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Abstract

Despite the growing success of transform-based tensor models such as the t-product,
their underlying geometric principles remain poorly understood. Classical differ-
ential geometry, built on real-valued function spaces, is not well suited to capture
the algebraic and spectral structure induced by transform-based tensor operations.
In this work, we take an initial step toward a geometric framework for tensors
equipped with tube-wise multiplication via orthogonal transforms. We introduce
the notion of smooth t-manifolds, defined as topological spaces locally modeled
on structured tensor modules over a commutative t-scalar ring. This formulation
enables transform-consistent definitions of geometric objects, including metrics,
gradients, Laplacians, and geodesics, thereby bridging discrete and continuous
tensor settings within a unified algebraic-geometric perspective. On this basis,
we develop a statistical procedure for testing whether tensor data lie near a low-
dimensional t-manifold, and provide nonasymptotic guarantees for manifold fitting
under noise. We further establish approximation bounds for tensor neural networks
that learn smooth functions over t-manifolds, with generalization rates determined
by intrinsic geometric complexity. This framework offers a theoretical founda-
tion for geometry-aware learning in structured tensor spaces and supports the
development of models that align with transform-based tensor representations.

1 Introduction

Tensor-based modeling has emerged as a powerful paradigm for representing and analyzing structured
data, with widespread applications in machine learning, computer vision, signal processing, and
quantum Al [64, 65, 78, 53, 23, 39, 61, 62, 83]. Among these, the t-SVD framework [33, 32]
introduces a unique t-scalar representation, where each mode-3 fiber (tube) is treated as an indivisible
algebraic unit called a t-scalar, following a transform-based multiplication rule (see Section 2.1 for
details). Built on this foundation, a 2D image can be viewed as a t-vector whose entries are t-scalars,
while a 3D video can be interpreted as a t-matrix [79, 41, 33]. This representation enables low-rank
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Figure 1: Overview of the proposed t-product geometric framework. (A, B) Discrete and continuous
t-scalars in K. and K, form high-dimensional t-vectors (C, D) as elements of Kg or Kgo. (E) A
t-module is a t-linear space spanned by t-vectors with coefficients in t-scalars. (F) A t-manifold
is defined as a smooth space locally homeomorphic to a (finitely generated free) t-module (G),
generalizing classical manifolds to the transform-based tensor setting. (I) In the transform domain, the
t-manifold decomposes into multiple frequency-wise manifolds, which support spectral smoothness.
(H) These constructions support the development of learning theory over t-manifolds, including
hypothesis testing, fitting from noisy data, and smooth function learning with tensor neural networks.

modeling in the transform domain, effectively capturing structured dependencies such as spatial,
spectral, and channel-wise correlations [32, 31, 83, 68, 27, 71].

A central concept in many t-SVD-based methods, such as Tensor Robust PCA [41] and Tensor Low-
Rank Representation (TLRR) [83], is the structure that can be viewed as a t-module (see Section 2.1
and Fig. 1-E), which serves as an analog of a linear space defined over the t-product algebra [30, 6].
For instance, TLRR models utilize t-modules to express the self-representation property of tensor
data [83, 68, 69, 30]. While effective, such linear structures are inherently limited in their ability
to capture nonlinear interactions or encode higher-order geometric properties. Moreover, existing
approaches are primarily formulated based on discrete tube structures [83, 68, 69, 30], typically
corresponding to time-indexed sequences with finite sampling, such as video frames [83]. These
methods lack a unified perspective that bridges discrete-time tubes [83] and continuous-time tube
representations [67, 47, 66] within a coherent geometric framework.

Recent work has begun to explore geometric aspects of the t-product, including Grassmannian and
Stiefel manifolds defined over t-scalars [45, 19]. However, these developments remain narrowly
focused and lack a unified theoretical framework. In particular, a general theory of differential
geometry that is compatible with the t-product and capable of defining smooth structures, Riemannian
metrics, geodesics, and other geometric objects in a transform-consistent manner has yet to be
established. At the same time, t-SVD-based models have demonstrated strong empirical performance
in graph-structured learning tasks [13, 51, 24, 70], where graphs may be viewed as discrete samples
from an underlying manifold. Yet, the intrinsic geometric structure of such tensorized data remains
largely unexplored.

These observations point to an important yet underdeveloped direction: developing a geometric
framework for tensor learning that extends differential geometry to the algebra induced by the t-
product. Such a framework is essential not only for unifying discrete and continuous tensor modeling,
but more importantly, for establishing a principled theoretical foundation for structure-aware learning
in tensor settings. In this work, we make an initial attempt toward this goal by posing the following
theoretical questions:

* Q1: Can we construct a rigorous differential geometric framework over t-scalars that system-
atically unifies discrete and continuous tensor representations, and gives rise to well-defined
geometric objects such as t-manifolds?

* Q2: Can such a framework support the theoretical analysis of smooth function learning on
low-dimensional t-manifolds from high-dimensional tensor data?



To address these questions, we propose a theoretical framework of t-product geometry (see Fig. 1)
with the following contributions:

* Geometry. We introduce the concept of t-manifolds, a new class of smooth manifolds defined over
the t-scalar ring, formalized via a sheaf-theoretic construction. This lays a principled foundation
for defining transform-consistent geometric structures such as tangent spaces and Riemannian
metrics (Section 2), directly addressing Q1.

* Learning theory. We develop hypothesis testing and fitting methods for identifying low-
dimensional t-manifold structures from high-dimensional tensor data, and establish theoretical
guarantees for learning smooth functions defined on such manifolds using tensor neural networks.
These results offer a rigorous theoretical foundation for geometry-aware learning in the tensor
setting (Sections 3.1-3.2), thereby addressing Q2.

Beyond the theoretical developments, we further illustrate the modeling potential of the proposed
framework through a conceptual example in image modeling, where bidirectional structures based
on the t-product formulation are utilized to enhance clustering and tensor recovery” (Section 4).
To our knowledge, this work provides the first framework that formulates tensor learning within a
differential-geometric space defined by the t-product algebra, bridging transform-based tensor analysis
and smooth manifold theory. The appendix provides detailed related work, proofs, algorithms, and
experiments.

2 Differential Geometry over the t-Product Algebra

To address Q1, we develop a differential geometric framework over the t-product algebra by intro-
ducing a new class of smooth manifolds, which we refer to as r-manifolds. These manifolds are
constructed over the t-scalar ring and support transform-consistent notions of smoothness and locality.
We begin by introducing the algebraic foundations necessary for this formulation.

2.1 Preliminaries on t-Scalar-Based Representation

Discrete t-scalars and the ring K.. A discrete t-scalar is a third-order tensor a € RI*1xc which
may represent a row in a 2D image (with ¢ columns, see Fig. 1-A) [83, 68] or the RGB channels of a
pixel (when ¢ = 3) [41]. We define the #-product between t-scalars as a multiplication on R1x1xe
via an orthogonal transform M € R°*¢ (e.g., DCT) [61, 62], letting @ = b := M~ (M (a) © M (b)),
where © is the Hadamard product. This turns the space into a commutative ring [6], denoted
K. := (RY*1*€ + %), with identity element e := M ~1(1) where 1 € R€ is the all-ones vector.

Continuous t-scalars and the ring K. In the continuous setting, a continuous t-scalar is a smooth
function f € C*(R), representing, e.g., a continuous-time signal (see Fig. 1-B) [67]. Let M be a
unitary operator on C®(R) (e.g., a multiplication or translation operator). Then multiplication is
defined as f * g := M~Y((Mf)(Mg)), and the ring’ is denoted as Ko, := (C®(R), +, *). For
simplicity, we assume the existence of a unit element e = M ~1(1).

T-vectors and t-module. A t-vector is a tuple of d t-scalars (see Figs. 1-C and D). In the discrete case,
p = (py,...,p;) € K with each p, € R*1*¢; in the continuous case, f = (fi,..., f4) € KL.
This allows us to represent structured objects such as image rows, multichannel signals, or time-
varying slices [61, 83, 67]. The set K¢ forms a free right module over the t-scalar ring K € {K., K},
supporting addition and scalar multiplication defined componentwise [6]. We refer to such a space as
a t-module, which can be regarded as a natural generalization of a linear subspace, where the scalar
field (e.g., R or C) is replaced by the t-product algebra K (see Fig. 1-E). This t-module structure
serves as the model space for defining local charts in our construction of t-manifolds (Definition 1).

This example is intended to demonstrate the modeling perspective inspired by the t-product framework
rather than to serve as an empirical benchmark for t-manifold learning.

3 Alternatively, one may define Ko, over C'(R) rather than C™ (R), provided that the transform M preserves
continuity and ensures closure of the induced multiplication in C'(R), and that the unit element e = M ~*(1)
exists. For instance, when M is a translation or a smooth multiplication operator, e is smooth and lies in C® (R).
In contrast, if M is the Fourier transform, then e = §(¢) is a tempered distribution lying outside C'(R); this can
be addressed by extending the scalar ring to the space of distributions D’ (R) or by adjoining a formal identity.



2.2 Smooth t-Manifolds with Intrinsic Dimension p

We propose the notion of #-manifolds as a generalization of classical smooth manifolds (see Fig. 1-
F), in which real-valued coordinates are replaced by structured t-scalars from a commutative ring
K € {K., Ky}, and the local structure is modeled by a t-module (see Fig. 1-G). This provides a
unified algebraic-geometric view of discrete and continuous tensor data.

Definition 1 (Smooth t-Manifold of Dimension p). Let 5 € N-. A topological space M is called a
C?#-smooth t-manifold of intrinsic dimension p over K if the following conditions are satisfied:

(1) Topological structure. M is a Hausdorff and paracompact topological space.

(2) Local charts. There exists a locally finite atlas (Uy, ¢ ), 4 such that each U, is open in M, and
each ¢, is a homeomorphism onto an open subset V,, € KP, where K” denotes the free K-module
of rank p (with K € {K., Ky }). The manifold M can be regarded as embedded in a higher-rank free
K-module K¢ (d > p), equipped with the product topology—Euclidean if K = K, and Fréchet if
K =Kg.

(3) Component-wise smoothness and independence. For any overlapping charts ¢, and g with
Uy nUg # (J, the transition map ¢, o @El is C®-smooth in the transform domain, and acts
independently” across frequency components. Specifically:

¢ (Discrete case) K = K.: For each frequency index k = 1, ..., ¢, the k-th slice

[Mo<pao<pgloM_1]k:Rp—>Rp

is a C#-smooth diffeomorphism, and different slices are mutually independent. Consequently,
M(M) = MD x ... x M) where each M*) is a C®-smooth p-dimensional manifold.

* (Continuous case) K = K, For each frequency parameter ¢ € R,

[Mogoaogo/gl o M~ t](t) : R — RP

is CP-smooth, and the map t — [M o ¢, 0 5" o M~](t) is continuous in the C”-topology.
Assuming component-wise independence across ¢, the transform-domain representation satisfies

M(M) = Sn? M dt, where {M®}, g forms a continuously parameterized family of C-
smooth manifolds.

This definition generalizes classical smooth manifolds: when K = R and M = Id, a t-manifold
reduces to an ordinary C*?-smooth manifold modeled on R”, with standard smooth transition maps.
More generally, when K € {K., Ky} and the product topology is imposed, the free module K?
becomes a trivial C'#-smooth t-manifold and serves as the local model space for general t-manifolds.
Definition 1 thus extends the notion of smooth manifolds to the algebraic setting induced by the
t-product, where smoothness is enforced in the transform domain to ensure compatibility with
underlying tensor operations. This definition strictly adheres to the core philosophy of the t-SVD
[33, 32, 6]: by treating tubes as algebraic units and operating in the transform domain, it captures
low-rank structures and coherent variations along spectral modes while ensuring frequency-wise
independence among transform components.

In data modeling, the intrinsic dimension p quantifies the local degrees of freedom required to
parametrize the manifold M, while the ambient dimension d corresponds to the number of t-vector
coordinates (e.g., image rows or spatial locations). In most applications, we expect d > p, consistent
with the manifold hypothesis—the assumption that structured tensor data concentrate near a low-
dimensional t-manifold embedded in a high-dimensional t-vector space. This hypothesis will be
theoretically examined in Section 3.1.

*Throughout this work, t-manifolds are defined under the assumption of frequency-wise independence in the
transform domain, meaning that local smooth structures are specified separately for each frequency component.
This assumption simplifies the definition of differential and geometric objects but rules out cross-frequency
interactions that could model spectral coupling. Relaxing this independence assumption in manners like [63]
would allow for more expressive geometric structures and constitutes an interesting direction for future research.



2.3 Differential Geometry on t-Manifolds

To develop a coherent geometric framework on t-manifolds, classical differential geometry needs to
be extended in a manner that respects the algebraic structure induced by the t-product. Traditional
geometric objects such as vector fields, differential forms, and Riemannian metrics are defined
over real-valued functions. In contrast, t-manifolds are locally modeled on t-scalars drawn from a
transform-based commutative ring K (e.g., K. or K,), rather than R. This shift leads to a basic issue:
since t-scalars are structured objects, such as discrete tubes or smooth functions, basic operations
including directional derivatives and linear functionals cannot be defined by direct scalar-based
analogies. Instead, they must be formulated in a manner consistent with the underlying transform
algebra.

To address this, we adopt a sheaf-theoretic formulation rooted in commutative algebra [7, 22,
20], which provides a unified language for organizing frequency-wise smooth functions and their
differential relations. In this setting, all geometric objects are defined with respect to the structure sheaf
O of K-smooth functions, ensuring transform-consistent local definitions even under frequency-
wise independence. Tangent vector fields are realized as K-linear derivations on O A4, generalizing
directional derivatives to the setting of structured scalars, while differential 1-forms are defined as
elements of the Kihler differential module [22] over O, satisfying the Leibniz rule and serving as
duals to vector fields under evaluation.

We now introduce the algebraic structures underlying differential geometry on t-manifolds.

Algebraic structures for geometry on t-manifolds. We generalize classical differential constructions
to the setting of K-smooth functions using a sheaf-theoretic approach that is compatible with the
transform-based algebra underlying the t-product.

Definition 2 (K-Smooth Function). Let U be an open subset of a t-manifold M and M be the
transform defining the t-product. A function f : U — K is called K-smooth if its transform-domain
components are C#-smooth, i.e.,

[Mflee COMMU)]) forK =K.,  [MfI(#t) e CP(MU)](t) forK = K.

This notion extends classical smoothness to the structured t-scalar algebra by enforcing frequency-
wise regularity consistent with the t-product”.

Definition 3 (Structure Sheaf). Let M be a C®-smooth t-manifold over K. The structure sheaf O,
assigns to each open set U < M the set of all K-smooth functions f : U — K:

OmU):={f:U—>K]| fis K-smooth }.

This generalizes the classical ring of smooth real-valued functions to structured scalars in K and
serves as the algebraic base for all geometric constructions. Elements of O r¢(U) can be viewed as
generalized smooth scalar fields that take values in the t-product algebra K, respecting smoothness
in the transform domain. Having defined the structure sheaf O, we now introduce the tangent
space, which captures infinitesimal variations of K-smooth functions on t-manifolds via K-linear
derivations.

Definition 4 (Tangent Space). The tangent space T (U) over U < M is the space of K-linear
derivations acting on O (U):

D(f*g)=D(f)*g+ f=D(g),

Tm(U) = {D HOM(U) = Om(U) D(axf+bxg)=axD(f)+bxD(g), Va,beK}'

Each D generalizes a directional derivative in the K-valued setting and plays the role of a vector field.

5The definition of K-smooth functions is motivated by the notions of tubal functions [49] and t-functions
[43]. Throughout this work, all K-smooth functions and related geometric objects are assumed to satisfy
frequency-wise smoothness in the transform domain. This assumption is considerably stronger than that of
general vector-valued smooth functions, which may allow inter-frequency dependencies. While it simplifies
both definitions and theoretical analysis, it also limits the expressiveness of the framework for modeling more
complex cross-frequency behaviors. Relaxing the frequency-wise smoothness assumption therefore represents a
promising direction for future research.



Definition 5 (Differential 1-Forms). The module of 1-forms Q},(U) is defined as the Kahler
differential module over O r((U), generated by formal symbols df subject to the Leibniz rule:

d(f*g) = f=dg+g=df.
It satisfies df (X) := X (f) forall X € T\(U) and f € O (U), where Taq(U) denotes the module
of K-linear derivations on O (U).

These definitions establish the algebraic foundation for Riemannian geometry on t-manifolds, includ-
ing Riemannian metric, gradients, Laplacians, and geodesics, which we develop next.

Riemannian geometry on t-manifolds. We equip each tangent space with a Riemannian metric that
respects the t-scalar algebra K € {K,, K} and transform-domain smoothness, enabling computation
of distances, angles, and gradients.

Definition 6 (Riemannian Metric on t-Manifolds). A Riemannian metric on a smooth t-manifold M
is a symmetric, K-positive-definite, and K-bilinear form

9: TmU) x Tm(U) — Om(U)
defined on each open set U < M, satisfying the following conditions:

(1) Symmetry: For all X,Y € Ty (U) and every x € U, the metric satisfies g,,(X,Y) = ¢,(Y, X),
where g, (X,Y) := g(X,Y)(x) € K denotes the value of the K-valued function g(X,Y) at .

(2) K-positive-definite: For every x € U and nonzero X € Ty (U), the element g, (X, X) € K is
pointwise positive in the transform domain. That is, [M g, (X, X)]i > 0 for all £ when K = K, and
[Mg.(X,X)](t) > 0 forall t when K = K.

(3) Smoothness: For all X, Y € Tpm(U), g(X,Y) € Opm(U), ie., it is K-smooth.

Intuitively, a Riemannian metric on a t-manifold assigns an inner product between vector fields, but
with values in the t-scalar ring K. In the transform domain, this corresponds to a family of classical
real-valued inner products computed slice-wise—one for each frequency index & (in the discrete
case) or each parameter ¢ (in the continuous case)—thus preserving compatibility with the algebraic
structure of the t-product [32, 33].

The Riemannian metric enables the definition of gradients, which are essential for optimization tasks
on t-manifolds. Since functions on M are K-valued, the gradient must be defined in a way that
respects both the algebraic structure of the t-product and the underlying transform.

Definition 7 (Gradient). Let M be a t-manifold with Riemannian metric g. The gradient V f
of a function f € On(U) is the vector field in Ty (U) satisfying g(Vf, X) = df(X) for all
X e Tm(U).

While defined abstractly, the gradient operates slice-wise in the transform domain, preserving the
structure of t-scalars and enabling differentiable learning in frequency-aligned tensor spaces.

Definition 8 (Divergence and Laplacian). Let X € Ty(U). The divergence div(X) is defined via
the Lie derivative of the volume form induced by g. The Laplacian of a function f is defined as
Af = div(Vf).

The Laplacian governs harmonicity and diffusion on t-manifolds and reduces to classical Laplace
operators slice-by-slice in the transformed domain. This structure enables geometric regularization
and smoothing in tensor spaces. In particular, it provides a principled generalization of spectral
methods used in t-SVD-based graph models [13, 51], where our construction now endows such
models with intrinsic manifold-aware Laplacians.

Definition 9 (Levi-Civita Connection and Geodesics). A connection V on Ty is called the Levi-
Civita connection if it is torsion-free and metric-compatible: VxV — Vy X = [X,Y] and
Xg(Y,Z) = g(VxY,Z) + g(Y,VxZ). Acurve vy : I — M is a geodesic if it satisfies V55 = 0.

This generalizes shortest-path and constant-velocity flows to the t-manifold setting. In practice,
geodesics respect the transform structure and can be computed slice-wise, providing a bridge to
structure-aware modeling in tensor dynamics.

These constructions establish a differential geometric framework for t-manifolds, addressing Q1 by
unifying discrete and continuous tensor data with transform-consistent metrics, operators, and flows
which are crucial for extending traditional manifold learning techniques [46] to the t-scalar setting.
This foundation also enables learning theory on t-manifold (Q2) investigated in the next section.



3 Learning Theory on t-Manifolds: Testing, Fitting, and Function Learning

Leveraging the t-manifold geometry framework, we tackle Q2 by testing and fitting a low-dimensional
t-manifold, then modeling its functions with tensor neural networks.

3.1 Theory of t-Manifold Hypothesis Testing and Fitting

We begin our study of Q2 by examining the geometric structure underlying tensor data. Motivated
by the manifold hypothesis [18], we ask: can t-vector data in K¢ be well approximated by a
low-dimensional smooth t-manifold?

When tensor-valued data concentrate around a low-dimensional t-manifold M, learning can be
performed in a reduced, structure-aligned space, which enhances generalization and interpretability.
To model such structure, we exploit the algebraic property of K. = (R1*¢ 4 «), where the
t-product is defined through an orthogonal transform M € R*¢ that decouples tensor operations
into frequency-wise matrix multiplications. This yields a natural frequency-domain representation:
a t-manifold M < K¢ is characterized by its frequency slices My, := {[Mz]; : z € M} < R,
which jointly describe the global tensor geometry.

Specifically, we extend the manifold hypothesis framework [18] to the t-product setting. Given sam-
ples {z;}, = K%, we test whether, for each frequency index k, the transformed slice {[Mx;]x}™,
lies near a p-dimensional manifold M. The global t-manifold candidate is then defined as the
inverse transform of the slice manifold collection { M }5_,. To quantify data concentration, we
aggregate the per-slice deviations 22:1 dist([Mz;]x, My )? and test whether their average remains
below a given resolution e.

To formally characterize the complexity of a t-manifold M, we define its volume and reach via its
transform-domain components:

Definition 10 (Spectral Volume and Reach). Let M < KZ be a p-dimensional t-manifold, and let
My, = {[Mz]y : x € M} < R? denote its k-th frequency slice. We define the spectral volume and
spectral reach of M as Volgpee 1= D1 _, Hpo(My) and reachgpee 1= mini<p<, reachga (My),
where Hﬁd denotes the p-dimensional Hausdorff measure in R, and reachpa is the reach measured
in the Euclidean metric.

Theorem 1 (t-Manifold Hypothesis Testing). Let {x;}] ; < Bya be i.i.d. samples normalized to the

unit ball.® Fix intrinsic dimension p, upper bound V' on the spectral volume, lower bound T on the
spectral reach, resolution € > 0, and confidence level 6 € (0, 1). Then there exists a statistical test
that, for sufficiently large n, distinguishes with probability at least 1 — § between the following two
situations:

(I) (Near case) There exists M € G(p, CV,7/C) such that % Z:-L:l dist2(xi, M) < Ce.
(II) (Far case) For all M € G(p,V/C,C7), L 3" | dist®(z;, M) > ¢/C.

n

Here, G(p,V, T) denotes the class of C? t-manifolds with spectral volume at most V and spectral
reach at least T, and C' is a positive constant depending only on p and c.

This result suggests that low-dimensional t-manifold structures can, in principle, be detected from
high-dimensional tensor data, even when the underlying geometry is implicit and embedded in a
structured transform-based representation.

While Theorem | confirms the presence of t-manifold structure, addressing Q2 further requires
reconstructing the manifold itself. We now consider the fitting problem: given noisy samples
{z:}", < K9 near a p-dimensional smooth t-manifold, can we recover a smooth estimator that
approximates it up to geometric accuracy?

Theorem 2 (t-Manifold Fitting). Let z; = z; + &; € Kf fori=1,... ,n, where z; ~ Unif (M)
is sampled from a t-manifold M € G(p,V,7), and &; ~ N(0,021.4) represents additive Gaussian
noise. Assume the manifold dimension p and noise level o are known. If n = @(0_(p+3)) and o

SRescaling so that szHKg < 1 does not affect the generality of the result, since both spectral reach and
volume scale homogeneously under dilation.



is sufficiently small, then with high probability, the estimator Misa p-dimensional C? t-manifold
embedded in K¢ satisfying the Hausdorff distance bound:

dg (M, M) < Co?log(1/a),

where the distance is measured under the K¢ norm |zl|xa == (Yo [[M )53 ) /2 , and the constant
C depends on c,p,V, 7, and the unitary transform M.

The theorem establishes the pointwise and global proximity of M to the target t-manifold while
preserving its C? regularity. This underscores the consistency of the proposed contraction-based
estimator within the K¢ geometric setting.

3.2 Function Learning Theory on t-Manifolds

To further address Q2, we consider the problem of learning functions defined on a p-dimensional
t-manifold M < K¢, which may be a suitable model in structured prediction tasks such as image
or video analysis. The goal is to approximate an unknown K.-smooth function fy : M — K, that
maps high-dimensional t-vector inputs to structured t-scalar outputs, such as pixel intensities or
compressed features. While the low-dimensional geometry of M enables efficient representation,
the algebraic complexity of the t-scalar ring K., defined via transform-based multiplication, poses
unique challenges. In particular, any approximation architecture must respect both the non-Euclidean
geometry of M and the algebraic structure of K..

To address this, we adopt tensor neural networks (TNNs) specifically designed to operate over
t-product spaces [44, 61, 48]. A TNN approximator is constructed as a composition of L layers:

hy=6(W;sh_1), 1l=1,...,L, €))

where hg = x; € ]Kg is the input tensor, W; € R *"1-1%¢ are earnable weight tensors, and the
activation function is defined as 6 (z) = o(x) x5 M, where o denotes the elementwise ReLU function.
This transform-domain activation design follows [44], and M € R*¢ is a fixed orthogonal transform,
such as the DCT.

The network outputs a function f(x;; ) := hy, € K., where § = {W1,..., W} denotes all model
parameters. Training is performed via empirical risk minimization under the observation model:

ylsz(xi)"_Eiv i:]-v"'vna (2)

where y; € K, is the response and ¢; denotes zero-mean Gaussian noise with covariance o2I,. The
empirical objective is defined directly in the transform domain:

. 1 & 9
foeargmin — 3y — ()%, = fZ N zi)) el 3)
feFn N 4
i=1 i=1k=1

This formulation preserves transform consistency and ensures compatibility with the t-product struc-
ture of K. It also reveals the core challenge of t-manifold learning: designing neural architectures
capable of approximating K .-valued functions over domains that are both geometrically curved and
algebraically structured.

We introduce regularity assumptions under which TNNs admit provable generalization guarantees.
Assumption 1 (Modeling Assumptions). The following conditions hold:

(Al) Data distribution regularity: The data points {x;} < K¢ lie within a compact p-dimensional
C” t-manifold M with spectral reach at least 7 and spectral volume at most V. The sampling
distribution v is supported on a compact subset of M and is absolutely continuous with respect
to the spectral volume measure.

(A2) Target function smoothness: The function fy : M — K, is C-K,-smooth with bounded norm:

Ifolesay == sup sup [0*[M(foopy")]k(x)| < Bo.
a,k,|lal1<B x€pa (Ua)

(A3) Model class constraint: The hypothesis class F;, consists of TNNs with width Ny, depth Ly,
total parameter count S, and output norm bound B, using the t-product defined via a fixed
orthogonal transform M .



Remark 1. Assumption | reflects natural and interpretable conditions adapted to the spectral
geometry of t-manifolds: Specifically, (A1) extends the classical manifold hypothesis to the t-product
setting via spectral volume and reach [29]; (A2) requires frequency-slice smoothness of fj, a t-product
variant of a standard assumption in geometric deep learning [35]; (A3) reflects practical TNN design
and enforces algebraic compatibility with K. [44, 61].

We are now ready to state the convergence guarantee for TNNs trained via empirical risk minimization
on t-manifolds.

Theorem 3 (TNN Approximation on t-Manifolds). Define pegpor = O(plog(cd)) as the effective
dimension determined by the intrinsic complexity of M. Under Assumption I, there exists a TNN

class F,, such that the empirical risk minimizer f,, of Problem (3) satisfies
F 2 __28_
Ean - fOHLQ(V) < Cn ™ Perrt28 ,

where C depends on (p, Bo,V,T,0,¢,d,logn). Here, IEan — fOH%Q(U) represents the expected

squared L*-error between the TNN estimator fn and the true target function fo, measured with
respect to the sampling distribution v on M.

This result shows that TNNs can approximate smooth functions on t-manifolds with rates determined
by the effective dimension O(plog(cd)). The sample-dependent term benefits from the low effective
complexity of the t-manifold, achieving a near-optimal nonparametric regression rate under strict
manifold support. The bound scales polynomially with ambient and spectral parameters, aligning
with classical manifold approximation theory [29, 35] and extending it to the t-manifold settings.

4 Modeling Implications of t-Product Geometry

This section examines how the framework of t-product geometry can inspire new modeling per-
spectives, complementing the theoretical results developed in Sections 2 and 3. Rather than val-
idating the theory through experiments, we focus on clarifying how the algebraic structures of
t-scalars, t-modules, and t-manifolds translate into modeling constraints and design principles for
high-dimensional tensor data, such as how linearity, locality, and curvature are represented in the
transform domain.

At the foundational level, the t-scalar serves as a basic modeling unit, such as a row or column of an
image [83], while preserving its internal spectral structure. Building upon this, the t-module provides
a flat t-linear space formed by linear combinations of t-scalars. At a more general level, t-product
geometry allows for nonlinear structures, such as curvature or twisting, to arise when linear t-modules
are combined, constrained, or glued together in nontrivial ways. From this viewpoint, the central
modeling perspective of t-product geometry is to understand how structured constraints on t-scalar
representations give rise to effective geometric structure.

Building on this understanding, we explore how t-product geometry can inform model construction.
Section F.1 introduces the Bidirectional Tensor Representation (BTR) formulation, which incorpo-
rates dual t-module constraints for structured learning tasks such as clustering and tensor recovery.
Preliminary evaluations across several data modalities, including images, videos, hyperspectral and
multispectral images, point clouds, and thermal sequences, suggest that BTR offers a coherent and
flexible modeling framework. Broader extensions and discussions are provided in Section F.2.

Example: Bidirectional Tensor Representation (BTR). Images naturally exhibit row—column
symmetry, which aligns with the dual-module structure implied by the t-product: a two-dimensional
image can be regarded as a t-vector in either Kfu (row-wise) or K}’ (column-wise). The BTR
formulation leverages this bidirectional structure by applying low-rank regularization in both modules
through tensor nuclear norm surrogates, thereby promoting coherence from both perspectives.

Although K” and K3 are each flat (linear) modules, enforcing low-rankness jointly in both induces
a coupling that geometrically twists the representation space. From a geometric viewpoint, this
coupling gives rise to an effective, constraint-induced nonlinearity in the representation space, which
is empirically associated with improved generalization. The objective formulation and optimization
details are presented in Appendix F.1.



We evaluate BTR on image clustering and video denoising tasks. As shown in Table 1, BTR achieves
consistent gains across clustering metrics (ACC, NMI, PUR) and yields the highest PSNR values in
YUYV video denoising under 20% noise (Figure F.2). More experiments on Poisson tensor completion
are provided in Appendix F.1.3. These results illustrate how incorporating geometric principles from
the t-product perspective can enhance structured tensor modeling.

Table 1: Clustering performance comparison on five benchmark datasets using accuracy (ACC),
normalized mutual information (NMI), and purity (PUR).

R-TPCA OR-TPCA R-TLRR OR-TLRR BTR (Proposed)
DFT [41] DCT [40] [82] DFT [83] DCT [73] DFT [68] DCT [68] | DFT DCT
ACC 0.7613 0.7777 0.7644 0.8429 0.8400 0.8358 0.7386 | 0.8591 0.8594
FRDUE NMI 0.9093 0.9140 0.9127 0.9511 0.9510 0.9470 0.9045 | 0.9578 0.9567
PUR 0.7955 0.8077 0.7990 0.8760 0.8718 0.8643 0.7776 | 0.8901  0.8890
ACC 0.7906 0.7911 0.7974 0.8606 0.8602 0.8657 0.7616 | 0.8860 0.8769
FRDUE-100 NMI 0.9133 0.9136 0.9221 0.9529 0.9526 0.9564 0.9055 | 0.9643 0.9605
PUR 0.8197 0.8200 0.8271 0.8882 0.8881 0.8926 0.7956 | 0.9128 0.9032
ACC 0.3970 0.3703 0.3965 0.5230 0.6452 0.6162 0.5535 | 0.5645 0.6670
Olivetti NMI 0.5990 0.5809 0.5987 0.6920 0.7905 0.7732 0.7395 | 0.7290  0.8080
PUR 0.4242 0.3983 0.4200 0.5483 0.6755 0.6492 0.5880 | 0.5960 0.7005
ACC 0.4276 0.4268 0.5401 0.5897 0.5831 0.4594 0.1975 | 0.6000 0.6110
PIE-10 NMI 0.6674 0.6621 0.7361 0.7562 0.7618 0.7049 0.5150 | 0.7697 0.7778
PUR 0.4469 0.4462 0.5593 0.6059 0.5999 0.4803 0.2050 | 0.6187  0.6325
ACC 0.3548 0.3537 0.3369 0.4257 0.4088 0.5191 0.4499 | 0.5799 0.5339
USPS1000  NMI 0.3066 0.2986 0.2828 0.3834 0.3915 0.5104 0.4490 | 0.5860 0.5390
PUR 0.4470 0.4542 0.4425 0.5264 0.5076 0.6330 0.5905 | 0.6862 0.6662

Dataset Metric

S Concluding Remarks

We introduce a general framework of t-product geometry that extends differential geometry to the
t-product algebra for tensor learning. Through a sheaf-theoretic formulation, we define metrics,
gradients, Laplacians, and geodesics over both discrete and continuous t-scalars, unifying transform-
domain representations within a coherent geometric structure. To our knowledge, this is the first
systematic development of differential geometry on t-scalars, enabling structured modeling of tensor
data. We also present a theoretical study of learning on t-manifolds, encompassing hypothesis testing,
manifold fitting, and function learning. The potential applicability of this framework is illustrated
through examples in image clustering and video denoising. These results offer a principled foundation
for geometry-aware tensor learning.

Limitations and future work. This work focuses on the theoretical foundations of t-product
geometry, emphasizing conceptual definitions, assumptions, and provable guarantees rather than
empirical evaluations. The authors believe that developing a mature and comprehensive theory
in this direction is a highly nontrivial task. The framework presented here is preliminary and
necessarily incomplete, yet it aims to shed light on what a general theory of t-product geometry might
entail and to provide a foundation for continued theoretical development in this direction.

This work has limitations in scope, idealized assumptions, and algorithmic development:

* Scope of study. This paper focuses primarily on the theoretical formulation of t-product geometry
rather than empirical validation. A natural next step lies in extending the framework to richer
modeling paradigms, such as generative modeling, geometric graph networks, temporal dynam-
ics, manifold optimization, manifold learning, and federated tensor learning, where geometric
consistency across spectral modes could offer new algorithmic principles and inductive biases.

¢ Idealized assumptions. For theoretical clarity, several idealized assumptions were made: (1)
transform-domain smoothness, (2) the existence of a unit element in the t-scalar ring, and (3)
frequency-wise independence among spectral components. These assumptions make analysis
tractable but restrict realism. In particular, relaxing the independence assumption to allow
structured cross-frequency coupling may reveal richer geometric behaviors and better reflect
the complexity of real-world tensor data.

* Algorithmic extensions. Beyond theory, the computational side of t-product geometry remains
largely unexplored. Developing numerically stable and scalable algorithms that leverage the pro-
posed geometric structures, for instance in optimization over t-manifolds, spectral regularization,
or tensor-valued neural architectures, poses both challenges and opportunities.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes], ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", it is perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state the three main contributions: (1) the
definition of t-manifolds and associated differential geometric structures, (2) a theoretical
framework for t-manifold learning including hypothesis testing and function approximation,
and (3) a conceptual application illustrating empirical implications. These align with the
main technical developments in the paper.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
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Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper includes a dedicated discussion of limitations in the conclusion, ac-
knowledging its primary focus on theoretical development. It highlights several simplifying
assumptions made for conceptual clarity, such as transform-domain smoothness and the
existence of a unit element. The discussion also notes that complex practical algorithms and
broader model classes are beyond the scope of this initial exploration.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: For each theoretical result,including the t-manifold hypothesis testing theorem,
manifold fitting theorem, and the TNN approximation theorem, the paper clearly states all
necessary assumptions and outlines the corresponding results. Full proofs are deferred to
the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
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4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The main experimental results, such as the clustering and denoising case study
using BTR, are presented with detailed metrics, dataset names, comparison methods, and
tables. The appendix is indicated to provide further details including objective functions and
optimization procedures, ensuring reproducibility in relation to the conceptual claims.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The authors have made the code publicly available and indicate in the supple-
mental material that it includes all necessary scripts, data links, and instructions to reproduce
the main experimental results such as clustering accuracy and PSNR in denoising, which
supports faithful replication.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.
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* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: While the main paper focuses on theoretical contributions, it refers to the
appendix for algorithm details. The case study involving the proposed models specifies
datasets, metrics, and comparison baselines, and the supplementary material reportedly
includes further information on hyperparameters and optimization, satisfying reproducibility
requirements.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The paper presents performance metrics (e.g., ACC, NMI, PUR, PSNR)
through tables and figures, focusing on conceptual illustration rather than exhaustive bench-
marking. As the empirical results aim to demonstrate the potential utility of the proposed
framework, statistical uncertainty measures such as error bars or significance tests are not
emphasized.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The supplemental material includes information about the computational setup,
including hardware specifications and memory.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The paper focuses on theoretical and methodological advancements in tensor
geometry and learning, uses only public datasets for illustrative experiments, and does not
involve sensitive data, human subjects, or deployment risks, thus conforming to the NeurIPS
Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper is a purely theoretical work focused on foundational geometry and
learning theory for tensor data. As such, it does not raise direct societal concerns or impacts
that would typically require discussion.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper does not involve the release of models or datasets with high risk for
misuse. It focuses on theoretical frameworks and illustrative experiments using standard
public datasets.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: The paper uses publicly available datasets and baseline models, all of which

are properly cited in the references. There is no indication of license violations, and terms
of use appear to be respected.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The paper introduces the geometry-inspired models and associated code, which
is made available with documentation and usage instructions in the supplemental material,
supporting reproducibility and clarity for users.

Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve any crowdsourcing experiments or research with
human subjects, so this question is not applicable.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The study does not involve human participants, so there are no associated risks
or requirements for IRB approval.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components. In accordance with the NeurIPS LLM
policy, any use of LLMs was limited to language polishing or code formatting and does not
affect the methodology, scientific rigor, or originality of the work.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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