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Abstract

Vertical Federated learning (VFL) allows each client to collect partial features and
jointly train the shared model. In this paper, we identified two challenges in VFL:
(1) some works directly average the learned feature embeddings and therefore might
lose the unique properties of each local feature set; (2) server needs to communicate
gradients with the clients for each training step, incurring high communication cost.
We aim to address the above challenges and propose an efficient VFL with multiple
heads (VIM) framework, where each head corresponds to local clients by taking
the separate contribution of each client into account. In addition, we propose an
Alternating Direction Method of Multipliers (ADMM)-based method to solve our
optimization problem, which reduces the communication cost by allowing multiple
local updates in each step. We show that VIM achieves significantly higher accuracy
and faster convergence compared with state-of-the-arts on four datasets, and the
weights of learned heads reflect the importance of local clients.

1 Introduction

Federated learning (FL) has enabled large-scale training with data privacy guarantees on distributed
data for different applications [34} 3|12} 133, 131]]. In general, FL can be categorized into Horizontal
FL (HFL) [24] where data samples are distributed across clients, and Vertical FL (VFL) [31] where
features of the samples are partitioned across clients and the labels are usually owned by the server (or
the active party in two-party setting [[13l]). In particular, VFL allows agents with partial information of
the same dataset to jointly train the model, which leads to many real-world applications [16, 31} [12].

Despite the importance and practicality of VFL, there are mainly .., o

two weaknesses of the state-of-the-art (SOTA) VFL frameworks:

(1) some VFL frameworks directly average the feature embed- H OH ° “
dings from local agents, and therefore fail to capture the unique =~ Clients | o .-
properties of each local feature set [4]]; (2) the server usually needs % vy A
to send gradients to clients for each training step which leads to vl Fea(f;/Setk Feawﬁ;ﬂ M
high communication cost and potentially rapid consumption of ¢

privacy budget [4}[16, [19]. ﬂ 'f E‘.!

To solve the above challenges, in this work, we propose an efficient @ local featwre @ Abatchof @) multiple
VFL optimization framework with multiple heads (VIM), where o:X:z:;fADMM'ZE:: j::;::;"id re':jj;lheads
each head corresponds to one local client, taking the individual variables, and one corresponding linear head
contribution of clients into consideration and thereby improving ~ Figure 1: Overview of VIMADMM
the overall performance. In particular, we propose an Alternating Direction Method of Multipliers
(ADMM) [2]]-based method to solve our optimization problem, which allows multiple local updates
in each step, thus yielding faster convergences and reducing the communication cost. This is critical
to preserving privacy since the privacy costs increases as the number of communication rounds
increases [1]. We consider various VFL settings including with model splitting (i.e., clients host
partial models) and without model splitting (i.e., clients hold the entire model). Under the with model
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splitting setting, we propose the gradient-based algorithm VIMSGD as well as the ADMM-based
algorithm VIMADMM under VIM framework. Compared to gradient-based methods, VIMADMM not only
reduces communication frequency but also reduces the dimensionality by only exchanging ADMM-
related variables. With modifications of communication strategies and updating rules for servers and
clients, we extend VIMADMM to the without model splitting setting and propose VIMADMM-J. Moreover,
we show that a byproduct of VIM is that the weights of learned linear heads reflect the importance
of local clients, which enables functionalities such as client-level explanation, client denoising and
client summarization. Our technical contributions are:

* We propose an efficient and effective VFL optimization framework with multiple heads (VIM). To
solve our optimization problem, we propose an ADMM-based method, which reduces communica-
tion costs by allowing multiple local updates at each step.

* We conduct extensive experiments on MNIST, CIFAR, NUS-WIDE, and ModelNet40 datasets,
and show that ADMM-based algorithms under VIM converge faster, achieve higher accuracy than
existing VFL frameworks.

* We evaluate our client-level explanation under VIM based on the linear heads weights norm, and
demonstrate the functionalities it enables such as clients denoising and summarization.

2 Related Work

Vertical Federated Learning. VFL has been well studied for simple models including trees [1530]],
kernel models [11], and linear and logistic regression [[13} 32} 136,19, [15} 23]]. For DNNs, there are
two popular VFL settings: with model splitting [29, |19} 4] and without model splitting [16} [18]. In
the model splitting setting, split learning [29] is the first related paradigm, where each client trains
a partial network up to a cut layer, the server concatenates local activations and trains the rest of
the network. However, despite its promising performance in HFL, it was not evaluated on vertically
partitioned data. VAFL [4] is proposed for VFL where the server averages the local embeddings and
sends gradients back to clients to update local models. However, such embedding averaging might
lose the unique properties of each client. FedMVT [19] focuses on the semi-supervised VFL with
multi-view learning. For VFL without model splitting setting, in FDML [16] framework, each client
submits local logits to the server, who averages over the logits and send gradients back to clients. We
note that all SOTA methods [4} 19} [16] require the communication of gradients at each training step,
leading to high communication costs before convergence.

3 VFL with Multiple Heads (VIM)

3.1 Framework Overview

In VFL, we have M clients {1,2,..., M} who hold different feature sets of the same training
samples to jointly train a machine learning model. We consider the classification task and denote d,

as the number of classes. Suppose there is a training dataset D = {x;, y; }j\;l containing N samples,

N

the server owns the labels {y; };_;, and each client k has a local feature set X}, = {xf };-V:l, where

the vector 2} € R4" denotes the local (partial) features of sample j. The overall feature z;; € R of

sample j is the concatenation of all local features {z, 23, ..., z}'}, with d = S dk.

Due to the privacy protection requirement of VFL, each client k£ does not share raw local feature
set X} with other clients or the server. Instead, VFL consists of two steps: (1) local processing
step: each client learns a local model that maps the local features to local outputs and sends them
to the server. (2) server aggregation step: the server aggregates the local outputs from all clients
to compute the final prediction for each sample as well as the corresponding losses. Depending on
whether or not the server holds a model, there are two popular VFL settings [10]: VFL with model
splitting [4,129] and VFL without model splitting [16]: (i) In the model splitting setting, each client
trains a feature extractor as the local model that outputs local embeddings, and the server owns a
model which predicts the final results based on the aggregated embeddings. (ii) In the VFL without
model splitting setting, the clients host the entire model that outputs the local logits, and the server
simply performs the logits aggregation operation without hosting any model. In both settings, the
local model is updated by federated backward propagation [10]: a) the server first computes the
gradients of the loss w.r.t the local output (either embeddings or logits) from each client separately
and sends the gradients back to clients; b) each client calculates the gradients of local output w.r.t the
local model parameters and updates the local model using the chain rule.

We will first dive into the details of the model splitting setting and introduce our framework VIM as
well as the corresponding SGD-based method VIMSGD and ADMM-based method VIMADMM. Then,
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we will show that our ADMM-based method can be easily extended to the VFL without model
splitting setting with slight modifications, which is based on different communication strategies and
update rules for server and clients, yielding the method VIMADMM-J.

3.2 VFL with Model Splitting
Setup. Let f parameterized by 6, be the local model (i.e., feature extractor) of client k, which
outputs a local embedding vector ¥ = f(x};6;) € R% for each local feature . We denote

the parameters of the model on the server-side as 6. Overall, the clients and the server aim to
collaboratively solve the Empirical Risk Minimization (ERM) objective:

N M

min > L({hj,..., b 1 ysi00) + Y BR(Ok) + BR(60) with hy = f(x};0k),Vk € [M], (1)

M
{0k =100 j=1 k=1

where ¢ is a loss function (e.g., cross-entropy loss with softmax function), R is a regularizer on
model parameters, and 3 € R is the regularization weight for client & or the server. We consider R to
be differentiable but are optimistic that it can be extended to other regularizers as future work. In
principle, 3 can be different for different models, and we use the same 3 here for simplicity.

VIM Formulation. We start by noting that for the server aggregation step, the SOTA method,

VAFL [4], directly averages the local embeddings Zf:[:l akh;? where the scalar a, € R is the
aggregation weight for client £ and it can be optimized during training as an additional parame-
N

ter in the ERM loss. Therefore, the objective function of VAFL is mingg,ya 30 g, > e

114 i:w:l akh;?, yj; 00) + 22/[:1 BR(6k)+ BR(Yp). However, such an aggregation implicitly assumes
that each dimension of the embedding vectors from different clients shares the same contextual
meaning in the latent space so that they can be directly averaged. Such a design may be suboptimal,
since in VFL different local embeddings can represent different aspects of the same sample, and

therefore average-based aggregation might lose the unique properties of each local feature set.

To address the above average-based aggregation problem, we propose VIV, a novel VFL framework
where the server learns a model with multiple linear heads corresponding to local clients, taking
the separate contribution of each client into account. Specifically, the server’s model 6, consists

of M linear heads Wy, W, ..., Wy, with W, € R47%de k € [M], and the server’s model outputs
Zszl hf Wi as the prediction for sample j, yielding our VIM objective:

min o Lo({Wid, {0k}) = 3000, 6020, f (@i 00 Wi, w5) + 3000 BeRi(0k) + 4L, BrRe(We)  (2)
{Wrpt A0k,

Despite the simplicity of linear heads, recent studies in representation learning show that the linear
classifier is an efficient approach to predicting the labels on top of embedding representations 26, 20],
given the expressive power of the local feature extractor which captures essential information from
raw feature sets.

VIMSGD. Existing VFL frameworks often use SGD to alternatively update the server’s model
and local models [4,|19] where the clients send a batch of embeddings to the server, and the server
sends a batch of gradients to clients at each communication round. We provide the SGD-based
algorithm VIMSGD under the VIM framework (The Algorithm[I|and detailed description are deferred
to Appendix [A)), which serves as a strong baseline.

VIMADMM. The SGD-based methods including the state-of-art VAFL require the server to send
the gradients w.r.t embeddings back to clients at every training step of the local models. However, such
(1) frequent communication and (2) the high dimensionality of gradients (i.e., bd y for b samples) lead
to high communication costs. To address the above limitations, we propose an ADMM-based method
for VIM, reducing the communication frequency by allowing multiple local updates at each round,
and reducing the dimensionality by only exchanging ADMM-related variables (i.e., (2b + d)d.
for b samples where d. < dy,b for most VFL settings today [4, [16]). Specifically, we note that
Eq.[2]can be viewed as the sharing problem (e.g., [2, Section 7.3]) involving each agent adjusting
its variable to minimize its individual cost R(6)) + R(W},), as well as the shared objective term

£ Izngl h? Wi, y;). Moreover, the multiple heads in VIM enable the application of ADMM via a
special decomposition into simpler sub-problems that can be solved in a distributed manner. We
begin by rewriting Eq. [2]to an equivalent constrained optimization problem by introducing auxiliary
variables 21, 22,...,2N € Rée:

min SOl = yg) + 0Ly AR (0r) + 0L, BeRe(Wa) st 3530, f (a3 06) Wi — 2z = 0,¥j € [N]. (3)

WL {0k L, {2510,
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Notably, each linear constraint implies a consensus between the server’s output Z,iw 1 thk and the
auxiliary variable z; for each sample j. The augmented Lagrangian which adds a quadratlc term to
the Lagrangian of Eq.3]is given by:

N

Lo (Wi bty {0k helr, {25 121, AN o) = ZZ(ZJ"?JJ') “4)

min
{Wi M| {0y ﬁl:y{zj}j-\;l,{)\j}j =1

M N M N
+> B (Rk(9k)+Rk(Wk))+;>\jT (;f(“;??ak)w’“ ) gg

2

)

F

Z J:J,Qk Wi — z;

k=1 k=1

where )\; € R is the dual variable for sample j, and p € R* is a constant penalty
factor. To solve Eq. ] we follow the standard ADMM algorithm [2] and update the pri-
mal variables {Wj} , {0y}, {z;} and the dual variables {\;} alternatively as in Eq.
which decomposes the problem in
Eq. [3]into four sets of sub-problems
over {Wi}t , {0}, {z;}, {\;}, and
each Eub—grot;{lerg cgnj %;e {sojlx}/ed in 00TV = argminl(0y, (WYY, {ZJ(-t)}v {Aﬁ-t)})ﬁk‘ € [M],
parallel. In practice, we propose the o
following strategy for the alternative 2\ = argminC({0)""}, {W "V}, 2, {)‘;t’)})vvj € [N],
updating in the server and clients: (i) "
updating {z;}, {A;} and {Wy} at X" = argminl ({60}, (W}, {0V, 0)), V5 € [V],
server-side, (ii) updating {6} at the A '
client-side in parallel. Moreover, we ®)
consider the realistic setting of stochastic ADMM with mini-batches. Concretely, at communication
round ¢, the server samples a set of data indices, B(t), with batch size | B(t)| = b. Then we describe
the key steps of VIMADMM as follows:

WY = argminf({0,7}, Wi, {2\7}, (AP}, vk € [M],
Wi

(1) Communication from client to server. Each client k sends a batch of embeddings {hf(t)} JEB()
to the server, where hf(t) = f(x;“, 0,?)) ,Vj € B(t).

(2) Sever updates auxiliary variables {z;}. After receiving the local embeddings from all clients, the
server updates the auxiliary variable for each sample j as:

= ©p
S

k=1

2
T
2 = argmin  £(z,y;) — A7V 2 +2

J J

) : Vi € B(t) (®)

F
Since the optimization problem in Eq.[6]is convex and differentiable with respect to z;, we use the
L-BFGS-B algorithm [37] to solve the minimization problem.

(3) Sever updates dual variables {);}. The server updates the dual variable for each sample j as:

M
AP =AY 4 (Z W - z]‘.”> Vj € B(t) 7)

k=1
(4) Sever updates linear heads {W;, }. Each linear head of the server is then updated as:

T 2
Wi = ar%;?ﬁn BRW) + X e A" h§(t)[/vk T Xjenw sze M)tk h;(t)“ i+ h§(t)‘/vk - Z;f(f’)HF ke (8)
k

For squared /5 regularizer R, we solve W,Etﬂ) in an inexact way to save the computation by one
step of SGD with the objective of Eq.[8]

(5) Communication from server to client. After the updates in Eq. 8| we define a residual variable

sé‘?(tﬂ) for each sample j of k-th client, which provides supervision for updating local model:
S0 ST pOw D v e B(t), Yk € [M] ©)
i€[M],i#£k

The server sends the dual variables {)\ )} jen(t) and the residual variables {sk( +1)

}jeB(t) of all
samples, as well as the corresponding linear head W,g 1 to each client k.

(6) Client updates local model parameters 0. Finally, every client k locally updates the model
parameters 0y, as follows:

. T by 5
aigtﬂ) = argiin BR(Ok) + 3 ey /\J('Hl) f(at; ak)WzgtH) + 82 e Hsf(“ - fah; ak)WétH)HF- (10)
K
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Figure 2: Performance comparison under w/ and w/o model splitting. Our methods outperform baselines.

Due to the nonconvexity of the loss function of DNN, we use 7 local steps of SGD to update the
local model at each round with the objective of Eq. We note that multiple local updates of
Eq.[I0]enabled by ADMM lead to better local models at each communication round compared to
gradient-based methods, thus VIMADMM requires fewer communication rounds to converge as we will
show in Sec.[d.T] These six steps of VIMADMM are summarized in Algorithm [2]in Appendix [A]

Note that ADMM auxiliary variables {z;} and dual variables {);} are only used during the training
time optimization process. Therefore, in the test phase, for any sample x ., the server directly uses

the trained multiple linear heads to make prediction 224:1 h;?, Wi.

3.3 VFL without Model Splitting
Setup. Recall the VFL without model splitting setting described in Section [3.1] Let p parame-
terized by 6 be the local model (i.e., whole model) of client k, which outputs local logits oé? =

p(mf; 676) € R% for each local feature xf The clients and the server aim to jointly solve the problem:
. N M ~ . ~
min g ijl E({ojl, cee oéw}, Yj) + B i R(0r) with 0? = p(x?; 0),Vk € [M].

VIMADMM-]J. In the state-of-art VFL framework FDML, the server averages the local logits as

final prediction 22/[:2 0? , and FDML also suffers from the high communication cost by sending
the gradients w.r.t. local logits to each client at each training step of the local model. To solve
this problem with our VIM framework, we adapt VIMADMM to the without model splitting setting
and propose VIMADMM-J, where each linear head W}, is held by the corresponding client k, and is
always updated locally. The detailed description of key steps of VIMADMM-J and the corresponding
Algorithm 3| are presented in Appendix [A]

4 Experiments

In this section, we show that our proposed framework VIM achieves significantly faster convergence
and higher accuracy than SOTA and enables client-level explainability on four real-world datasets.
Data and Models. We consider the classification task on four datasets: MNIST [22]], CIFAR [21]],
NUS-WIDE [6], a multi-modality dataset with image features and textual features, and Model-
Net40 [27]], a multi-view image dataset. As shown in Figure [3|row 1, we simulate VFL scenarios by
splitting the data features to {14, 9, 4, 4} clients for the four datasets respectively. As for the local
model, we use a two-layer fully connected model for MNIST and NUS-WIDE, a CNN model for
CIFAR, and ResNet-18 [[14] for ModelNet40. To prevent over-fitting, we adopt standard stopping
criteria, i.e., stop training when the model converges or the validation accuracy starts to drop more
than 2%. We refer to Appendix B|for more details about datasets, networks, and parameter selection.
Baselines. We compare VIMSGD, VIMADMM with VAFL [4] under w/ model splitting , and compare
VIMADMM-J with FDML [[16] under w/o model splitting . Experiments are run 3 times.

4.1 Performance Evaluation under VFL

We observe from Figure 2] that three VIM algorithms consistently outperform baselines under VFL.
Specifically, (1) VIMADMM and VIMSGD converge significantly faster than VAFL on four datasets and
achieve higher accuracy than VAFL especially on CIFAR, which shows that the aggregation in VIM
is better than embedding averaging as in VAFL by learning separate linear weights for each client.
(2) ADMM-based methods converge faster than gradient-based methods. For example, on CIFAR,
VIMADMM and VIMADMM-J achieves 73.85%, 73.12% at epoch 8, while VAFL, VIMSGD, FDML, only
achieves 46.16%, 56.26%, 56.50% at epoch 50. This is because the multiple local updates enabled
by ADMM lead to better local models at each round, thereby speeding up the convergence and
reducing the communication costs. For instance, each epoch consists of 44 communication rounds on
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Figure 3: Input features for each client (row 1), the weights norm of linear heads under clean setting (row 2)
and under one noisy client (row 4), and test accuracy when each client’s test input features are perturbed (row 3)
where red line denotes the test accuracy without perturbation.

CIFAR. Our VIMADMM takes 42 fewer epochs than VAFL to converge, which saves more than 1.8k
communication rounds in practice. We defer the analysis of the effect of penalty factor p and local
steps 7 on VIMADMM, and the communication cost comparison to Appendix

4.2 Client-level Explainability of VIM

We show that the weights of learned linear heads reflect the importance of local clients based on the
weights norm histogram, which enables functionalities such as test-time noise validation and client
denoising. We defer the results on client summarization and the visualization of the local embedding
that justifies the design of VIM to the Appendix

Client Importance. Given a trained VIMADMM model, we plot the weights norm of each client’s
corresponding linear heads in the server in Figure [3] row 2. Combining it with row 1, we find
that the client with important local features indeed results in high weights. For example, clients
6,7,8 in MNIST holding middle rows of images that contain the center of digits, have high weights,
while clients 1, 14 holding the black background pixels have low weights. A similar phenomenon
is observed on CIFAR for client 5 (center) and client 1 (corner). On ModelNet40, clients have
complementary views of the same objects, so their features have similar importance, leading to
similar weights norms. Based on our observation, we conclude that the weights of linear heads can
reflect the importance of local clients. We use this principle to infer that, for NUS-WIDE, the first
500 dim. of textual features have higher importance than other multimodality features, resulting in
the high weights norm of client 3.

Client Importance Validation via Noisy Test Client. Given a trained VIMADMM model, we add
Gaussian noise to the test local features to verify the client-level importance indicated by the linear
heads. For each time, we only perturb the features of one client and keep other clients’ features
unchanged. The results in Figure 3|row 3 show that perturbing the client with high weights affects
more for the test accuracy, which verifies that clients with higher weights are more important.
Client Denoising. We study the denoising ability of VIM under training-time noisy clients. We
construct one noisy client (i.e., client 7, 5, 2, 3 for MNIST, CIFAR, NUS-WIDE, ModelNet40
respectively) by adding Gaussian noise to its local features and re-train the VIMADMM model. The
obtained weights norm in Figure [3]row 4 shows that VIMADMM can automatically detect the noisy
client and lower its weights (compared to the clean one in Figure [3]row 2). Table[d]in Appendix [B]
shows that under the noisy training scenario, VIMADMM and VIMSGD outperform VAFL with faster
convergence and higher test accuracy.

S Conclusions

In this work, we propose an efficient VFL framework with multiple heads (VIM). To solve our
optimization problem, we propose an ADMM-based method for efficient communication. Extensive
experiments verify the superior performance of our algorithms, and show that VIM enables client-level
explainability.
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A Algorithm Details

Al VIMSGD

At each communication round ¢, the server samples a set of data indices, B(t), with batch size
| B(t)| = b. Then we describe the key steps of VIMSGD as follows:

(1) Communication from client to server. Each client k sends a batch of embeddings {hf(t) YieB)
to the server, where hf(t) = f(a; 9,(;)),Vj € B(t).

(2) Sever updates linear heads {W)}. According to VIM objective in Eq.[2} each linear head of the
server is updated as:

Wit w - nvwliw.cvm(w,g“),\w e [M] (11)

where 7 is the server learning rate, and

N M
Voo Lom(Wi) = V00 (S ROW O,y 4 BRWLD) (12)
1

j= i=1

(3) Communication from server to client. Server computes gradients w.r.t each local embedding
V k0 EVIM(W,EHD) by the VIM objective in Eq. where

M
vh,;wﬁvm(w,g‘f“)) = Vo l() nEOWL D ) V) € B(t), k € [M] (13)

i=1
Server sends gradients {Vh,?mLVIM(W,EtH))}jeB(t) to each client k, Vk € [M].

(4) Client updates local model parameters 0;,. Finally, every client k locally updates the model
parameters 6, according to the VIM objective in Eq. [2]as follows:

gD — g _ kaglgﬂﬁvm(W;EHl))’vk € [M] (14)

where 7* is the local learning rate for client k, and

N
t)
v9£t>cVIM(W,§”1>) =5 :vaiwh;?( vhimcm(w,gt“)) + ﬁvegm(e,@) (15)
j=1

These four steps of VIMSGD are summarized in Algorithm|[T]

A.2 VIMADMM
We summarize the steps of VIMADMM are summarized in Algorithm 2}

A.3 VIMADMM-J

At each communication round ¢, the server samples a set of data indices, B(t), with batch size
|B(t)| = b. Then we describe the key steps of VIMADMM-J as follows:

(1) Communication from client to server. Each client k sends a batch of local logits {oj?(t) }ieB() to

the server, where of(t) = f(x?; OIEt))W,it),Vj € B(t)

(2) Sever updates auxiliary variables {z;}. After receiving the local logits from all clients, the server
updates the auxiliary variable for each sample j as:

M 2
.
zj(t) =argmin {(z;,y;) — A;t_l) zj + g Z Oé?(t) —zj|| ,Vj € B() (16)
i k=1 F

11



400
401

402
403

404

405

1

1

1

12
13

14

Algorithm 1: VIMSGD

Input: number of communication rounds 7', number of clients M, number of training samples N, batch
size b , input features {{z] }\_,, {3}, .. {2}, the labels {y;} 11, local model
{6} ; linear heads {W} }#L ,; server learning rate 7; client learning rate {n*}+L;

for communication round t € [T] do

Server samples a set of data indices B(¢) with |B(t)| = b

for client k € [M] do

generates a local training batch {xf YieB®
computes local embeddings h?(w «— f(x5;0x),Vj € B(t)
sends local embeddings { h;?(t) }jeB to the server
Server updates linear heads W,gtH) by Eq.|11,Vk € [M]
Server computes gradients w.r.t embeddings Vh{?(t)llvm(W,gtH)) by Eq.[13|,Vj € B(t),k € [M]
Server sends gradients {V, ;. (1) LVIM(W,itJrl))}j;B(t) to each client k, Vk € [M]
j

for client k € [M] do
L updates local model 0,8“) by Eq.

Algorithm 2: VIMADMM

Input: number of communication rounds 7', number of clients M, number of training samples NV, batch
size b , input features {{z} }}Z, {27171, ..., {z}"}} 1}, the labels {y; }}_,, local model
{0k }2L1; linear heads { W, } AL, ; auxiliary variables {z;}7,; dual variables {\;}1_;;

for communication round t € [T] do

Server samples a set of data indices B(¢) with |B(t)| = b

for client k € [M] do

generates a local training batch {z¥};c ()
computes local embeddings h?(w — f(a:?;(‘)k),Vj € B(t)

sends local embeddings {h?m }jeB) to the server

Server updates auxiliary variables z§t> via Eq. |§I ,Vj € B(t)
Server updates dual variables )\5-” via Eq.,Vj € B(t)
Server updates linear heads W,itﬂ) with objective of Eq.|3|, Vk € [M]

Server computes residual variables s?(tﬂ) viaEq.9|,Vj € B(t), k € [M]

Server sends {)\_g-t)}jeg(w , {s;?(tﬂ)}jeg(t) and corresponding W,gtﬂ) to each client k, Vk € [M]
for client k € [M] do
L for local step e € [7] do

L updates local model 9,<:+1) via SGD with objective of Eq.

Since the optimization problem in Eq.[T6]is convex and differentiable with respect to z;, we use the

L-BFGS-B algorithm [37]] to solve the minimization problem.

(3) Sever updates dual variables {)\;}. After the updates in Eq. the server updates the dual

variable for each sample j as:

M
A=A e (Z o) - zj(”) ) € B
k=1

(4) Communication from server to client. After the updates in Eq. we define a residual variable

k(1)

s; for each sample j of k-th client, which provides supervision for updating local model:
S;?(Prl) a Zj(t) -~ Z O;‘_(t)
ic[M)i#k

12
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Algorithm 3: VIMADMM-J

Input: number of communication rounds 7', number of clients M, number of training samples N, batch
size b , input features {{z] }\_,, {3}, .. {2}, the labels {y;} 11, local model
{60k }2L1; linear heads {W, } AL, ; auxiliary variables {z;}7_,; dual variables {\;}7_;;
for communication round t € [T'] do
Server samples a set of data indices B(t) with |B(¢)| = bs
for client k € [M] do
generates a local training batch {z¥},c 5
computes local logits o;‘?m = f(a:_’;;eg))W,gt),Vj € B(t)
sends local logits {o;?(t) }jeB() to the server

Server updates auxiliary variables z§t) via Eq.|16] Vj € B(t)

Server updates dual variables A;t) via Eq. ,Vj € B(t)

Server computes residual variables sf(tﬂ via Eq.,Vj € B(t),k € [M]
Server sends {/\Y) YieB@) > {s?(tﬂ)}jeB(t) to each client k, Vk € [M]

for client k € [M] do
for local step e € [7] do

updates local linear head W,itﬂ) via SGD with objective of Eq.
updates local model 19,(:+1> via SGD with objective of Eq.

The server sends the dual variables {A§t+1) }jeB@) and the residual variables {sf(tﬂ) }ie) of all
samples to each client k.

(5) Client updates linear head Wy, and local model 0. alternatively. The linear head of each client is
locally updated as:

-
W = argmin FRW)+ > A flaj; 00 ) Wik S 2
Wi,

(t+1 2
2 s )_f(xjk;ol(ct))WkHF’VkG
jEB(t) JEB(t)

19
Each client updates the local model parameters 6}, as follows:

. T t+1 2
oY = argmin BRO)+ 3 A0 Fai W+ 3 L g om0
O JeB(1) jeB()

(20)

Due to the nonconvexity of the loss function of DNN, we use 7 local steps of SGD to update W}, and
0}, alternatively at each round with the objective of Eq.[T9]and Eq.[20] Specifically, at each local step,
we first update W, and then update 6.

These five steps of VIMADMM-J are summarized in Algorithm 3]

B Experimental Details

B.1 Datasets and Models
We consider a diverse set of datasets and tasks.

e MNIST [22] contains images with handwritten digits. We create the VFL scenario by
splitting the input features evenly by rows for 14 clients. We use a fully connected model of
two linear layers with ReLU activations as the local model.

* CIFAR [21] contains colour images. We split each image into patches for 9 clients. We use
a standard CNN architecture from the PyTorch library|'|as the local model.

* NUS-WIDE [6] is a multi-modality dataset with 634 low-level image features and 1000
textual tag features. We distribute image features to 2 clients (300 dim and 334 dim), and

"https://github.com/pytorch/opacus
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text features to 2 clients (500 dim and 500 dim). We use a fully connected model of two
linear layers with ReLU activations as the local model.

* ModelNet40 [27] is a multi-view image dataset, containing the shaded images from 12
views for the same objects. We use 4 views and distribute them to 4 clients respectively. We
use ResNet-18 [14] as the local model.

We split each dataset into the train, validation, and test sets. See Table|l|for more details about the
number of samples and the number of classes for each dataset.

B.2 Platform

We simulate the vertical federated learning setup (1 server and N users) on a Linux machine with
AMD Ryzen Threadripper 3990X 64-Core CPUs and 4 NVIDIA GeForce RTX 3090 GPUs. The
algorithms are implemented by PyTorch [25]. Please see the submitted code for full details. We run
each experiment 3 times with different random seeds.

B.3 Hyperparameters

We detail our hyperparameter tuning protocol and the hyperparameter values here. For all VFL
training experiments, we use the SGD optimizer with learning rate 7 for the server’s model, and
the SGD optimizer with momentum 0.9 and learning rate n* for client k’s local model. We set
n =n',n% ..., n™ for all methods. The regularization weight 3 is set to 0.005. The embedding
dimension d is set to 60, and batch size b is set to 1024 for all datasets.

Vanilla VFL Training For Vanilla VFL training experiments, we tune learning rates
by performing a grid search separately for all methods over {0.1,0.3,0.5,0.8} on
MNIST, {0.003,0.005,0.008,0.01,0.05,0.1} on CIFAR, {0.1,0.5} on NUS-WIDE,
{0.0005,0.005,0.01,0.05,0.1} on ModelNet40. Table [1| summarize hyperparameters for all
methods.

Table 1: Dataset description and hyperparameters for Vanilla VFL Training.

MNIST 28 x 28 10 14 54000 6000 10000 0.3 0.3 005 2 20 0.1 0.05 0.5 20
CIFAR 32x32x%x3 10 9 45000 5000 10000 0.003 0.005 0.005 2 30 0.005 0.005 2 30
NUS-WIDE 1634 5 4 54000 6000 10000 0.1 0.5 005 2 20 0.1 005 2 20

ModelNetd0 224 x 224 x 3 xN 40 4 8877 966 2468  0.05 0.05 005 05 5 005 005 05 5

Client-level Explainability In the experiments of client importance validation via noisy test client,
for each time, we perturb the features of all test samples at one client by adding Gaussian noise
sampled from A/ (0, 52) to its features. In order to observe the difference in test accuracy between
important clients and unimportant clients, we set  to 10 for MNIST, 1 for CIFAR and NUS-WIDE,
and 3 for ModelNet40.

In the experiments of client denoising, we construct one noisy client (i.e., client 7, 5, 2, 3 for MNIST,
CIFAR, NUS-WIDE, ModelNet40 respectively) by adding Gaussian noise sampled from A (0, ?7'2)
to all its training samples and test samples. We set & to 1 for MNIST, NUS-WIDE and ModelNet40,
and 3 for CIFAR.

B.4 Additional Results

Comparison under Communication Cost. Here we report the memory of parameters communi-
cated between clients and the server to evaluate communication cost. We use batch size 1024 and
local embedding size 60 for all datasets following the hyper-parameters listed in Table[I]

Table shows that for each round, VAFL, VIMSGD and VIMADMM have the same number of parameters
sent from each client to the server (i.e., 0.23 MB for a batch of embeddings), and VIMADMM has a
smaller number of parameters sent from server to each client (i.e., 0.08 MB in total for a batch of
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464 dual variables, residual variables as well as one corresponding linear head) than VAFL and VIMSGD
465 (i.e., 0.23 MB for a batch of gradients w.r.t. embeddings).

466 Table 2] and Figure ] also show that VIMADMM requires significantly lower communication costs to
467 reach a target performance. For example, in CIFAR, to achieve a target accuracy of 65.0%, VAFL
468 needs 9463.85 MB while VIMADMM only requires 124.54 MB, which is about 76x lower costs.

Communication costs (MB) per round Communication costs (MB) to reach target performance
Method Each client to server ~ Server to each client  Total MNIST CIFAR NUS-WIDE - ModeINet40
(>96.5%) (>65.0%) (> 85.0%) (> 89.0%)
469 VAFL 0.23 0.23 0.46 6954.02 9463.85 695.40 134.96
VIMSGD 0.23 0.23 0.46 3824.71 5381.40 198.69 84.35
VIMADMM 0.23 0.08 0.31 700.08 124.54 66.67 11.32
Table 2: Communication cost comparison.
—e— VAFL — VIMSGD —»— VIMADMM
MNIST CIFAR NUS-WIDE ModelNet40
100 80 100
o] 2 % 2
O 97 56 84 70
R a8 » 60
3 o b 66 50
% 93 fg gg 30
kS gi 8 48 fg
0 42
90“ A0 (690800 00 (00 (o0 0 a0 °© \0@10““@““hu°°c,§°°bo°°1e“%o“%e@@u““ RN S R L SR 00 20 0 ® P 0 O (O
Communication Cost (MB) Communication Cost (MB) Communication Cost (MB) Communication Cost (MB)
Figure 4: Performance of Vanilla VFL under w/ model splitting setting. Ours consume significantly lower
communication costs to reach a target performance.
Client 3 Client 4
g - (‘ik.. ) Client ratio Type Dataset
s & MNIST CIFAR  NUS-WIDE
-"'a-’,,.‘,,,v? O 100% all 9712+ 001 7412+ 00 88.46+ o010
470 n e "“'-’R&‘ 50% important 9658+ 007 70.28+ o 87.29+ oa7
2 8w ? : unimportant  78.11+ o030 62.67+ 267 75.80+ o0.38
t *;1*-; >

important ~ 88.72+ 0.0 66.06+ 047 80.28+ o.08
unimportant  29.11+ o007 5499+ 005 59.34+ o0.09

Figure 5: T-SNE of embeddings on NUS-WIDE. Table 3: Client summarization of VIMADMM.

20%

471

472 T-SNE of Local Embeddings. From the T-SNE [28] visualizations in Figure[5] we show that client
473 3 produces linear separable local embeddings (left), which are better than client 4’s embeddings (right)
474 that overlap different classes. Therefore, the embedding averaging from VAFL [4] is suboptimal,
475 which justifies the design of VIM, taking the properties of different local embeddings into account.

476 Figure[6] presents the T-SNE visualizations of local embeddings for the model trained from VIMADMM.
477 Similar to the results of NUS-WIDE in Figure 5] Figure [f]shows that important clients learn better
478 local embeddings than unimportant clients on MNIST and CIFAR, which justifies our design of
479 multiple linear heads in VIM. For ModelNet40, since clients with multi-view data are of similar
480 importance, their local embeddings are similar and are linearly separable.

481 Client Summarization. We study the functionality of client summarization enabled by VIM. (1)
as2 We first rank the importance of clients according to the weights norm histogram (i.e., Figure [3|row
as3  2), then we select u% proportion of the most “important" clients to re-train the VIMADMM model.
a8 We find that its performance is closed to the one trained by all clients. Table 3] shows that the
485 test accuracy-drop of training with 50% of the most important clients is less than 1% on MNIST
ags and NUS-WIDE, and less than 4% on CIFAR; the accuracy-drop of training with 20% of the most
4g7 important clients is less than 10% on all datasets. (2) We select u% proportion of the least important
agg  clients to re-train the model, and we find that its performance is significantly lower than the one
489 trained with important clients, which indicates the effectiveness of VIM for client selection. (3) For
490 the multi-view dataset ModelNet40, we find that the test accuracy of models trained with 12, 8, and
491 4 clients are similar, i.e., 91.04%, 90.69%, and 90.64%, suggesting that a few views can already
492 provide sufficient training information and the agents with multiview data are of similar importance
493 which is also reflected by our linear head weights.
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Figure 6: T-SNE visualizations of local embeddings from important client and unimportant client for VIMADMM.
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Figure 7: Performance of VIMADMM with different penalty factor p on four datasets.

Effect of Penalty Factor p and Local Steps 7 for VIMADMM  The results in Figure[7)first row show
that VIMADMM is not sensitive to p on four datasets, and we suggest that the practitioners choose
the optimal p from 0.5 to 2, which will not influence the test accuracy significantly. The results in
Figure [7] second row show that when 7 is larger, the VIMADMM algorithm converges faster. This is
because the local models can be trained better with more local update steps (i.e., larger 7) at each
communication round. Therefore, we suggest that the practitioners choosex a 7 that leads to the
converged local model at each communication round.

Additional Results on Client Denoising Table E presents the test accuracy of VAFL, VIMSGD,
and VIMADMM at different epochs (communication rounds) on different datasets under one noisy
client. Note that each epoch consists of N/b communication rounds. Table@ shows that under the
noisy training scenario, VIMADMM and VIMSGD consistently outperform VAFL with faster convergence
and higher test accuracy, which indicates the effectiveness of VIM’s multiple linear heads in client
denoising.

Table 4: Test accuracy under one noisy client whose training local features and test local features are
perturbed by Gaussian noise.

Test accuracy @ epoch (communication round)
MNIST CIFAR NUS-WIDE ModelNet40
2 (106) 5(265) 10 (530) 2(88) 5(220) 10 (440) 2 (106) 5(265) 10 (530) 2 (18) 5(45) 10 (90)
VAFL ~ 91.07 + 017 9436+ 016 9559+ o1 28.83+ 104 38.774 039 46.98+ 070 51.88+ 072 77.68 + 074 8531+ o1s 4323+ 307 80.13% 110 89.56 4 o041
VIMSGD  95.04+ ou4 96.01+ 003 9643+ 008 4275+ 013 50.06+ 018 5553 = 037 8535+ 024 8642+ 024 87.14+ 020 77.94= 100 8874+ 007 89.69 + 042
VIMADMM 96.22+ 007 96.60 + 004 96.82+ 007 67.08 + 043 70.70+ 034 71.76 + 014 86.38+ 020 87.00+ 027 87.18 + 014 90.05+ 035 90.71+ 031 90.59 + oo0s

Method

More results for a large number of clients. We evaluate baselines and our methods under 100
clients on MNIST by allowing the agents to obtain overlapped features, and the results show that our
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methods still outperform baselines. Specifically, we divide the features into 100 overlapped subsets
for 100 clients so that each client has 14 pixels. We train the methods using the hyper-parameters
setup listed in Table[T}

The results in Table E] show that VIM methods (i.e., VIMSGD, VIMADMM, VIMADMM-J) have higher
accuracy than baselines in both w/ and w/o model splitting settings.

W/ model splitting W/o model splitting

VAFL VIMSGD VIMADMM FDML VIMADMM-J
95.38 95.45 95.77 95.85 95.96

Table 5: Performance of Vanilla VFL when M = 100 on MNIST

C Discussion

Challenges of ADMM in VFL. There are several key challenges of deploying ADMM in VFL for
distributed optimization:

(1) how to ensure the consensus among clients and form it as a constrained optimization problem
(e.g., from Eq. 2]to Eq.[3);

(2) how to decompose the optimization problem into small sub-problems that can be solved in parallel
by ADMM (e.g., from Eq.[3|to Eq. ).

For the first challenge, although ADMM is flexible to introduce auxiliary variables and thus formulate
a constrained optimization problem in HFL, it raises new challenges in VFL. For example, the ADMM-
based methods in HFL [8[7, (17} 35]] usually use the global model as the auxiliary variable and enforce
the consistency between the global model and each local model. However, VFL communicates
embeddings, and it is not feasible to enforce local embeddings from different clients to be the same
as they provide unique information from different aspects. Therefore, in this paper, we introduce the
auxiliary variable z; for each sample j and construct the constraint between z; and server’s output

iW:l h? Wi (i.e., the logits), which enables the optimization for each W, by ADMM (.e., Eq. .

For the second challenge, we propose the bi-level optimization for server’s model and clients’ models
to train DNNs for VFL with model splitting, while the existing ADMM-based method in VFL [15]
only considers logistic regression with linear models in client-side, which does not apply to DNNs.
The initial attempt we made is to decompose the optimization for server’s linear heads by ADMM
while still using chain rule of SGD to update local models, which does not exhibit much superiority
over pure SGD-based methods. Later, we decompose the optimization for both server’s linear heads
and local models by ADMM, leading to our current algorithm VIMADMM that enables multiple local
updates for clients at each communication round and achieves significantly better performance as we
show in Sec. .1l

17



	Introduction
	Related Work
	VFL with Multiple Heads (VIM) 
	Framework Overview
	VFL with Model Splitting
	VFL without Model Splitting

	Experiments
	Performance Evaluation under VFL
	Client-level Explainability of VIM

	Conclusions
	Algorithm Details
	VIMSGD
	VIMADMM
	VIMADMM-J

	Experimental Details
	Datasets and Models
	Platform
	Hyperparameters
	Additional Results

	Discussion

