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Abstract

Recent work has focused on machine learning methods for manifold-valued data. Certain
manifolds admit a notion of pairwise distance, allowing the k-nearest neighbors (KNN) clas-
sifier to be used with manifold-valued data. However, the computation of pairwise manifold
distances is often computationally expensive, even with modern geometric machine learning
software. In this work, we generalize the Proximity Forest (PF) model, originally designed
as a time series distance-based classifier, to accommodate more general distance measures.
We show that the PF model scales more favorably than KNN for large sample sizes in high
dimensions. Given recent applications of the PF model, this also introduces supervised
outlier detection and imputation for manifold-valued data. Additionally, we integrate the
differential geometry software package for Maple to obtain a reduction in computational
costs for certain pairwise manifold distances. We also introduce a method for estimating
manifold distances on level sets.

Keywords: Machine Learning on Manifolds, Geometric Al, Learning on Graphs, Scalable
Learning

1. Introduction

Machine learning on manifolds is a topic of growing interest, and many machine learning
methods have recently been developed to analyze manifold-valued data (Miolane et al.,
2020). While most machine learning techniques are built using operations in a vector space,
manifolds generally do not have the structure of a vector space and require a different set of
mathematical tools. Some manifolds, such as Riemannian manifolds, have the structure of a
metric space. Therefore, conventional distance-based machine learning algorithms, such as
the k-nearest neighbors (KNN) algorithm, can be used for manifold-valued data, provided
that a suitable distance measure can be computed.

The KNN classifier is not without its drawbacks, however. To obtain model predictions
on a test dataset from a training dataset, a distance must be computed between each test
sample and each training sample, which operation has complexity O(kn?), where k is the
complexity of the distance measure and n is the number of data instances. For manifold-
valued data, the geodesic distance is often used, which is a computationally-expensive op-
eration, making the KNN classifier infeasible for large datasets.

A distance-based time series classifier known as a Proximity Forest (PF) was proposed
in Lucas et al. (2018). The PF model is designed to be similar to a Random Forest (RF)
model, though “proximity trees” are used instead of decision trees. The primary difference
between a proximity tree and a decision tree is that data instances travel down a proximity
tree according to distances rather than feature values. The original PF model was designed
to use time series distance(s). However, it can be readily adapted, as we have done, to work
with any distance measure.

One benefit of the PF model is that it has a computational complexity of O(knlogn) (Lu-
cas et al., 2018), which is lower than that of a KNN classifier. In addition, the PF model
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can be used to compute RF-based proximity graphs in which the nodes correspond to in-
dividual data instances. Thus, the PF model can be used to learn a graph in a supervised
manner. The learned proximity graph can be used in subsequent applications such as intra-
class outlier detection, supervised dimensionality reduction, and supervised missing data
imputation (Rhodes et al., 2023; Shaw et al., 2025). While KNN can also be used for all of
these tasks, RF-based proximities are substantially different.

In addition to using manifold distances for classification, we also consider the problem
of estimating manifold distances to begin with. For Riemannian manifolds, a Riemannian
metric tensor induces a distance measure, endowing the manifold with the structure of a
metric space. Meanwhile, there is an ever-growing list of methods by which a metric tensor
can be estimated (Arvanitidis et al., 2017; Beik-Mohammadi et al., 2023; Chen et al., 2020;
Hauberg et al., 2012; Jorgensen and Hauberg, 2021; Rozo et al., 2025; Lebanon, 2002; Lee
et al., 2022; Sun et al., 2025). However, the distances induced by these metric tensors
are difficult to compute. As we demonstrate experimentally, current geometric machine
learning software (Miolane et al., 2020) is unable to compute pairwise distances within a
practical timeframe for implementing the KNN classifier. To address this limitation, our
generalization of the PF model is able to integrate Maple, thereby leveraging the extensive
capabilities of the differential geometry software package (Anderson and Torre, 2022), which
we show experimentally to achieve gains in computational efficiency over existing software.!

2. Manifold Distance Estimation for Level Sets via Gradient Descent

Consider an embedded submanifold of R™ of dimension m characterized as a level set of a
smooth function F' : R® — RY, where ¢ = n — m. We first calculate the Jacobian matrix
Jgxn- Then, we identify m vector fields {X;}*, which each annihilate the components of F
(that is, satisfy X;(f;) = 0 for each component f; of F—a more detailed treatment of vector
fields and flows is given in Appendix B) by calculating a basis, with smooth functions as
components, for the nullspace of the Jacobian matrix. The next step is to obtain the flow
parameters of each vector field, defined as functions 6;(x) for which X;(0;) = 1.

Next, given the points pg and p; for which the distance is to be estimated (expressed
in the local coordinates, assuming they can be expressed in the same coordinate chart), we
define the function £ to be the square error of 6 and py:

L(0) = (p1 — 0)*.

This function has a single global/local minimizer of p;. The function can also be expressed
in the ambient coordinates,

L(x) = (p1(x) = 0(x))*,
so that the Riemannian gradient of £ in the local coordinates coincides with the ordinary
gradient of £(x). Thus, optimization of £(x) can be done using gradient descent, initializing
at po(x).

1. We should note that the purpose of using Maple is not necessarily to advocate for the widespread use of
Maple in machine learning tasks: the primary disadvantage of Maple is that it is commercial, not open
source software. However, the performance gained by using the differential geometry software package
at the very least highlights the need for improved computational tools in geometric machine learning.
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However, after a single iteration of gradient descent, the updated point py, will not
generally lie on the level set manifold. Therefore, after each iteration of gradient descent,
we obtain a "fixed” update py, by finding the minimizer of the following function using a
(nested) gradient descent algorithm initializing at po,:

L= (F-0)?

assuming the level set can be given as F' = 0.

The combined gradient descent algorithms provides a series of points which begin at pg
and continue approximately on the level set until a final point pg, is reached, where b is the
number of iterations of the outer gradient descent algorithm. When L is sufficiently small,
Po, is near the point p; in terms of the manifold distance. At each iteration, the (fixed)
updates {po, }?_ are stored, and the straight-line (Euclidean) distance between subsequent
points are computed and added to approximate the manifold distance.

3. PF vs KNNN at Scale

We design a three-class classification experiment using multivariate Gaussians, one for each
class, and where the dimension of the data is 100. The sample size takes values in the
following set (with a 50/50 test/train split): {10%,10% 10,5 - 10°,10%,2 - 10°}. For each
sample size, we record the time in seconds needed to train and obtain predictions for both
a KNN model with £ = 5 as well as a PF model with 11 trees and r = 5. The Euclidean
distance is used in both cases.

The result of this experiment suggests that the computational benefit of the PF model is
not realized unless the sample size exceeds 10°.2 This suggests that the PF model is a more
efficient choice than KNN for large datasets in high dimensions. With smaller datasets,
particularly in low dimensions, KNN may be a more suitable choice in terms of efficiency.

4. Comparing Manifold Distance Approximation Methods on a
Paraboloid

In general, though geomstats has efficient methods for computing distances for several
specific manifolds, it is unlikely that a learned metric tensor would correspond with a
metric for which the geodesic distances have been examined in advance. Therefore, we find
it necessary to compare Maple to the feature of geomstats which allows one to “implement
your own geometry” to design a custom metric tensor. We generate 1024 data points, half
of which are for training and half of which are for testing/evaluation, on a subset of a
paraboloid described by x2 4 y? — z = 0 which, in addition to having a level set description,
can be described as the image of ®(u,v) = (u,v,u? 4+ v?) to give a pullback metric in the
coordinates (u,v).

In geomstats, the manifold distance is calculated using the distance method of the pull-
back metric. In Maple, this distance is estimated using the authors’ code, leveraging the
differential geometry software package and Maple’s numeric dsolve command. We call

2. A graphic depicting these results is given in Appendix A.



this distance d for brevity. We also compare to the method proposed in Section 2 us-
ing F = z — 2% — y? with 20 outer epochs and 10 inner epochs, which distance we refer to
as d for brevity.

We first compute the distances between the first test point and all 512 training points,
which is needed to classify the test point according to KNN. Using geomstats, this task
takes approximately 3128 seconds, which is approximately 52 minutes. The same number
of d-distances takes approximately 18.1 seconds, which is roughly a 100-fold reduction in
computation time compared with geomstats. Again in Maple, we estimate J—distances,
obtaining an approximate time of 10.2 seconds, though we note that this timing depends
heavily on the choices of the number of inner or outer epochs.

Having established that the two Maple-based distances are faster, we wish to com-
pare computation times for the KNN and PF models using them. For KNN, we find that
computing all 512 d-distances for each of the 512 test instances takes approximately 8579
seconds, or roughly 2.4 hours. On the other hand, a PF model is trained in approximately
11,402 seconds, which is approximately 3.2 hours. For d-distances, the KNN distances
and PF model require approximately 4797 and 8578 seconds, respectively. Using a 50/50
test/training split, we note that the test accuracy of the PF model using d-distances is
98.8%, while the test accuracy using d-distances is 99.4%. This suggests that d-distances
may be a well-suited manifold distance estimation technique for distance-based classifiers,
notwithstanding any gaps between these distances and “true” manifold distances.

5. Conclusion

We have generalized the previously-given classifier known as Proximity Forests (PF) to ob-
tain a distance-based classifier for manifold-valued data. Our work suggests that the PF
model scales more favorably for large samples (> 10°) in high dimensions. Our work also
suggests that current methods for computing manifold-valued distances can be improved,
with code in Maple vastly outperforming state-of-the-art software in geometric machine
learning in terms of computation time. However, as the KNN and PF model merely compare
distances, exact manifold distances are not strictly needed, allowing one to use a computa-
tionally inexpensive (by comparison) substitute distance, where one can be identified, such
as our proposed method for manifolds characterized by level sets. Future work includes
further refinement of our modified implementation of the PF model to explicitly accommo-
date various data types. We also seek to apply the generalized PF model to additional data
types, such as text data, in a future endeavor.
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Appendix A. Graphical Computational Comparison of PF and KNN

With regard to the experiment in Section 3, Figure 1 illustrates the stated conclusion, which
is that the computational advantage of the PF model seems to be realized primarily as the
number of samples exceeds 10°.
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Computation Time vs. Sample Size
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Figure 1: Square root of running times of KNN and PF approaches on the 100-dimensional
three-class classification task, as well as the running times of PF including all
computational overhead (beginning with the data being read into Java and ending
after the final auxiliary file is created). The complexity reduction of the PF model
is realized as a benefit for samples greater than 10°.

Appendix B. Vector Fields and Flows

We now provide some background on vector fields and their associated flows (1-parameter
transformations). We refer the reader to literature on the subject for additional informa-
tion (Lee, 2012). Suppose that X is a smooth (tangent) vector field on R":

X = ai i s Zn:aif)xi, (1)
i=1

where o' : R® — R for i € [1,n], and where {2/}, are coordinates on R". X assigns a
tangent vector at each point and can also be viewed as a function on the set of smooth,
real-valued functions. E.g. if f: R™ — R is smooth,

ol ——.
ox?
i=1

X(f) = (2)

For example, for n = 2, if f(x,y) = vy and X = yd,, then X (f) = 3. X is also a derivation
on the set of smooth functions on R™: that is, for smooth functions fi, fo : R — R and
ai,az € R,

X(arfi +azf2) = an X (f1) + a2 X(f2),  X(fife) = X(fi)f2a + [1X(f2). (3)

These properties are satisfied by derivatives. A flow on R™ is a smooth function ¥ : RxR" —
R™ which satisfies

¥(0,p) =p,  W(s,¥(t,p)) = V(s +1,p) (4)



for all s,t € R and for all p € R". A flow is a 1-parameter group of transformations. An
example of a flow ¥ : R x R? — R? is

U(t, (z,y)) = (xcos(t) — ysin(t), z sin(t) + y cos(t)), (5)

with ¢ being the continuous parameter known as the flow parameter. This flow rotates a
point (z,y) about the origin by ¢ radians.
For a given flow ¥, one may define a (unique) vector field X as given in Equation (2),
where each function o is defined as
i [0V
= (%)

Such a vector field is called the infinitesimal generator of the flow W. For example, the
infinitesimal generator of the flow given in Equation (5) is —y0, + x0y.

Conversely, given a vector field X as in Equation (2), one may define a corresponding
flow as follows. Consider the following system of differential equations:

(6)

t=0

dxt 4 . ,
—=al, 2(0) =g (7)
Suppose that a solution x(¢) to Equation (7) exists for all ¢ € R and for all initial conditions
xo € R™. Then the function ¥ : R x R™ — R" given by

U(t,%0) = x(t) (8)

is a flow. The infinitesimal generator corresponding to ¥ is X. For example, to calculate
the flow of —y0, + x0,, we solve

t=—y, g=x,  x(0)=2z0, y(0)=uwo (9)

and obtain the flow ¥(t, (z¢,yo)) defined by Equation (5). It is generally easier to obtain
the infinitesimal generator of a flow than to obtain the flow of an infinitesimal generator.

A smooth function f : R"™ — R is said to be X-invariant if X(f) = 0 identically for
a smooth vector field X. The function f is W-invariant if, for all t € R, f = f(U(¢,-))
for a flow ¥. If X is the infinitesimal generator of W, f is W-invariant if and only if f is
X-invariant.

Appendix C. Manifold Distances Induced by Riemannian Metric Tensors

A Riemannian metric tensor g on a differentiable manifold M defines, at each point p € M,
an inner product on the tangent (vector) space T, M. It can also be used to define geodesic
curves (via the metric connection), which can be used to define distances between points
on a manifold as follows.

Let v(t) be a geodesic curve derived from the metric connection of g such that v(0) = p
and (1) = ¢, and assume that «(¢) is unique. The distance induced by the metric g is
defined as the norm (induced by g¢) of 4(0) at p:

d(p. q) = \/9,; (P)7 (0)3 0). (10)
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Such a distance endows M with the structure of a metric space. Henceforth, to avoid a
conflict of names, we use the term “metric” to refer to a Riemannian metric tensor, and
we use the term “distance measure” to refer to what is considered a metric in the sense of
defining manifold distances.

The primary difficulty in Equation (10) lies in solving the geodesic equation. The
geodesic equation is a second-order system of ordinary differential equations and is written
using the components of a connection (such as the metric connection): therefore, exact
solutions are difficult to obtain. Numeric solutions can be obtained, at least in a neighbor-
hood of v(0), though the process of obtaining these numeric solutions is computationally
expensive when compared to simple Euclidean distances.

We also note that, when applied to time series, the distance defined by Equation (10)
is, in the language of a recent taxonomy of time series distances (Paparrizos et al., 2024),
a lock-step distance. This is due primarily to the would-be model assumption that two
time series are modeled as (stationary) points on the manifold M, with the number of time
points corresponding to the dimension of the manifold.

Appendix D. Forest Proximities and their Applications
D.1. Geometry- and Accuracy-Preserving (GAP) Proximities

The development of a notion of tree-based similarity through random forest models was
original work from Leo Breiman in the early 2000’s (Breiman and Cutler, 2001). The
general idea was to define similarity between two points according to colocation in terminal
nodes, which define the decision space of random forests. To explicitly define similarity,
the number of terminal nodes in which a pair of points, x; and x;, colocate was totaled,
and this sum was normalized by the total number of trees trained. This notion was further
extended in Rhodes et al. (2023), where it was determined that the aggregation of the total
number of training points in a terminal node shared with an out-of-sample point, z;, could
define the similarity in such a way that the weighted sum of these similarities could perfectly
reproduce the out-of-sample prediction of the random forest. Thus, these proximities were
called random forest geometry- and accuracy-preserving proximities (RF-GAP). It has been
demonstrated that the use of these RF-GAP proximities generally improved the performance
of proximity-based applications such as data visualization, outlier detection, or missing value
imputation, over other tree-based proximity measures (Rhodes et al., 2023; Rhodes, 2023).

The formal definition of RF-GAP proximities is as follows: given points x; and x;, the
GAP similarity between them is

plai, ;) ‘ |Z xJEJt)CJ()
(3] S .

Here, S; denotes the set of trees in which z; is out-of-sample (e.g., not used to train the
trees). For each tree ¢t € S;, the multiset J;(t) contains the indices of in-bag observations
whose points fall into the same terminal node as x;. The quantity ¢;(t) records the number
of times x; appears in the in-bag training sample for tree ¢, and M;(t) denotes the multiset of
all in-bag indices associated with points that share the same terminal node as x;, including
bootstrap multiplicities. The function I(-) is the 0-1 indicator function.



The definition was adapted for time-series data by slightly altering the formulation
of proximity forests (Lucas et al., 2018) in Shaw et al. (2025). In this work, the authors
introduced bootstrap resampling into the proximity forest framework. This modification was
required to define out-of-sample sets, to enable the construction of GAP-style proximities.
With this adjustment, the PF-GAP proximities are computed analogously to RF-GAP,
using the ensemble of proximity trees for time series.

The resulting proximities retain the key theoretical properties of RF-GAP. In particular,
they satisfy proximity-weighted classification, ensuring that the out-of-sample prediction of
the proximity forest can be reconstructed by a weighted-majority vote where the weights
are given by the PF-GAP proximities.

Depending on the application, the GAP proximities are often symmetrized. The sym-
metrized proximities can also be converted into pairwise dissimilarities via d;j; = (1 —
p(zi,2))?. This squared transformation accentuates variation between data points, since
raw GAP values are often small in magnitude. The proximities themselves define a graph
in which the individual instances of data are nodes. Applications of the GAP proximities
draw additional insight from the learned graph. For example, the dissimilarities d;; defined
above can then be employed for supervised embedding via multidimensional scaling (MDS)
or PHATE (Cutler et al., 2012; Rhodes et al., 2021; Moon et al., 2019).

From a geometric perspective, each terminal node of a random forest can be interpreted
as a data-adaptive partition of the underlying data structure. The co-occurrence probabil-
ity p(z;, ;) therefore quantifies how frequently two points are assigned to the same local
neighborhood of the underlying data structure. In this way, RF-GAP proximity provides
a probabilistic measure of adjacency that adapts to both the data distribution and the
random forest structure.

D.2. Proximity-based Outliers

For forest-derived outliers, the general idea is to compare the proximities between a given
point and other points belonging to the same class. If, on average, a point’s same-class
similarity is relatively low compared to average similarities among other same-class points,
it will produce a higher outlier score. The formulation for random forest outlier scores is
described below (Breiman and Cutler, 2001).

Given an observation x; belonging to class ¢, we define the average proximity of z; to
the other training samples in class c as

P(x;) = Z prox?(z;, ;).
TjEC

The raw outlier measure for observation z; is then defined as

P(x;)

outlier_score(z;) =

We emphasize that this measure is relative to points belonging to the same (known)
class labels and does not necessarily reflect extreme variable values, as opposed to many
traditional outlier scores.

We compare the use of nearest-neighbor distances versus GAP proximities derived from
PF in identifying outlying points. For KNN-derived outliers, the idea is to quantify how
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far a point lies from its neighbors in the feature space. To formalize this, let z; € R? be an
observation, and let N (z;) denote the set of its k nearest neighbors under a chosen metric.
We define the average neighbor distance as di(x;). We consider two metrics: standard
Euclidean distance and a manifold-based distance induced by the learned representation.
For each case, we compute the median of dj(z;) across all training points, med(dy), and
the median absolute deviation MAD(d},). The normalized outlier score for observation x;

is then defined as i i(d
outlier_score(z;) = | (z:) —me (di)]
MAD(dy)

Larger values indicate greater deviation from the local neighborhood structure. We compare
results obtained under the Euclidean and to assess the extent to which geometry-aware
distances improve sensitivity to outliers. Unlike the forest-based score, this measure is
unsupervised and does not rely on class label information.

We now illustrate both visualization and outlier scores of GAP proximities using the
Palmer Penguin dataset (Horst et al., 2020), where the Euclidean distance is used for the
PF model.

In Figure 2, we obtain an MDS embedding of the training points for a separate iteration
which uses a train/test split of 50/50. The distances used to obtain the MDS embeddings
are obtained using the PF proximities, as described in Section D.1. This embedding largely
separates the classes, and we highlight the points with high outlier scores in red.

(a) Palmer Penguin's Colored by Class (b) PF Outliers Highlighted
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Figure 2: Left: MDS embedding of the Palmer penguin dataset using PFGAP proximities.
Right: the same embedding with points having the highest outlier scores for each
class highlighted in red.
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