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ABSTRACT

Uncertainty quantification for neural operators remains an open problem in the
infinite-dimensional setting due to the lack of finite-sample coverage guarantees
over functional outputs. While conformal prediction offers finite-sample guaran-
tees in finite-dimensional spaces, it does not directly extend to function-valued
outputs. Existing approaches require strong distributional assumptions or yield
conservative coverage.This work extends split conformal prediction to function
spaces via a discretize—then—lift construction. We first establish finite-sample
coverage guarantees in a finite-dimensional space using a discretization map in
the output function space. These guarantees are then lifted to the function space
under a bilipschitz discretization assumption linking the discrete and continuous
norms. To characterize the effect of resolution, we decompose the conformal
radius into discretization, calibration, and misspecification components. This de-
composition motivates a regression-based correction to transfer calibration across
resolutions. Additionally, we propose two diagnostic metrics (conformal ensem-
ble score and internal agreement) to quantify forecast degradation in autoregres-
sive settings. Empirical results show that our method maintains calibrated cover-
age with less variation under resolution shifts while achieving improved coverage
in super-resolution tasks.

1 INTRODUCTION

Conformal prediction (CP) provides a framework to obtain prediction sets with distribution-free
coverage guarantees in finite-sample settings. CP guarantees that ground-truth outcomes lie within
predicted sets with a probability 1 — . While CP has been extensively studied for finite-dimensional
prediction tasks involving scalar or vector outputs, comparatively little work has investigated how
its finite-sample guarantees extend to function-valued predictions. This gap poses unresolved com-
putational and theoretical challenges [Fontana et al.| (2023)). Existing approaches to functional un-
certainty quantification (UQ), such as Gaussian processes Schulz et al.| (2018)), Bayesian neural
networks |Goan & Fookes|(2020), or quantile neural operators Ma et al.| (2024)), rely on restrictive
distributional assumptions or provide probably approximately correct (PAC) bounds Haussler &
‘Warmuth|(2018). While PAC-style bounds can offer desirable conditional guarantees, they often re-
quire assumptions on model class complexity or generalization behavior. CP, by contrast, guarantees
marginal coverage for any predictor.

Addressing the challenges of CP in function spaces is especially relevant for neural operators. This
class of models approximates mappings between infinite-dimensional input—output pairs. Architec-
tures such as Fourier neural operators (FNOs)[Li et al.|(2021) and DeepONets [Lu et al.| (2021} offer
the potential for discretization-invariant predictions, although real-world performance depends on
both the resolution (the number of points sampled) and grid scheme (the method we use to sam-
ple those points) [Bahmani et al.| (2025). Recent work have extended neural operators to generative
settings |Kiranyaz et al.| (2021); [Liu & Tang| (2025); [Ranganath et al.| (2016)), enabling stochastic
sampling of solutions. However, their suitability for CP remains unexplored. More broadly, little
prior work has both (i) formally extended CP to the infinite-dimensional function spaces and (ii)
studied this in relation to neural operators.
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To bridge these gaps, we develop a conformal prediction framework tailored to function-valued
outputs and neural operators. Our approach combines theoretical extensions with practical tools for
uncertainty quantification in infinite-dimensional settings. Our main contributions are as follows:

1. An extension of split conformal prediction to function spaces. This method reduces the
variation, w.r.t the standard L? norm, of the conformal radius (the 1 — quantile on the
residual norm) dependent on grid geometry.

2. A heuristic model of the resolution-dependent conformal radius. This method enables for
the improvement in downstream task such as super-resolution.

3. Two diagnostic metrics, conformal ensemble score and internal agreement. These metrics
increase the reliability of ensemble forecasting by building on the components of conformal
prediction.

2 RELATED WORK

Uncertainty Quantification in Operator Learning. A key challenge in operator learning is pro-
ducing reliable uncertainty estimates. Prior methods often relied on distributional assumptions like
approximate Gaussian processes |Akhare et al.| (2023); Zou et al.| (2025), pointwise variance es-
timates |Guo et al.| (2024), or used loss-based formulations that lacked formal coverage guaran-
tees |[Lara Benitez et al.| (2024). While a significant advance by Ma et al. Ma et al.[(2024)) provides
probably approximately correct (PAC) guarantees for simultaneous, pointwise coverage on a dis-
cretized grid, this does not ensure coverage for the function in the continuous domain. Similarly,
prior work hierarchically applies split conformal prediction at varying scales and computes the union
of their bounds |Baheri & Shahbazi| (2025). Recent work has also explored conformal prediction for
function-valued models, including approaches that construct adaptive prediction sets or geometric
uncertainty sets for operator and surrogate models Harris & Liu| (2025); (Gray et al.| (2025)). In con-
trast, our approach uses split conformal prediction to construct a single uncertainty set over the entire
function space. This yields a domain-wide prediction set whose coverage guarantee is obtained by
lifting the discrete conformal guarantee under a bilipschitz discretization assumption.

Uncertainty Quantification in Ensemble Forecasting. Ensemble forecasting is a standard tech-
nique for UQ, especially in weather modeling, using initial condition perturbation or deep ensem-
bles|Tran et al.|(2020); Scoccimarro| (1998). This is often an empirical approach, lacking guarantees
on the resulting distribution. To approximate the posterior of such models, methods like Monte
Carlo (MC) Dropout [Folgoc et al.| (2021)) and MC-Sampling [Shapiro| (2003)) are commonly used but
do not inherently provide a guaranteed coverage probability. The quality of these probabilistic fore-
casts is typically evaluated using metrics like the continuous ranked probability score (CRPS) Pic
et al.| (2023)); Biilte et al.| (2025). However, a good CRPS does not translate to a formal guaran-
tee for any single forecast. While post-hoc techniques like temperature scaling can improve upon
this lack of guarantees [Kull et al.| (2019), the literature has not sufficiently investigated forecasting
quality via CP|Qian et al.[(2023)); Durasov et al|(2021); Rahaman et al.| (2021). To this end, we in-
tegrate ensemble methods with conformal calibration to create a diagnostic tool that indicates when
an autoregressive ensemble forecast has degraded beyond a predefined reliability threshold of 1 — av.

3 PRELIMINARIES AND PROBLEM FORMULATION

Conformal Prediction. CP provides a distribution-free framework for constructing prediction sets
with finite-sample coverage guarantees. Given i.i.d. training data {(z;,y;)}7-; ~ D and a predictive

model f : X — ), the goal is to construct a prediction set ', («) such that:

Pyt oo [y €Ta(@)] 21— a. O
Split CP begins by partitioning the data into two disjoint sets: one for model training Dy, and
another for calibration D,. A model f is trained on Dy, and nonconformity scores are computed
on Dey = { (x4, ;) }™, via s; = A(zs,y:) = ||f(2;) — ys]|. The quantile 7, is then defined as the
[(1 — «)(n + 1)]-th value of the ordered scores from the calibration set, and the prediction set is
given by:

Pa(@) = {y: s(F().9) < 7. @
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where s(f(z), y) denotes the nonconformity score between the prediction f (2:) and candidate output
y. In our case, this is the relative weighted L? error. This procedure guarantees that for a new test

point, the nonconformity score s(f(x),y) will not exceed this threshold with probability at least
1—a: P{(Iiyyi)}?:“ (a:,y)~D(3(f(-73>7y) <Tq)>1-a.

Neural Operators. Neural operators generalize classical neural networks to learn mappings
between infinite-dimensional function spaces. Formally, given a (possibly nonlinear) operator
G: X — ) acting on Banach spaces X', ), the goal is to learn a parametric approximation Gy
such that Gy : f — u = G(f), where f € X is typically a coefficient or source term in a PDE, and
u € Y is the corresponding solution. Unlike standard deep learning models, which learn pointwise
mappings, operator learning learns entire function-to-function maps, enabling inference on new in-
put functions and resolutions. A generic neural operator maps f — u via a composition of a lifting
map, multiple integral transformations, and a final projection back to the input domain. We adopt
the standard Fourier Neural Operator (FNO) architecture in this work.

Problem Formulation. Given a new input function f € &', our primary objective is to construct
a set-valued predictor I', (f) C ) that contains the true, unknown solution v = G(f) with a user-
specified probability 1 —a. We seek to satisfy the classical marginal coverage guarantee of conformal
prediction P (u € T, (f)) > 1 — «, where the probability is taken over the draw of the i.i.d. training
and calibration data, as well as the unseen test pair (f,u). Achieving this goal in the infinite-
dimensional setting of neural operators introduces three core challenges that this paper addresses:

1. How can a scalar nonconformity score be defined to meaningfully capture the distance
between a predicted function, 4, and the ground truth, ©? How can this score be designed
to distinguish the neural operator’s intrinsic prediction error from the error arising from
discretizing the underlying continuous function domain?

2. How does the choice of grid scheme affect the calibrated uncertainty bounds? Furthermore,
how can we decompose these bounds to characterize their constituent sources of error?

3. How can we provide meaningful UQ for autoregressive forecasting tasks where error accu-
mulation violates standard conformal assumptions? Can we adapt metrics from ensemble
learning to develop more informative diagnostics that quantify forecast degradation over
time?

4 THEORETICAL FOUNDATION

To formally extend CP to the function-space we follow a two step method. We first establish
finite-sample coverage guarantees in a finite-dimensional, discretized space via the standard split
CP framework. Then these guarantees are lifted to the function-space by considering the asymptotic
convergence as the discretization is refined.

4.1 CP IN DISCRETIZED FUNCTION SPACES

Let {(fi, u;) ;1:+11 be an i.i.d. sample from a data-generating distribution on an input-output function
space X x ). We use a discretization operator Py : Y — R? that maps each function u; € ) to
its evaluations on a fixed grid over the domain © C R?. Given a neural operator Gy trained on set
of points collected with P;, we define a nonconformity score for each sample (f;, u;) in a separate
calibration set as the distance between the discretized prediction and the discretized ground truth:
s; = d(Pi(Go(fi)), Pa(u;)), where d(-, -) can be any vector norm. Using split CP, we compute the
threshold 7,,. This provides a standard, distribution-free coverage guarantee in the discretized space:
P(s,11 < 7o) > 1 — o where P(-) captures the randomness in {(f;, u;)}77}.

4.2 FROM DISCRETE TO CONTINUOUS GUARANTEES

The critical step is to ensure this guarantee translates back to the infinite-dimensional function
space ). This first requires a formal link between the discrete and continuous geometries. To
achieve this, we define the distance metric d(-,-) using a quadrature-weighted L? norm. First,
consider a continuous function uv € ). We discretize this function using Py on a structured
Cartesian grid over 2 C R? to obtain a discrete vector, h = Py(u), with coordinate vectors
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k) = {:c§-]:)}ij’“:0 along each dimension k = 1, ..., d. For each multi-index j = (j1,...,Jj4) € J,
where J = szl{()7 ..., Ny — 1}, we define the quadrature weight (i.e., the cell’s volume) as

wj = szl AmEf), where Aacg-f) = "Ty:)ﬁ-l — :cy:) denotes the grid spacing in the k-th coordirz:;e
)

direction. Therefore the norm is defined as [|h||2, » = >7;c 7 wj h(x;)?, where x; = (33;})7 T
denotes the grid point corresponding to multi-index j over the d-dimensional domain. By construc-
tion, this is a Riemann sum for the integral of u? over the domain 2. Consequently, it provably
converges to the continuous L?(2) norm as the discretization is refined (see Theorem 4 in the ap-
pendix for a formal proof). Next, to connect the discrete and continuous spaces, the projection Py
must preserve the geometry of the function space. That is, the distance between two functions in
the continuous space must be comparable to the distance between their discretized representations.
Next, we assume that the target function © € ) belongs to a Sobolev space H°(2) with s > d/2
Le & Dik! (2024); [Katende| (2025). Since solutions generated by neural operators to partial differ-
ential equations (PDEs) are typically smooth, this assumption is justified |Furuya et al.|(2024)). This
motivates the following:

Assumption 1 (Bilipschitz Discretization). The discretization map Py is bilipschitz, meaning there
exist constants 0 < ¢1 < 1 < cg such that for all u,v € Y:

cillu = olly < |Pa(u) = Pa(v)|lw,2,a < c2flu = vlly 3)

Here, the constants ¢; and c; quantify this approximation error, which for smooth functions on a
grid with mesh size 7 is known to scale as 1 & O(n*) for some k > 0. And again, since the PDE
solutions we are interested in are smooth, we expect ¢; — 1 for a sufficiently fine grid, making our
discrete norm a near-isometric proxy for the continuous one |Hicken & Zingg| (2013).

Remark 1. In practice, such inequalities hold when Py is implemented as (i) a sufficiently fine grid-
based sampling of uw € Y, or (ii) a truncated spectral expansion that retains enough terms to capture
the relevant energy in || - ||y. Moreover, when d >> N, the constants ¢, and co are approximatly 1,
implying that Py becomes a near-isometric embedding of the subspace of interest.

Under this assumption, we derive our main theoretical result.

Theorem 1 (Functional Conformal Coverage). Let 7, be the threshold calibrated on the discrete
scores s; = ||Pg(t;) — Py(u;)||w,2,d where ; is the predicted function. Under Assumption the
functional prediction set: T1¢(f) = {v € YV : ||Ga(f) — v|ly < 7a/c1},satisfies the coverage
guarantee:

P (un+1 € T (fas1)) 21— a, )

where (fn41,Un+1) is an Li.d. test point drawn from the data-generating distribution.

Proof Sketch. The proof proceeds by connecting the established discrete-space guarantee to the
continuous function space via Assumption From split CP, we have the guarantee P(s,,41 <
Ta) > 1 — o in the discrete space, where sp,+1 = || Pa(lnt1) — Pa(tnt1)||w,2,q4. The left-
hand side of the inequality in Assumption |I|states that ¢y ||, +1 — Unt1]ly < Spe1. Combining
these, the event s, 11 < 7, implies the event c¢1||Gp+1 — Unt1l|y < 7o, which is equivalent to
(|1 — Unt1lly < To/c1. Since the first event implies the second, the probability of the second
event must be at least as large as the first: P(||tp1+1 — tnt1]ly < 7a/c1) > P(spye1 < 7o) > 1—au
This is precisely the coverage guarantee for the functional prediction set I'"( f). The full proof is
provided in the appendix.

4.3 A HEURISTIC MODEL FOR THE CONFORMAL RADIUS

Similar to the classic bias-variance decomposition of prediction error Brofos et al.|(2019), we view
the conformal radius 7, (d)-where d denotes the number of evaluation points used by the discretiza-
tion operator Py—as arising from three dominant sources: discretization of the underlying function,
finite-sample calibration, and model misspecification. To capture these effects, we propose a first-
order Hastie et al.|(2009) heuristic model that decomposes 7, (d) as:

Ta(d) ~ Edisc(d) + Eca + 5misspec(d) . (5)

discretization ~ calibration  mjsspecification
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Here, cgisc(d) = |Ju — Pgullw,2 is the discretization error, decaying as O(d~P) [Lanthaler et al.
(2024), ecat = O(1/4/n) is the finite-sample calibration error|Ghosh et al.[(2023), and €misspec () is
the model’s generalization error at resolution d. Due to the dependence of gpsspec On the predictor,
developing a theoretical bound on its error is challenging and inefficient. Instead, we analyze the
distribution of 7, values across resolutions, per predictors. Empirically, we find the distributions
of 7, are approximately log-linear evaluated at resolutions beyond the training resolution when
using a FNO, making it particularly useful for super-resolution tasks without requiring retraining
or recalibration (see Figures 5 and 6 in the Appendix). To estimate the super-resolution conformal
radius 7, we fit a regression of the form 7(R) = exp (s- R+ b), where log7(R;) = s- R; + b.
Although no formal coverage guarantee exists for the extrapolated value 7,, we find that it yields
substantial improvements in coverage accuracy, detailed in Table 3}

4.4 TIME-SERIES FORECASTING

Until now, we considered spatial mappings of the form f — w, where split conformal predic-
tion guarantees hold under exchangeability. We now extend this perspective to temporal mappings,
where a neural operator predicts the evolution over time ¢. Formally, let u; denote the true system
state at time ¢ and ft the operator’s forecasted input at time ¢. Because each forecasted state ft
depends on previous predictions, the sequence {( s ug)}_, is no longer exchangeable. This vio-
lates the core assumption of split conformal prediction, causing a coverage gap as prediction errors
compound over time. Rather than “correcting” the conformal radius to maintain a guarantee under
drift|Cleaveland et al.| (2024)), we reinterpret the coverage gap itself as a diagnostic signal.

Theorem 2 (Drift-Aware Functional Coverage). Let 7, be the conformal threshold computed on
discrete nonconformity scores s; = ||Py(t;) — Py(u;)||w,2,4 under a calibration distribution Py,
where Py ' Y — R% is bilipschitz as in Assumption|l| At forecast stepst = 1,...,T, let the data
distribution drift to Py. Define the functional prediction set: T (f,) = {v € Y : ||ty — v[ly <
Ta/C1 }, where cy is the constant from Assumption Then, for each t,

Py (ue € TE"(f1)) 2 1 — a — dov(Pear, Py), (6)

where dv is the total variation distance between the calibration and forecast-time distributions.

By applying a fixed, conformally-calibrated threshold at each forecast step, a violation of the con-
formal bound serves as an interpretable signal that the accumulated model drift, quantified by drv,
has become significant enough to degrade coverage below the desired level.

5 METHODOLOGY AND IMPLEMENTATION

Functional Calibration. Following supervised training, we perform conformal calibration on a
held-out set of input—output function pairs {( f;, u;)}?_;. Each ground-truth function ul? = Py(u;)

and prediction a§d> = P4(Gy(f;)) are discretized via the operator P;. The nonconformity score

Hﬁifuiﬂw,z

for the i-th calibration sample is the relative weighted L? error s; = — where || - ||w.2
laillw,2 ’

is the quadrature-weighted norm. We use the relative form so the score is scale-invariant across
functions of different magnitudes and therefore more meaningful. In implementation we include a
small constant ¢ > 0 in the denominator to avoid numerical instability when ||4; ]|, 2 is close to
zero. Given we are working with fine resolutions we assume ¢; = 1, following Remark [T} Using
this score, we compute the threshold 7, and the prediction set for any new input function f is:

Ta(f) = {u o= dllwe T} (7)

|02

Monte Carlo Bounding. Generative methods characterize uncertainty by producing multiple real-
izations of the solution. Popular examples include MC-dropout, variational autoencoders, and diffu-
sion models, which generate an ensemble of n candidate realizations @(9) () ~ Sy(x). The spread
of these samples is then used to quantify variability. To construct pointwise prediction intervals,
we compute lower and upper bounds at each spatial location j by taking the minimum and maxi-
mum over the ensemble, forming a conservative bounding envelope 4™ () = min; <<, 4V (z),
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Figure 1: Darcy 1D: MC Bounds, with 7, calibration at level « = 0.1. Shown is a sample drawn and
evaluated on a FNO with MC-Dropout and a variational-FNO. (a) Samples drawn for one specific
instance, with samples within 7, shown in blue and those outside 7, in red. (b) Bounds inferred
from the minimum and maximum of the samples within 7. (¢) Bandwidth versus true error.

and 4™ (z) = max;<;<, @) (x). Under this formulation, we obtain conservative estimators
of the functional upper and lower bounds directly at inference time. An alternative approach
would involve using the sample standard deviation to form prediction bands; however, we find that
this often leads to undercoverage. To incorporate the conformal threshold, we modify the previ-
ous procedure by conditioning the interval construction on the calibrated threshold 7, such that
4™ () = minj<j<, @9 (2)]0(z) < T, and G (2) = max;<j<, 49 (7)]0(2) < 74

Quantile Bounds Adjustment. Alternatively, models may learn a direct heuristic of the error field,
thereby producing explicit estimates of the prediction interval. In this work, we consider the triplet
formulation (4'°,4™4, 4"), where the upper and lower bounds are learned via quantile regression
using the pinball loss Huang et al. (2013). To align the resulting interval [@'°, 4"] with the target
coverage level, we perform a post hoc adjustment. For a given bound # (either lower or upper), we
define its offset from the central prediction as 6 = @ — @™, and compute the initial error:

i —amej _Jlal] ®)
[[am] [amid]|”

Tinitial =

Next, we derive a scaling factor s as the ratio of the target relative error 7, to the initial error:
S = To/Tinitial- Finally, adjusted bound 424 is then found by scaling the original offset:

@Y =" s 5 =A™ ( - ) (@ —a™). )

Tinitial

This procedure, applied to both 4!° and 4™, yields a recalibrated interval [™", 4™*] whose bounds
are exactly 7, distant from the center in relative terms.

Table 1: Coverage Summary for Darcy 1D. Both scalars are set for a significance level o = 0.1.
Our method calibrates the overly conservative baselines to achieve our desired significance level.

Technique Scalar Func. Point.

Uncalibrated MC, Dropout - - 1.000
Variational _ _ 1.000
Calibrated MC Dropout  0.0044 0.9003 0.9200

Variational 0.0035 0.9000 0.8807
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Figure 2: Poisson 2D: Adjusted Quantiles, with 7,, calibration at level & = 0.1. (a) Mean prediction
against the ground truth, with upper and lower bounds scaled to the 7, distance. (b) Bandwidth of
the scaled bounds. (c¢) Prediction error between the mean prediction and the ground truth.

Stochastic Forecast Bounding. For time-series models that generate stochastic trajectories, we
first obtain the conformal radius 7, calibrated on the one initial one step distribution. We then
apply this radius across all forecast steps to monitor for performance degradation. At each time

step ¢, the model produces an ensemble of forecasted solutions, {ﬂ? ) };L:l. The forecast’s quality is
then evaluated using a the following metrics. We first define the calibration error as the normalized
distance between the ensemble mean, ., and the ground-truth solution, u;. This term is directly
comparable to 7, and provides a binary assessment of whether the forecast remains within its initial
bounds. Next, we compute the ensemble spread to quantify forecast sharpness by measuring the
average normalized distance of individual ensemble members from their mean:

1~ g — all _ 1<~ .()
ES; = — E —, fi = — E . 10
B 7 I = b "

These two components are summed to form the conformal ensemble score (CES), a metric analo-
gous to the continuous ranked probability score (CRPS) (2023)). Finally, to measure the

ensemble’s internal consensus, we define the conformal prediction set F,(f ) as:

TG .
o = {a§” Mo~ Ta}. (11)

[l

The proportion of members within rEf ) serves as our internal agreement (IA) metric. A drop in IA
over time reflects a loss of forecast confidence and growing internal divergence. While no formal
coverage guarantee holds at individual time steps ¢ > 1 due to non-exchangeability in the time-series
sequence, this approach provides an estimate of the temporal degradation.

Evaluation We assess calibration at three levels. First, pointwise coverage measures the proportion

of spatial points within the conformal bounds, C. = + Zf\il I[amin(z) < wui(z) < aPo(z)).

Second, functional coverage evaluates whether entire functions satisfy the calibrated radius, C'y =

1 —K it —; |2 . . . . .
e ijl I [W < Ta]. Finally, for long-horizon forecasts, we track diagnostic metrics

(CES and IA) and qualitatively interpret their signals.

Table 2: Coverage Summary for Poisson 2D. Both scalars are set for a significance level o« = 0.1.
The functional and pointwise coverage reaches slightly above our target coverage of 90%.

Method Scalar Func. Point.

Uncalibrated Pinball Only - - 0.6911
. Risk Controlling 0.1480 - 0.9101
Calibrated | B nds 0.1486 0.9010 0.9108
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Table 3: Evolution of key metrics for the autoregressive forecast, evaluated at a significance level
of & = 0.1 with a conformal threshold of 7 = 0.023. The mean distance serves as the calibration
error, the within 7, column gives a binary check of whether this error exceeds the threshold, and
the ensemble spread measures forecast sharpness. Our CES score combines calibration error and
sharpness to evaluate overall quality, while our IA metric quantifies the forecast’s consensus.

Metric t=1 t=2 t=3 t=4 t=5 t=6 t="7 t=28
Within 7, Yes Yes Yes Yes Yes No No No

Mean Distance 0.013 0.012 0.014 0.017 0.020 0.026 0.032 0.039
Ensemble Spread 0.013 0.013 0.015 0.019 0.025 0.032 0.040 0.047
IA (Ours) 98.0% 98.0% 92.2% 69.0% 36.3% 20.0% 13.8% 10.7%
CES (Ours) 0.026 0.025 0.029 0.036 0.046 0.058 0.072 0.086
CRPS 0.008 0.007 0.009 0.011 0.014 0.017 0.021 0.025

6 NUMERICAL RESULTS & DISCUSSION

To validate our framework, we evaluate the resulting prediction sets on progressively more challeng-
ing PDE benchmarks: Monte Carlo bounding for Darcy flow, post hoc quantile adjustment for the
Poisson equation, and bounded ensemble forecasting for autoregressive Navier—Stokes dynamics. In
addition, we conduct two ablation studies to assess the framework’s robustness to grid discretization
and resolution misspecification.

6.1 DARCY 1D: MONTE CARLO BOUNDS

We first evaluate ability of MC methods to produce calibrated bounds for generative UQ in 1D
Darcy flow using variational and MC-dropout neural operators. Shown in Table I} the uncalibrated
approach yields overly consecrative coverage, whereas our calibration procedure successfully pro-
duces uncertainty sets that meet the target coverage. Additionally, we highlight a trade-off between
methods: MC-Dropout achieves robust coverage with a larger conformal radius, while the varia-
tional method yields a tighter bound at the cost of slight under-coverage, a finding visually con-
firmed in Figure[I] Notably, the standard MC approach lacks functional coverage, as there is no
global scalar metric to compare entire functions; therefore it can only provide pointwise uncertainty
estimates. While calibration is effective in this setting, the computational overhead of sampling-
based methods presents a significant bottleneck for deployment in high-resolution, complex PDEs.

6.2 POISSON 2D: ADJUSTED QUANTILES

Next, we evaluate a more computationally efficient approach on the 2D Poisson equation using a
neural operator that directly outputs both the solution and an error heuristic. As shown in Table 2}
our method achieves pointwise coverage levels comparable to the risk-controlling PAC bounds for-
mulated by Ma et al.| (2024). A key strength of our approach is its flexibility: since calibration is
performed post hoc using a functional norm, the method accommodates both pointwise and func-
tional uncertainty quantification, which the risk controlling bounds cannot do. Figure [2| illustrates
that the learned error heuristic closely tracks the true error, though the resulting prediction intervals
tend to be wider in many regions—a characteristic of models trained with the pinball loss. Although,
the reliance on the pinball loss introduces a potential failure mode if it fails to accurately capture the
true error distribution, a limitation noted in prior work.

6.3 NAVIER-STOKES 2D: BOUNDED ENSEMBLE FORECASTING

As the underlying dynamics become increasingly complex, learned error heuristics may fail, re-
stricting us to quantifying distributional drift instead. For our final case, we consider stochastic
autoregressive forecasting of the 2D Navier—Stokes vorticity field. As shown in Table [3] forecast
quality progressively degrades over time, evidenced by increasing CES and CRPS values and a
sharp decline in IA across the forecast horizon. A key advantage of our framework is its ability
to relate forecast degradation to the significance level. The Within 7, column provides a binary
indicator of calibration validity, flagging violations of the predefined safety threshold. Furthermore,
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Table 4: Comparison of calibrated thresholds 7, across grid geometries for o« = 0.1. The weighted
norm yields more consistent 7, values with less variation under grid scheme.

Grid Type Relative Norm Weighted Norm
Uniform 0.02810 0.02810
Clustered Center 0.02866 0.02821
Clustered Boundary 0.03280 0.03079

Std. of Thresholds 0.00257 0.00148
Coeff. of Variation 8.6% 51%

because all components are expressed in the same relative units as 7, the magnitudes of continuous
diagnostic values can be directly interpreted with respect to the calibrated conformal radius. Finally,
by jointly analyzing IA and CES, we observe that even when the ensemble mean remains within
calibrated bounds, individual members may drift beyond a reasonable significance level, indicating
loss of forecast reliability.

6.4 ABLATION STUDIES

Conditional Coverage. Assessing the effect of grid geometry on calibration is essential for demon-
strating the necessity of our weighted norm. Using the 2D Poisson problem, we generate data on
three distinct grid types: uniform, center-clustered, and boundary-clustered. For each grid, we com-
pute 7, using both the standard relative L? norm and the weighted relative L? norm. As shown
in Table [ the weighted norm yields 7, values with lower relative variation across grid types. In
practice, neural operators often develop biases toward the discretization used during training. Our
method mitigates this bias by incorporating the grid geometry, allowing the nonconformity score to
more faithfully approximate the continuous-space error.

Super-Resolution Coverage. Next, we evaluate the super-resolution task introduced in the Theo-
retical Foundation section. Table[5|shows that directly applying a conformal threshold 7, calibrated
at a low resolution results in substantial undercoverage at higher resolutions, with the Poisson case
falling nearly 70% below the target level. After adjustment, coverage for the Darcy case is fully
restored to the desired 90%, while the Poisson case, though still imperfect, improves markedly from
19.9% to 74.9%. These results indicate that the proposed adjustment substantially improves reli-
ability, but does not fully recover target coverage under large resolution shifts, suggesting that the
heuristic fails to capture the full complexity of the underlying error behavior. Furthermore, esti-
mating the regression slope requires careful selection of calibration points, and thus relies on prior
knowledge of the resolution-dependent behavior of 7, (d).

7 CONCLUSION

This work extends split CP to function spaces using a quadrature-weighted norm, enabling calibrated
uncertainty quantification for neural operators across varying grid resolutions. The proposed method
improves stability under discretization shifts, achieves near target coverage in super-resolution tasks
via a heuristic model of 7,,, and enables reliability diagnostics in autoregressive forecasting through
CES and IA. Empirical results demonstrate improved functional and pointwise coverage. Extensions
to strongly non-smooth or discontinuous PDE solutions remain necessary work.

Table 5: Coverage summary for Darcy 1D and Poisson 2D super-resolutions, calibrated at signifi-
cance level o = 0.1.

Instance Scalar Coverage
. Darcy 0.00771 0.878
Unadjusted - piicon 009659  0.199
Adjusted Darcy 0.00811 0.909

Poisson 0.10767 0.749
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A CODE AVAILABILITY

Our repository is available under the Apache License version 2.0 at https://github.com/
SAILRIT/CFNO. Our checkpoints and output can be obtained upon request from the corresponding
author.

B DETAILED PROOF OF THEOREM 1

Proof. Let {(fi,u;)}!! be an i.i.d. sample from the data-generating distribution on X x ). Let
@; = Go(f;) be the model prediction for input f;. Our goal is to construct a prediction set for w1
in the function space ) with a coverage guarantee. The proof proceeds in five steps.

Step 1: Calibration in Discretized Space. We define a nonconformity score on the discretized
space R using the projection operator P : ) — R% and the quadrature-weighted norm || - | w,2,d-
For each of the first » samples in the calibration set, we compute the score:

si = ||P(t;) — P(uq)||w,2,4- (12)

We then compute the conformal threshold 7, as the [(1 — «)(n + 1)]/(n + 1)-th empirical quantile
of the scores {s1,...,s,}. By the standard theory of split conformal prediction, the score for the
test point s, satisfies:

P(spt1 < 7o) > 1—a. (13)
This provides a finite-sample, distribution-free guarantee in the discretized space.

Step 2: Relating Discrete and Continuous Nonconformity. The core of our functional guarantee
relies on relating the discrete score s; to a true nonconformity score in the continuous function space,
$§°" = ||@; — u;||y. This relationship is formalized by the bilipschitz assumption (Assumption 1),
which states that there exist constants ¢y, co > 0 such that for any u,v € V:

cillu—vlly <||P(u) = P(0)|lw,2.4 < callu—vlly. (14)
Applying this to our nonconformity scores, we have:

185 < < eps™ Vi=1,...,n+1. (15)

Step 3: Deriving the Functional Coverage Guarantee. We can now translate the coverage guar-
antee from the discrete space to the continuous space. The event s, 11 < T, is the basis of our
1 — o guarantee. From the bilipschitz inequality, this event implies a condition on the continuous

.1 cont 3 3 M cont
score: if s,4+1 < Ty, then 15501 < Snt1 < Ta, which implies 771 < T/ C1. Because the event

{snt1 < 7o} implies the event {s;*), < 7,/c1}, the probability of the latter must be at least as

large as the probability of the former:

P(so, < Tafc1) > P(spi1 < 70) > 1— 0. (16)

Step 4: Defining the Functional Prediction Set. This result allows us to define a prediction set
directly in the function space ). We define the set T™""(f,,, 1) as a ball in ) with radius 7, /c1:

% (fra1) = {0 € Y [[itnss — vlly < 7a/er). (17)
From Step 3, the probability that the true function u,,; lies in this set is:
Plunar € T8(frin)) = P(sSy < 7afer) 21— a (18)

This provides a valid finite-sample coverage guarantee for a prediction set in the function space ).

Step 5: The Asymptotic Argument. The “asymptotic” nature of the guarantee refers to the fact
that the radius of the guaranteed set, 7,/c1, converges to the calibrated discrete radius 7, as the
discretization becomes arbitrarily fine. As the discretization is refined (i.e., d — 00), the quadrature-
weighted norm converges to the continuous L2 norm, and the projection P becomes a near-isometry
for the class of functions of interest. In this limit, the distortion constant ¢; — 1. Thus, for suf-
ficiently fine discretizations, the guaranteed function-space ball has a radius that approaches the
empirically calibrated threshold 7,. O
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Remark 2 (Asymptotic Convergence of the Prediction Set Radius.). The practical utility of the
guarantee depends on the constant c1, which quantifies the geometric distortion introduced by the
discretization map P. The “asymptotic” aspect of our framework relates to the behavior of this
constant. As the discretization is refined (i.e., d — 00), the quadrature-weighted norm converges to
the continuous L? norm (as shown in Theorem 4), and the projection P becomes a near-isometry
for the class of functions of interest. In this limit, the distortion constant c; — 1. Consequently, for
sufficiently fine discretizations, the radius of the guaranteed function-space ball, 7.,/ c1, approaches
the empirically calibrated and directly computable threshold T,. This ensures that our functional
prediction set is not only theoretically valid but also practically useful, as its size is determined by a
well-behaved, empirical quantity.

C DETAILED PROOF OF THEOREM 2

Proof. Let {(fi,u;)}"_; be an i.i.d. calibration set drawn from P,), and let i; = Gy(f;) denote
model predictions. We aim to characterize the functional coverage when the same conformal thresh-
old 7, is applied to data at forecast time ¢ from a potentially different distribution P;. The proof
follows three steps.

Step 1: Coverage under Distribution Shift. By the standard split CP guarantee, the discrete
scores 8; = || Pa(@;) — Pa(w;)||w,2,q satisfy Peai(s < 74) > 1 — . When this threshold is applied
to samples drawn from P;, the drift bound of Barber et al.|(2023)) implies

Pi(s <7a) 21— a —dry(Pear, Py), (19)
where drv is the total variation distance between P.,; and P;.

Step 2: Lifting to the Function Space. From Assumption|[1} we have ¢1]|@; — u;|ly < s. Thus, the
event s < 7, implies
s — uelly < 7a/ca. (20)

Step 3: Functional Prediction Set Coverage. Define the functional prediction set T"¢(f,) = {v €
Y |ae —v||y < 1o/} By Step 2, s < 7, implies u; € T™(f,). Combining this implication
with the drift-adjusted discrete guarantee from Step 1

Py (ue € TR™(fy)) > 1 — o — drv (Pear, Py), 21
which establishes the stated result. ]

D ADDITIONAL THEORETICAL RESULTS

Now we present three additional theoretical results, which further illuminate the connection between
discrete and functional coverage. The first result Lemma [I| formalizes a stability property of the pro-
jection operator, ensuring that small discretization errors cannot drastically change the geometry of
the output space. The second result Theorem 3 incorporates this stability into a PDE setting, where
the solution operator is assumed to be stable with respect to perturbations in boundary conditions
or source terms. The third result Theorem shows the convergence of the weighted norm to the
continuous L? norm.

Lemma 1 (Projection Stability). Let Y be a normed function space equipped with || - ||y, and let
P : Y — R? be a discretization (or projection) map. Suppose that there exist constants c1,cs > 0
such that for all u,v € ),

cillu —vlly < |P(u) = P(v)[|ge < coflu —vfly. (22)

Then P is bilipschitz on ), up to the constants c1 and co. Consequently, any ball in Y is mapped to
a comparable ball in R, and vice versa.

Proof. The assumed double inequality implies that P preserves distances in ) up to multiplicative
factors ¢y and cs. Specifically,

allu—vlly < [P(u) = P(v)l[re < collu —vlly (23)
Hence, if ||u —v||y < €, it follows that || P(u) — P(v)||ge < cqe. Conversely, ||P(u) — P(v)||ge < 6
implies ||u — v|ly < %. Thus, neighborhoods in )) map to neighborhoods in R¢ with at most a
constant change in radius, establishing bilipschitz continuity of P. O
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Theorem 3 (Conformal Coverage for PDE Solutions Under Operator Stability). Let A : X — ) be
a forward operator that maps an input function (e.g., initial/boundary data, source terms) f € X to
the corresponding PDE solution u = A(f) € ). Assume A is Lipschitz stable with constant L > 0;
that is, for any f1, fo € X,

[A(f1) = A(f)lly S Llfi— follx

Suppose further that the discretization map P : Y — R? satisfies the bilipschitz property in the
Lemma above, with constants ¢; < co. Let Gy be a neural-operator-based approximation of A, and

let T, (-) € R? be a (discretized) conformal set calibrated to achieve

P[P (un11) ¢ Ta (fas1)] <

under i.i.d. draws {(f;,u;)} ~ D. Define the functional conformal set

Fa(f) = {vey: P@) e Ta(n)}
Then, for sufficiently fine discretization (i.e., adequately large d ), there exists d > 0 such that
P [un-‘rl ¢ Fa (fn+1)] S a+ 4

where un 11 = A(fnt1). Moreover, § — 0 as the mesh or basis in P is refined and the training
sample size n. grows.

Proof. he key is to formalize the role of the PDE operator A in ensuring that the conditions for
Theorem 1 are met.

Step 1: Defining the Relevant Function Subspace. The set of all possible PDE solutions forms
a specific subset of the larger function space ). We define this subset as the range of the solution
operator, Y4 = {A(f) | f € X}. The Lipschitz stability of .4 implies that solutions in )/ 4 possess
a certain regularity (e.g., they lie within a ball in a Sobolev space). This regularity is critical because
it makes the bilipschitz assumption on the discretization map P plausible.

Step 2: Applying the Bilipschitz Assumption on the Subspace. We assume that the discretization
map P : Y — R is bilipschitz specifically on the subspace of solutions ))4. That is, there exist
constants ¢, co > 0 such that for any two solutions u, v € Y 4:

cillu—vlly <||P(u) = P(0)|lw,2.4 < callu—vlly. 24

This is a more targeted assumption than requiring the property to hold over all of ). The stability of
A makes this assumption reasonable for standard discretization methods (e.g., sufficiently fine grids
for smooth solutions).

Step 3: Invoking Theorem 3. The calibration data consists of pairs (f;, u;) where u; = A(f;),
so all true solutions u; belong to ) 4. The neural operator Gy is trained to approximate A, so
its predictions 4; = Gy(f;) are also expected to lie in or near this subspace. Since the bilipschitz
condition holds for the relevant functions (the true solutions and their approximations), all conditions
for Theorem 3 are met. We calibrate a threshold 7, in the discrete space as per Step 1 of the proof
of Theorem 3. Then, following Steps 2-4 of that proof, we can construct a functional prediction set:

Lo (far1) = {v € Y : |1 —vlly < ma/er}, (25)
which is guaranteed to have coverage of at least 1 — «:
P(un1 € TR™(fri1)) > 1 -, (26)

where up4+1 = A(fn+1). The asymptotic nature relates to ¢; — 1 as the discretization is refined.
This completes the proof. O

Remark 3. The Lipschitz stability assumption on A arises naturally in many PDE problems with
wellposedness guarantees, where small perturbations in boundary conditions or source terms lead
to proportionally bounded changes in the solution field. The theorem then assures that, for stable
PDE operators and suitably refined discretization, the functional conformal predictor Ty, (frn+1)
offers robust finite-sample coverage in the infinite-dimensional setting.
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Theorem 4 (Convergence to the Continuous L? Norm). Let f be a Riemann integrable function on
a bounded domain Q0 C R2. Let P, be a sequence of partitions of ) into d cells, indexed by d € N,
| = max;=1, q(diam(C;)), tends to zero as d — oc.
Let || f ||12ﬂ2 o be the squared quadrature-weighted norm computed on the partition P;. Then, the

sequence of discrete norms converges to the squared continuous L? norm:
Jm 1% 2.0 = 1£11Z2 0 27)

Proof. We establish the equivalence in four steps, following the definition of the Riemann integral.

Step 1: Formal Definitions. The squared continuous L? norm of a function f : Q — R is given by
the definite integral:

e = [ f@)Pdo 8)
A partition P, of the domain (2 consists of a set of d non-overlapping cells {Cy, Cs, ..., Cy4} such

that UL, C; = Q. For each cell C;, we denote its area by w; = Area(C;) and choose a sample point
;€ C The squared quadrature-weighted discrete norm is defined on this partition as:

d
= Y wiflah)? 9
=1

Step 2: Identification as a Riemann Sum. Let the function g(z) = f(x)2. Since f is Riemann
integrable, g is also Riemann integrable on 2. The expression for the squared quadrature-weighted

norm,
d d
) wi = g (30)
=1 =1

is precisely the definition of a Riemann sum for the function g(x) over the domain €2 with respect to
the partition P; and the sample points {z}.

Step 3: Convergence via the Definition of the Riemann Integral. The definite integral of a
function g over a domain 2 is defined as the limit of its Riemann sums as the norm of the partition
(i.e., the maximum diameter of any cell in the partition) approaches zero. Formally,

/Qg@c) = A lHOZg 31

This limit exists and is independent of the choice of sample points ] because g is Riemann in-
tegrable. As we refine our grid such that d — oo and || Py|| — 0, our discrete norm calculation
becomes an increasingly accurate approximation of this integral.

Step 4: Conclusion of Equivalence. By substituting g(z) = f(z)? and applying the definition of
the Riemann integral from Step 3, we directly connect the limit of the discrete norm to the continuous
norm:

[l Pall—

. 2 _ 29 2
T [ f]% 5,0 =  Jim Zf Pui= [ f@fde = 1 £l (32)
This convergence proves that the quadrature—welghted discrete norm is fundamentally equivalent to

the continuous L? norm in the limit. This property justifies its use as a reliable and geometrically
sound nonconformity score for function-space conformal prediction. O

E PDEsS & DATA GENERATION

E.1 DARCY FLoOw

For the first case we consider a one-dimensional variant of Darcy flow governed by the steady-state
elliptic problem

d du
0 (k(m)dx) =0 onz€]0,1] (33)
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subject to Dirichlet boundary conditions u(0) = 0 and u(1) = 1. The coefficient k(x) represents
a permeability field that varies in space. In order to emulate heterogeneous media, we draw k()
from a random field with mild smoothness, ensuring that it remains strictly positive. The essential
objective is to approximate the mapping k(-) — w(-) and then provide set-valued predictions I',, ()
with a guaranteed coverage level 1 — a.

For data generation, we discretize the domain [0, 1] into 1024 uniform points and construct each ran-
dom permeability k(x) by summing a few random Fourier modes. This yields fields with different
oscillatory patterns, constrained so that k(x) remains between 0.01 and 10. For each sample, we
solve the linear system that arises from the finite-difference approximation of the Darcy equation,
thereby obtaining a ground-truth solution u(x). We generated 100,000 such permeability-solution
pairs and subdivided them into training, calibration, and test sets in the ratio 80%, 10%, 10%.

E.2 POISSON EQUATION

In our second case we consider a two-dimensional Poisson problem, in which the governing equation

is

=V (Vu(z,9)) = f(z,9), (z,y) € 0,1, (34)
subject to Dirichlet boundary conditions u(x,y) = 0 on 9[0, 1]2. The function f(z,vy) represents
a spatially varying source term that influences the solution u(x,y). We generate a family of such
problems by sampling f from a random field with bounded support, then numerically solving for the
corresponding solution u. Our goal is to learn the mapping f(, ) — u(, -) and and again provided
set-valued predictions ', (-).

To generate synthetic examples, we discretize the domain [0, 1] using three types of grids: (i) a
standard uniform N x NN grid with evenly spaced coordinates, (ii) a non-uniform grid obtained by
applying a cubic transformation to a uniform reference grid to cluster points toward the center, and
(iii) a grid generated via a sine transformation to concentrate points near the domain boundaries.
These coordinate mappings introduce structured resolution variation while preserving geometric
continuity for the finite difference solver. We construct random forcing fields f by summing a small
number of random Fourier modes. For each forcing sample, we solve the equation Au = f with
boundary condition v = 0 using either a finite-difference or Jacobi iterative method, yielding the
ground-truth solution w. This process yields a dataset {(f;,u;)}, which we partition into 5,000
training, 1,000 calibration, and 1,000 test instances.

E.3 UNSTEADY NAVIER—-STOKES DYNAMICS

Our final case study considers the two-dimensional incompressible Navier—Stokes equations in vor-
ticity form:

Ow+u-Vw=vAw+ f, (z,y)€[0,1]% tc]0,T], (35)
where w(z,y,t) denotes the vorticity, v > 0 is the kinematic viscosity, and f(z,y) is a stationary
external forcing term. The velocity field u is recovered from w via the stream function 1), solving
Ay = w, followed by u = (—0,1, 0,¢). We impose periodic boundary conditions in both spatial
dimensions.

We generate the initial vorticity field wq(x, y) by sampling from a two-dimensional Gaussian random
field with spectral decay. The external forcing f(x,y) is chosen as a fixed sinusoidal function. We
simulate the evolution of w(x,y,t) using a pseudo-spectral method with dealiasing and implicit
treatment of the diffusion term. The solver records the vorticity field at uniformly spaced time steps,
producing a spatio-temporal trajectory w(+, -, t) over a time horizon 7" = 50 with 200 snapshots. We
then generate 1,200 initial conditions and their corresponding time evolutions on a 64 x 64 spatial
grid. Next we split this into 1,000 training, 100 calibration, and 100 test instances. Because we
don’t provide a qualitative evaluation of this case in the paper, we refer the reader to Figure [3|for a
visualization.

F DISCUSSION ON RESOLUTION ADJUSTMENT

As shown in Figure[5] only two dominant patterns are observed in the Poisson data—excluding the
lower resolutions, which are dominated by e4isc. In the Darcy case, a similar trend emerges, albeit
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Figure 3: Unsteady Navier—Stokes Dynamics. Visualized is a single predicted trajectory from the
evaluation set.

with a slightly weaker spike. Thus, our regression approach proves effective for calibration transport
across resolutions, especially for super-resolution tasks. In some cases, particularly for resolutions
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Figure 4: Coverage versus 7, grouped by res-  Figure 5: We plot the empirical distribution
olution. We mark each resolution’s own cali-  of 7, values across varying resolutions for the
brated 7,/coverage with a colored star; circles  Poisson case study. We propose two small re-
represent 7, values evaluated at non-native res-  gressions to transport 7, within the most con-
olutions. sistent reigns.

close to the calibration resolution, this transportation adjustment is not as necessary. Figure[dshows
the inter-evaluation of 7, values across a small subset of resolutions within the Darcy flow case. As
we increase the resolution locally, the drop in significance—while still present—remains relatively
minor compared to larger resolution shifts. For example, consider the 7, value produced at resolu-
tion 1,040 for a significance level of « = 0.1. As the resolution increases to 1,536, the coverage
drops only slightly to 85%. In contrast, when the resolution decreases by a similar amount to 512,
the coverage drops more substantially to 65%.s

G EXPERIMENTAL SETUP

All experiments were conducted on SPORC (Scheduled Processing On Research Computing),
Rochester Institute of Technology’s High Performance Computing (HPC) cluster. For all training,
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evaluation, and calibration tasks, we used a single NVIDIA A100 GPU and two CPU cores. This
configuration was sufficient for all neural operator models and associated conformal calibration rou-
tines. No distributed training or multi-GPU setups were required. Job submissions were managed
through Slurm, and all experiments used fixed random seeds for reproducibility. We provide a sum-
mary of each methods computational budget in Table [6]

Table 6: Computational Summary. Reported losses are dependent on training procedure (e.g., vari-
ational methods include the KL loss.) Each result is produced from an average of 5 runs.

Model Epochs Dataset Size # Parameters Loss Training Time
Darcy 1D
MC Dropout 700 20,000 454K 0.000006 0:00:34
Variational 700 20,000 480K 0.000065 0:00:34
Poisson 2D
Triplet 500 5,000 19.7M 0.005017 0:01:02
Quantile 500 5,000 19.7M 0.005783 0:01:01
Navier-Stokes 2D
Deterministic 100 1,200 226.9M 0.000004 3:18:28
Variational 100 1,200 227.0M 0.000116 2:18:28

H SUPER RESOLUTION

Figures [6] and [7] present qualitative visualizations of individual test instances evaluated far outside
the training and calibration resolution. In both cases, the displayed instance corresponds to the res-
olution level to which the conformal calibration threshold 7, was transported using the empirical
regression procedure described in Section These examples illustrate the structure of the pre-
dicted field, the associated conformal bounds, and the alignment between model uncertainty and
true error, despite a significant resolution shift relative to the calibration set. The ability to apply
calibrated uncertainty estimates under such resolution mismatch is critical for high-fidelity scien-
tific applications and demonstrates the practical effectiveness of our resolution-agnostic calibration
framework.

(a) Prediction vs Ground
Truth (b) Prediction Interval (c) Std. vs Prediction Error
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Figure 6: Visualization of a Darcy flow test instance evaluated at a resolution significantly higher
than that of the training and calibration data. This specific instance corresponds to the resolution
level used for transporting the conformal calibration scalar 7, via the regression procedure. Subfig-
ures show (a) the predicted solution alongside the ground truth, (b) the conformal prediction interval
derived from sampled trajectories, and (c) the local standard deviation compared to the pointwise
prediction error.
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Figure 7: Visualization of a Poisson equation test instance at a super-resolved grid. This instance
was used as the evaluation target for applying the transported conformal threshold 7,. Shown are
(a) the predicted solution versus the ground truth, (b) the local ensemble spread, and (c) the abso-
lute prediction error. These visualizations demonstrate the model’s behavior under resolution shift
beyond the training range.

I GRID GEOMETRIES

Let [0, 1] denote the spatial domain, and let n,;, n,, denote the number of discretization points along
each axis. We construct grid coordinates by first defining a parametric variable ¢ € [—1, 1] sampled
uniformly with n; and n, points in the x- and y-directions, respectively. The final grid coordinates

(xi,y;) are obtained via one of the following continuous mappings 7" : [—1,1] — [0, 1] applied
elementwise:

Uniform:  Tynitorm (t) = 3 (t + 1), (36)

Clustered Center:  Teener(t) = & (t° 4 1), (37)

Clustered Boundary:  Thoundary (t) = 3 (sin(5¢) + 1). (38)

These mappings define the spatial concentration of grid points. The uniform mapping yields evenly
spaced coordinates across the domain. The cubic mapping clusters points toward the domain center,
due to its vanishing first derivative at ¢ = +1 and maximal slope at t = 0. Conversely, the sinusoidal
mapping clusters points near the boundaries, as its derivative vanishes at ¢ = 0 and grows toward
t = £1. In each case, the transformation ensures that grid coordinates remain in [0, 1] and preserve
the geometric continuity of the domain. These geometries enable controlled evaluation of calibration
robustness under structured discretization shift. We visualize each method in Figure
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(a) Weight Map (b) Horizontal Mesh (c) Vertical Mesh

Figure 8: Visualization of the three grid geometries used in our experiments. Each row corresponds
to a different grid mapping: uniform (top), clustered toward the center (middle), and clustered toward
the boundary (bottom). Columns show the numerical quadrature weight map (left), horizontal coor-
dinate mesh x (center), and vertical coordinate mesh y (right). The visible banding in the uniform
case is a result of floating-point rounding errors and does not meaningfully affect the calibration
procedure.
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