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Abstract

In the realm of reinforcement learning (RL), ac-
counting for risk is crucial for making decisions
under uncertainty, particularly in applications
where safety and reliability are paramount. In
this paper, we introduce a general framework
on Risk-Sensitive Distributional Reinforcement
Learning (RS-DisRL), with static Lipschitz Risk
Measures (LRM) and general function approxi-
mation. Our framework covers a broad class of
risk-sensitive RL, and facilitates analysis of the
impact of estimation functions on the effective-
ness of RSRL strategies and evaluation of their
sample complexity. We design two innovative
meta-algorithms: RS-DisRL-M, a model-based
strategy for model-based function approximation,
and RS-DisRL-V, a model-free approach for
general value function approximation. With our
novel estimation techniques via Least Squares
Regression (LSR) and Maximum Likelihood Es-
timation (MLE) in distributional RL with aug-
mented Marko~v Decision Process (MDP), we de-
rive the first O(v/K) dependency of the regret
upper bound for RSRL with static LRM, mark-
ing a pioneering contribution towards statistically
efficient algorithms in this domain.

1. Introduction

Reinforcement learning (RL) (Sutton & Barto, 2018) has
emerged as a powerful framework for sequential decision-
making in dynamic and uncertain environments. While
traditional RL methods, predominantly focused on maximiz-
ing the expected return, have seen significant advancements
through approaches such as Q-learning (Mnih et al., 2015;
Jin et al., 2018) and policy gradients (Kakade, 2001; Cai
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et al., 2020), they often fall short in real-world scenarios
demanding strict risk control, such as financial investment
(Bielecki et al., 2000) , medical treatment (Ernst et al., 20006),
and automous driving (Candela et al., 2023).

The significance of comprehending risk management in RL
has led to the emergence of Risk-Sensitive RL (RSRL). Un-
like risk-neutral RL, which primarily focuses on maximizing
expected returns, RSRL seeks to optimize risk metrics, such
as entropy risk measures (ERM) (Fei et al., 2020; 2021) or
conditional value-at-risk (CVaR) (Wang et al., 2023a), of
the possible cumulative reward which emphasizes its distri-
butional characteristics. However, traditional RL framework
based on Q-learning which typically considers the mean of
reward-to-go and corresponding Bellman equation, cannot
efficiently capture the characteristics of the cumulative re-
ward’s distribution. Therefore, there has been an upsurge
of interest in Distributional RL (DisRL) due to its capacity
to understand the intrinsic distributional attributes of cu-
mulative rewards, which has already achieved significant
empirical success in risk-sensitive tasks (Bellemare et al.,
2017; Dabney et al., 2018; Keramati et al., 2020; Urpi et al.,
2020; Lim & Malik, 2022).

However, there remains a dearth of comprehensive theoret-
ical insights into the sample complexity of Risk-Sensitive
Distributional RL (RS-DisRL), particularly in scenarios en-
compassing general risk measures and function approxima-
tion. Previous theory works of RS-DisRL have primarily
been constrained to tabular MDPs (Bastani et al., 2022;
Liang & Luo, 2022) which fail in extending to infinite-state
settings, or have been confined to specific risk measures
such as CVaR or ERM (Stanko & Macek, 2019).

In this paper, we delve into the RS-DisRL with static Lips-
chitz risk measures (LRM), a general risk measure class that
includes various well-known risk measures such as coher-
ent risk, convex risk, CVaR, and ERM. In order to address
the challenges posed by extremely large or infinite state
spaces, we consider two distinct general function approxi-
mation scenarios: model-based function approximation and
value function approximation. The model-based function
approximation, as extensively used in prior works such as
Sun et al. (2019); Liu et al. (2022; 2023), typically assumes
that the agent has access to a model class that contains
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the true transition model. On the other hand, the general
value function approximation, as explored in Wang et al.
(2020); Jin et al. (2021); Agarwal et al. (2023); Wu et al.
(2023); Wang et al. (2023b), offers the agent a distribution-
ally Bellman-complete value function class with the true
value distribution.

Under these settings, we introduce general model-based and
model-free meta-algorithms, respectively, and employ esti-
mate techniques including Least Squares Regression (LSR)
and Maximum Likelihood Estimation (MLE), achieving a
sublinear regret upper bound with respect to the number of
episodes. Importantly, our work establishes the first statisti-
cally efficient framework for RS-DisRL with static Lipschitz
risk measures.

Challenges Significant gaps persist in our quest to achieve
statistically efficient RS-DisRL with static LRM. (i) The
utilization of static LRM in RSRL presents unique complex-
ities. Unlike standard RL, where the focus is on maximizing
the expected cumulative reward, RSRL with static LRM
involves optimizing the entire distribution of cumulative
rewards. This distinct characteristic makes the traditional
Q-learning methods, which typically consider the mean of
reward-to-go and the corresponding Bellman equation for
mean value functions, inadequate for characterizing policy
performance and the reward’s distribution. (ii) In RSRL
with static LRM, the optimal policy is non-Markovian, de-
pendent not only on the current state but also on the rewards
received thus far. Thus, it is hard to extend previous works
for learning a Markovian policy within polynomial sample
complexity.

Technical Contribution To surmount these obstacles, our
approach involves several novel technical components. (i)
We integrate rigorous distribution analysis techniques from
DisRL into the RSRL framework and design novel distribu-
tional learning in augmented MDPs, which help us better
understand the distributional characteristics of the problem
objective. (ii) We pioneer the application of LSR in the
exploration process of distributional RL with augmented
MDP, incorporating our innovative regression technique
tailored for cumulative distribution functions (CDFs) (see
Sections 6.1 and 7.1). (iii) Furthermore, we extend tradi-
tional MLE methods to DisRL within the augmented MDP
framework, supported by a novel connection technique: the
augmented simulation lemma (Lemma D.2). In these man-
ners, we present the first statistically efficient algorithms for
RSRL with static LRM in this paper.

We summarize Table 1 to present the technical results in this
paper, and discuss our detailed contribution as follows:

(i) We provide a general framework for RSRL with static
LRM and the general function approximation, which covers
a broad class of RSRL studies with various popular static

Table 1. Summary of results in this paper, where D represent the
structural complexity determined by specific methods.

Algorithm Regret

Model-based Framework RS-DisRL—-M (Algorithm 1)

LSR Approach: M-Est-LSR ~ O(Leo(p)H D1 VK)

(Algorithm 4) (Iheorem 6.5)

MLE Approach: M-Est -MLE ~ O(Leo(p)poly(H) D2 vVK)
(Algorithm 5) (Theorem 6.6)

Model-free Framework RS-DisRL~-V (Algorithm 2)

LSR Approach: V-Est-LSR  O(Leo(p)H D3 VK)
(Algorithm 8) (Iheorem 7.5)

MLE Approach: V-Est-MLE ~ O(Leo(p)poly(H) D4 vVK)

(Algorithm 9) (Theorem 7.6)

risk measures, such as ERM (Fei et al., 2020; 2021), CVaR
(Wang et al., 2023a; Zhao et al., 2023), and spectral risk
(Bastani et al., 2022). The framework facilitates analysis of
the impact of estimation functions on the effectiveness of
RSRL strategies and evaluation of their sample complexity.

(ii) For model-based function approximation, we propose a
novel meta-algorithm named RS-DisRL-M (Algorithm 1),
with a general regret upper bound O(Ls(p){(M-Est)),
where L..(p) represents the Lipschitz constant of the
LRM p, and {(M-Est) is the effectiveness determined
by the model-based estimation function. Based on the
meta-algorithm, we also obtain the first analysis on the
model-based LSR and MLE approaches in distributional
RL with augmented MDPs, with effectiveness ¢ =
O(poly(H)DVK), where H is the horizon length, K is
the number of episodes, and D is the structural complexity
(specified in Theorems 6.5 and 6.6).

(iii) For general value function approximation, we present a
new model-free framework RS-DisRL-V (Algorithm 2),
with general regret upper bound O(L(p)¢(V-Est))
where ((V-Est) describes the effectiveness of the model-
free estimation approach. We also provide novel analysis of
LSR and MLE in distributional RL with augmented MDPs
and theoretical guarantees of ¢ = O(poly(H)D VK),
where the dimension term D is specified in Theorem 7.5 for
the LSR case and Theorem 7.6 for the MLE case.

2. Related Works

RSRL In RSRL studies, there are two types of risk mea-
sures. One is to consider the iterated risk measure, i.e.,
computing the risk value iteratively. For example, Du et al.
(2022); Chen et al. (2023) considers iterated CVaR risk mea-
sures, and Liang & Luo (2023) considers iterated LRM risk
measures. The other is to consider the static risk measure,
i.e., a risk measure of the cumulative reward. For example,
Fei et al. (2020; 2021) focus on RSRL with ERM, Wang et al.
(2023a); Zhao et al. (2023) investigate the static CVaR risk
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measures, and Bastani et al. (2022) studies the static spectral
risk measures. In this paper, we consider the static LRM, a
static risk measure that encompasses the ERM, static CVaR
and spectral risk, and give the theoretical learning analysis.

DisRL. Many previous works (Rowland et al., 2018; 2023;
Bellemare et al., 2017) develop asymptotic covergence anal-
ysis for DisRL. With MLE approaches, Wu et al. (2023)
discusses the statistical complexity bounds for off-policy
DisRL and Wang et al. (2023b) considers the small-loss
bounds for DisRL. Bastani et al. (2022) is the first to give
the sample complexity bounds for RSRL, while it only stud-
ies the static spectral risk measure within the tabular MDPs.
Compared to these results, our work focuses on a more
general risk-sensitive target (LRM) and enables to use the
general function approximation.

3. Notations

For a positive integer N, we let [N] = {1,2,---, N}. De-
note [ f(s) := [q f(s)ds if we integrate f over the uni-
versal set of s € S. For a function f : X — R, we
define the ¢1-norm || f|l1 = [, |f(z)|dz and {s-norm
[l flloc = supgex |f(2z)|. Denote A(X) as the distribution
over space X'. We use the standard O(-) to hide universal
constant factors, and O (+) to further suppress the polyloga-
rithmic factors in O(+).

4. Problem Formulation

Episodic Markov Decision Process In this study, we ex-
amine an episodic Markov Decision Process (MDP) denoted
as M = (S, A, K, H,{P,}L_, {R,}}L ) characterized
by state space S, action space A, finite episode number
K, finite time horizon length H, transition probabilities
Pu(:|s,a) € A(S) and distributional reward Ry, (-|s, a) €
A([0,1])" for step h € [H]. At the outset of each episode
k € [K], we start with an initial state sj 1 chosen by the
MDP. At each step h € [H], the agent receives a his-
torical record Hy p, = {Sk,1, @k 1,7k,1, - ,Sk,n} and se-
lect an action ay, j ~ wﬁ(-\?—lkﬁ) by a history-dependent
policy 7f = {wﬁ}le Then, the MDP will return a re-
ward 7, ;, ~ Rp(:|Sk,n, ak,p) and transfer into next state
Skht1 ~ Pr(|Skh, ak,p). This episode will end in step
H + 1. Throughout this paper, we assume that the agent
lacks knowledge of the transition probabilities. For a fixed
history-dependent policy 7r, the cumulative reward for an
episode played with policy 7 is a bounded real-valued ran-
dom variable Z™ = Zthl rp, where 1, ~ Ry (+|sn, ap).

Lipschitz Risk Measures Lipschitz Risk Measures (LRM)
are quantified by a function p : Z — R mapping random

'"Without loss of generality, we assume the reward r € [0, 1] for
each step. Additionally, we assume that the agent has knowledge
of the reward distribution, a common assumption in prior research
(Liu et al., 2022; 2023; Wang et al., 2023b).

variables Z € Z to real numbers, distinguished by two
critical properties. C1. Law invariance: If Z W €
Z have the same distribution functions, 'z = Fy,, then
p(Z) = p(W). C2. Lipschitz continuity: Consider
the supremum norm || - || over the set of all distribution
functions of the random variable class Z. There exists
a Lipschitz constant Lo (p) such that |p(Z) — p(W)| <
Lo (p)||Fz — Fw||o holds forany Z, W € Z.

The law invariance condition, foundational in risk measure
studies (Kusuoka, 2001; Frittelli & Gianin, 2005; Liang &
Luo, 2023), indicates that identical distribution functions
result in equal risk measures. LRM encompass a broad
spectrum of general risk assessments, including coherent
risk (Artzner et al., 1999), monetary risk (Jia et al., 2020),
and convex risk measures (Follmer & Knispel, 2012), high-
lighting the versatility of LRM. Popular metrics like En-
tropy Risk Measures (ERM) and Conditional Value-at-Risk
(CVaR) also align with these conditions, with Lipschitz con-
stants Lo, (ERMpg) = % and Lo(CVaR,) = &
(Liang & Luo, 2023).

RSRL with Static LRM In this paper, we delve into the
Risk-Sensitive Reinforcement Learning (RSRL) with static
Lipschitz Risk Measures (LRM), focusing on optimizing
risk-sensitive rewards via history-dependent policies. The
objective is to find an optimal policy 7v* that maximizes the
LRM-defined cumulative reward 7w* = argmax._ p(Z7),
then we define our regret as the difference between the
cumulative rewards of the optimal policy and the policy
deployed at each episode: Regret(K) = Zszl p(Z7") —

p(Z™").

5. Augmented MDPs and Distributional
Bellman Equation

The key of our analysis revolves around the distributional
Bellman equation applied to augmented MDPs. Recogniz-
ing that learning an optimal history-dependent policy 7* can
be prohibitively sample-intensive, previous works (Béuerle
& Ott, 2011; Bastani et al., 2022) leverage the concept of
augmented MDP in risk-sensitive conditions, where any
history-dependent policy 7t corresponds to a Markov pol-
icy 7! in the augmented MDP. This equivalence allows for
facilitating effective risk-sensitive policy learning without
sacrificing computational tractability.

Augmented MDPs We embrace the notion of augmented
MDPs, originally introduced by Béuerle & Ott (2011)
and widely used in RSRL with static risk measures (Bas-
tani et al., 2022; Wang et al., 2023a; Zhao et al., 2023).
In the context of augmented MDPs, the state space is
expanded to ST = {si = (sn,yn)}, where y, =
Zle rp, represents the cumulative reward accumulated
up to time step h.We denote the augmented MDP as
M= (ST, A K, H {P,}L  {R,}L ). To capture the
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augmented dynamics, we introduce the augmented transi-
tion operator as follows:

Th(s;+1 |SL’ an) = Pr(sn+1|8h; an)Rn(Yn+1—ynlsn, an)

Let IIT denote the set of the Markov policies within the
augmented MDP M. Theorem 3.1 in Bastani et al. (2022)
shows that for any history-dependent policy 7 in original
MDP, there exists a Markov policy in the augmented MDP
7 € ITT, such that Fy= = F '»#. This result underscores the
equivalence between the distribution of cumulative rewards
under a history-dependent policy in original MDP and a
corresponding Markov policy in the augmented MDP.

Distributional Bellman Equation Similar to prior works
such as Bellemare et al. (2017); Bastani et al. (2022); Wang
et al. (2023b); Wu et al. (2023), we integrate the distribu-
tional Bellman equation within an augmented MDP frame-
work. For any policy m € IIf and h € [H]|, we denote

the random variable Z}"L'(SL, ap,) as the cumulative return

Zgzh ry, after taking action a in state 32 via policy

eI

Definition 5.1 (Distributional Bellman Equation (Wang
et al., 2023b; Bastani et al., 2022)). Let F,;'(|51L, ap,) be the
cumulative distribution function (CDF) of random variable
zr (s}:, ap), and let f77(- |sL, ay,) be its probability density
function (PDF). We define the augmented distributional
Bellman operator 771# : A(R) = A(R) as:

T ST (als), an) = /

Shy1:@h+1

Th(sTh+1|sL,ah,)

: 7Th+1(ah+1|52+1)f}7;+1(x - (yh+1 - yh)|52+1, Clh+1) >

TleFfnsa) = [ Tuslls)a)
Sh41'@h+1

'7Th+1(ah+1|5;Tz+1)Fﬁr+1($ = (Ynt1 — yh)|32+1,ah+1) .

By the definition of Zj7 and Z77, |, we have f77 = ﬁjﬂf,?ﬂ

and FJF = ﬁwF,’fH. Generally, we can write the distri-

butional Bellman equation in random variable version as
)

Z }7: - 7;1,7\' Z ;LT+ 1

6.Model-Based Meta-AlgorithmRS—-DisRL-M

This section introduces the meta-algorithm RS-Di sRL—-M
for model-based function approximation in RS-DisRL,
alongside its theoretical underpinnings. It further delves
into two pivotal estimation techniques: LSR and MLE, for-
mulating statistically efficient algorithms for RSRL with
LRM.

We describe the model-based function approximation frame-
work utilized for our analysis, drawing on the methodologies
previously explored by Fei et al. (2021); Liu et al. (2022;
2023); Chen et al. (2023). Specifically, we model each tran-
sition probability PP : S x A — A(S) using a parametric

form Py, with the true transition model for each decision
epoch h represented by 0. The set of true models across
all epochs is denoted by 6* = {6;}/__,. We then estab-
lish a standard realizability assumption for the model-based
function approximation, ensuring that our model accurately
reflects the dynamics of the environment

Assumption 6.1 (Model-based realizability (Fei et al., 2021;
Liu et al., 2022; 2023; Chen et al., 2023)). The agent is
given a model class ® = {Oy, : h € [H|} which specifies a
class of transition probabilities {Py, : ), € Oy, h € [H]}
and satisfies 8* € ©.2

Algorithm 1 RS-DisRL-M

1: Input: ModAel class ®, confidence radius f.

2: Initialize: ®, < ©.

3: for k =1to K do

4: (mk 6;) = argmax, i gcg, P(Zg ). //Optimistic
planning

5:  Execute policy 7*, add the collected data 7, =
{(sk’h,ak’hmk,h)}hH:l and 7", @), into history
Hy = Hi—1 U {(7s, 7", 8))}. //Data collection

6: (:'jk-+1 = M-Est (©, Hg, ). //Confidence set con-
struction

7: end for

We introduce the meta framework RS-DisRL-M (Algo-
rithm 1) for Risk-Sensitive Distributional RL with Model-
Based function approximation. RS-DisRL~-M is a model-
based algorithm which takes a model class ® as an input,
and operates in three main steps.

(i) Optimistic planning (Line 4): the algorithm computes
the optimistic model ék and corresponding augmented pol-
icy 7* in the model confidence set ®;,. Here the random
variable Zg denotes the cumulative reward collected with
policy 7r in augmented MDPs modeled by 6. (ii) Data col-
lection (Line 5): the algorithm executes the optimal policy
7 planned from step (i) and collects the trajectory 7. (iii)
Confidence set construction (Line 6): the algorithm es-
timates the models and constructs the new confidence set
for the next episode based on a Model-based Estimation
function (M-Est), model class ®, and confidence radius f3.
The estimation function M-Est can be designed by various
estimation methods, such as LSR or MLE, depending on
the specific structure of the MDP or the model class.

This framework encapsulates the essence of leveraging
model-based approaches for efficient learning and adap-
tation in RSRL, aligning with strategies explored in recent
literature (Bastani et al., 2022; Liu et al., 2023; Chen et al.,
2023).

2We assume this structure of © to simplify the notations in
analysis. In fact, our analysis works as long as 8 € ©.
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Theoretical Guarantees The theoretical guarantees for
the RS-DisRL-M algorithm are anchored on two critical
conditions related to the estimation function M-Est.

Condition 6.2 (Concentration). For ¢ € (0, 1], with proba-
bility at least 1 — 4, 8* € ®, holds for every k € [K].

The concentration condition, common in theoretical RL
analysis (Agarwal et al., 2019; Jin et al., 2018; Ayoub et al.,
2020), ensures that the true transition model is consistently
included within the algorithm’s confidence set throughout
the learning process.

Condition 6.3 (General elliptical potential). For § €
(0,1], with probability at least 1 — §, the supremum dis-
tance between the CDF of the chosen estimated model
0% and real model 6* under policy 7* can be bounded

by S, Fper = Fy| < ¢(K,H,©,,6), where
K

&(K,H,0,,0) is the conoloplexity bound determined by
the estimation function M-Est.

Intuitively, Condition 6.3 bounds the estimation error by con-
trolling the discrepancy between the CDF of the estimated
and real models under the chosen policy. This condition
resembles the pigeonhole principle for tabular MDPs (Jin
et al., 2018) and the elliptical potential lemma for linear and
linear mixture MDPs (Jin et al., 2020; Zhou et al., 2021).
However, Condition 6.3 demands to bound the supremum
difference of the CDF during the learning process, which is
natrually different from the previous.

Conditions 6.2 and 6.3 together establish the reliabil-
ity and effectiveness of the estimation function in the
RS-DisRL-M framework. Adherence to these conditions
signifies that the estimation function can facilitate efficient
learning in RS-DisRL-M.

Theorem 6.4. Under Assumption 6.1, if the estimation
Sfunction M-Est satisfies Conditions 6.2 and 6.3, then the
regret of RS—DisRL—M (Algorithm 1) can be bounded by
Regret(K) < Loo(p)¢(K, H,©, 3,0).

This theorem integrates and extends results from previous
research on RSRL with static risk measures, offering a com-
prehensive view that includes notable theorems from Bastani
et al. (2022); Wang et al. (2023a); Fei et al. (2021). The pri-
mary challenge lies in satisfying the concentration and ellip-
tical potential conditions for the estimation function M-Est
and managing the complexity bound £(K, H, ®, 3, 9).

Below, we introduce LSR (M-Est-LSR, Algorithm 4)
and MLE (M-Est-MLE, Algorithm 5) based estimation
functions. These functions meet the necessary conditions
and demonstrate an effective bound {(K, H,©,3,6) =
O(poly(H) D /BK/3) with dimension term D specified
in Theorem 6.5 for LSR and Theorem 6.6 for MLE, giving
the v/ K dependency for meta-algorithm RS-DisRL-M and

achieving minimax-optimal in terms of K in tabular MDPs
for ERM (Fei et al., 2020) and CVaR (Wang et al., 2023a).

6.1. Estimation by Model-Based LSR Approach

Least Squares Regression (LSR), a well-established estima-
tion technique, has been effectively utilized in linear and
linear mixture MDPs (Jin et al., 2020; Zhou et al., 2021). Its
common application involves regression on combinations of
the transition model with bounded functions. In risk-neutral
scenarios, it’s often paired with mean value functions (Jin
et al., 2020), while in risk-sensitive settings, utility func-
tions are preferred (Chen et al., 2023; Xu et al., 2023). This
section explores a novel approach in distributional RL by
combining the transition model with mixed distribution func-
tions based on the distributional Bellman equation for CDFs.
The newly proposed M-Est-LSR algorithm represents a
statistically efficient LSR method tailored for this context.

The intuition of LSR is to approximate the Bellman oper-
ator with the empirical sample. Different from previous
stuides (Jin et al., 2020; Fei et al., 2021; Chen et al., 2023),
we have to analyze the augmented distributional Bellman
equation for transition model 6. Denote F}' 9(x|5}Tl) =

R (ah\.sL)F,T’B(ﬂsIL, ap,), we have the following Bell-
man equation

0
Fro(als)) = wh(an|sh) T, (sh 1], an)

(ah>S}TL+1)

0
~F,;'+1 (37 — (Yhs1 — yh)(SLl) .

Notice that the transition Ty, for augmented MDP com-
presses the real transition Py, in original MDP and the
reward distribution R;,. However, the only empirical ob-
servation available to the agent is the transfer sample
(Sk,hs@k,n) — Skp+1 and the reward sample ry, ~
Ry, (Sk,hs ak,n). Therefore, we have to decompose the aug-
mented Bellman operator for estimating the transition mod-
els of original MDP. To do so, we design a mixed distribu-
tion function
! v

ﬁlqhﬂ(é’)i:/ Rp, (7|8t n,a10) g (win—r] s, ynptr)dr

Ykh

kA

where 7% and ék are given by the optimistic plan-

ning (Line 4 in Algorithm 1) based on the informa-
tion before episode k. Here zy 5, is defined as Eq.(2),
which maximizes the diameter of @k,h with mixed
CDFs, intuitively contributing to the exploration direc-
tion by maximizing the uncertainty. For simplicity, we
denote the combination form [Pg, Fi pt1](sn,an) =
f5h+1 Po, (h41]5h, an)Frpi1(sny1). and the combination
set Weg :={[Py, F] : SxA—1[0,1]:0€O,F:8—
[0,1]}.

We are now ready to present the procedure of the estimation
function M-Est-LSR. Due to space limitations, we defer

)
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the formal pseudocode to the appendix (see Algorithm 4).
First, M—-Est—-LSR estimate a model Qi‘?hR for step h at
episode k by LSR based on the information before episode
k — 1, which serves as the center of the confidence set:

k—1
eLSR

0h€On ;1

Then, the confidence set for each step h € [H] is constructed
by previous history

Ok, == {eh € Oy, : Disti)™ L (0]|055) < 5LSR} _

where the Euclidean-type distance function is defined as

Dist}; ", (0[67) :=
k . . 2
Z ([]PelFi,h-l-l](Si,ha ai,h)_[P92Fi,h+1](5i,h,ai,h))
i=1
Finally, the function returns the confidence set (:jk =
{9 €O 0, € ék’h,h € [H]}

Theorem 6.5. Let the confidence radius for LSR f"S® .=
8log(2H?Nc(©,1/K,||-[,)/6) + 4+/log(4HK?/§).
The estimation function M—-Est-LSR satisfies Con-
ditions 6.2 and 6.3 with ¢“SR(K, H,©, "R §)

O (H,/K dimp(We, ) log (N0 (©, .| 1)/9) ).
where dimg represents the eluder dimension, and N¢
denotes the covering number.

The formal proof is detailed in Appendix C. By applying
Theorem 6.5, the meta-algorithm RS-DisRL-M equipped
with the M-Est -LSR estimation function achieves a sub-
linear regret upper bound of O(L..(p)H D VK), where

D = \/dimp(We,1/vVE)log (No(®, /K. | - [)/5)
represents the structural dimension. Here dimg(We, VK)
characterizes the eluder dimension of the combination set
We, and Nc(©,1/K, || - ||1) denotes the covering number
of the model class, both of which are commonly employed
in the analysis of model-based LSR (Ayoub et al., 2020; Fei
et al., 2021; Chen et al., 2023).

Compared to previous works studying RSRL with ERM,
the result of Theorem 6.5 improves upon the findings of
Fei et al. (2020; 2021). Notably, our regret bound does
not include the additional e/"1#” term in the Lipschitz con-
stant. This improvement is attributed to the distributional
analysis, which avoids the el factor while back propa-
gating the Bellman error in Lemma 3 of Fei et al. (2020).
Furthermore, when transitioning to the risk-neutral setting,
the result established in Theorem 6.5 aligns with the regret
bound presented by Ayoub et al. (2020) up to H factors.

~ ~ 2
F —argmin) (an (sini1) = [Po, Finnl(sin, a@h)) :

6.2. Estimation by Model-Based MLE Approach

We develop the MLE methods to give a refined estimation
for the transition models in augmented MDPs. Our method
is inspired by the generic model-based MLE method OMLE
in Liu et al. (2023).

Similarly to Algorithm 1 in Liu et al. (2023), we construct
the estimation algorithm M-Est -MLE, where we provide
the detailed pseudocode in Algorithm 5 for space limita-
tion. Employing a standard MLE analysis (Geer, 2000),
we effectively bound the total squared total variation (TV)
distance between our estimated model and the true model

k=1 ~H ’
by: Dt Xoh—1 ]Eugj,h H(]Pék,h 7]%;1) (Sh’ah)H1 =

O(BMEE) | where z/g,: denotes the visitation measure for 7’
under the real transition kernel.

However, the standard simulation lemma (e.g., Lemma
10 in Sun et al. (2019)) fails in analyzing the effi-
ciency of M-Est-MLE since the policy learned in our
meta-algorithm is non-Markovian for standard episodic
MDPs. Instead, we proposed a novel augmented sim-
ulation lemma (see Lemma D.2) connecting the To-
tal Variation (TV) distance between model difference
with the /., distance between the CDFs of the cumu-
F - F

k k
= w
zz zg!

k oo

Zthl E”g*k.h |:H (Pékh — PQ;) (Sh, ah)Hl] . To limit the
{, distance of CDFs via the estimated error above, we
adopt the witness rank d.;; defined in Definition D.7, which
is a common structural complexity measure used for model-
based RL (Sun et al., 2019; Huang et al., 2022; Chen et al.,
2022; Zhong et al., 2022; Liu et al., 2023). By this way, we
have the following theoretical guarantees:

Theorem 6.6 (Estimation by Model-Based MLE Approach).
Let fMUE = Hlog (eKN)(©,1/K, ||||,)/6), where
N (©,1/K, |-||,) is the bracketing number (see Defini-
tion A.2). The estimation function M—E st —MLE satisfies the
Conditions 6.2 and 6.3 with MVE(K, H, ©, BMLE §) =

1) (poly(H) (\/W)) where dy;, is the wit-

ness rank of the MDP model. (Definition D.7).

lative return random variable: <

We present the formal proof in Appendix D. In the risk
neutral setting where L. (E) = 1, our Theorem 6.6, in con-
junction with Theorem 6.4, presents a regret upper bound
that aligns closely with Liu et al. (2023)’s result. We also
reference Zhao et al. (2023)’s exploration of RSRL in static
CVaR measures and low-rank MDPs, a special subcase of
the MDPs with low V-type witness rank (Sun et al., 2019;
Agarwal et al., 2020; Uehara et al., 2021). Our analysis
extends to V-type witness ranks, offering a more favorable
dependence on d, the rank of the transition matrix, com-
pared to Zhao et al. (2023)’s approach. This distinction is
elaborated in Appendix D.6, demonstrating our method’s
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broader applicability and efficiency.

7. Model-Free Meta-Algorithm RS-DisRL-V

In this section, we expand the scope of RSRL to include
general value function approximation. We begin by es-
tablishing the foundational assumptions for general value
function approximation. Then, we present a meta-algorithm
Risk-Sensitive Distributional RL with general Value func-
tion approximation (RS-DisRL-V, Algorithm 2). This
algorithm’s theoretical guarantees and performance are then
discussed.

At first, we introduce a generic function class Z = {Z), :
h € [H]}, with each element Zh(s;rl, ap) € Zj, represent-
ing a probability distribution, which serves as an estimator
candidate for the random variable of the optimal cumulative
reward Z7 . Then we make the foundation assumption of
the general value function approximation.

Assumption 7.1 (General value function approximation
(Wu et al., 2023; Wang et al., 2023b)). For each h € [H],
we have Z;:* € Zy, and the given function set 2, satisfy
the distributional bellman completeness, such that for any
le+1 € Zp41, We have 7;17‘_Zh+1 € Z.

While we assume the agent has access to a class of ran-
dom variables containing the value distribution, in practice,
we often estimate the random variable through its Cumu-
lative Distribution Function (CDF) or Probability Density
Function (PDF). The practical estimation approach will be
elaborated upon in the specific settings outlined in Section
7.1 and Section 7.2.

Algorithm 2 RS-DisRL-V

1: Input: Function class Z = Z x 25 - - - Zp, confidence
radius y.

2: Inmitialize: Z; , < Z.

3: for k =1to K do

4 (mp,2ZF) = argmax i oz, p(Z1). //Opti-
mistic planning ’

5:  Execute policy 7*, add the collected data 7, =
{(Sk,h,ak,hﬂ"k,h)}thl and =F, ék into history
Hy, = Hy—1 U {(7s, ¥, Z*)}. //Data collection

6: é\kﬂﬂ, = V-Est(Hg, Z,m,). //Confidence set
construction

7: end for

The meta-algorithm RS-D1isRL-V (Algorithm 8) similar
in structure to RS-D1isRL-M, adopts value-type optimistic
planning and confidence set construction. It uniquely con-
structs a version space for each augmented policy using
the V-Est estimation algorithm, incorporating the actual
optimal cumulative reward distribution. For case when aug-
mented policy set IT' is infinite, we employ the policy cover-
ing argument, discretizing the policy set using a normalized

lower bracketing set II defined in Definition A.2. This ap-
proach, commonly used in prior studies (Kallus et al., 2022;
Wang et al., 2023b; Zhou et al., 2023; Huang et al., 2022),
ensures the practicality and scalability of the algorithm, es-
pecially in complex policy environments (see Appendix E.1
for detailed discussion).

Theoretical Guarantees Similar to the Section 6, we in-
troduce two sufficient conditions which describe the validity
of the estimation function V-Est to establish the theoretical
result for RS-DisRL-V.

Condition 7.2 (Concentration). With probability at least
1 — 6,6 € (0,1], for all policy 7 € TIf, we have that the
actual random variable of the cumulative reward collected
by policy = is in the confidence set with high probability,
ie,Z™ € Zy .

Condition 7.3 (General elliptical potential). For § € (0, 1],
the ¢, distance between the CDF of the optimistic reward
distribution Z* and the actual reward distribution Z™" under
policy 7r* can be bounded by Y1, |Fow — Fyur||, <
C(K, H, Z,1IT,~,§) with probability at least 1 — 4.

These two conditions for RS-Di sRL-V, paralleling those
in RS-DisRL-VM, encapsulate the efficiency of the es-
timation function V-Est. The theoretical result for
RS-DisRL-V is presented below.

Theorem 7.4. Under Assumption 7.1, if the estimation func-
tion V-Est satisfies Conditions 7.2 and 7.3, then the re-
gret of RS-DisRL-V can be bounded by Regret(K) <
LOO(p)C(K7 H7 Z? HT? rY? 6)'

The regret bound for the RS-DisRL-V algorithm
is characterized by a form similar to that in the
model-based case (Theorem 6.4). The effectiveness
bound ((K,H, Z,1I,~,6), sharing the same form as
O(poly(H) D \/vK/5) for both LSR (V-Est ~LSR, Algo-
rithm 8) and MLE (V-Est-MLE, Algorithm 9) approaches,
exhibiting a dependency of v/ K, indicating a sublinear com-
plexity in terms of episodes. Here D is the structural com-
plexity specified in dependency Theorem 7.5 for LSR and
Theorem 7.6 for MLE.

7.1. Estimation by Value-Based LSR Approach

In this section, we design a novel LSR approach
V-Est-LSR for random-variable estimation through CDFs
in the augmented MDP. To the best of our knowledge, we are
the first to present the statistically efficient LSR estimation
for DisRL with general value function approximation.

Denote Fy,(-|sf,a) as the CDF of Z,(-|sf,a) € 2.
The estimation function V-Est—LSR focuses on estimat-
ing the Bellman operator with real transition probabil-
ity. For a given target CDF FJ,,1(-|s",a) and 7, the
data collection process in episode k gives us an empir-
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ical sample of ﬁ‘ﬂ_FhH(ﬂsL hs @k,h) Since we observe

the transfer from (s} ,,ax.5) to (s| ha1) With policy 7.

Therefore, we can use 7, Fpi1(z — 75 3£,h+1) =
T o T
fah+1 7Th+1(ah+1|5k,h+1)Fh+1('T - Tk,h|3k7h+17ah+1) to
, - t 7 t .
perform an unbiased estimate of 7, F1(x[s}, . ak,n):
k=1 _
PLSR ; ™
Fk,h,mﬁ = argmin g (Fh(xkﬁ |8 1o Ok,h)
Frnezn ;5

~ F
_W;+1Fh+1($;:h _Tk7h|3£,h+1)) )

where x:;LF, defined in Eq.(11), intuitively leads the explo-
ration direction with maximal uncertainty. With this novel
estimator, we can prove that with high probability.

> (771,th+1(93:5|83,;1’ ih)

i<k

~ = 2
SIS @Il an) < 0GR

By a union bound over the covering HT and Z (detailed
in Appendix E.1), this property derives the concentration
condition (Condition 7.2). With the concentration bound, we
can easily establish the general elliptical potential condition
(Condition 7.3) utilizing the similar argument in model-
based LSR method (Section 6.1). We propose the complete
pseudocode of V-Est-LSR in Algorithm 8. Theoretical
guarantees are provided below.

Theorem 7.5. Let "SR .= 16log(HK?/5) +
log(Ne (I, 1/K, || - 1)) + logNe(2,1/K, | - [1))-
The estimation  function V-Est—-LSR  satis-
fies the Conditions 7.2 and 7.3 with ("SR =
5<poly(H)\/K'yLSRdimE(Z,\/E)), where dimpg

represents the eluder dimension.

The formal proof of Theorem 7.5 is presented in Appendix F.
The RS-D1isRL-V algorithm, when implemented with the
V-Est-LSR estimation function attains a significant regret

upper bound O( L, (p)poly(H) \/K Doy dimp (Z,VK))
in RSRL with static LRM, where the covering dimension
Deov = IOg(NC(HT7 1/K’ || : ||1)) + lOg(Nc(Z, 1/K7 H ’
l1)). This bound, characterized by a v/ K dependency sig-
nifies the first sample-efficient RSRL with general value
function approximation and static LRM. Furthermore, when
degenerating to the risk-neutral and tabular case, this result
aligns with optimal dependencies on K as demonstrated in
Wang et al. (2020).

7.2. Estimation by Value-Based MLE Approach

For DisRL with general value function approximation, a
standard estimation method adopted is estimating the can-
didate of true cumulative reward Z™ by its density func-
tion with MLE, which is powerful in theoretical studies

(Wang et al., 2023b; Wu et al., 2023) and practice (Hessel
et al., 2018; Bellemare et al., 2017). Inspired by previous
studies (Wang et al., 2023b; Wu et al., 2023), we combine
the standard MLE method with our general risk-sensitive
model-free framework and provide the estimation function
V-Est-MLE which performs efficient estimation in the
augmented MDP and risk-sensitive target.

Assume fh(x|sL,ah) is the PDF of Zh(sz7ah) € Zy. In-
spired by the MLE method utilized in risk-neutral DisRL
(Wu et al., 2023; Wang et al., 2023b), we estimate by maxi-
mizing the log likelihood function: log fh(z};z |Sk.n, Q1)
where z,ﬁg is sampled from fh+1(-|s£’h+1,7r(sk,h+1)) +
Tk,n. The details of V-Est-MLE are presented in Algo-
rithm 9 in appendix due to the space limitation.

The following theorem addresses the efficiency of the MLE
approach in risk-sensitive case. We denote dpg, as the Bell-
man eluder dimension (Definition G.3) that aligns with the
approaches discussed in prior studies by Jin et al. (2021);
Wang et al. (2023b).

Theorem 7.6. With yME = log(N(Z,¢|[1)) +
log(N (T, €, [I]1)) + log(K H/$), estimation function
V-Est -MLE satisfies Conditions 7.2 and 7.3 with (M'F =

o (poly(H)\/dBE ’yMLEK). Here dgg represents the

Bellman eluder dimension, which is a common structural
complexity studied in Jin et al. (2021); Wang et al. (2023b).

This result enables us to establish a regret upper bound for
RS-DisRL-V of O(Lu(p)poly(H)vK dpg Deov), With
the covering dimension Doy = log(N (I, 1/K, ||-[[1)) +
log(N1(Z,1/K, ||-|l1)). Notably, this bound aligns closely
with results from existing research (Jin et al., 2021) in the
risk-neutral domain, demonstrating its relevance and appli-
cability in a wide range of reinforcement learning contexts.

8. Conclusion

We give a comprehensive discussion of RS-DisRL with
static LRM and general function approximation. We pro-
pose the model-based meta-algorithm RS-DisRL-M (Al-
gorithm 1) for model-based function approximation and the
model-free meta-algorithm RS-DisRL-V (Algorithm 2)
for the general approximation of value functions. Equipped
with our novel LSR or MLE estimation approaches, both
meta-algorithms achieve the O(v/K) dependency of the
regret upper bound, giving the first statistically efficient
algorithms for RSRL with static LRM. Additionally, we
establish a computationally tractable and statistically effi-
cient algorithm in the specific setting with static CVaR risk
measure and linear function approximation. In this case, we
provide numerical experiments to validate the theoretical
results (see Appendix 1.6).
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A. Notations

Define () as the measurable space containing all the augmented trajectories 7 = {SL ap, -, s]LH7 a H}. We consider the
probability space (€2, X, P), where X is the o-algebra and PP is the productive probability measure combine the transition
distribution and reward distribution.

Let Z7 be the random variable of Zthl rp, defined on the o-algebra 3 of 2. Let Fz(x) be its cumulative distribution
function (CDF). For an augmented trajectory T € Q we denote pj (7) as the probability measure on 7 by following policy
7 under transition model 0, i.e., for any augmented state action pair s', a,

w3 (st a) = / 1 ()L = (s}, an)

Since our policy 7 is Markov on the augmented MDP, the visitation p admits a factorized structure:

H

pg (r) = [ [ malanls))To, (s} 415} an)
h=1

We further define p3 (st,a) = pZ (s")mw(als?).

We also denote v as a probability measure defined on the original state action pairs (s, a):

v (5,0) =/ug<r>1<s,aer> :/uz;((s,y),a)

Yy
However, we remark that v can not be factorized since our policy depends not only on the state s.

Then we introduce the standard concepts of the covering and bracketing numbers for a function class, which are widely
employed in the analysis of general function approximation (Ayoub et al., 2020; Liu et al., 2022; 2023; Wang et al., 2023b).
Definition A.1 (Covering Number). The e-covering number of a set V with metric p, denoted as No(V, ¢, p), is the
minimum integer n such that there exists a subset V, C V with cardinality n, for every x € V, there exists ay € V,, with
plz,y) <€

Definition A.2 (Bracketing Number). Let G be a set of functions mapping X — R. Given [, € G such that [(z) < u(z)
for all z € X. We say that the bracket [l, u] is the set of functions g € G such that [(z) < g(x) < u(z). forall z € X. We
call [I, u] and e-bracket if |[u — || < e. Then the e-bracketing number of G with respect to || - || denoted by Nj(G, ¢, || - [|) is
the minimum number of e-brackets needed to cover G. And we denote GV as the set of the lower bracket functions [ of this
e-brackets covering, i.e., |GY| = N (G, ¢, || - [|)

Another important concept is the eluder dimension, which will be used to measure the structural complexity in the following
LSR analysis. To introduce the eluder dimension, we first define the concept of e-independence.

Definition A.3 (s-dependence (Russo & Van Roy, 2013)). For € > 0 and function class Z whose elements are with domain
X, an element € X is e-dependent on the set X, := {1, 22, - ,x,} C X with respect to Z, if any pair of functions

z,7 € Z with \/2?21 (2(x;) — 2'(2;))° < e satisfies z(z) — 2/(x) < e. Otherwise, x is e-independent on X, if it does
not satisfy the condition.

Definition A.4 (Eluder dimension (Russo & Van Roy, 2013)). For any € > 0, and a function class Z whose elements are in
domain X, the Eluder dimension dimg(Z, €) is defined as the length of the longest possible sequence of elements in X’
such that for some €’ > ¢, every element is ¢’-independent of its predecessors.

B. General Model-based framework: Algorithm RS-DisRL-M

In our model-based framework for Risk-Sensitive Distributional Reinforcement Learning (RS-DisRL), we focus on
estimating the transition model, denoted as ék for each episode k. This involves leveraging historical data up to episode
k — 1, represented as H_1,to construct a confidence set ®y. The construction of this set is crucial for guiding the selection
of actions, as it is based on a specified confidence radius 3, which helps in balancing exploration and exploitation by
considering the uncertainty in our model estimates

To ensure the regret bound, we require the following conditions: Condition 6.2 and Condition 6.3.

12
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Algorithm 3 RS-DisRL-M
1: Input: ModAel class ®, confidence radius S.
2: Initialize: ®; < O.
3: for k = 1to K do
4 (mk,0)) = argmax_ 0c®, P(Z§ ). //Optimistic planning
5

Execute policy 7w*, add the collected data 7, = {(Sk.h, Ok s V’k,h)};llil and 7k, gk into history Hy = Hr_1 U
{(7%, ™", 6;)}. //Data collection

®j4+1 = M-Est (O, Hy, 5). //Confidence set construction
end for

e

Condition B.1 (Concentration condition). For ¢ € (0, 1], we have 8* € O}, holds for any k € [K], with probability at least
1-94.

Condition B.2 (Elliptical potential condition). If for any k € [K], we have for any given {8} C {©} }4 and corresponding
greedy policy ¢ = argmax .yt p(ng ), the L,-norm of the difference of reward-to-gos’ CDFs for chosen model 8}, and
true model 8* can be bound by

<&(K,H,de, f3,9)

K
ZHF = — Fym,

with probability at least 1 — §, § > 0.

This general framework emphasizes that the key to efficiently learning the MDP with a static Lipschitz risk measure is
centered on constructing a confidence set for the transition model. This construction leverages the elliptical potential
principle for cumulative distribution functions within the augmented MDP. Combined with above conditions, we can
establish the following theoretical result

Theorem B.3. Under Assumption 6.1, if the estimation function M-Est satisfies Conditions 6.2 and 6.3, then the regret of
RS-DisRL-M(Algorithm 1) can be bounded by Regret(K) < Lo (p)£(K, H,®, 3,9) with probability at least 1 — 20.

C. Model Based Estimation by LSR Approach

In this section, we design a Least Squares Regression (LSR) based estimation method to construct the confidence set of the
model at each episode, and theoretically demonstrate that our algorithm M-Est -LSR satisfies the Conditions 6.2 and 6.3.

First we introduce some notations for simplicity. We define Z}’;’e(s hyYn) = Zfi 5, i as the random variable of the reward-
to-go from step h, where sy, is the starting state, and yy, is the previous cumulative reward from step 1 to A — 1. Moreover,
we denote F,’;"9 (z|sh, yn) as the CDF of Z;';’o. Our analysis for LSR approach in model-based function approximation is
inspired by Chen et al. (2023). However, Chen et al. (2023) focus on Iterated CVaR risk measure and analyse the model with
value function in its general function approximation algorithm. In this paper, we develop novel technique for distribution
function analysis for general model-based function approximation and augmented MDP.

C.1. Algorithm M-Est-LSR

where the distance function is defined by

k o
letLSR (01102) = Z (/ Py, (s \Sk,h,ak,h)/R(T|8i,h,ai,h)Fﬂ’1& (zin —rls, yin +7)
T

=1

(1
~i A 2
—/ PGQ(S/‘Shmak,h)/R(T|Si,h;ai,h)F;:Jr’lel(muh —7“|S/,yi,h+7“)) )

s’ T

13
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Algorithm 4 M-Est-LSR(®, Hj,_1, B“5R)

Input: History information H_1, Model class ®, and confidence radius ﬂLSR.
Estimate the transition model for every h € [H]|

G%iR:argminZ / |slh,alh) h+1 (:rzh r|Sih+1, Yih +7)
(2SS — r

2
- /T TG;L($L+1‘SZ‘L,h’ a’iJL)Fh+1 (xt h — (yh+1 - yi,h)|5h+h Z/h-i-l)) .
S

h+1
Construct Confidence set:

Opp = {ah € Oy, : DisthSR | (0,]|0K5F) < 5LSR}

~

O, = {ae@:eh €Bunhe [H}}

Return © k

2, p, 18 defined by:

.~
i, =argmax sup / To1 (szﬂ\s;h, akJL)F,:;ig’“ (x — (ype1 — yk,h)|82+1)
z€eR 0} €Ok.n SIL+1 '

— inf / Tag(SILHlS;h,ak,h)Fﬁi (x — (Yhs1 — Yn)lshi1) s 2
S

i~
0.€0k n hotl

which represents the direction of maximum uncertainty in confidence set Oy, ,, we can obtain the least-squares estimate as:

LSR
0y, = argmin E / GIER® h)Fh+1 (ih — T1Siht1, Yin +7)
0LEO) i=1 T

2
7.0,
- /T To,, (s} 11150 ain) Fl s (@in — (ynga — yi,h)|5h+17yh+1)>
S

h+1

= argmln Z (/ ‘Sz h, Q; h)F;i’lei (ffz‘,h — T‘Si,h+1, Yi,h + ’I“)

0h€On ;4

2
—/ PG;L(3h+1|5i,h7ai,h)/Rh(rlsi,hyai,h)F}:rJriei(xi,h _T|3h+17yi,h+r)> .
Sh4+1 T

In the following proof, we show that with B“SF = 8log(2H2N¢(©,1/K, |-||,)/d) + 41/log(4H K2/5), we have the
concentration condition holds with probability at least 1 — 4. And the elliptical potential condition holds for

V(K H,0, 357, 6) = O(HVE /1 + dimp(We, 1/VE) + dimp(We, 1/VE)5-S% log K + H /2K 1og(1/0))

where Wg := {Py, F : S x A —[0,1]: 0 € ©, F : S — [0,1]} and dim g represents the eluder dimension.

14



Risk-Sensitive Distributional Reinforcement Learning with General Function Approximation

C.2. Least Squares Form for Estimation

Notice that we first calculate the estimator kernel

GLSR _argmlnz / \szh,alh)Fhﬂe (Tih —TISint1, Yin + 1)
0h€On ;4

2
71,0,
- /T To, (81|51 0 ain) F 0 (@i — (g — yi,h)|5h+1ayh+1)>
S

h+1

0,€0) =1

~i p.
= argmmz (/ GERN® h)F;‘;_iOl (@ih — 7|86 h15 Yih + 1)

2
=i 7.
*/ Py, (5h+1|3i,haai,h)/Rh(ﬂsi,h;ai,h)Fiﬁ_fI (Tin — T|Sht1, Yirh +7")> .

Sh41 T

which takes the least-square regression form. If we denote the mixed contribution function

Fin(s) == /Rh(ﬂsl‘,h’ ain) Fry (o — rls,yin + 7).

T

Thus we can simplify the least squares regression as

k—1

2
9LSR = argminz Fin(siny1) — / Po,, (8h41!8,1s @in) Fin(sny1) |
eheeh i=1 Sh41

‘We can further define
[Po, B p)(5n, an) = / B, (1|5 @n) B (5ne1)
Sh+1

and Wg :={Py, F: SxA—1[0,1]:0€0,F:S—[0,1]}.

Then the distance function and our constructed confidence sets can be expressed by

k 2
DistElh (01]102) =) ([Boy Fil(snar) = [Bo, Fol(snran))

i=1
@k,h = {9h €0y : DISt%iil:,h(ehH/ISR) < BLSR} ,
O, = {ae ©:0,€Ounhe [H]} .

C.3. Concentration Condition for LSR approach

Lemma C.1 (LSR concentration). The LSR-type construction algorithm M—-Est —-LSR satisfies Condition 6.2. That is, for
d € (0,1], with probability at least 1 — 6, we have 0}, € Oy forallk € (K],

Proof. Recall that we calculate the estimation kernel QLSR by least squares regression as follows:

k—1
. N 2
QLSR = argmin E (Fi,h(si,h-H) — [Po,, Fi.n](Si.ns ai,h)) .
I SICT—

Notice that the ﬁi’h(si7h+1) is 0 p4+1-measurable by definition and [Py, Eh] (Si,n, @i ) is 05 p-measurable, with o; j, be
the filtration containing history up to the h step in episode ¢. We have

E [E,h(si,h—&-l)

Ui,h} = [Pe;;ﬁi,h] (Si,hs Qish) -
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Based on concentration lemma H.2, we have the following holds with probability at least 1 — §/H

k
~ . 2
> (]P’e* J(8ih @in) = [PorsnFin] (s, ai,h)) < 8log(2HN (We, 1/K, || - |lec)/6) + 44/10g(4K?/5) .

i=1

Moreover, we have for any 81, 82 € ©, we can bound the supremum distance of Po1 F,Py2 ' € We forany h € [H] by

By —PyFle = s | [ @yl aF(s) - By (s PS)
) ) (s,a)eSxA|Js
— sup / (P ()5, @) — Pgz (5']3, 0)) F(5')
(s,a)eSxA|Js

< sup  |[[Pg(s,a) = Pp2(s,a)|
(s,a)eSxA

<[lo* — 6.

Thus we have Ne (We, 1/K, || - ||oc) < Ne(©,1/K,||-||;). Recall the definition of Dist%ﬁ%hh. Taking union bound over
h € [H], we have

Distis™  (03]10F58) < 8log(2HNG(©,1/K, ||-[1,)/6) + 4y/log(4H K2 5) = BS%

which shows that §; € @k’h for every k, h € [K| x [H] with probability at least 1 — § and implies that 6* € ®,, for every
k € [K] with probability at least 1 — 4. O

C4. Elliptical Potential Condition for LSR Approach

We have the bellman equation for distributional function

. , o
Fr0(lsn,yn) = FrP(als)) = n(anlsh)To, (shoolshs an) Fyid (@ = (ns1 = yn)|$ne1, Ynr) -

Sh+1 an

e 0
Tonm Fi (z]s}) = Th(an]s))Ta, (1 lsh an) FiG (@ — (ynsr — Yn)|Shots Y1) -
6h+1 an

Lemma C.2. With probability at least 1 — §, we have

K H R R 2
ZZ( sup  [Pg1 Fie,n](sk,h,ak,n) — inf [Peng,h](vaak,h))
k=1 h=1

Gieek h eieekvh

<H + H dimg(We, 1/VK) + 4HB"E dimg(We, 1/VK)(log(K) + 1) .

Proof. This proof is almost same with the elliptical potential lemma for general function approximation given in Lemma 9
of Chen et al. (2023). O

Lemma C.3 (LSR elliptical potential). The algorithm M-Est—LSR satisfies Condition 6.3 with

¢SR(K, H,©,8"R §) = (H\/KﬁLSR dimp(We,1/VK ))
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Proof. We have

K
sup |F . (z) = F ()
kzlxe[ovH] Zak Ze*
K k g k
= sup P Galoea,0) = B (e, 0)
k=1%€l0;
K k k
=3 s Ty FT 0 (2l50,0,0) — Ty e B0 (x|sk,1,0))
k=12¢€l0;
K k k g
.0 ,0
<> s [T, BT M alshy) = Top BT Galsl )
k=1 ’
K k g k
.0 0"
432 sup (Topn T alsly) = Topm B (ol )
k=12¢€l0,
K s
,0
<> up /T T;, ,(sblsh 1 ae ) F5 % (2 = (y2 — yea)|sh)
k—1 Z€[0, N ’
.
0
[ Tos (sl an ) P4~ (2 = )l
S2
K
",5 kﬂ*
+3 SBPH]‘F; Halsho) — FF 7 (xls),)
k=1%€l0;

K
1 2 3 4
+30AN AP + A% + Al
k=1

where the sequence A,(;)h fori =1, 2, 3,4 is defined as follows.

1 L k8,
Agcgz = sup / Tp, ,L(SIL+1|SL,hvak,h)F;T+1 (= (Yny1 — yk,h)\SLH) - Ts, ,“,,kF,TH ’“(x|s,t7h)
z€[0,H] s}:+1 ’ ’
k9,
= s | [ Ty, Ghalsh o) B = mn)lsh)
z€[0,H] SL+1 ’
. A
.0
_/ Tr’}i(ahlsz,h) /Jr Té\k,h(82+1‘827h7ah)F}?+1 k(‘/E - (yh+1 - yk,h)‘s};+17yh+l) )
ah Shy1
2 .0, k9,
Al(e,zL = Sup / To; (SIL+1|SL,h»ak,h)F}T+1 " — (Ynt1 — yk,h)\82+1) = Tor mk Fy i ’“(x|s;£7h)
z€[0,H]) s;fl+1
b8
= sup / Te;(32+1|527h7ak,h)F;T+i " — (Ynt1 — yk,h)‘sThJ,-l)
z€[0,H] erl

)

k 6y,
= [ wbtanlst) [ Tog(shalshan) EZEP G~ (s — pealsh)
ap

S

h+1
3 k9, L
Al(c;l - es[lépH] ‘%zka;H k(x|82,h) - F}:r+1 " — rk7h|slt,h+1) )
€z >
4 k,e* k70*
A= s [T B alsl ) = P (@ = ralsl )]
x 9
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Thus we have E[A/(j,)ﬂgk,h] =0forany k € [K],h € [H] and i € {1,2,3,4}. Thus we have {A,(:.)h}f:l is a martingale
difference sequence. Repeat the above method for h steps, '

0,
[, T shalslns cen) EZE (o = s = sn)lshn)
Sha1

k‘é
- /T TO; (5;/+1|51Tc,ha ak,h)FL-i (@ — (Yngr — yk,h)|5;,+1)
S

h+1

I

K H
1 3 4
+3STAN AP + AP Al

Applying the standard Azuma-Hoeffding inequality to the martingale difference sequence, we have
J < O(HVK)

The main challenge falls in bounding the term I. By Lemma C.1, we have with probability at least 1 — 4, 6} € 0 k,n holds
forall k € [K] and h € [H]. Therefore,

K H
ZZ sup  sup / Tei(32+1|82,h»ak,h)Fﬁr+i “(@ = (Y1 — yen)lshi)
k=1 h=1 €0, H] 91 €, j, V' 5} 14

. kg,
i / Tya (1155 o @) Fe 2 (2 — (s — v l5h40)
07€O,n Jsf .,

K H
:ZZ sup TI(ST \ST a )F‘"k’g’“(z — (Yh+1 — ¥ )\ST )
o 03 \Ch4119k,n> Yk, )L p g k,h h+1 k.h) 1941

k=1h=10 E@kh h+1

. A
. 0
— inf Teﬁ(s;rl-s-l‘SL,M ak,h)F};-l "(@rn — (Ynr — yk,h)‘s}:-i-l)
02€Ok,n Sha1

K H
=3 sup [Py Funl(sknsann) — inf [Poz Finl(skn ann),
11 . l
k=1h=10,€Okn 0206y,

where the first inequality holds by §k €O , and 6% EA@ r with high probability, the first equality is due to the definition of
Zg,n, and the last equality holds by the definition of Fj, ;(s). By Lemma C.2 and Cauchy-Schwartz inequality, we have

I<0O (H\/KBLSR dimp(We, 1/\/?)) .

Overall, we can conclude the result

<0 (H\/KBLSR dimg(We, 1/@)) .

F zzk

k=1 k

D. Model-Based Estimation by MLE Approach

In this section we propose our algorithm and analysis for model-based risk-sensitive RL via the MLE estimation approach.
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Algorithm 5 M-Est-MLE(®, Hi_1,5)

Input: History information Hy_1, Model class ®, and confidence radius ﬁMLE.
Estimate the transition model for every h € [H]

k—1
MLE
O = argmax E log [Pe, (Si,h+1]Si.h, Gi,n)] -
0h€®h i=1

Construct Confidence set:

k—1 H k—1 H
®k = {0 S @ : ZlogP‘g,L(si7h+1|si7h,ai7h) Z Z ZIOgPGMLE S h+1‘81 h,al h) ﬁMLE} .
h=1

1=1 h= =1 h=1

Return ©ME,

D.1. Algorithm M—Est-MLE

Here we present our construction of confidence set via MLE in Algorithm 5, which is inspired by the OMLE algorithm of
Liu et al. (2023). In this algorithm, we first calculate the maximal likelihood estimator 9,1:/[};E for each step h based on the
history Hx_1 before episode & by the following equation.

k—1

MLE
Ok, = argmax E log Py, (Si,h+1]Si,h, i) -
0h€OL

Then we can construct the confidence set centered at the maximal likelihood estimator with radius 3:

k—1 H k—1 H
Gk = {9 (S @Z Zl gpgh S ;H_l\slh,alh ZZI g]PQMLE S;. h+1|51 h,al h) ﬁMLE} .

i=1 h=1 i=1 h=1

Where SMUF = Hlog (eHK N (€, 0, ||]],)/9) -

D.2. Simulation Lemma in Augmented MDP

Next, we build the relationship between the supremum norm of the cumulative distribution function and the ¢;-norm of the
trajectory probability kernel ;7. Throughout this section, we define R(7) as the cumulative reward of the trajectory 7.

Lemma D.1 (Distribution difference). For any fixed model 8 € ©, ZF is the random variable of the cumulative reward
collected by policy 7 in the MDP modeled by 0.Thus we have the following holds

|Fez = Fog|| < g =1z
Proof. By the definition of the CDF, we have Fzx (x) = [ ug (T)I(R(T) < ). Thus we have
HFzg 7Fzg* = Ssup ’Fzg(z)szg* (IE)
> z€[0,H]
= sup | [ (ug(T) — pg- (7)) I(R(T) < )
z€[0,H)|
< [ 1ng(r) - . ()
= llug = ng-Ily »

where the first inequality holds by the triangle inequality, and the last equality is due to the definition of the ¢;-norm. [
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We then establish the simulation lemma for augmented MDP, which connect the ¢;-norm difference of the probability
measure u7 on the augmented MDP with the ¢;-norm difference of transition probabilities. This is one of the key lemmas
that bridge the gap between the analysis in augmented MDP and origin MDP.

Lemma D.2 (Augmented simulation lemma).

H
115 = 151l <Y Egsanyrg. , [[Pas (snsan) = Pog (sn,an) |, < 2H [|ug — pg-1l,
h=1

Proof. First, we decompose ||pg — ig-
trajectory T,

,- Following standard simulation lemma analysis techniques, we have for any

|1 (1) — - (7)]

H H
=T To; (s} 4115} an)mn(anlsh) = [T Ton (s)41 15} an)mn(anls))
h=1 =1
H h-1 H
=D TI o: (sl lst, ai)mi(asls)) (To;(szﬂ\s%,ah) - Teh(SLJSLGh)) mnanlsh) [ To.(slialsl, ai)mi(ails))
h=1 i=1

i=h+1
h—1

H h—
SZ H To; (s z+1‘3maz)ﬂz(az‘5 ‘TG* sh+1|8h7ah) T, (3h+1|3h7ah)‘77h(ah|sh)
h=1i=1

Integral the above inequality over the entire space 2, we have

/ 15 (1) — e (7)) dr = / 5 () — (7)) = B — 3,

<Z/ HTO* z+1|sz’az)7ﬁ(az|5 )7a( ah|5h ‘TG* Sh+1‘8h7ah) Teh(8h+1|8h’ah) dr
h=1

H

/(T L eStxAxSt ‘T92(52+1|52,ah) —Teh(sL+1|sL,ah) dSIL-i-ld:u’g*,h(SL;ah)
1 Spo@hsSp g X AX

E

I
M= 1

SR NTRRE

=
Il
—

where fig h(s,t, ay,) represent the probability of arriving the augmented state-action pair (sL, ap) at step h with policy
in the MDP modeled by 6. Moreover, we define g W(sh apn, st +1) as the probability of visit (sh,an, st 41) atstep h

and h + 1, i.e., ug)h(s;rl, ap, s;rL_H) = pgyh(s;fl, ah)']I‘h((s:;rl_s_1 |sIL, ap,). With this fact, we can rewrite the summation of the
£1-norm difference of the transition probabilities of the augmented MDP.

e L sGR )~ HTOh Sh7a’h) TQ (STh7ah)H
/ e p(shoan) [ [Toy(shyslshoan) = Tog 5l sl an)] sy
StxA St
/ST Axst ’ug*7h(52a Qp, SL+1) - /J’g,h(sjla Qp, SL+1)‘ + ’uah(sz,ah) — ,U‘g’t (S-}l;, Clh) T@}L(82+1|3Th;ah)d$jldahd32+1 .
XAX
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By the fact that for any state action pair (s;fl, ap), we have

/ ‘ug’h(sz, an) — ig; (s};, ap) ds}:dah
StxA '

-/ W3 (r) — g () dr
s;l,ah {‘r:‘rh,:(sz,ah)}

< [ 1§ (r) - . ()
T

= [|ug — 1gll; -

We can apply a similar method to give
b i T o i T d Td d i < \lyT. — T
Meﬂh(sh’ah’Sthl) Me,h(sh»ahashﬂ) SpAAnAsSy 1 = g — 1glly -
StTx AxST

Thus we can get
H

> E it g, ||Ton (ks an) = Tog (shan)|,| < 28 155 — il -

At last, we need to prove the equivalence between augmented transition difference and original transition difference.
T T
B anrvae [T b on) = Tl ]

:/ du’é*,h(sbah)/ / ‘P02(5h+1|3hvah) - Peh(shﬂ\smah)‘ Ry (Yn+1 — Ynlsn, an)dynr1dsnia
StxA S Jlyn,1]

1 1
:/ / (|Po; (sn, an) — o, (sn,an) ||, dug*,h((sh,yh),ah)/ Ry (Yn+1 — Yn|sn, an)dyns1
SxAJO

Yn

= [P onan) ~ B G, - snsan)
SxA

2/ HPQ;(Sh,ah) —Pe;l(sh,ah)H dvge (S, an)
SxA 1

=E(on,an)g [H]P’g; (Sh,an) — ]P’efh(Sh,ah)HJ .

where the first equality holds by definition, the second equality is due to the Fubini Theorem, and the third equality holds by
the decomposition of the probability measures of augmented MDP. O

D.3. Concentration Condition of MLE Approach

In this section, we prove the concentration condition of the MLE approach. The key idea is utilizing the property of MLE
which is also studied by Agarwal et al. (2020); Liu et al. (2022; 2023).

We define the ¢;-norm difference on the model set ©. For any 8,0 € ©, we define ||6* — 62|, as:

16" — 62|, := sup I Po3 (5h, an) — Pz (sn, an)lly
he[H],(sh,an)ESXA

= sup / ‘PG; (Sh+1lsn, an) — Pg2 (Sht1lsn, an)| dspi1 -
he[H],(sh,an)ESXAJS ) )

Then we denote ®* as the lower bracket function set of ® such that for any & € ©, we have 8% € ©* satisfying
[0 — 64| < e. Wehave |©F < N (O, ¢, | - ||1).

Lemma D.3 (Likelihood difference). Consider the probability constant § € (0,1]. Forall @ € ® h € [H|, and k € K],
we have:

k
Py, (Si,h+18i,h: @i 1)

E lo ho Sl <log (eKN.1(®, ¢, |l,)/0

— g [P@Z(Si,h+1|3i’h,ai)h = g( []( || Hl)/ )

holds for fixed h with probability at least 1 — 4.
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Proof. This proof is standard (Geer, 2000; Liu et al., 2022; 2023). Consider the lower bracket set @*. For any 6 € ©, we
can find a 0% € O satisfying ||@ — 6*||; < e. Moreover, for every h € [H], we denote s; p,, a;, as the corresponding state
action in trajectory 7; 5, and we have:

k Pou (i ny1l8in, ain)]
9 i,h+ 1,0y Y
Esi‘h+1,i€[k] lexp (Z log l Z( ] . )
i=1 h
( )
)

Py 51,h+1|527h7 Qi h
k—1 gi Siht1|Si.h, @i
ESZ ha1,i€[K] | €XP E 10g P : Esk,h+1

05 (51,h+1|51i,h7 Qi h

Pgﬁ (Sk,h+1 \Sk,m ak-,h)‘| ]

Pox (sk,n+1|8k,n, ak,n)
By the definition of the expectation operator, we have

r k-1
Es, i1 ick] |€XP (Z log

[Pyt (sint1lsin, ain
-E

Sk,h+1

_IF’9¢ (8k,h+18k,hs h)H

Pe* Si h41]5ih, Gih Pe* (Sk,ht1|Sk,hs Gl h)

)
( )
E [ k711 (Sz,h+1|8i,h,ai h) 9¢ (sk h+1|5,€ by Qhe.hy) . | |
=K, . 1,ic[k] |€XDP Z 0g 0+ (Sk,h+1|5k,hs Ok, h
Si,ht1,0€[K] I p (317h+1|3i,h7ai h)_ S Pg* Sk h+1|5k; by Q. h) h + ’
| = eﬁ(sz,h+1|8¢,h,ai n) ]|
=Es, . 1,i€[k] |€XP Zlog ei (Sknst |Sk.s @) dSk gt
' i Pt I Pos (8i,n+1]8i,n, @i, h)_ 3
| S [Pot(sintalsin, ain) ]
SEs; j11,i€lk] |€XP Zlog L( — - (IPo,, (sk.ns ar,n) 11 + [IPoy, (k.0 k) = Py (k,h, arn)l1)
L i=1 L Py Sih+1]8in, @i, h)_
<E | kﬂl Pe,ﬁ(sz h1]Sihs @in) | a
S, i exp Z og +€
Si,h+1,0€[K] | Pt _]P’g; (8z h+1|Sz hy G, h)
<(1+ek.

where the first inequality holds by the triangle inequality, and the second inequality holds by the definition of 9# Moreover,
since € < 1/K, we have (1 + €)* < e. Therefore, by Markov’s inequality, we have that

S

holds for ¢’ € (0, 1]. Thus taking a union bound for all 8+ € ®}, h € [H] and k € [K], we have with probability at least
1-9,

0% Sz h+1|5L hy @, h)

]PH* 57 h+1|51 hs Q4 h)

] > log(l/(S/)} <ed.

Si,h+1]5ih, Qi)

Z log [Pa*

Since |@F] = N 1(O, ¢, || - [|1) and Pg. < Pg, we have

< log(eHK|©®"|/5).
Sz,h+1|sz,h7az,h)1 - g( | |/ )

]Pg Slh+1|szh7azh):|
210 . <log(eHKN;1(®,¢| - |1)/6
[]P)G* 3¢h+1|8Lh7alh - g( []( H ”1)/)

holds for any 6 € ©,h € [H| and k € [K]. O

Lemma D.4 (MLE concentration). The estimation function M-Est-MLE satisfying the Condition 6.2, i.e., for 6 € (0, 1],
we have with probability at least 1 — §, 0* € Oy, for every k € [K].

Proof. Apply Lemma D.3, we have forevery k € [K|,h € [H] and 6 € O,

k k
> P, (in41]sins ain) SZ - (8i,n+1]8i,h, @in) + log(e HKN (O, €, | - [11)/9)
i=1 i=1
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with probability at least 1 — §. Recall that SMYE = Hlog(e HKN[)(©,¢, | - ||1)/6). Summing the both sides of the
inequality over h € [H| directly gives the result. O

D.4. Total Variance Distance of Transition Models

As a direct result of Lemma H.1, we have the following bound for model-based MLE estimation, which is also presented in
Proposition 14 in Liu et al. (2022) and Proposition B.2 in Liu et al. (2023).

Lemma D.5 (TV distance and likelihood distance).

S4 h+1‘51 hsy Q4 h)
Z (n.an) N“e* " |:TV (Pgh (Sh,ah)Hsz (sh,ah ] < (@ (Z 10 |:P9h :| + ﬁ) .

51 h+1‘51 hs Q4 h)

Finally, we can bound the Total Variation (TV) distance of the transition models.
Lemma D.6 (TV distance). For 4 € (0, 1] and any 6y, € (:)k, we have the following concentration on their TV-distance
with :

k-1 H

2
ZZE(Sh,yah)NlJfgi‘h {TV (ng,h(sh,ah)HP@; (Sh,ah)) } < @(BMLE)
i=1 h=1

Proof. For any 0}, € C:)}XILE, we have that:

k=1 H k=1 H
MLE
> > log [Py, , (sintalsin,ain)] =D > log [Peglgxa(si,hﬂlsi,h,ai,h)] -/
i=1 h=1 i=1 h=1 '
From the definition of 65, we have:
k-1 H k-1 H
E log [Po: (si,ny1lsin, ain)] < E E log {Peklyl}zl‘l(&,h—&-ﬂsi,h;ai,h)} .
i—1 h=1 i—1 h=1

Thus, we have:

x>

-1

"
> log [Po, ,, (sins1lsin, ain)] + M2

k-1 H
E E log [Po: (si,n418i.1, @in)] S
=1 h=1 1 h=1

Using Lemma D.5, we have:

-
Il

k—1 H
2
Z]E(Shvah)’\“#g;h [TV (Poy..,, (sn> an)| [Poz (sn, an)) }

-1 H
Po+ (55 Si,hy A4,k
S(')( Zlog{ 9h,( Jt1lSi,h, @i ))} +6MLE) SO(BMLE)_
i=1 h=1

P, (Si,n+118i,n5 @i h

D.5. Elliptical Potential Condition of MLE Approach

First, we define the low witness rank, which is the structural complexity measure for this setting. We remark this is the
Q-type witness rank and we provide a separate proof for V-type witness rank in Section D.6.

Definition D.7 (Q-type low witness rank (Definition 6.6 of Liu et al. (2023))). We say the model class satisfies (d, «, B)
witness rank condition, if there exists mappings: {f5,} and {g;,} from © to R¢, such that for any h € [H]:

B ange, [TV (Poy (snsan)l[Pay (sn, 1)) | < (£(8),9n(6))

E ey anyerg?, [TV (Poy (s an)l[Poy (sn:01)) | = 0™ (fn(0), 9n(8"))
15461, (8" < B

23



Risk-Sensitive Distributional Reinforcement Learning with General Function Approximation

As a special case, we can show that the factored MDPs (Sun et al., 2019) have low witness rank.

Definition D.8 (Factored MDP). In factored MDPs the states admit a factored structure. Each state contains m factors

(s[1],s[2],- - ,s[m]) € X™. Each factor i € [m] has a parent set pa; C [m], with respect to which the transitions admit a
factored form:

m

Pr(sni1lsn, an) = [ [ Ph(snyalillsnlpail, an) .
=1

The following proposition establishes the low witness rank property for factored MDPs, which comes directly from
Proposition 6.8 of Liu et al. (2023).

Proposition D.9. Let © denote all the factored MDPs with the same factorization structure, then © satisfies low witness
rank with d = |A| >, |X||pa7 a=m B=Y", ‘X“Pai‘ _

Proof of Condition B.2. From Lemma D.6 and using Cauchy inequality, we have:

H k-1 H k-1 2
PRI ACHRA(S) <QZZZ( (onamyopz [TV (Pek,h(sh,ah)||P9;;(Sh,ah))])
h=1 i=1 h=1i=1 o
H k-1 9
<a®S 3 B [Tv (P, .. (51 an)l[Po: (4, an)) }
h=1i=1 "

SO (QZﬂMLE) )

Thus, we have by standard elliptical potential arguments (eg:Theorem 6.4 in Liu et al. (2023)):

H & H &
hZ:X;E(Sh,ah)wgi [TV (Py,,, (1, an)||Po; (sn, an)) 22<fh(0i)7gh(0i)>
=11i= h=1i=

<0 (dB + ar/dBIFE) .

Thus, from Lemma D.1 and Lemma D.2, we have:

K H

<2) ) E o anyngt [TV (o, ,, (51, an)|[Po; (51, an))]

o0 k=1h=1
<0 (dB n a\/dﬂMLEK) .

Thus, using the L., Lipschitz of p, we have:

ka

k=

Z p(255) — p(Z5l) < O (LOO (dB + a\/dﬁMLEK)) .

D.6. Proof for Low Rank MDP

Extend our analysis above, we further provide an algorithm and regret analysis for low-rank MDPs, a special case of V-type
witness rank, which also follows the MLE procedure above. The main difference is that we need to construct the mappings
fr(0) and g (0) in a novel manner to capture the low V-type witness rank of low rank MDPs in the augmented MDP.

First we define low rank MDPs as below (Agarwal et al., 2020; Uehara et al., 2021):

Definition D.10 (Low Rank MDP). The transition kernel ]P)gz (Sh+1|Sh,an) admits a low rank structure, i,e, there exists two
sets of mappings ¢* : S x A — R% and ¥* : S — R?, such that:

P@; (Sh—i-l |Sh7 ah) = <¢2(8h7 ah)a ¢Z(5h+1)> .
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We have ||¢7 (sn, ap)|| < 1and Hfsh ¢Z(Sh)g(5h)H <Vd||g|,, forall h € [H]. Also, assume that we have access to two
embedding classes ® and ¥ such that ¢p* € ® and ¥* € V.

The model class ® consists of all the transition kernels with the low rank structure defined by the inner-product of
the embedding in ¢ and ¥, with |®| = |¥||®|. Define the exploratory policy class for a policy g as Ilexp(7g) =
{Ton :mp[l :h—1]oU[h: H ]}thl, where U is the uniform policy. 7y j, is defined as following g for the first b — 1 steps
then taking uniform actions. We have |II.y,| = H. Define the two sets of mappings used to construct low witness rank for
low rank MDPs as:

n(0) :/ Vg! j_1(Sh—1,an—1)¢p_1 (Sh—1,an-1)
Sh—1,0h—

gn(0) = O (sn)U (an) ||Po; (sn, an) — Po, (sn,an)|, »

Sh,Qh
where 7 is the optimal risk-sensitive policy given model . We have that for any 7 ;, € Hexp(ﬂ'g):

To,h To,h

QH‘ Ho-" — g

2/ 1o (shan) HT% (s}, an) — Te;(s;rl,ah)H

shan 1

= /’r /Agf"},;(s:[“ ah) HHDQZ (Sh, ah) — ]P)Q;L(S}“ ah)Hl
sl ap

:/ u;ff,h,l(sl,l, an-1)R(Yn — yn—1lsn—1,an-1)Po; _ (sn|sn—1,an—1)U(an) (3)
Sh—1:@h—1,Sh;Qh Yh

‘ 1

’PO;, (snsan) — P (sn,an)

:/ Ngz,hq(SLp an—1)0h_1(5h-1,an-1) / R(yn — yn—1]Sh—1,an-1) 4)
Sp_1:0h—1 Yn
Ui (snU(@n) |[Bog (sns an) = oy (snsan)|,
Sh,Qh
:<fh(0)7 gh(e/)> ) ®)

where the first inequality is from the right hand side of simulation lemma (Lemma D.2).

On the other hand, we have:

6 7Te||
1

l1g? — g

= Z/ pg? 1 (shsan) [Poy (snyan) — Pa, (sn.an)|,

= Z /T Ugf7h(52)7r9,h(ah|5;rl) HIPQ;; (Sh, ah) — ]P)gh (Sh, ah)Hl
6
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Moreover,

lige = 5l <AZ / 432 (5} (an) [Po; (51, an) — Po, (s, an)
Sh Neys
<AZ/ ugfyh_l(sz_l,ah)/ R(yn — yn—1]Sh—1,an-1) (7)
Sh 1:Qh—1 Yn

/ Po:  (snlsn—1,an—1)U(an) |[Po: (sn,an) — Po, (sn,an)||,
Sh,ap
H

—AZ / 168 1 (sh 1 an) 051 (sn-1,an-1) ®)
h

Sy, _1:Qh—1

- / Gy (51)U(an) [P (51> an) — P, (s, 0)]|
Sh,ap

=A Z fh gh . (9)

We present a modified version of the algorithm as Algorithm 6, where we modify the data collection process such that in

Algorithm 6 RS-DisRL-Low-Rank-MDP(®, ()

Input: Model class ©, confidence radius 3MME = log(|©]/6).
Init: @1 +— 6
for £ = 1to K do N
Optimistic Planning: (7 , 0x) = argmax__;; gco, P(Z5 )-
Execute and collect information: For every policy 7© € Hexp(ﬂ'gk) Execute policy 7, add the collected data 7 =

H
{(sL, an, SILH)}}L, into history Hy, = Hir—1 U {7}.
Estimate the MLE solution:

11:/2_41]3’1 (¢kM-|P1E,:hv7~/}k+l h) = argmax Z log Shv a;’;)a ¢(SZ+1)> ) Vh S [H] 9
peD YV TEH

where s7 , aj denotes the h step state action pair in trajectory 7.
Construct confidence set:

H MLE T aT s
6= focnvev: 3 3w (AR TITT ) <o

TEHL h=1

end for

each episode, instead of executing policy 5, » We execute all the policies 7 Tg.n € Hexp(ﬂ"9 ). Notice that in each step we
collect H trajectories by taking the combination of the optimistic policy and the uniform exploratory policy. Similar to the
proof in the Q-type witness rank MLE concentration, we have 8* € @, for all k € [K] by choosing SMLE = log(|®|/4).
Also, we can bound the sum of the square distance similar as Lemma D.6:

i Z EH:Eugm U’P%h(sh,ah) — Po: (sh,ah)Hj < O(ﬂMLE).

i=1 *€llexp(m; ) h=1
k2
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Thus, using Lemma D.2 we have that for any ék € @}ZILE:

k
> Y |-z

i=1 7~\'6Hexp (7T§i )

3 3 (Sme [ aonn] )

1=1 ‘F"Enexp(ﬂ'éi)

<O(poly(H)BMF).
Thus we have from Equation 3:
kE H R 9
S5 (0, 91(B1))) < O (poly(H)BME) .
i=1 h=1

Since we have that || f,(8)||, < V/d and ||g(0)]|,, < V/d, we have by standard elliptical arguments and Equation 6:

) k s . kK H R R
PO AT BV ) ST ACHNA())
=1

i=1 h=1
<O(poly(H)A+/dSMLEL)

where we ignore the constant and low order terms in k. Thus we have:

K
ZP ZG* - Zo* ) < ZP(Zg:k) - P(Zg:k)
k=1
K
Shoo Z FZTS’“ sz"k
k=1 Ok 0 0o
K
6 e
<o e 7
k=1

<O(Loopoly(H)AVdBK) .

E. General Model-free Framework: Algorithm RS-DisRL-V

In this section we review the general model-free framework algorithm.

Algorithm 7 RS-DisRL-V
1: Input: FuncAtion class Z = Zy x Z,--- Zy, confidence radius 7.
2: Initialize: Z; < Z.
3: for k =1to K do
4 (my,, Z%) = argmax
5

rETl,Z€ 5, p(Z1). [/Optimistic planning

Execute policy 7*, add the collected data 7, = {(Sk,hs Ak, rkJ,,)}hH:l and 7k, ék into history Hy = Hr_1 U
{(7%, 7%, Z*)}. //Data collection

é\kﬂﬂ, = V-Est(Hy, Z,m, ). //Confidence set construction

7: end for

=)

We restate Condition 7.2 and Condition 7.3 as below:
Condition E.1. For all policy 7w € IIT, we have that the random variable representing the true return is in the version space:

ANS ijq,ﬂ- .

established with probability at least 1 — 4§, § € (0, 1].
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Condition E.2. For 0 < § < 1, we have
K
Z — L yxk H <C(K,H7d,Z,HT,5,’}/)7

holds with probability at least 1 — §. Here d is some structural complexity measure of the problem.

Given these two conditions, our regret bound can be stated as follows:

Theorem E.3 (Full version of Theorem 7.4). Under the general value function approximation (Assumption 7.1) If the given
estimation function V-Est satisfies Condition E.I and Condition E.2, we have:

K
> oo(z" Z™") < Loo(p)C(K, H,d, 2,111, 6,7) .
k=1

holds with probability at least 1 — 6, § € (0, 1].

Proof. Since the concentration condition E.1 holds, we have for any 7 € IIf and k € K,

p(Z™) < max p(Z) < p(Z*) .

ZEZy x
Thus, we have:
K K . K
D opZ™) = p(Z7) <3 p(ZY) ~ p(Z7) < Lo I || Fge = Fyue ||, < LooC(K H,d, 2,1T1,6,7)..
k=1 k=1 k=1
which gives this result. O

E.1. Policy Cover

Notice that our regret is defined via the optimal policy in the policy set, which is adopted in many model free valued-based
scenarios, such as Xie et al. (2021); Wang et al. (2023b). The main reason why our algorithm can only operate in a given
policy set is that the optimal risk-sensitive policy can not be computed via dynamical programming. In contrast, in the risk
neutral setting we can always select the greedy policy and ensure that it is the optimistic policy given our estimation. We
remark, however, that when specified to specific risk measures such as OCE (Xu et al., 2023), CVaR (Wang et al., 2023a) and
ERM (Fei et al., 2020), where the optimal policy have a similar greedy property, we can ensure global optimality without
the policy set.

In this section, we discuss the policy covering given a policy class IIT. For any policy 7 € II' : ST — A(A), we define
its lower e-bracket 7+ as 7+ < m and ||x*(:|sT) — 7 (:|s)|, < € for all sT. Since 7+ may not be a valid distribution,
we define its normalized version as: w(a|s") = m(a|sT)/ [, 7 (a’|sT). Since 1 — e < [, w¥(a’|sT) < 1, we have that
w(alst) < (14 2¢)mt(alst). Its bracketing number is denoted as N (I, €, ||-|[,).

Instances Consider a softmax policy set IT(U, 7) with temperature 7 and utility function v € U : ST x A — R:

m(a|st) = el

T et We consider a ¢ = & covering of U, such that for any wu, there exists u in the covering U with
A €

8

r(u(st,a)—e) . .. ru(st,a)
—¢—————~. Itsnormalized versionis 7 = —*———.
[ 4 e @ ante) [, eraGTan

We can verify that: 7 < 7r(a|sJr and ||mH(-|sT) — m(:|sT) H1 =1-/ mHalst) = 1—e27¢ < e So the bracketing
number is the same as the = covering number of the utility function. Np.j(II(U, 7)€, ||-||;) = Ne(U, &=, Il )-

lu — ul|, < €. and we can construct the lower bracket as:m+ =

1 ertutstay—e)

[, erGTan+e)

oot er(u(stia)teh)
< (1t e)n(als’) and m(als") = =2 LTS >

(1+e)m(als). Thus, ||7(-|s") — x(|sT)| < [, |x(als?) — 7(a|s")| < [, en(als’) = €, we have that IT is also a e-cover
of IT under ¢; norm.

Moreover, we have for any s, w(als’) = e27¢

28



Risk-Sensitive Distributional Reinforcement Learning with General Function Approximation

F. Model-Free Estimation by LSR Approach

In a model-free environment, we assume that the random variable of the cumulative reward Z™ is determined by the
cumulative distribution function F'. Since the algorithm is given a random variable function class Z, we assume for every
Z € Z,its CDF F € F. Investigate Z is equal to explore the CDF class . Throughout this section, we use CDF to
characterize the random variable.

F.1. Estimation and Algorithms

In this section, we use the least squares regression to estimate the confidence set of CDF.

Here we need the covering for IIT and F, defined in Definition A.1. For the policy set II' and function set F, we use
the metric: p(w!,7%) = maxg: ||m1 (|s7) — m2 (s7) ||, and p(Fy, Fp) = maxg: , || Fi(:|s, @) — Fa(:|s", a)||__. For any
policy 7w € IIf and F € F, we denote its e-approximation in the cover ' and F as  and F respectively. Since 7 and F are

e-approximations of 7 and F', we have |7 — 7r|| < eand || F — F|| < e. We denote the covering number as N (HT, €, ||||1)
and N (F €, ||-|| ) respectively.

Algorithm 8 V-Est -LSR(Hy_1, F, m,7*S})

Input: History information H, CDF Model class F, and policy .
Return: Ty ¢ {F € F i Fy € FESS, o, Vh € [H] ], where FESR s defined by

k—1

2

R , o F

Fk,h,g,E = argmlnz (Fh(xt b ‘ Sz ho Fi h) / (a’h"‘l | Sz }L+1)Fh+1( } —Tih | 51 h+1> ah“’l)) ’
FneFn 73 Ap41

k—1
2
SLSR . = F = wF |t LSR
]:k’hm"ﬁ N {Fh € Fn: Z (Fh(ll h | Sz ho @i, h) Fkhﬂ-F(‘Lz h 51 ho @4, h)) =7 } '

i=1

We define the LSR-type distance function used here:

E

-1

2
Disti S S(FIE) = Y (Rl | ]y ain) = Bl | s]pain)) (10)
1

i
and we define x?;lF as below, which represents the direction with largest uncertainty.

;lF = argmax sup Fi(x| sf}h,am) inf  Fy(z| s;h,ai7h) ) (11)

2€l0.H) |FeF, , & FoEF, o p

We now describe our estimation procedure above. For a target random variable with CDF F) 41 and policy 7 € TIT, we
estimate 771 7TFh+1 via least squares: F 7 Define the distance function

k—1

2

. ya o ~,F

DISti,J,Shl? (Fh” kh‘rrF):Z<Fh(x7 |Szh’a’lh) Fy o BT thyazh»
i=1

Then we can rewrite our version space using the distance metric defined above:

ZLSR LSR LSR
FiR p={Fne i DistySE L (RIF, . p) <70

with the confidence radius y“S® = 16log(HK?/§) + log(No(IIf, 1/K, || - [[1)) + log(Ne (F, 1/K, || - [|o0))-

The next lemma shows the one-step-back concentration guarantee, which will be used to prove Condition 7.2.
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Lemma F.1. Forany n € II', F € F, h € [H], we have with probability at least 1 — §, for all k € [K]:

TLSR _ TLSR
71 K3 ‘;k, F F

Fin e BN 5= Fi i

Proof. First we fix h € [H], F and 7. Since
k

= F = Na
{ﬁ,ﬂFh(l‘:h | sl ain) —/ Ty (ant | 8] ) Faia @l = rin | Sz‘r,h+17ah+1)}
ap+1

Ti,h:|

:/ Ph(8h+1|sz‘,ma1¢,h)/ Rh(rh+1|5i,hvai7h)/ Tt (@nsalsh ) Fner (275 )41, anser)
Sh+1 Th+1 Ah+1

i=1
is a 1-sub-Gaussian. Moreover, we have

E [/ Tt (ansr | s ) Fner (275 = rin | ) piqs angr)
ap+1

~ ,ﬁ
:/T Th(SL+1|S;;L,ai,h)/ 7Th+1(ah+1|82+1)Fh+1($Zh *Th+1|82+pah+1)

Sh41 Ah+1
- w,ﬁ
:ﬂL,ﬂFh+1(zi7h |537h7ai,h) )

where 7; 3, denotes history up to and include step h in episode ¢. Thus by Lemma H.2, we have with probability at least
1—-46/H,forall k € [K],

_ 2H 4HK?
Dist, 5 & (T,j,ﬂFh+1||Fk,hymﬁ) < 8log ((5) +4 (1 + 4 /log ( 5 )) : (12)

Applying a union bound for all & € [H], F € F, and & € II, we have:

. LS
Dist}S 5 (T alniilFypmp) < OGS

Moreover, we have

LSR - - - +LSR - - - +LSR - -
Disty S (T e Fuit [T o Eyy) < Disty S8 (T Fual| T, e Fugn) + Disty S (T e B | T o Fn) -

For the first term, we have:
Disty S (T e Fust 175 nFiir)

= F
*Z (/ T ( 3h+1|51 ho % h)/ (”h+1(ah+1‘52+1) - ﬂh+1(ah+1|s;rz+1)) Fh+1(xf}f

2
rh|s;+1,ah+1)>

Sh+1 Ah41
k—1 2
<Z (maXHWhH( |3h+1) 7Th+1('8}:+1)H1>
i=1 5h+1
<Ke.

For the second term, we also have:

Disty S 5 (T x P | T o Fryr)

k,h,m,F
2
= Ty( T F I3 =, F T
h 5h+1|51 ho Qi h) Eh+1(ah+1|5h+1) h+1 — L p4 (zi’h - Th|5h+1a ant1)
Sh+1 ap+41
k 2
T T

SZ ma HFh+1(Sh+1,ah+1) Fh+1(5h+1,ah+1)H

i=1 %ht1s qh+1 e
<Ke.
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Thus we have

. LSR - 5 ~
Dist)} w7 (ThthH | ‘Fk,h,z,ﬁ)

. +LSR > A . LSR = =
<Dist,”" 7 (ﬁ,ﬂEthlHFk,h,ﬂ,E) + Dlstk7h7££(7i,,Fh+1||7;LT,£Eh+1)
<O(YSR + Ke)

=0(y*%).
.. - T TLSR _ _ TLSR
From the definition of the confidence set, we have for any F} 1 € Fp4; and 7w € IIt, 77”th+1 e ]-"k,h@E = fk,hwa
where the equality is because the e-approximation of 7 and F are themselves. O

Proof of Condition 7.2. We proof the Lemma via induction. If F7, , € FESR | . we have Fr =T, Fr., € FISR .
So for all h € [H] we have FF = 7;17‘_F,’:+1 € f,&%{‘ﬂ)F. From the definition of F}, ., we have F™ € Fj, . O

The next lemma decomposes the supremum distance between the CDFs of the cumulative return via the bellman error,
which is the distributional analogue of the performance difference lemma.

Lemma F.2 (Performance difference). For any random variable Z representing the estimated cumulative return, with CDF
function F = Fy X Fy x --- Fg, we can decompose the L, distance between the estimated return CDF F and the real
return CDF Fy= for policy € IIT by the bellman error as follows:

H
1F7 = Fznllo <D Eur
h=1

Fu(Is}hs an) = Ty Fiosa (sh an)

o

Proof.
|Fz — Fz=l|
= s | [ mu(arls) (FaGelsl o) - FrGelshan)
z€[0,H] |/ ay
SESI,alwy," F1(81i7a1)_F17T(8J{7a1)"
“Ef oy | Fisho0) = T ool
By ||Fa(sl, 1) = T Basl an) |+ B [T o Fats] 00) = T P (o)

<E, -

Fl(si,al) 77;17‘_F2(SJ{,(11)H +E“7r

Fy(sh,az) = FF (shaz)|_

o0

where the first and second inequalities holds by triangle inequality, the third inequality is because:

B,

T aFalshan) = T FE G )|

=/ §7 (s, a1) sup
S

Tas z€[0,H]

[, 1slislanym(aslst) (Fatalshaz) - FJ(xs;@))‘
81,02

oo

<[ sl [ Tslisl antaslsh) |[Faloh ) — BF(shaa)
s{,al sLag

:EMW

Fy (s}, az) = FF (s} ao)
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Repeat this analysis for every step h € [H], we have
1Fz = Fz=| o
<E,~ || Fi(s],a1) — ﬁ,wFQ(SLal)H + By

(s}, a2) = FF (s}, )|

oo

<--

H
ZHFh (-Ish, an) E"Fhﬂ(s;&aah)H
he1 )
O]

Equipped with the technical lemmas above, we are able to prove the Condition 7.3 for model-free LSR estimation function.
Lemma F.3 (Condition 7.3). For0 < 0 <1, we have

ZH —Fyu| <0 (pOIY(H)\/KVLSRdimE(}-’ \/?)) ;

holds with probability at least 1 — 0.

proof of Condition 7.3. Using Hoeffding inequality in Lemma F.2, we have:

[Fn = Fpmr ||
H

< Z]EM,,,C
h=1

H
o~ _~ ].
<Y |l aen) = T Bl ] an)|_+0 (\/ KHlog 5) .
h=1

Since ﬂyﬂﬁ,’fﬂ IS ﬁ;&iRﬂk_ﬁk by Lemma F.1, we have:

Clshoan) = T B (shoan) |

ZZ HFh Sk By (k) — ﬁleh+1(Sk o Ok, h)H

K H

SZZ sup sup Fl(x|5;h,ak7h) inf 2(x|sz’h,ak7h)
k=1 h—1 *€[0.H] Fleﬁt‘shlkik Py er,fshR K ph
K H Lk .

:Z Z Sup Fl(xf,}{E |52,h7a7€7h) inf F2<33k ho |3k o @) s
k=1h=1 Flej?;s;i{,,k,ﬁk Fa EF,I;S,F,, k., Fk

k ok
which is by the definition of xz h’E in Equation 11. Denote

G r Ek,Ek T £ F Ik’Ek T
kh = sup 1($k,h ‘Sk,hv Ak,n) — iris Q(xk,h Sk,h> ak,n) -
FEeF SN p B €7 ek ok

Using similar techniques as Lemma 9 of Chen et al. (2023), we have:

H
> ) Giu < H+ Hdimg(F,VK) + 4Hy"® dimg (F, V) (log(K) + 1) .

k=1h=1

Thus, using Cauchy inequality, we obtain:

ZH — Fyer |l <<9(poly(m\/mLSRdimE(f,@)),
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G. Model-Free Estimation by MLE approach

G.1. Bellman Eluder Dimension

In this section, we define the bellman eluder dimension (Jin et al., 2021), which is a famous structural complexity. First, we
define the /5 norm distributional eluder dimension for a function class (Definition 7 in Jin et al. (2021)).

Definition G.1 (/> norm distributional eluder dimension). We consider ® be a function class on domain X where for ¢ € @,
|¢(z)| < 1. D is a family of distributions on X. Let L be the longest sequence that there exists € > e and uy - - € D,
for all t € [L], there exists ¢ € @, |E,, [¢(x)]| > € and Zf;% (E,, [6(2)])? < €2. We denote L as the bellman eluder
dimension dpg(®, D, ¢).

Given the function set have low eluder dimension, we have the standard elliptical potential lemma as below:

Lemma G.2 (Lemma 17 in Jin et al. (2021)). Given a function class ¢ € ® in domain X with |¢p(x)| < 1. Let D
be a families of distributions on X. Suppose {¢k}[K] C ® and {,uk}[K] C D be two sequences. If for any k € [K],

Y Elon])” < 8. then for any k € (K], 1, B, 6] < O (\/dpe(® D, T/K)FE).

In this section, we define our bellman eluder dimension as the distributional eluder dimension for the specific function class
below:

Definition G.3 (Bellman Eluder Dimension). Given a policy class II*, and a PDF function class F. For h € [H], we define
the function class ®;, as {TV (f4||Th,x fr+1)}, and the distribution family Dy, as ] with domain X}, as 32, ay,. We define
the bellman eluder dimension of our problem as:

dpg = dpg(®;,, D), 1/K) .
BE = MAX pE(®h, Dp, 1/K)

G.2. Setting
G.2.1. NOTATION

In this setting, we assume the density function of Z]7 € Z}, belongs to a function class . We denote the density function
of Z(sT,a) € Zj, atpoint z € Ras f7(z|st,a) € Fy.

Consider an upper and lower e-bracketing of F under ||-||,, denoted as 7' and F*. We denote the corresponding lower
bracket of g as g*, and the upper bracket of f as fT. Since g* may not be a valid distribution, we denote the normalized
version as: g, where g = g*/ [, g*(2),and 1 — e < [, g*(z) < 1. Thus, we have: g < (1 + 2¢)g*.

G.2.2. BELLMAN COMPLETENESS

Define the augmented bellman operator:

T e fna(2lsh, an) = /T(SIL+1|SIL7ah)ﬂh+1(ah+1|sl+1)fh+1(2 —rhls). an) -

Here for completeness we restate the distributional bellman completeness assumption, and give a corresponding example.

Assumption G.4 (augmented distributional bellman completeness). For the density function class F = F; X --- Fpg
corresponding to the class of random variables Z = Z; x Z5--- Zp, we have for any h € [H], such that for any

fre1 € Fny1, we have for any 7 € IIT, 7;1.,\-fh+1 € Fh.
Instances: for linear MDP with Pp, (S 11|8k, an) = (¢(Sh,an), in(sp+1)) and suppose the reward is discretized into a
uniform grid of M points {Zz}i\i1 Then we can write the reward distribution as R(z;|sp, an) = (1M, 0(2;)), where 1y is

a M dimensional vector with all the entries being 1, and 6(z;) is a M dimensional vector with all 0 but the 7 th entry equal
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to R(2;|sp, ap). Then we have:

T o fre(2ls), an)

= Plsntalsnan) Y R(zilsn,an) D mntr (ns1|(sne1,9n + 20)) farr (2 = 2l (sne1,yn + 20), angr)

Sh+1 Zi S
=3 d(sn an) T un(sni1)0n(z) "Im > wnir (angal(snin,yn + 20)) farr (2 = 2il (i1, yn + 20), anga)
Sh41 Zi S

=¢(sn,an) Wi (z,yn)1m ,

where

Wi (zun) = > Y in(sn40)0n(z0) " D> mnr (@ngal(sng1,9n + 20) faga (2 = 20l (sna1, yn + 21), anga)

Sh+1 Zi a

depends only on y, and z. We can also write the distribution function in a linear form, with f; (Z|5Iw ap) =
B(sh,an) "W (z,yn), with ¢(sp,an) = d(sp,an) @ Im € RM and wl (2, yp,) is the flattened version of W (z, yp,)
with wf (z,yn)[d X i +m| = W[ (z,yn)[¢, m]. Thus the function class has a linear structure similar to the case of risk
neutral setting in linear MDPs (Jin et al., 2020).

G.3. Estimation of confidence set

Here, we estimate the confidence set Z,  via MLE using the density functions f.

Algorithm 9 V-Est -MLE(Hy, Z, 7, yMEE)

Input: History information Hj, density function class JF of random variable class Z, and policy 7.
For all i € [k], and (h, f,m) € [H] x F x II', sample zzi,il ~ L (837h+1,ﬂi7h+1(83)h+1)), and let zghz =

fm .
Zi py1 T Ti,n- We define the version space as:

i=1

k k
e fi= fm
e = {f €F: Y log fulzi) |8 s ain) > ;r/lg;Zlogf{L(z;h |8 ain) —MEE Vh € [H]} )
=1

z : ; TMLE
Return Zj 11 x as the set of random variables corresponding to F,° 77 .

We now describe the sampling procedure for our target function g, +1 € F and 7 € IL. Define g bl and 7 as the normalized

lower bracket in Section G.2.1. For 1 < i < k, we sample zf}il ~ ghﬂ(sj h+1,ﬂh+1(sj h+1))s then we construct a

one-step-back sample as zlgh£ = zig’hﬁl + 7;,n Where 75, = ¥; 41 — Yi,n- We estimate the likelihood of f}, for 7;?“ gh+1

as log fh(zzghﬂs;r > @i,h). Then we can define the MLE confidence set as:

k k
T = {fh €Fn: Y log Fnzin|stain) > ?}ea}(Zlog FrGn sty ain) — VMLE} ,
i=1 i=1

where YMUE = log (V) (F, €, [|llo) NI, €, [[[|,)/6) + Ke. Then, we can show that w.h.p, we have

MLE
ﬁﬂthrl € ]:h,k,g,w

We can define our version space as:
Fit={feF:fne RS heH]}.
Thus, we can prove that /™ € FMLE and we have that Z™ € 2, .

34



Risk-Sensitive Distributional Reinforcement Learning with General Function Approximation

G.3.1. PROOF OF CONDITION E. 1
In this section we prove the concentration Condition 7.2 (Condition E.1 in the Appendix)

Following standard MLE concentration analysis, we have:
Lemma G.5. Forany f, € Fy,, h € [H|, there exists a constant ¢ such that:

k k

97
Zlog fn(z; h |SZ o @ih) < Z i ﬂghﬂ)(z;h |sj’h,ai,h) + eyMLE
i=1 i=1

Proof. Consider an upper and lower e-bracketing of F under |[|-||,, denoted as 7' and F+. We denote the corresponding
lower bracket of gj, .1 as g*, and the upper bracket of f as fT. Since g* may not be a valid distribution, we denote the
normalized version as: g, where g = g*/ [, g*(2),and 1 — e < [, g*(2) <1

Then, we have:
Tt
fZ( ‘gh |Sz h> Qih)

T 7'rgh+1 Z;h |Sz h’a’l h)

Jamna(ansilshi)g, (2= rulshiy ane) £ 2lsh, an)

_ trot T
—/ Kh (Shvah75h+1)
Shianssl i1z IT(52+1|5L an) [ 4 7Th+1(ah+1|3;fl+1)gt+1 (Z - Th|32+1vah+1)

ot . T(32+1|52a an) fA Eh+1(ah+1|52+1)3h+1 (Z - 7”h‘s}:+1>ah+1)
= th (8 an) fh(z\sh,ah) i ; i B i
shoon : sher o TCshialshoan) Ly mnsalansalsh )b (2= ralshin ane )

</
ot

h

</ pr (sha )/fT(z\sT a )/ 11‘(SLl'SIL’ah)fA(lJrQE)WtH(ahH|S;r‘“)gh+1 (Z_rh‘SILJrl’ahH)
s Uh s Uh
S}, a h h h h s

o stJrl T(SLH‘SL’ an) J4 7rh+1(ah+1|5;rz+1)9t+l (Z - rh|sIL+1? ah+1)
MZT’L(SL%)/fg(z\sz,ah)(l + 2¢)?
ap z
6
<l+ —.
<l+ e

Thus we obtain the result via Markov inequality:

(Z fh 977‘51 By Qish) — IOg(’T}Iﬂgt-&-l)('ZIh |5, h @i,n) = log (1/5)>

exp <Z log Z;h |sl o @it) ))] exp(—log(1/9))

7;1 =9 (zih |82 ho Qi h

<e%6 .
Applying a union bound, for all T and g*, we have w.p. 1 — §, there exists a constant c,
k
g™
Z log f}T(ZZh \Sz,h, ain) — IOg(T}Iﬂgt_;.ﬂ(th |51 he@in) < B

We conclude our result by the definition of upper and lower brackets:

9, g,
Zlog fh(zifh |51T,h7ai,h) - 10%(7;1,,9h+1)(2{7h \si,h,ai,h)

=1
g9, g9,
< log £l (2 Is] s ain) = 1og(T) gi ) (2 It s ain)

i=1
<cf.
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As a result, we have:

T wfiir € FalG
by the definition of F% O
We prove Condition E.1 via induction. If fi7, , € f%ﬂ?kj,,m, From Lemma G.5, f7 = 7?7ﬂf;f+1 € .7:}2/7[,&?,,7”. Since

fh e f}\{/{l,;:Ef,,m we have for every h, I € Fp i, f~ . Thus f™ € ﬁ};@;E As aresult, Z™ € 2;6777 for any k € [K] and
meIIf.

G.3.2. PROOF OF CONDITION E.2
In this section we prove the elliptical potential Condition 7.3 (Condition E.2 in the Appendix).

The following lemma is the standard result for MLE generalization bound.
Lemma G.6 (MLE concentration). We can bound the square TV distance of the bellman error for any f € Fj,

k

D gt [TV (o an) T fia(shoan)) | < 065,

Proof. Since we have for any f € Fj, »
fom f.m
Zlog (Thatis) Ghalsns ain) = 1og a7 1] s ain)

[ [
S Z log (ﬁ,wlfﬁl) (ZZh+1|SzT,h’ ai,n) — 2log(1 — €) —log fh(ZZh+1|S;r7h7 @i,h)
=1

which holds by the normalization constant of f and 7. By the definition of the lower bracket function f,f 41> We have
k
> 108 (T o fibin) Gmialsl s ain) = 210g(1 = €) — log (=575 118 s ain)
i:l
<> s (T,j,,,fh+1) (2 st o ain) — 21og(1 — ) = log fa(= 70 lsL ain)

s fm
<maleog fn (25 Zhaaz ) — logfh(ZZh+1|5;r’hvai,h) + O(ke)

gyMLE + O(ke)
:O(’}/MLE) ,

where the second inequality is due to the distributional bellman completeness, which ensures that 7, ,L <Jfnt1 € Fin. The last
two inequalities are due to the construction of the confidence set and the choice of e = 1/ K.

Since the conditional distribution of z*hjrl given sj h» @i, 18 the same as ThT,T Fria (32, ap), from Lemma H.1, we have:

k

Z]Esl,vahwqfi [TV2 (fh(sjm ah)||7j,£ih+l(8;rl, CM))} < O(’yMLE) .
i=1

‘We also have:

TV (T fis (s} )| T o (5o an)

<TV (T e frsa (55 a3 a5 00) ) + TV (T ot (h @) I3 i (s an) )
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We can bound the first term as:

TV (T fisa (shs an)l [T s (sh an))

<[ T6labshan [ |z tanalsh) = mea@nnlsho)]| GG = mlslo,an)
s ap41 Z

h+1

<max H’]Th+1( |5h+1) 7Th+1("5;2+1)H
9h+1 !

<e.

‘We can also bound the second term as:
V(T e o @) [T e (s )

<[ Telalshan [ mea@nalsho) [ (- £,0) G- ralshisane)
z

Sh41 Ah+1

< max
52+1,ah+1

<0(e),

Frr(8hy1sans1) — ihH(SThH, ah+1)H1

since f < (14 2¢)f* < (1+2€¢)f and f > f* point wise. Then we can have Hi—le =/ |f(z) —

[omax {2ef, f — f*} < [ 2e¢f + [.(f = f*) < 3e.

We can conclude that: ZZ 1 % an~nT [ ( oSt ( sh,ah)H’Th‘L7r h+1(s;ﬂ,ah))] < O(ke). Thus,

Zk:]Esh an~onp’ {TVQ( n(shan)lI T, wfh+1(82aah))} < O(MEE).

i=1

Next, we present the distribution difference lemma for our model free analysis.

Lemma G.7. We can bound the distance between the CDFs of the return by the bellman error of each step as:
H
I1F2 = Farllog < DBy [ rlohan) = Tl fiatslan)] ]
h=1

Proof. We begin by induction. By triangle inequality:

f(2)] <

| £n(shsan) = £ shoan) || < [[Falshoan) = T s (shoan)|| + | T (ol an) = T fima (s an) |

‘We derive a recursion for the second term.

Hﬁ,ﬂ-fh+1(5;rl, ap) — ﬂyﬂf}?+1(327 an) Hl

/z /SIL+1’ah
é/
st

h+41:%h

(2 — 7ﬂh"s]}:.;_lvah+1) - fl7zr+1(z - rh|3}:+1v ah+1)’

T(SIL+1|SIL»ah)ﬁh+1(ah+1|82+1)/
z

_ T v T
=E (1, ans)~(shan) ‘fh+1<5h+17 an+1) = i (Sphirs ah+1)H1
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Then we have:

Eot an)mpr _Hfh(s;rl, an) — f}?(%ﬂh)”J

SE(s;,ah)Nﬂg _Hfh(SL,ah) - ﬁmfhﬂ(SLﬂh)HJ

+/1— ”z(sz’ah) /1— M"(52+1,ah+1|32,ah)
S S

hoQh h41'@h+1

Fra (] ane1) = S (] @)

SEGt an)mnr _Hfh(s;ruah) hﬂ-fh+1(5h>ah H } E(S;H,ahﬂ)wgﬂ [Hfh+1(5;rb+1vah+l) *fﬁr+1(32+1,ah+1)HJ :
Using the definition of Fz(z) = [;i .. uT (st ay) J.c. f (z|s!, a1), we have:
1 =
1Fz = Fz= |«
SEt ampr {Hfl (SJ{,al) - fi’r(sLal)HJ

H
Z (s} an)mpF [Hfh(S;rlaah)_7;1.,‘-fh+1(51pah)HJ :
O]

Combining the elliptical potential condition for low bellman eluder dimension (Lemma G.2) and the concentration result
Lemma G.6, we have for all h € [H] and any f* € ,13471;,?

K

S By ot [TV (FEGL anlI T e fh (shan)) | < O(Vdee MPE).
k=1
Here we invoke Lemma G.2 by setting X : ST x A, & : TV (fh(sT,a)||77i,,fh+1(sf,a)) for all (f,m) € F x IIT.

D : p™, m € I is the family of all the visitation measures defined on (s, a).

Thus, using Lemma G.7, we have:
ZH — Fyu | < O(H\/dpg YMIPK) .

H. Auxiliary Lemmas

Lemma H.1 (MLE generalization bound (Theorem 21 of Agarwal et al. (2020))). Let X be a feature space and Y be the
output space. Given a dataset D = {(x;, y,)}?:1 which is collected from a martingale process: x; ~ Di(x1.i-1,Y1:i—1),
and y; ~ p(-|z;). Given a function set F : X x Y — R, we have the real conditional distribution f*(x,y) = p(y|z) € F.
Then, there exists a constant c, for any § > 0, with probability at least 1 — §, we have:

;Ewm [TV fla )l f* (= } <c<21og< yy))> +log (N (&, F, |-l /) )+m>

Lemma H.2 (Concentration Lemma(Theorem 5 in Ayoub et al. (2020))). let (X,,Y})p=1,2... be a set of random vari-
ables, X, € X for some measurable set X and Y, € R. Let F be a set of real valued measurable function with
domain X. Let F = (F, )p 0.1.2... be a filtration such that for all p > 1, we have (X, Y1, , Xpo1, Y1, X)) s
IFp 1 measurable, and such that there exists some function f. € F such that E[Y,|F,_1] = f.(X,) forallp > 1. Let
fi = argmin . » Zp L (f(Xp) - Y, )2, Let N(]—' ) be the a-covering number of set F under |-|| . metric at scale .

Define Disty(f|f:) = 22:1 (f(Xp) = fil p)) .

If the functions in F are bounded by some constant C' > 0. Assume that for each p > 1, (Y, — f.(X})) is conditionally
o-sub-gaussian given F,_1. Then, for any o > 0, with probability 1 — § for all t > 1, we have:

Dist (f.||f:) < 80%log (N (F,a)/6) + 4ta (C +v/o2log (t(t + 1)/6))
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I. Linear CVaR

Similarly to Liu et al. (2023); Jin et al. (2021), the general algorithms provided for general version space are information
theoretic, which means that they cannot be implemented efficiently in general. This is because we consider the general risk
measure LRM and the general function approximation settings. However, when specified to the CVaR risk measure under
the discretized linear MDP, a distributional extension of natural linear MDP (Jin et al., 2020), we can design and implement
an efficient model-free algorithm that achieves sub-linear regret.

Definition I.1 (Discretized Linear MDP). An augmented MDP M is a discretized linear MDP with feature map ¢ :
(s,a) — R% and an uniform grid of M points {zi}fﬁl, if for any h € [H], (rn,yn) € {zi}f\il, and there exists unknown
measures /5 : S — R% and 6}, : {zz}i\il — R4, such that:

Ph(shs1lsn, an) = ¢(sn,an) " pn(sns1)

Ry, (2l sn, an) = ¢(sn,an) " 0n(2i)
for all sy, ap, Sp41, %i-

This discretized linear MDP is the natural extension of the linear MDP assumption in Jin et al. (2020), where we consider
the discretized distributional reward instead of determined reward. and we generalize the linear expected reward to its
distributional counterpart. Another important ingredient in our definition is the discretized reward space, which is commonly
used in practice. C51 and Rainbow (Bellemare et al., 2017; Hessel et al., 2018) both set M/ = 51 and achieved empirical
success in Atari games. We need the discretized reward space mainly to bound the covering number of the value distribution,
similar to Wang et al. (2023b).

In a discretized linear MDP, we have that the distribution function have a quadratic structure: f7 (z;|(sn, yn), an) =
&(sn, an)WT (2, yn)9(sn, an). Thus, we can use linear regression in estimating statistical functionals of Z]F (sL, ap). We
present our regret bound as follows:

Theorem L1.2. If MDP M is a discretized linear MDP satisfying Definition 1.1, and the risk measure p(Z™) =
CVaR-(Z™) = max;, {b— 7 E[(b — Z™) "]}, we can bound the regret as:

Regret(K) < O(r*d*H*VMK)

We highlight that this is the first efficient model free algorithm for linear MDPs, and the v/ M dependency is due to the
covering number of the value distribution class which also appears in other model free distributional RL algorithms, such as
Wang et al. (2023b).

Define CVaR,(Z™) = argmax, {b— 7 'E[(b— Z™)"]}. We can define the statistical functionals @ and V as:
QF (snsynsan) = . [T (zilsn, yn, an)[(—2i — yn) ], and VT (sn,yn) = D, fir(Zilsh, yn, T(sn, yn)) (=2 — yn) T
Then we can write the CVaR objective as CVaR,(Z7) = argmaxc(o gy {6 — 7 Vi (51, —b) }.

Define recursively 7} (sp, yn) = argmin, QT (s, yn, an), then by Wang et al. (2023a) we have for any b € [0, H],

Vi (s1,—b) = Vfr*(sl7 —b) = argmin V{"(s1, —b)
mellt

We denote CVaR? = max, ¢t CVaR? = b* — 77 1V*(s1, —b*)

I.1. Linear Augmented MDPs

When consider the linear function approximation (Definition I.1), we can also linearize the augmented MDPs. We ahve
Th(sh+1, 78|50, an) = G(sns an) " 0(rn)p(sni1) " G(sns an) = (sn, an)X (s sp41)

where 9 (sp,, ar,) and x(r, sn41) are the flattened versions of ¢(sx, an)d(sn,an) " and 0(ry ) (shH)T. Also, we assume
the reward space is discretized into M points z; - - - zps such that for all h € [H], y;, € {zl}gl We have that —H < z; <
2o -+ - zpr < H. We highlight that this discretization is standard in practice as in C51 (Bellemare et al., 2017) and Rainbow
(Hessel et al., 2018). Here we need this assumption to bound the complexity of the function class.
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L.2. Linear Completeness
Because the density function of the rewards satisfy the distributional bellman equation:
fiGailsnoynsan) = Y Trlsnar alsns an) [y (20 = rhlsnirs yn + s 7 (shi1, yn +70)
Sh+1:Th
We have the statistical functionals satisfy the augmented bellman equation:

QR (snynan) = > Tolsnyr,mulsn, an) 7 (2 = Thlshar, yn +7h T(sni1, yn +710)) (2 — yn) ™

Zi Sh+1,Th
= Z Th(sh+1,7nlsn, an) Z Sha1(zilsne1, yn +rn m(Sna1, yn + 1)) (=2 —yn — T
Sh+1,Th Zq

= (TrhVig1) (ShsYn, an)

)+

Where we denote the augmented transition operating on a function V" as:

ThVit1(shoynran) = Y Tw(sat1,7alsh, an)Vier (snit, yn +7n)

Sh+15Th

Since f7 (zi|sn, Yn,an) = ¢(sn,an) Wi (yn, 2:)d(sh, an), we have QF (sp, yn, an) = ¥ (sn, an) "wf (ys). Where wi[i -

d+ 4] = 3., Wi (yn, i) [i, J1[(=2i — yn) 7]

L.3. Algorithm

In this section, we present our computationally efficient algorithm RSRL-Linear-CVaR. Notice that we present Upper
Confidence Bound Value Iteration (UCV-VI) in this algorithms instead of the general optimistic planning used in previous
frameworks, due to its computation-tractable property.

L.4. Concentration and Covering

In this section we provide the concentration and covering arguments needed for our linear analysis.

Lemma 1.3 (Concentration Inequality of Self-normalized Process (Jin et al., 2020)). Let {mT}i';l be a stochastic process
on domain X with corresponding filtration {F.}. Let {1, } be an R valued stochastic process stochastic process such
that v, € Fr_q and ||¢-|| < 1. Let Ay, = Zf;} V)], Then, for any § > 0, with probability at least 1 — 6, for all k > 0,
and any V' € V such that |sup,, V (z) — inf, V(z)| < H, we have:

8k2e?
T

k—1 2
Z Ve {V(z7) = E[V (27| Fr-a]}
T=1

-1
A

d E+A
< 12 [Giog (152) + o et V. ) | +

Lemma 1.4 (Lemma D.6 in Jin et al. (2020)). Let V denote a class of functions mapping from domain X to R with the
following parametric form:

V() =wo() +Blle()a-

where ¢ € R? are features on domain X. The parameters satisfy |w| < L, Amin(A) > N, B € [0, B], and ||¢(-)|| < 1.
Then, the log covering number can be bounded as:

log (Ve (e, V, |I1l..)) < dlog(1 +4L/€) + d?log(1 + 8d"/2B? /\é?)

Lemma L5 (Lemma B.2 in Jin et al. (2020)). For h € [H] and k € [K], if V¥ 1 (shy1,yns1) < H, then |Jwf||, <

Hd/k/

Lemma 1.6 (Lemma B.1 in Jin et al. (2020)). For any h € [H],

wr|| < 2Hd
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Algorithm 10 RSRIL.-Linear—-CVaR

Input: Features U : 9(s, a) Bonus b% (s, a) = 3 (s, a)l[y-1 with B = cpd?H /M log(d2UMK/§)
for k =1to K do ’

Set Vg y1(say1,y) = [(—y) ] forall y € {2}
for h = H to1ldo

M
i=1

k—1
Ak’,h = Z 77/1(52, aZ)QZJ(S;n aﬁz)—r + Al
i=1
k—1

wi(yn) = Ak D (i ah) Vs (shars yn + 7h)
i=1

QY (shyYn, an) = Y (sn, an)wp (yn) — bE (sn, an)

7™ (sh, yn) = argmin Q} (sn, yn, an)
a

Vl{c(shayh) = max {QZ(S;“yh,’ﬂ'k(Sh, yh))vo}

end for
br, = argmax {b — TﬁlVlk(sl,—b)}
be{zi}}L,
Start at state 51 = (s1,—AF) and execute policy 7% in the augmented MDP M, collect information
{(Sﬁvafwrﬁ)}he[m
end for

Lemma L7. If V¥, < H forany k € [K)], then there exists a constant C, for any yj, € {zl}f\il 0 > 0, with probability
1 — 9, we can bound the self normalized martingale process as:

k—1
> in (Vi (Shovn1 +7h1) = Tha Vi (Sh—1, 91, a}_1))

i=1

< Cd*H?* Mlog(cgd? KM /9)

-1
Apn

Proof. According to Lemma 1.5, we have that Hw,’j H2 < Hd+/k/A. According to Lemma 1.4, we have for a fixed z; the
covering number of the function class V;f'(sh, z;) can be bounded as (notice that 1) € Rdz):

log (No(e, V(- 2i), [Mllo)) < dlog(1 + 4HdA/ke) + d* log(1 + 8dS%/Ae?)

Then we can bound the entire function class by regarding each V' (-, z;) an individual function. Thus, the total covering
number can be bounded as:

log (Ne(e, Vs |]l.)) < Md?log(1 + 4HdA/ke) + d*log(1 + 8dB%/Aé?)

Thus, we can apply Lemma 1.3, and we have the result by choosing € = 1/k, A = 1 and 8 = cgd* HM \/log(d?UM K /).
O

I1.5. Proof of Theorem 1.2

Define the event Optimism at h € [H| and k € [K] as:

Q% (shyynyan) < Qi (sn,yn, an) (Optimism)
Also, define

w(&a)wZ(y) - QZ(SJ/, a) - Th(vfﬁrl - VhTrJrl)(S’ a, y) = AIZ(S, a)
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Then we have the following concentration result:
Lemma L8. [f Optimism holds at h € [H] and k € [K|. We have that A (s,a) < B|v¥(s, a)HA;lh.

Proof. Since we have:

w(SZaah)Tth+1(sh»ahayh Z 1#51”% ShaaZ)TX(Sthlarh)ViZTJrl(sthlayh+Th)

Sh+1,Th
:w(SZ’ aﬁ)w(sfw aﬁ)—rwg(yh)
We bound the bias as:

wy (yn) — iy (yn) Ak h { Awp, +

k—1
Z¢z,h Vh+1(sh+1ayh+rh) TthZrH(SZ,aZayh))]}

=1

k

= =Ml ALY Win (Vi (hon un +7h) = TaViby 1 (sh af yn))
1
q2
k
+ AL Z i nTa(Vikey — Vi1 (shy @y, yn)
i=1

g3

We have according to Lemma 1.6:

s an) T aa] < VA | (s, an)las o < 2VAHA (s, an) 5

For the second term, on event Optimism, we have that th "1 < Vi, < H. Apply Lemma 1.7 we have:

[(snran) Taa| < Ca>H \ /M log(cad I M/6) [ (s1, an) 51

For the third term, we have:

k
Gsnan) Tas =U(sn, an) Ay D intiln Y X(sne1mn) (Viker = Vi) (Shats g+ 7a)

i=1 Sh+1:Th
=(snan)’ > X(snrrn)(ViEy = Vi) (Snat, yn + 1)
Sh+1:Th
p1
= A(snyan) D> X(snr1,mn) (Vi = Vilg ) (Shyt, yn + )
Sh+15Th

p1=Tr(Vits = Vilia) (sn, an)

[pal < VAU (H — b+ 1) (s, a1) |1
Thus, by choosing the appropriate constants, we have:

[ (s> an) "wi (yn) = Q7 (s s an) = Th(Viisr = Vilin) (sn ans ym)| < B 19 (sns an)llz-y
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Lemma L9 (Optimism). For any h € [H| and k € [K], event Optimism holds

Proof. We prove the Lemma via induction. For any k € [K], Optimism holds at step H. Suppose that Optimism holds at
step h + 1, then we have from Lemma 1.8,

Qp (sh Yny an) = (sn, an)wi (yn) — B¢ (s, a)HA,;lh

=Q% (5h,yn, an) + Th(vhk+1 - Vhﬂ+1)(5hv an,yn) + A]Z(Sh,ah)
S QZ(3h7yh7a'h)

So Optimism holds at step h. O

Proof of Thoerem 1.2. On event Optimism for all h € [H] and k € [K], we have that:

b — 7V (51, =bi) 2 0% = 77V (51, —b") 2 b" — 77V (51, —b") = CVaR]

Also, we have that CVaRik = argmax;, {b - T*IVfrk (s1, fb)} > by — T*IVka (s1, —by) Thus, the total regret can be
bounded as:

K

3" CVaR® - CVaRT" < Z (VT (1 =ba) = Vi Gs1, =)

k=1 k=1

=

Define 0 = Vh"k (sf,yp) — ViF(sk, yf), and ¢Fy = E[6F, |sk, yF,ay] — 6, . According to Lemma L.8, we have that:

o<

Then we have:

Wk

) H K H K
V(o b) = Ve b < 303264230300
h=1k=1

k=1 h=1k=1
Since we have event Optimism, we have ‘65‘ < H. Thus, using the Hoeffding inequality, we have:
K
Z >k <o (HVElog(KH/5))
h=1k=1
Using the standard linear elliptical potential lemma, we obtain:

H K
>N 1knllay = O(HdV K log(KH/9))

h=1k=

=

Then we have the regret bounded as:

> CVaR; ~CVaRT <O (7 'H*d*VMK)
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1.6. Numerical Experiment Results

In this section we provide the details of our numerical experiments. We construct a zero-mean MDP where the expected
return for all the state-action pairs are 0, thus risk-neutral algorithms such as LSVI-UCB of Jin et al. (2020) will learn
nothing. We also compare our results with the optimistic MDP algorithm of Bastani et al. (2022). For simplicity we
constructed a toy MDP with S = 3, A = 2,d = 2, H = 6, M = 3. The results are in Figure 1. From the figures we can see
that the risk-neutral algorithm LSVI-UCB fails to learn anything, while the model-based algorithm of Bastani et al. (2022)
converges much slower than ours. Also, with smaller 7 we have larger regret, which is consistent with previous analysis.

— LSVI-UCB 140 4 — LsvI-ucBe
2004 — RSRL-Linear-CVaR — RSRL-Linear-CVaR
—— Bastani et al. (2022) —— Bastani et al. (2022)
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Figure 1. Comparison for different algorithms for the CVaR objective CVaR ; under different risk parameter 7.
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