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Abstract

We investigate auction mechanisms to support the
emerging format of Al-generated content. We in
particular study how to aggregate several LLMs in
an incentive compatible manner. In this problem,
the preferences of each agent over stochastically
generated contents are described/encoded as an
LLM. A key motivation is to design an auction
format for Al-generated ad creatives to combine
inputs from different advertisers. We argue that
this problem, while generally falling under the um-
brella of mechanism design, has several unique
features. We propose a general formalism—the fo-
ken auction model—for studying this problem. A
key feature of this model is that it acts on a token-
by-token basis and lets LLM agents influence gen-
erated contents through single dimensional bids.

We first explore a robust auction design approach,
in which all we assume is that agent preferences
entail partial orders over outcome distributions.
We formulate two natural incentive properties,
and show that these are equivalent to a monotonic-
ity condition on distribution aggregation. We also
show that for such aggregation functions, it is pos-
sible to design a second-price auction, despite the
absence of bidder valuation functions. We then
move to designing concrete aggregation functions
by focusing on specific valuation forms based on
KL-divergence, a commonly used loss function in
LLM. The welfare-maximizing aggregation rules
turn out to be the weighted (log-space) convex
combination of the target distributions from all
participants. We conclude with experimental re-
sults in support of the token auction formulation.
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1. Introduction

In the current web ecosystem, auctions are the primary
mechanism used to decide which ads (and commercial con-
tent more broadly) are displayed to users (Edelman et al.,
2007; Varian, 2007). In those, advertisers bid for the right to
have their creatives displayed to the user along with organic
contents. Many of the web formats such as text, banners,
video, apps, ... have their own subtleties which led to the
development of new auction tools to handle them. Our goal
in this paper is to investigate auction mechanisms to support
the emerging format of Al-generated content. More specifi-
cally, we explore the use of auctions as a tool for influencing
the output of large language models (LLMs).

We consider a situation where a certain space in the web (be
a webpage, an Ul element of an Al-chatbot, the dialog of a
certain character in a video or a game ...) is clearly marked
as commercial content and different advertisers can bid to
influence the content in that space. Each advertiser has an
LLM that can generate content for that space and is willing
to pay a certain amount of money for the right to have
their content displayed. A simple design is to collect bids
from advertisers and let the highest bidder choose whatever
content they wish to publish in that space. While simple,
this design does not exploit the flexibility of LLMs which is
to combine different concepts in a creative way.

Consider this example. In the first we ask an LLM to pro-
duce different ads for the fictitious Stingray Resort and the
equally fictitious Maui Airlines:

» “Experience the magic of Hawaii at Stingray Resort,
where stunning views, luxurious accommodations, and
endless activities await. Book your stay today and cre-
ate unforgettable memories in the heart of paradise.”

* “Fly to Hawaii with Maui Airlines and experience the
beauty of the Aloha State. We offer affordable flights to
all the major islands, so you can start your Hawaiian
vacation sooner. Book your flight today and let the
island spirit take over!”

For that use case, however, the LLM is flexible enough to
produce a joint ad for both:

* “Fly to paradise with Maui Airlines and experience



the magic of Hawaii at Stingray Resort. Stunning
views, luxurious accommodations, and endless activi-
ties await. Book your dream vacation today and create
unforgettable memories.”

One can envision an auction mechanism where both
Stingray resort and Maui airlines can submit both LLMs as
well as bids, and this will determine their prominence in the
final outcome.!

1.1. Unique Challenges

LLMs (Brown et al., 2020; Thoppilan et al., 2022; Google
et al., 2023) are a new technology with new and uncon-
ventional aspects, many of which have direct implica-
tions to auction design (e.g., how preferences are repre-
sented/expressed). Our goal is to identify some of the key
challenges and take a first step in designing mechanisms to
address them:

* Modelling and Expressing Preferences. Auction the-
ory typically models preferences via value functions
that assign a value to each outcome. LLMs, however,
are generative models which do not attribute values
to each example, but instead succinctly encode pref-
erences over outcomes in a stateless neural network
model that predicts continuation probabilities.

* Necessity of Randomization. LLMs crucially rely on
randomization. When forced to output tokens determin-
istically, LLMs often have a worse performance com-
pared to situations that sample from a distribution (see,
e.g., (Holtzman et al., 2019), for a performance com-
parison of different decoding strategies). Therefore, an
auction that aggregates LLM outputs should preferably
also output distributions.

* Technical Alignment. Auction solutions should be
technically aligned with current LLM technology.
They should only use information available from cur-
rent models and should be easy to integrate in the
system. Ideally the allocation and payments should
be obtained from simple manipulations of the LLM
outputs.

¢ Computational Efficiency. LLM models are expen-
sive to query, so the auction computation should not
add too much overhead. In particular, auctions should
not increase the number of calls to inference the models
beyond the minimum necessary.

'While our main focus is to create ad creatives that merge
content from different advertisers, auction mechanisms for merging
LLM outputs could be used in other contexts.

1.2. Our Contributions

The Token Auction Model. Our first contribution is a
formalism (“The Token Auction Model”) for studying this
problem. Tokens are the units making up sentences and para-
graphs.” Examples of tokens include (sub-)words, symbols,
numbers, and special tokens indicating the beginning and
ending of the text. In particular, any piece of text (poten-
tially incomplete) can be represented as an array of tokens,
and any array of tokens also encodes a piece of text.

One salient feature of the state-of-the-art LLMs is that they
are stateless, i.e., they maintain no internal memory or state.
Instead, they simply map a prefix string to a distribution
over the next token. The output is then created in an au-
toregressive manner. Given an input prompt, the output is
generated by repeatedly feeding the current sequence of
tokens into the LLM, sampling a continuation token, and
appending it to the sequence of tokens.

The token auction we propose also operates on a token-
by-token basis, and serves to aggregate several LLMs to
generate a joint output. We assume the designer has access
to algorithmic LLLM agents represented by their respective
text generation functions (the functions that map a sequence
of tokens to a distribution over the next token). In addition,
we allow each LLM agent to submit a single dimensional
bid. The auction output will be an aggregated distribution
together with a payment rule.

This approach may appear counterintuitive at first since an
advertiser cares about the generated final text, not the spe-
cific choice of words. This seems to suggest a dynamic
planning of the generated token sequence. However, exist-
ing LLMs do not reason about full pieces of text, nor do
they plan ahead; instead, their preferences are expressed as
desired distributions over merely the next token. In other
terms, we can think of an LLM as a succinct distillation of an
agent’s complex combinatorial preferences over sequences
of tokens into a generative token-by-token model.’

The problem of aggregating LLMs forces the designer to
understand the preferences of the agents away from the
distilled LLM. This appears to be a very difficult problem.
Specifically, we believe it is implausible or at least impracti-
cal to assume an individual agent can meaningfully manipu-
late the distribution over tokens at any given stage, to direct
the produced text to a more preferred one. Our auction for-
mulation seeks to strike a balance: By truthfully revealing
the LLM to the designer, the agent gives the auction mech-

*More generally, one can consider tokens forming parts of
images (Ramesh et al., 2021; Yu et al., 2022) and videos (Sun
et al., 2019). For the purpose of this paper, we will stick with text
generation.

3See our discussion in Section C, and Propositions C.1 and C.3
for additional support for the stateless approach.



anism a hint as to what their preferred distribution is. The
bids, in turn, can be used to tradeoff between agents, and in
particular help the designer determine their relative weights.

Simple and Robust Token Auctions. Motivated by the very
challenging problem of modelling the agents’ preferences
for nearby generative models, we aim to design robust token
auctions. We seek auctions that provide desirable incentive
properties, while imposing minimal assumptions on the
agents’ preferences over distributions.

Specifically, we investigate a model where agents’ prefer-
ences entail partial orders over distributions. We formulate
two desirable incentive properties, which we consider mini-
mal requirements:

* Payment monotonicity: Given two different bids by the
same agent, a final distribution is closer to the desired
distribution if and only if the payment is higher.

* Consistent aggregation: If for two different bids of
the same agent, the final distribution is closer to the
preferred distribution for some bids of the other agents,
then it should be so for all bids of the other agents.

We show that any mechanism with these two properties
is strategically equivalent to a mechanism that satisfies a
monotonicity requirement on the distribution aggregation
function.

We then investigate whether it is possible to equip such
distribution aggregation functions with payment rules that
satisfy additional incentive properties. Specifically, we in-
vestigate whether such aggregation rules admit an analogue
of the second-price payment rule. In the single-item second-
price (or Vickrey) auction (Vickrey, 1961), the payment
corresponds to the critical bid where an agent transitions
from losing to winning. To port this notion to our setting,
we show that any monotone aggregation rule can be written
as a distribution over deterministic allocations from bids to
tokens such that there is a critical bid where the allocation
transitions from a less preferred to a more preferred token.
Such a critical bid becomes then a natural candidate for a
payment rule.

A natural analogue of the second-price auction is obtained
for a model that only relies on ordinal preferences. The
resulting class of auctions is applicable whenever the agent
valuations are compatible with the partial order, and pro-
vides robust incentives for all of these.

Designing Aggregation Functions. We then move to de-
signing concrete aggregation functions. Our approach is to
define welfare objectives inspired by LLM training, and to
derive optimal distribution aggregation functions for these
welfare notions.

We focus on specific valuation forms based on KL-
divergence, a commonly used loss function in LLM. We
specifically discuss two natural welfare notions, and show
that the corresponding welfare-maximizing aggregation
rules are the weighted (log-space) convex combination of
the target distributions from all participants.

The linear and log-linear aggregation rules we identify have
different pros and cons. Both share the advantage that
they are welfare maximizing for the respective welfare no-
tions. The linear rule unlike the log-linear rule is also mono-
tone, and therefore compatible with the robust incentives
approach.

Demonstration. We conclude with experiments to support
our token auction formulation, obtained by prompt-tuning
of a publicly available LLM. We consider a two-advertiser
example and the linear and log-linear aggregation rules
identified to be optimal for corresponding welfare notions.
We show how the combined output varies as a function of

= b1/(b,+b2), where by and by are the advertisers’ bids.
Both approaches lead to meaningful and interpretable text,
and smoothly transition from one to another advertiser, with
a joint ad produced for intermediate values of \.

Additional Related Work. Additional related directions
include LLM fine-tuning (Wei et al., 2021; Bakker et al.,
2022; Ouyang et al., 2022; Bai et al., 2022), in-context
learning (Brown et al., 2020; Wei et al., 2022; 2023), mech-
anism design for public projects (Papadimitriou et al., 2008;
Dughmi, 2011; Freeman et al., 2019; Goel et al., 2019),
and robust mechanism design (Bergemann and Morris,
2005; 2012; Roughgarden and Talgam-Cohen, 2016; Car-
roll, 2015; Diitting et al., 2019). See Appendix D for a more
detailed discussion.

2. Demonstration

The description of the token auction model as well as the
analysis of the auctions designed and their incentives can be
found in the appendix.

We implement the aggregation functions proposed in Sec-
tion C and discuss the examples they produce. Off-the-shelf
LLMs respond full text passages. In our case, we need to
peek at the internal states of LLMs (the probability distribu-
tions over tokens) at each token generation stage. For that
reason, we use a custom version of the Google Bard model
with a custom inference method that allows us to access the
distributions. The aggregation functions are implemented
inside the inference method.

Starting from the same base model, we customize it for
different agents by prompt-tuning. One key advantage of
simulating LLM agents with different prompts is that one
does not need to serve multiple LLMs at the same time,



A

[ Linear aggregation function gk

[ Log-linear aggregation function gk

1 Alpha Airlines: Your ticket to paradise.

0.75 | Alpha Airlines: Fly to Hawaii and experience the beauty | Feel the magic of Hawaii with a flight on Alpha Airlines,
of the islands with aloha. now offering 20% off all flights when you book with us
Beta Resorts: Stay at our resorts and enjoy the best of | today!

Hawaii.

0.6 | Alpha Airlines flies you to Hawaii, where you can enjoy | Experience the magic of Hawaii with a flight on Alpha
a week-long stay at the Beta resort for just $1000. Airlines, now offering 20% off all flights when you book

with us today!

0.55 | Alpha Airlines flies you to Hawaii, where you can enjoy | Escape to the tropical paradise of Hawaii with [Alpha
a week-long stay at the Beta resort. Airlines]!

0.5 | Alpha Airlines flies you to Hawaii, where you can enjoy | Experience the magic of Hawaii with a stay at the lux-
a beautiful sunset on the beach. Stay 3 nights and get the | urious [Beta Resort] and a refreshing flight on [Alpha
4th free at the Beta Resort. Airlines].

0.45 | Fly Alpha Airlines to sunny Hawaii and enjoy the se- | Experience the magic of Hawaii with a stay at the luxuri-
cluded beaches and private lagoons of the Royal Hawaiian | ous [Beta Resort] and a special flight offer from [Alpha
Beta Resort. Airlines].

0.4 | Fly Alpha Airlines to sunny Hawaii and enjoy the first- | Experience the magic of Hawaii at the [Beta Resort],
class treatment that awaits you at Beta Resort, all for one | where you’ll feel like you’re in a tropical paradise.
low price.

0.25 | Experience the magic of Hawaii at the Beta Resort, where | Experience the magic of Hawaii at the Beta Resort, where
the sun shines brighter and the waves crash louder — book | you’ll be pampered like royalty and surrounded by breath-
your stay today with our exclusive 20% off discount! taking beauty.

0 Hawaii’s Beta Resort: a paradise where the sun shines brighter, the waves sing sweeter, and the sand feels softer.

Table 1. Text generation from two aggregation functions with different A = b1 /(b1 + b2).

but instead making multiple queries to the served one. Be-
cause of their large sizes, serving multiple LLMs can be
very costly and practically challenging. As one of the key
strengths of LLMs, the flexibility to accomplish various
tasks with properly designed prompts sheds light to the pos-
sibility of training one universal LLM that can, for example,
generate different ads according to agent-specific prompts.
That is, the universal advertising LLM, plus an advertiser-
specific prompt, behaves like an advertiser-specific LLM
through the online in-context few-shot learning.

2.1. Setup

We illustrate our method with a co-marketing example
among two agents; each of them would like to advertise
for their brands, “Alpha Airlines” and “Beta Resort”, regard-
ing a shared topic “Hawaii”. We choose fictitious brands to
avoid the model directly using any existing ads. We use the
brand names “Alpha” and “Beta” that do not have strong
meanings on their own to minimize any potential hallucina-
tion, as we are using a common purposed LLM that is not
optimized for our task. Each agent is given the following
prompt:

“You are an expert of writing texts that naturally
combines two ads together. Your choice of words
and sentences is full of artistic flair.

Write a one-sentence ad for

Agent A uses “a flight to Hawaii using [Alpha Airlines]”
to fill the blank, while agent B uses “a vacation in Hawaii

at the [Beta Resort]”. The first two sentences in the prompt
aim to improve the quality of the ad generation through
assigning roles (see, for example, (Wu et al., 2023)).

A natural question is whether the proposed method can
adjust the combining strategy according to the context. If
two agents are advertising for competing brands, will it
avoid advertising for both in the same creative? We also
explore such a competing setup with “Beta Resort” and
“Gamma Hotel” using the same design.

Two Bids as One Parameter. Since in both the linear
aggregation rule gk and the log-linear aggregation rule gk,
there is only one degree of freedom, we parameterize the
response by A = b1/(b; +b,).

2.2. Results

The results for the co-marketing example are listed in Ta-
ble 1, where from top to bottom, the value of \ decreases
from 1 to 0. As we can see for both aggregation functions,
the generated texts roughly follow the pattern of “only Al-
pha Airlines” — “both Alpha Airlines and Beta Resort” —
“only Beta Resort” when A goes from 1 to 0. This is ex-
pected, as A going from 1 to O corresponds to b increasing
from 0 to oo with b; fixed (or b; decreasing from oo to 0
with by fixed). The thresholds of pattern changes are 0.75
and 0.4 for the linear aggregation, and 0.5 and 0.45 for the
log-linear aggregation. We emphasize that the example is
generated with a general purposed LLM, and it is reasonable
to believe that the performance can be improved with proper
fine-tuning for the specific task at hand.
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A. Preliminaries

In this section, we first provide an abstraction of typical generative models. For concreteness we adopt a terminology that
suits the important LLM use case where the creative is text. We then introduce the basic formalism of the mechanism design
problem we study.

A.1. Abstraction of Large Language Models

Large language models (LLMs) (Brown et al., 2020; Thoppilan et al., 2022; Google et al., 2023) can be abstracted as
functions mapping from a partial sentence to the distribution of the next roken that extends the partial sentence.

Formally, let 7" be the set of tokens and A(7) be the set of distributions over 7. Let T* = T UT? U - - - U TX denote the
set of sequences of tokens, where K is the maximum sequence length that the LLM can handle. Each LLM is modeled as a
function f : T* — A(T) that maps any sequence of tokens to a distribution over the next token.

Autoregressive Text Generation. A prompt is an initial set of tokens sg € T provided with instructions of what text to
generate. An LLM produces a text in response to the prompt by sampling a token 71 ~ f(sg) and constructing s1 = s P 71
(where @ is the operation to append a token to an array). We then repeat the process of 7, ~ f(sx) and s = sp_1 D T
until a special end-of-sentence token is sampled. If at some point the sequence of tokens becomes too long (larger than K)
we trim sy, to its length- K suffix.

We remark that LLMs are stateless by design: They keep no internal memory (other than the sequence of tokens produced
so far) and each token is sampled independently.

Training of LLMs. An LLM f is parameterized by a neural network structure M and a set of weights WW. The weights are
often obtained by three stages of optimization (see first three rows in Table 2). The initial stage is very computationally
intensive but task independent. Subsequent stages are less costly and their goal is to adapt the general purposed model
obtained in the first stage to more specific tasks. In each of the stages, we minimize a different loss function over a different
dataset. The details of the training process are not particularly relevant for our discussion, but we add a more detailed
discussion in Section C.1. We will note, however, that some of the mechanisms we discuss for combining the inputs of
different LLMs resemble the functional form used in the reinforcement learning and fine-tuning steps.

Training/Learning stages Data Cost Goal
Pre-training i General texts from web, books, etc Very high A common baseline shared across downstream tasks
Instruction fine-tuning Task specific data Medium Optimize the behavior for specific tasks
RLHF ° Human evaluations Medium Security control, reducing harmful behavior, etc
In-context few-shot learning | Carefully designed prompts as inputs Very low Effectively influence the behavior in real-time

Table 2. Common training stages of LLMs.
A.2. Token Auctions for LLMs

We now formalize the mechanism design problem of combining the outputs of different LLM-represented algorithmic
agents. As discussed in the introduction, we will design an auction to act on the token-by-token generation stage. Our goal
is to keep the auction technically aligned with the state-of-the-art LLM systems.

Robust Modeling of LLM Agents’ Preferences. One major challenge in designing mechanisms for LLM agents is that
they are represented as distributions, and it is generally difficult to compare LLM agents’ “utilities” among distributions.
To illustrate, suppose an LLM agent’s preferred distribution over two tokens is p = (0.6, 0.4), and consider two possible
generated distribution outcomes: ¢; = (0.5,0.5) and g2 = (0.8, 0.2). Between ¢; and ¢, it is unclear which one this LLM
agent would prefer since while g5 appears more distant from p than ¢, it has a higher probability on the first token which
appears more preferably by the LLM’s distribution p.

Despite this incomparability between ¢; and g, it does appear “obvious” that g would be less preferred by the LLM than
g3 = (0.7,0.3). This is because g3 deviates from p along the same directions as ¢ for each entry (i.e., both increase or both
decrease), but deviates less in terms of the absolute value of deviation.

The above observation illustrates that while it is difficult to model LLM agents’ complete preferences over all the generated

“Brown et al. (2020); Google et al. (2023).
SWei et al. (2021).
®Ouyang et al. (2022).



distributions, it seems plausible to assume a certain partial order over the distributions. This motivates us to consider robust
modeling of LLM agents’ preferences, with the following notion of obvious preference.

Definition A.1 (Obvious Preferences over Distributions). Consider any LLM agent ¢ with preferred distribution p;, and
any two aggregation distribution ¢, ¢’ € A(T'). We say ¢ is (weakly) obviously preferred over ¢’ by agent i — or formally,
q =i ¢ —if

vieT, lq(t) — pi()] < |d'(t) — pi(D)] (1
and (q(t) —pi(t))(q'(t) — pi(t)) > 0. 2)

Moreover, if ¢ # ¢, q is strictly preferred over ¢’ by i, i.e., ¢ =; ¢'.

In other words, q is preferred by 7 over ¢’ when (1) the deviation of ¢ from p; is smaller than the deviation of ¢’ from p; for
every entry; and (2) these deviations are along the same direction for every entry. Note that Definition A.1 only specified a
partial ordering among aggregated distributions. Thus it is possible that two distributions are not comparable, i.e., ¢ #; ¢’
and ¢’ #; g.

Token Auctions. Our goal is to design simple, practical auction mechanisms that work well under minimal assumptions
about the agents’ private preferences. Specifically, we seek to design token auction mechanisms M = (q, z), where ¢ is a
distribution aggregation function and z is a payment function. A token auction mechanism operates on a token-by-token
basis, and lets n algorithmic LLM agents influence the output distribution and payments through scalar bids. We denote the
vector of bids by b = (by,...,b,) € Q}. We assume that the initial prompt sy € 7, and the text aggregation functions
fi,--., fn of the n LLM agents are publicly known.

Distribution Aggregation Function. This is the first ingredient to a token auction mechanism. A distribution aggregation
function ¢ takes as input a vector of bids b € Q"' and n distributions p € A(T")" and maps these to a distribution over
tokens:

aggregation function: ¢ : Q" x A(T)" — A(T).

For fixed bids, a distribution aggregation function can be used in the same way as a text aggregation func-
tion. Namely, starting from the initial prompt so € 7™, we can repeatedly sample 7, from distribution g, =
q((b1y .-y bn), (f1(Sg=1), ..., fu(sk—1))) for each k > 1 to generate s, = sp_1 @ 7. Note the alignment with LLMs,
which already produce the distributions f;(s,—1) for i € [n]. No additional calls to the LLMs are needed.

Payment Function. In addition to the distribution aggregation function, we seek to design payment functions. Here, we want
to operate on a token-by-token-basis and seek a stage independent design. Formally, for each agent ¢, we aim to define a

pricing function:  ¢; : Q} x A(T)" x T — R,

with the interpretation that for bids b € Q" distributions p € A(T')", and token ¢ ~ ¢(b, p), the payment from agent 7 is
¢i(b, p,t). These pricing functions naturally lead to expected payments by taking expectations over tokens. Namely, for
each agent ¢, we define

payment function: z; : Q) x A(T)" — R,

as the function that takes as input a vector of bids b € Q’} and distributions p € A(7T)", and maps these to z;(b,p) =
Einqop)[Ci(0, P, 1))

Discussion. We believe that token auctions and our assumptions offer the right level of abstraction for reasoning about the
strategic aspects of aggregating LLMs. This is because it seems impractical (if not impossible) to fully express an agent’s
preferences over all possible generated creatives. The most plausible way to do so at the current state of the art is perhaps to
represent each agent as an LLM. Indeed, by design, current LLMs naturally distill agent preferences over texts to stateless
distributions over tokens. Therefore, if agents’ are represented as LLMs, it seems natural to auction tokens based on agents’
token preferences expressed by the LLMs.

At the same time, the detailed functioning of LLMs remains rather opaque, and it seems implausible that agents could
meaningfully misreport the outcome distributions of their LLMs in order to achieve a more desirable aggregated output.

Our auction formulation offers a middle ground. We assume the designer has access to the LLMs, but let the agents influence
the aggregation process through a single dimensional bid.



B. Incentives in Token Auctions

In this section, we examine the strategic properties of token auctions. Our goal is robust incentive properties that rely on as
few assumptions about the agents’ preferences as possible. We first formulate two natural properties that any reasonable
mechanism should satisfy, and show that they are equivalent to a monotonicity requirement on the distribution aggregation
function. We then show that for any such monotone distribution aggregation function, it is possible to define a natural
second-price payment rule.

B.1. Desirable Incentive Properties

We begin by formulating two conditions that any reasonable token auction mechanisms should satisfy. The first is a
monotonicity condition on the payment function. It requires that agents’ pay increases if and only if they obtain obviously
better distributions.

Definition B.1 (Payment Monotonicity). Mechanism M = (q, z) satisfies payment monotonicity, if for all p, b_;, b;, b, we
have

Zz(bzabf’up) 2 Zl(b;bfﬂp) <~ q(b“b,“p) tz q(b;,b,“p)

It is a natural incentive constraint because if the payment function is not monotone, then bidders will naturally manipulate
their bids in order to induce better distribution with lower payment.

The second incentive constraint is about the consistency of the aggregation function. Intuitively, whenever two bids lead to
two aggregated distributions with an obvious order, this order should be consistent in the sense that it is not affected by
others’ bids.

Definition B.2 (Consistent Aggregation). The distribution aggregation function ¢(b, p) is said to be consistent if it
admits consistent ordering across all b_;. Formally, if q(b;,b_;,p) =; q(b},b_;,p) for some b_;, then for all b’ ,
q(bi7 b',z,p) ti Q(b;? bLi) p)

Similar to payment monotonicity, this requirement of consistent aggregation is imposed to avoid bidders’ concerns that the
same bid can lead to obviously better or worse distributions, depending on the opponents’ bids. To rule out such behavior,
consistency requires that whenever bids b;, b, are such that b; is strictly preferred over b; for some opposing bids b_;, then it

better be that b; is weakly preferred over b, for all opposing bids b’_;.

These two properties are quite common in the mechanism design literature. For instance, in single-time auction design,
allocation consistency is a necessary condition for incentive compatible mechanisms (Myerson, 1981), and it also induces a
monotone payment function.

B.2. Monotone Aggregation Functions

Next we show a “revelation principle” type of result, stating that if one is interested in mechanisms satisfying the desirable
incentive properties stated above (Definition B.1 and Definition B.2), then one can without loss of generality focus on
monotone aggregation functions as captured in the following definition.

Definition B.3 (Monotone Aggregation Function). The distribution aggregation function ¢(b, p) is called monotone if any
higher bid from any agent ¢ leads to an obviously more preferred aggregated distribution for 7. Formally, for all p, b_; and
q(bi, b—s,p) =i (b}, b, p).

We are now ready to state our main finding in this subsection with the following definition of strategic equivalence from
one mechanism M to another M. In words, the aggregated distribution and all agents’ payments will be the same under
mechanism M and M after each agent ¢ applies some strategy mapping ;. Formally,

Definition B.4 (Strategic Equivalence). A mechanism M = (q, z) is strategically equivalent to another mechanism
M = (q,2), if Vp € A(T)", there exists a profile 7 of strategy mappings with 7; : Q; — Q4 for every agent i (i.e.,
m(b) = (m1(b1), ..., mn(bn))), such that Vb € QY q(b, p) = G(m(b), p) and z(b, p) = Z(7(b), p).

Theorem B.5 (Revelation Principle). Any mechanism M = (q, z) with a consistent distribution aggregation function q and
a monotone payment function z is strategically equivalent to a mechanism M= (G, Z) which has a monotone distribution
aggregation function q and a monotone payment function z.



Theorem B.5 can be viewed as a revelation principle in the sense that it simplifies the design choice of aggregation functions.
Monotone aggregation functions are a strict subset of consistent aggregation functions since monotonicity directly implies
a total order over possible aggregated distributions Q(b_;,p) = {q(b;,b_;,p) : b; € Q4}, with the order naturally
determined by the real-numbers’ order on ¢’s bid b; hence this order will be consistent across different b_; and p. In this
sense, one might think that consistency — which does not impose any restriction when ¢(b;, b_;, p) is not strictly preferred
over q(b}, b_;, p) — might be a significantly weaker requirement on aggregation functions than monotonicity which requires
a total and consistent order. Theorem B.5 shows that this is not the case — they are essentially the same as long as the
natural incentive requirement of payment monotonicity is also imposed.

The proof of Theorem B.5 hinges on the following two lemmas, Lemma B.7 and Lemma B.6. Together these two lemmas
imply the existence of a strategy mapping, under which the resulting aggregation function becomes monotone. The proof of
the theorem is completed by applying the same mapping to the payment function, and noting that this ensures payment
monotonicity. We defer the formal proofs of these results to Appendix E.

Lemma B.6. Consider any consistent aggregation function q. Suppose =; defines a total order over the aggregation set
Q(b_;,p) = {q(b;,b_;,p) : b; € Q4 } induced by agent i’s bid for any fixed b_; and p, then there exist a profile w of
strategy mappings such that q(b, p) = q(mw(b), p) for some monotone aggregation function G(-, p).

Lemma B.7. For any distribution aggregation function g, there exists a payment function z such that mechanism M = (q, z)
is payment-monotone if and only if =; establishes a total order over Q(b_;,p) = {q(b;,b_;,p) : b; € Q. } for any fixed
b_; and p.

We conclude this subsection by giving two natural examples used in today’s machine learning practice: an example of a
monotone aggregation function, and a non-monotone one.
[Linear Aggregation] Consider gk (b, p) defined as
1
QKL = B Z b; - pi, where B = Z b;.
i€[n] i€[n]
It is easy to verify that this is a monotone aggregation function.
[Log-linear Aggregation] Consider the aggregation function gk (b, p) defined by the following equations:
1
VteT, lanL(t) = E Z b; - hlpi(t) - C,
1€[n]
where B = Zze[n] b;and C = 1n ZtET 6% >ien) bi-lnpi(t)'

The following two-agent example shows that gk is not monotone: p; = (.5, .4,.1) and po = (.5,.1,.4). When by = bo,
gkL = (V/.25,1/.04,/.04)/.9 = (5/9,2/9,2/9). Fix by = 1, either b; — 0 or by — 00, gL(t1) = .5 < 5/9. Hence Gk
must not be monotone.

B.3. Second Price Payment Rules

Next we explore whether for monotone aggregation functions we can create a pricing rule with a “second-price” semantic
inspired by the Vickrey auction notion of “minimum-bid-to-win”. In the Vickrey auction, the payment corresponds to
the critical bid where an agent transitions from losing to winning. To port this notion to our setting, we will show in
Theorem B.10 that any monotone aggregation rule can be written as a distribution over deterministic allocations from bids
to tokens such that there is a critical bid where the allocation transitions from a less preferred to a more preferred token.
Such a critical bid becomes then a natural candidate for the payment. We will show that besides being payment monotone
it has other desirable properties, such as a Myerson-like characterization (Myerson, 1981) in terms of the total variation
distance between the preferred distribution and the outcome. To define our payment rule, we first discuss the notion of stable
sampling.

B.3.1. STABLE SAMPLING

We analyze a monotone distribution aggregation function ¢ (b, p) from the perspective of a single agent where the distributions
p and the bids of other agents b_; are fixed. To simplify the notation, we refer to q(b;, b_;, p) as q(b;).
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We define an implementation of ¢(-) as a function o that maps b; and an exogenous random variable r ~ R (independent of
b and p) to atoken ¢ € T'. When r is fixed, o is fully deterministic. We say that o : Q4 x R — T is a valid implementation
of ¢(+) if:
TPI;%[O'(bi, r) =t] = q(b;),Vt € T.

Next we define what it means for an implementation to be a stable sampling. It is useful to split the token set 7" into
T, ={teT:q(0) < (p)ttandT_ = {t € T : ¢:(0) > (p;)+} corresponding to undersampled (7' ) and oversampled
(T-) tokens. The monotonicity of aggregation function ¢ is equivalent to the monotonicity of ¢;(b;) as formalized in the
following lemma (proof in Appendix F).

Lemma B.8. A distribution aggregation function q is monotone, if and only if for every agent i and b; € R,

1. Vt € Ty, q:(b;) < (pi)+ and g weakly increases;
2.Vt e T, qi(b;) > (pi)¢ and g; weakly decreases.

We can now define the key notion of stable sampling, and state and prove our main result in this subsection.

Definition B.9 (Stable Sampling). Let ¢;(b;) be an aggregation function obtained by fixing b_; and p, and let T’y and 7" be
the sets of undersampled and oversampled tokens for agent 7. Then we say that an implementation o is stable with respect to
aggregation function ¢ if for any r € R there are two tokens u, € T and o, € T and a threshold 6,- € Q4 U {co} such
that:

o(bi,r) = oy, ifb; < 0,; and o(b;,r) = u,, ifb; > 0,.

Here is an example of stable sampling for a single undersampled token v and a single overampled token o. Sample r
uniformly in [0, 1]. If g, (b;) < 7 assign o; assign u otherwise. Note that this implementation is: (i) deterministic for fixed r;
(ii) monotone in the bid; (iii) matches the probabilities of ¢ in expectation. The following theorem generalizes this to any
number of tokens (proof in Appendix F).

Theorem B.10. Given a monotone distribution aggregation function q then for any agent v and fixed b_; and p there always
exists a stable implementation o of q.

B.3.2. SECOND PRICE VIA STABLE SAMPLING

A stable implementation of a monotone aggregation rule suggests a natural pricing rule: For any given randomness 7, if the
oversampled token o, is sampled, the agent pays zero as it is the same token that would have been sampled if their bid was
zero. If the agent’s bid was high enough to move from the oversampled to the undersampled token w,., then the agent pays
the critical bid 0,..

It has the property that the payment is proportional to the extent to which it shifts the distribution ¢(b;) towards the desired
distribution p;. Interestingly, the expected payment does not depend on the actual implementation chosen. Moreover, the
expected payment corresponds to the standard Myersonian payment formula where the distribution is replaced by the total
variation distance between the agent’s preferred distribution p; and the implemented distribution ¢(b;). We again omit the
terms b_;, p since they are fixed in each context. If a token ¢ € T is sampled, the payment is naturally ¢;(b;,t) = 0. For a
token ¢ € Ty we have:

Ci(bi, t)ar(b;) = Ep [0, - 1{o(bi,r) = t}]
b;
:ET/ [1{o(b;,7) =t} — 1{o(b',r) = t}]dV’
0
b;
~ [ )~ a)a.

Hence:

2i(b;)

Z:Ci(but)%(bi) = /Obi { Z q:(b;) — Z qt(b')} dv’

teTy teTy

b;
3 lla®) il 1a6) = v
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Counterfactuals. The practical advantage of a stable sampling implementation coupled with a second price rule is to offer
advertisers a description where it is clear that they only pay if they can improve the outcome. Moreover, advertisers can
more easily evaluate counterfactuals with a fixed r, where they can only produce one of two outcomes on each token that
can easily be compared.

Universally Stable Sampling. We chose to define stable sampling as a single-agent algorithm with fixed b_;. One may
define a universal stable implementation as c“™ : Q™ x R — T such that

Vvbe QT teT, Pl;%[a“”i"(b,r) =1] = q,
e~

and for any i and b_;, ¢“"V(-,b_;,r) is stable. In Appendix G, we provide counter-examples where such """ do not
always exist.

C. Design of Aggregation Functions

In the previous section, we discussed payment schemes and incentive properties assuming we have an aggregation function.
Here we investigate the design of aggregation functions. We adopt two guiding principles: (1) We first define a welfare
function to model the overall satisfaction of the agents with the final distribution g, weighted by their bids b;. The welfare
function has the form:

WEL(p, b, q) szp Disq

where p : A(T) x A(T) — R indicates how close the distribution ¢ is to the preferred p;. (2) The second is to define the
closeness function p based on the typical loss functions in LLM training.
C.1. Review of LLM Training

So far we assume that an LLM f : T* — A(T) is already trained. In order to discuss the training process, it is useful to
recall that an LLM is a neural network parameterized by a vector of weights W € R¥ in a very high dimensional space. To
discuss training, it is useful to think of f as a function of both input and weights:

f:T* xRY — A(T).

We represent the second argument by a superscript 1. Training is to optimize W such that f"(-) minimizes a certain loss
function over a dataset. A dataset is a sequence of pairs (x;,y;) with z; € T™ (input sequence) and y; € T (label), and a
loss function is a function ¢ : T x A(T) — R. A network typically seeks to minimize:

mmE (yir 7 (1))

A widely used loss function in the first stage is the KL-divergence:

lki(y, ) = —In[f¥ (y|2)],
where we use the notation f(y|z) to represent the probability that a token y € T is sampled from f(z) € A(T).

It is useful to think of this problem in the limit where the size of the dataset grows to infinity and it can be effectively thought
of as a full-support distribution over 7 x T'. In that setting, we can represent the dataset as a distribution p € A(T* x T')
over input-label pairs (z,y) € 7" x T. We will write u(x) = >, p(z,y) to denote the marginal distribution on z and
1(-|x) to denote the conditional distribution of labels given an input . Then

minly ("), L (£) = Y p) - Drw(u(-|2)|lf (2)). (KL)

zeT*

where Dy (pllq) =D, p(t )ln q(t) is the KL-divergence.

LLMs are typically trained through a successive refinement of weights: WP — WSFT — WWRL In pre-training we
compute WP by solving problem (KL) on a generic dataset uP® via stochastic gradient descent. In the second stage,
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we initialize the weights as W = WP and run stochastic gradient descent to solve the same problem (KL) on a more
specialized dataset £°" 7. In other words, we solve the same problem on two different datasets.

The problem in the RLHF stage is different. The dataset only contains x (still represented by 1) and for any y, we have a
function 7(x, 7) giving the reward of mapping z to . Then WRL is obtained by maximizing reward while minimizing the
distance to the function f SFT from previous stages (the PPO algorithm (Schulman et al., 2017; Ouyang et al., 2022)):

max LET (™M), (RL)
Lo () = 3 ) [ v y) (ko) — BDL(F (@) 15T (@)
xeT* Yy

KL-divergence and Entropy. For the next propositions it is useful to recall that the entropy of a distribution p €
A(T) is H(p) = — > ,cpp(t)Inp(t). Given two distributions p,q € A(T), the cross entropy of ¢ relative to p is
H(p,q) = — > ,cpp(t)Ing(t). Hence we can write Dk (pllq) = H(p,q) — H(p). We will also use Gibbs’ inequality

H(p) < H(p,q),Vp,q € A(T).

C.2. KL-inspired Aggregation

The first aggregation method will be based on the (KL) program. When trying to aggregate LLMs f; according to bids b;, we
will design a function ¢ that mimics the outcome of the following thought experiment. We will imagine that each LLM was
obtained by solving the (KL) on a dataset represented by (1;, where the marginal over inputs are the same p;(x) = p(z), Vi
but potentially differ on the marginals on the labels p;(y|z). In this thought experiment, we will combine their LLMs by
re-training an LLM on the combined labels weighted by the bids. In other words, we will solve the problem:

Zi bips
Zi bi .

mwi/n Ll (f7), where 1 =

3

The next proposition morally says that we can obtain a solution to the (KL) problem on the aggregated dataset (3) by
combining its solutions on individual datasets. The proof appears in Appendix H.

Proposition C.1. Consider datasets ji; such that j;(x) = p(x), Vi, x and let [i be their weighted average. Let f; be the
minimizer of Ll and f* be the minimizer of L', the loss on the aggregated dataset. Then f* is the solution to:

mfinZu ZbDKsz M f(x)). @)

Proposition C.1 motivates the following welfare function:

WELk = Zb pxL(piy q) = Zzb it q((tt))

i1€[n] i€[n] teT

Now, we characterize the aggregation function that optimizes WELk| . The proof in Appendix H uses Gibb’s inequality.

Lemma C.2. The efficient aggregation function that maximizes WELg is the linear combination of p;:

Z b; - pz().

VtGT, (IKL() Zb

Besides being monotone and aligned with how LLMs are trained, this aggregation function has the advantage that we only
need to call a single LLM to sample each token. We can choose an index ¢ proportionally to the bids and then sample a
token from the ¢-th LLM. To compute second price payments, however, we still need to query the LLMs for all agents.

C.3. RL-inspired Aggregation

Now consider a different thought experiment where all agents use the same pre-trained and fine-tuned model of weights
WSFT but each one uses a different reward function r;(z,y) for RLHF. We combine their LLMs by solving the (RL)
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problem on the combined reward functions weighted by the bids. We will solve the problem:

W _— 2o biri
mvgxﬁgl_ (f ), r = W
Analogously to Proposition C.1, we show that we can obtain the solution to the aggregated problem by combining the
solutions on each dataset. We defer the proof of Proposition C.3 to Appendix H.

Proposition C.3. Consider datasets i, 7; and let f SFT be the solution of program (KL) with data . If f; is the maximizer
of LI, let f* be the maximizer of L5 where T is the weighted average of the reward functions, then f* is the function
minimizing:

mj}nZu Zb Dy (f (@) fi(2)). &)

Similar to what we did in the previous subsection, we can also define a welfare function inspired by Proposition C.3.

Namely:
WELk = Zb PKL(q, i) = Zzb q(t ((tt))

n] teT

Lemma C.4. The efficient aggregation function that maximizes WELk is the log-linear combination of p;:

C+ Zblnpz()

vt € Ta In qKL(t) = y
> bi

where C'is a normalization constant such that ), g (t) = 1.

The proof follows directly from the proof of Proposition C.3. While not monotone (Example B.2), the log-linear aggregation
function is a reasonable choice assuming that the agents’ preferences are aligned with the KL-divergence loss for the
RL-stage training.

D. Additional Related Work

To the best of our knowledge, the exact research question and our approaches in this work have not been previously studied.
However, our work is indeed connected to a few lines of research. The most relevant to us is perhaps the growing literature
on fine-tuning LLM, with reinforcement learning from human feedback (RLHF) as a representative approach (Wei et al.,
2021; Bakker et al., 2022; Ouyang et al., 2022; Bai et al., 2022). At a high level, fine-tuning and RLHF seek to align a
generally pre-trained LLM with certain desirable behaviors. This is in spirit analogous to our goal of designing LLMs to
better align with a group of agents’ overall preferences. However, our research challenges and methods are both different
from fine-tuning. Specifically, fine-tuning refines the underlying model’s parameters whereas our approach is one-layer
up and directly aggregates the output distributions from multiple models. The main challenge we address is the potential
incentive misalignment while eliciting LLM agents’ preferences, whereas human labelers or other models that generate
reward feedback for RLHF are assumed to be genuine and do not misrepresent their own preferences. In-context learning
(Brown et al., 2020; Wei et al., 2022; 2023) are similar to us in the sense that they also do not change the model parameters.
They influence token distributions by conditioning on better-generated prefix contexts, whereas our approach directly
aggregates distributions from multiple LLM agents.

Another related line of research is the celebrated field of mechanism design (MD), particularly for the choice of a “public
project” (Papadimitriou et al., 2008; Dughmi, 2011) (which is the output of the designed LLM in our situation) that
maximizes a certain welfare function. Similar to these type of design problem, a core challenge in our problem is to elicit
truthful preferences from unknown agents. However, the design problem in our case is fundamentally different — we choose
a high-dimensional distribution from an R” space with only partial knowledge about agents’ preferences, whereas previous
MD for public project typically pick a choice from a discrete (often exponentially large) set with clear agent valuation
functions (Papadimitriou et al., 2008; Dughmi, 2011). Freeman et al. (2019); Goel et al. (2019) consider truthful aggregation
of budget proposals. Their mechanisms do output a distribution over budgets that best serves the population. However,
the objectives and techniques between our work and theirs are both different. First, their problem is mechanism design
without money, whereas our problem has monetary transfers involved. A direct consequence of the difference is that their
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mechanism will treat every participant with equal weight, whereas the weights of our participants are determined by their
bids. Second, research on truthful budget proposal aggregations often assume explicit valuation functions (e.g., [; distance
between preferred and output distributions), under which the VCG mechanism is truthful. Their main research question
hence is to study additional properties of the mechanisms such as Pareto-efficiency and certain fairness properties (Freeman
et al., 2019). Assuming such an explicit valuation function does not appear realistic in our problem, so our core research
question is to design robust mechanisms that enjoy good incentive properties simultaneously for a broad range of valuation
functions. From this perspective, our work also bears some similarity to the rich literature on robust mechanism design.
Most of robust MD literature still assume existence of value functions with uncertainty modeled by Bayesian beliefs or in a
max-min sense (Bergemann and Morris, 2005; 2012; Roughgarden and Talgam-Cohen, 2016; Carroll, 2015; Diitting et al.,
2019). However, assuming such a valuation function over tokens or their distributions does not appear realistic in creatives
generation, thus our model is more similar to a worst-case style consideration during which we only assume partial yet
“obvious” preferences.

E. Omitted Proofs from Section B.2

Our proofs make use of the following lemma, which shows that any complete preference relation on a countable set, can be
expressed via a function that maps elements of the countable set into the non-negative rationals.

Lemma E.1. Let X be a countable set, and let = be a complete preference relation on X. Then there is a function
f: X — Qi suchthat x < yifand only if f(z) < f(y).

Proof. Since X is countable, we can arrange it in a sequence {z1, x2, ...}. We describe a procedure to define f(x;) for
each z; in turn. Let f(z1) = 1. Suppose we have defined f(z1), f(x2), ..., f(x,) in such a way that all order relations
are preserved. That is, for all ¢, j < n, we have z; < x; if and only if f(z;) < f(z;). We want to define f(x,41). If
ZTpy1 = @ and 2,11 < x; (€., Tpy1 ~ 2;) for some i < n, then we can let f(2,41) = f(z;) and we have extended the
function to one more element in a way that preserves all order relations. Otherwise, we can partition the set {z1,...,2,}
into two sets

L=Az;: i<n, z; <xpt1} and H={z;: i<n, x; > Tpy1}

In Q4 every element of f(L) is strictly smaller than every element of f(H). Choose g € Q. strictly larger than all the
elements of f(L) and strictly smaller than all the elements of f(H ). For each x; with ¢ < n the relationship between z; and
Zn+1 1S the same as the relationship between f(z;) and g. Therefore, letting f(x,,11) = ¢ extends the function to one more
element, preserving all order relations, as required. The resulting function defined on all of X is thus an isomorphism from
X to the image of f. O

Proof of Lemma B.6

Proof. Since the distribution aggregation function g is consistent, we can define a preference relation >=; , on Q. according
to the total orders over Q(b_;, p) for all possible b_; (assumed by the lemma) such that, ¥b;, b}, € Q.

o If there exists b_; such that q(b;, b_;, p) >, q(b}, b_;, p), then b, is preferred to b}, i.e., b; >; p b};

o If Vb’ ;, q(b;, b, p) = q(bl,b_;, p), then b; and b} are indifferent, i.e., b; ~; , b,

Note that the validity of this construction is guaranteed by the definition of consistency (Definition B.2):

* For any b;, b} assigned b; >; , b}, there exists some b_; such that ¢(b;, b_;, p) =; ¢(b;, b_;, p). By the definition of
consistency, Vb’ ;, ¢(bi, b, p) = q(bl,b__,, p). So we never assign the contradicting order (b} =; ,, b;).
* Meanwhile, for any b;, b assigned b; ~; p, bl, we have that Vb'_;, ¢(b;, b, p) = q(b},b_,, p), which implies that for

(3

allb’_;, q(b;,b"_;,p) #: q(b;,b"_;, p). Therefore, we never assign b; >; ,, b..

By the assumption of the lemma, >; establishes a total order over Q(b_;, p). We argue that this implies that >; , is a
complete preference relation on Q. Concretely, for every pair b;, b, € Q4 we have g(b;), q(b;) € Q(b_;, p). So either for
some b_;, q(b;) >; q(b}) (or q(b;) =; q(b;)), or for all b_;, q(b;) = q(b}), due to the lemma’s assumption of total order
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over Q(b_;, p). Hence every pair b;, b; € Q has an order under =i,p (i.€., = p OF ~; ), so the preference relation =; p, is
complete.

By Lemma E.1, since Q; is countable, there exists a function f; , : Q1 — Q. that represents the preference relation =; ,,
ie.,

Vbivb; € Q+, bz ti,p b; <~ fl,p(bl) Z fl,p(b;)
Hence we can construct ¢ as:
(j(fi,p(bi); b*ivp) = (J(blv b*iap)‘

Note that for any b;, b; such that f; ,(b;) = fip(b}), we have b; ~; , b, = q(b;,b_;, p) = ¢(b;,b_;,p). Hence, the
construction of ¢ never assigns different values to the same input.

To complete the construction of G(-,b_;, p), we expand its definition from the image set of f; , to the entire bid space while
preserving monotonicity. The existence of the expansion is guaranteed by the monotonicity of G(-, b_;, p) on the image set
of f; p and the fact that the space of aggregations is compact.

Letting 7;(b) = fi p(b), we have q(b;, b_;, p) = §(m;(b;), b_;, p) and ¢ is a monotone distribution aggregation function for
agent 7. Applying the same argument and the relabeling procedure for every 7 from 1 to n, completes the proof. O
Proof of Lemma B.7

Proof. We first prove the “only if” (“=>"") direction. That is, suppose M = (g, z) is payment-monotone, then it must imply
a total order over Q(b_;,p) = {q(b;, b_;,p) : b; € Q4 } for any fixed b_; and p.

Fix any b_; and p. Forany ¢,¢" € Q(b—;,p) = {q(bi,b_;,p) : b; € Q4 } such that ¢ = q(b;, b_;, p), ¢’ = q(b}, b_;, p).
Let z; = z;(b;,b_;,p) and 2z = z;(b;,b_;, p) be the corresponding payment given by M. Without loss of generality,
suppose that z; > z,. Then by payment-monotonicity of the mechanism M, we have ¢ =; ¢’. In other words, >; establishes
a total order over Q.

Next we show the “if” (“«<=") direction. That is, given a total order over Q(b_;, p) = {q(b;,b_;,p) : b; € Q4 } for any
fixed b_; and p, we can construct a payment rule z such that M = (g, z) is payment-monotone.

Fix any b_; and p. Since >; establishes a total order over Q(b_;, p) and Q(b_;, p) is countable, by Lemma E.1 there exists
a function f; p_, p : Q(b—;, p) — Q4 such that Vq,q' € Q(b_;,p),

¢=iqd = fiv_.p(@) > fip_,p(d)

Letting z;(b, p) = fip_, p(q(b,p)), we obtain a payment-monotone mechanism (g, z). O

Proof of Theorem B.5

Proof. Applying Lemma B.7, we know that the payment monotonicity of M implies a total order over Q(b_;, p) for any
fixed b_; and p. Then applying Lemma B.6, we know that for any p there exist strategy mappings 7; : Q4 — Q. for each
1 such that ¢(b, p) = ¢(w(b), p) and (-, p) is a monotone aggregation function.

Now, following the same argument in the proof of Lemma B.6, let us further define Z(7(b), p) = z(b, p) for each b € Q"}
and p € A(T)". So M = (g, z) is strategically equivalent to M = (g, Z) by definition.

It remains to show that the mechanism M = (g, Z) is payment-monotone. We know that the original mechanism M = (g, z)
satisfies payment monotonicity, meaning that for each p, b_;, b;, b,

2i(bi, b_s, p) > zi(bj, b_s, p) <= q(bi,b_i, p) =i q(b;, b_i, p).
But then, with b = (b;,b_;) and b’ = (b;,b_;), we also have

éi(ﬂ—(b)?p) = Zi(bvp) > Zi(b/ap) = Ni(ﬂ(b/)vp)
— §(n(b),p) = q(b,p) = q(b', p) = G(n(b'), p),

so the pair ¢, 2 satisfies payment monotonicity as needed. O
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F. Omitted Proofs from Section B.3
Proof of Lemma B.8

Proof. We first prove the “only if” (“=>") direction. Suppose ¢ is a monotone distribution aggregation function. By
Definition B.3, for any agent ¢ and b; > b; > 0, we have

q(bi,b_i,p) =i q(bi,b_i,p) =i ¢(0,b_;, p).
For any undersampled token ¢ € Ty, because ¢;:(0,b_;,p) < (p;)+, then by Definition A.1, we have
qe(bis b—i,p), ¢t (b, b—i, p) € [4:(0,b_i, p), (pi)e]-
Hence by q(b},b_;,p) =; q(b;, b_;, p), we have
qt(b, b_i,p) > q1(bi, by, p),

namely, ¢:(b;, b_;, p) weakly increases with b; and never goes above (p; );.
Similarly, we can prove that for any oversampled token ¢ € T_, ¢;(b;, b_;, p) weakly decreases with b; and never goes

below (p;):.

Then we prove the “if” (“«<=") direction. Consider any b, > b;. For any undersampled token ¢ € T', as ¢:(b;, b_;,p) <
(pi)+ weakly increases with b;, we have

4t (bi,b_i,p) < qi (b, b_i,p) < (pi)e-

Similarly, we have for any oversampled token t € T__,

4t (bi,b_i,p) > qi (b, b_i, p) > (pi)e-
Then by Definition A.1,
q(b;a b—iap) ii q(bia b—iap)7

which then implies the monotonicity of q. O

Proof of Theorem B.10

Proof. Given an aggregation ¢(b;) we construct a stable sampling procedure o. Let Q- (b;) and Q_(b;) be the probability
of sampling tokens from 7y and 7_:

Qr(bi) =Y alb),  Q-(b) = a(bs)

teT teT_

Both are monotone as g is monotone (by Lemma B.8). Reparameterize functions g;(b;) in the range I = [Q+(0), Q4 (c0)]
by defining:’
Gi(z) = qt(erl(x)),Vt eT,xzel.

Since ¢;(x) is monotone, by Lebesgue’s Differentiation Theorem, it is differentiable almost everywhere on /. We observe
that:

3 a@) = Q@ @) =2, Y @le) = Q-(Q7 () = 1 — .

teTy teT-

Then ;(x) for t € T, forms a probability distribution over T';.. Similarly —g; () for t € T_ forms a probability distribution
over T_. Define k¥ (z), k™ () € A(T) as k] (z) = ¢}(z) for t € T, and zero otherwise and r; (x) = —§,(z) fort € T_
and zero otherwise.

"Here Q;l (z) refers to a generalized inverse (or the quantile function (Bulow and Roberts, 1989)) so that it is properly defined even
when Q4 () is discontinuous.
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We also define the vector ¢+, ¢~ € A(T) such that ;" = ¢;(0)/Q(0) for t € T, and zero for t € T_. Similarly:
q; = qt(00)/Q+(00) fort € T~ and zero otherwise.

Finally, we define a deterministic function
Sampler : A(T) x [0,1] = T
that takes a probability vector p € A(T') and r € [0,1] and outputs anindex ¢ € T'such that >, _, p; <7 <>, p;.

Now, we are ready to define the stable sampling procedure. Let R be the uniform distribution on [0, 1]2. Given r =
(ra,rp) ~ R we define the output ¢ = o (b;, ) as follows:

1. ifra <Q4+(0),t = Sampler(qt,rp) € Ty;
2. ifQ4(0) <ra < Qi(b;), t =Sampler(x™(ra),rp) € Ty;
3. if Q1 (b;) <74 < Q4(00),t =Sampler(k=(ra),r5) € T—;
4. if Q4 (00) < 14, t =Sampler(q—,rg) € T_.
Since o (b;,r) is deterministic, for any fixed r, either the output can not be influenced by the bid (r4 < Q4+(0) or

r4 > Q4 (00)) orit can only cause the output to shift from an oversampled token Sampler(x~(r4), ) to an undersampled
token Sampler(xT(r4),rg).

We now argue that the tokens are sampled with the correct probabilities. For ¢ € T';, the total probability of getting sampled
is:

Q4+(0) Q+(b)
/ G dra + / G (ra)dra = g:(0) + 4(Q4 () — G (Q4(0)
0 Q4+ (0)

= q¢(0) + q:(b) — q:(0) = gu(b).
Similarly for tokens in 7", the probability of being sampled is:

Q+(00) A 1
/ —qy(ra)dra +/ q; dra

Q+(b) Q4 (o0)
= G(Q+(0) = G4(Q+(00)) + @:(00) = q¢(b) — g:(00) + g1 (00) = qu(b)-

This completes the proof. ]

G. Universally Stable Sampling

[Counterexample 4-token] Consider two agents {1,2} and 4 tokens {t1,t2,t3,t4}. Assume that both agents have the
same preferred distribution p; = pa = (0,0, .5,.5) and the allocation function is such that if both agents bid zero the
allocation is (.5, .5, 0, 0). Hence both both agents have the same set of favored tokens 7'y = {t3,t4} and less favored tokens
T_ = {t1,t2}. The aggregation function g(b1, b2, p1, p2) is given by the following table:

b = by =1
b2 =0 qoo = (.5, .5,0,0) qio = (O, .5, .5, O)
b2 =1 qo1 = (.5,0, 5,0) qd11 = (0,07 .5, 5)

One can verify that the aggregation function is monotone: When either of the agents increase the bid from 0 to 1, exactly
1/2 of the probability mass moves from T_ = {¢1,t3} to T = {t3,14}.

Now we show that there does not exist a universally stable sampling algorithm that implements this aggregation function.
Suppose there exist one, o, let r4 = {r|o(qoo,r) = t1} and rg = {r|o(qoo, ) = t2}. Because o is stable for bidder 1,
when bidder 1 increases bid, the probability mass only transfers from 7" to 77 .
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In this case, when the bid profile (b1, b2) moves from (0, 0) to (1,0), we must have

ts, rETrs
J(QlOaT) = { t2 rerg

Further apply the same argument when (b1, b2) moves from (1, 0) to (1, 1), we have

ts, rETH
U(Qnﬂ“):{u rerg

However, if we consider (by, b2) moves along the path (0,0) — (0,1) — (1, 1), we should have

ty, rery ty, TETA
a(q(n,r):{ t3, rerg ’ 0’((]11,7”)2{ ts, rerg

We end up with a contradiction on the value of o(q;1, ) while moving from (0, 0) to (1, 1) along two different paths.

[Counterexample 3-token] Consider two agents {1,2} and 3 tokens {t1,¢2, t3}, where the agents have different sets of
favored (less favored) tokens. In particular, T, = {t;,t3}, T, = {to} and T," = {t3}, Ty = {t1,t2}. The aggregation
function is given by the following table:

by =0 by =1
b2 =0 qoo = (.5, .5,0) qio = (.5,0, 5)
b2 =1 qo1 = (0, .5, 5) qdi11 = (.5,0, 5)

One can verify that the aggregation function is monotone: When b; increases from 0 to 1, exactly 1/2 of the probability
mass moves from ¢s to t3 (when by = 0) or ¢; (when bo = 1). When b5 increases from 0 to 1, either 1/2 of the probability
mass moves from ¢ to t3 (when by = 0) or no move (when b; = 1).

Similarly, suppose that there exists a universally stable sampling algorithm o that implements q. Letr4 = {r|o(goo,7) = t1}
and rg = {r|o(qoo,r) = t2}.

Following the same argument in Example G, consider the bid profile (b1, b2) moves along the path (0,0) — (1,0) — (1,1),
we must have

t1, rEras
ts, rerp

o(qi0,7) = o(qu1,7) = {

However, consider the bid profile (b1, b2) moves along the path (0,0) — (1,0) — (1,1), we must have

ts, rETH t3, rETY
o(qm,r):{ to, TE€r "’ o(qu,r):{ ti, reErg

We end up with a contradiction on the value of (g1, 7).

H. Omitted Proofs from Section C
Proof of Proposition C.1

Proof of Proposition C.1. We prove the theorem by showing that the loss E’lzl_ and the loss in equation (4) differ by a
constant and hence have the same minimizer. For B = ", b; and a fixed 2 we will show that:

B - D ( Z B'“Z J2) Y () Zb Dy (fi(z)||f" (x)) = const.
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For notation simplicity, we omit the parameters = and W when it is clear from the context and write >, b; f;(x)/B = f(x).
Below we treat any term that doesn’t depend on f as a constant:

> biDwu(fillf) = }:ij; }:bﬂy@lmﬂw@
BZZ bifi W) I f(ylz) +Zbel
=—B-H(f,f)+ Zbez

=B Dy (fllf) - B- +ZbiH(fi)

= B - Dxi(f||f) — const.

To complete the proof, observe that if f; is the unconstrained minimizer of £} (f) we must have f;(y|z) = pi(y|z). O

Proof of Lemma C.2
Proof of Lemma C.2. Let B = ZZ b; and consider W :

Wk =— Y bi- (H(pi,q) — H(pi))

1€[n]
H(pi)+ > bi- > pit)ng(t)

I
Fﬁ

i€[n] i€[n]  te[T)
:Zbi Zlnq Zbi-pit
i€[n] te([T] ie[n]
) % Pill
=S b m+BZ ’Z”mm
i€[n] te(T]
= > bi-H(p) — B H(gkw, q)

By Gibbs’ inequality, the cross entropy H (gki, ¢) is minimized if and only if ¢ = gx. Hence this is also the maximizer of
Wke. O

Proof of Proposition C.3
Proof. For a fixed x, f*(y|z) can be obtained by solving:

max Zf ylo)r(z,y) — BDku(f (@) f>T (x))

s.t. Zf(y\x) = land f(ylz) >0

By the standard KKT conditions, the solution has the form:
Frlylz) = P (yla)er 00 C,.
where C is a normalization constant to ensure ) f*(y|z) = 1. For the same reason, we have that:

filylz) = T (yle)en /P Cy

If f° is the function minimizing problem (5), then we can apply KKT conditions to obtain:

£ (ylz) —exp( Zb In f;(y|x) > .
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for normalization constants C7, and B = ), b;. Replacing the formula for f;(x) from the previous line, we obtain that:

£°(yl) = exp (; S b (i y)/8 +In fSFT<y|x>)> cr

= exp (7(z,y)/B +In 7T (y|z)) - CU = f*(y|z).

This completes the proof.
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