generate the mini-CIFAR-10 dataset, which contains
500 training images and 100 test images. To generate non-
IID data, inspired by McMahan et al. (2017); Zhang et al.
(2021), we assign each class exclusively to specific clients:
half of the clients receive all images from one class, while
the remaining clients receive all images from the others.

Experimental Models. We employ three types of models:
FNN, convolutional neural networks (CNNSs), and residual
networks (ResNets).

1) FNN: The structure of FNNs is detailed in Table 1 of
Appendix E, where a width factor k is introduced to adjust
the network width. By setting k = 1, 2,4, 16, we construct
networks of varying widths, named FNN1, FNN2, FNN4,
and FNN16.

2) CNN: We adopt the approach described by Park et al.
(2019) to obtain CNNs with varying widths having the base
architecture in (LeCun et al., 1998, Figure 2). The details
of the architecture are presented in Table 2 of Appendix E,
where the width factor k is used to scale the channel size. By
setting k = 1, 2, 8, 32, we generate CNN1, CNN2, CNNS,
and CNN32.

!Codes to reproduce the main results are available at https:
//github.com/kkhuge/ICML2025.
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Figure 1. Test accuracy of different network families. Each global round consists of 7 = 5 local SGD iterations. The left figure shows the
test accuracy of FNNs on both IID and non-IID MNIST datasets. The middle and the right figures show the test accuracy of CNNs and
ResNets, respectively, on both IID and non-1ID CIFAR-10 datasets.
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Figure 2. Test accuracy of large networks. Each global round consists of 7 = 5 local SGD iterations, ow = 1, o = 0.1. The left figure
shows the test accuracy of the FNN32 and FNN1 on both IID and non-IID MNIST datasets. The right figure shows the test accuracy of
the CNN32 and CNN1 on both IID and non-IID CIFAR-10 datasets.

3) ResNet: The network architecture is based on the work of
Zagoruyko (2016), as shown in Table 3 of Appendix E. The
parameter v represents the number of blocks in each group,
which is set to 1) = 1 in our experiments. The channel size
is fixed at 16, and we vary the width factor £ = 1,2, 4,16
to obtain ResNetl, ResNet2, ResNet4, and ResNet16.

6.1. Impact of Non-IID Versus Network Width

Although our theoretical analysis is based on GD with
learning rate n = O(n~!), to show our conclusions can
be extended to more practical settings, we use SGD with
batch size 64 and set a common learning rate n = 0.1
with a weight decay of 0.0005. Moreover, for MNIST
and CIFAR-10, we use the practical cross-entropy loss in-
stead of the MSE loss required in the theoretical analy-
sis. As shown in Figure 1, in the non-IID cases, the test
accuracy of FNN1, FNN2, FNN4, and FNN16 decreases
by 17.4%, 9.5%, 6.3%, and 2.0%, respectively, compared
to the IID cases. Similarly, the test accuracy of CNN1,
CNNZ2, CNNS, and CNN32 drops by 44.9%, 26.7%, 5.1%,
and 2.4%, while the test accuracy of ResNetl, ResNet2,
ResNet4, and ResNet16 decreases by 44.6%, 29.1%, 18.7%,
and 14.8%, respectively. These results verify that the im-

pact of data heterogeneity diminishes as the network width
increases.

To further verify that the impact of data heterogeneity van-
ishes as the network width approaches infinity, we set the
learning rate with 7 = " in line with our theoretical anal-
ysis. As shown in Figure 2, the convergence rate and final
accuracy of FNN32 are nearly identical for both IID and
non-IID data, and a similar trend is observed for CNN32. In
contrast, a noticeable gap exists in FNN1 between IID and

non-IID data, which is also evident in CNN1.

Additionally, to monitor the evolution of model parameters
and the global/local NTKSs during training, we train FNNs
on the non-IID mini-MNIST dataset using GD for binary
classification with MSE loss. As shown in Figure 3, in-
creasing the network width diminishes the variations in both
the global/local NTKs and the model parameters. For suffi-
ciently wide networks, the global and local NTKs as well as
the model parameters remain nearly constant, exhibiting a
lazy training behavior.
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Figure 3. Training dynamic of NTK and model parameters. Each global round consists of 7 = 5 local GD iterations, 0 = 1, ow = 1.5,
op = 0.1. The left figure shows the variation in the global NTK, the middle figure show the variation in a randomly chosen local NTK,
while the right figure shows the model parameters’ update during the training process.
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Figure 4. Output difference between FedAvg and linear model.
Each global round consists of 7 = 5 local GD iterations, no = 1,
ow = 1.5, gp = 0.1.

6.2. Linear Approximation of FedAvg

To show that overparameterized FedAvg can be well ap-
proximated by linear models, we train FNN16 and FNN512
on the non-IID mini-MNIST dataset with MSE loss for bi-
nary image classification using GD. In Figure 4, we analyze
the difference in the outputs between the global model f
in FedAvg and the global linear model £ throughout the
training process. Additionally, a randomly selected local
model is examined by comparing its outputs with those of
the corresponding linear model f}".

As shown in Figure 4, we can observe that, for FNN512,
the outputs of the global model f and the linear model f'»
remain nearly identical throughout training. By contrast, the
narrower FNN16 exhibits noticeable difference between f
and f". A similar trend is observed for the local models
fi and fi". These findings confirm Theorem 2 that wider
networks enable linear approximations to align more closely
with the dynamics of FedAvg.

6.3. Comparison of FedAvg with Centralized Learning

To compare overparameterized FedAvg with centralized
learning, in Figure 5 we evaluate the loss of feon(, 6 ) and

— train_cen FNN512
train_fed FNN512
test_ cen FNN512
test_fed FNN512

—— train_cen_FNN512
***** train_fed FNN512

‘\‘ test_cen FNN512
OTh e testfed FNN512

. .0
0 40 80 120 160 200 0

Total lteration

100 200 300 400 500
Total Iteration

Figure 5. Training and testing loss of FedAvg and centralized learn-
ing. no = 0.1, ow = 1.5, o, = 0.1. The global round of FedAvg
consists of 7 = 2 and 7 = 5 local GD iterations in the left and
right figures, respectively.

f(z,0') on both the training and testing dataset of mini-
CIFAR-10, by ensuring ¢ = ¢7 for a fair comparison. It
can be observed that the outputs of FedAvg and centralized
learning are almost identical under the same number of GD
iterations, empirically confirming Theorem 3 that overpa-
rameterized FedAvg generalized the same as centralized
learning.

7. Conclusion and Future Directions

In this work, we established a quantitative relationship be-
tween neural network width and the impact of data het-
erogeneity in FedAvg. We proved that the impact of data
heterogeneity on the convergence of FedAvg diminishes
at a rate of O(n~2) with increasing network width n and
vanishes entirely in the infinite-width limit. In that regime,
we extended NTK theory from centralized learning to FL,
showing that both the global and local models in FedAvg are
linear and have constant NTKs. Furthermore, we derived
closed-form expressions for the model outputs of FedAvg,
revealing the equivalence between infinite-width FedAvg
and centralized GD in both training dynamics and gener-
alization performance, under matched training iterations.
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Extensive experiments on MINST and CIFAR-10 datasets
validated our conclusions across different network architec-
tures, loss functions, and optimization methods.

These theoretical findings provide valuable insights for prac-
tical federated learning. Notably, the linear dependence
between model outputs and parameters suggests a potential
communication-efficient FL strategy: clients may transmit
only the model outputs instead of the complete model pa-
rameters for aggregation. This approach may significantly
reduce the communication overhead of FL and deserves
further investigation. Another essential direction for future
research involves extending these analyses to more realistic
FL settings by relaxing the idealized assumptions, such as
infinite network width and continuous-time gradient flow.
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A. Essential Lemmas

In this section, we introduce the necessary lemmas used in deriving Theorems 1 ~ 3.

Lemma 1 (Local Lipschitzness of the Jacobian). There exists a constant C > 0, such that for any C' > 0, with high
probability over random initialization the following holds:

1 /
T IO =IO < o= 0, 1

1 v0,0' € B(6y,C'n"2) (43)
— % <

Tn [J(O)] < C,

where B(0o, R) £ {0 : ||0 — 6], < R}.

Lemma 1 has been proved by Lee et al. (2019, Lemma 1) and we will apply it directly.

Lemma 2 (Local Lipschitzness of the Local Jacobian). There exists a constant C' > 0, such that for any C' > 0, with
high probability over random initialization the following holds:

1

= 10) = @l < 10 =), 1

. V0,0 € B(0y,C'n"2) (44)
=IOl <C

where B(o, R) = {0 : ||0 — 0], < R}.

Proof. Since J(0) — J(8') is the concatenation of all J;(6) — J;(¢') fori = 1,--- , M, we have

1 / 1 / /
—||J:(0) — J; < — — < — 4
T=19:0) = 1)l < Z=I170) = 105 < Cll0 = 0] @s)
where the last step applies Lemma 1. Similarly, since J(6) is the concatenation of all J;(6), we have
— 1PACHT <— 1J@)lr <C (46)
= m F=r
O

Lemma 3. For a square matrix A whose norm satisfies || A|| < pa, the remainder term Q(e=*) £ 377 ) (—1)F 4+, i.e., the
sum of second-order and higher terms in the Taylor series expansion of e=4, satisfies

2
Qe ) < %46“. 47)

Proof. By taking the norm on both sides of Q(e=4) = Y77, (—1)F 41, we can readily obtain

IIAII HAII2 S IIAIIk ’ p p

O

Lemma 4. For any non-negative aggregation weights combination {p; }i—1.... ar, if noT is sufficiently small such that the
terms of O(n372) and higher are neglected, the following equation holds:

M
Zpiefno‘l'oz — ¢~ 0T iz Pi©i (49)

=1
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Proof. Employing the Taylor series expansion on both sides of (49) yields

M M M
> pie O =" p [T =0t + O (137)] =1 —not > _ pi©;;, (50)
i=1 i=1 i=1
and
. M M
eTMT Niza PO — [ _ oy Zpi@i + 0 (ngr?) =1—nor Zpi@i’ (51)
i=1 i=1

respectively. Comparing (50) with (51), we can obtain

M
] _ M O,
Zpie_ntﬂ'@z —e noT zi=1 pzez. (52)

i=1

B. Proof of Theorem 1

Since the width of network is large, with the initialization described in Section 3, the output f(6°) converges to Gaussian

process N (0, (X, X)) according to the central limit theorem, where (X, X) = lim E [f(6°)f(6°)"]. Therefore, for
n— oo

arbitrarily small 5y > 0, there exist constants Ry > 0 and n’ such that for any n > n’, with probability at least 1 — Jo over
random initialization, we have

lg (6°)], < Ro- (53)

In the following, we prove Theorem 1 by mathematical induction, where the induction hypotheses are

2noTCC1RoC (1 — ¢*)

(1-q)
’r]oTCRO (1 — qt)
vn(l—q) =

When ¢ = 0, (54) and (55) trivially hold. Then, we aim to prove the hypotheses hold in the (¢ + 1)-th global round, i.e.,

|9(6")]|, < a"Ro + , (54)

|67 —6°], < (55)

21o7CC1Ro¢ (1 — ¢")

(t+1)7 t+1
g(0 < ¢ Ry + ) (56)
e+, ’ (1-q)
He(t—i—l)‘r _ eoH < UOTCRO (1 - qt+1) ) (57)
2= Vn(l-g9)
Referring to (5), the local update step of client ¢ in the (t7 4 r 4 1)-th iteration is
9§T+T~‘r1 _ 9§T+r _ |D77 |Ji (9;§r+r) gi (971;57'+r) ) (58)
Since n = 2 is small, we can approximate the local update with gradient flow by making time continuous, yieldin
n oy pp p g y g y g
dezf‘r-‘rr 77
= T (0T g (07T 59
= g O 07 )

Further applying the chain rule, we can obtain

dg (GET—H) _ tr+r\T dafﬂ_r
= J(07) -
) 0 07
n 4\ T T+r T4r
= () (0 P (07)
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tT+r
Mo @7, tT+r
=——=79(0; . (60)
o ¢ )
where the last step follows from the definition of the local NTK in (20). By integrating both sides of (60) from 0 to r and
applying the mean value theorem for integrals, we have

noT 9t7+fi

g (07 F) = e7I% g (017), 7 € (0,7) (61)
Replacing r with 7 yields
noT otTHT;
g (07FT) = e BT g (617 7 € (0,7) (62)

B.1. Proof of (57)

We first prove (57). To bound H9(t+1)7 -9 5> We proceed the following derivations.

o o2l _ | aor
dr - dr

:
= 0 0
= 1[5 67 Py (7],
< iy I 07 IRy g 027
LI g o7+,
_ \/T%gu ’ ~AEO () 2
Lol i MCT
< la ). 3

where the first step is obtained by applying the chain rule and Cauchy-Schwarz inequality, step (a) holds because of
Lemma 2 and [[P;[|,, = 1, and the last step holds because ©!" " is not full rank from its definition (20), yielding

0T t7+ i _ﬁkmin(etf‘#m) 1 1 1
||e 1D;] op < e IPil i = 1. Integrating from O to r on both sides of (63) yields
T+T n rC T T
o7+ =68l < 0 g 07 + o o] 4
Further replacing r with 7 yields
trdr no7C tr tr _ 90
16 Uz < g o @)l + 1107 = €21, (65)

According to (10), we can obtain

9(t+1)‘r _ 90” _ ’
2

M

sz (0§T+T _ 00)
=1

M

<D ot -6,

i=1
n07C . .
L3 [ 2 @)+ -,
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_ MT)OTC tr tt _ o0

= M g, + o -

®) norC . r

< 2/;1 lg ()], + |6 — ¢°],

(2 notC | Ry — 2noTCCLRoC n 2noTCCLR(C noTCRo (1 — ¢")

S ovn (1-q)? (1-¢q)° Vvn(1—q)

noTCRO (1 - qt+1)

_ ’ 66

Vil —q) (©0

where step (a) comes from (65), step (b) holds because |D| > M, step (c) applies the induction hypothesis (54) and (55),
and the last step omits \Cf = O(n~1!) according to Assumption 1. Therefore, (57) is proved.

B.2. Bounding the Model Divergence

To prove (56), we first bound ||A9§t+l)T According to (64), we have:

-

T ,r] TC T T
e+ =8l < 5y ), + o~ 0],
< MorC Ry — 2noTCC1 Ry 207CC1Ro( | | mTCRo (1 - q")
~ VnlDi (1-q)° (1-q) Vn(l-q)
_ morCq'Ro L, MTCRy (1-4¢") ©7)

Vn|Dil Vi (l-q)

where the second step employs the induction hypotheses (54) and (55), and the last step omits % = O(n1). Referring to
(17), we have

HAGZ(H-UT €§T+T o 9(t+1)‘r

2 2

=|[(oi+ —6°) — (0(t+1)'r _ 90) H2

M
_ (9§T+T _ 90) _ Zpi (9§7‘+7‘ _ 90)
=1

2

M
@77 =6, + 3w (677 = %),

i=1

IN

—~
%)

<) noTCq"' Ry n noTCRy (1 — ¢) i {TIOTCQ Ry n noTCRy (1 — ¢")
V/n| Dy Vn(l—q) Vn|Dil Vn(l—q)

_ noTCq" Ry n notCRy (1 —¢") + MWOTthRo + notCRy (1 —¢")
Vn|Dil Vn(l—q) Vn|D| Vn(l—q)

(2) notCq' Ry 1morCRy (1 —¢q")  norCq' Ry n noTCRo (1 — ¢')

RNV Vil —q) Vi Vil —q)
:2n070R0<t l—qt>
Vn 1—¢q
_ 27707’CRO (1 - qt“)
- Vn(l-q)
2’[70TCRO
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where the step (a) is from (67), step (b) holds because |D;| > 1 and |D| > M, and the last step hold because we require
0 < g < 1.2 Therefore, the data heterogeneity term can be bounded by

M
D_pi
i=1

Aa(t+1) Z 27707'CRO o 27707'CRO

‘Vn(l—q) Vn(l—q)

= C. (69)

Notably, we have proven (22).

B.3. Proof of (56)

Finally, we prove (56) to finish the induction. Taking the Taylor series expansion of g (05”’7) at 917 yields

g(07+7) = g (9(t+1)r> L (9(t+1)T>T AOT (70)

where €2; represents the remainder terms of order two and above. Taking the sum of both sides yields

M M
Zpig (617+7) Zp g (9(t+1 ) Zp J (9(t+1)7’) A9§t+1)r n Zpin
=1 =1
= Zpig (o07) + ZpiQZ
=1 o =1
=g (007) + 3, (1)
=1

where the second step holds because vail pid (9(t+1)T)T AQEHI)T = 0 according to the model aggregation (10). Rewrit-

ing (71), we have
M M
g (9(t+1)7) = pig (0777) = pisi. (72)
i=1 i=1

Taking the norm of both sides yields

Jo (o)

In the following, we bound H Zf‘il pig (9§r+7)

0t7‘+7‘ (73)

=

2 2

‘ andHZiAilpin , respectively.
2 2

1) Bounding HZf\il pig (0:717)

‘ ¢ According to (62), we have
2

g (o) = Zpe BT (o)
2 2
_ Zpl {I—rg—@tTﬂlﬁ-Q( BT e ﬂg(e?)
i=1 2
M NoT ”Ofe”ﬂ
<[ i e ea (e )| i,
=1
l ToT t'r+r tT 107 T tT
<[ (1= o) ot Mt 3o (B0 oo,
i=1 P

2We prove that there exists 70 > 0 such that 0 < ¢ < 1 at the end of Section B.3.

15



Widening the Network Mitigates the Impact of Data Heterogeneity on FedAvg

_ noT otTHT
Q (e IDi\ei )

where the second step is obtained by employing the Taylor series expansion and (e™4) = ZZOZQ (7k1!)k AF_ Then, we

NoT tT+7;
I—— O,
P Z

lg G271,

(74)

ot ém

op

_ T tT+7;
bound HI — T SM et o and "M p; (e EAld ) , respectively.
op
||I — ?%T‘ M @”” H can be rewritten as
NoT tr s 7O | nt®  mer°  1et@°  not o
-1 N e =|I- -
D] = Z D D D D] D] & Z o
07O noTO®  1y7O° 7o7O° 10T s
< ||I — — ‘ i
= H ! ’ ] EZREERA 29
op op op
7707'/\m> ToT 0 7707 0 tT47
=(1- 0-0 © e,
(150 B oLy + o[- .
TloT/\m> T 0 noT s
<[1- 0-06 — — SHEN (75)
< o ) T oy 10 lle 1) E .
According to Lee et al. (2019, Section G.1), there exists n”’, such that the following event
A
0 m
1o —of, < = (76)

with probability at least 1 — %0 hold for any n > n'’. As for Hzi\il et —ab
NTK (20), we can obtain

, according to the definition of local
op

M M T M
Yot @0 = IS (8 g () B =Y g (89)T 0 (69) P
i=1 op i=1 i=1 op
1 M
LIS e e P ) g 60) P
i=1 op
1 M o ) .
) A i N A G VA R (eg)‘ 1B,
i=1 op
1 M o ) T
== |67 T (07T) =T (6F) i (67)
=1 op
1 & F\ T r s\ T T
= =S| T @) [ 0 = g (60)] + [ (07T = (69) "] i (69)
) op

s
Il
_

IA
S|
M=

T+7; T+7; T47; T
> I 07 I (077) = 5 @)+ | 0770 =T @)l @D,

<.
[

= 1

<> [l

1

+HJ (6" _J(G?)THFHJZ- (99)HF]

w16 (0777) = Ji (67

1
ﬁ ||F

.
I

< 2C2 Z Hef‘rJrﬂ _ 90

iH2’
i=1

(77)
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where the last step holds because of Lemma 1 and Lemma 2. Plugging (67) into (77) yields

M
Z @ETJF’/‘I' _ @0
=1

< 2no7:C3q' Ry L 2noTC Ry (1 — ¢*)
- V/n|Di Vvn(l—q)

op
2oTC3Ry  2n9TC3Ry
=T Ve TVm-g
_ AnorC*Ry (2 — q)
Vn(l—q)
< Am (78)

— 3 )

where the second step holds because 7; < 7, |D;| > 1 and 0 < ¢ < 1, and the last step holds when n > n’” with
n/// _ 14477§T2C6R3(27q)2

. Then, plugging (76) and (78) into (75), we can obtain

- A2 (1—q)?
7707— tT+7; 7707—>\m
o <1- . (79)
D] £ Z BT
To bound Zi\il i HQ( %@t# ) Hop, we first bound H@ﬁﬂ'?i op” According to (20), we have
tT4+7; l H tr+r\T (ptT+T .
H@Z op T pn J (01 ) Ji (91 )Pl op
1 T4+7T; T4T;
< (7@ e 1 07 e 1P
1 T+7T; T+7;
= L 1 ),
<C?, (80)
where the last step holds beacuse of Lemma 1 and Lemma 2. Then, according to Lemma 3, we can obtain
M tr+7; M . 2 noT
Zpl Q(enDO;rlei * L) SZ% (77|027;3Q> en\)Djz
i=1 op =1
RO e
“— 2|D;||D|
S l 7737204 7]07'02
= 2D
_ MugTrCt o
2D
2924
< W e, 81)
Further plugging (79) and (81) to (74), we have
- tr+T 10T A 77(2)7204 c? t A t
Y omg (07| < (1- + e ) g (), = allg (057) [l (82)
P 3|D| 2
2) Bounding || sM pi€d,: By defining I' (8) = g(60+H7 + BA@EtH)T)ﬂ € [0, 1], we can obtain
T (0) =g (9(t+1)~r) , F/ (O) — vg (9 (t+1)T ) Ae t+1)7' T (1) =y (927’-1-7') ) (83)
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We further define

Then, we can obtain
[u (1) —u(0)]l, = IT'(1) =T (0) =T (0)]I,
_ Hg (0:747) — g (9(t+1)7‘) — vy (9(t+1)7) A9£t+1)r
=[xl -

2

According to mean value inequality, we have
lu (1) =w(O)lly < sup [lu"(B)], (1= 0).
0<B<1
Combining (85) and (86) yields
191y < sup [l (Bl -
0<B<1

Taking the derivative on both side of (84) yields

u' (B) =T"(B) =T () + (1 = B)T" (B)
=(1-8)T"(B)

T
=(1-7) (Agz(tﬂ)r) V2 (9(t+1)r n BA95t+1)7) A9£t+1)7.

By plugging (88) into (87), and then (87) into || 317, p;Q;
M M

ZpiQi < sz' [1€21],

=1 i=1

M
<> pi sup [ (B)],
— o<pt

o> We can obtain

2

o

T
pi(1=B8) sup |[(A6HI7T) w2 (9007 4 gAgl ) Apl T
et 0<p<1
M
SE:mﬂfﬁwA%Hm- mpHV%GW“”+ﬁA%””q
) op

20<p<1

M
<> p(l-9) gt

Civ/n HAGZ@H)T
2

2

=1
() A 2107C Ro 2107C Ro
< ;pi(l - ) NI - Civ/n NI
(2 T2 C?RAC,
T V(-9

2nyTCC1Ro(
T (-9

‘Aegtﬂ)f

(84)

(85)

(86)

87

(88)

(89)

where step (a) applies ﬁ V24 (6) ||Op < (4, which is proved by Jacot et al. (2020, Lemma 1) under Assumption 4, step
(b) comes from (68), step (c) holds because 3 € [0, 1], and the last step comes from (69). Plugging (82) and (89) into (73):

2noTCCLR(
(1-q)
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a 2 2 2
@ ot [ my - UochlljoC n HOTCCMQ%C F(1—q) L@?o(
(1-4q) (1-4q) (1-4q)
2 2
Ry — UOTCCJQ%C n WOTCCH;%C’ (90)
(1-9q) (1-9q)

where step (a) applies induction hypothesis (54). At this point, we have proven (56). Recall that (57) have also been
proven and we require n > n’,n”,n’”’ during the derivations, and hence the induction hypotheses (54) and (55) hold for
n > N 2 max{n’,n",n"}.

Noting that we also require 0 < ¢ < 1 to complete the proof, we prove there exists g > 0 such that 0 < ¢ < 1 in the
following. Referring to (82), we rewrite ¢ as a function of 7g as

o _ ’I’]()T>\m 7787’204 noTCZ

Taking the derivative of ¢ (7o) with respect to g, we obtain

TA 230
q/ (7]0) - _ 3|’Z;T + ,,707_20467707'02 4 77076770702. 92)
Further taking the second derivative, we have
2 408
q// (770) — 7_20467]07'02 =+ 7707_30667707'02 + 7707-2 e'r]oTCZ > 0. (93)

Therefore, ¢’ (1) is monotonically increasing. According to Assumption 2, we have \,,, > 0 and hence it obvious that
¢ (0) < 0and lim ¢ (n9) > 0, and hence there exists nj, > 0 such that ¢’ (n}) = 0 holds. Consequently, g (7o)
70—+ 00

is monotonically decreasing on (0, 73], and monotonically increasing on (1), cc0). Additionally, from (91), we have
limoq (no) = 1. Consequently, if ¢ (n5) > 0,0 < ¢ (1) < 1 holds for 0 < 1y < n;. Otherwise, if ¢ (1) < 0, there
no—

exists iy € (0,7() such that ¢ (nj) = 0 holds. Then, 0 < g (o) < 1 holds for 0 < 79 < 7. To sum up, as long as
0 < no <min{ny,ni} 0<q(no) < 1holds.

B.4. Bounding the Variation on Global and Local NTKs

We continue to prove (25) and (26) in Theorem 1. Referring to (18), we have

o &), =2 |7 0) s 0) 1 0) 5 ()],
e =@y e - @) e - @),
1

IA

[7(0") = T ()| |7 (0[] - + % [eACHTI PACAEPACH]
S 202 HetT _ 0()“2

207C*Ro (1 — ¢*)
Vn(l—gq)

where the fourth step holds because of Lemma 1 and the last step holds because of (55).

(94)

Referring to (20), we have

T ! r+m\T T+7r T
@77 = O = = |7 (0" i () P (80) i (00) P
< % HJ <95T+’”>T 57~ @) 59, 171
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Vk[D;l

n

[ @) =7 (69) "] i (07+) + 7 (89)" [ (6177 = i (69)]]|

k|DZ| T4 T+ \/k‘DZ| T+
= g 177 = T O 17 (67 ) -+ 17 )| (175 O577) = i (07) |

n
2 a2 JADI||o - 00|,
< 2orq'C*RoVk | 2n0TC*Ro (1 — ¢*) /k[D;|

NG O-ave

where step (a) employs Lemma | and Lemma 2, and the last step holds because of (67). We have now completed the proof
of Theorem 1.

(95)

C. Proof of Theorem 2

To prove Theorem 2, we first bound | g (00T — g (9¢HDT) HQ According to (34), we have
glin (0;57'4-7“) =g (90) +J (90)T (9;&7’—&-7“ _ 90) ) (96)
Taking the derivative with respect to 62" "" on both sides yields
Jlin (495-T+T) =J (90) . (97)
Then, we consider
d r a0 o
(O (g (grre) — g (6] )

_ no@?e%e? [g" (617+7) — g (877+7)]

D
+ %6%6? [iJ(GO)TJi (67) g™ (67F7) + %J ()", (07 g, (‘%Tﬁ)}
- 7?3)(??635’;}9? (6™ (87+7) — g (87+7))
i Igoi\ e [_i‘] (0°)77; (67) Pag™ (0777 + %J (0:7+) " 7, (677) Pig (9?“)}
— 77|3>(?|? o577 [ (017F7) — g (617 + % el [0 (97+7) + 1T +rg (pi7+7)]
_ ﬂe%@? (@grw B @?) g (0§T+r) . 8)

Dl
By integrating both sides from 0 to 7, we obtain

0
i

glin (9§r+r) —g (efrw) — o~ TBT® [glin (etT) —g (Qtr)] + o~ 876! /Te"’%]ﬁ e’ (@§r+r _ @?) g (0§T+r) dr.
0

|Di
99)
The aggregation of linear local models yields
M
g (0(” ”T) => pig™ (0777). (100)
i=1
Further considering equation (72), we have
M M
ghn (0(t+1)'r> —gq (9(t+1)'r) — Zpi [ghn (9;57’+‘r) —gq (95T+‘r)j| + ZPin’- (101)
i=1 i=1
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By taking the norm on both sides, we obtain

Hgnn (0(t+1)7) _ (9(t+1)7—) ‘2
_ Zp lin atr+r 79(957—%7)] Jripqﬂi

2

< Zpi [glin (0§T+'r) _ 0t7+'r
2 2 2
0 M ’]’/0 _noT @0 T 7707‘
< Zp 7W 0 l1n (etT) —g (etT)] + Zpl |D |e D, / e“Di (@t-r+r @?) g (9§T+r> dr
2 i=1 ¢ 0 op
+ Zpiﬂi : (102)
=1 2

where the last step is obtained by substituting (99), and H Zl 1 pZQ H2 is bounded in (89). In the following, we bound

| i pie AT (g 07) — g (67)) [, and || S22, pepghre” BT 7 I (017 — 00) g (07) |, re-

spectively, and finally bound || /'™ (6*7F7) — f (6"7F7)||,, as well as || £ (8;7F7) — f; (677) ]|,

C.1. Bounding || Zf\il pie_%g? (g"™(07) —g(6')) ||2

noT 0
By taking the Taylor series expansion of e RNt , we obtain

Zp e — 15767 lm (gt‘r) g (gtr))
< ZPin B7o:
i=1 op

M
= ;pz [I|D®0+Q(e %, 91)]

2

lg™ (6'7) = g ("),

lg™ (6'7) = g ("),

op
— 7 770@07- lin 9t7’ etT ‘D_|@? lin 92&7’ et‘r 103
o e I BRI o S G T T BT TR
Next, we bound HI — "”‘gTT and Zf\il pi ||©2 (6_%6?) , Tespectively.
op op
HI 3 @ T H 770@7' O ne®°r
Dl lop |D| D Dl lop
H 770@’7’ 7]0@7' _ 770907'
Dl llop D Dl lop
< TZOT)\m) n mOT  1n9©°T
|D| D Dl lop
< 7707’/\m> 4|8 1700°T
D D Dl lp
(%) ( _ nOT)\m) + nOT)\m
D 3|D|
0T Am
<1-— 104
< 3D| (104)
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where step (a) applies (76). To bound sz\i1 D; ||Q(e_%®g)

| , we first bound H@OH as
op v llop

1
621, = | 270 5P,

op

1
< L 1@ [|7:6D] 2 1l

1
- n HJ(HO)HF HJi(H?)HF
<2, (105)

where the last step applies Lemmas 1 and 2. Then, we have

M noT (0]
Zpi (e 856 )
=1

2
P

W7~ gnorC?, (106)

where the first step employs Lemma 3. Further, plugging (104) and (106) into (103) yields

U

67‘ ‘ hn (etT) —g (et‘r))

<q|

glin (et'r) - (et'r) ||2 . (107)

2

107 0 Uik
e 1% 7 e

C.2. Bounding || SM o o (O —6ef) g (67) dr”op

\73\

Considering p; = %, we can obtain

7

.
0 — 10T o 107" 0
=51 / eI (O — 09) g (0177 dr
0

op

770 o~ TB76Y /0 eTBIOY (0177 — 09) ¢ (617*7) dr
op
(@) [|<= o7 tr 47 0y lDer i,
= |D\ (O =67) e T g (6,7)
2
=z NoT tr 0 "0%‘*7)90 LT+
=SBl el [ e,
() I "o tT+7 0 LT +7
sZWH(@i ~ 1), s ),
© AT | prir _ o7 gt .
SO (C I S W]
op
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M
"7 T T fi LT
— |0?| H(@FL M Gg)Hop Hg (9’1L )‘ 2
i=1

(108)

where step (a) holds according to the mean value theorem of integrals and 7; € (0, 7), step (b) holds because © is not full
no(7i—7) no (73 —7)
rank according to the definition of local NTK (20) and hence ||e ’ D] o? op <e . ID;1 Amin (©7) = 1, step (c) comes

from (61) and r; € (0, 7;), the last step holds because GETM; is not full rank. Then, we proceed to bound H@fﬂrﬁi -0y ||
which can be derived as

&7 = 67l

1 T Fi T T Fi T
= = 7@ s (0 = (60)" g (69)

op

= L )T )1 (0 ) 1 (67 (69)

< % HJ (eztf—&-fi)T —J (Hg)THF HJZ (Gf”ﬂ

op

i+ |7 @ @) = 5 (69)]

< 207|077 — 6%,
(i) 2no7C® Roq" + 207C* Ry (1 — ¢)
- V1| D;l vn(l—gq)
3 t 3 ot
< 207C% Ry | 207C Ry (1~ ¢) (109)
vn Vvn(l—q)

where step (a) comes from (67) and the last step holds because 7; < 7 and |D;| > 1. Plugging (109) into (108) yields

ngT T  por
|'D | \;gi\ i / 6‘531,‘6? (@ET“FT’ . @?) g (9;&7-4»7") dr
0

op

Mnor 2n07C3¢' Ry 27707'0 Ro l—q
<R o
(a<) Mnot {27707C3qtR0 N 2170703R0 1- } [q ( 27707'C'C1R0C> 2noTCCLRC
- D vn Vvn(l—gq) (1—¢q)° (1-¢q)?
() Mot [2n07C%¢'Ry | 2n07C*Ro (1 —¢")]
SR e O
_ 2Mu3T CPR3q (1 — ¢')
a vnlD|(1-q)

237 C*Riq" (1 - q'*) a10)
- vn(l—q) ’

where step (a) comes from (23) in Theorem 1 and step (b) omits f =0(n1t).

C.3. Bounding || /' (§'7+") — f (9”‘”)”2 and || £ (67F7) — f; (677) H2
Plugging (110) and (107) into (102) yields

Hgnn (9(t+1)7—> _g (9(t+1)7’)

27’(2]7_203R%qt (1 _ qt+1)

|, <allg™ (@7) =g ()], +

M
ZP’LQ’L
=1

Vi—q) 2
in (gtr r 23 C*R3q" (1 — ¢! 21n97CC1 RoC
<l (07) g 07|+ 2B LA | I COE -y
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where the last step comes from (89). By recursively employing (111) and considering the fact ||g"™ (6°) — g (6°) |, = 0,
we obtain

‘ gin (g(tﬂ)f) g (9<t+1>7> ’ _ 1= 20872 CPREq" (1= ¢'™) | 2n07CC1R(
27 1l—g¢ vn(l—q) (1—-q)
22232t1_t+12 9 1 — gt+1
_ 2T C3R3q" ( 29 ) n UOTCC1ROC(2 ¢t (112)
Vi (l—q) (1-q)
Considering ¢ = %}7%(710_ IZ‘)’ and replacing ¢ 4+ 1 with ¢, we have
sup |g"™ (6°7) — g (6°7) [, = sup |/ (67) — £ (6°7) [l = O(n ™). (113)
>0 >0

Finally, we bound || £/ (6;7*") — f; (67"7)]|, as

1A @) = £ (07|, = o™ (0:7F7) = gi (0:717),
— HPiglin (921_37'-"-7“) _ Pzg (927’-&-7‘) H2
< || Pilloy [19™ (6;747) = g (6;7+7)
= g™ (0;7") — g (67,

(a) . 2 2 203R2 t 1— t+1
< quhn (01&7’) _g(otr)Hz_'_ o™ 04 ( q )

vn(l—q)
<q 232 C3 R3¢ (1 — qt)2 2n07CC1RoC (1 — ¢) 232 C3R3q" (1 — ¢t
- Vi (1-g)? (1-g)° Vn(l-q)
23T CP R (1 — qt)2 200TCC1RoCq (1 —¢)  2n37°C3REq" (1 — ¢'1)
S VAo’ (1—q) Vill—q

(114)

where step (a) holds because of (99), (107) and (110). The third inequation holds because of (112). Further considering

2no7CR
(= \}7731(71_(;)), we have

swp (|5 (07— 1 (07|, = 0(nE), i ms)

t>0, 1<r<t1

Thus, Theorem 2 is proved.

D. Proof of Theorem 3

The Jacobians of the linear global and local models are

Jlin (9”) —J (90) : lein (9§r+r) —J; (90) ] (116)

3

The local update process of the linear model can be expressed as

efT+T+1 — 921_&T+T _ 77Ji (9?) glill (9;&7’-‘”) . (117)

7

Via continuous time gradient flow, we obtain

d@fTJrT _ U 0 lin tr+r\ __ n 0 lin trt+7r
o ——@Ji(@)gi (67 )——|Di‘Ji(9i>Pi9 (07" - (118)

Employing the chain rule yields

dghn (GETM)
dr

tT+r
T db;

()"
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=) () P (07)

|D |
@ TTT

- 77|(7’)‘|zglm (677 . (119)

Integrating from O to r on both sides yields
g (07+T) = ¢ PO glin (6'7). (120)

Plugging (120) into (118) yields
da{ﬁT—Q—'r

L~ |D” & L (60) Pe PO glin (917 | (121)

Integrating from O to 7 on both sides yields

T —m0r o
9;&7’-&-7 _ otr - _ |D77‘ Ji (0?) R (/ : ld’l") lin (et'r) , (122)
% 0

—nor @Q .
where [ e i "' dr can be further derived as

T @?7‘ T 0O 1 k
/ e dr / '(—W@?) dr
0 o kL |D
k

|
|

/T\

=

ElE

@
=0

N——
Bl
+]=
AR

k=0
—1Dil oyt L ( noT 0) o
— S) i)
o () kZ:()(k+1)! Dy
_ —IDil 0yt — l <7707— 0)
- Mo (@z) ; k" |Dl|@z
_ lfil (00) 7 (1—e BT (123)
0

Plugging (123) into (122) yields

QETJrT _ etr —

|D &% (90) |n0i| (@?)71 (I— o T8 @?) glin (91&7’)
_ _% (J (00)T>*1 ; (OO)TJi () P, (@?)—1 (I _ e_lDi‘e’?) g™ (6'7)
= (@)") (1) g (o). (124

Considering the model aggregation process, we have

M
p+DT _ git _ Zpi (05T+T _ at'r)

| |
A

T) sz ( - 6_%6(3) ghin (gtr)
T) ( [— e ZiapiETe >glin (6")

T) ( J_ o Tere’ )glin (91&7)7 (125)

|| I?
/N
~ /L\
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where step (a) employs Lemma 4. Considering the aggregation process of the linear model, we have

M
glin (9(t+1)7’) _ Zpiglin (9§T+T)
i=1

M . o
—2070? lin tT
ZE pie Pi g™ (67)
i=1

@ - M 2eY i
= oe NoT Z,lzl D, i ghn (037—)

_ ef%@oglin (etT) 7

where step (a) employs Lemma 4. By cursively employing (126), we can obtain
glin (6(t+1)7) _ e_W@Oglin (90) '

ng©%tr

Replace ¢ + 1 with ¢ yields ¢"™ (§'") = e=~ o ¢'™™ (6°), plugging which into (125) further yields

—1 T — tT .
9(t+1)'r —9iT = — (J (90)T> (I _ 67%@(]) ST’TO@)Oghn (00)
—1 —ngtT (t4+1)7 .
— (J (QO)T) (6778 e’ 677% D] @0) glm (00) )
Employing (128) iteratively yields

-1 no (t+1)700 .
g(t-i-l)'r _ 00 — _ (J (90)T> (I _ 6_40 D] ) ghn (90) )
Replacing ¢ + 1 with ¢ yields
_ n90%r

o — 00 = L7 (6°) (0°) ! (I —e Dl) g™ (6).

n

Therefore, for an arbitrary input -, we can obtain the closed form of g (z,6*7) and £ (z,0'7) as

glin (1,7 gt‘r) =g (x’QO) +J (1,7 90)T (gtr . 90)

_ npeYr

— (%)~ 00 (@) (67) " (1- e F) g o)

and

_mno 00¢r

0 (2,67) = F (2,6%) — 00 (2) (8%) " (1 o ) (F (2,6%) ),

respectively.
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E. Network Details

Table 1. Fully-Connected Network

KAYER INPUT IuTPUT
FC1 INPUT SI1ZE 8 x k
FC2 8 x k 8 x k
FC3 8 x k OUTPUT SIZE

Table 2. Convolution Network

LAYER CHANNEL KERNEL OUTPUT STRIDE
CONV1 6 x k 5X%x5H 28 x 28 1
POOLING 6 Xk 2x2 14 x 14 2
CONV2 16 x k 5X%x5H 10 x 10 1
POOLING 16 X k 2 %2 5x5 2
FCl — — 120 x k —
FC2 - — 84 x k -
FC3 - — 10 -
Table 3. Residual Network
LAYER OUTPUT BLOCK TYPE
CONV1 32 x 32 [3 x 3, CHANNEL SIZE X k]
3 X 3, CHANNEL SIZE X k
CONV2 32> 32 3 X 3, CHANNEL SIZE X k XY
3 X 3, CHANNEL SIZE X k
CONV3 16 x 16 3 X 3, CHANNEL SIZE X k x
3 X 3, CHANNEL SIZE X k
conva 8x8 3 X 3, CHANNEL SIZE X k X
AVG-POOL 1x1 [8 x §]
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