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Abstract

Understanding how performance scales jointly with model size and data is a central problem in
modern machine learning. Existing theoretical works on scaling laws typically describe general-
ization as a function of data or compute, often in fixed-feature or infinite-width regimes and for
online SGD. Here, we instead study how generalization scales with the number of trainable param-
eters and the number of samples in a feature-learning model. We analyze ¢>-regularized empirical
test error minimization in a quadratic two-layer network in a finite-sample setting with structured
data. This setting allows for an explicit characterization of the generalization error as a function of
the number of samples, model width, and regularization. Our results reveal a phase diagram with
distinct scaling regimes as the number of parameters varies. In particular, the generalization error
follows data-dependent power laws controlled by the spectral structure of the target. We further
characterize the transitions between regimes, including the onset of interpolation, and their impact
on generalization.

1. Introduction

Scaling laws have become a central tool for understanding modern machine learning systems, re-
lating performance to the amount of data, model size, and compute [14, 32, 34]. On the theoretical
side, a growing body of work has obtained precise scaling descriptions of generalization as a func-
tion of the number of samples or compute, see e.g. [4, 11, 15, 16, 20, 22, 23, 46]. A separate line
of research studies how increasing the number of parameters affects optimization, initialization, or
expressivity, without directly addressing data-dependent generalization [13, 17, 19, 56]. Works that
do analyze generalization as a function of model size typically focus on regimes with fixed repre-
sentations, such as random feature models [3, 4, 12, 21, 37, 52] where increasing the number of
parameters does not alter the learned features, and the role of model size is therefore fundamentally
limited.

Studies of scaling laws in model size in the feature learning regime were initiated only very
recently [8, 49]. In these works, the scaling laws are formulated for idealized dynamical limits,
where performance is controlled by training time, or by the product of learning rate and number
of iterations, rather than by the generalization error of the trained empirical-risk minimizer at fixed
dataset size. Consequently, a characterization of the scaling laws of the test error, train error, and
their difference, the generalization gap, as a function of the number of samples and the model size
in a feature learning setting remains open.

In this work, we fill this gap by characterizing how the generalization error of the empirical
risk minimizer scales with the number of parameters and samples in a feature-learning setting. This
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allows us to disentangle their roles and characterize how data availability, width, regularization, and
target structure jointly determine the performance of the trained predictor. To make this tractable,
we consider a minimal yet non-trivial model: a quadratic two-layer neural network trained on
high-dimensional data with a power-law structure. This setting captures a genuine feature-learning
regime while remaining amenable to theoretical analysis. Our goal is not to model realistic archi-
tectures, but to isolate the mechanisms by which model size, data, and data structure interact to
determine generalization.
Model Setting. We consider the £s-regularized empirical risk minimization (ERM) problem

W= H‘}‘ifn L(W) where L(W)= Z (Y — fp(u; W))2 +AWI[E, 6]
pn=1

for the class of quadratic two-layer neural networks with p hidden units

faw) = L3 () 2 Ly ()l o
ST BET\ V)T W Va d

Jj=1 J=1

where W = (w1 ...|w,)" € RP*? are the first-layer trainable weights and we fixed the second
layer weights to one. The activation o is a centered quadratic function.

In this work, we are interested in characterizing the properties of global minimizers of the ob-
jective in (1). For this purpose, the interplay between the network width p and the input dimension d
plays a central role. Indeed, for the centered quadratic activation in (2), the network can be rewritten
as a linear model with structured data and weight re-parametrization:

fluW)=T[SG,), S=W'W//pdeR™  G,=(x.x,—1)/Vd 3

As W varies over RP*¢, the matrix S ranges over the cone of positive semidefinite matrices with
rank at most p. Therefore, minimizing over the network weights is equivalent to solving the con-
strained optimization problem

n

S = argmin Z (y — Tr[S GL])* 4+ dATx(S) o, 4)
S§=0,rk(S)<p u=1

where \ = )\\/m. This formulation makes explicit that the width of the neural network acts as
a rank constraint on the learned positive semidefinite matrix, while the weight decay in the origi-
nal parametrization becomes a trace regularization in the matrix formulation, mapping the original
problem to matrix compressed sensing with nuclear norm regularization [29] and a non-convex rank
constraint.

Since the network is quadratic in the input, it can only learn target functions that lie in the span
of quadratic features. We therefore consider labels generated by a centered quadratic model,

Yy = Tr[S*(muw; —I,)/Vd +VAg,. (35)
Here {z,,}};_, R (0, I4) denotes the input samples, and {£,,}};_, b (0, 1) is independent
Gaussian label noise, with variance parameter A > 0. The quadratic form represents the structured
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Figure 1: Excess test error vs width p (left) and number of samples n (right), for d = 400, v = 1.25
and A = n? /10d. Lines are theoretical predictions from Result 1, dots are numerical
simulations by LBFGS on (1), see Appendix F. As a function of the width, we highlight
the low-p data-dependent decay of the error with exponent 1 — 2+ (dashed black). As a
function of the number of samples, we highlight that networks at the optimal width, given
in Eq. (18), (envelope of the curves) coincide with the Bayes optimal rate —1 + 1 /2y from
[23] (dashed black).

component of the target, which is in the model class of the network and can therefore be learned from
data. The noise term represents an unstructured component of the labels: it carries no predictive
information about fresh inputs. We further assume that the target matrix S, is symmetric and
has power-law decaying spectrum, i.e. that it has eigenvalues {v/di~7/+/C(27)}¢,, where C is
Riemann’s zeta function and we impose v > 1/2 to ensure square summability. The normalization
is such that Tr(S2)/d = 1 + 04(1).

Our main goal in this paper is to study the excess test error

A

SEey [ f@mW)?] - 5 ©)

EW) = =3

of the minimizers W of (1), where (x,y) is a new data pair with & ~ N(0, ;) and y given by
(5). We want to characterize its scaling behavior as a function of the number of trainable parameters
Nparam = dp, the number of available training samples n and the regularization . We will be
interested in general scaling regimes and for this purpose we define the following high-dimensional
limit

d>1, p=06(@d’), n=0(d, Ir=06@d") with ap>0, ()

where d will be taken large enough, but still finite.
Summary of main results. Our results provide a predictive theory of how model size acts as a
statistical control parameter in a feature-learning model.
* We derive a characterization of global minimizers of (1) as a function of the network width p, the
number of samples n, the effective regularization A\ = \/I%)\, and the spectral structure of the
target, parametrized by +y; see Result 1. The equations predict the excess test error and reveal how
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explicit regularization and the implicit rank constraint induced by finite width jointly shape the
learned predictor.

* We obtain explicit scaling laws for the excess test error as a function of p,n, \; see Results 2
and 3. These laws show that width is not only a capacity parameter: it also acts as an implicit
regularizer. At small width, the error is dominated by the unresolved tail of the power-law target.
At larger width, finite-sample effects enter, and increasing the number of parameters can improve
generalization, leave it essentially unchanged, or eventually worsen it by fitting noise-dominated
directions.

* We characterize the optimal choices of width and regularization. Under mild assumptions, ei-
ther optimally tuning the explicit regularization or selecting the optimal finite width achieves the
Bayes-optimal excess-error rate. Thus the rank constraint induced by width can provide an im-
plicit regularization mechanism that is, at the level of scaling exponents, as effective as an explicit
optimal one.

Figure 1 summarizes these phenomena. The left panel shows the predicted and observed excess
test error as a function of width, including the low-width decay controlled by the power-law expo-
nent v and the emergence of an optimal width. The right panel shows the corresponding sample-
wise scaling: optimizing over the width traces the envelope of the curves and reaches the Bayes-
optimal rate. The agreement between the state-evolution prediction and numerical optimization
supports the use of Result 1 as a quantitative description of the ERM.

2. Width-wise and sample-wise scaling laws

Our first result is the analytic characterization of the global minimizer W of (1) through its equiva-

T A T s . . e
lent characterization in terms of S = W W //pd and its associated minimization problem (4).

Result 1 (Analytic properties of the ERM) Consider any global minimum W of (1) where the

labels are generated from the model in (5) with A > 0, and define S = WTW /v/pd. Assume
the target matrix S, € R¥? has eigenvalues {\/di=" //C(27)},, where ( is Riemann’s zeta
function and ~y > 1/2. Then for n,p,d > 1 we have

SL 85 = (8.40Z—Aely)l), EW)

A 277752,é A ”? A S
() 9’

~ B LW) ~ 2 a Tr(S55.), ®)

where AT
(p)

Here (6,¢) € R? are functions of (n,d,p, \, A, ~y), found as a solution of the system

denotes the projection of the matrix A onto PSD, rank-p matrices', and Z ~ GOE(d).

4dn )

20T
A 27”L 2 52 g 3

1+ 5 + ﬁé - ? — <1 - >\€82) Jp((s?)\e)a

O Jp(6, Ne),

where v;(A) denotes the i-th eigenvalue of the matrix A sorted decreasingly, and 0y, 02 indicate
the partial derivative with respect to the first and second arguments of J,, respectively.

1. A?;» denotes the matrix A, with the largest p eigenvalues v; mapped to max(v;, 0), and the rest set to 0.
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Figure 2: Scaling laws as a function of the number of training samples n = ©(d®), of the width
of the network p = ©(d”) and of the decay of the target weights ~ for the cases of low
regularization (left) and large regularization (right). In each phase, we write the scaling
exponent /3 of the test error £ = ©(d”). With green lines, we highlight the optimal width
scaling (where two values of p are highlighted at same «, the optimal width can be either
of both based on =y and A, see (18)). With thick lines, we highlight the rank of the ERM,
to the right of which the learned network is not width-constrained. With double line, we
mark a transition across which the scaling exponent of the test error is discontinuous.
With red line, we highlight the interpolation peak, below which the training set can be
fitted exactly. We defined A(v) = (18y —5)/(14y —5), B(y) = (8y — 2)/(14y — 5)
and C'(v,0) =0+ v+ 3/2.

Result 1 gives a closed state-evolution prediction for the test error, train error, and learned
weights of the ERM. Given n, p, d, ) and the spectrum of S, one solves (9) numerically and plugs
the solution into (8); see Appendix F. We use these non-asymptotic equations as predictions across
the scaling regimes (7), and validate them extensively by training the original quadratic network
with gradient-based optimization. The agreement is excellent, already for moderate dimensions
d = 400 and small width p = 1 (Figure 1).

The derivation in Appendix D follows the standard AMP/statistical-mechanics route and yields
the replica-symmetric state-evolution prediction [1, 40, 41, 57]. The canonical computation is for-
mulated in the regime n = O(d?), p = ©(d), A = O(1), assuming a limiting spectral description
for S,. Extending the resulting equations to the power-law targets and to the regimes (7) should be
viewed as a non-asymptotic extension, in the spirit of [23].

The main consequence of Result 1 is a characterization of the scaling of the excess test error
(6) with the width p, sample size n, and effective regularization \, as d — oo with A = O(1).
We express these laws through the exponents a, p,¢ > 0 in (7), fixing v > 1/2 and A > 0
(see Appendix E.2 for the noiseless case A = (). The resulting phase diagram is summarized
in Figure 2; the mathematical description and its analysis is in Appendix B, while the derivation,
including asymptotic constants depending on «y and A, is given in Appendix E.1.
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Appendix A. Further related works

Our analysis leverages tools from the theory of Approximate Message Passing algorithms (AMP)
[6, 9, 25, 31, 54], which have been broadly applied to the study of learning problems in the high-
dimensional limit [24, 48]. In this work, we use the theory of AMP in a non-asymptotic regime
as a heuristic extension of its standard asymptotic setting. This is in line with a common route in
high-dimensional statistics, where heuristic predictions [11, 20, 50] often precede and guide later
rigorous analyses [18, 21, 44]. We view the rigorous justification of this non-asymptotic extension
as a challenging mathematical problem in its own right, but distinct from the main goal of the present
work.

Quadratic neural networks, their landscape, and sharp generalization properties were studied
extensively in the full-rank case, p > d: [2, 26, 28, 30, 38, 51, 53]. In particular, their scaling laws
were derived from the non-asymptotic AMP and for power-law targets in [23], still in the regime
p > d, and extended to more general even activation functions in [22].

The works [8, 49] study closely related hierarchical multi-index models and width-constrained
quadratic networks from a dynamical perspective. Their scaling laws describe idealized continuous-
time population or online trajectories, rather than the discretized SGD dynamics or the finite-sample
ERM considered here. While these works provide an important dynamical account of how width
affects feature learning, they do not address the finite-dataset generalization problem studied in this
paper, including train—test gaps, interpolation, and width-dependent implicit regularization.

The rank/width constraint regime, 1 < p < d, was also studied in [39], where the authors
consider the long-time behavior of gradient descent Wt — W = nV .L(W?) in the limit of  —
0, ¢ — oo with initialization w;;:o ~ N(0,1,) for 1 < i < p. The authors obtain an asymptotic
characterization of the stationary states of the dynamics in the limit of large d and quadratic sample
complexity n oc d2, which is consistent with our results in their asymptotic version.

Finally, we note that quadratic neural networks are closely related to attention mechanisms,
since both operate through bilinear projections of the inputs, as discussed in Appendix E.4. This
connection extends beyond structure to their high-dimensional analysis. Recent work [10] char-
acterizes the learning curves of a single attention head, showing that the scaling laws obtained in
[23] for the quadratic model also arise for key and query width p > d. We expect the finite-width
analysis developed here to extend similarly to attention heads with arbitrary width, as discussed in
Appendix E.4.

Appendix B. Detailed description of the phase diagram

We distinguish the under-regularized regime ¢ < «/2 — 1 with o > 1, the over-regularized regime
a/2—1 <l < a—3/2witha > £+ 3/2, and the rank-collapse regime ov < max(1,¢+3/2). The
case p = 1 is delicate, and our derivation of the scalings does not cover it: we recover it by taking
the limits p — 1%,

Under-regularized regime. If o > 1 (enough samples) and ¢ < a;/2 — 1 (low regularization),
we obtain the following excess test error scaling behavior.

11
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Result 2 (Scaling law for low regularization) In the setting of Result I, when o > 1 and £ <
a/2 — 1 we have €& = ©(d?), where

—@y—1)p i p<min{(o—1)/2),1}
5= p+l—a if (a—1)/(2y)<p<min(l,a—1) and a <142y (10)
“la-1-p if min(l,a—1) < p < pei(a,y) and o <2

¢1 (Oéa’Y) lf p> peff,l(aaﬂ}/)

where, calling A(y) = (18y —5)/(14y —5) € [9/7,2] (recall -y > 1/2), we defined

—(a-1A=12) if a<A(y)

p1(a,y) = 2(—2)/5 if Ay)<a<?2, (1)
2 -« if a>2
and
(a =14y =1)/(2y) if a<A(>)
per(a,7) = (3a—1)/5 if Aly)<a<?2. (12)
1 if a>?2

In this regime, the regularization is low enough that its presence does not alter the rates. The quantity

pest,1(cv,7) is the rank of the global minimizer, which can be interpreted as an effective rank of the

target weights (as seen through the finite sample size n). For p > peg 1(cv, 7), the properties of the

global minimum do not change, and the rates coincide with the ones in [23].

Let us comment the phases one by one (recalling that in this regime o > 1 and / < «/2 — 1);
small arrows after the phase name indicate the monotonicity of the excess test error as a function
of the network’s width for fixed number of samples). We have two phases that are present for all
values of sample scaling a.

* Low width () with data-dependent exponent —p(2y — 1). When the width scaling p is low
enough the ERM weights have p = O(dP) spikes in the spectrum, each correlating with one of
the ©(d”) dominant eigen-spaces of the target. The excess test error is composed of two terms,
an approximation error due to the imperfect spike-to-eigen-space correlation, and a low-rank ap-
proximation error due to the d — p un-recovered target eigen-spaces. The low-rank approximation
error dominates and determines the asymptotic scaling of the excess test error.

* Full width (—) with p-independent exponents. For p > peg 1, the ERM plateaus to a p-
independent scaling. The value of the plateau depends on the number of samples. If o < 2,
the plateau showcases a non-trivial behavior first decreasing and then increasing as a function of
« related to overfitting of the label noise. For o > 2 instead, the plateau decreases as —a, as the
number of samples is large enough to avoid overfitting.

For o > 1 + 2y these are the only two phases. As o gets lowered, first getting below 1 + 2+ and

then below 2, the other phases enter the phase diagram, providing a richer phenomenology between

the low width and the full width phases.

¢ Overfitting before interpolation () with y-independent exponent p—a+1. The first additional
behavior, present as soon as o < 1 + 2, is a monotone increasing behavior of the excess test
error in p. This is caused by the fact that the ERM weights have strictly less then p outlying eigen-
spaces correlating with the target, while the rest of the non-zero eigenvalues are spurious, i.e. their

12
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eigenvector do not correlate with the target and they are caused by label noise overfitting. As p
increases, there are more and more of these spurious eigenvalues coalescing into a bulk, leading
to a test error that increases with the width.

* Decay after interpolation () with v-independent exponent e — p — 1. The second additional
behavior, present as soon as « < 2, is a further decay. As the width of the network increases,
the bulk of spurious eigenvalues shrink, reducing the test error and providing a benefit of over-
parametrization.

Remarkably, in the extremely over-sampled scaling o > 2+ + 1 where only the low width and full

width are present, we observe a discontinuous jump in scaling between the two phases at p = 1:

for p — 17 the error scales as ©(d~27), while for p > 1 scales as O(d?>~%). For a < 2y + 1

instead, we observe no discontinuity at the boundary p = 1 between width-constrained models and

non-width-constrained model.
Over-regularized regime. If o > ¢+ 3/2 (enough samples) and o//2 — 1 < ¢ < o — 3/2 (large
regularization), we obtain the following excess test error scaling behavior.

Result 3 (Scaling law for large regularization) In the setting of Result 1, when o > 1 and o /2 —
1<l <a—3/2wehave & = O(d®), where

¢2(a7’7) lf p> Peff,2(a7%£)
where ¢ is the following width-independent plateau
(+3/2—a)2-1 if a<l+3/2+
brlay) = U FH2mEZ) T o (14)
20 +2—a) if a>0+3/2+y
and
a—{0—3/2 if a<l+3/2+
peff,2(0577a£) = ( / )/7 f / K . (15)
1 if a>0+3/24~

In this over-regularized regime we observe a similar qualitative behavior as in the under-regularized
regime, with two phases present for all @ > 1 at low width and full width with similar qualitative in-
terpretation, separated by the threshold pe 2(cv, ), which again is the rank of the ERM, and can be
interpreted as an effective target width. The higher regularization induces sparser weights spectra,
and prevents the intermediate-p phases related to interpolation observed at low number of samples
in the under-regularized regime. At the boundary between width-constrained network and full width
network p = 1 we again observe a discontinuity in the scaling of the test error for large number of
samples o > ¢+ 3/2 + 7.

Rank collapse regime. If « < 1 (extreme under-sampling) or £ > « — 3/2 (extreme over-
regularization), the solution of the ERM (1) sets the weights of the network to zero, as if no samples
were provided. The excess test error equals one at leading order, £ ~ 1.

On different kinds of over-parametrization. The scaling diagram in Figure 2 allows to char-
acterize different kinds of over-parametrization. In all phases with v < min(2, 1 + p), the network
can fit perfectly the training set. In all phases with p > peg 1/2(cv,7) (for both under- and over-
regularization), the networks properties do not change when the width of the network is enlarged.
In all phases with p > 1 (or p > d), the optimization problem (1) is benign: there are no spurious
local minima.

13
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Appendix C. Rates for different regularization schemes

In this section, we derive scaling laws under optimal choices of regularization strength, network
width, and post-training pruning. We treat /> regularization, width constraints, and pruning as three
distinct forms of explicit regularization, and ask whether any one of them is inherently superior. We
show that, across all three settings (under mild additional assumptions) the resulting test error can
achieve Bayes-optimal scaling rates (as characterized in [23, Corollary 1]). This highlights a non-
trivial interplay between these mechanisms: depending on the practical cost of cross-validating each
form of regularization, one can recover optimal scaling behavior through multiple, interchangeable
routes. For example, optimal post-training pruning requires a single training run on a convex objec-
tive, while the other regularization schemes may require multiple ones to perform cross-validation.

Optimal regularization under width constraint. From Result 2 and 3 we can see that the
optimal effective regularization A is given by the scaling ¢ = a/2 — 1 for all a, p > 0. Indeed,
the over-regularized rates improve monotonously as the regularization decreases, while the under-
regularized rates either do not depend on A (hence all / < « /2 — 1 are optimal), or showcase a
monotone increasing behavior with the width, which is sub-optimal (overfitting phase). We stress
that the optimal regularization still depends on the width, as A\opt = m&m = @(d(a_p_l)/ 2.
The associated test error then scales as

—(2y=1)p it p < pemr2(a,7)
logy Eoptreg ~ § (L —a)(1 —1/(2y)) if p> pega(a,y) and a <142y, (16)
22—« if p> peg2(a,y) and o >1+2y

For p > peg 2(c,7), the rates obtained are Bayes optimal, while for p < peg 2(cv,y) they are sub-
optimal. As long as the network is not width-constrained, optimal regularization can achieve Bayes
optimal rates.

Optimal width at fixed regularization. We are now interested in computing the optimal width,
by which we mean the smallest width achieving the best test error scaling. In the over-regularized
regime the test error scaling is always monotone decreasing and then plateauing in p, hence the
optimal p is the smallest width in the plateauing phase, po i3y, = peft2(ct, 7, €). The associated
test error scaling is given by

loga £217% {(z +3/2-a)2-1/7) if a<i+3/2+7 an
2042 —«a) if a>0+3/2+~

which reduces to the Bayes optimal test error for / = «/2 — 1, and is suboptimal for larger regular-
ization.

In the under-regularized regime, the test error scaling may be non-monotone. In particular, one
needs to compare the error at the end of the low-width decreasing phase (at width peg 1(c, 7)),
where either the large width plateau starts or there is a local minimum of the test error scaling, with
the value of the full width plateau. For o > 2 the two coincide. For o > A(7y), the local minimum
at (o« — 1)/(2) has smallest test error scaling. For 1 < a < A(~) the scaling of the test error at the
local minimum and at the plateau are the same, so optimality is found by comparing the constants.
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Figure 3: (Left) Test error scaling behavior in the over-regularized regime for different values of
as a function of the width p, for fixed d = 800, VA = 0.5, ¢« = 4and £ = 1.2. We
observe the low-width data-dependent scaling with exponent 1 — 2+ (dashed lines, one
per value of ), as well as the large-width plateau. (Right) Dependency of the optimal
width on (7, A) in the low-regularization, low-samples regime. We fix d = 400, { =
—0.15, a = 1.7, v = 0.6, and vary A. We observe that as the label noise decreases the
optimal width jumps discontinuously from the position of the local minimizer to the start
of the large-width plateau. In both plots, lines are theory (Result 1), points numerical
experiments (Appendix F).

We find that there exists a function G(y, A) such that

anderzeg {min{(a —1)/(29),1} ifa> A(y) or (1<a< A7) and G(v,A) > 0)
(18)
In particular, if G(v,A) < 0 the optimal width behaves discontinuously at A(~y), jumping from
a larger value at small sample scaling to a smaller value at larger sample scaling, revealing an
interesting interplay between data structure + and label noise A. To compute explicitly G(y, A)
and assess whether it can be negative for d > 1, we would need to control not only the asymptotic
constant of the test error, but also that of the transition regime, which is to our best efforts out of
reach. We provide numerical evidence that this can be the case for d = 400 in Figure 3 right. The
associated test error is given by

1 gunderreg ~ (1 - a)(l - 1/(27)) if a<2y+1
0gq opt width 2 _ o if a>27+1 y

opt width — petr.1 (0, ) ifl <a< A(y) and G(y,A) <0

19)

which is Bayes optimal. Thus, as long as the network is not over-regularized, training at optimal
width achieves Bayes optimal rates. In particular, optimally tuning the width regularizes the inter-
polation peak behavior, as we show in Figure 1 (right).

Optimal post-training pruning. As a third form of explicit regularization, we consider after-
training pruning. This regularization consists in training a network at full width d, and later prune it
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down t0 ppruning <K d by substituting the weights with their best rank-p approximation (i.e., putting
to zero all but the largest ppruning €igenvalues). For generic final pruning width, we give the error
scaling in Appendix E.3. We find, that pruning to the optimal width scaling popt pruning achieves
Bayes optimal rates with

Popt pruning = min {(a —1)/(2v),1} if (< a/2-1. (20)

We remark that outside the region ¢ < «/2 —1and 1 < a < 1+ 27 pruning does not help, because
there is no overfitting. Moreover, popt pruning = pggf o p, in most of the parameter space, with the

only possible exclusion of the region G(v, A) < 0.

Appendix D. Derivation of Result 1: analytical test error characterization

We derive the characterization in Result 1 by adapting the derivation of [28] to power-law targets
and width-constrained students. For the sake of the derivation, as discussed in the main text, we
assume that n = ©(d?), p = ©(d), A = O(1), that S, has a limiting spectral distribution for
d > 1, and pretend that our minimization problem is convex. We will then check that this can
be relaxed to general scaling, and that non-convexity is not an issue by comparing with numerical
experiments. The key difference between that work and ours is the additional non-trivial width/rank
constraint on the learned weights W (or S in the matrix representation (4)).
Gaussian universality and AMP. The derivation proceeds in two steps:
* Gaussian universality: one shows that for the asymptotic behavior of the global minimizer,
the training data G, = (azum; — I;)/V/d can be replaced with surrogate Gaussian data, i.e.

éﬂ ~ GOE(d). With this substitution, (4) becomes a Gaussian linear regression problem with
matrix weights and data, plus a non-separable ¢;+PSD+rank-constraint regularization. [36, 55]

* AMP and its analysis: The asymptotic behavior of ERM in Gaussian linear models has been
studied extensively [7, 35, 45, 48, 54], in particular through Approximate Message Passing (AMP).
This framework allows to write an algorithm, the mentioned AMP, whose fixed points are station-
ary points of the original ERM loss, and that can be studied analytically for d > 1 through
the state evolution framework. Crucially, AMP and state evolution can deal with non-separable
regularization [9, 31], such as the one we need to treat here.

We do not repeat here the full derivation, as it is quite standard. We just mention where the role
of the rank-constraint enters it, and what changes does it induce. For an ERM problem of the form
(4) with the data model (5), [28] shows that the asymptotic behavior of the global minimum can be
determined by solving the system of equations

(i— 2n 1
A m = —205;Y(%,q,m),

=N 2n 1 R

"t eEny D g =40g¥(3,q,m), 1)
_ A ~

T L Y = —40,0(5, G, )

d2 1\2 ’

(Z+3)

o] . : ) 1 i -
V(E,qm) = 3Bz min ATH(S) + TISIE - 5 T(ST(hS. +va2) |, (@22
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and Z ~ GOE(d). This requires the computation of the minimizer (which we will call also de-
noiser)
1

D(Y)= argmin |ATr(S)+ %HSH% b

8§=0,1k(S)<p

Tr(S'Y) (23)

for a fixed symmetric matrix Y € R%*?, Notice that m and ¢ have a clear interpretation. For any
fixed value of ¢, 71,3, pand P = D(mS, + \/4Z), we have that [28, Appendix A.4.3]

m= 1R, (P78, = —20,0(8.7.m),
¢ ) (24)
1= Bz |[T(PTP)| = 405 0(S.4,m),

allowing to interpret m as an overlap between a ground truth matrix S, and a noisy version of it
mSy + v/qZ denoised through D(-), and q as its Frobenius norm squared. Consequently, we can
also write the test error for any scalar multiple of such matrix as

1
E(cP) = &HCP — 8% = Qx — 2em + qc® = Qu + 4c 05V + 4 05T (25)

where Q, = Tr(S?)/d and ¢ € R

Computation of the denoiser and role of rank constraint. We now compute (23). We first
remark that any d x d PSD matrix with rank at most p < d can be decomposed spectrally as
S = OLO", where O is a d x d rotation matrix and L = diag(L1,. .. ,Lp,0,...,0) with L; >
Ly>--->L,>0. Thus

p & D
< by 1
D(Y)= argmin |[AY L;+ =) L7 — sargmax Tr(O' LOY) (26)
L1>-->Lp>0 =1 4 i—1 O rotation
By Von Neumann’s inequality [43],
p
argmax Tr(O' LOY) = Y L;Y; (27)
O rotation i—1
where Y; are the eigenvalues of Y sorted decreasingly, giving
o $ P , 1 P
D(Y)= argmin A L, + — L — = LY;| . (28)
(v) = aremin ; i 4; : 2; Y
The minimization can be now solved independently for all ¢ = 1,. .., p over the set L; > 0, as the

objective is a sum over functions depending on a single value of ¢, and checking a posteriori that the
overall monotonicity constraint L1 > --- > L, is satisfied. The fixed ¢ solution gives

1 -
Li = ZReLU(Y; — 2}) (29)

from which we see that all the L; are automatically sorted decreasing due to the sorting of the Y.
Plugging back in we obtain

. m? 1< . m? (V3 2)
\II(Z, q, m) = _EEZNGOE(d)g ZRCLU(VZ — 2)\/771)2 = —Ejp E, % , (30)
=1
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where we called v; the i-th eigenvalue sorted decreasingly of Sy + \/q/mZ, and finally used the
notation of Result 1. Algebraic manipulations of (21) under the change of variable 6 = /q/m
and € = 2/ leads to (9). We thus see that the rank constraint on the original problem induces
an additional spectral cut in (30) (the sum going up to p < d, and not up to d as it would in the
non-rank-constrained case).

This concludes the raw derivation of (9). The expression of the training loss, test error, and
spectral distribution follow from the AMP/state evolution derivation [28], and are given by

-
Wy~ D ey~ A ), 6

sp {5’} b sp [(S +0Z — el )" 2 5 YR

(p)
where by sp[-] we mean the empirical spectral distribution. Moreover, combining (25) and (30) with
= (m/X)S and (S, +0Z — Ael d)z;), we get the alternative expression

E(W) ~ Qy + (601 + Aedy — 1)J,(5, Ne) . (32)

Validity. Now, as discussed in the main text, we take two leaps of faith. First, we assume
that this derivation holds for different scaling regimes than the one in which this equations can be
formally proven. Second, we assume that the non-convexity of the loss does not alter the result-
ing equations. The first point is tricky to control analytically, and we are not aware of any line of
attack. The second point could be approached (in the strict asymptotic scaling for which the deriva-
tion formally holds) in the same vein as [54], where the authors show that non-convex generalized
linear models can be still studied through AMP and state evolution under the following sufficient
condition, called replicon condition

1 ni (Vi) (vir) 2 2n
ﬁ 2287]% V’L +Z< Vi — vy > <ﬁ7 (33)

i#£q!

where )
ni(x) = 0(1 <i < p)ReLU(v; — 2)\/mh). (34)

This condition is related to the linear stability of AMP at its fixed point, but also to the so-called
replica symmetry breaking phenomenon in the physics of disordered systems [41, 42]. In Appendix
E.1, we discuss the replicon condition for each phase we consider in the main text, but we stress
here that as soon as we enter the non-asymptotic scaling domain, there is no reason to believe that
this condition would still be meaningful.

Pruning. The test error of the post-training pruning procedure sketched in the main text can
be studied by setting p = d (training at full width) and projecting the resulting global minimizer
to matrices with rank lower than p,runing < d. Thus, we want to compute the generalization of
S’pruning =(Sc+0Z — el d)ppmmng where 6, € solve (9) for p = d. This can be computed using

(25) and (30) with P = (1n/ E) pruning, giving

E(W) ~ Qu+4(m/S) "L 05V +4(1/S) "2 0q¥ = Qy + (601 + Aedo — 1),

Ppruning

(5, Xe) (35)

This is equivalent to substituting \e at the solution of (9) with min(S\e, xo) where z is the value of
the p-th eigenvalue of .S, sorted decreasingly.
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Appendix E. Derivation of the scaling laws

Results 2, 3 are derived from Result 1 by careful asymptotic analysis of (9). For notational simplicity
we assume that S, has eigenvalues {v/di~7}%_, with v > 1/2, which can me mapped to the
minimization objective in the main text (4) by rescaling AQ, — A and A — \/Q,, where @, :=
((27) alters only the asymptotic constants, not the scaling. The learned matrix S in the appendix
will be a factor () larger than in the main, as it will be the case for the generalization error and the
loss. We further assume 1 < p < d.

The scaling laws obtained in this Appendix are a result of a simplifying assumption on the
spectrum of the learned features S, which we do coherently with [23]: calling ps(-) the spectral
density of S, + §Z, we approximate it as a semicircular bulk of radius 2§ of relative mass d — K
plus K outlying spikes.

Said more explicitly, we model the eigenvalues of S, + 0Z as {&}iz1 -k U {Vi}i=1,. K.

where we assume that &; S sc(/6) /8, with pge(-) the standard semi-circle law of GOE matrices

2v/4 — 22
pse(w) = =——6(la| < 2). (36)

and the top eigenvalues are the pushforward of {\/E i‘”}?: d—r+1 though the BBP mapping [5, 33]
f5(x) =2 — 6%/
vi = fs(Vdi™). (37)

The number of spikes outside the semicircle is fixed by imposing that K is the largest integer such
that v/dK ~7 > § following again BBP theory. We expect this approximation to be good as long as
K < d. In the following we will use the notation vy = £;_ = 20 to indicate the largest eigenvalue
in the semicircle. Based on this simplification, we write the spectral density ps(-) as

K
K K
~ - — — — ;Y
poe) = (1= ) a1/ + 5 D0 (1)) G8)
where d(-) is the Dirac delta function. The spectrum of S = (S, + 0Z — el d)?z_o) is thus given by
A P
M(Hf) _ {Mé(ﬂf + 6)7 x 1’3_7 xa_ — max{xg, 0}7 (39)
0, r <z,

where x is a cutoff imposing that the rank of S is at most p. In formulas this means
> p
xo = inf {t : / s () de < min (7, 1)} . (40)
t+Ae d
With this form of the spectrum in mind, we can then study (9) in various regimes. In Appendix
E.1 we study the scaling regimes for all noisy data models A > 0, leaving the case A = 0 to

Appendix E.2. In Appendix E.3 we describe the scaling regimes of pruning. As a foreword, we
discuss how the condition (33) can be specified for this target. Rewriting it in terms of density, it

reads B 9
/dwua(:v)/dyua(y) (W) < Z*Z, 4D
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where

x—j\e, :E—5\€>$6r, +
T) = ~ zq = max{zg,0}. 42
(@) {(), x—)\egzza', 0 {0, 0} 42)

We then have three cases for the behaviour of this condition:

* When the rank-p cutoff has no effect, i.e. zg < 0, the spectrum is the same as the full rank
case [23, 28], and the replicon condition is always satisfied by the convexity of the optimization
problem.

* When the cutoff is inside the bulk, i.e., 0 < xy < 4, the left side of (33) diverges as f 11; d r~ldr ~

log d because the mean spacing between eigenvalues is approximately d . For this case, the
replicon condition is satisfied only if n >> d? log d.

* When the cutoff is outside the bulk, i.e. v, < xg < vg41 for some 0 < k < K, then the left side
of (33) is of order

2
1 () —nv)\* 1 Vi~ L
= > ( p— > ~ > R — Nﬂlogd. (43)

i<k<j 1<k<j

Then replicon condition (33) thus holds as long as k2 < n/logd. This will be always true for
the case v > 1/2 we are analysing, because by [22, Theorem 3.2] the number of spikes is upper
bounded by K < (n/d)'/?7, and thus for v > 1/2 the replicon condition is always satisfied once
the cutoff is outside the bulk.

E.1. Derivation of the excess test error for width-constrained networks

We now proceed with the solution of the equations. As we derived in Appendix D, the excess test
error is given by (32)

EW) ~ Qy + (601 + AeDy — 1)J,(8, Xe) (44)
where .J,,(8, \e) is the second spectral moment of S
< 1 )
Jpl6.2e) = - T (S&;E) . 45)

The solution will consist in enumerating all the possible configurations for the spectrum of S, and
computing the leading behavior of J, in each regime. A careful reader will notice that in some
regimes we are assuming some scaling ansatz for our quantities. The consistency of these ansatz
will be verified in each regime, and comparing the regimes as a whole one can verify we spanned
all possible choices.

We start by remarking that if :rar = 0, that is the rank-p cutoff has no effect, we will obtain the
same scaling results from [23], obtained for p > d. We will thus focus on the cases wa“ > 0, in

which the cutoff is active. This requires the condition

p>d/oou5(x)dx. (46)
A

€

Additionally, this is also the condition under which the rates for p < d are equivalent to the wide
p > d ones due to the rank of the ERM solution being deficient.
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In the derivation, we will make use of the approximation valid for s < 1

2 I 2
/ pse(z) dz ~ / Vrde = —s%/2, 47
23 ™ Jo 37['
as well as
2 2 2 232 4 5/2 , 2 72
/Q_S(a:—a) ,usc(ac)dng—ﬂ@—a) s —5—”(2—a)s +ﬁ$ , (48)

Case I: rank collapse. In this regime, the spectrum of S is without spikes K = 0, thus we have

ps() = pisc(w/6) /0, 49)
and the replicon condition is not satisfied. The moment .J,, becomes
~ 26— Ae _ 2 ~
T(6,3€) ~ / s ((x + Ae)/8) /6 dz = & / (2 — 3e/0)pec (z)dz.  (50)
acar xar/é—i-j\e/é

If xar = 0, the rank constraint because of the width has no effect, and from [23] we have 26 =
A/ %(Q* + A/2) and 26 ~ \e, which result in a constant error. In order to have iL'S_ > 0 one needs
26
p<d [ pelw/s) /oo = B(d(n/R)P). 61
e

and this is the regime we will focus on. Calling ¢ := 2 — 5\6/5 and to := t; — xa’/d, we do the
scaling ansatz o < t; < 1 (i.e. the rank constraint dominates the spectral cut). This gives

Jp (8, he) = 3715%@/ 2. (52)
Using the definition of the cutoff (40) we get
which gives
Jo(8, he) ~ gt%&?. (54)
The derivatives of J, include many terms, but the leading ones for ¢; < 1 are given by
01T, (8, ) ~ 4§t1(5 ,and  AedyJy(5, M) ~ —4§t152 , (55)

where we further used that e ~ 26 (due to t; < 1). Plugging this into (9) we obtain

4 2
N s2 9 ~ 41275152’
d2 € d (56)
A 2n 52 P
T 0% - — A6
Q" + 5t & ; 7105
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where we use ¢ < 1 again to state that the term J), is much smaller than its derivatives. The first
equation of (56) subtracted by the second yields the prediction for the test error

n A .
5;:2F52—5zQ , (57)

which is the same value of error as if n = 0. Solving for § we get § ~ \/(A/2 + Q*)d?/n.
To solve for ¢1, we make another ansatz: € > d?/n. Plugging this into the first equation of (56)

%‘52 ~ 4§t152, (58)
we can solve for ¢1, obtaining ¢; ~ n/(pd).

We now need to check the various assumptions that we made in the derivation, i.e. to < t; < 1
and € > d?/n. The condition t; = n/pd < 1 is satisfied for n < d as p > 1. The condition
ty <ty gives p K n3/5d—1/5 which is also satisfied (see (51)). From the explicit solution of § we
obtain 42 &~ d?A /4n. Recall that Ae ~ 24 because ¢; < 1. Then the anstaz e > d? /n requires

A< /n/d2. (59)

If the regularization is too large, Ae > 2 max(0, \/3), then all eigenvalues are zero. The rank
contrain has no effect and from [23] one has the trivial error £ = (@, under the condition A >

max(y/ g5, 7573)-

Case II: Over-regularization The second case is max(J, d=711/2) <« e < V/d, where a part
of the spikes and all the bulk are below Ae. Then the spectrum consists of K spikes. The replicon
condition is always satisfied, and we have

1 min(p,K)

_ 2 o\
(6, 2e) =~ z; (\/Zzz T4 \/32'—7_)\'5) : (60)

For p > K, the rank constraint has no effect and thus the results are the same as [23], i.e., £ =

29-1
@(()\dm) K ).For1<<p<<Kwehave

4n
~ 1 _ <5 9P P 2\e pl=
J(6, Ne) = — P N2 4282t - 1
(0, Ae) = Qx 27_117 TATE 20T vd 1—’y+<<7) y>1
54 p2~/+1 :\6(52 p'y—H ©1)

_1_7 —
P2y+1 Tdydy+1

1 1—-2~
~ Q* 2,7 - lp )

under an ansatz that other terms are much smaller for p < K. Taking it into (9), we obtain § ~
2 . .
A/ ﬁ—‘f, €~ jf—n as the leading order solution and

(62)
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obtained by the first equation of (9) substracted by the second.
The ansatz max(8, d~71/2) < Ae < V/d gives

dv—3/2 Jq3/2
max [ ")« a< T, (63)
ny=1 7 s n

1-2v

under which we can verify that p is indeed the leading order in (61). Therefore, we have

€ = O(min(p, (n/Ad*/?)!/7)1=27) (64)

d3/2

under the condition max <d;;12, o o ) AL
Case III: Intermediate over-regularization Case Il is § < A\e < d~7*3. Tn this case the
spectrum consists of d spikes. Thus the replicon condition is always satisfied and we have

2

J(0, Xe) =

(Vdi™" + — - Ae)?
1 Vi (65)

S
-

(2

~
~

O

*

1 1-2y |, 3., min(y,1)=1 , 72, 2P
2y — 1p + Aep + A%e d

Then the first equation of (9) gives € = i and the first equation of (9) subtracted by the second
gives ~

~ 1 P2 A pd?

2y —1 16n2 "

(66)
The condition § < e <€ d=7*7 reduces to

,/d2<<A<<d+3/2, (67)

which further requires n >> d?7*!. Then we can verify that the p' =27 term is always the leading
term, ie.,

oL 1o
. (68)

under the condition 7 > d2Y*! and § < Ae < d~7+3.

Case IV: Large number of samples Case IV is n > d? and \e < . First, consider that the rank
cutoff xg > 29, the whole bulk is cut away and we have

1 52 \? 1
Jp(6, he) ~ § (f i ) ~ Qi — ——p7 (69)
Py Vdi~ 2y -1
which gives
1 2v—1
3y =17 (70)
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similarly to Case II. The replicon condition is not satisfied if the cutoff is within the bulk: (Ad/4n)~ /27 «
p < d, which further requires d?> < n < dp®. Then similarly to Case I the rank constrain gives

20

2

L= / s (/8)/0dw = 13", (71)
xo

Then we obtain

NN : 2
3 ~ — Y _ 2 2
J(0, Xe) 7 z_; (Vdi™" + T Ae)” + /xo Us.c (x/0)/0x"dx
= (72)
1) -3 P
~ Q.+ C — + 4542,
where C'(v) = ?:g; is a constant. The SE (9) reduces to
_1

1582 -2 = (2-1/9C() (&) 7 +88e° .

_1

Qu+8+258 -2 =00 (L) " +a8,

As an ansatz, we assume that the right side is small. Then the leading order solution of (73) is

6% ~ dj—nA and € = %. The first equation (73) substracted by the second gives

d n n

1
AL+ —9)? (dA\'"TE | pd?A Apd
Ex =1 \wm) taw o (74)

where the second term is leading because 24 > (d/n)'~1/?7 as long as p >> (Ad/4n)~'/?.

91
The ansatz A\e < 0 requires A < /7. The ansatz (i) "« L6? <« 1is always satisfied

Vd
for n > d? and p > (Ad/4n)~ /7.
In conclusion, in Case IV we have

3P TP p < (Ad/4n) 2

Er~ 75
{ 2 D> (Ad/4n) T "

under the condition n > d? and \ < / =

Case V: Overfitting Case Visd < n < d?>and 0 < 2 — % < 1, A7 < < V/d. Then
if there is no rank constrain, from [23] there are (Ad/4n)~/? spikes, a bulk, and n*/5d~/5 zero
eigenvalues.

Thus when p < (Ad/4n)~1/?7, the rank-p cutoff is within the spikes and the replicon condition
is satisfied. Similarly to Case IV We have

1
£~ 271 76
5 1P (76)
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When p > n3/5d~1/% the rank-p cutoff has no effect and the replicon condition is also satisfied.
The result is the same as [22], i.e.,

3 1-5- 2/5 2/5
w(aaE s
4v3 + 442 —~ —1 \ 4n 7\ 4 d?

Otherwise the cutoff is within the bulk and the replicon condition is not satisfied. Then similarly
to Case IV we have

91
J(8,hé) = Q, + C(v) (%) Ty 25215%. (78)

under the ansatz ¢; < 1. The SE (9) reduces to

91
45,62 — 8 g2 4 (9 1/7)0(v) (%) T 428522

o . (79)
2
Qu+5+2262 2 = drs2% 4 Oy )(7) T B2,
which solves t; = ]%, o~ Aﬁt—‘f (similarly to case I) and
) A 24" dA\'"%  An
5_2d25 2 T 4P 42—y —1 \dn dpd’ (80)
Ve A AT =y n P

Then t; < 1 requires p > 7. When (Ad/ 4n) V1 <« p < 7, we instead should use the ansatz
Ae < 6, which reduces to case IV, i.e.

dA
~ P2 (81)
n
In this case we have € ~ ﬁ, and thus \e < ¢ is always satisfied given A</ o
In conclusion, in case V we have
(LY, p < (Ad/dn)
%: (Aal/zm)—l/27 <p<l
£=4 O/ d) %), p= O(n/ d) (82)
e ()75 4 8 4 < p 0
2/5 2/5 _
47331%7 — (ZA) % 4+ 4 (157r) / (d2) /  p> nd/5d-1/s
under the condition d < n < d2 and A < ./ iR
Summary The excess test error is
O ((n/d)" Y@ 4 p(n,d,p)) if d<n<pd and <, /5
2—1 .
£ =130 ((mdm)* ) if max(,/z%d,ﬁ’}/%><<)\<<ﬁ, (83)

] (p1_27) if A< w+1/2d and n > dp*
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where the overfitting rate is given by

,_ O((n/d2)?/%), n < (pPd)'/3
p(n,d,p) == { O(n/pd), n > (p5d)1/3. (84)

If we choose p = O(d”),n = ©(d*) and A\ = @(df_liTp), we obtain £ = O(d?) with

(—1+1/(27)(« ) (a—l—) if 1<a<p+1l and (<222 and o>
@) a-1)+2a—-2)  if 1<a<p+1 and <222 and a<
b= 2-1/y)(+3 - ) if lanL)c(CF;’/2 —pp—3)<tl<a-—3

p(1 —27) if €<a—'yp—§ and a>2yp+1

(85)
Recall that for the derivation above we assume p < 1. Combining it with the results for p = 1 [23]
we obtain the phase diagram in the main text.

E.2. Derivation of the excess test error for width-constrained, noiseless networks

Most of the analysis is the same for the noiseless setting. The main difference is that the overfitting
term disappears. The excess test error is given by

O ((n/d)*=2) if d<n<pd and A< f
& =20 ((md/n)*t7) it max (n;“; ) <A< T (86)
o (p'=%) if A< Him; and n>pd
If we choose p = ©(d’),n = ©(d*) and A = ©(d*~ = ), we obtain £ = ©(d®) with
(a—1)(1—2v) if 1<a<p+1l and (<a+(1—a)y—3
B = —(a—ﬁ—%)(2—%) if max{a+(l—a)y—3,a—py-3/2} <l<a-3/2,
—p(2y—-1) if {<a—py—3/2 and a>p+1
&7)

for p < 1. The phase diagram is plotted in Figure 4, where we also combine the results for p = 1
in [23]. At low regularization, when fixing p, d and increasing n, the error decreases until n = pd,
and then becomes a constant. When fixing n, d and increasing p, the error decreases as p??~! and
becomes a constant after p = %. Thus large width is always preferred.

E.3. Derivation of the excess test error for pruning

Now we consider pruning, i.e., first train a full width student and only keep the leading p < d
eigenvalues. For technical simplicity, we cut the eigenvalues using y — ReLU(u — ) for some
smallest 9 > 0 such that at most p eigenvalues are non-zero. In this way the excess risk is given by

Qx + (005 + b0y — 1)J(9,b), (88)

for some suitably chosen b > Ae, where  remains the same as in [23]. The phases in the following
thus refer to the same thing as in [23].

For n < d the excess test error is always (), and pruning has no effect. For d < n < d?, the
excess test error is given by the following
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—p(2y —1) —p(2y-1)
S s YONENY
3 —2a—0—2) 3 2 —0—2)
2 2
[ [ C(v,0)
3 2 3
3 3
o o
£ £
; ; ~(@=£=)2 =)
wn |90}
—(a-D@y-1) e+3/2
1 0
0 > >
0 1 i 0 1 i
Width p = log,; p Width p = log,; p
(a)€<a+(1—a)fy—% (b)a+(1—a)7—%<€

Figure 4: Phase diagram of the noiseless estimation task. See Fig 6 for numerical verification.

* When A > n/ d3/? the model is in phase I (all eigenvalues are zero). Thus pruning has no effect.

« When \/n/d?2 < \ < n/d®?, the model is in phase II, and there are (4n/\d>/?)Y/7 spikes.
Therefore, when p >> (4n/\d®/?)'/7 nothing is pruned, and when p < (4n/\d®/?)'/7, the error

scales as p'—27.

e When A\ < /n/d?, the model is in phases IV or V. There are (n/d)'/?7 spikes, a bulk, and
other eigenvalues are zero. When p/d >> f;\i‘; pse(x/8)/ddx = ©((n/d?)?/?), nothing is pruned.
When p < (n/d)'/?7 the error scales as p!~2?. When (n/d)'/?" < p < ©(d(n/d?)?/°), the
overfitting error depends on

20 ) )16t
5,b) := se(x/8)/0(x — b)*dx = 6 ———, 8
R60) = [ clo/9)/8la —bPde = P (59)
where t1 := 2 — % satisfies & = fb% pse(xz/0)/ddx = 3%513/2. Thus the total error scales as
25/3. 343 . p4/3  p\T/3 Ad? 243 dA "
£ = (& J =)L o0
35 d dn  Ay3+492 —~v—1 \4n

1
where we use the solution 62 = ﬁ—f from [23]. Consequently, the error is optimal (i.e. (d/n)' " 27)
3 3
for (n/d)"/?" < p < d'9/7(n/d)T . Note that we always have (n/d)/?" < d*0/7(n/d) T for
n < d57,
For n >> d?, the excess test error is given by the following
« When A > max(y/n/d2,n/d*/?+7), the model is in phase II. Thus when p > (4n/\d/?)'/7
nothing is pruned, and when p < (4n/\d%/?)'/7, the error scales as p!~27.
« When \ < n/d*?%7 and n > d?7, the model is in phases III or VIb. There are d spikes and thus

the error scales as p'—27.
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e When A < /n/d? and d < n < d?7, the model is in VIb. There are (n/d)/?? spikes and a
bulk. When p < (n/d)"/?7 the error scales as p!~27. Otherwise the error scales in the same way

25/3. 4/3. 4/3 7/3A 2 24 3 A 1-L
P 3 T (13) d ¥ <d > QW’ o)

35 d An 434442 —y—1 \4n
as in the previous case.

E.4. Generalization to the attention model

As shown by [10], the scaling phase diagram obtained for full-rank quadratic networks in [23]
remains very similar for the attention index model defined as

foa(@in; W) = Aw (®in)Tin, 0 fip (@im; W) = Ay (@1,) (92)

for the seq2seq and seq2lab tasks, where xi, € RTxd i a sequence of 7' tokens

fEinWWTﬂziz;l - Etr [wWWTmT]> c ]RTXT (93)

d\p

with weights W € R¥P, g : RT*T — RT*T is the activation (e.g. softmax) and Ay () is
the attention matrix with tied key and query matrices. [Ey, refers to the empirical average over the
training set.

We consider a target function that lies within the expressivity class of the architecture in Eq. (93),
and restrict the class of (possibly noisy) target functions to the ones of the form (respectively for the
seq2seq and seq2lab tasks)

Aw (zin) = 0<

b = 0. (R(xw)) xin and  y* = o, (R(zin)) , (94)

where R(zi,) € RT*T is a centered pre-activation matrix, and o, is a possibly different activation
function. We choose:

zl  Soxinp — dap Tr(S0) A
R(:Bin)ab - : \/& + 2_5§ )

where S is the target function weight matrix with eigenvalues {v/di~7}%_,.

We learn W by empirical risk minimization of the square loss with ¢, regularization (or equiv-
alently, weight decay) that is commonly used in practice in large language models, i.e. W =
arg minyy [£92%2 (W) + X||W||%] where respectively for the two tasks

&, 95)

ﬁél{i‘ta(W) ::é ZZ:l nguti fsa (@i W)H% ) (96)
LW =300 vt = f (s W
We measure the performance of the learned network through the test errors
B e T — F s )1
etest = —Eq; Tout — f (Tin; )
test d Tin,Tout out in F (97)

ly — (@i W) [,

Etest = E$in,y
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where [E stands for an average over an appropriate test set.
Then we conjecture that the following excess test error satisfies the same phase diagram as in
the main text

& = €test — Ebases (98)
where
€base +— 1}71}‘ I(m07 mO/Q*) 99)

for the interpolation regime (A < \/n /d? and n < dp such that the training loss is vanishing and
the minimum is flat) and
€hase ‘= iPan(m, m/Qy) (100)

otherwise. Here we define

Z(m,q) = By o el|54(20 + VA/20) — 5(2)|, (101)

where (29,2) ~ N (0, < o an )), ¢ ~ N(0,1). &, is the effective teacher activation and

m
& is the effetive student activation, defined as (A) := o({\/T + 045 Aap }ap) for A € RT*T and
similarly 64 (A) := 0 ({V/1 + dap Aab }ab)-

Finally mg := nQ) is defined as the solution of the following equation

1 [OK(m,q) -t oK (m, q)
nm=-3 {84{ |nQ*,n2Q*} 8T|nQ*,n2Q*7 (102)
where
K(m,q) :==Ey 2 ¢ inf |h — z||? (103)

hearginf ||G4(z0++/A/2¢)—5(-)]||2
with ¢ ~ N(0,1) independent of (zo, 2).

Appendix F. Details of numerical implementations

Here we describe our numerical implementation.

Appendix F.1 shows how we solved the system (9) numerically to obtain the theoretical predic-
tions for our figures, and are always plotted with continuous lines.

Appendix F.2 describes how we conducted the experiments, which we draw using dots with
error bars indicating the standard deviation among at least two realizations for each value of the
parameters. In all the plots that we show, the error bars are too small to be distinguished to the
markers, we thus attribute the tiny deviations from the analytical theory either to failures of the
training algorithm or to finite size effects that are expected to disappear by increasing d.

We include a working code to reproduce our results. The theory can be reproduced on a modern
laptop. We ran our implementation on a MacBook Pro with Apple M4 Pro and 24/48GB of RAM.
Some of the experiments require large memory, and they were conducted on a cluster with up to
1TB of RAM (56k CPU hours).
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F.1. Theoretical lines

To plot theoretical predictions, we solve (9) in the form (21), i.e.

§_2n 1

CE m=—-20;¥(X,q,m),
N 2n 1 R
SRR S q=4059(%,q,m), (104)

A
Q. 2mtq+5 Y= —40-9(3,q,m)
q= d2 1\ 2 9 q [ .
(Z+3)

with

~ 9 = 1
(S, G,1m) = ——=J, <\/§ 2A> : (105)

4P\ mm

We found that taking explicit derivatives of ¥ is numerically unstable for power-law targets, and for
this reason we resorted to the solution of the equivalent set of equations

AT

m =1Egg [Ti($'S.)]

¢ =1Bgg [Ti(S'S)] (106)
2 [S)

_ (vi) Vi—Uj
b _EES[ 1 Zl; + D icy zxifzzj:|

where S = (S, +0Z — S\EId)z;), v; is the it eigenvalue of the matrix (S, 4+ 6Z — Ael;) and 7

is the i*? eigenvalue of S. These equations can be recast into the form (9) by defining § = /¢/m
and e = 2/1. The alternative expression for m, ¢, > can be found in [28, Appendix A.4.3], and is
discussed in Appendix D. The expression for 3 is obtained computing the divergence [28, Eq 54]
explicitly in terms of eigenvalues.

In practice, we compute E $.5s, by taking S, deterministic with power-law diagonal (as defined
in the main text), by sampling nempirical GOE noise matrices Z ~ GO E(d), computing for each of
the GOE matrices (5’ , Vi, ;), and taking the empirical means of the resulting (m, ¢, 3) variables.
In practice, we used Nempirical = 16 in our plots. We then iterate by fixed point scheme (106) until
convergence. Crucially, we keep the same GOE matrices for all the iterations of the fixed point
scheme in order to avoid unnecessarily long solution time.

F.2. Experiments

To run experiments on this architecture, we use the solver LBFGS with the PyTorch implementation
[47] to minimize the objective (1). The specific hyperparameters used can be found in the code
provided. As we remarked in the main text, the problem is in non-convex, so we are not guaranteed
to converge to the global minimum. Despite this, we observe a remarkably good agreement with
our theory.
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F.3. Additional figures

Here some additional figures that show the match between our theory and experiments. In particular,
in the regime with decay £ = @(d*p(lfh)), where we expect to have enough samples to perfectly
recover the dominant teacher eigenspaces, we compare our results to the lower bound provided by
the Eckart-Young theorem [27] for our target structure (eigenvalues {+/d/¢(27)i~27}L )

d
Ep)=Epy(p) = o~ Y iV (107)

0.0 02 04 06 08 10 12
p = log,(p)
Figure 5: Test error scaling in the over-regularized regime for multiple data exponents v, with d =
400, o = 2.5, VA = 0.5 and £ = 0.45. Full lines are non-asymptotic state evolution,

dots are experiments (LBFGS) and dashed lines are the low rank estimation lower bound
(107).
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} } } } } 1051 } } } }
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

p = log,(p) p = log,(p)

Figure 6: (Left) Test error scaling behavior in the under-regularized noiseless regime for different
values of v as a function of the width p, for fixed d = 400, « = 1.9 and £ = —0.5.
(Right) Test error scaling behavior in the over-regularized noiseless regime for different
values of -y as a function of the width p, for fixed d = 400, « = 2.5 and ¢ = 0.1.
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