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Abstract

Neural additive models (NAMs) enhance the
transparency of deep neural networks by handling
input features in separate additive sub-networks.
However, they lack inherent mechanisms that pro-
vide calibrated uncertainties and enable selection
of relevant features and interactions. Approaching
NAMs from a Bayesian perspective, we augment
them in three primary ways, namely by a) provid-
ing credible intervals for the individual additive
sub-networks; b) estimating the marginal likeli-
hood to perform an implicit selection of features
via an empirical Bayes procedure; and c) facili-
tating the ranking of feature pairs as candidates
for second-order interaction in fine-tuned models.
In particular, we develop Laplace-approximated
NAMs (LA-NAMs), which show improved em-
pirical performance on tabular datasets and chal-
lenging real-world medical tasks.

1. Introduction

Over the past decade, deep neural networks (DNNs) have
found successful applications in numerous fields, ranging
from computer vision and speech recognition to natural
language processing and recommendation systems. This
success is often attributed to the growing availability of data
in all areas of science and industry. However, the inherent
complexity and lack of transparency of DNNs have impeded
their use in domains where understanding the reasoning
behind their decision-making process is important (Pumplun
etal., 2021; Veale et al., 2018).

Model-agnostic methods, such as partial dependence (Fried-
man, 2001), SHAP (Lundberg & Lee, 2017), and LIME
(Ribeiro et al., 2016), provide a standardized approach to
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explaining predictions in machine learning, but the expla-
nations they generate for DNNs are not faithful representa-
tions of their full complexity (Rudin, 2019). Instead, one
can enhance transparency in DNNs by acting directly on
the architecture and training procedure. For instance, in
generalized additive models (Hastie & Tibshirani, 1999),
the response variable y is associated with inputs x1, ..., T,
using an additive structure of the form

s Tp]) = Bo + fi(z1) + -+ fplxp). (1)

The neural additive models (NAMs) introduced by Agarwal
et al. (2021) hinge on this concept. In this model archi-
tecture, each input dimension is processed by a distinct
sub-network, elucidating the connections between the input
features and the model’s predictions. However, restricting
neural network models in this way can lead to overconfi-
dence, overreliance on uninformative features and oblivi-
ousness to underlying feature interactions.

9(Ely |z, ...

Main contributions. In this work, we (a) propose a
Bayesian variant of the NAM by deriving a tailored lin-
earized Laplace inference (MacKay, 1996) on the subnet-
works. We show that this improves intelligibility by encour-
aging smoothness and enhancing uncertainty estimation.
Moreover, (b) this construction enables the estimation of
the marginal likelihood, which serves as a Bayesian model
selection criterion. This enables the model to mitigate the
impact of uninformative features, further contributing to
robustness and trustworthiness. Also, (c¢) in situations where
strong feature interaction exists in the ground-truth, caus-
ing poor performance of first-order additive models, we
leverage our Laplace approximation to automatically select
informative feature interactions, which are then added
to the model to improve overall performance. Finally, (d)
we show on tabular regression and classifications bench-
marks, as well as on challenging real-world medical tasks,
that our proposed LA-NAM performs competitively with the
baselines while offering more interpretable global and local
explanations, all within a same framework.

2. Related Work

Neural additive models. Several constructions exist for
the generalized additive models (GAMs) of Hastie & Tibshi-
rani (1999), including smoothing splines (Wahba, 1983) and
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Figure 1. Regression on a synthetic dataset with known additive structure (see Section 4.1 and Appendix B.8 for details). The LA-NAM fits
the data well, provides useful uncertainty estimates, and, along with OAK-GP, correctly ignores the uninformative feature (f4, bottom.)

gradient-boosted decision trees (Friedman, 2001; Lou et al.,
2012; 2013). Neural networks are also particularly com-
pelling candidates for the construction of GAMs since they
can be made to approximate continuous functions up to arbi-
trary precision given sufficient complexity (Cybenko, 1989;
Maiorov & Pinkus, 1999; Lu et al., 2017). The neural addi-
tive model (NAM) proposed by Agarwal et al. (2021) is con-
structed using ensembles of feed-forward networks. In order
to fit jagged functions and promote diversity for ensembling,
the authors propose the exponential unit (ExU) activation, in
which weights are learned in logarithmic space. The GAMI-
Net proposed around the same time by Yang et al. (2021) is
closely related but single networks are used in place of an
ensemble, and the model also supports learning of feature
interaction terms. Recently proposed extensions to NAMs
include feature selection through sparse regularization of
the networks (Xu et al., 2023), generation of confidence
intervals using spline basis expansion (Luber et al., 2023),
and estimation of the skewness, heteroscedasticity, and kur-
tosis of the underlying data distributions (Thielmann et al.,
2024). Our work extends NAMs via Laplace-approximated
Bayesian inference to endow them with principled uncer-
tainty estimation and feature interaction and selection abili-
ties within a unified Bayesian framework.

Bayesian neural networks. Bayesian neural networks
promise to marry the expressivity of neural networks with
the principled statistical properties of Bayesian inference
(MacKay, 1992; Neal, 1992). There are many approximate
inference techniques, such as Laplace inference (MacKay,

1992; Daxberger et al., 2021a), stochastic weight averaging
(Maddox et al., 2019), dropout (Gal & Ghahramani, 2016),
variational inference (Blundell et al., 2015), ensemble-based
methods (Lakshminarayanan et al., 2017; Wang et al., 2019;
D’Angelo & Fortuin, 2021), and sampling approaches (e.g.,
Neal, 1992; 2011; Welling & Teh, 2011). In our work, we
leverage linearized Laplace (MacKay, 1996; Khan et al.,
2019; Foong et al., 2019; Immer et al., 2021b) for infer-
ence in Bayesian NAMs. This is motivated by the Laplace
approximation’s ability to provide reliable predictive un-
certainties and marginal likelihood estimates, the latter of
which are not readily available in most other approximations.
Here, we devise a Laplace approximation that is specifically
optimized for the structure of NAMs.

Additive Gaussian processes. Gaussian Processes (GPs)
are a powerful and flexible class of probabilistic models.
GPs are also compelling for the construction of GAMs as
they are characterized by their ability to model complex re-
lationships, providing uncertainty estimates along with their
predictions. Additive GPs have been explored in studies by
Kaufman & Sain (2010), Duvenaud et al. (2011), Timonen
et al. (2021) and Lu et al. (2022). Specifically, the Orthog-
onal Additive Kernel (OAK) proposed by Lu et al. (2022)
enables both selection of features and feature interaction of
all orders relying on the efficient computational scheme of
Duvenaud et al. (2011) and the orthogonality constraint of
Durrande et al. (2012). Our work equips NAMs with similar
features through Bayesian inference. Refer to Appendix C
for a further detailed treatment of the related work.
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3. Laplace-Approximated NAM

We introduce a Bayesian formulation of neural additive
models and propose a tractable inference procedure, which
is based on the linearized Laplace approximation of neural
networks (MacKay, 1991; Khan et al., 2019). The pro-
posed model (LA-NAM) relies on a block-diagonal variant
of the Gauss-Newton approximation with Kronecker fac-
torization (Martens & Grosse, 2015) and uses the associ-
ated predictive and log-marginal likelihood (Immer et al.,
2021a;b) to estimate feature-wise uncertainty and automati-
cally select features. Further, we identify promising feature
interactions using mutual information within the posterior.

3.1. Bayesian Neural Additive Model

We consider supervised learning tasks with inputs x,, € R”
and outputs y,, where y,, € R in regression and y,, € {0, 1}
in classification, and denote D = {(x,,¥y,)})_, as the
training set containing [N sample pairs. A neural additive
model is a neural network f consisting of sub-networks
fi,..., fp with parameters 8 = {61,...,0p}, wherein
each sub-network applies to an individual input dimension,

f(x; 0) = fi(z1; 01) +--- + fp(rp; Op).  (2)

We refer to the sub-networks f; : R x R” — R, with
parameters 8; € RY, as feature networks. For simplic-
ity, we assume that all feature networks share the same
architecture. In practice, it can vary to accommmodate
mixed feature types such as binary or categorical features.
The sum is mapped to an output y using a likelihood func-
tion p(D |04, ...,0p) with inverse link function g~ (),
e.g., the sigmoid for classification, such that we have
Ely|x] = g~} (f(x)), and

N
p(D16) = [ plyn | f(xn; 6)). ()

n=1

We impose a zero-mean Gaussian prior distribution over
the parameters of each feature network with prior precision
hyperparameters A = {A1,...,Ap},

D
p(8) =p(01,...,0p|X) = [[N(6a; 0, \;'T). 4
d=1

These terms adaptively regularize the network parameters
and enable feature selection in a similar fashion to automatic
relevance determination (ARD; MacKay, 1996; Neal, 1995).
Large values push the corresponding feature networks to-
ward zero and low values encourage highly non-linear fits.
In practice, one can also use separate priors and precision
terms for each layer of each feature network, as this has
been shown to be beneficial in linearized Laplace (Immer
et al., 2021a; Antoran et al., 2022).

3.2. Linearized Laplace Approximation

We devise a linearized Laplace approximation of the
Bayesian NAM to obtain predictive uncertainties and se-
lect features as well as their interactions within a single
framework, which we call LA-NAM. The posterior predic-
tive of the linearized Laplace is well-established and known
to provide calibrated uncertainty estimates (Daxberger et al.,
2021a). Further, its marginal likelihood estimates are use-
ful to perform automatic relevance determination of feature
networks during training and optimize observation noise
parameters (MacKay, 1996). Lastly, we use the mutual in-
formation in the posterior between feature network pairs to
identify promising feature interactions.

We linearize the model around a parameter estimate 6,

Fin(x; 0%) = fi" (w15 07) + -+ [i(wps; 67), (5)
W (2a; 07) = falza; 0)) + T (xa) (04— 65),  (6)

where je(d) : R — RP is the Jacobian of the d-th feature

network w.r.t. @4, such that [je(d)] i = 0fq/004,. This step
follows from the linearity of the gradient operator and the
fact that O f/004,, = 0 ford # d'.

This reduces the model to a generalized linear model in
the Jacobians whose posterior can be approximated with a
block-diagonal Laplace approximation as

3, ... 0
0 ... X¥p

Q

where the diagonal covariance blocks are determined using
the feature network Jacobians and second derivatives of the

log-likelihood, v, = — 2= log p(yn | fn). by

-1

B, = + Il 8

N
lZ - TS (00T T (@)
n=1

The approximation also leads to an additive structure over
feature networks in the log-marginal likelihood,

logp(D | A) ~ log p(D, 8" | A) — § log |52 ©)
> logp(D, 0" [ X) — 33, log |5-Zal (10)

where the lower bound is a consequence of the block-
diagonal structure (Immer et al., 2023a).

In practice, we further approximate the covariance blocks
34 by using layer-wise Kronecker factorization (Ritter
et al., 2018; Daxberger et al., 2021a), thereby avoiding the
memory and computational complexity associated with the
quadratic size in the number of parameters P.
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3.2.1. FEATURE NETWORK SELECTION

During training, the feature networks are implicitly com-
pared and selected using adaptive regularization. This
selection mechanism arises from the optimization of the
lower bound on the Laplace approximation to the log-
marginal likelihood in Equation (10), which we denote here
as log ¢(D | A). In the automatic relevance determination
(ARD) procedure of MacKay (1996) and Neal (1995), pa-
rameters of the first layer are grouped together according to
their input feature and regularized as one. In our case, one
feature network corresponds to one group.

We maximize the lower bound on the log-marginal likeli-
hood, maxy log ¢(D | A), by taking gradient-based updates'
during training with

- logg(D|A) = £ —[|0313 - Tr =, (1)

An intuition of the corresponding closed-form update de-
rived by MacKay (1991) is given in Tipping (2001): the
optimal value of \; is a measure of the concentration of 3,4
relative to the prior and depends on how well the data deter-
mines the parameters 6. Large values of \; lead to strong
regularization and effectively switch off the d-th feature
network. This is depicted in Figure 1, where our method
demonstrates its ability to disregard an uninformative fea-
ture. As a result, the procedure can lead to enhanced model
interpretability and robustness as it redirects the attention to
smaller subsets of informative features.

3.2.2. FEATURE NETWORK PREDICTIVE

Due to linearization, we can obtain function-space predictive
uncertainties in a closed form, like for Gaussian processes.
Given an unobserved sample x*, the predictive variance
of the linearized model f!™ * corresponds to the sum of
predictive variances of the linearized feature networks,

V[flin,* |X*] — Zd V[ (liin,* |IZ] (12)
= Y @) TBady (). (13)

This is due to the block-diagonal structure of our posterior
approximation in Equation (7). We discuss further proper-
ties and advantages of this in Appendix A.1.

As training progresses, the feature networks may shift to
satisfy a global intercept value in their sum. They should
therefore be shifted back around zero before visualization
by removing the expected contribution,

fa(x}) = fa(x)) — Ex~pp)lfa(za)]. (14)

Importantly, this adjustment does not affect the predictive

X li . . .
variance V[f,™ *]. This variance estimate can be used to

'We also conducted experiments with the closed-form updates
of MacKay (1991) and obtained comparable results.

generate credible intervals for local and global explanations
of the model, as shown in Figure 2 and 4. Notably, this
allows the model to not only communicate on which data
points it is uncertain, but also which features are responsible
for the predictive uncertainty. Also, refer to Figure 1 for an
example of the obtained predictive uncertainties.

3.2.3. FEATURE NETWORK INTERACTION

Many datasets are not truly additive and thus require model-
ing interactions of features to adequately fit the data. How-
ever, it is a priori unclear which features exhibit underlying
interactions. As the search space grows exponentially for
higher-order interactions, we focus here on the second or-
der. In second-order feature interaction detection, the goal
is to find a subset of all existing D? interaction pairs that,
when added to the model, maximize the gain in performance.
For each selected interacting pair (d, d'), we can then ap-
pend a joint feature network fq 4 (x4, xqa) and perform
fine-tuning of the model with the appended networks as part
of a secondary training stage.

Our method for detecting and selecting second-order interac-
tions makes use of the mutual information between feature
networks. If the mutual information between the feature
network parameters 84 and 64 is high, then conditioning
on the values of either of these should provide information
about the other and thus, their functions. This can be an indi-
cation that a joint feature network for this pair may improve
the data fit.

Although the mutual information between feature networks
is zero in the approximation of Equation (7), this is not
necessarily the case in the true posterior. For the purpose
of determining mutual information of the feature networks,
we therefore fit separate last-layer Laplace approximations
of the model for all feature pairs. After the first training
stage, we consider only the scalar output multiplier weights
04 of each feature network and for each candidate pair of
features (d, d') determine the scalar marginal variances o2,
02, and co-variance 03 o in the resulting D x D posterior
covariance matrix, which is computationally efficient. The
mutual information can then be approximated using

1(04; 0a) = H(0q) + H(0a ) — H(04, Oa’) (15)
~ Llog [0305 (0308 —034)']  (16)
= 1log [1 — Corr (g, Qd/)z]_l . (17)

Finally, we select interactions by computing the mutual
information for all feature pairs and taking the top-k highest
scoring pairs. Importantly, this can be done after training in
the first stage and without the need for an additional model
to assess interaction strength. We show in the experiments
that with only a few second-order interactions selected this
way the performance of the additive model can improve to
be at the level of a fully-interacting baseline.
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Table 1. Negative test log-likelihood (lower is better) on the UCI regression (top) and classification (bottom) benchmarks. Results better
or within one standard error of the best performance of first-order methods in the first block are in bold. Results in green indicate an
improvement beyond one standard error when compared to the corresponding model without second-order interactions. The LA-NAM
performs competitively with the other additive models and often outperforms the NAM. Moreover, when 10 interactions are selected, it
almost always improves and often reaches competitive performance with the fully-interacting LightGBM.

Dataset \ NAM LA-NAM OAK-GP | LA-NAMjg OAK-GP« | LightGBM
autompg (n = 392) 2.69 £0.16  2.46 +0.08  2.55+0.10 | 2.45+0.09 2.46 +£0.14 | 2.53 £0.07
concrete (n = 1030) 346 £0.12  3.25%0.03  3.19 £0.09 | 3.18 +0.04  2.81 +0.06 | 3.09 +0.09
energy (n =768) 1.48 £0.02 1.44+0.02 1.46+0.02 | 1.11+0.12 0.61 +0.04 | 0.81 +0.05
kin8nm (n = 8192) -0.18 £0.01  -0.20 £0.00  0.09 £0.01 | -0.28 £0.02  0.09 £0.01 | -0.50 £0.03
naval (n = 11934) -3.87£0.01 -7.24+£0.01 -8.93 £0.07 | -7.44 £0.07 -9.43 £0.01 | -5.19 £0.01
power (n = 9568) 2.89+£0.02  2.85+0.01 2.81+0.03 | 2.79 +0.01  2.73 £0.02 | 2.67 +0.02
protein (n = 45730) 3.02+0.00 3.02+0.00 3.00+0.00 | 2.94 +0.01 2.88 +0.00 | 2.83 +0.00
wine (n = 1599) 1.02£0.04 0.98+0.03 1.14+0.04 | 0.97 £0.03 1.67 £0.65 | 0.96 +0.03
yacht (n = 308) 224 +£0.08 1.81+0.10 1.860.11 | 0.76 +0.20  0.79 +0.17 | 1.37 £0.28
australian (n = 690) 0.38 £0.04  0.34 +0.03  0.33 +0.03 | 0.34 £0.03  0.35+0.03 | 0.31 +0.03
breast (n = 569) 0.16 £0.03  0.10 £0.02  0.07 £0.01 | 0.10+0.02  0.09 £0.01 | 0.09 +0.01
heart (n = 270) 0.41£0.04 0.33+0.02 0.42+0.06 | 0.33+0.03 0.42+0.06 | 0.39 +0.04
ionosphere (n =351) | 0.31+0.04 0.25+0.04 0.22 +0.02 | 0.27 £0.03  0.21 £0.03 | 0.19 +0.03
parkinsons (n =195) | 0.29 £0.04  0.26 +0.03  0.27 £0.03 | 0.25 +0.03  0.21 £0.02 | 0.22 +0.03

4. Experiments

We evaluate the proposed LA-NAM on a collection of syn-
thetic and real-world datasets emphasizing its potential for
supporting decision-making in the medical field.> To as-
sess performance, we compare against the original NAM
of Agarwal et al. (2021) and other generalized additive
models, namely, a smoothing spline generalized additive
model (GAM), with smoothing parameters selected via cross-
validation (Hastie & Tibshirani, 1999; Servén & Brummitt,
2018), and a GP with an orthogonal additive kernel (OAK-
GP; Lu et al., 2022). We also include LightGBM (Ke et al.,
2017) as a state-of-the-art fully-interacting model which
approximates the maximal attainable performance in tabular
regression and classification tasks (Grinsztajn et al., 2022).
Detailed information regarding the experimental setup is
provided in Appendix B.7.

The NAM lacks a built-in notion of epistemic uncertainty. As
such, figures which provide the uncertainty associated with
its predictions use the standard deviation of the recovered
functions across the deep ensemble of feature networks.

4.1. Illustrative Example

To demonstrate the capability of recovering purely additive
structures from noisy data, we constructed a synthetic re-
gression dataset for which the true additive functions are
known. Generalized additive models are expected to accu-
rately recover the additive functions present in this dataset

2Code: github.com/fortuinlab/LA-NAM

since it is designed in such a way that there is no interaction
between the input features.

In Figure 1, we show the recovered functions for f; and f,
along with the ground-truth quadratic function f; and zero
function f4. The NAM exhibits pronounced jumpy behavior
due to the presence of noise, resulting in a considerably poor
mean fit. In contrast, the proposed LA-NAM fits the data
accurately while maintaining a good estimate of epistemic
uncertainty. It is less susceptible to misattributing noise
to the recovered functions compared to the NAM. This is
particularly striking for the uninformative function f,, since
only the LA-NAM and OAK-GP correctly identify that it
should have no effect, due to their Bayesian model selection.
More details and visualizations are in Appendix B.8.

4.2. UCI Regression and Classification

We benchmark the LA-NAM and baselines on the standard se-
lection of UCI regression and binary classification datasets.
Each dataset is split into five cross-validation folds and the
mean and standard error of model performance are reported
across folds. We split off 12.5% of the training data as
validation data for the NAM. This extra validation data is
not required for the LA-NAM, since it is tuned using the
estimated log-marginal likelihood. Additionally, both the
LA-NAM and OAK-GP have support for selecting and fitting
second-order feature interactions, further enhancing their
modeling capacity. For these models, we also present results
where we have enabled feature interactions: We identify and
fine-tune the top-10 feature pairs of the LA-NAM (which we
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Table 2. Comparison of model performance on ICU mortality prediction tasks. Mean and standard error reported across five seeds.
AUROC and AUPRC are in percent. Bold indicates best performance first-order methods; green/red highlights an improvement/decrease
with interactions. The OAK-GP runs out of memory for HiRID due to the number of features. The LA-NAM generally outperforms the
NAM, and improves with 10 interacting features on MIMIC-III, becoming competitive with the fully-interacting LightGBM gold-standard.

Task MIMIC-III ICU Mortality HiRID ICU Mortality

Metric AUROC (1) AUPRC (1) NLL ({) AUROC (1) AUPRC (1) NLL ({)
NAM 77.6+0.03 323+0.03 0274+8e-5 89.6+x0.17 60.7+0.14 0.228 £ le-2
LA-NAM 79.6 £0.01 34.8+0.04 0.264+5e-5 90.1+0.03 60.5+0.14 0.174 £ 2e-4
OAK-GP 799 £0.03 352+0.11 0.263 +1e-4 — — —
LA-NAMjp  80.2+0.10 352+0.06 0.262+3e-4 90.1x0.01 60.5+0.20 0.174 +4e-4
OAK-GP+ 71.7+£0.66 285+042 0.288 + le-3 — — —
LightGBM 80.6 £0.08 35.6+0.19 0.261+3e-4 90.7+0.00 61.6x+0.00 0.172+0.00

1 NAM (Agarwal et al.) | NAM (Agarwal et al.)

Mortality risk
o

| NAM (Agarwal et al.) | NAM (Agarwal et al.)

N

100 120

Emergency

Mortality risk
o

36 37 38 60 80 10 20 30 Elective Urgent
1 { LA-NAM (ours) | LA-NAM (ours) | LA-NAM (ours) | LA-NAM (ours)
_1 B B 4 4
36 37 38 60 80 100 120 10 20 30 Elective Emergency Urgent

Temperature (°C) Heart rate (bpm)

Bicarbonate (mEg/L) Admission type

Figure 2. Risk of mortality and associated epistemic uncertainty (£ 2 std. deviations) on the MIMIC-III mortality prediction task. The
LA-NAM relies on smoother feature curves and provides useful uncertainties while ignoring the uninformative feature.

denote as LA-NAMjg), and increase the OAK-GP’s maxi-
mum interaction depth to 2 so that it models all pairwise
interactions (denoted as OAK-GPx).

In Table 1, we report the negative log-likelihood averaged
over test samples. The NAM does not provide an estimate
of the observation noise in regression, so it is assigned a
maximum likelihood fit using its training data. The LA-NAM
consistently demonstrates competitive performance across
multiple datasets. It tends to exhibit lower average neg-
ative log-likelihood, indicating better performance, com-
pared to the NAM and performs comparatively well versus
the OAK-GP. LA-NAM|o, which refers to the fined-tuned
model with top-10 feature interactions, almost always im-
proves performance on regression when compared to its
non-feature-interactive counterpart and often reaches the

performance of the fully-interacting LightGBM. Note that
this might also be related to its ability to ignore uninforma-
tive features, which has been identified as a main weakness
of neural networks on tabular data compared to tree-based
methods (Grinsztajn et al., 2022). A wider set of models
along with additional performance and calibration metrics
are considered in Appendices B.5 and B.6.

4.3. Intensive Care Unit Mortality Prediction

To gain insights into the behavior of our method within
a real-world clinical context, we investigate the perfor-
mance in predicting patient mortality based on vital signs
recorded 24 hours after admission into an intensive care
unit (ICU). To accomplish this, we utilize the MIMIC-III
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Figure 3. Local explanations for the risk of a sample patient in the HiRID mortality task in the NAM. Features which contribute less than
0.1 to the log-odds magnitude are omitted. The NAM selects a large number of features and does not provide uncertainty estimates.

B Low (u—20) Mean (u) High (1 + 20)

r2.0
,\'Z/
N
5 4
87 1.5 =z
] o ]
S =1
& o8 ol
& of &5 R g
& SEEES & =
v GSESS & fosZ
S SR e | 2
NI P& )
I | [ T ———— L PG FILTIIL P 008
$ O QL OSSP L0 e | TTEE o0 g
e L e i
TG0 LS DOLS KOG o
o GOL U TF LH LT F-05
& [9F & IFTe ¢ R
Q& NN O .95
X & V& N
& F & OSeE LA-NAM (ours)  *-10
N @ VP
P N o
< 3 N v
AP N

Figure 4. Local explanations from the LA-NAM for the same patient
as in Figure 3. Features whose credible intervals overlap with zero
are omitted. The model selects far fewer features and provides
uncertainty estimates, further aiding interpretation.

patient database (Johnson et al., 2016) and employ the pre-
processing outlined by Lengerich et al. (2022). Additionally,
we leverage the HiRID database (Faltys et al., 2024) and
adopt the pre-processing proposed by Yeche et al. (2021).
Notably, our objective extends beyond achieving compet-
itive predictive performance: we aim to provide valuable
insights into the underlying sources of risk within the ICU to
facilitate a clearer understanding of critical care dynamics.

Predictive performance. Table 2 presents a summary
of the test performance achieved by the various methods.
For the MIMIC-III dataset, a total of 14,960 patients were
considered, with 2,231 held out as the test set. Similarly,
the HiRID dataset comprises 27,347 patients, with 8,189
held out for testing purposes. On these tasks, the LA-NAM
demonstrates superior performance compared to the NAM
in the key evaluation metrics of area under the ROC and
precision-recall curve (AUROC and AUPRC), as well as av-

erage negative log-likelihood (NLL).? Figure 2 showcases a
subset of the recovered additive structure from the MIMIC-
IIT dataset.* In each subplot, the background displays a
histogram depicting the distribution of feature values. Note
that the NAM exhibits the same jumpy behavior observed
in the synthetic example, adversely affecting interpretabil-
ity, while the LA-NAM yields smoother curves, due to its
optimized Bayesian prior. We find that the identified rela-
tionships of the displayed variables and risk by LA-NAM
appear consistent with medical knowledge (personal com-
munication with medical experts). We also find that the
LA-NAM effectively captures and quantifies epistemic un-
certainty, aligning with the presence or absence of sufficient
samples.

Feature selection. This experiment also illustrates the
ability of the LA-NAM to assess the relevance of features
through the selection of feature networks. Because of their
linear dependency, both high bicarbonate levels and low
anion gap are indicators of metabolic acidosis (Kraut &
Madias, 2010). The LA-NAM determines that the risk asso-
ciated with bicarbonate can be adequately captured using
only the measurement of the anion gap. Consequently, as
demonstrated in Figure 2, it entirely disregards the bicarbon-
ate feature. See Appendix B.2 for an ablation experiment
confirming this.

Interpretability. The epistemic uncertainty and feature-
selecting property of the LA-NAM play significant roles in
the effectiveness of the generated local explanations. This
advantage is clear in Figures 3 and 4, where we compare the
breakdown of risk factors between the NAM and LA-NAM,
respectively. We show that the LA-NAM selects a notice-
ably condensed, more concise set of features. Moreover, it
provides uncertainties in local explanations, bringing valu-

3Calibration is also improved, as shown in Appendix B.4.
*Complete visualization is provided in Appendix B.9.
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Posterior correlation matrix in MIMIC-II (lower triangular)
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Figure 5. Feature interactions uncovered in the MIMIC-III dataset by the LA-NAM. (left) Last-layer posterior correlation matrix, used to
select the most informative feature-interaction pairs. (right) Two selected example feature interactions and their associated uncertainty.

able insight by acknowledging the inherent variability and
potential limitations of the model. In this case, it allows clin-
icians to gauge the reliability and robustness of the predicted
risk factors, enabling more informed decision-making and
facilitating trust in the model’s outputs.

Feature interactions. In addition to the first-order models,
both the LA-NAM and OAK-GP were evaluated with feature
interactions (LA-NAMo and OAK-GPx in Table 2). Incor-
porating these interactions led to significantly improved
performance for the LA-NAM;o on the MIMIC-III dataset,
reaching competitive performance with the fully-interacting
LightGBM gold standard. On the left side of Figure 5, the
last-layer correlation matrix for second-order interactions is
presented, revealing the relationships between the different
feature pair candidates for inclusion in the second-order
fine-tuning stage. On the right side, specific interactions
involving the risk factors of WBC and Platelet, as well as
INR and SpO,, are depicted. In particular, we show an
increase in mortality risk for high white blood cell and low
platelet counts as well as for elevated INR and low oxygen
saturation. While the first interaction is characteristic of
immune thrombocytopenia (Cooper & Ghanima, 2019), a
known risk factor for critically ill patients (Baughman et al.,
1993; Trehel-Tursis et al., 2012), the second has not been
studied in the literature. Hence, by enabling second-order in-
teraction selection, LA-NAM may also help to discover new
risk factors (of course, follow-up studies would be needed).

5. Conclusion

In this work, we have introduced a Bayesian adaptation
of the widely used neural additive model and derived a

customized linearized Laplace approximation for inference.
This approach allows for a natural decomposition of epis-
temic uncertainty across additive subnetworks, as well as
implicit feature selection by optimizing the log-marginal
likelihood. Our empirical results illustrate the robustness of
our Laplace-approximated neural additive model (LA-NAM)
against noise and uninformative features. Furthermore,
when allowed to autonomously select its feature interac-
tions, the LA-NAM demonstrates performance on par with
fully interacting gold-standard baselines. The LA-NAM thus
emerges as a viable option for applications with safety con-
siderations and as a tool for data-driven scientific discovery.
Moreover, our work underscores the potential for future re-
search at the intersection of interpretable machine learning
and Bayesian inference. Overall, this work contributes to
the vision of powerful, robust, yet transparent and under-
standable machine learning models. We hope that our work
will inspire further advances in Bayesian additive models,
marrying transparency with probabilistic modeling.

Impact Statement

Since this is basic research, we do not foresee any immediate
broader impact. However, as the proposed model can lend
itself well to medical tasks (see Section 4.3), it could have
an impact on improving medical care. These features may
also have relevance in other critical domains where the
use of non-transparent models can be problematic, such as
jurisdiction, hiring, or finance.

Additionally, in applications where fairness and implicit
biases are important, detecting biases or potential lack of
fairness could be facilitated by the feature-independence
property and the feature-selecting capabilities of our model.
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It should be noted that existing biases in the data will likely
propagate to the model, so this should be critically assessed.
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A. Additional Theoretical Results and Discussion

In this section, we provide additional details on the derivation of our approximate posterior for Bayesian NAMs and discuss
in further detail the interaction detection procedure and theoretical computational bounds.

A.1. Feature Network Independence

The approximate posterior defined in Equation (7) results in feature networks that are mutually independent due to the
block-diagonal structure of the covariance matrix. This independence is needed for the decomposition of the predictive
variance in Equation (12). We elaborate here on the motivation behind this independence assumption.

As a thought experiment, suppose we wanted to find estimates of two variable terms b; and bo, such that their sum is equal
to some constant C'. We also desire that neither term b; or by dominate the other so that they are roughly equally balanced.
One possible setup for finding a maximum a posteriori (MAP) estimate of b; and by could be to design a cost function
L(b1, by) where the MAP solution is a minimizer,

p(bla b2) = N([bl7 bQ]T; 07 )‘_11)7 p(C ‘ bla b2) = N(Cy bl + b2) 1)7 (Al)
log p(b1, b2 | C) o< log p(C' [ b1, b2) +log p(b1, ba) (A2)
o —(by 4+ by — C)2 = XD +b2) X _L(by, by). (A3)

For illustrative purposes, we set C' = 20 and A = 0.01. In the left side of Figure A.1, we visualize the cost function values
L(by, b2) and highlight the MAP solution as a white cross. Now, suppose we are interested in finding an approximate
posterior distribution for b; and b, with a Laplace approximation centered at the MAP estimate. When we treat b; and
bs as jointly dependent variables, we obtain the Gaussian approximate posterior distribution depicted on the right side of
Figure A.1.

L(by, by) a0 p.d.f. of Laplace approx.
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Figure A.1. Laplace approximation of the illustrative example in Appendix A.1. (C' = 20, A = 0.01)

In this approximation, b; and by exhibit strong anti-correlation. This can be attributed to the observation that adjusting b; by
some amount A can be accounted for by adjusting by by —A, since by + by = (by + A) 4 (b2 — A). Within the realm of
Bayesian NAMs, this property is considered undesirable. Ideally, we want the credible intervals for a feature network fy to
solely reflect changes in its shape, without being influenced by vertical translations of other feature networks. To circumvent
the scenario illustrated above, one can adopt a strategy where b; and b are treated as independent variables. This involves
performing a first Laplace approximation for b; while keeping b fixed, followed by a separate Laplace approximation for by
keeping b fixed. In our model, this is ensured by performing separate Laplace approximations for each feature network.

Nonetheless, the true posterior may contain strong statistical dependency across the feature networks. Therefore, for feature
pairs which demonstrate high mutual information (Appendix A.2.1) or exhibit significant improvement on the marginal
likelihood bound (Appendix A.2.2), we suggest to introduce second-order joint feature networks. The purpose of these
networks is to explicitly capture these dependencies in the resulting fine-tuned model.

A.2. Feature Interaction Selection

In this section, we expand on the feature interaction selection based on the mutual information and also provide an alternative
selection procedure which is phrased as model selection and optimization of the marginal likelihood.

1
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A.2.1. FEATURE INTERACTION VIA MUTUAL INFORMATION

To select feature interactions, we consider the mutual information (MI) between the posteriors of feature networks. If the
mutual information between 84 and 8 4 is high, it is simultaneously high between the functional posteriors fy and fy/. This
means that conditioning on the output of feature network f; can provide information about the posterior of feature network
fa, and therefore be an indication that a joint feature network for the interacting features could ultimately improve the
LA-NAM fit. In a separate dense covariance matrix Laplace approximation, each candidate pair (d, d') has two marginal
posteriors and a joint posterior. These are Gaussian distributions with corresponding covariance matrices 34, 34/, and
>4, - The mutual information can be approximated using

1045 00) ~ — 3108 |Za, ' (Ba ® Bar) 7| = —3 1og[|Ba, |27 1125']], (A4

where @ denotes block-diagonal concatenation. Constructing the full covariance matrix can be prohibitively expensive for a
LA-NAM containing many feature networks. Instead, we can iteratively compute the covariance blocks ¥4 4 and determine
the mutual information of each pair using Jacobians and precision matrices which are at most 2P x 2P large (Daxberger
et al., 2021b). Alternatively, we propose to use a last-layer approximation in Section 3.2.3 which turns the computation into
D x D matrices and relies on scalar marginal variances.

For linearized Laplace approximations one can show that this is closely related to maximizing the mutual information of the
posterior on f; and fy over the training set. In other words, how much information is gained about f; when observing fy
and vice-versa. The joint posterior predictive on f; and fy is a Gaussian with a 2 X 2 covariance matrix per data point,
meaning N x N marginal predictive covariance matrices S; and Sy, and a 2N x 2N joint predictive covariance matrix
S4, &/, when considering the entire training set. In similar fashion to Equation (A.4), the mutual information of the functional
posterior distribution can be determined by taking

I(fs; £2) = —1log|Su, 4 (Sa ® Sar) | = — L log[|Sa,«IS; ' [S7'[]- (A.5)
c R2N><2P

Moreover, taking J g, 4/ as the Jacobian matrix of [fy, fu]" with respect to [84, 84/]" over the training data, with
brackets denoting concatenation, we can write the marginal and joint predictive covariances as

Sd, @ =Jdq, a2, d’JB, o and Sg@ Sy =Jg d/(Z}d D Ed/)J; dr- (A.6)

Plugging Equation (A.6) back into the mutual information in Equation (A.5), we see that it is equivalent to the parametric
mutual information in Equation (A.4) when we have N = P and full-rank Jacobians. This shows that the parametric mutual
information can also be thought of as an approximation to the functional mutual information.

A.2.2. FEATURE INTERACTION AS MODEL SELECTION

Alternatively, we can phrase the selection of feature interactions as model selection, thereby optimizing the marginal
likelihood of the Bayesian model. Mathematically, we can achieve this by choosing the feature pairs that maximize the
lower bound to the log-marginal likelihood which stems from the factorized block-diagonal posterior. Adding any feature
interaction in the posterior will reduce the slack of the bound in Equation (11) and we aim to choose the ones reducing it the
most. For any feature pair (d, d’), taking J; € RV*? as the Jacobian matrix of f; with respect to ; over training data, we
can estimate the improvement on the bound by considering

gain(d, d) = Y [log|J] diag[v]J; + A\ X|] — log| I}, ;v diag[y]1Ja,a + Aal @ Ao/ | (A7)
ie{d,d'} PxP 2PX2P
= log [Py| + log [Pa| —log [Py, a'| = —log[|Pu [P [[P5']], (A.8)
where diag[v] denotes a diagonal matrix containing v1,...,vyy. This quantifies the extent to which the log-marginal

likelihood of the LA-NAM is enhanced when accounting for the posterior interaction between feature networks fy and fy .
The gain heuristic is derived from subtracting the approximate log-marginal likelihood of the initial model from one where a
joint feature network is added.

As with the mutual information procedure, one can simplify this into a scalar case, thus maximizing normalized joint
precision values instead of correlations. This makes intuitive sense as well since the precision values can indicate pairwise
independence when conditioning on all other variables, that is for all " ¢ {d, d'}.

2
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A.3. Computational Considerations and Complexities

We briefly discuss the complexity of the proposed method, taking both computation and storage of the various quantities in
consideration. For simplicity, we assume a LA-NAM with D feature networks, each with fixed number of parameters P,
even though in practice the number of parameters can vary among feature networks.

In order to compute the block-diagonal approximate posterior of Equation (7) we must determine and invert a Laplace-GGN
posterior precision matrix for each feature network, resulting in total complexity of O(DN P?) and O(D P?), respectively.
Storage of the matrix can be done in O(D P?) and computing its determinant in O(DP?). This can be overly prohibitive
for large numbers of parameters, but can be significantly alleviated by using a layer-wise Kronecker-factored approximation
(KFAC-GGN; Martens & Grosse, 2015). Assuming an architecture with a single layer with hidden size (9(\/]3), KFAC-GGN
reduces computation of the precision matrix to O(DN P) and its inversion to O(DP?3/2). Further details are provided in
Immer et al. (2021Db).

A separate Laplace approximation is required for both of the proposed feature interaction selection methods. The approximate
covariance matrix must contain off-diagonal blocks since both the mutual information and improvement on the log-marginal
likelihood depend on joint covariance matrices for each candidate pair. One option is to perform sub-network Laplace
inference (Daxberger et al., 2021b) in order to iteratively score the pairs, which equates to taking D - (D — 1) / 2 separate
Laplace approximations over 2P parameters. We propose instead to perform a last-layer approximation by only considering
the D output weights of each feature network, which results in computation in O(N D?), storage in O(D?), and inversion
for mutual information in O(D3).

B. Additional Results and Experiments

B.1. Comparison of Approximate Inference Methods

1\ 1\ /
W 0 A 0
-1 1NAM (DE, ReLU) -1 1NAM (DE, GELU) MC-Dropout -1 1 LA-NAM (ours)
0 0.5 1 0 0.5 1 0.5 1 0 0.5 1
14 14 14 14 14
W 0 e 0 ———e=z=g 0
-1 1NAM (DE, RelLU) -1 1NAM (DE, GELU) -1 {MFVI (BbB) -1 4 MC-Dropout -1 1 LA-NAM (ours)
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
---- Ground truth —— Recovered function Epistemic uncertainty (£ 2 std. dev.)

Figure B.1. Comparison of approximate inference methods for Bayesian NAMs on the synthetic data of Section 4.1. All feature networks
use one layer of 64 GELU units with the exception of the leftmost model, “NAM (DE, ReLU)”, which uses 64-64-32 ReL U units.

We provide a brief overview of alternative approximate inference methods which can be employed to quantify uncertainty of
feature networks in Bayesian NAMs. Figure B.1 displays the recovered functions and predictive intervals generated using
these methods on the toy example of Section 4.1.

Deep ensembles (DE). The NAM of Agarwal et al. (2021) effectively operates as a deep ensemble (Lakshminarayanan
et al., 2017) even though the authors do not explicitly present it as such. In our experiments, we found that ensembles of
feature networks using ReLU and GELU activation tend to exhibit a collapse of diversity in function space, as can be seen
in the two leftmost panels of Figure B.1. D’ Angelo & Fortuin (2021) also highlight this as a potential limitation of deep
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ensembles. The utilization of ExU activation proposed by Agarwal et al. (2021) partially restores diversity, and we focus on
this configuration when comparing to the LA-NAM.

Mean-field variational inference (MFVI). Variational inference can also be used to obtain independent approximate
feature network posteriors. In early experiments, we tested the Bayes-by-Backprop (BbB) procedure of Blundell et al. (2015)
and found that the method required significant manual tuning since the feature networks tended to either severely underfit the
functions or the uncertainty. MFVI also yields log-marginal likelihood estimates, however their use in gradient-optimization
of neural network hyperparameters appears to be limited.

MC-Dropout. Dropout (Gal & Ghahramani, 2016) can be a simple way of introducing uncertainty awareness in the NAM
but its Bayesian interpretation is not as straightforward as that of the Laplace approximation. It requires multiple forward
passes for inference and does not provide an inherent mechanism for feature selection.

B.2. Ablation of the Anion Gap in MIMIC-III

The anion gap is a measure of the difference between the serum concentration of sodium and the serum concentrations of
chloride and bicarbonate, i.e. anion gap = [Na™] — ([C17] 4+ [HCO3]).

Both low bicarbonate levels and thus high anion gap are indicators of acute metabolic acidosis. This is a known risk factor
for intensive care mortality with very poor prognosis (Kraut & Madias, 2010; 2012). Figure B.2 shows that the predicted
mortality risk increases steadily as the anion gap grows but becomes uncertain above 20 mEq/L due to low sample size.
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Figure B.2. Sodium, bicarbonate and anion gap mortality risk as predicted by the LA-NAM.

When presented with both anion gap and bicarbonate in the mortality risk dataset of Section 4.3, the LA-NAM uses high
anion gap as a proxy for the risk of low bicarbonate. We confirm this visually by performing an ablation experiment in
which the LA-NAM is re-trained with the feature network attending to the anion gap removed. Figure B.3 shows that in
the ablated model the anion gap risk is moved into the low levels for bicarbonate. The bicarbonate risk increases below
20 mEq/L and becomes uncertain around 15 mEq/L.
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Figure B.3. Sodium and bicarbonate mortality risk with anion gap feature network ablated.
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In contrast, the OAK-GP does not suppress the bicarbonate, possibly indicating that the orthogonality constraint which it

enforces has difficulty addressing redundancy of information when variables are highly correlated.
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Figure B.4. Sodium, bicarbonate and anion gap mortality risk in the OAK-GP of Lu et al. (2022).

B.3. Ablation of the Activation Function

In Figure B.5 and Table B.1, we progressively ablate the feature network depth and activation function of the NAM to match
ours. Shallow networks and GELU activation encourage smoother fits at the expense of worse predictive uncertainty and
performance. This is not a concern for the LA-NAM when applied to the same architecture

Bicarbonate [mEq/L] Heart rate [bpm] Temperature [°C]

Admission type
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0 -\/ ‘\_/ —\/ .\_/ -\/
_1 B - - B 4
36 37 38 36 37 38 36 37 38 36 37 38 36 37 38
1 JOAK-GP (Lu et al.) 1NAM (64-64-32, ReLU) JINAM (64, ReLU) INAM (64, GELU) JLA-NAM (ours)
0 _J _// _/ _/ _—_/
_1 B - - B 4
60 80 100 120 60 80 100 120 60 80 100 120 60 80 100 120 60 80 100 120
1 JOAK-GP (Lu et al.) 1NAM (64-64-32, ReLU) JINAM (64, ReLU) INAM (64, GELU) JLA-NAM (ours)
0 ‘/\_/_ —/\// ‘/\_/ ‘/
-1 A1 - B 4 4
10 20 30 10 20 30 10 20 30 10 20 30 10 20 30
1 4 OAK-GP (Lu et al.) {NAM (64-64-32, RelLU) {NAM (64, RelLU) 4 NAM (64, GELU) JLA-NAM (ours)
0 J [T —] . .  E—— S J I —— S— J e e
-1 A - - B 4
Elec. Emerg. Urg. Elec. Emerg. Urg. Elec. Emerg. Urg. Elec. Emerg. Urg. Elec. Emerg. Urg.

No contribution

—— Predicted contribution (+ 2 std. dev.)

Data density

Figure B.5. Progressive ablation of the feature network depth and activation function on the MIMIC-III dataset of Section 4.3. Feature
network architecture is denoted in parentheses. “LA-NAM (ours)” is a single layer of 64 GELU units.
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Table B.1. Mean and standard errors over 5 runs for the performance of the ablated models shown in Figure B.5.

MIMIC-III Performance | AUROC (1)  AUPRC (1) NLL (})
NAM (64-64-32, ReLU) | 78.89 (0.04) 3430 (£0.04) 0.2669 (+2e-4)
NAM (64, ReLU) 79.02 (£0.02) 34.28 (20.02) 0.2665 (+le-4)
NAM (64, GELU) 77.54 (£0.02)  34.10 (20.02) 0.2699 (+le-4)

LA-NAM (64, GELU) 79.58 (£0.01) 34.77 (£0.04) 0.2644 (+1e-4)

B.4. Calibration on the ICU Mortality Prediction Tasks

We assess the calibration of the NAM and LA-NAM predictions on the ICU mortality tasks of Section 4.3. Following the
protocol introduced by Ciosek et al. (2020), we present the accuracy as a function of subsets of retained test points in
Figure B.6. The points are first sorted based on the confidence level of the models and then progressively added to the
subset to determine a rolling accuracy. The median of the rolling accuracy curves for 5 independent runs is shown. On the
MIMIC-III dataset, the LA-NAM demonstrates superior calibration compared to the NAM, and it exhibits similar calibration
on the significantly larger HiRID ICU dataset. Importantly, the incorporation of feature interactions does not seem to
adversely harm calibration.

In Table B.2, we report mean calibration errors and their respective standard errors over the same 5 independent runs. We
provide both the standard expected calibration error (ECE) of Guo et al. (2017), and the root Brier score (RBS), a proper
calibration error put forward by Gruber & Buettner (2022). Bold values signify best calibration within one standard error,
with the exception of LA-NAM;( where bold indicates on par or better calibration compared to the first-order methods.
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Figure B.6. Calibration curves of the mortality prediction models showing the relationship between uncertainty (horizontal axis) and
accuracy (vertical axis). In well-calibrated models, accuracy should increase monotonically.

Table B.2. Calibration errors over the 5 runs of the mortality models assessed in Figure B.6.

Model \ NAM LA-NAM LA-NAMjq

Metric \ ECE () RBS (}) | ECE ({) RBS (}) | ECE ({) RBS ()
MIMIC-III ICU Mortality | 0.019 £3.7e-4  0.279 £1.2¢-5 | 0.009 £1.6e-4  0.275 £2.5¢-5 | 0.009 £6.7e-4  0.275 +9.6¢-5
HiRID ICU Mortality 0.029 +2.4e-3 0223 +3.7e-4 | 0.009 +3.3e-4 0.219 x1.6e-4 | 0.011 +4.9e-4  0.219 +2.3e-4

B.5. Calibration on UCI Datasets

We also provide calibration errors and respective standard errors for the 5-fold UCI benchmarks in Tables B.3 and B.4. For
the UCI classification datasets we reuse the metrics of Appendix B.4, namely the expected calibration error (ECE) of Guo
et al. (2017) and the root Brier score (RBS) proposed by Gruber & Buettner (2022). In UCI regression, we provide the
quantile error metric proposed by Kuleshov et al. (2018) which we denote as “Calib.” We also present the squared kernel
calibration error for Gaussian predictions (SKCE) proposed by Widmann et al. (2021). Similarly to Appendix B.4, bold
denotes best within first-order methods with the exception of LA-NAM1o where bold means on-par or better.
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Table B.3. Calibration error on UCI regression datasets. (Lower is better.)

Model \ NAM LA-NAM LA-NAM;j

Metric | Calib. (}) SKCE (}) |  Calib. (}) SKCE (}) |  Calib. (}) SKCE ({)
autompg (n = 392) | 0.054 £0.011 1.9e-3 +7.0e-4 | 0.037 +0.007 1.8e-3 +3.5¢e-4 | 0.043 +0.009 1.5e-3 +4.4e-4
concrete (n = 1030) | 0.021 £0.007  6.2e-4 +1.6e-4 | 0.014 £0.004  6.2e-4 +1.3e-4 | 0.015 £0.005  6.5e-4 +1.2¢-4
energy (n = 768) 0.042 £0.018  8.3e-3 +4.8¢-4 | 0.040 £0.010  8.9¢-3 +4.1e-4 | 0.042 £0.014  6.1e-3 +1.3e-3
kin8nm (n = 8192) | 0.015 £0.002 5.6e-5 +£1.0e-5 | 0.012 £0.001 2.7e-6 +4.4e-6 | 0.007 £0.001 1.4e-5 +4.5e-6
naval (n = 11934) 0.176 £0.006  3.1e-8 £4.4e-9 | 0.077 £0.029 2.7e-9 £1.5e-10 | 0.026 £0.004 2.2e-9 +1.8e-11
power (n = 9568) 0.005 £0.002 2.3e-4 £3.1e-5 | 0.005 +£0.002 1.9e-4 £1.3e-5 | 0.008 £0.001 1.7e-4 +1.5e-5
protein (n = 45730) | 0.037 £0.003  1.8e-2 +2.5¢-4 | 0.020 +0.002 1.5e-2 £2.7e-4 | 0.015 +£0.000 1.5e-2 +1.5¢-4
wine (n = 1599) 0.021 £0.002 1.7e-3 £5.6e-4 | 0.012 +0.005 6.9¢-4 £3.2¢-4 | 0.010 +0.004 5.8e-4 +3.1e-4
yacht (n = 308) 0.095 £0.027 1.8e-2 £2.0e-3 | 0.105 +£0.028 1.7e-2 £2.3e-3 | 0.111 £0.024 1.2e-3 £1.6e-4

Table B.4. Calibration error on UCI classification datasets. (Lower is better.)

Model \ NAM LA-NAM LA-NAM1g

Metric \ ECE (}) RBS (]) | ECE (}) RBS (}) | ECE (}) RBS (})
australian (n = 690) | 0.112 +0.008 0.330 £0.017 | 0.099 +0.004 0.314 £0.014 | 0.084 +0.004 0.317 £0.015
breast (n = 569) 0.064 £0.018 0.192 £0.013 | 0.038 £0.005 0.163 £0.010 | 0.040 +0.004 0.165 +0.009
heart (n = 270) 0.153 £0.008 0.356 £0.020 | 0.136 £0.011 0.314 £0.014 | 0.150 £0.015 0.315 +0.015
ionosphere (n = 351) | 0.111 £0.014  0.292 +0.014 | 0.086 +0.012  0.266 £0.022 | 0.080 +£0.006 0.270 +0.015
parkinsons (n = 195) | 0.139 £0.006 0.290 +0.019 | 0.136 £0.009 0.280 +0.023 | 0.111 £0.006  0.277 £0.025

B.6. Additional Results on UCI Datasets and ICU Mortality Tasks

In this section, we report the mean performance and standard errors for additional models and metrics over the 5-fold
cross-validation UCI benchmarks of Section 4.2 and ICU mortality tasks of Section 4.3. Bolded values indicate best
performance within additive models, and green or red an improvement or decrease beyond one standard error when second-
order interactions are added. In addition to the models of Table 1, we give performance for linear and logistic regression, the
smoothing-spline GAM, and the LA-NAM with 10 interactions selected using the improvement to the marginal likelihood
lower bound which is discussed in Appendix A.2.2 and denoted as LA-NAMJ{O, instead of the MI-based selection presented
in Section 3.2.3. We also benchmark against the gradient boosting-based explainable boosting model (EBM) (Lou et al.,
2012; Nori et al., 2019), which is assigned a maximum likelihood fit of the observation noise in regression using its training
data and also supports selection of top-10 feature interaction pairs (denoted as EBM).

Table B.5. Performance of the EBM on the mortality tasks of Section 4.3.

Task MIMIC-II ICU Mortality HiRID ICU Mortality

Metric AUROC (1) AUPRC (1) NLL(J) AUROC (1) AUPRC () NLL(})
NAM 77.6+0.03 323+003 0274+8e5 89.6+0.17 60.7+0.14 0228+ le-2
LA-NAM  79.6£0.01 348004 0264+5e-5 90.1+003 60.5+0.14 0.174 + 2e-4
LA-NAMjp 802+0.10 35220.06 0.262+3e-4 90.1+0.01 60.5+020 0.174 + de-4
OAK-GP 79.9+£0.03 352+0.11 0.263 % le-4 — — —
OAK-GPx  71.7£0.66 28.5+042 0.288+ le-3 — — —
EBM 78.7+0.02 33.6+0.04 026895 90.2+0.03 592+0.10 0.177 +2e-4
EBM o 79.7£0.03 349+0.09 0264+2e-4 90.5+0.04 61.1+0.23 0.173 + de-4
LightGBM  80.6+0.08 35.6+0.19 0.261+3e-4 90.7+0.00 61.60.00 0.172 +0.00




IT0F 6L°0 | 60°0F89°0 800FPS'0 60°0FI80 €L0FTLO | IT0FIST LIOFLYV'T LIOFSY'T SI'0FO0CT I9TOFIST +S0F 606 (80¢ = u) 1yoek
T0'0FT9°0 | T0°0FT90 SOOFILO TO0FH9°0 <TOOF#9°0 | TO'0FH9'0 €O0FSLO TO0FH90 TO0F+9'0 TO'0FS9°0 TO0F S9°0 (6651 = u) auim
10°0F 60°v | TO'0F9E€F  L00FTEY  TO0F LSH  TO0F8S'H | T00OF 48P  TO0OF L8+Y [00F#6F 100F86F 100F+6'% 100F61'S | (0€LSH =) uroxd
90°0F 6€°€ | 90°0F79°E  0I'0F69°C 90°0FP6'€  90°0F €6°€ | 90°0F 68°€ €T'0FTOP O900F8I'vy 900F ey 900FSI'v 900F9S+ (8956 = u) 1omod
9-99F €9 | COCF 9L 99TF 9T  GCOCFPOC CRIF P2l | GOCF TRl 9-99F €3¢  9-9CF $9C C9CF €-9C  99CF 6-3L  C-9%F £€-99 (P€611 = u) [earu
00°0F €1°0 | 00°0F LI'0 000F9C°0 00°0F8T°0 000F8I°0 | 00°0F0T°0 000F9C0 00°0F0C°0 000F0C0 000F0T°0 000F0C0 (2618 = ) wugupy
C0°0F TS0 | TCO0FLYO  C00F VPO 60°0F89°0 800FILO0 | TOOFVO'L TOOFVO'L TOOFVO'L  CTO0F90°'T TO0FHO'T  SOOF 8T (89, = u) AS10U9
SE0FP6'Y | LIOF IF'Y  6T0F6TF LI'OF09S 610F08S | STOFST'S 0807919 €I'0FLT9 SHOF689 HTOFLS'S OF0FO0S0I | (00T = u) 91910U00
€I'0F96°C | SI'0F98°C €TOFOL'T LIOFI99°C 6L0FCLT | IT'0F86'C SIT'0FVY8C SI'0FLLT 6I'0Fv6'c 0CT0F0LC 8I0F8IE (z6¢ = ) Sdwone
NGOWSTT | O'wed *dD-MVO  UJWYN-VT  OTNVN-VT 7 wead dD-3V0 WVYN-VT VYN VD Teour| j1o88IR(
A..HOH-OO— ST HO?»O}C ‘sjaseyep ﬂqumOHwo.H D) uo Iolr UOHNSU@ ueawr J00y /' d[qe],
€0°0FTT0 | TIOFIE0  TOOFITO €0°0FSTO  €0°0FSTO | SO'OFS8TO  €0°0FLTO  €0°0F9ITO  HO0F6T0 CTOOFICO  TOO0FELO | (S61 = w) suosunjred
€0°0F 6I'0 | TO0FTTO €00FITO €0°0FLITO €0°0FLITO | TO'OFETO TOOFTITO HO'OFSTO +OOFIE0 CTOOFLTO €00F€€0 | (ISE=w) aydsouot
PO'0F 6€°0 | COOFIY0  900FTP0 €0°0FPE0 €0°0F€€0 | COOFOP0O 900FCr0 C00F€E0 +OOF IO 800FEYO  $0°0OF 6£°0 (0LT =u)1eay
10°0¥60°0 | CO0FCI'0  T0°0F60°0 <CO'0FOL'0 <COOFOI'0 | COOFCI'0O TO0FLOO TOOFOI'0 <€O0FOI'0 T00F600 T100F010 (696 = u) 1sea1q
€0°0F IE€°0 | PO'OFTCED €00FSE0 €0°0FSE0  €0°0FPED | €0°0FEE0  €0°0FEE0 €00FPE0  +0°0F8E0 PO'0OFSEOD TO0F SE'0 (069 = u) uerensne
8TOFLET | 6S[F08V  LI'OF6L0 TT°0F00°L  0TOFILO | €T°0F€6'T  TI0FI8T OI0FI8T B00F¥CC OI'0FL8T LOOFV9¢E (80¢ = u) 1yoek
€0°0796°0 | YO'OFIO'L  SOO0F L9 T  €0°0FL6'0 €0°0FL60 | €0°0F66'0 YOOFVI'T €0°0F86°0 $00FT0T €0°0F86°0 €0°0F 00°I (6681 = u) auim
00°0F €8°C | 10°0F68°C 000¥88C 000¥¥6C T100F¥6'C | 00°0F 00°E  00°0F00°€ 000FCO0C 000F¥COtE O000FC0E 000F90¢C (0€LSy = w) uraroxd
CO0F LYC | TO0OFTLT  COOFELT  T00F6LT T00F6LT | TOOF6LT €0°0FIST I00FS8CT <CO0F68C 100F¥8C T00F¥6C (8966 = u) 1omod
1007 61°G- | 100F09°¢-  T0°0F €6~ CI'OFSEL- LOOFVYL- | 000FST'E- LOOF€6'8 100F¥CL- T00FL8¢ <CO0F608 [100FCLE (rE611 = u) Teaeu
€0°0F 05°0- | 10°0F¥E0- T100¥600 CO0F6C0- <O0F8C0- | 10°0F0C°0- T100F600 000F0C°0- I100¥8I0- T0°0F0CT°0- T100F8I0- (z618 = ) wugury
SO'0FI80 | SO0FL90 PO0OFI90 PIOFIOL CIOFILL | TCOOFIV'T  TOOFOVT  TOOFHPY'L  COOFSY'T  TOOFIT  COOFOVT (89L = ) A310ud
60°0F 60°€ | 0COFESE  90°0FI8T €00F¥I'E  POOF8I'E | TIOFOTE  60°0F6I'€E €0O0FSTE TIOFOVE  SOOFEI'E POOF8LE (0€01 = 1) 9210000
LOOF €ST | 6T0F66C  PIOFIT  800FIP'T 60°0FSY'T | OI'0F¥9C  OI'0FSS'T  80°0F9V'T  OI'0F69C 60°0FE€Y'T  90°0F 65T (z6¢ = w) Sdwoimne
NGOWSTT | Otwed +dD-3VO OIWVYN-VT  OTWVN-V'T 7 wed dD-3VO WVN-V1 WVN WVD TeQUI] Josereq

(101399 ST Jomo) “(Wwo0330q) uonedyIsse[o pue (doj) uoissaiSar [ U0 pooyI[ayI[-So] 159} 9AneSON 9°g 9[qE]



0S°0F 0v'86 | €07 0766 ST0F88'86 6S°0F 81'86  6S'0F 10'86 | €8'0F 60'86 OV'0F 91’86 09°0F SI'86 0S'0F PI'86 ST IF06'S6 9L'0F €L'96 | (S61 = u) suosuryied
0L°0F 0T'86 | TS'0F IT'86  TLOFTHL6 9CTFLYV6 CCIFINGS6 | TLOFVYL6 T90FTTL6 GI'IF¥P'S6  SOTF8T96  090F9T'L6  61CF SO'16 | (16€ =u) exdydsouor
0TET 0168 | ¥6'ITS8LS  TPEFIV'88 TOIFIST6 S8IFIST6 | 88 [T IL'88 OV EFIV'88 8BLIF8ST6 €8°CF80°68 TL'ETLLLS 86'CFTS88 (0Lz =) 1eay
0T°0F 0S°66 | PI'0F 65766 SI0FTL66 6I0F 6566 I9I'0FTI66 | €I'0FTS66 II'0FSL'66 SI0FE€I66 6£0F61'66 9TO0F6566 SI0FTL66 (696 = u) 1se21q
0E'TF 08°C6 | 6€TFCI'C6 STIF6CI6 0TIF89T6 EEIFE6°I6 | IFIFC8T6 GLIFTVI6 CTIF80T6 ITIFI006 LITF60T6 9L0F LI'T6 | (069 =w) uelensne
INGOWSIT | O'wed *dD-3IVO OINVN-VvT  OTWVN-VT | Wed do-31vo WVN-VT WVN VO Teoury 1os8IRQ
("19119q ST IOYSIH) "S19SBIEP UONBOYISSE[O [D[) UO Jua21ad Ul 9AIND [[BI91-UOISINAId QU Jopun Baly ‘6'q 9[qBL
0 IF 0S°S6 | €L'0F I¥'L6  08'0F €796 bPLIFTSH6 LSTFIOP6 | S6TFVIV6  LTTIF LIV bLIFTSH6 SEIFTOP6 +9TF¥S88  €CTF 10006 | (S61 = u) suosunyied
06°0F 0£°L6 | 89'0F bE'L6 P60FTTI6 STTFHEP6 ETTF9IH6 | P8O0FE€96  TLOF L0'96 EETFIVH6 STTFSO'S6  880F 8€'S6  01'CF ¢i'06 | (15€ = u) roydsouor
00°CF 00°I6 | 9S'IF 0068 SETCFSTO8 €STIFIEE6 IIFIEE6 | ¥ IFIC06 LTTFTTO8 THITFESE6 €OTFIE06 OLCFVI'68 LETT 00706 (0LT = u) ey
0€°0F 0€°66 | ITO0F SE66 9T0F9S'66 8TOF6£66 ITOFTV66 | 6I'0F PT'66 PTO0F 1966 ITOFSH66 8C0FL6'86 SEO0FOP66 PITOF 09766 (696 = u) 1s821q
00'TF 08'€6 | SETF6€'€6 IO TIFIV'E6 T0TFPIT6 IIIFSST6 | LTIFLI'E6 66'0F €V'€6 VYI'TF09T6 POIFI0C6 IPIFI6T6  96'0F SS°C6 | (069 = w) ueiensne
INGOWSIT | O'wed *dD-3AVO OIWVN-VT  OTWVN-VT | Wed do-3vo WVN-V'T WVN WVO Tequry 19881RQ

(‘19139q ST IOYSIH) "S)oselep uonedsyIsse[d [DN) Uo Juadad ur 9AId DO Yl Jopun eary ‘8'g 9[qeL,



Improving Neural Additive Models with Bayesian Principles

B.7. Experimental Setup

Linear/Logistic Regression. Implementations are provided by the scikit-learn library (Pedregosa et al., 2011).
The regularization strength is grid-searched in the set {0.001,0.01,0.1, 1, 10}. For logistic regression, we use the L-BFGS
solver performing up to 10,000 iterations.

GAM. We use an open source Python implementation (pygam; Servén & Brummitt, 2018). The smoothing parameters
are grid-searched: We sample one thousand candidates uniformly from the recommended range of [10~2, 10°] and select
using generalized cross-validation scoring (GCV; Golub et al., 1979).

NAM. We test the NAM with feature networks containing a single hidden layer of 1024 units and ExU activation. We
grid-search the learning rate and regularization hyperparameters using the values given in the supplementary material of
Agarwal et al. (2021). In practice, we find that combining dropout with a probability of 0.2 and feature dropout of 0.05
along with weight decay of 1075 and a learning rate of either 0.01 or 0.001 gave good results.

LA-NAM. The LA-NAM is constructed using feature networks containing a single hidden layer of 64 neurons with
GELU activation (Hendrycks & Gimpel, 2023). Joint feature networks added for second-order interaction fine-tuning
contain two hidden layers of 64 neurons. The feature network parameters and hyperparameters (prior precision, observation
noise) are optimized using Adam (Kingma & Ba, 2017), alternating between optimizing both at regular intervals, as in
Immer et al. (2021a). We select the learning rate in the discrete set of {0.1, 0.01, 0.001} which maximizes the ultimate
log-marginal likelihood. We use a batch size of 512 and perform early stopping on the log-marginal likelihood restoring the
best scoring parameters and hyperparameters at the end of training. We find that the algorithm is fairly robust to the choice
of hyperparameter optimization schedule: For all experiments, we use 0.1 for the hyperparameter learning rate and perform
batches of 30 gradient steps on the log-marginal likelihood every 100 epochs of regular training.

OAK-GP. We use the setup recommended by the authors (See Appendix H. of Lu et al., 2022). Sparse GP regression is
used for large UCI regression datasets (n > 1000). For the UCI classification and ICU mortality prediction tasks variational
inference is used, with 200 inducing points for UCI and 800 inducing points for the mortality prediction.

EBM. The explainable boosting machine (EBM) is an open-source Python implementation of the gradient-boosting GAM
that is available as a part of the InterpretML library (Nori et al., 2019). The library defaults for the hyperparameters
performed best. We did not find a significant improvement when tuning the learning rate, maximum number of leaves, or
minimum number of samples per leaf.

LightGBM. We use the open-source implementation (Ke et al., 2017). The maximum depth of each tree is selected in the
set {3, 7, 12}, and maximum number of leaves in the set {8, 16, 31}. Additionally, the minimum number of samples per
leaf is reduced to 2 on small datasets from the default of 20. Early stopping is enabled in all experiments, using a 12.5%
split of the training data when the task has no predefined validation data. For the HiRID ICU Mortality task in Table 2, we
obtain best performance when using the feature engineering recommended in Yeche et al. (2021).

Hardware. The deep learning models are trained on a single NVIDIA RTX2080Ti witha Xeon E5-2630v4 core.
Other models are trained on Xeon E5-2697v4 cores and Xeon Gold 6140 cores.
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B.8. Illustrative Example

In Section 4.1, we present an illustrative example to motivate the capacity of the LA-NAM and baselines to recover purely
additive structure from noisy data. We provide further details on the generation of the synthetic dataset used here. Consider
the function f : R* — R, where f(xl, To9, T3, $4) =f1 (.131) + fg(xg) + f3(1‘3) + f4($4), and

f1($1) = 8($1 — %)2, fg(l‘g) = Tl() exp[—8x2 + 4] (B.1)
fa(x3) = 5exp[—2(2z5 — 1)?], falzg) = 0. (B.2)

We generate N = 1000 noisy observations {x,,, ¥, }_; by sampling inputs x,, uniformly from ¢/([0, 1]*) and generating

targets y, = f(x,) + €n, where €, ~ N(0, 1) is random Gaussian noise. Figure B.7 shows the recovered functions along
with the associated predictive uncertainty for the LA-NAM and baseline models.

4 o o o o o
2 4 4 4 4 <
“ o \/ \——/ \/ ] : ; \_/
-2 1 - B 4 4
4 1GAM 10AK-GP (Lu et al.) 1NAM (64-64-32, RelLU) 1NAM (Agarwal et al.) 1LA-NAM (ours)
0 1 0 1 0 1 0 1 0 1
5.0 1 E E E E
\ 3 \
&
2.5 1 E E
o
0.0 |1 E -
-2.5 1 E E E E
GAM OAK-GP (Lu et al.) NAM (64-64-32, RelLU) NAM (Agarwal et al.) LA-NAM (ours)
0 1 0 1 0 1 0 1 0 1
5.0 ] ] ] ]
2.5 E E E E
@ 0.0 /\ i /\ /\ /\ f /_\
257 T . ] kg s I .
-5.0 {GAM J0AK-GP (Lu et al.) 1NAM (64-64-32, RelLU) 1NAM (Agarwal et al.) 71 LA-NAM (ours)
0 1 0 1 0 1 0 1 0 1
21 ] ] ] ]
<0 Ay g
24 4 4 4 4
GAM OAK-GP (Lu et al.) NAM (64-64-32, RelLU) NAM (Agarwal et al.) LA-NAM (ours)
0 1 0 1 0 1 0 1 0 1
=== Ground truth —— Recovered function Predictive uncertainty (£ 2 std. dev.) o  Feature-wise residuals

Figure B.7. Recovery of the additive structure of the synthetic dataset of B.8. The feature-wise residuals are the generated data points with
mean contribution of the other feature networks subtracted.
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B.9. Predicted Mortality Risk in MIMIC-IIT
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Figure B.8. Complete visualization of the LA-NAM predicted risk in the MIMIC-III mortality task of Section 4.3.
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C. Detailed Related Work

Generalized additive models. Generalized additive models have been extensively studied and various approaches have
been proposed for their construction. Hastie & Tibshirani (1999) initially suggested using smoothing splines (Wahba, 1983)
to build the smoothing functions which attend to each feature, fitting them iteratively through “backfitting” (Breiman &
Friedman, 1985). One alternative is to construct them using gradient-boosted decision trees (Friedman, 2001). By modifying
the boosting algorithm, it becomes possible to cycle through functions in the inner loop, which has been found to be
favorable compared to sequential backfitting of boosted trees (Lou et al., 2012). Furthermore, boosted trees facilitate the
selection and fitting of feature interactions (Lou et al., 2013). These second-order interactions are believed to contribute to
the competitive accuracy achieved by gradient-boosted additive models in comparison to fully interacting models for tabular
supervised learning (Caruana et al., 2015; Nori et al., 2019).

Sparse additive models. Sparse adaptations of the generalized additive models have also been proposed. In the sparse
additive models (SpAM) of Liu et al. (2007), component functions are assigned coefficients which are subjected to an L,
constraint and optimized with coordinate descent. Alternatively, Zhao & Liu (2012) suggested sparse additive machines
(SAM) which replace the linear discriminant equation of Ly support vector machines (L1-SVM) with an additive structure
of univariate functions. Group sparsity can be obtained within both formulations (Yin et al., 2012; Chen et al., 2017). More
recently, Wang et al. (2020) have proposed multi-task additive models (MAM) as robust extensions of GroupSpAM with
mode regression, which do not require a priori knowledge of the sparse feature groups.

Neural additive models. Neural networks are highly attractive for constructing smoothing functions due to their ability to
approximate continuous functions with arbitrary precision given sufficient complexity (Cybenko, 1989; Maiorov & Pinkus,
1999; Lu et al., 2017). Agarwal et al. (2021) proposed the neural additive model (NAM), which utilizes ensembles of
feed-forward networks and employs standard backpropagation for fitting. To accommodate jagged functions, they introduced
“ExU” dense layers, wherein weights are learned in logarithmic space.

A closely related model, called GAMI-Net, was introduced by Yang et al. (2021), but it employs single networks instead
of an ensemble and additionally supports the learning of feature interaction terms. In the GAMI-Net, the feature pair
candidates are selected for feature interaction fine-tuning using the ranking procedure of Lou et al. (2013). Yang et al. (2021)
acknowledge that this ranking can also be done using neural networks with the approach proposed by Tsang et al. (2018).
Alternatively, one can avoid having to select pairs entirely by finding a scalable formulation for all possible pairs, such as in
the neural basis model (NBM) of Radenovic et al. (2022). In this work, we propose to rank the feature pair candidates using
the available posterior approximation.

Many other extensions have been suggested, including feature selection through sparse regularization of the feature networks
(Xu et al., 2023), generation of confidence intervals using regression spline basis expansion (Luber et al., 2023), and
estimation of the skewness, heteroscedasticity, and kurtosis of the underlying data distributions (Thielmann et al., 2024).

Bayesian neural networks. Bayesian neural networks offer the potential to combine the expressive capabilities of neural
networks with the rigorous statistical properties of Bayesian inference (MacKay, 1992; Neal, 1992). They have recently
sparked increased attention (Arbel et al., 2023) and it has been claimed that their capabilities will be crucial in generative
Al (Manduchi et al., 2024) and modern large-scale Al in general (Papamarkou et al., 2024). However, achieving accurate
inference in these complex models has proven to be a challenging endeavor (Jospin et al., 2022). The field has explored
various techniques for approximate inference, each with its own trade-offs in terms of quality and computational cost.

At one end of the spectrum, we have inexpensive local approximations such as Laplace inference (Laplace, 1774; MacKay,
1992; Khan et al., 2019; Daxberger et al., 2021a), which provides a simple and computationally efficient solution. Other
approaches in this category include stochastic weight averaging (Izmailov et al., 2018; Maddox et al., 2019) and dropout
(Gal & Ghahramani, 2016; Kingma et al., 2015).

Moving towards more sophisticated approximations, variational methods come into play, offering a diverse range of
complexity levels and approximations (Graves, 2011; Blundell et al., 2015; Louizos & Welling, 2016; Khan et al., 2018;
Osawa et al., 2019). Moreover, ensemble-based methods have also been explored as an alternative avenue (Lakshminarayanan
etal., 2017; Wang et al., 2019; Ciosek et al., 2020; D’ Angelo et al., 2021; D’ Angelo & Fortuin, 2021).

On the other end of the spectrum, we find Markov Chain Monte Carlo (MCMC) approaches, which provide asymptotically
correct solutions. Many recent works have contributed to the exploration of these computationally expensive yet theoretically
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attractive methods (Neal, 1992; Welling & Teh, 2011; Garriga-Alonso & Fortuin, 2021; Izmailov et al., 2021).

Beyond the challenges related to approximate inference, recent work has also studied the question of prior choice for
Bayesian neural networks (e.g., Fortuin et al., 2021; 2022; Fortuin, 2022; Nabarro et al., 2022; Sharma et al., 2023, and
references therein). Additionally, model selection within the Bayesian neural network framework has garnered attention
(e.g., Immer et al., 2021a; 2022b;a; Rothfuss et al., 2021; 2023; van der Ouderaa & van der Wilk, 2022; Schwdbel et al.,
2022), which we use to select features and regularize the networks automatically.

Modern Laplace Approximations. In our work, we focus primarily on leveraging the linearized Laplace inference
technique and the associated marginal likelihood estimate (MacKay, 1992). While sophisticated methods can enable
posterior (predictive) inference, the Laplace approximation is one of the few scalable methods that offer a useful marginal
likelihood approximation for neural networks (Immer et al., 2021a). To the best of our knowledge, it has not been previously
applied to the NAM. Automatic relevance determination, which we use to select features, has been previously used in similar
contexts for fully-connected networks (MacKay, 1996), regularization of individual outputs (Immer et al., 2023b), or more
general architecture selection (van der Ouderaa et al., 2023).
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