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ABSTRACT

Due to the non-smoothness of optimization problems in Machine Learning, gen-
eralized smoothness assumptions have been gaining a lot of attention in recent
years. One of the most popular assumptions of this type is (Lg, L1 )-smoothness
(Zhang et al., 2020b). In this paper, we focus on the class of (strongly) convex
(Lo, L1 )-smooth functions and derive new convergence guarantees for several ex-
isting methods. In particular, we derive improved convergence rates for Gradient
Descent with (Smoothed) Gradient Clipping and for Gradient Descent with Polyak
Stepsizes. In contrast to the existing results, our rates do not rely on the standard
smoothness assumption and do not suffer from the exponential dependency on the
initial distance to the solution. We also extend these results to the stochastic case
under the over-parameterization assumption, propose a new accelerated method
for convex (Lg, L1 )-smooth optimization, and derive new convergence rates for
Adaptive Gradient Descent (Malitsky & Mishchenko, 2020).

1 INTRODUCTION

Modern optimization problems arising in Machine Learning (ML) and Deep Learning (DL) are
typically non-smooth, i.e., the gradient of the objective function is not necessarily Lipschitz continu-
ous. In particular, the gradient of the standard ¢5-regression loss computed for simple networks is
not Lipschitz continuous (Zhang et al., 2020b). Moreover, the methods that are designed to benefit
from the smoothness of the objective often perform poorly in Deep Learning, where problems are
non-smooth. For example, variance-reduced methods (Schmidt et al., 2017; Johnson & Zhang, 2013;
Defazio et al., 2014; Nguyen et al., 2017; 2021; Beznosikov & Takac, 2021; Shi et al., 2023) are
known to be faster in theory (for finite sums of smooth functions) but are outperformed by slower
theoretically non-variance-reduced methods (Defazio & Bottou, 2019). All of these reasons motivate
researchers to consider different assumptions to replace the standard smoothness assumption.

One such assumption is (Lg, L1)-smoothness originally introduced by Zhang et al. (2020b) for
twice differentiable functions. This assumption allows the norm of the Hessian of the objective to
increase linearly with the growth of the norm of the gradient. In particular, (L, L )-smoothness can
hold even for functions with polynomially growing gradients — a typical behavior for DL problems.
Moreover, the notion of (Lg, L1 )-smoothness can also be extended to the class of differentiable but
not necessarily twice differentiable functions (Zhang et al., 2020a; Chen et al., 2023).

Although Zhang et al. (2020b) focus on the non-convex problems as well as more recent works such
as (Zhang et al., 2020a; Zhao et al., 2021; Faw et al., 2023; Wang et al., 2023; Li et al., 2024b; Chen
et al., 2023; Hiibler et al., 2024), the class of (Lg, L;)-smooth convex! function is much weaker
explored. In particular, the existing convergence results for the methods such as Gradient Descent with
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! Although many existing problems are not convex, it is useful to understand methods behavior under the
convexity assumption as well due to several reasons; see further details in Appendix A.
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Clipping (Pascanu et al., 2013) and Gradient Descent with Polyak Stepsizes (Polyak, 1987) applied to
(Lo, L1)-smooth convex problems either rely on additional smoothness assumption (Koloskova et al.,
2023; Takezawa et al., 2024) or require (potentially) small stepsizes to ensure that the method stays
in the compact set where the gradient is bounded and, as a consequence of (L, L1)-smoothness of
the objective, Lipschitz continuous (Li et al., 2024a). This leads us to the following natural question:

How the convergence bounds for different versions of Gradient Descent depend on Ly and L,

when the objective function is convex, (Lg, L1 )-smooth but not necessarily L-smooth?

In this paper, we address the above question for Gradient Descent with Smoothed Gradient Clipping,
Polyak Stepsizes, Similar Triangles Method (Gasnikov & Nesterov, 2016), and Adaptive Gradient
Descent (Malitsky & Mishchenko, 2020): for each of the mentioned methods, we either improve
the existing convergence results or derive the first convergence results under (Lo, L1)-smoothness.
We also derive new results for the stochastic versions of Gradient Descent with Smoothed Gradient
Clipping and Polyak Stepsizes.

1.1 PROBLEM SETUP

Before we continue the discussion of the related work and our results, we need to formalize the
problem setup. That is, we consider the unconstrained minimization problem

min f(z), ey

z€ERC

where f : RY — R is a (strongly) convex differentiable function.

Assumption 1 (Convexity). Function f : R? — R is p-strongly convex with® j > 0:

) 2 @)+ (V@) =) + Slle —yl?, Va,y e R @

As we already mentioned earlier, in addition to convexity, we assume that the objective function is
(Lo, L1)-smooth. Following3 Chen et al. (2023), we consider two types of (Lg, L1)-smoothness.

Assumption 2 (Asymmetric (L, L;)-smoothness). Function f : R? — R is asymmetrically
(Lo, L1)-smooth (f € Lasym(Lo, L1)), i.e., forall x,y € R? we have

V(@) =Vl < (Lo + Lil[V I = = yll. ©)

Assumption 3 (Symmetric (Lo, L;)-smoothness). Function f : R — R is symmetrically (Lg, Ly )-
smooth (f € Lym(Lo, L1)), i.e., forall x,y € R4 we have

IVf(z) = Vy)l < <L0+L1 sup IIVf(U)> [z = yll ©)

u€lz,y]

Clearly, Assumption 3 is more general than Assumtpion 2. Due to this reason, we mostly focus on
Assumption 3, and by (Lg, L )-smooth functions, we mean functions satisfying Assumption 3 if the
opposite is not specified. Nevertheless, it is worth mentioning that asymmetric (Lg, L1 )-smoothness
(under some extra assumptions) is satisfied for a certain problem formulation appearing in Distribu-
tionally Robust Optimization (Jin et al., 2021). Chen et al. (2023) also show that exponential function
satisfies (4), and, more generally, for twice differentiable functions Assumption 3 is equivalent to

IV2f(2)|l2 < Lo + L1 |V f(2)]|, Va e R )

Moreover, below, we provide some examples of functions satisfying Assumption 3 but either not
satisfying standard L-smoothness, i.e., (4) with L1 = 0, or satisfying L-smoothness with larger
constants than Ly and L; respectively. The detailed proofs are deferred to Appendix B.

Example 1.1 (Power of Norm). Let f(z) = ||z||*", where n is a positive integer. Then, f(z) is
convex and (2n, 2n — 1)-smooth. Moreover, f(z) is not L-smooth for n > 2 and any L > 0.

*In this paper, we consider standard £2-norm for vectors and spectral norm for matrices.
3The first version of Assumptions 2 and 3 is proposed by Zhang et al. (2020a).
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Example 1.2 (Exponent of the Inner Product). Function f(z) = exp(a'z) for some a € R? is
convex, (0, ||al|)-smooth, but not L-smooth for a # 0 and any L > 0.

These two examples illustrate that (Lg, L1 )-smoothness is quite a mild assumption, and it is strictly
weaker than L-smoothness. However, the next example shows that even when L-smoothness holds, it
makes sense to consider (Lg, L1)-smoothness as well.

Example 1.3 (Logistic Function). Consider logistic function: f(z) = log (1 + exp(—a'z)), where
a € R%is some vector. It is known that this function is L-smooth and convex with L = ||a||?. However,

one can show that f is also (Lo, Ly)-smooth with Lo = 0 and Ly = ||a||. For ||a]| > 1, both Ly and
L1 are much smaller than L.

1.2 RELATED WORKS

We overview closely related works below and defer the additional discussion to Appendix A.

Results in the non-convex case. Zhang et al. (2020b) introduce (Lg, L1)-smoothness in
the form (5) and show that Clipped Gradient Descent (Clip-GD) has iteration complexity
O (max {Lod/e2, 1+LDA/L, }) with A := f(z) — inf,cga f(x) for finding e-approximate first-
order stationary point of (Lg, L1)-smooth function. The asymptotically dominant term in this
complexity O (LoA/e?) is independent of L, and thus, this term can be much smaller than
O (LA/e?), where L is a Lipschitz constant of the gradient (if finite). Under the assumption that
M = sup{||Vf(x)| | z € R%such that f(z) < f(z°)} < +oc Zhang et al. (2020b) also show
that GD with stepsize © (1/(Lo+M L,)) has complexity O ((Lo+ML1)A/:2) which is natural to expect
since on {z € R? | f(z) < f(2°)} the norm of the Hessian is bounded as Lo + ML, (see (5)),
i.e., function is (Lg + M Ly)-smooth. Zhang et al. (2020a) generalize the results from (Zhang et al.,
2020b) to the method with heavy-ball momentum (Polyak, 1964) and clipping of both momentum
and gradient. Similar results are derived for Normalized GD (Zhao et al., 2021; Chen et al., 2023),
SignGD (Crawshaw et al., 2022), AdaGrad-Norm/AdaGrad (Faw et al., 2023; Wang et al., 2023),
Adam (Wang et al., 2022; Li et al., 2024b), and Normalized GD with Momentum (Hiibler et al.,
2024). Notably, all papers in this paragraph also address stochastic method versions.

Results in the convex case. To the best of our knowledge, convex (Lo, L1)-smooth optimization
is studied in three papers4 (Koloskova et al., 2023; Takezawa et al., 2024; Li et al., 2024a). In
particular, under convexity, L-smoothness, and (Lg, L1 )-smoothness, Koloskova et al. (2023) show

that Clip-GD with clipping level ¢ has O (max {(Lo+cL1)R§/s, v/ RéL(Lo-FcLl)Q/cQs}) complexity
of finding e-solution, i.e., « such that f(x) — f(z*) < e, where z* € argmin,cge f(x) and
Ry := ||z° — z*||. In particular, if ¢ ~ Lo/L,, then the asymptotically dominant term in the
complexity is O (LoRg/s), i.e., it is independent of L; and L, which can be significantly better
than the complexity of GD of O (LRg/e) for convex L-smooth functions. In the same setting,

Takezawa et al. (2024) prove O (max {Lo Rj/e, \/RoLLi/ s}) complexity bound for GD with Polyak

Stepsizes (GD-PS). Finally, under convexity and (Lo, L;)-smoothness Li et al. (2024a) show that
for sufficiently small stepsizes standard GD and Nesterov’s method (NAG) (Nesterov, 1983) have

complexities O (mﬁ/a) and O (\/ [Rg/s) respectively, where ¢ := Lo+ L1 G and G is some constant

depending on Lo, L1, Ry, ||V f(x°)||, and f(2°) — f(x*). In particular, constant G and stepsizes are
chosen in such a way that it is possible to show via induction that in all points generated by GD/NAG
and where (Lg, L )-smoothness is used the norm of the gradient is bounded by G. However, these
results have a common limitation: constants L (if finite) and ¢ can be much larger than Lg and L.
Moreover, for Clip-GD and GD-PS, these results lead to a natural question of whether it is possible
to achieve O (LR5/e) complexity without L-smoothness non-asymptotically.

1.3 OUR CONTRIBUTION

* Tighter rates for Gradient Descent with (Smoothed) Clipping. We prove that Gradient Descent
with (Smoothed) Clipping, which we call (Lo, L1)-GD, has O (max {LoR/c, L3R2}) worst-case

*After the first version of our paper appeared online, another highly-relevant paper appeared online (Vankov
et al., 2024). In particular, Vankov et al. (2024) independently derive similar results to ours for (Lg, L1 )-GD
and GD-PS, and also obtained new convergence bounds for Normalized GD and improved accelerated rates.
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complexity of finding e-solution for convex (Lg, L1 )-smooth functions. In contrast to the previous
results (Koloskova et al., 2023; Li et al., 2024a), our bound is derived without L-smoothness
assumption and does not depend on any bound for ||V f(z*)||. To achieve this, we prove that
(Lo, L1)-GD has non-increasing gradient norm and show that the method’s behavior consists of
two phases: initial (and finite) phase when ||V f(z*)|| > Lo/L, (large gradient), and final phase
when ||V f(2*)|| < Lo/L, and the method behaves similarly to GD applied to 2Lo-smooth problem.
We also extend the result to the strongly/stochastic convex cases.

* Tighter rates for Gradient Descent with Polyak Stepsizes. For GD-PS, we also derive
@) (max {Lo R3/e, L3R3 }) worst-case complexity of finding e-solution for convex (Lo, L1 )-smooth
functions. In contrast to the existing result (Takezawa et al., 2024), our bound is derived without
L-smoothness assumption. We also extend the result to the strongly/stochastic convex cases.

* New accelerated method: (L, L;)-Similar Triangles Method. We propose a version of Similar
Triangles Method (Gasnikov & Nesterov, 2016) for convex (Lg, L1 )-smooth optimization, and

prove O (\/ Lo(1+L1Ro exp(LlRo))Rg/e> complexity of finding e-solution for convex (Lo, L1)-

smooth functions. In contrast to the accelerated result from (Li et al., 2024a), our bound is derived
without the usage of stepsizes depending on Ry and f(z°) — f(z*).

* New convergence results for Adaptive Gradient Descent. We also show new convergence
result for Adaptive Gradient Descent (Malitsky & Mishchenko, 2020) for convex (Lg, L1 )-smooth
problems: we prove O (max {LoDz/e, m?(L3D? + L%D%)}) complexity of finding e-solution,
where D is a constant depending on initial suboptimality of the starting point, and m is a logarithmic
factor depending on L; and D. We also extend the result to the strongly convex case.

* New technical results for (L, L, )-smooth functions. We derive several useful inequalities for
the class of (convex) (Lo, L1)-smooth functions.

2 TECHNICAL LEMMAS

In this section, we provide some useful facts about (Lg, L1)-smooth functions. We start with the
following result from (Chen et al., 2023).

Lemma 2.1 (Proposition 1 from (Chen et al., 2023)). Assumption 3 holds if and only if for
IV f(x) = VIl < (Lo + LalVfW)]) exp (Lallz = yl) lz = yll,  Vz,y €RT (6)

Moreover, Assumption 3 implies for all z,y € R?

Lo+ Li||Vf ()]

5 exp(Lal|z — )= — ylI*. )

fly) < f(@) +(Vf(x),y—z) +

Inequality (6) removes the supremum from (4), but the price for this is a factor of exp(L1 ||z — y||).
When ||z — y|| < !/L,, this factor is upper-bounded as e. However, in general, it cannot be removed
since (6) is equivalent to (4). Inequality (7) can be seen as a generalization of standard quadratic
upper-bound for L-smooth functions (Nesterov, 2018) to the class of (Lg, L1 )-smooth functions.
Note, that (Zhang et al., 2020a) provides a Hessian free assumption which is equivalent to (5), it can
be seen as (6) and (7) with improved constants.

Using the above lemma, we derive several useful inequalities that we actively use throughout our
proofs. Most of these inequalities can be further simplified in the case of Assumption 2.

Lemma 2.2. Let Assumption 3 hold and v satisfy’ v = e~". Then, the following statements hold.

1. For f. := inf cpa f(x) and arbitrary x € R?, we have

V||V ()]
2(Lo + Ly [V £ ()]])

< f(x) = fe. ®)

2. If additionally Assumption 1 holds with i = 0, then for any x,y € R? such that
Lillz =yl exp (Lallz — yl]) <1, ©)

>One can check numerically that 0.56 < v < 0.57.
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we have
V|V () - Vi)
2(Lo + L[V

<f(y)—f(:c)—<Vf(m),y—sc), (10)

and
V|V (z) = Vi)l n V|V f(z) = Vi)l
2(Lo + Li|IVEWID) — 2(Lo + Lal[Vf(2)])

<(Vf(x) = Vfy),z—y. AD

This lemma provides us with a set of useful inequalities that can be viewed as generalizations of
analogous inequalities that hold for smooth (convex) functions. We provide the complete proof in
Appendix C. Moreover, when Assumption 2 holds, all inequalities from Lemma 2.2 hold with v = 1,
and requirement (9) is not needed for (10) and (11) to hold. An analog of (8) for a local version of
(Lo, L1)-smoothness can be found in (Koloskova et al., 2023). We also refer to (Li et al., 2024a)
for an analog of inequality (11) for (r, £)-smooth functions. However, in contrast to the bound from
(Koloskova et al., 2023), bound (8) is derived for a global version of (Lg, L1 )-smoothness and thus
differs in numerical constants, and, in contrast to the proof from (Li et al., 2024a), we do not use
local Lipshitzness of the gradient.

3 SMOOTHED GRADIENT CLIPPING

The first method that we consider is closely related to Clip-GD and can be seen as a smoothed
version® of it — see Algorithm 1. Alternatively, this method can be seen as a version of Gradient
Descent designed for (Lo, L1 )-smooth functions. Therefore, we call this algorithm (Lg, L1)-GD.

Algorithm 1 (Lg, L;)-Gradient Descent ((Lg, L1)-GD)

Input: starting point 2°, number of iterations N, stepsize parameter > 0, Ly > 0, L; > 0
1. fork=0,1,...,N —1do
. E+1 _ .k 7 k
2 2 =t - e v ()
3: end for
Output: =V

Similarly to standard GD, (Lg, L1)-GD satisfies two useful properties, summarized below.

Lemma 3.1 (Monotonicity of function value). Let Assumption 3 hold. Then, for all k > O the iterates
generated by (Lo, L1)-GD withn < v, v = ™V satisfy

V£ ()l

k
o+ L i@ S0 (12

f(Ik+1) < f(xk) o 5

Proof sketch. The inequality follows from (7) applied to y = 2**! and z = z*, see the complete

proof in Appendix D. O

Lemma 3.2 (Monotonicity of gradient norm). Let Assumptions 1 with . = 0 and 3 hold. Then, for
all k > 0 the iterates generated by (Lo, L1)-GD withn < v, v = eV satisfy

IV DI < IV F ()] (13)

k k

Proof sketch. The inequality follows from (11) applied to z = 2! and y = 2", see the complete
proof in Appendix D. O

We notice that a similar result to Lemma 3.2 is shown in (Li et al., 2024a) for GD with sufficiently
small stepsize. With these lemmas in hand, we derive the convergence result for (Lo, L1 )-GD.

SIndeed, when ||V f(")|| < Lo/L,, the denominator of the stepsize in (Lo, L1)-GD lies in [Lo, 2Lo], and
when ||V f(z¥)|| > Lo/L,, this denominator lies in [L1||V f(x*)||, 2L1||V.f(z")||]. Such a behavior is very
similar to the behavior of Clip-GD with clipping level Lo/, and stepsize 7/L,.
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Theorem 3.1. Let Assumptions 1 with (1 = 0 and 3 hold. Then, the iterates generated by (L, L1)-GD
with 0 < n < 5, v = e " satisfy the following implication:
8L2 0 _ .x[|2
1HI T ” —1 and ||1‘k+1713*”2<||1‘k7£l,‘*H27L772. (14)
vn 8L7
8L3 |20 —a” ||
7
2L 0 _ .x]||2 LoT 2L, 0 _ .%x|2
PO 1 e S G s S ) Lt
nIN+1-T) 4L{(N+1-T) n(N +1)
where T := |T| for the set T := {k € {0,1,... N — 1} | [V f(z*)|| = é—‘;}

L
IVF(@@®)] = f? = k<

Moreover, the output after N > — 1 iterations satisfies

(15)

Proof sketch. Similarly to the proofs from (Koloskova et al., 2023; Takezawa et al., 2024), our
proof is based on careful consideration of two possible situations: either ||V f(2*)|| > Lo/L, or
|V £(z*)|| < Lo/L,. When the first situation happens, the squared distance to the solution decreases
by n/sr2. Since the squared distance is non-negative and non-increasing, this cannot happen more
than 8L[lz° ="/, times, which gives the first part of the result. Next, when ||V f(z*)| < Lo/L,,
the method behaves as GD on convex 2Lg-smooth problem and the analysis is also similar. Together
with Lemmas 3.1 and 3.2, this gives the second part of the proof, see Appendix D for the details. [

Bound (15) implies that (Lo, L1)-GD with = v/2 satisfies f(zV) — f(2*) < ¢ after N =
O (max {LUR(z)/E7 L%R%}) iterations. In contrast, Koloskova et al. (2023); Takezawa et al. (2024)

derive O (max {Lo RY/e, \/RoLLY/ s}) complexity bound that depends on the smoothness constant L,

which can be much larger than L and L1, e.g., when f(x) = ||=||* constant L depends on the starting
point (since it defines a compact set, where the method stays) as Lo + L1 ||V f(z%)]| = O(1 + ||2°|]?)
(see Appendix B), while Ly = 4 and L, = 3. That is, by moving 2° away from the solution, one can
make our bound arbitrarily better than the previous one, even for this simple example. Moreover,
unlike the result from (Li et al., 2024a) for GD with small enough stepsize, our bound depends neither
on f(z°) — f(z*) nor on ||V f(2°)| that can be significantly larger than Ry (according to Lemma 2.1
— exponentially larger). Finally, we highlight that our analysis shows that (Lg, L1)-GD exhibits a
two-stage behavior: during the first stage, the gradient is large (this stage can be empty), and the
squared distance to the solution decreases by a constant, and during the second stage, the method
behaves as standard GD. This observation is novel on its own and gives a better understanding of the
method’s behavior. We also provide the result for the strongly convex case in Appendix D.

4 GRADIENT DESCENT WITH POLYAK STEPSIZES

Next, we provide an improved analysis under (Lg, L1 )-smothness for celebrated Gradient Descent
with Polyak Stepsizes (GD-PS, Algorithm 2).

Algorithm 2 Gradient Descent with Polyak Stepsizes (GD-PS)
Input: starting point 2°, number of iterations N, minimal value f(x*) := mingcga f(z)
1: fork=0,1,...,N — 1do
. kel _ ok S —f(z") k
20z =" — va(x )
3: end for
Output: =V

Theorem 4.1. Let Assumptions 1 with . = 0 and 3 hold. Then, the iterates generated by GD-PS
satisfy the following implication:

L V2
k 0 k+1 * |2 k * (12
IV = 2 = 17 =2 < e = 2" - g5 (16)
Moreover, the output after N steps the iterates satisfy
4Lo N1 (2 k * 4Ly o w2 VLT
e et Y (f@h) = f@h) < Rl -t - e an)

ke{0,1,.. . N\T
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where T .= {k € {0,1,...,N} | [V f(z*)| > %—?}, T :=|T|, andif N > T — 1, it holds that
4Lg||x° — x*|? vLyT

~N *
V) — f(z™) < — 18
F@™) = f(@) v(N-T+1) 4L%(N—T+1) (18)
where 2N € {2° 21 ... xNY is such that {(z) = min 0 41 N x). In particular, for
{ ) ’ ) f ze{z0,z1,...,x }f P ’f
N > w — linequality N > T — 1 is guaranteed and
. N 4Lg|2% — x*||?
7Ny - o) < Hole =2 (19)

V(N +1)
Proof sketch. The proof is similar to the one for (Lg, L1 )-GD, see the details in Appendix E. O

In other words, the above result shows that GD-PS has the same worst-case complexity as (Lg, L1 )-
GD, and the comparison with the results from (Koloskova et al., 2023; Takezawa et al., 2024; Li
et al., 2024a) that we provided after Theorem 3.1 is valid for GD-PS as well. However, in contrast to
(Lo, L1)-GD, GD-PS requires to know f(z*) only. In some cases, the optimal value is known in
advance, e.g., for over-parameterized problems (Vaswani et al., 2019a) f(z*) = 0. In such situations
GD-PS can be called parameter-free. The price for this is the potential non-monotonic behavior of
GD-PS, which we observed in our preliminary computer-aided analysis using PEPit (Goujaud et al.,
2024) even in the case of L-smooth functions. Therefore, unlike Theorem 3.1, Theorem 4.1 does not
provide last-iterate convergence rates in the convex case and also does not imply that GD-PS has a
clear two-stage behavior (although the iterates can be split into two groups based on the norm of the
gradient as well). We also provide the result for the strongly convex case in Appendix E.

5 ACCELERATION: (L, L;)-SIMILAR TRIANGLES METHOD

In this section, we present an accelerated version of (Lo, L1)-GD called (Lg, L1)-Similar Triangles
Method ((Lg, L1)-STM, Algorithm 3). This method can be seen as an adaptation of STM (Gasnikov
& Nesterov, 2016) to the case of (Lo, L1 )-smooth functions. The main modification in comparison
to the standard STM is in Line 5: stepsize for GD-type step is now proportional to /G, ., where
G'x11 is some upper bound on Lo + Ly ||V f (¥*1)]||, while in STM G 1 should be an upper bound
for the smoothness constant.

Algorithm 3 (L, L;)-Similar Triangles Method ((Lg, L1)-STM)

Input: starting point 2°, number of iterations N, stepsize parameter 7 > 0
1:y0 =20=20 4, =0
2: fork=0,1,...,N — 1do

k+2
3 Set Q41 = w and Ak;+1 = Ak + Q41
41 _ Ary*tapgaz®
4 x =" 4o,
. k+1 _ _k (&2 k+1 k+1
50 =2 -V 1), where Gri1 > Lo + L1||Vf(z" )|
k41 _ Ay tappizit?
6 Y - Akt1
7: end for

Output: y~

The next lemma is valid for any choice of Gj.1 > Lo + L1 ||V f(z*+1)].

Lemma 5.1. Let f satisfy Assumptions 1 with u = 0 and 3. Then, the iterates generated by
(Lo, L1)-STMwith 0 < n < 5, v = eV satisfy forall N > 0

Gn Gy = Gry1 — Gy Nl g2
Ny * 2 J1lp2 +1— 2 k+1 k4+1y(12
Ax (f™) = F(@) + =Ry < R+ ij R ;—wkﬂ IVF@EEIP,

(20) (21)

where Ry, := ||zF — *|| for all k > 0.
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Since Ay > W (see Lemma F.1) and the term from (21) is non-positive, the above lemma
gives an accelerated convergence rate, if we manage to bound the sum from (20). Unfortunately, in
the case of G4 = Lo + L1||V f(2*+1)]|, it is unclear whether this sum is bounded due to the well-
known non-monotonic behavior (in particular, in terms of the gradient norm) of accelerated methods.
Nevertheless, if we enforce Gi11 to be non-decreasing as a function of k, then from the above lemma
one can show that Ry, remains bounded by Ry and all iterates generated by (Lg, L1)-STM lie in the
ball centered at =* with radius Ry. This observation is formalized in the theorem below (see the
complete proof in Appendix F).

Theorem 5.1. Let f satisfy Assumptions 1 with i = 0 and 3. Then, the iterates generated by
(Lo, L1)-STMwith0 < n < %, v =e7", G1 = Lo + L1||V f(2°)||, and

Gry1 = max{Gy, Lo + Li|Vf(* |}, k>0, (22)

satisfy
(1 + Ly[Ja® — a*|| exp(La|2° — =*|)))[l=® — «*||?

* 2L0
Fly™) = f@*) < nN(N + 3)

(23)

In the special case of Ly-smooth functions (L.; = 0), the above result recovers the standard accelerated
convergence rate (Gasnikov & Nesterov, 2016). In the general (Lo, L1)-smooth case, the rate is

also accelerated and implies an optimal O (\/ Lo(14L1Ro exp(L1 Ro))R3/5> in € complexity. In the

case of (L, L1)-smooth functions, the complexity O (\ / ZRS/E) from (Li et al., 2024a) derived for

Nesterov’s method applied to convex (r, £)-smooth problem coincides with our result in the worst-
case. Indeed, in this special case, = Lo + 2L1 G, where G ~ ||V f(2°)|| (Li et al., 2024a, Theorem
4.4). However, according to Lemma 2.1, ||V f(2°)|| ~ Lo Ro exp(L1 Ry) in the worst case, implying
that £ ~ Lo(1 + 2L1 Ry exp(L1 Rp)) in the worst case. Nevertheless, the derived complexity is
clearly not optimal if L, is large, Ry is large, and ¢ is not too small since \/L0(1+L1 Ro exp(L1 RU))Rg/E
can be larger than max {LoRi/e, L3RE}, i.e., (Lo, L1)-GD and GD-PS can be faster in achieving
e-solutiion for some values of L, Ry, and €. Deriving a tight lower bound and optimal method for
convex (Lg, L1)-smooth optimization remains an open problem.

6 ADAPTIVE GRADIENT DESCENT

In this section, we consider Adaptive Gradient Descent (AdGD, Algorithm 4) proposed by Malitsky
& Mishchenko (2020). In the original paper, the method is analyzed under the assumption that
the gradient of f is locally Lipschitz, i.e., for any compact set C gradient of f is assumed to be
bounded. Clearly, (Lg, L1 )-smoothness of f implies that V f is locally Lipschitz, e.g., this can be
deduced from (6). In particular, Malitsky & Mishchenko (2020) prove O(LD?/N) convergence rate
for AAGD, where L is smoothness constant on the convex combination of {z*,z°, z!,...}: this
set is bounded since the authors prove that ADGD does not leave ball centered at 2* with radius
D > Osuch that D? := ||z — z*||2 + L[|z — 2%||2 +2X161 (f(z°) — f(2*)). Moreover, they derive
lz* — 2*=1||2 < 2D? forall k > 1.

Algorithm 4 Adaptive Gradient Descent (Malitsky & Mishchenko, 2020)

: Input: 20 € R Ao > 0,6p = 400, v < %
sl =20 — NV f(a)
fork=1,2,... do

1
2
3
4 = min { /T O o, oyt eraion |
5
6
7

oFHl =2k — NV F(2F)

_ M
O = Ak—1

: end for

In the case of (Lg, L1 )-smoothness, constant L can be estimated explicitly: in view of the mentioned
upper bounds on ||z* — z*|| and ||z* — x*~1||, we have

©)
IVF(@®)| < Lo exp(Lyla® — 2*|))|2* — ™| < Lo exp(L1D)D, (24)
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Yz*—a* | ol
IV f(zk)=V f(zk=1)]| Lo(1+L1 D exp (L1 D)) exp (vV2L1 D
all k£ > 1. Then, following the proof by Malitsky & Mishchenko (2020), we get the following rate

(for the definition of &V and the detailed statement of the result we refer to Appendix G):

which allows us to lower-bound

and )\, as ) for

Lo(1+ LiDexp (L1 D)) exp (V2L D) D?

F@") - fat) < =

(25)

Although this result shows that AAGD has the same rate 1/~ of convergence for smooth and (Lo, L1 )-

smooth functions, constant (1 + Ly D exp (L1 D)) exp (v/2L1 D) appearing in the upper bound can
be huge. To address this issue, we derive a refined convergence result for AAGD.

Theorem 6.1. Let Assumptions 1 with u = 0 and 3 hold. For all N > 1 we define point £V :=
i ()\N(l + GN) + ZIICV:1 wkxk), where wy, 1= /\k(l +9k) — )\k—&-lek-&-l; Sy = A0+ Zszl Y

and {x*} x> are the iterates produced by AAGD with -y = 1/1. Then, for N > mK — 7V2N(mjl)L1D
iterate " satisfies

FGY) - £a) < ol 26)
S Y(N —mK) —v2N(m +1)[1D’
where D > 0 and D? := ||z! — 2*||> + 3{|z' — 292 + 2X\: 01 (f (2°) — f(2*)),
22
m = 1+ log 5 [(HLlDezp@LlD))—‘, K = %, and v = e . In particular, for N >
2
(2mK + M) , we have
) . 4LyD?
F@N) = fla®) < = (27)

vIN

The above states that AGD converges at least ~ (1 + Ly D exp (L1 D)) exp (V2L D) faster (for

sufficiently large V) than the upper bound from (25). This is a noticeable factor: if L; = 1, D = 10,

it is of the order 8 - 10%. Moreover, in contrast to (25), Theorem 6.1 does not follow its counterpart

from Malitsky & Mishchenko (2020). To achieve it, we use v = 1/4 to get a new potential function
1 =

Oy = |la* — )P+ et =2t 208k (F (2T = f@) + 5 D Nl =P, 28)

4 24
=0

and show that ®; 1 < &, Vk > 1. In contrast, the potential function from (Malitsky & Mishchenko,

2020) does not have term £ 3°F ' [|#+! — 2[|2, which is the key for obtaining a better guarantee
under (Lo, L1)-smoothness. Finally, we also note that up to the numerical factors bound (27)
coincides with the bound from (Malitsky & Mishchenko, 2020) derived for L-smooth problems.
Moreover, up to the numerical factors and the replacement of ||2° — x*||? with D?, which might be
larger than ||2° — 2*||?, our bound (27) for ADGD coincides with the ones derived for (Lg, L1)-GD
and GD-PS. These facts highlight the adaptivity of AAGD in theory.

7 STOCHASTIC EXTENSIONS

In this section, we consider the finite-sum minimization problem, i.e., we assume that f(z) :=
L 3" | fi(z). Problems of this type are typical for ML applications (Shalev-Shwartz & Ben-David,
2014), where f;(x) represents the loss function evaluated for i-th example in the dataset and x are
parameters of the model. Since the size of the dataset n is usually large, stochastic first-order methods
such as Stochastic Gradient Descent (Robbins & Monro, 1951) are the methods of choice for this
class of problems. However, to proceed, we need to impose some assumptions on functions { f; }7 ;.

Assumption 4. Foralli = 1,..., n function f; is convex and symmetrically (Lg, L1)-smooth, i.e.,
inequalities (2) with ;1 = 0 and (4) for function f; as well. Moreover, we assume that there exists
r* € R? such that x* € argmingepa f;(x) for all i = 1,...,n, i.e., functions {f;}?, have a
common minimizer.
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The first part of the assumption (convexity and (Lo, L1 )-smoothness of all {f;} ) is a natural
generalization of convexity and (Lg, L1 )-smoothness of f to the finite-sum case. Next, the existence
of common minimizer z* for all {f;}"_; is a typical assumption for over-parameterized models
(Belkin et al., 2019; Liang & Rakhlin, 2020; Zhang et al., 2021; Bartlett et al., 1998) and used in
several recent works on the analysis of stochastic methods (Vaswani et al., 2019a;b; Loizou et al.,
2021; Gower et al., 2021). Although Assumption 4 does not cover all possibly interesting stochastic
scenarios, it does allow the variance of the stochastic gradients to depend on x and grow with the
growth of ||z — z*||, which is typical for DL, unlike the standard bounded variance assumption.

For such problems, we consider a direct extension of (Lg, L1)-GD called (Lg, L;)-Stochastic Gradi-
ent Descent ((Lg, L1)-SGD, Algorithm 5 in Appendix H.1).

Theorem 7.1. Let Assumption 4 hold. Then, the iterates generated by (Lo, L1)-SGD with0 < n < %,
v = e~ ¥ after N iterations satisfy

: . [ vLo k x 2Lo||2° — z*|?
(Jpin B [mm{ML%,f(w )= f(= )H ST (29)

As in the deterministic case, the upper bound is proportional to Ly and 1/(~N+1) and does not depend on
a smoothness constant on some ball around the solution. However, one can notice that the convergence
criterion in the above result is quite non-standard: typically, the results are given in terms of
E [f(«*) — f(z*)]. This happens because although functions { f;}; have a common minimizer, we

cannot guarantee that for some ko and any k > ko we have ||V f;(2*)|| < Lo/L, with probability 1 for

alli € {1,...,n}, ie., the method does not have to converge uniformly for all samples. This implies

that with some small probability f(x*)— f(z*) can be larger than ¥Lo/(anr2) forany k = 0,1,..., N
2 0 * (12

and any N > 0. However, in view of (29), this probability has to be smaller than %

with probability at least 1— 212 =211 for (') such that E [min {% (@FN)) — f(a¥) H -

ming—o, v E [min{i;f]f%,f(xk) — f(x*)H we have f(z*(V)) — f(2*) < ﬁ, which is small

,i.e.,

for large enough n.

Next, we consider SGD-PS proposed by Loizou et al. (2021) (Algorithm 6 in Appendix H.2). In
contrast to the deterministic case, SGD-PS requires to know { f;(x*)}?_; in advance. Nevertheless,
these values equal 0 for some existing over-parameterized models, and thus, the method can be
applied in such cases. Under the same assumptions, we also derive a similar result for SGD-PS.

Theorem 7.2. Let Assumption 4 hold. Then, the iterates of SGD-PS after N iterations satisfy

. . vLg & . 4Lg||x° — 2*|?
i — < —.
k:r(gun E {mm{sz%,f(x )— flz )H SOOI (30)

The result is very similar to the one we derive for (Lo, L1)-SGD. Therefore, the discussion provided
after Theorem 7.1 (with = v/2) is valid for the above result as well.

8 CONCLUSION AND FUTURE WORK

In this paper, we derive improved convergence rates for (Lg, L1)-GD and GD-PS, derive convergence
guarantees for the new accelerated method called (Lo, L1 )-STM, and also derive a new result for
AdGD in the case of (strongly) convex (Lg, L1)-smooth optimization. Our results for (Lg, L1)-GD
and GD-PS depend neither on ||V f(z%)|| nor on f(2°) — f(z*) nor on exponential functions of
Ry. We also prove new results for the stochastic extensions of (Lg, L1)-GD and GD-PS in the case
of finite sums of functions having a common minimizer. Nevertheless, several important questions
remain open. One of these questions is the lower bounds for the class of (strongly) convex (Lg, L1)-
smooth functions and optimal methods for this class. Moreover, it would be interesting to develop
stochastic extensions of (L, L1 )-GD and GD-PS with strong theoretical guarantees beyond the case
of finite sums with shared minimizer.

10
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A EXTRA RELATED WORK

On the importance of convex analysis. Although many existing problems are not convex, it
is useful to understand methods behavior under the convexity assumption as well due to several
reasons. First of all, since the class of non-convex functions is too broad, the existing results for
this class are quite pessimistic. In particular, among first-order methods, Gradient Descent is the
best (in theory) first-order method if only smoothness is assumed (Carmon et al., 2021). In contrast,
while accelerated/momentum methods do not have theoretical advantages over Gradient Descent
for non-convex problems and shine in theory only under convexity-like assumptions, they work
better in practice even when the problems are not convex (Sutskever et al., 2013). Last but not least,
several recent works show that some problems appearing in Deep Learning, Optimal Control, and
Reinforcement Learning have properties akin to (strongly) convex functions (Liu et al., 2022) and are
even hiddenly convex (Fatkhullin et al., 2023).

Results for stochastic methods. In the main part of the paper, we mainly discuss the existing
convergence results under (Lg, L)-smoothness for deterministic methods. However, there ex-
ist several stochastic extensions. For non-convex twice differentiable (Lg, L1 )-smooth problems
with o-bounded noise, Zhang et al. (2020b) show O (max {(Eo+L10)A/e2 (L1d/e A?/c41) com-
plexity bound with A := f(z) — inf,cga f(x) + (5L + 2L10)0? + 99L3 /1, for Clip-SGD with
a clipping level dependent on the noise level. Zhang et al. (2020a) generalize the result from
(Zhang et al., 2020D) to the case of (Lo, L1)-smooth functions that are not necessarily twice dif-
ferentiable and derive improved O (AL0"2/54) complexity for sufficiently small €. Next, Zhao
et al. (2021) derive O (max {£18/e, LoA/e?, L1Ac?/c3 LoAd® /-4 complexity bound for Normal-
ized SGD with sufficiently large batchsize under o-bounded variance assumption. Under the
additional assumption of expected (Lo, L1)-smoothness, Chen et al. (2023) improve the previ-
ous results and derive O ((Lio+Lo)A/c=3) complexity for SPIDER (Fang et al., 2018). Craw-
shaw et al. (2022) derive a similar bound to the one from (Zhang et al., 2020a) for a Generalized
SignSGD under coordinate-wise (Lg, L1 )-smoothness. Next, Faw et al. (2023); Wang et al. (2023)
derive (high-probability) complexity bounds for AdaGrad-Norm under the affine variance as-
sumption. Similar results are obtained for Adam by Wang et al. (2022), and Li et al. (2024b)
analyze Adam for (L, L1)-smooth problems under bounded noise assumption. Recently, Koloskova
et al. (2023) derive O (max {A/ne?, A/nce}) complexity bound of finding e-stationary point for
Clip-SGD under o-bounded variance assumption, where ¢ is the clipping level, n < 1/9(Lo+cL1)

is the stepsize, and ¢ = (min {o2,9%/c} + ma). Next, Li et al. (2024a) obtain
O (max {LA/e?, (L}A*+LoA%) /1) high-probability complexity bound’ for SGD with sufficiently
small stepsize, where A = (A+0)/s, § is failure probability, and L := Ly + Ll(L1A + \/LOT)
Finally, Hiibler et al. (2024) prove O ((AEL%+U+6L%L0)4/E4) and O ((L1A+U+%‘f)4/g4) complex-

ity bounds for parameter-agnostic and parameter-non-agnostic versions of Normalized SGD with
momentum. To the best of our knowledge, there are no results in the literature for convex (Lg, L1 )-
smooth stochastic optimization.

Gradient clipping. As follows from the above discussion, gradient clipping is a useful tool for
handling possible non-smoothness of the objective, which is also confirmed in practice (Goodfellow
et al., 2016). However, it is worth mentioning that clipping has also other applications. In particular,
gradient clipping is used to handle heavy-tailed noise (Zhang et al., 2020c; Gorbunov et al., 2020;
Cutkosky & Mehta, 2021), to achieve differentiable privacy (Abadi et al., 2016; Chen et al., 2020),
and also to tolerate Byzantine attacks (Karimireddy et al., 2021; Malinovsky et al., 2023).

Polyak Stepsizes. GD with Polyak Stepsizes (GD-PS) is a celebrated approach for making GD
parameter-free (under the assumption that f(z*) is known) (Polyak, 1987). In particular, Hazan
& Kakade (2019) show that GD-PS achieves the same rate as GD with optimally chosen constant
stepsize (up to a constant factor) for convex Lipschitz functions, convex smooth functions, and
strongly convex smooth functions. Moreover, some recent works (Loizou et al., 2021; Galli et al.,

"The complexity bound from (Li et al., 2024a) for more general notion of smoothness. The complexity bound
we provide in the text is the special case of the one from (Li et al., 2024a).
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2023; Berrada et al., 2020; Horvath et al., 2022; Gower et al., 2022; Abdukhakimov et al., 2024; Li
et al., 2022) also consider different stochastic extensions of GD-PS.

Other Notions of Generalized Smoothness. (L, L;)-smoothness belongs to the class of as-
sumptions on so-called generalized smoothness. Classical assumptions of this type include Holder
continuity of the gradient (Nemirovski & Yudin, 1983; Nemirovskii & Nesterov, 1985), relative
smoothness (Bauschke et al., 2017), and local smoothness, i.e., Lipschitzness of the gradient on
any compact (Malitsky & Mishchenko, 2020; Patel & Berahas, 2022; Patel et al., 2022; Gorbunov
et al., 2021; Sadiev et al., 2023). Although these assumptions are quite broad (e.g., for local smooth-
ness, it is sufficient to assume just continuity of the gradient), they do not relate the growth of
non-smoothness/local Lipschitz constant of the gradient with the growth of the gradient or distance to
the solution. From this perspective, assumptions such as polynomial growth of the gradient norm (Mai
& Johansson, 2021), a-symmetric (Lg, L1)-smoothness (Chen et al., 2023) which also introduces the
key technical tools, and (7, £)-smoothness (Li et al., 2024a) are closer to Assumption 3 than local
Lipschitz/Holder continuity of the gradient and relative smoothness.
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B EXAMPLES OF (Lg, L1)-SMOOTH FUNCTIONS

Example B.1 (Power of Norm). Let f(z) = ||z||*", where n is a positive integer. Then, f(z) is
convex and (2n, 2n — 1)-smooth. Moreover, f(x) is not L-smooth for n > 2.

Proof. Convexity of f follows from convexity and monotonicity of ¢(t) = t2* for t > 0 and
convexity of h(z) = ||z, since f(x) = @(h(z)). To show (Lo, L1)-smoothness, we compute
gradient and Hessian of f(z):

Vi) = 2nllz|*" Ve,
o1 ifn=1
2 _ b
Vi@ = {4n(n — D[lz)?"DaaT + 2nllz|2"7VI, ifn > 1.
Therefore,
IVf(@)| = 2nfz|>",
9 ifn=1
2 _ b
IVZf(@)ll2 = {Qn(gn_ Dfz|P=D, ifn>1

2n(2n — 1)||=]*" 72,

which implies
IV2f@)lla = 2n = DIVF(@) = 2n(2n—1)[lz]* 71— |J]).
If ||| = 1, then we have ||V f(z)[]2 < (2n — 1)||Vf(2)|. If ||z|| < 1, then

IV2f(@)ll2 = (2n = DV f(2)]| < 2n(2n - 1) max ¥(t),
€[0,1]

where (t) := t*"72(1 — ¢). For n = 1 we have max;c[o 1] ¥(t) = 1 and ||[V?f(2)[]2 — (2n —
2n—2

1|V f(2)]| < 2. Forn > 1 we have max;¢[o 1] ¥(t) = (%) 7+ < 52+, which gives

IV2f(2)|l2 — (2n — 1)||Vf(x)|| < 2n. Putting two cases together, we get

IV2f(@)ll2 < 2n+ (20 = 1)V f(2)]

that is equivalent to (2n, 2n — 1)-smoothness (Chen et al., 2023, Theorem 1). Non-smoothness of f
for n > 1 follows from the unboundedness of || V2 f(z)]|2 in this case. O

Example B.2 (Exponent of the Inner Product). Function f(x) = exp(a'z) for some a € R? is
convex, (0, ||al|)-smooth, but not L-smooth for any L > 0.

Proof. Let us compute the gradient and Hessian of f:
Vf(x)=aexp(a'z), V2f(z)=aa' exp(a’z).
Clearly V2 f(z) = 0, meaning that f(x) is convex. Moreover,

IV2£(@)l2 = llall* exp(a’ z) = flall - |V f ()|

that is equivalent to (0, ||a||)-smoothness (Chen et al., 2023, Theorem 1). When a # 0 function f has
unbounded Hessian, i.e., f is not L-smooth for any L > 0 in this case. O

Example B.3 (Logistic Function). Consider logistic function: f(x) = log (1 + exp(—a'x)), where
a € R is some vector. Function f is (Lg, L1)-smooth with Ly = 0 and Ly = ||a]|.

Proof. The gradient and the Hessian of f(z) equal

T

a aa

_— V? = .
1+exp(a'z) fle) (exp (—3aTz) +exp (%a—'—x))2

Viz) =
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Moreover,
[lall 2 lal?
IVf@) = — == V@)= :
1+ exp(a’z) (exp (—3aTz) + exp (%aTz))z
This leads to
IV @I _ 1+ exp(a’ ) ol
IV f ()]l (exp (—1aTa) + exp (2aT))’

G -
= a
exp (—aTz) (1+ exp (aTz))?
- ——lal < [al
1+ exp(—aTx) @l s e,

implying that | V2f(z)|| < ||al| - |V f(2)| for all z € R?. This condition is equivalent to (0, ||al|)-
smoothness (Chen et al., 2023, Theorem 1). O
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C PROOF OF LEMMA 2.2

Lemma C.1 (Lemma 2.2). Let Assumption 3 hold and v satisfy® v = e™". Then, the following
statements hold.

1. For f. :=inf cga f(z), arbitrary x € RY, and v such that v exp(v) = 1, we have

V||V f ()]
2(Lo + La[|V f(2)])

< f(@) = fe (3D

2. If additionally Assumption 1 with i = 0 holds, then for any x,y € R such that

Li|lz =yl exp (L1 ]lz — y[]) < 1, (32)
we have
VI@) =TI _ )
2o+ LV S/ W~ @) = (Vf@)y ), (33)
and

Vi) = VI | vIVi(z) = Vi)
2Lo + Lol VWD) 2(Lo + LalIV £ (2)]])

< (Vf(x) = Viy),z—y). (34

Proof. To prove (31), we apply (7) withy = = — V f(x) for given x € R? and v such

Lo+ L[V ()]l
that v exp(v) = 1:

<t L @+ (V). - )+ V]
I 0o &
= @ LT LIv@l
+L0+L1|Vf<ac>||,exp( L]V f(@)] ) V@)
2 Lo+ L V@) ot LIVA@])?
Ok V|V (@)
S O IR TINI@] T 2 + LV @)
e V|V f ()]
S SO smrLvien

exp(Liflz = yl)llz — ylI?

-vexp(v)

Rearranging the terms, we get (31).

Next, we will prove (33) and (34) under Assumptions 1 and 3. The proof follows similar steps to the
one that holds for standard L-smoothness (i.e., cocoercivity of the gradient) (Nesterov, 2018):

IVf(z) = VEWI* < L(Vf(z) = VI(y).z —y).

That is, for given  we consider function ¢, (y) := f(y) — (Vf(z), y). This function is differentiable
and Vo, (y) = Vf(y) — Vf(x). Moreover, for any u,y € R? we have

IVipa(u) =Ver(y)ll = [Vf(u) =V () < (Lo + La[IVf (w)]) [[u—yll exp(Laflu = yll), (35)

Next, for given z and for any y,u € R? we define function 1,5 ,(t) : R — R as ¢, ., (t) =
¢z (u+ t(y — w)). Then, by definition of ¢, ,, ., we have @, (1) = Vg4 (0), Y2 (Y) = Vg yu(l),

80ne can check numerically that 0.56 < v < 0.57.
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and 5, , ., (t) = (Ve (u + t(y — u)),y — u). Therefore, using Newton-Leibniz formula, we derive
1
2rl) = 00(0) = D) = a0 = [ 0L, (0
0

1
- / (Ve (ut+ Hy — u)),y — udt
= (Vou(u)y—u) + / (Vo (t+ ty — w)) — Vi (u),y — u)dt
< (Vou(u)y—u)+ / 1V 0t + t(y — w)) — Vu ()] -l — e

1
< <V</Jac(U)7y—U>+/0 (Lo + Lu |V ()|]) exp(tLa[lu — yl)[lu — yl[*tdt

Lo+ Li|[ V(W)

5 exp(La|lu = yl)[lu — yII?

< (Vou(u),y—u) +

that implies Vu, y € R?

Lo+ Li[[Vf(u)
2

0z(y) < pu(u) + (Ve (u),y — u) + exp(Liflu—ylDlu—yl*>.  (36)

To proceed, we will need the following inequality:
o ( L[| Via ()] ) L vew (Umnwm) - Vf<x>|)
Lo+ Lo ||V £ (u)]] Lo+ Ly ||V f ()]
© Vexp(yLlnm—u||exp<L1||x—u||><Lo+L1|Vf<u>||>>
Lo+ Ly ||V f ()]
= vexp(vLlifz —ul exp(Liz - ul)))

(32) -
< vexp(yv) = 1. 37
Using the above bound and (36) withy = u — ngom( u), we derive
(- meioan ™)
e | U— «(u
P\ Lo+ LVl Y
G0 Ve ()2 V[V e ()| < L [[Vepa(u)|| )
< z(u) —v + exp| v
P Y LI T 2T+ LV F@D P\ Lo+ LV A
(37 2 2
Dy Vel Vi (w)]
Lo+ LiflVf()l - 2(Lo + La[[Vf(w)]])
Vo (u)|?
B SR \ £A0)|

"2Lo + LV @)’

Taking into account that z is an optimum for ¢, (u) (V4 (2) = 0) and the definition of ¢, (u), we
get the following inequality from the above one:

f@) = (Vf(@),z) < fu) = (Vf(x),u) -
which is equivalent to

V|V () = VIl
2(Lo + LIV f(W)I)
Therefore, we established (33).

V|V f(x) = Vi(y)
2(Lo + L1 [V f ()] <f(x)—f(y)—(Vf(y),:c—y>, V%yERd.

To get (34), it remains to sum the above two inequalities. O

V|V f(z) — V()|
2(Lo + L1 ||V f(u)]])’

Ve, u e RY,

<)~ f@) — (Vi(@@),y—7), Vo,yeRL

Moreover, by swapping = and y in the above inequality, we also get
I
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D MISSING PROOFS FOR (Lg, L1)-GD

Lemma D.1 (Lemma 3.1: monotonicity of function value). Let Assumption 3 hold. Then, for all
k > 0 the iterates generated by (Lo, L1)-GD withn < v, v = e satisfy

V£ ")
2(Lo + L[V f(2*)I])

FEF) < fah) - < f(ah). (38)

Proof. Applying (7) with y = 2**1 and 2 = 2* and using

k
(Ll —)) = exp (2L ) < oo 39)
we get
fEy < f@R) (V@) 2T — 2y + Lot L1H2Vf(x’“)|| [ ¥ — 2¥||? exp(n)
NSS4 G =21 A4 { o
Lo+ LIV @] 2(Lo + L[V )]
_ ! nexp 1) IV f(=*)]?
= Je )‘"< > Lo+ L[V f (@)
<y k vexp(v |V £ (z")]]?
s e ”(1_ >L0+L1|Vf ol
—t e nIIVf( Ik "
- gL <)
which finishes the proof. O

Lemma D.2 (Lemma 3.2: monotonicity of gradient norm). Let Assumptions I with jx = 0 and 3
hold. Then, for all k > 0 the iterates generated by (Lo, L1)-GD withn < v, v = e™ " satisfy

IV DI < IV F )] (40)
Proof. For convenience, we introduce the following notation: wy, := Lo + L1||V f(z*)]| for all
k > 0. Since
Li||[Vf ()] nL1|[Vf(a®)]]
L||z**tt — 2% exp (Ly||2*t — 2F = ok ex
e = el =) = g S e A P\ T + v A G

n<v —v

< nexp(n) < wvexp(r) "= 1,

the assumptions for the second part of Lemma 2.2 are satisfied for z = z**! and y = z¥, and
inequality (11) implies
v
o+ VA = VEEMIP < (VM) = VE@h), 2" —ab)
Zwk 2wk+1

= —L(Vf@EH) - V@ER), Vi),

Wk

where in the second line we use x*+! = 2% — LV («*). Multiplying both sides by 2w/, and
rearranging the terms, we get

(

) (ISP + [T = 209 £, 9 1)
< =2 FE, V) + 2D VA

v
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which is equivalent to

(

Wk k142
) Vst

N

OF

) 1V )2

< A ) (VF(*), Vfh)

( et LACC G

) IIVf(w’“>||2
WEk+1

(

1o <1+ < n) (VF(*) = T (), V()
Wg+1 YV
_ ( i )nww)nz (1)
+1

2 (g 2 D) (V) - VA - o),

We+1 v

‘We notice that 2“”“ >0and 14+ 2% — 1 > Y > (gince 0 < g < 1. Moreover, due to the

We41 v = We41

convexity of f we also have (V f(zk*1) — V f(2*), 2%+ — 2*) > 0. Therefore, we have

= (1 o n) (V) = Vi (ak), a1 =) <o.

We+1 v

Together with (41), the above inequality implies

(14 22 Jiv s <

which is equivalent to (40). O]

i ) VA2 VE >0
+1

Theorem D.1 (Theorem 3.1). Let Assumptions 1 with = 0 and 3 hold. Then, the iterates generated
by (Lo, L1)-GD with 0 < n < %, v = e~V satisfy the following implication:

LO 8L?||z% — z*||?
Vit > — k<M

k+1 * 12 k * 12
- S and [ P < et @)
Moreover, the output after N > W — 1 iterations satisfies
2Lollz0 — z*||2 LnT I llz0 — 212

n(N+1-T) 4L3(N+1-T) > p(N+1)

where T := |T| for the set T := {k € {0,1,...N — 1} | [V f(z*)| > f—(l’} In addition, if 1 > 0
and N > S =2" 12 oy
;'7 ’

pn \N T vnT’ pn \N T
o e (1= ) (e ) < (- ) et
1

Remark D.1. In the strongly convex case, our convergence bound implies that (Lo, Lq)-
GD with n = v/2 satisfies |2V — 2*|?> < e after N = O (max {Lolog("3/)/u, L3RZ})
iterations, while the complexity of Clip-GD derived by Koloskova et al. (2023) is
O (max {Lo 10g(R3/6)/u, LoRy min {\/L/u, LRO}}>, which again can be arbitrarily worse than

our bound due to the dependence on L.
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Proof of Theorem D.1. We start by expanding the squared distance to the solution:

2

ka+1 . x*||2 _ 2 T Llﬁ’Vf(xk)H Vf(xk)
=t - e )
IV
(o + LV F @02
N 20 (fa") — ()
Lo+ LV (@)

IV f ()]

o+ LV I )2

®) . f@*) — f@*)
< et -t -2 (1- 1) Lo + Li[[Vf(=*)]
S (G B @)

Lo+ LiVFED]
To continue the derivation, we consider two possible cases: ||V f(z*)|| > %’ or |V f(z")| < %’
Case 1: |V f(z")[| > 42. In this case, we have

Lo + Li ||V f (") < 2La[[V £ ("), (46)

VA 6O VIV ©
4L, < 2(Lo + L1 ||V f(z*)])) < f(a") — f(a"). (47)

Plugging the above inequalities in (45), we continue the derivation as follows:

40 fa*) — fla)
[ N Al B by e owa
2L [V f (=)
(47 N v
S e 2 (48)
1

We notice that if ||V f(z")|| > L , then, in view of Lemma 3.2, we also have ||V f(z?)| > f—‘; for all
t=20,1,..., k. Therefore, (48) 1mphes

Ja* 1 — 2|2 < [l — 2*2 - S h(k+1). (49)
8L7
Since ||#**1 — 2*||2 > 0, k should be bounded as k < w 1 which gives (14). We
denote T := |T | for the set 7 := {k € {0,1,...N — 1} | ||Vf( 1= y Lo} Therefore, in view of
(49) and non-negativity of the squared distance, 1" is bounded as T" < w.
Case 2: |V f(2F)|| < %’ In this case, we have
Lo+ Li[[Vf(z")]] < 2Lo, (50)
implying that
* (45),(50) * n *
[ N L ey N (GO ES (GO (51)

2L

Moreover, since the norm of the gradient is non-increasing along the trajectory of (Lo, L1)-GD
(Lemma 3.2), ||V f(2)|| < % implies that k > T'. Therefore, we can sum up inequalities (51) for
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k=T,T+1,...,N,rearrange the terms, and get

1 a . . 2Lo T TR
k=T k=T
2Lo (|Ja7 — a*||? — [|a™ T — 2*||?)
B n(N+1-T)

2Lo||lzT — 2*|?
S (N =T)

Finally, we take into account that for k = 0,1,...,7T — 1, we have ||V f(z*)| > %:
1

N
| o 8 2L — 2t vLoT
) - < - ,
N+1—Tk7T(f(x) f@7) < W(N+1-T) 4L3(N+1-1)

(52)

It remains to notice that Lemma 3.1 implies f(zV) — f(2*) < w5 Z;LTH (f(=*) = f(z)).
Together with the above inequality, it implies the first part (15). To derive the second part of (15), it
remains to notice that for NV > LYl "I g the right-hand side of (52) as a function of 7" attains
its maximum at 7" = 0. Indeed, the derivative of function

2Lo||2° — z*||? vLyT

T _
#(T) n(N+1-T) 4L3(N+1-17)
2L ||2° —*|> | vLo _ vLy(N+1)
nIN+1-T) 4L3 4L} (N-T+1)
equals
, 2Lo||2° — x*|? vLo(N +1)
2 (T) = - 3 .
n(N—T+1)2 4L3(N-T+1)?
Since N > W — 1, we have ¢'(T') < 0, i.e., ¢(T) is a decreasing function of 7', meaning
that
2Lo||2° — 2*||? vLyT < 2Lo||2° — x*|?

nN+1-T) 4L2(N+1-T) = gn(N+1)
which gives (43).

To prove (44), we notice that for 12 > 0 we have f(z*) — f(z*) > 4||2* — 2*||* implying

(51)
s (1= ) et -, (53)

when ||V f(zF)|| < L2, Therefore, for N > T we have
Ly

N-T
(53)
oo (1= ) e

(‘2) 1 1 NeT H 0 *”2 V77T
S - r —x - —5
4L, %

pn \V T
< 1 - 2L 0 _ k|2
(1-22) e -,

which gives (44) and concludes the proof. O

D.1 COMPARISON WITH THE PROOFS FROM (KOLOSKOVA ET AL., 2023; TAKEZAWA ET AL.,
2024; CHEN ET AL., 2023)

Comparison with (Koloskova et al., 2023; Takezawa et al., 2024). In this paragraph, we further
elaborate on the difference between our proof and the ones given by (Koloskova et al., 2023; Takezawa
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et al., 2024). As we explain in the main text, our proof follows the one from (Koloskova et al., 2023;
Takezawa et al., 2024), which follows the analysis of standard GD. Then, similarly to (Koloskova et al.,
2023), we consider two possible situations: either |V f(z*)|| > Lo/L, or ||V f(z*)| < Lo/L,. In the
second case, the gradient is small, and L;-term in (Lg, L1 )-smoothness is dominated by Ly-term, i.e.,
in inequality (8), the denominator of the left-hand side is O(Lg). In this case, the method behaves
as standard GD for L-smooth problems with L = O(Ly). However, when ||V f(z*)| > Lo/L,, the
L;-term in (Lo, L1)-smoothness is the leading one and this is the crucial difference between our
proof and the one obtained by Koloskova et al. (2023): to handle this case, we use (8) and show that
such situations lead to the decrease of ||z**! — 2*||? by some positive constant 7/(s£2). In contrast,
Koloskova et al. (2023) use traditional smoothness, which leads to worse complexity, as we explained
in our first response. Moreover, Lemma 3.2 shows that the gradient norm is non-increasing along
the trajectory of the method — similar to standard GD (e.g., see Lemma C.3 from (Gorbunov et al.,
2022)).

Comparison with (Chen et al., 2023). Although Chen et al. (2023) analyze 3-Normalized GD
without assuming convexity, their results can be used to derive convergence bounds in the convex
case as well. In particular, from convexity, we have

F@®) = f(@) <(VF@@h), 2" — ) <|VFEN)] - lla” - 2.

Although the proof from Chen et al. (2023) does not give a bound for ||z* — x*||, one can assume for
simplicity that it is bounded by D > 0 (e.g., we derive the boundedness of ||z* —z*|| for (Lg, L1)-GD

in (45)). Then, using the bound for & "' [V f(z*)|| from (Chen et al., 2023, Theorem 2), we get

1= . 2LeD(f(z°) — f(z*)) D
¥ 2 U6 - 1) < DU = J@)) B

where ¢ > 0. In the original paper, € is the target accuracy. However, one can optimize it in the above

bound and get ey = 24/ Lo/l apg

1 V=l
~ 2 (FEh) = F)
k=0

_ ADVL(@) — 7))
X \/N
The above rate is v/N-worse than the leading term in the results we obtained for (Lo, L1)-GD. This

fact illustrate non-triviality of the extension of the known results from non-convex case to the convex
case with the right dependence on N.
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E MISSING PROOFS FOR GRADIENT DESCENT WITH POLYAK STEPSIZES

Theorem E.1 (Theorem 4.1). Let Assumptions 1 with ;x = 0 and 3 hold. Then, the iterates generated
by GD-PS satisfy the following implication:

Lo k41 2 k 2 v?
— —x* < —x*|° - . 54
IVFEI 2 22 = o o) < o o) - (54
Moreover, the output after N steps the iterates satisfy
4Lo \ N41 |2 k * 4Lo o w2 VLT
e L D DI CO R (G R Lt ey

ke{0,1,...NI\T

where T :={k € {0,1,..., N} | |Vf(z®)| > %} T :=|T|, and if N > T — 1, it holds that

. 4Lg||x° — 2*|? vLoT
N * 0 0

- - 56
JE) IS SN =) T IR T+ D (56)
where 2V € {2° 2, ... 2N} is such that f(2V) = MiNge ;0 51, o~} f(2). In particular; for
N > M — 1linequality N > T — 1 is guaranteed and

R . ALo |20 — z* |2
£@Y) - flat) < Lol (57)

v(N +1)

2 0 * 12
In addition, if p > 0and N > wflig_zu — 1, then

aw \NT 2T i \ VT
NeaPe(1-4) (0w fn) < (1- 42 ) I -l o
1

Proof. As for (Lo, L1)-GD, we start by expanding the squared distance to the solution:

2

" =22 = ab -2 - WW@’“)
= e 2 ey UR IR
QH“ﬁ“(m%mAﬁ»
< Wkiﬂz—gjfkaﬁg%r >

To continue the derivation, we consider two possible cases: ||V f(z*)| > f—‘; or [|[Vf(zh)| < f—‘l’

Case 1: ||V f(2")]| > f—;’ In this case, inequalities (46) and (47) hold and the derivation from (59)
can be continued as follows:

(59),46) v f(=h) - f@)
k1 w2 k%2
T —x < e A R T 27T A TS
n n I ~ 2l = & - SE ToF ]
@7 2
R s (60)
which gives (54).
Case 2: |V f(z")| < f—‘l’ In this case, inequality (50) holds and we have
(59),(50) By — f(z*
”xk+1 _ x*H2 < ka _ .’L‘*”Q _ K . f(JU ) f(JC ) (61)
2 2Lg
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Next, we introduce the set of indices 7 := {k € {0,1,...,N} | [|[Vf(=")|| = f—‘;} of size T := |T.
In view of the above derivations, if & € T, inequality (60) holds, and if ¥ € {0,1,...,N}\ T,
inequality (61) is satisfied. Therefore, unrolling the pair of inequalities (60) and (61), we get

V2T v

S
1617 4Lo ke{0,1,...N\T

HquLl_x*”Q < ||x0_$*H2_

(f(@*) = (=),

which is equivalent to (55). Therefore, if N > T — 1, set {0,1,..., N} \ 7 is non-empty and the
above inequality implies

1
fF@EY) = fa*) < N_oT+1 Z (f(&") = f(="))
k{01, NI\T
4Lo||x° — x*|? vLoyT

VIN—T+1) 4AL3(N—-T+1)

where &V € {20 2! ... 2"} is such that f(2V) = mingeg,0 1, vy f(z). Moreover,

1613 20 —a" |
V2

since the left-hand side of (55) is non-negative, we have T' < Therefore, for

N > w — 1linequality N > T — 1 is guaranteed as well as (56). Finally, to derive (57),
we consider the right-hand side of (56) as a function of T":

4Lo||x° — x*|? vLyT

v(IN—-T+1) 4L3(N-T+1)

4Lo||2° — 2|2 vLo vLo(N +1)

v(IN=T+1)  4L2 4L3(N—-T+1)

@(T)

The derivative of this function equals

4Lg||x° — x*|? vLo(N +1)

/
T) = — .
w(T) V(N—T+1)2 4L3(N-T+1)2

16L2[|2%—a" |2
2

Since N > —1,wehave ¢'(T') < 0,i.e., (T) is a decreasing function of T'. Therefore,
since 1" > 0, we have that

4Lg||2° — 2|2 vLoT o 4Lg||x° — 2*|?

<o) = SN 7y I _TI D) S oV 1)

Combining the above inequality with (56), we obtain (57).

To prove (58), we notice that for 1 > 0 we have f(z*) — f(z*) > §[|a* — 2*||? implying

61)
ottt ot (1= g ) o =P 62)

when ||V f(z%)]| < f—‘; Unrolling the pair of inequalities (60) and (62), we get for N > T

N-T th
¥ —a P (1o ) e 2 (1 )
8Lo 1602 & 8Lo

where ¢}, is the cardinality of {k + 1,..., N} \ 7. Since |7 | = T we have that t;, < N — T for all
k € T. Therefore, we can continue the derivation as follows:

N-T
eV a2 < (1-42 o — a2 = 2L
SLo 1622

v N-T
< 1 - 2= 0 _ %2
(1-22) -

which gives (58) and concludes the proof. O
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F MISSING PROOFS FOR (L, L1)-SIMILAR TRIANGLES METHOD

Lemma F.1 (Lemma E.1 from (Gorbunov et al., 2020)). Let sequences {cy, }r>o0 and {Ag}r>0 be
defined as follows:

k+2
ag = Ay =0, Qg1 = %, Ak+1 = A + ag+1, Vk=0.
Then, forall k > 0
kE+1)(k+4
Appr > ”(fw (63)
2
s
Appr > % (64)

Lemma F.2 (Lemma 5.1). Let f satisfy Assumptions 1 with yu = 0 and 3. Then, the iterates generated
by (Lo, L1)-STMwith0 < n < %, v = eV satisfy forall N > 0

N-1
Gy Gy Gri1— Gg
N . 2 2 2
An (fN) = f(2%) + - Ry < 7R0 + 1;71 427}% (65)
N-1 2
a
=D 1o VIR, (66)
= 4Gk

where Ry, = |28 — x*|| for all k > 0.

Proof. The proof follows the one of Lemma F.4 from (Gorbunov et al., 2020). From the update rule,
we have zF 1 = 2k — g’;—flVf(ka) and

a1 (Vf(@*F), 28 —a) a1 (V@) 28 = 2" + a1 (VF (M), 257 - a)

Oék+1<Vf(.’£k+1),Zk o Zk+1> + Gk+1<2k+1 o zk,x* o Zk+1>

G
e e R

G G
+ ]€2+1 ||Zk—(E*H2— k2+1 ||Zk:+1 —CU*H2

The update rules for y*+1 and 2*** imply

Ak+1(yk+1 _ S(}k+1) — ak+1(2k+1 _ Zk).

(67)
Moreover, to proceed, we will need the following upper-bound:
) Loy |2 = 2F
exp (Llek+1 _ yk+1||) = exp < + 1|é|1 ”
k+1
exp aj  Li||V (") < exp <0‘i+1)
A1 (Lo + Li [V f()]) )~ Apta
(64) n<v p—
< exp(n) < exp(v) = (68)
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Using these formulas, we continue the derivation as follows:

. G
ap (V@) 25 —at) = A (V) o -yt - SRR

G G

+ 7€2+1sz_$*||2_ k2+1HZk+1—JZ*H2

Ap1 (f(ka) - f(yk+1)>
Ap1Grprexp (Ly|lz™ 1 — y*1)
2

G G

. k2+1 sz N Zk+1||2 + k2+1 ”Zk B :C*”Q
G

V41 sz-i-l _ 95*H2

NS

2

(67),(68)
2 A

G G
Ykl sz N Zk+1||2 + k+1 ”Zk B :C*”Q
2 2
Gk+1 k+1 *(12
Gt e _ )

= A1 (f(xkﬂ) - f(yk+1))

G vo?
+ k+1 ( k+1 1) ”Zk _ Zk+1||2
2 App1

G G
%sz_x*”2_%szJrl_x*'F

+

(64),

N3
N
(M

G G
TEEL ok g2 ZEEL kL e,

k+1

Next, using the definition of x and Ap11 = A, + agy1, wWe get

g1 (2T = 2F) = A (yF — 2P,
Combining the established inequalities, we obtain

et (V@R 2" — %) = o (V) 2P = 2F)

a1 (V@) 25 — a7
(69),(70)

S AR(VFEFT),pF — 2kt

G
Appr (FEHH) = F*) = T — 242

k+1 yk+1||2

ft1 ki1 Grr1 V%1, k12
S A (FETT) = fOTTY) = 1 =

(69)

(70)

(&
F A (F@"HY) — fyhth)) — ZEEL| R k2

4
Gy, Gy,
+ k+1 ”Zk _ 1‘*”2 _ Yk+1 ||Zk+1 _ l‘*”Q
2 2
)

G G
Ykl ”Zk o Zk+1H2 + k+1 ||Zk: _ x*HQ
4 2
Gri1
_ 2+ ||Zk+1 —.’13*||2,

30

< Ay (f(yk) - f(xkﬂ)) + Aga (f(ka) - f(ykﬂ))



Published as a conference paper at ICLR 2025

which can be rewritten as
At ) = A f (0 < apn (FE) + (VR 2 — 2P

Gk+1 Gk+1 a%
+ [ e e L venand A CARR

2 2 4Gk 41
) .
< ap f(zh)
Grt1 i o Grt1y g1 s 0% k
o k41 Lk s | v +1 2.
PR P TER T — 0t — V)|
Summing up the above inequality for k = 0,1,..., N — 1 and using Ay = a9 = 0, ng:ol Of41 =
Ap, and new notation Ry, := ||2* — x*||, we derive
N-1 N-1 2
Gn G1 Gri1— Gy Qpy1
A N _ * 7R2 < 7R2 R2 _ + v k+1\(12
WO = @)+ R < PR Y TR - Y VP
which finishes the proof. O

Theorem F.1 (Theorem 5.1). Let f satisfy Assumptions 1 with u = 0 and 3. Then, the iterates
generated by (Lo, L1)-STMwith0 < n < %, v=e"", G1 = Lo + L1|V f(2°)|, and

Gri1 = max{Gy, Lo + L1||[Vf(z* )|}, k>0, (71)

satisfy

o 2Lo(1 + Ln[|2° — 2| exp(La [la” — z*|])) [l — 2*||?

Fly™) = f(@) TNV £ 3) (72)

Proof. Let us prove by induction that Ry < Ry for all k > 0. For & = 0, the statement is trivial.
Next, we assume that the statement holds for k¥ = N and derive that it also holds for k = N + 1.
Indeed, from Lemma 5.1 we have

G .G
YR < Ana (FGNTY = fa) + 22 RS

2 2
eh Gy, i Gr+1 — G o
< 7R0+Zka
k=1
G N Gt — G G
< RIS TSTERE = TURRS, (73)
k=1

implying that Ry11 < Rp. That is, we proved that Ry, < Ry for all £ > 0, i.e., the sequence
{2*}r>0 stays in B, (z*) := {x € R?| |lz — 2*|| < Ro}. Since 2° = y° = 29, 2**1 is a convex
combination of y* and z*, y**1 is a convex combination of y* and z**!, we also have that sequences
{x*} >0 and {y*} x>0 stay in B, (x*), which can be formally shown using an induction argument.
Therefore, we can upper-bound Gy, for all k& > 0 as follows

(6)
G, = Lo+1y ,max IVF£(z")| < Lo+ LiLo tzr&axkexp(Ll\\xt — )|zt — ¥
< Lo(14 LiRoexp(L1Ry)) . (74)

Moreover, from (73) we also have

GNR2 (74),(63) 2L0(1 + L1 Ry exp(LlRo))RQ
Ny pfo% 0 VS 0
fly™) = f(z¥) 2AN A nN(N + 3) )

which finishes the proof. O
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G MISSING PROOFS FOR ADAPTIVE GRADIENT DESCENT

G.1 DERIVATION OF (25)

The key lemma about the convergence of AAGD holds for any convex function regardless of the
smoothness properties.

Lemma G.1 (Lemma 1 from Malitsky & Mishchenko (2020)). Let Assumption 1 with ;. = 0 hold,
and x* be any minimizer of f. Then, the iterates generated by Algorithm 4 with v = % satisfy

a0 — a2 4 2 2 — a2 4 201+ B)(F () — (o)

<l — a2 + %lek =22+ 2000 (f (") = f (7). (75)

In particular, the above lemma implies boundedness of ||z* — 2*|| and ||2* — 2*~1||, which allows us
to get the upper bound on the gradient norm (24) and a lower bound for \; as stated in the paragraph
before (25). For completeness, we provide a detailed statement of the result and its proof below.

Theorem G.1. Let Assumptions 1 with i = 0 and 3 hold. For all N > 1 we define point & :=
i ()\N(l + HN) + legvzl wkxk), where wy, 1= /\k(l +9k) — )\k+19k+1, Sy = A0+ Zszl Y
and {x*} >0 are the iterates produced by AAGD with v = 1/2. Then, &V satisfies

) - o) < LD Do (LD, a6)

where D > 0 and D? := ||z* — 2*||> 4+ L||a' — 2°]|2 + 2X1601 (f(2°) — f(z)).

Proof. The proof follows almost the same lines as the proof from (Malitsky & Mishchenko, 2020).
Telescoping inequality (75), we get

P B . )
254 = 277 4 S = 21 4 2061+ 0) (f (") = (7))
k—1

+QZ N1+ 0;) — Nig10i41] (F(2Y) — f(2*))

i=1

1
<ot =22 + Sllat =217 + 20601 (£(2°) = f (7). (77)

Since A\;(1 4 6;) — A\;116;11 = 0 by definition of \;, we conclude that the term in the second line of
the above inequality is non-negative. Therefore, for any & > 1 we have

|z¥ —2*|]> < D? (78)
|zF — 212 < 2D (79)

Using Jensen’s inequality in (77), we derive

k D?
where
k k=1 = i
o= MAROT F Dy Wit (80)
Sk
wr = N(146;) — Nig16iga1, (81)
k
Seo= MO+ > A\ (82)
i=1
Thus, we have
k D?
th — Jx < YO
1@*) = fo < 5 (83)
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Next, we notice that for any k£ > 1

e I |
VF@) = Vi@ D]~ Lo+ LiVF@]) exp(Laflak — 25 1)
(2>4) 1

Lo(1 + Ly D exp(L1 D)) exp(v2L1 D)

1 0
Since 8y = 400, we have \; = m. Moreover, for k > 1 we have either A\, > \r_1

or \p = 5T f‘(lj: )izvk}(lz =Ty Therefore, by induction we can prove that
1
Ak = (84)
2L0(1 + LlD exp(LlD)) exp(\/iLlD)
that implies
k k
Sy = A1+ Ap = .
g i ; 92Lo(1 + Ly D exp(L, D)) exp(v/2L1 D)
Therefore, we have
. % D2 LQ(]. + LlD exp (LlD)) exp \@LlD D2
£ - fo") < 2 < (V2LD)D”
25 k
which is equivalent to (76) when k = N. O]

G.2 PROOF OF THEOREM 6.1

To show an improved result, we consider Algorithm 4 with v = i and refine Lemma G.1 as follows.

Lemma G.2. Let Assumption 1 with u = 0 hold, and x* be any minimizer of f. Then, the iterates
generated by Algorithm 4 with v = % satisfy for all k > 1

k
. co 1 s 1 4 .
"t =22+ ™ = 2P 2061+ 06) (f(2®) = f(27)) + 5 Y [l — )
=0
k * |12 1 k k—1)2 k—1 * 1 - i+1 712
Sl = a4 Zlle® = 2"+ 2000 (f(2"70) = f(27)) + 5 ) ™ =7 (89)

(2

Proof. The proof is almost identical to the one from (Malitsky & Mishchenko, 2020) and starts as
the standard proof for GD:

251 — 2|2 = [|2* — 2% % + 20 — 2F, oF — %) + [2F ) — b2
— ot — 0" [+ 20 (TS (@) 0" — o) + [ — ot
2 ek — a2 + 220 (@) — F@¥)) + 25 — a2
Introducing ¥j,41 = 1 3°F ||+ — 27||2, we rewrite the above inequality as
[ = 2P+ Sigr < b =P = 20 (f (@) = fa) + T - 2|

1
+3 + §||:Ek+1 — z"|2. (86)

Next, we transform ||z%+1 — 2*||2 similarly to the original proof:

R T &
=20 (V f(aF), 2" — &F) — (|2 — 22
= 20(Vf(a®) = VPl ok — 2kt

F2A(V f(zF1), 2P — gh Ty — ||kt — k)2, (87)
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Next, we apply Cauchy-Schwarz inequality, the definition of A\; with v = i, and Young’s inequality
to estimate the first inner-product in the right-hand side:

20 (Vf(@*) = V"), 0k — o) SN[V F(F) = V[ la® — 2
1

< gl =t = 2
1 k k—12 1 k+1 k12
< gl =27+ ™ = 2" (883)

Then, using the convexity of f, we handle the second inner product from the right-hand side of (87):

2
2)\k<vf(xk71)7xk _ xk+1> _ A@jkfl _ .Tk,ﬂik . .Z‘k+1>

Y
= 200, (7Y — 2% WV f(2F))
< 2Me0(F(2*71) = f(2b)). (89)

Plugging (88) and (89) in (87), we get

1 _ 3 _
l*0 — 2® 7 < glla® = 2P = e = M 4 20Ok (f (") = (%),

Finally, using the above upper bound for ||z*** — 2¥||? in (86), we obtain
& =22+ B < 2t = 2P = 20 (f (@) — f (7))

1 - 3 _
+Z||$k A ZHUL"]chl — 2F|2 + 22X 05 (f(2* 1) — f(a))

1. 4
T+ 5l — 2|2

* 1 — — *
o — 2|2 + gl — 22 4 200 — (7)) + B
1

=l = P = 2 (14 06) (@) = f(27).

Rearranging the terms, we derive (85). O

The above lemma implies not only the boundedness of the iterates but also the boundedness of
S ettt — | for k> 1.

Corollary 1. Let Assumption I with = 0 hold, and x* be any minimizer of f. Then, the iterates
generated by Algorithm 4 with v = % satisfy forall k > 1

||xk+l _ x*HQ < D2, (90)
l2* 4" — 2| < 4D?, O1)
k—1
Dl = af|? < 2D, (92)
=0

where D > 0 and D? := ||z* — z*||> + 3||a' — 2|2 + 2101 (f (2°) — f(z*)).

Using the above results, we derive the following theorem.

Theorem G.2 (Theorem 6.1). Let Assumptions 1 with p = 0 and 3 hold. For all N > 1 we
define point &%V = ﬁ ()\N(l +0N)+ Zszl wkxk>, where wi, := Me(1 + 0k) — Ap+10k41,
Sy = A\0; + Z,ivzl i, and {x*} >0 are the iterates produced by AAGD with -y = 1/a. Then, for

N >mK — 7“2]\7(”1,%) iterate " satisfies

F@Y) - fa) < 2Lol”

< , 93
V(N —mK)—vV2N(m+1)L1D ©3)
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where D > 0 and D? := |[z' — 2*||? 4+ 2|a' — 2% + 2X060:(f(2°) — f(z*)), m =
1 + log 5 [(HLlDegp(QLlD))—‘, K = 2L52DQ, and v = e7V. In particular, for N >

2
(QmK + M) , we have

2
< 4LoD .

F@EN) = f@) < =5 (94)

Proof. Using Lemma 2.1, we obtain
[V £(@*) = V@] < ll2* = 2" (Lo + L |V F(2¥)|]) exp (L [la* — 2*71)). 95)

[l —a|

Moreover, since’ 8, = 400, we have \; = YT =V @

k k—
Next, for & > 1 we have either \; = /1 + 0x_1\p_1 Or A\ = 4va|(‘fk)__xvf(lﬂk,l)”. For con-

venience of the analysis of these two options, we let C be the set of indices £ > 1 such that
E—1_ k-2

M= VT Bt and s = reptenerae

Option 1: )\, = \/m Ak—1. Then, by definition of /X, there exists 7 > 1 and index ¢ such that
te kK, =/1+0_1N_qforalll e {t,t+1,....t+7—1}, ke {t,t+1,....,t +7—1},and
Atgpr = v f(‘f:: )ig”vt?(;tlﬂpl)” , 1.e., k belongs to some sub-sequence of indices such that Option 1
holds. Following exactly the same steps as in the derivation of (84), we conclude that

1

9L exp (L D)(1 + DL, exp (L1 D)) Amin
forany k > 1. Since 0, > 1foralll € {¢t,t+1,...,t+7—1}, we getthat \; > NV 2%/\,5 >
25 \_ forl € {t+1,...,t+ 7 — 1}, meaning that for [ — ¢ larger than 1 + log_ 5 [
v exp (LlD)(1+2DL1 exp (LlD))—‘

Ak =

v | <
4L(J)\min-‘ =

where v = e~ ”. Putting all

1+log\/§[ =: m we have \; >

together, we conclude that

v
1Ly’

A1, forle{t,t+1,... ¢t
Al> 517 or e{» + ) 9 +m}7 (96)
7 forle{t+m+1,t+m+2,...t+7—1}
0
2k k-1 .
Option 2: )\, = 4|\Vf|(‘a:k)7Vf(x’°*1)|\' Then, using (95), we get
N — la* — 21 o oxp(“Lafla® — 2" )  Awexp (—Laflzt — 7))
FTANVIER) = VDT T Lo+ LVENT T 4QkLo + Ll = F)
implying that
oxp (=Laflz* —a* 7)) Li 0
Ak = -— — . 97
g 4L, il O
To continue the proof, we split the set of indices {1,2,...,N} into three disjoint
. . _ ll* —a* 1|
sets 71,72, 73 defined as follows: 75 := {k‘ e{l,2,...,N} |\ = 4\|Vf(zk)7vf(zk—1)”}’

T = {ke {1,2,...,N} | \g = /1 + 0x_1 k1 and 3t € K such that t < k:gter}, T3 =
{1,2,...,N} \ (71 U T2). Then, taking into account the lower bounds (96) and (97), we have
Vk e {1,2,...,N}

Ai—1, if k€ Ti,wheret € Land0 < k —t < m,
L llgk gkt I .
A > exp ( 14\320 ) m"xk-&-l . ka’ ifkeTs,
ﬁ, ifk eTs,

exp (= La|la’" ! —a""2|))

e eD et W AT SR
exp (— " —x 1 .
> e — Lttt b, itk € T,
I ifk € Ts.
9 ~ L ~ llz! —20]2
n practice 0y it is sufficient to take 0y > 1

16AZ[[V f(aD) =V (D)2

35

—4LT10||xt—wt*1||, ifk e Ti,wheret € KLand0 < k —t < m,



Published as a conference paper at ICLR 2025

Also the number of steps when L1 ||z — 2¥~1|| > v holds is bounded by

 213D?

K : 2

)

N
since Y [[#*+1 — 2*||2 < 2D2. For convenience, we introduce a new set of indices M :=
k=0
{ke{1,2,...,N} | Ly|z* — #*~1|| < v}. Then, for k € M we have
exp (=L ||z* — 2F71]) = exp(—v) = v. (98)

Therefore, we can lower bound the sum of stepsizes as follows:

N - k k—1
exp (=L |[=* — ") exp (—Lafjz" — 2" ])
e > n
; L . Z 4L, Z AL,
= €T1,tek,0<k—t<m keT2
v L k1 _ kMl tH1 ot
DIt Dl Caty B SR Ease
keTs keTs teT2:t+1€
exp (=Ly||z* — 1)) exp (= Lalz* — 2" 1))
>
) L + ) oL,
EETINM LK, 0<k—t<m kETaNM
v (m+ 1)Ly 1k
PY e b e
kETs 4Lo 4Lo kET

4L 4Ly

WV

N
0 y(N-mK) (m+1)L, Z 2%+ — k)|

k=0

WV

N
v(N—mK) (m+1)L;
N k41 _ k|2

92 —
@ V(N —mEK) VEN(m + )LD ©9)
AL, AL,

Since Sy > Zg: 1 Ak (see the definition in (82)) we have from (83) and the above lower bound on
Zivzl A that

D? <9<9) 2Ly D?

< . 100
25§ V(N —mK)—+v2N(m+ 1)L, D (100

F@Y) = fa*) <

2
In particular, we derived (93) under Assumption 3 holds, and when N > (2mK + M) R
we have (N — mK) — V2N (m + 1)L, D > ¥, which in combination with (100) implies (94).

O]

G.3 CONVERGENCE IN THE STRONGLY CONVEX CASE

To show an improved result in the strongly convex case (¢ > 0 in Assumptions 1), we consider
Algorithm 4 with more a more conservative stepsize selection rule:

0, k_ k-1
301 |2° — 2" } (101)

)\k—min{ 1+ 1 /\k—1a4||vf(xk)_vf(xk—l)H

For these stepsizes, Lemma G.2 holds as well. However, in contrast to the convex case, we will use
Assumption 2 instead of Assumption 3. The key reason for this is that we need to use (10) for z = 2*
and y = 2* that not necessarily satisfy (9). In contrast, inequality (10) holds for any z,y € R? under
the Assumption 2 and convexity.

36



Published as a conference paper at ICLR 2025

Theorem G.3. Let Assumptions 1 with ;1 > 0 and 2 hold. For all N > 1 we define the Lyapunov

function
Ak b a2 1 o S 12
U, = (1—Z>ka—x +4<1+(1—0z)LO>Ha:k—mk Y
F2X05 (f (z"71) = ),

where {z¥} >0 are the iterates produced by AAGD with )\, defined in (101), and o* = 73_17 V;’%l ~
0.98. Then, for N > v/2N(m + 1)L1 D Lyapunov function ¥ x 1 satisfies

Uni1 < (1 - ng: W)N\Ph (102)
where D > 0 and D* := |z* — 2*|? + 2|2' — 22 + 2\10:(f(2°) — f(2*)), and m =
1+ log\/z (LD In particular, for N > 8(m + 1)2L2D?, we have

a*u N
Unir < (1 - 16L0) ;. (103)

Proof. The proof follows the one from (Malitsky & Mishchenko, 2020). First of all, we note that the

stricter inequality A < /1 + 39’:‘[1 Ai—1 1s not used in the derivation of Lemma G.2. Therefore,

Lemma G.2 holds as well as Corollary 1. Next, we make certain steps in the analysis tighter to use
the fact that 4 > 0. Strong convexity implies

Me(Vf(@¥), 2" = 2%) < M(f(z*) = f(@) = Al lla* — 2|2, (104)

and ||Vf(mk) — Vf(xk*1)|| > Hx’“ - xk’1||. The latter implies that A\, < ﬁ for k > 1. Since
Lemma 2.2 holds under Assumption 2 with ¥ = 1 and without condition (9), and bound A; < L

4p
holds, we have

(10) A
MV =at) <A@ = £ - g e IV e
1
= Wl = @) = gt =)
Ae< g
< Nl @) - Pl - o (105)

Convex combination of (104) and (105) with a € (0, 1), which will be specified latter, gives

MV, " =8 <l = F@4) = 0SB oF — a2 = (1= o) 22 o+ — ¥

Using the above inequality instead of convexity and keeping the rest of the proof of Lemma G.2 as is
with omitted 3; terms, we get an analog of (75):

ka-‘rl _ .’IJ*

2 1 8 kel k|2 1+ 0 &
S(1+a-a)2E — —— k9 — f.
+4( + ( a)LO)H:c || +1+39k/4 Ner10r41(f (@) = £.)

S A (1 e a)iﬁ) a* 1 = aH||* + 221+ 6) (") — £2)

< (1= oY ot - o et - o 2 - £,

where the first inequality follows from %Ak.ﬂrlekﬂ_l < Ak(1 + 6x) provided by the new

condition on A;. Thus, we have contraction in every term: 1 — aA’“T“ in the first, W =
~ % To

1 (1704)% d 130e/4 '

- in the second an i, — 1~ qitey I the last one. We bound the third term
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O _ 1 Ak ,LLA;C 1 . . .
A [t = 1 DwihD > using Ap < i for both terms in the denominator. Taking
a = a* = 7‘3*17 V63281 ~ 0.98, which is the root of o* = %, we bound the second term

(1*04)2” 32(1—a) a=a” >\ 2

3 (1 +(1—a L—“) |F — k_lHQ + 20105 (f (2%~1) — f.) we have

o* . 1
Wy < (1 - 2“ mm{x,ﬁ i }) U, (106)

The final step of the proof is unrolling the recursion for Lyapunov function ¥y. Following the proof
of Theorem G.2, we have that

e — Bt — oY, ifk €Ty, wheret € Kand 0 < k —t < m,

1 4%() 4L0 .
min{)\k, } > m—muxk—i-l 2|, itk e T, (107)

4L .
m, lfk'EE

, which differs from m defined in the convex case due to the new

withm :=1+log [(Hzﬂ

condition on \g. The;efore, by repeating all the steps from the proof of (99), we obtain

1 N V2N(m+1)L,D
A > : 108
;mm{ * 4Ly } AL, AL, (108)

Next, we bound the product that arises during recursion unrolling by using the relation between the
geometric mean and the arithmetic mean:

N o 1 a1 & N
1- i e g )
kl;[l( 2 mm{/\k"lLo }) ( 2 kz_: {)\k Ly }>

(108) * VL D
p: <1a uaft(mﬂl) . 109)
8LO 4/ 2NLO
Finally, we combine (106) and (109) and get
N
(106) ot 1
Uy < H (1 - ;mln{)\k, 1Ly }) Uy
k=1
N
(109) * *
N RIS
8LO 4 2NLO
Moreover, when N > 8(m + 1)2L2 D?, we have % < fgL , which in combination with

the above inequality implies (103).
O
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H STOCHASTIC EXTENSIONS: MISSING PROOFS AND DETAILS

H.l1 (Lo, L1)-STOCHASTIC GRADIENT DESCENT

Algorithm 5 (Lg, L;)-Stochastic Gradient Descent ((Lg, L1)-SGD)

Input: starting point £°, number of iterations N, stepsize parameter > 0, Ly > 0, L; > 0
1: fork=0,1,...,N —1do
2:  Sample ¥ ~ {1,... n} uniformly at random
. E+1 _ k

4: end for
Output: =V

Theorem H.1 (Theorem 7.1). Let Assumption 4 hold. Then, the iterates generated by (Lg, L1)-SGD
with0 < n < 5, v = e~ " after N iterations satisfy

) . vLg & . 2Lo||2° — x*|?
20 fah) - g = 2 1
(Jpin B [mm{ML%,f(w )= f(= )H S VD) (110)

Proof. Similarly to the deterministic case, we start by expanding the squared distance x*, which is a
common minimizer for all {f;}?_;:
2

k+1 *(12 k * n k
T -z = xt —x — V fer(x
| | Lo+ L[V e ] V1 ()

2
_ Z‘k—l‘* 2 xk_x*’v ) ]}k
I = B IV e @ e (=)

||V fer ()|
(Lo + L[V fex (%)[1)?

+

()] 2n
< Ik—l‘* 2 :l‘k— eJJ*
o =1~ e Ve )~ fer )
1[IV fer (27)|?
(Lo + La IV fer (%))
© e ny fer (@) = fer(a)
< JaF -t -2y (1) =5 o
v/ Lo+ Li||V fer (2F)]
<y N f k() — f k(™
< ||113k—.1‘H2—77 5( ) f(k) ' (111)
Lo+ L[|V fer (zF)]
As before, we consider two possible cases: ||V fer (z%)]| > f—‘l’ or |V fer (z%) < é—‘;
Case 1: ||V fer (z%)[| > 2. In this case, we have
Lo+ Ly ||V fer (2%)|| < 2La[|V fer (M), (112)
V[V fer (@) 0 ||V (@)?  ® K
< < fer (2%) = fer (). (113)
iL 2o+ LV e ) < )~ e )
Plugging the above inequalities in (111), we continue the derivation as follows:
(11D(112) fer(2®) = fer(z¥)
k+1 |12 k (|2 ¢ 3
T —x < ¥ —x -7
” | I ” 2L ||V fer (29)|
(113) vn
k * (12
< 2t = TS (114)
Case 2: ||V fex (a%)]| < f—? In this case, we have
Lo + L1 ||V fer (2%)|| < 2Ly, (115)
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implying that

(45),(115)

< ok —ar)? - io (fer (%) = fer () . (116)

”karl —r* ”2

To combine (114) and (116), we introduce event E(z¥) := {||Vf£k ()| = f—? \ xk} for given z*
and indicator of event E(z*) as 1, i.e., for given z*, we have 1 p(,r) = 1if ||V feu (2F)]| > %’
and 10y = 0if ||V fer (z¥)]| < f—‘; Then, inequalities (114) and (116) can be unified as follows:

c * : * vn *
2" — 2* | < [la* — 2* )] — L - 3L 1 ]lE(xk)) (fgk( M) = fer(z%)) .
1

Let us denote the expectation conditioned on z* as E;[-] := E[- | *]. Taking E[-] from the both
sides of the above inequality, we derive

vn
Ex [”xkﬂ - x*”Q] < ||xk - l’*||2 — Pk - W

_E, [a - L) g (fer (o) = fa (@)

where py, = IP{HVf&k (=) = 2 | xk} = P{E(z2")} = Ex[Lp(,»)]. Note that py is a random

variable itself. Nevertheless, if p; > 0, it means that for at least one 5’“ € {1,...,n} we have
|V fer (zF)]] > % for given z*. Therefore, either p; > L or pj, = 0. Moreover, when pj, = 0, we
have 1 — 1 g, := 1 for given x". Putting all together, we continue as follows:

* vn
Ey [Hl‘kJrl - x*HQ} < ka -z ||2 = Lep,>0) P 312
1

“1ip_oy - Ex [(1 ~ Lo 5 ()~ fo <x*>)] ,

k

l/?’] k *
H:L‘ -z H _]l{pk>0} Dk - 8L {Pk 0} - 2L (f(.%‘ )—f(l‘ ))

N

l2* = 2*||* = Loy - Sni? Lipi=0y - m (f@") = f(@")

<l = ot —in { P T (16 - 1)}

Taking full expectation from the above inequality and telescoping the result, we get

N+1

N
ZE[ {8 Sul? 3L (f(”“"k)‘f(x*”ﬂ < Y@l - o) - Ella* - 2|?)

k=0 k=0
S

Since "(;VTJ[:D minN]E [min{ vho f(zk) — f(a:*)H is not greater than

fj E {min {ﬁ7 3= (fa) = f(:c*))H,we also have

k=0
N+1 vL
Wk_%??ﬂ{mm{z; 7o) - f<x*>H <l — 2|2
Dividing both sides by ~ (NH) , we obtain (110). 0

40



Published as a conference paper at ICLR 2025

H.2 STOCHASTIC GRADIENT DESCENT WITH POLYAK STEPSIZES

Algorithm 6 Stochastic Gradient Descent with Polyak Stepsizes (SGD-PS)

Input: starting point z°, number of iterations N, minimal values f;(z*) := min,cga fi(x) for all

ie{l,...,n}
1: fork=0,1,...,N —1do
2:  Sample ¥ ~ {1,..., n} uniformly at random
) bl ke Jer(E)—fer () k
3 xftl =g —va@(x)
4: end for

Output: =V

Theorem H.2 (Theorem 7.2). Let Assumption 4 hold. Then, the iterates generated by SGD-PS after
N iterations satisfy

. . I/L() k * 4L()||.’EO — (E*HQ
S — < —.
ppin B {mm { /@)~ )H STUN ) (17

Proof. Similarly to the deterministic case, we start by expanding the squared distance «*, which is a
common minimizer for all { f; }7_;:

kY _ o (2 2
LAl e f£i|(éf)§k (ﬁ)% ¥ fen(a
2 K ky — k(x*
_ ||£L'k _ .T*||2 _ (ffn(vxf&)k (kaiél )) <$k — l'*,vfﬁk (-Tk)>
| e (@) = fer(@)’
IV fer (%)
@ e e — fer (o)’
< 2" =2t IV fer (%)

O g ¥ Je @)~ fe )
= 2 Lo+ Li||V fer (zF)|

(118)

As before, we consider two possible cases: ||V fer (z)| > i—‘l’ or ||V fer(z¥)| < %’

Case 1: ||V fer (zF)]| > f—‘; In this case, inequalities (112) and (113) hold and the derivation from
(118) can be continued as follows:

(118),(112) k) — x*
TS R S PP C [t e 3
2 2LV fer (2]
(113) V2
g k _ x12 _ 11
o =2 = o (119)
which gives (54).
Case 2: ||V fer (2¥)]| < %’ In this case, inequality (115) holds and we have
(118),(115) (2k) — x*
”karl N x*||2 < ||Ik N x*”z B K . f&k( ) fﬁk( ) (120)
2 2Lo

To combine (119) and (120), we introduce event E(z*) := {||Vf§k (@) = | xk} for given ¥

and indicator of event E(z") as 1 (), i.e., for given ¥, we have 1 pr) = 1if |V fer (z¥)]| > £2,

and 1,y = 0if ||V fer (aF)]| < i—? Then, inequalities (119) and (120) can be unified as follows:
2

k+1 2 k 2 v
575 — 2" < 2% — @™||7 = L) - @

— (1= Tgen) - ﬁ (fer (%) = fer (™).
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Let us denote the expectation conditioned on z* as Ej[-] := E[- | ¥]. Taking E[-] from the both
sides of the above inequality, we derive

1/2

1612

—Ey [(1 - lE(zk)) : ﬁ (fgk(i’?k) - fgk(iﬂ*)) )

Ep [[o*! —2*|?] < [la® = 2*)* = pr -

where pg, 1= ]P’{HVfEk (™) = %—‘1’ | xk} = P{E(z")} = Ek[]].E(Ik)]. Note that p;, is a random
variable itself. Nevertheless, if p; > 0, it means that for at least one ¢* € {1,...,n} we have
IV fex (z%)]] = £2 for given 2*. Therefore, either p, > + or p, = 0. Moreover, when pj, = 0, we
have 1 — 1 g, := 1 for given x*. Putting all together, we continue as follows:

2

Ey [HIkJrl - 1'*”2] < ||5Z7IC - x*Hz - ]]'{Pk>0} "Dkt 1612
1

Lip_oy - Ex [(1 ~ Lon) - o (fer ) — fes (x*))} 7

V2 v

k * k *
2% —x H2 - ]]‘{pk>0} * Pk - WL% - ]l{PkZO} : m (f(l’ ) — f(z ))

2
k * v v k *
< ||33 -z H2 - ﬂ{pk>0}' 167LL? - l{pk:O} : 74L0 (f(x )_ f(ﬂ3 ))
2
< E_oox2_ .o ) Vv ky * )
< et =P min { o () - £0)

Taking full expectation from the above inequality and telescoping the result, we get

N V2 v pis
>k [min{ 1l 1 (16N - F@ ]| < X @l - 0P - Bl - o)
k=0 k=0

< e - a7,

. y(N+1) . . L k .
Since By k:%nn E [mln {AETOZ;’ f(z®) — f(x*)H is not greater than

k]joE [min{ﬁ, Py (f(z*) — f(x*))}], we also have

V(N+1) . . l/LO k N o 12
V(N +1) P e
1L k_%““NE{mm{m%’f@) CONIIE T

.....

v(N+1)

Dividing both sides by —iLg o We obtain (117). O

Remark H.1. Note that the LHS of equation (29) can be lower bounded as follows:
v(N +1) , . vio k *
TP e [mm { 1@ @) p Ly aeys i,

/41LL%
: vLo k *
+ min {Waf(x )= flz )} Lok f o)< Lo ]

X 2
4nLy

. . vl k *
P k:%lj.r.l,N]E |:m1n{4n[€»f(x ) - f((E )} 1f(zk)—f(r*)>‘;LLD%:|

. nLog i “ vLg
= — >
N Izt (f(x )= /@) > 4nL2>

Therefore, from equation equation (29) we have that ming—.... x P (f(z*) — f(z*) > 2£8) <
8nL?|z®—z*|?
nv(L+1)
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Figure 1: The last iterate discrepancy of algorithms on the one-variable polynomial function f(z) =
4
x*.

I NUMERICAL EXPERIMENTS

Synthetic experiment. The existing numerical studies already illustrate the benefits of many
methods considered in this paper in solving (Lo, L1)-smooth problems. In particular, the results
of numerical experiments with Clip-GD, which is closely related to (Lg, L1 )-GD, GD-PS, and
AdGD on training LSTM (Merity et al., 2018) and/or ResNet (He et al., 2016) models are provided
in (Zhang et al., 2020b; Loizou et al., 2021; Malitsky & Mishchenko, 2020). Therefore, in our
numerical experiments, we focus on a simple 1-dimensional problem that is convex, (Lg, L1)-
smooth, and provides additional insights to the ones presented in the literature. In particular, we
consider function f(z) = x*, which is convex, (4, 3)-smooth, but not L-smooth as illustrated in
Example 1.1. We run (i) GD with stepsize 1/, L = 12|2°|? (which corresponds to the worst-case
smoothness constant on the interval || < |2°|), (i) (Lo, L1)-GD with Ly = 4, Ly = 3, = ¥/,
(iii) (Lo, L1)-STM with G 1 = Lo + L1 ||V f(z**1)|| (not supported by our theory) and (iv) with
Grr1 = max{Gy, Lo + L1 ||V f(zFT1)||} (called (Lo, L1)-STM-max on the plots), (v) GD-PS,
and (vi) AdGD for starting points 2z € {1,10,100}. The results are reported in Figure 1. In all
tests, GD-PS and AdGD show the best results among other methods (which is expected since these
methods are the only parameter-free methods). Next, standard GD is the slowest among other methods
and slow-downs once we move the starting point further from the optimum, which is also expected
since L increases and we have to use smaller stepsizes for GD. Finally, let us discuss the behavior
of (Lo, L1)-GD, (Lo, L1)-STM-max, and (Lo, L1)-STM. Clearly, it depends on the distance from
the starting point to the solution. In particular, when 20 = 1 we have |V f(2°)|| = 4, meaning that
L = 16. In this case, GD and (L, L1)-GD behave similarly to each other, and (Lo, L1)-STM-max
significantly outperforms both of them, which is well-aligned with the derived bounds. However, for
29 =10 and 2° = 100 we have ||V f(z%)[| = 4-103 and ||V f(2°)|| = 4 - 106 leading to a significant
slow down in the convergence of GD and (Lg, L1)-STM-max. In particular, (Lo, L1 )-GD achieves a
similar optimization error to (L, L1)-STM-max for ° = 10 and much better optimization error for
2% = 100. This is also aligned with our theoretical results: when Ry is large and number of iterations
is not too large, bound (15) derived for (L, L1)-GD can be better than bound (23) derived for
(Lo, L1)-STM-max. Moreover, for z° = 100, Figure 1 illustrates well the two-stages convergence
behavior of (Lg, L1)-GD described in Theorem 3.1. Finally, although our theory does not provide
any guarantees for (Lo, L1)-STM with Gj.41 = Lo + Ly ||V f(x**1)]|, this method converges faster
than (Lg, L1 )-GD for the considered problem but exhibits highly non-monotone behavior.

Logistic regression. We also study the behavior of the algorithms on the Logistic Regression
problem of the form

f(z) = %ifl(x), where  fi(z) =log (1 —|—exp(—yia;ra?)) ,a; €RY g e {—1,1).
i=1

As Example 1.3 shows, each individual function f; is (Lg, L1)-smooth. Moreover, function f is
also L-smooth. This implies that f(x) is (Lo, L1 )-smooth, but the derivation of the exact constants
Ly and L; for f is problematic and highly depends on the relation between {a; }!* ;. Nevertheless,
one can still compare the methods considered above on this problem and numerically estimate the
dependency of the Hessian norm on the norm of the gradient. In particular, we observe linear-like
gradient norm dependency on the hessian norm in the toy scenario, where all vectors a; are close
to each other, i.e., we generated a; € R as a; = (1,2,...,50)" + ¢, where & ~ N(0,1) are
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Figure 2: Smoothness dependency on the gradient norm, toy scenario logistic regression.
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Figure 3: The last iterate discrepancy of algorithms on the logistic regression problem.

i.i.d. standard Gaussian vectors, and all y; = 1 except of one y; = —1 for randomly selected j from
{1,...,50} (Figure 1).
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We also run the considered methods for real datasets from LIBSVM (Chang & Lin, 2011) — a9a
and mushrooms — for different starting points. The results are presented in Figure 3. Despite the
fact that for these datasets, f does not have a clear linear dependence of the norm of the Hessian
w.r.t. the norm of the gradient, the methods that are better suited for (L, L; )-smooth problems (like
(Lo, L1)-GD, GD-PS, and AdGD) converge significantly faster than other methods. Moreover, we
also emphasize that accelerated variants — (Lo, L1)-STM and (Lo, L;)-STM-max — work not better
than standard GD in this case.
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