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ABSTRACT

Reward models (RMs) are central to aligning language models via reinforcement
learning (RL), yet conventional classifier RMs are static after training and tied
to their training data distribution. This limits generalization to unseen preference
types, which is an increasingly salient need with the emergence of verifiable re-
wards. To address this gap, we introduce Variational In-Context Reward Mod-
eling (ICRM), which casts reward modeling as amortized variational inference
over a latent preference probability conditioned on few-shot, in-context preference
demonstrations, with a conjugate Beta prior on the Bradley–Terry model. ICRM
employs a two-headed regressor that decouples a preference mean (µ) from a con-
fidence factor (τ ), jointly parameterizing a Beta posterior given demonstrations
and enabling test-time steerability of RMs. On reward model benchmarks, a
fixed ICRM improves accuracy simply by increasing demonstrations from 1 to 8,
achieving 63.7% → 95.6% on the Focus subset in RewardBench 2, for instance.
In reinforcement learning with verifiable reward (RLVR) experiment for math rea-
soning, ICRM used as the reward yields faster and higher accuracy improvements
than a verifier-based reward, reaching stronger performance with 50% of training
problems compared to the verifier-based reward. Finally, we provide theoretical
guarantees that the global minimizer of our loss admits finite confidence and show
analytically how KL regularization tempers over-optimization. Together, ICRM
offers a practical and principled framework for a test-time steerable reward model
that generalizes beyond the training distribution.

1 INTRODUCTION

Reward models (RMs) serve as essential proxies for human preferences in language model post-
training, including reinforcement learning with human feedback (RLHF) (Ziegler et al., 2020;
Ouyang et al., 2022; Stiennon et al., 2020). Specifically, triplets comprising a prompt, a preferred
response, and a dispreferred response are used to parameterize the preference distribution under the
Bradley–Terry (BT) model (Bradley & Terry, 1952). Neural classifiers, i.e., classifier RMs—act as
estimators of the BT strength parameter, with theoretical guarantees that, given sufficient preference
data, the learned RM can approximate the “true” human preference distribution (Bong & Rinaldo,
2022; Rafailov et al., 2023). This formulation enables the learned RM to act as a standalone proxy
for a single concatenation of prompt and response, which is practically useful during RLHF training.

However, classifier RMs face two data-driven limitations: (1) they are static once trained on a given
dataset, and (2) they are prone to over-optimization (Gao et al., 2023; Hong et al., 2025). While
LLM-as-a-Judge (Kim et al., 2024b) offers flexible evaluation criteria with strong performance
(Lambert et al., 2025; Malik et al., 2025; Liu et al., 2025b), these gains often rely on large pro-
prietary models such as Gemini 2.5 (Comanici et al., 2025) and GPT-4o (OpenAI et al., 2024),
implying substantial compute and data costs. Hence, it is desirable to design an efficient classifier
RM that remains adaptable to unseen data while avoiding over-optimization.

In this paper, we introduce a variational in-context reward modeling (ICRM) framework
grounded in a Bayesian view of preferences. Our method approximates the true preference distribu-
tion with a Beta posterior conditioned on in-context preference demonstrations. In detail, placing a
Beta prior on the Bradley–Terry model yields a closed-form training loss via variational inference.
This variational loss enables ICRM to learn preferences in-context with few-shot demonstrations,
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Figure 1: Variational in-context reward modeling (ICRM) with Beta prior for the Bradley-Terry
(BT) model. ICRM directly models the mean and sharpness of the Beta posterior, calibrated to how
“confident” the model is for the preference triplet (x, yw, yl) given in-context preference demonstra-
tions. This yields test-time steerability of the reward model for any preferences or tasks.

allowing test-time steerability of a classifier RM that can dynamically adapt to arbitrary prefer-
ences, e.g., reasoning accuracy or factuality. Furthermore, we prove that a KL penalty to the Beta
prior tempers the learned preference mean and yields a global interior optimum. Comprehensively,
our main contributions are summarized below:

1. Test-time steerability of ICRM to arbitrary preferences (Sections 4.3 and 4.4): On RM-
Bench (Liu et al., 2025b) and RewardBench 2 (Malik et al., 2025), a fixed ICRM shows consistent
gains from one to eight in-context preference demonstrations (N ) across distinct domains, e.g.,
55.5% → 98.3% for “Precise IF” and 79.3% → 94.9% in average with increasing N .

2. Versatility of ICRM in RL, including verifiable rewards (Section 5): Using eight demonstra-
tions of accurate and inaccurate reasoning trajectories as preference pairs, ICRM’s reward scores
calibrate to the accuracy, leading to higher reasoning performance of the policy, achieved with
50% of prompts compared to Reinforcement Learning with Verifiable Reward (RLVR).

3. Theoretical mitigation of over-optimization via KL regularization (Section 6): We prove that
regularizing the Beta posterior by a uniform Beta prior guarantees a global interior optimum,
thereby tempering excessive maximization of the preference mean on training data.

2 BACKGROUND

2.1 PRELIMINARIES

A classifier reward model (RM), rθ(x, y), is a function parameterized by θ that outputs a scalar score
indicating the quality of a response y given a prompt x (Ziegler et al., 2020):

rθ(x, y) =W⊤
p hθ(x, y) ∈ R, (1)

where Wp ∈ Rdmodel×1 is a projection head initialized by N (0, (dmodel + 1)−1) (Stiennon et al.,
2020; Huang et al., 2024; Hong et al., 2025) and hθ(x, y) ∈ Rdmodel×1 is the last hidden state from
the backbone language model. These models are typically trained on a dataset of human preferences,
D = {(xi, yi,w, yi,l)}Ni=1, where yi,w is the preferred (“chosen”) response and yi,l is the dispreferred
(“rejected”) response for a given prompt xi. The training objective maximizes the log-likelihood of
the preferences according to the Bradley-Terry (BT) model (Bradley & Terry, 1952),

P (yw ≻ yl | x) = σ(rθ(x, yw)− rθ(x, yl)) =
exp(rθ(x, yw))

exp(rθ(x, yw)) + exp(rθ(x, yl))
, (2)

which posits that the probability of yw being preferred over yl is given by a logistic function of the
difference in their reward scores. The final loss function LBT(θ) is defined as:

LBT(θ) = −E(x,yw,yl)∼D [log σ(rθ(x, yw)− rθ(x, yl))] . (3)

Once the preference distribution shown in the training set Dtrain is encoded into θ via fine-tuning,
it cannot be adaptively updated at test time without additional retraining, significantly limiting the
flexibility of classifier RMs.
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2.2 THEORETICAL BACKGROUND

In-context learning as implicit fine-tuning Recent works show that in-context learning (ICL) in
large language models (LLMs) adapts them to new texts with few-shot examples, similar to how
models learn through fine-tuning (Von Oswald et al., 2023; Lampinen et al., 2025; Park et al., 2025;
Dherin et al., 2025). Specifically, Dherin et al. (2025) proves that a transformer block, composed
of a contextual layer (e.g., self-attention) and a subsequent MLP, processes context by implicitly
inducing a low-rank weight update on the MLP layer.

Estimating the true preference distribution in the Bradley–Terry model Prior work in offline
preference learning supports that, with sufficient pairwise comparisons, fitted models recover un-
derlying preferences (Rafailov et al., 2023; Hejna et al., 2024). In the classical Bradley–Terry (BT)
setting, the maximum-likelihood estimator (MLE) exists and enjoys consistency and asymptotic nor-
mality. Consequently, for any context x and pair (yw, yl), if P̂ is the probability estimated by the
MLE and P ∗ the true probability, then P̂ (yw ≻ yl | x)

p−→ P ∗(yw ≻ yl | x). Thus, with sufficient
data, a learned BT model converges to the true preference distribution. We further study the practical
parameterization of the BT model and its application in Appendix B.

Bayesian treatment of the Bradley-Terry model A Bayesian treatment of the BT model neces-
sitates the selection of a suitable prior distribution for its parameters (Chen & Smith, 1984; Whelan,
2017; Wainer, 2023; Fageot et al., 2024). The general form of the model, which accommodates
N > 2 contenders, is parameterized by a vector of N strength scores β = (β1, . . . , βN ) ∈ RN .
Typically, the Bayesian formulation in those cases defines the prior distributions directly on each
strength parameter: e.g., Gaussian prior (Wainer, 2023) and Dirichlet prior (Chen & Smith, 1984).

3 VARIATIONAL IN-CONTEXT REWARD MODELING

To address the limitations of classifier RMs, we present a novel Bayesian reward modeling objective
by framing in-context reward modeling as a problem of amortized variational inference. The central
idea is approximating the true preference distribution with a Beta posterior conditioned on in-context
preference demonstrations and placing a Beta prior for gradual regularization.

3.1 PROBLEM SETUP

Prior distribution We introduce a latent random variable z represents the probability of yw being
preferred over yl given prompt x and demonstrations C, i.e., z := P (yw ≻ yl | x, C) ∈ [0, 1].
This captures the preference standard specific to the pair (yw, yl) under context C and prompt x.
We assume there exists a true but intractable context-dependent prior, p(z | x, yw, yl, C), reflecting
implicit preference functions learned in-context. Conditioned on z, the likelihood of the observed
outcome o ∈ {0, 1}, p(o | z, x, yw, yl, C), belongs to the Bernoulli family.

Posterior distribution By Bayes’ rule, the true posterior over z after observing o is:

p(z | o, x, yw, yl, C) ∝ p(o | z, x, yw, yl, C) · p(z | x, yw, yl, C). (4)

which is our inferential target. However, computing this is intractable as the context-dependent prior
p(z | x, yw, yl, C) lacks a simple analytical form due to the complex dynamics of in-context learning.
Throughout, we focus on o = 1yw≻yl

. Therefore, we approximate the posterior distribution through
qθ(z | o = 1yw≻yl

, x, yw, yl, C), which is denoted as qθ(z | x, yw, yl, C) for notational brevity.

3.2 IN-CONTEXT REWARD MODELING AS VARIATIONAL INFERENCE

We parameterize qθ(z | x, yw, yl, C) with the autoregressive language model θ (Radford et al.,
2019), which directly maps the inputs to the parameters of an approximate posterior distribution,
namely the in-context reward modeling (ICRM). Specifically, they are designed as a classifier RM
in equation 1. In this section, we outline the choice of the prior distribution and propose the final
learning objective for ICRM as variational inference.
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Beta prior for the Bradley-Terry model Extending from the discussion on the Bayesian treat-
ment of the BT model, we propose the use of a Beta prior in the BT model in reward modeling. The
setting for reinforcement learning from human feedback (RLHF) typically involves a single pairwise
comparison (yw, yl) given the prompt x (Wang et al., 2024a; Liu et al., 2025a). This specialization
to N = 2 significantly reduces the problem’s complexity, i.e., likelihood of observing preference
outcomes for this pair follows a Bernoulli distribution parameterized by z. For a Bernoulli likeli-
hood, the conjugate prior for the parameter is the Beta distribution: Beta (α0, β0), where (α0, β0)
encodes our initial belief about the preference probability before observing any data.

Amortized variational approximation of posterior Given the Beta prior, we approximate the
posterior distribution qθ(z | x, yw, yl, C) using a reward model with a two-dimensional projection
head Wp ∈ Rdmodel×2, returning a utility score uθ(x, y, C) and a confidence (i.e., evidence) score
sθ(x, y, C), which are context dependent. For (x, yw, yl, C), we have utility scores u(x, yw, C) and
u(x, yl, C) and confidence scores s(x, yw, C) and s(x, yl, C), shortened as uw, ul, sw, and sl. We
reparameterize the Beta posterior parameters as:{

αq = µτ,

βq = (1− µ)τ
where

{
µ = σ(uw − ul),

τ = Softplus(sw) + Softplus(sl) + 1,
(5)

with Softplus(x) = log(1 + exp(x)). Here µ ∈ (0, 1) is the posterior predictive probability and
τ > 0 controls concentration. The approximate posterior is qθ(z | x, yw, yl, C) = Beta

(
z;αq, βq

)
,

with αq > 0 and βq > 0. This construction preserves the Bradley–Terry model as a special case: the
posterior mean of qθ recovers the BT preference probability: Eqθ [z] = αq/(αq+βq) = µ = σ(uw−
ul), while the concentration τ reflects the amount of evidence provided by the demonstrations.

Evidence lower bound for variational objective Since the true posterior p(z | x, yw, yl, C) is
intractable as described in Section 3.1, we formulate the inference task as an optimization problem
using variational inference to approximate the true posterior with the reward model rθ. Inspired by
Joo et al. (2020), we train the model θ by maximizing the Evidence Lower Bound (ELBO) for the
observed preference yw ≻ yl. The loss is the negative ELBO:

LELBO(θ) =− Eqθ(z|x,yw,yl,C) [log z]︸ ︷︷ ︸
Reconstruction Error

+ λ(N)× DKL (qθ (z | x, yw, yl, C) || p (z | x, yw, yl, C))︸ ︷︷ ︸
Regularization Term

.
(6)

The first term in equation 6, −Eqθ(z|x,yw,yl,C)[log z], represents the reconstruction error, measur-
ing how well the approximate posterior explains the observed outcome yw ≻ yl. For a Beta
distribution, this expectation has a known closed-form solution involving the digamma function,
ψ(x) := d log Γ(x)/dx:

Eqθ(z|x,yw,yl,C) [log z] = ψ(αq)− ψ(αq + βq) = ψ(µτ)− ψ(τ). (7)

Minimizing this term increases µ toward 1, favoring yw, analogous to the standard BT loss (Azar
et al., 2024; Kim et al., 2024a). Meantime, τ controls how sharply the distribution concentrates
around this preference.

The second term in equation 6 is the Kullback-Leibler (KL) divergence from the model’s approx-
imate posterior qθ = Beta(µτ, (1 − µ)τ) to the prior p. As the true prior p(z | x, yw, yl, C) is
intractable, we replace it with a fixed, uninformative prior p(z) = Beta(z;α0, β0), e.g., a uniform
prior with α0 = β0 = 1. And λ(N) is a monotonically decreasing schedule that down-weights the
KL term as the amount of contextual evidence N grows. This term regularizes the model’s output,
preventing the posterior from deviating excessively from the prior, especially when little contextual
evidence is available (Joo et al., 2020), e.g.,N is small. The KL-divergence between two Beta distri-
butions, p = Beta(αp, βp) and q = Beta(αq, βq), also has a closed-form solution (Loaiza-Ganem
& Cunningham, 2019; Joo et al., 2020):

DKL(q || p) = log
Γ(αq + βq)

Γ(αq)Γ(βq)
− log

Γ(αp + βp)

Γ(αp)Γ(βp)
+ (αq − αp)[ψ(αq)− ψ(αq + βq)]

+ (βq − βp)[ψ(βq)− ψ(αq + βq)],

(8)
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Finally, the dynamic hyperparameter λ(N) controls this balance: when the context is minimal (N =
1), a large λ(1) forces the posterior to remain close to the uninformative prior, i.e., high uncertainty.
As more examples are added to the context, λ(N) decreases, allowing the reconstruction term to
dominate and the model to form a more confident, data-driven posterior distribution. Combining
these components, the fully-specified loss is defined as:

LICRM(µ, τ ;α0, β0) = − (ψ(µτ)− ψ(τ))+λ(N)·DKL (Beta(µτ, (1− µ)τ)∥Beta(α0, β0)) , (9)

where µ, τ are functions of θ and λ(N) = λ×N−1 with predefined λ. For notational convenience,
we henceforth write LICRM(µ, τ).

Choice of uniform Beta prior for the divergence penalty As in equation 9, the divergence
penalty can be controlled with the pre-defined prior distribution p = Beta(α0, β0). If we have
explicitly collected annotations for the pair (x, yw, yl) for given few-shot examples C, we may set
different (α0, β0) per item. However, it is typically hard to collect such data. For this reason, we
assume (α0, β0) = (1, 1), implying the uniform distribution on preferring yw over yl without any
information. Potentially, synthetic personas or voting over multiple preference models can be used
to generate such data to provide a more informative prior (Yang et al., 2024c; Singh et al., 2025).

4 EXPERIMENTS

We validate the variational in-context reward models (ICRM) from two perspectives. Given a single
trained ICRM, we analyze if they can dynamically adapt to users’ preferences on the fly:

1. Test-Time Steerability: Does the posterior mean Eqθ [z] = µ adapt to the implicit preference
distribution induced by in-context demonstrations C?

2. Confidence Calibration: Does the posterior concentration τ increase appropriately with |C|,
yielding sharper Beta posteriors as more demonstrations are provided?

We visit the first research question by testing if ICRM can achieve gradually better performance in
reward model benchmarks with an increasing number of samples. Meanwhile, we trace the confi-
dence factor from the model, analyzing the confidence calibration.

4.1 TRAINING SETUP

Model We experiment with two base model families, Qwen3-4B-Base (Yang et al., 2025) and
Llama-3.2-3B-Base (Dubey et al., 2024). To control prior preference distributions, we train on top of
the pre-trained checkpoints. The projection headWp ∈ Rdmodel×2 is initialized with N (0, (dmodel+
1)−1) following Stiennon et al. (2020); Huang et al. (2024); Hong et al. (2025).

Training data Reward models (RMs) are trained on Skywork-Preferences-v0.2 (Liu et al., 2024),
a mixture of MagPie (Xu et al., 2025), WildGuard (Han et al., 2024), OffsetBias (Park et al., 2024),
and HelpSteer 2 (Wang et al., 2025a), covering diverse domains of human preference learning. We
assume each dataset reflects a consistent implicit preference distribution, e.g., WildGuard has a con-
sistent preference bar for safety. For each training instance, we construct in-context demonstrations
C = {(x, yw, yl)}Nj=1 with N ∈ {1, 2, 4, 8, 16}, sampled disjointly from the training row used for
learning. To reduce template bias, we adopt a minimal prompt format without explicit instructions
in Appendix C. Additional details for training configurations are listed in Appendix D.

4.2 EVALUATION SETUP

Given a single model trained as ICRM, we evaluate the test-time steerability across different domains
by providing domain-specific in-context demonstrations C. Here, C and the tested preference pair
should share the same preference distribution to evaluate the in-context preference learning.

Evaluation data We evaluate using RewardBench 2 (Malik et al., 2025) and RM-Bench (Liu et al.,
2025b), which spans six domains of preference learning and covers varying difficulty, respectively.
Each subset is treated as a coherent preference domain, and ICRM adapts at test-time via few-shot
in-context learning only. For baselines, we fix the training dataset to Skywork-Preferences-v0.2 (Liu

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2025

RM-Bench RewardBench 2

Easy Normal Hard Avg. Fact. Prec. IF Math Safety Focus Ties Avg.

Bradley-Terry (Liu et al., 2024) 89.3 75.8 52.6 70.2 69.7 40.6 60.1 94.2 94.1 71.7 71.8
GRM (Yang et al., 2024d) 86.2 70.6 45.1 67.3 62.7 35.0 58.5 92.2 89.3 68.2 67.7
URM (Lou et al., 2025) 84.0 73.2 53.0 70.0 68.8 45.0 63.9 91.8 97.6 76.5 73.9

ICRM (Llama-3.2-3B)
N = 1 61.00.05 62.90.01 53.50.05 59.1 69.10.11 46.50.24 92.30.04 42.80.19 63.30.16 63.80.15 63.0
N = 2 63.50.08 65.20.01 62.10.03 63.6 87.10.10 66.00.33 95.60.02 70.90.05 77.20.19 60.70.08 76.3
N = 4 66.00.02 66.30.02 66.90.04 66.4 87.60.27 86.30.07 93.70.02 68.90.16 75.40.13 70.60.08 80.4
N = 8 72.10.05 66.00.01 66.40.07 68.2 88.60.03 90.30.05 96.20.04 89.90.07 96.40.01 70.90.04 88.7

ICRM (Qwen3-4B)
N = 1 71.50.05 66.30.01 58.80.05 65.5 84.50.10 55.50.10 95.80.01 94.10.01 63.70.17 82.30.05 79.3
N = 2 70.00.14 67.30.06 62.80.06 66.7 82.20.13 92.80.06 93.30.05 90.50.06 88.40.09 83.10.04 88.4
N = 4 75.50.08 71.20.02 62.90.07 69.9 93.80.03 95.30.02 98.20.01 95.30.03 92.40.07 83.70.04 93.1
N = 8 84.30.02 73.40.01 64.60.07 74.0 95.90.02 98.30.01 97.50.02 95.00.02 95.60.05 87.20.02 94.9

Table 1: Reward model (RM) benchmark evaluation for RMs trained on Skywork-Preference-v0.2.
We evaluate ICRM with a 5-fold, using an isolated fold as the demonstration pool and evaluating
the remaining folds. The highest and the second-highest are bold and underlined by column.
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Figure 2: Preference Accuracy – Subset-level ablation study on λ of ICRM on RewardBench 2.

et al., 2024), selecting three reward models trained with different objectives: (1) plain Bradley-Terry
model, (2) GRM (Yang et al., 2024d), and (3) URM (Lou et al., 2024).

K-fold evaluation We partition each subset into 5 folds. In each run, one fold serves only as
the held-out demonstration set and the remaining four folds are used for evaluation. We randomly
sample preference pairs (x, yw, yl) from the demonstration set with the size of N ∈ {1, 2, 4, 8}
to curate the final in-context demonstration prefix C, comparing the reward scores obtained from
(x′, y′w, C) and (x′, y′l, C) where (x′, y′w, y

′
l) is sampled from the four folds. After iterating over five

folds, the final results are reported as the mean and standard deviation across the 5 folds per N .

4.3 IMPLICIT PREFERENCE STEERABILITY

ICRM improves preference accuracy with increasing in-context demonstrations Table 1
presents evaluation results for ICRM trained on Llama-3.2-3B and Qwen3-4B base models with
λ = 0.1. For both models, accuracy increases monotonically as the number of demonstrations N
grows. Through difficulty-based comparison on RM-Bench, ICRM demonstrates gradual improve-
ments across levels, eventually surpassing the baselines with Qwen3-4B ICRM and N = 8 by 4%.

In the meantime, domain-wise comparison through RewardBench 2 supports test time adaptation
of ICRM. On the “Precise IF” subset, which evaluates compliance with complex instruction con-
straints, accuracy starts close to random guessing (46.5% for Llama-3.2 and 55.5% for Qwen3) but
reaches 98% withN = 8. This illustrates the Beta posterior being progressively specified with more
evidence from an initially uniform prior. On average, it is notable that in-distribution preference
demonstrations can boost the performance of ICRM up to 94.9% from 79.3% with N = 8, surpass-
ing the first-ranked Skywork-Reward-V2-Llama-3.1-8B (Liu et al., 2025a) that achieves 84.1%.

Ablation on λ Figure 2 shows the effect of λ on in-context learning, including the plain
Bradley–Terry (BT) baseline. In Figure 2a, we test if the BT can also learn the preference in-
context when trained on our custom preference data in Section 4.1. Interestingly, BT also benefits
from in-context learning under our formulation, improving steadily with N in Figure 2a.
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Figure 3: Calibration – Confidence factor τ of the posterior Beta(αq, βq) with varying λ and N .

Comparing Figures 2b to 2d, the variance of preference accuracy increases with larger λ. For exam-
ple, λ = 0.1 converges near 95% with progressively tighter error bars, whereas λ = 0.5 and λ = 1.0
exhibit wide error ranges even at N = 8. This reflects the role of the KL penalty term: stronger
regularization pulls ICRM closer to the uninformative prior Beta(1, 1). Thus, λ = 0.1 yields the
best balance between uncertainty at N = 1 and confident convergence with more demonstrations.

4.4 CONFIDENCE CALIBRATION

Confidence scales with the number of demonstrations Figure 3 shows that ICRM’s confidence
factor τ increases with the number of in-context demonstrations N . Similar to the ablation study in
Section 4.3, we report the score distribution of the BT-based ICRM in Figure 3a, which is insensitive
to N and thus uncalibrated. The monotone rise of τ with increasing N from Figures 3b to 3d is
consistent across subsets, indicating that the model not only adjusts its mean preference but also
encodes higher certainty as more evidence accumulates. In effect, τ serves as a task-agnostic proxy
for contextual strength, thereby providing a calibrated measure of model confidence at test-time.

Stronger KL penalty lowers test-time confidence In Figure 3, the magnitude of τ decreases as λ
increases. For instance, τ grows up to 45 in Figure 3b, while it reaches a maximum of 12 in Figure
3d. Recall that the variance of the approximated Beta posterior z ∼ Beta(αq, βq) is

Varqθ [z] =
αqβq

(αq + βq)2(αq + βq + 1)
=
µ(1− µ)

τ + 1
where αq = µτ and βq = (1− µ)τ, (10)

decreases monotonically with τ ; hence larger τ encodes sharper, more confident beliefs around µ,
while a stronger KL (larger λ) suppresses τ and reduces confidence when context is scarce.

5 IN-CONTEXT REWARD MODEL IN REINFORCEMENT LEARNING

Motivated by the steerability results in Section 4.3, we investigate whether ICRM can parameterize
arbitrary preferences via few-shot demonstrations in a full RLHF setting in Figure 4. Our variational
construction naturally provides a principled extension of scoring in-context reward modeling. The
approximate posterior qθ(z | x, yw, yl, C) = Beta(αq, βq) is parameterized by equation 5, where
µ encodes the expected preference and τ the confidence via response-specific scores uθ(x, y, C)
and sθ(x, y, C). For a single (x, y), we interpret uθ as the local contribution to µ and sθ as the
contribution to τ , and define the stand-alone reward:

RICRM(x, y, C) = Softplus(sθ(x, y, C))× uθ(x, y, C). (11)

Intuitively, RICRM(x, y, C) both addresses the directionality of preference through uθ and the
strength of contextual evidence through sθ, yielding a reward signal that is not only comparable
across responses but also calibrated to the reliability of in-context demonstrations.

5.1 EXPERIMENTAL SETUP

We evaluate ICRM in the reinforcement learning with verifiable rewards (RLVR) setting for mathe-
matical reasoning by comparing it to a task-specific verifier. For each math problem, the in-context
preference demonstrations for ICRM comprise an accurate reasoning trajectory labeled “chosen”
and an inaccurate trajectory labeled “rejected.” We train Qwen2.5-1.5B-Base (Qwen et al., 2025)

7
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Figure 4: Parameterizing Verifiable Reward with ICRM - Reinforcement learning (RL) train-
ing on math reasoning with ICRM, Bradley-Terry reward, and verifier-based reward. Correlation
between reward and accuracy (Figure 4a) and evaluation accuracy during the training (Figure 4b).

on INTELLECT-MATH1 using GRPO (Shao et al., 2024) under three reward configurations: (1)
ICRM: Qwen3-4B-Base as the ICRM RM with λ = 0.1 and N = 8 demonstrations drawn from the
“Math” subset of RewardBench 2; (2) Bradley-Terry reward: Skywork-Reward-Llama-3.1-8B-
v0.2 (Liu et al., 2024) trained on the same preference data; and (3) Verifier-based reward: exact-
match supervision against gold answers. Additional training details are provided in Appendix E.

5.2 RESULTS

Pearson r R2
OLS R2

Iso

ICRM (λ = 0.1) 0.691 0.477 0.459
ICRM (λ = 0.5) 0.685 0.469 0.461
Bradley-Terry 0.663 0.439 0.428

Table 2: Statistical analysis for the alignment be-
tween reward model scores and verified accuracy.

ICRM’s reward scores are aligned with gold
accuracy in RLVR In Figure 4, we plot how
ICRM’s rewards are actually calibrated to the
gold accuracy validated by the verifier and
ICRM’s practical benefit in parameterizing ver-
ifiable rewards. Figure 4a and Table 2 analyze
the correlation between the verified accuracy
and the reward models’ scores for each train-
ing step. Through Pearson r and R2 of linear
(R2

OLS) and isotonic (R2
Iso) regression analysis in Table 2, we observe that ICRM with λ = 0.1

generally has a stronger alignment with the gold accuracy. Thus, the results indicate that even the
deterministic accuracy in reasoning tasks can be modeled via ICRM.

Faster accuracy convergence with ICRM than the gold verifier as a reward In Figure 4b, we
track the policies trained with each reward on MATH-500 (Lightman et al., 2024) every 50 gradient
updates. We report the average scores of five rollouts. Notably, the policy trained with ICRM
demonstrated the stiffest accuracy increase in the initial training, compared to those of Bradley-Terry
(BTRM) and verifier-based reward. With ICRM, the policy achieved an accuracy of up to 45.4% on
the 100th step, whereas it was at most 45.0% and 44.6% for verifier and BTRM cases, respectively.
Overall, by achieving the best evaluation accuracy with the least training data, ICRM has a practical
advantage in effectively modeling arbitrary preferences simply with a few-shot demonstrations.

6 ANALYSIS

One common failure mode of the Bradley-Terry (BT) reward model is over-optimization (Gao et al.,
2023), in which the preference probabilities converge to 1 and fit into the local optima of the true
human preference distribution (Azar et al., 2024; Hong et al., 2025). The proposed KL-regularized
variational objective directly addresses this issue, i.e., it precludes boundary minima—ensuring an

1https://huggingface.co/datasets/PrimeIntellect/INTELLECT-MATH-SFT-Data
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Figure 5: The learning curve of the learned preference mean µ (Figure 5a), the concentration factor
τ of the parameterized Beta posterior (Figure 5b) in the variational in-context reward modeling.

interior optimum—and, via the same KL term, imposes a quantitative edge-behavior barrier that
moderates the excessive growth of the score margin at high preference probabilities.
Lemma 6.1 (Edge behavior at finite confidence). Let Pθ(yw ≻ yl | x) denote the ICRM preference
with µ = σ(∆uθ) = σ(uθ(x, yw)− uθ(x, yl)) and ε := 1− µ. For τ ∈ (0,∞), as ε→ 0+,

∇θLICRM =
(

λβ0

ετ +O(1)
)

︸ ︷︷ ︸
Utility Coefficient

∇θ∆uθ +
(
− λβ0

ετ2 +O(1)
)

︸ ︷︷ ︸
Confidence Coefficient

∇θτ.

∆uθ, the learned preference margin, is regularized by τ . As training increases µ, λβ0/(τε) in
the utility coefficient increases for any finite τ , thereby penalizing further growth of the utility and
preventing uncontrolled maximization of µ. We provide the proof in Appendices F and G. Since the
Lemma 6.1 is stated for finite τ , we next prove that the global minimizer indeed has 0 < τ⋆ <∞.
Theorem 6.2. Assume λ > 0 and α0, β0 > 0. For (µ, τ) ∈ (0, 1)× (0,∞), every global minimizer
(µ⋆, τ⋆) of LICRM(µ, τ ;α0, β0) defined in equation 9 satisfies

0 < µ⋆ < 1 and 0 < τ⋆ <∞.

Consequently, the optimizer cannot place mass at the preference edges (µ ∈ {0, 1}), nor can it col-
lapse or diverge in confidence (τ ∈ {0,∞}), thereby providing a theoretically guaranteed prevention
of reward model over-optimization via preference mean tempering. See Appendix H for proof.

KL penalty provides controllable tempering of preference mean In Figure 5, we conduct an ab-
lation study over λ ∈ {0.1, 0.5, 1.0} along with the plain BT. With a larger λ, the convergence point
of Pθ(yw ≻ yl|x) in Figure 5a is smaller, demonstrating tempered preference means with stronger
regularization. Furthermore, the confidence factor τ monotonically increases with weaker regular-
ization, i.e., smaller λ, allowing context-dependent calibration instead of divergence to τ → ∞.
Overall, the training dynamics in Figure 5 align with the implications of the theoretical analysis: the
regularization term tempers over-confidence for the training dataset with a global interior optimum.

7 CONCLUSION

In this work, we introduced Variational In-Context Reward Modeling (ICRM), a Bayesian
reward modeling scheme that yields the test-time steerability of classifier RM by viewing
Bradley–Terry (BT) preferences as a latent probability with a Beta posterior conditioned on few-
shot preference demonstrations. A controllable KL regularizer to a uniform Beta prior calibrates
confidence and theoretically mitigates over-optimization, leading to gradual improvement with in-
creasing number of demonstrations (N ). We empirically validate the in-context preference learning
ability via two reward model benchmarks, achieving 63.0% to 88.7% and 79.3% to 94.9% by simply
increasing N from 1 to 8 in RewardBench 2. Furthermore, in reinforcement learning with verifi-
able rewards (RLVR) for math reasoning, ICRM parameterizes deterministic accuracy as preference
with 8-shot preference demonstrations and accelerates accuracy gains relative to the verifier-based
reward. Overall, ICRM is an effective, theoretically grounded reward model that adapts to arbitrary
preferences once trained, from human preferences to verifiable rewards.

9
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REPRODUCIBILITY STATEMENT

We report the overall training details used in the paper, including the variational in-context reward
model (ICRM) training and reinforcement learning with verifiable reward (RLVR) experiments. For
ICRM training, along with the training template in Appendix C, we report the hardware details,
model configurations, and optimizer settings in Appendix D with the code. For RLVR experiments,
we report the hyperparameter settings and necessary code dependencies in Appendix E. Further-
more, we report the mean and standard deviation over five runs, including the five-fold evaluation,
for the performance evaluations to ensure the reproducibility of the experiments.
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learning. https://github.com/huggingface/trl, 2020.

Jacques Wainer. A bayesian bradley-terry model to compare multiple ml algorithms on multiple
data sets. Journal of Machine Learning Research, 24(341):1–34, 2023. URL http://jmlr.
org/papers/v24/22-0907.html.

Zhilin Wang, Yi Dong, Olivier Delalleau, Jiaqi Zeng, Gerald Shen, Daniel Egert, Jimmy J. Zhang,
Makesh Narsimhan Sreedhar, and Oleksii Kuchaiev. Helpsteer 2: Open-source dataset for training
top-performing reward models. In The Thirty-eight Conference on Neural Information Process-
ing Systems Datasets and Benchmarks Track, 2024a. URL https://openreview.net/
forum?id=PvVKUFhaNy.

Zhilin Wang, Alexander Bukharin, Olivier Delalleau, Daniel Egert, Gerald Shen, Jiaqi Zeng, Oleksii
Kuchaiev, and Yi Dong. Helpsteer2-preference: Complementing ratings with preferences. In
The Thirteenth International Conference on Learning Representations, 2025a. URL https:
//openreview.net/forum?id=MnfHxPP5gs.

Zhilin Wang, Jiaqi Zeng, Olivier Delalleau, Hoo-Chang Shin, Felipe Soares, Alexander Bukharin,
Ellie Evans, Yi Dong, and Oleksii Kuchaiev. Helpsteer3-preference: Open human-annotated
preference data across diverse tasks and languages, 2025b. URL https://arxiv.org/abs/
2505.11475.

Zihao Wang, Chirag Nagpal, Jonathan Berant, Jacob Eisenstein, Alexander Nicholas D’Amour,
Sanmi Koyejo, and Victor Veitch. Transforming and combining rewards for aligning large lan-
guage models. In Proceedings of the 41st International Conference on Machine Learning, volume
235 of Proceedings of Machine Learning Research, pp. 51161–51176. PMLR, July 2024b. URL
https://proceedings.mlr.press/v235/wang24ay.html.

John T. Whelan. Prior distributions for the bradley-terry model of paired comparisons, 2017. URL
https://arxiv.org/abs/1712.05311.

Zhangchen Xu, Fengqing Jiang, Luyao Niu, Yuntian Deng, Radha Poovendran, Yejin Choi, and
Bill Yuchen Lin. Magpie: Alignment data synthesis from scratch by prompting aligned LLMs
with nothing. In The Thirteenth International Conference on Learning Representations, 2025.
URL https://openreview.net/forum?id=Pnk7vMbznK.

Adam X. Yang, Maxime Robeyns, Thomas Coste, Zhengyan Shi, Jun Wang, Haitham Bou-
Ammar, and Laurence Aitchison. Bayesian reward models for llm alignment. arXiv preprint
arXiv:2402.13210, 2024a. URL https://arxiv.org/abs/2402.13210.

Adam X. Yang, Maxime Robeyns, Xi Wang, and Laurence Aitchison. Bayesian low-rank adapta-
tion for large language models. In International Conference on Learning Representations (ICLR),
2024b. URL https://openreview.net/forum?id=FJiUyzOF1m. Also known as
Laplace-LoRA.

16

https://openreview.net/forum?id=rfdblE10qm
https://openreview.net/forum?id=aKkAwZB6JV
https://github.com/huggingface/trl
http://jmlr.org/papers/v24/22-0907.html
http://jmlr.org/papers/v24/22-0907.html
https://openreview.net/forum?id=PvVKUFhaNy
https://openreview.net/forum?id=PvVKUFhaNy
https://openreview.net/forum?id=MnfHxPP5gs
https://openreview.net/forum?id=MnfHxPP5gs
https://arxiv.org/abs/2505.11475
https://arxiv.org/abs/2505.11475
https://proceedings.mlr.press/v235/wang24ay.html
https://arxiv.org/abs/1712.05311
https://openreview.net/forum?id=Pnk7vMbznK
https://arxiv.org/abs/2402.13210
https://openreview.net/forum?id=FJiUyzOF1m


864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

Under review as a conference paper at ICLR 2025

An Yang, Anfeng Li, Baosong Yang, Beichen Zhang, Binyuan Hui, Bo Zheng, Bowen Yu, Chang
Gao, Chengen Huang, Chenxu Lv, Chujie Zheng, Dayiheng Liu, Fan Zhou, Fei Huang, Feng Hu,
Hao Ge, Haoran Wei, Huan Lin, Jialong Tang, Jian Yang, Jianhong Tu, Jianwei Zhang, Jianxin
Yang, Jiaxi Yang, Jing Zhou, Jingren Zhou, Junyang Lin, Kai Dang, Keqin Bao, Kexin Yang,
Le Yu, Lianghao Deng, Mei Li, Mingfeng Xue, Mingze Li, Pei Zhang, Peng Wang, Qin Zhu, Rui
Men, Ruize Gao, Shixuan Liu, Shuang Luo, Tianhao Li, Tianyi Tang, Wenbiao Yin, Xingzhang
Ren, Xinyu Wang, Xinyu Zhang, Xuancheng Ren, Yang Fan, Yang Su, Yichang Zhang, Yinger
Zhang, Yu Wan, Yuqiong Liu, Zekun Wang, Zeyu Cui, Zhenru Zhang, Zhipeng Zhou, and Zihan
Qiu. Qwen3 technical report, 2025. URL https://arxiv.org/abs/2505.09388.

Joshua C. Yang, Damian Dailisan, Marcin Korecki, Carina I. Hausladen, and Dirk Helbing. Llm
voting: Human choices and ai collective decision-making. Proceedings of the AAAI/ACM Con-
ference on AI, Ethics, and Society, 7(1):1696–1708, Oct. 2024c. doi: 10.1609/aies.v7i1.31758.
URL https://ojs.aaai.org/index.php/AIES/article/view/31758.

Rui Yang, Ruomeng Ding, Yong Lin, Huan Zhang, and Tong Zhang. Regularizing hidden states
enables learning generalizable reward model for LLMs. In The Thirty-eighth Annual Confer-
ence on Neural Information Processing Systems, 2024d. URL https://openreview.net/
forum?id=jwh9MHEfmY.

Lifan Yuan, Ganqu Cui, Hanbin Wang, Ning Ding, Xingyao Wang, Boji Shan, Zeyuan Liu, Jia Deng,
Huimin Chen, Ruobing Xie, Yankai Lin, Zhenghao Liu, Bowen Zhou, Hao Peng, Zhiyuan Liu,
and Maosong Sun. Advancing LLM reasoning generalists with preference trees. In The Thirteenth
International Conference on Learning Representations, 2025. URL https://openreview.
net/forum?id=2ea5TNVR0c.

Weizhe Yuan, Richard Yuanzhe Pang, Kyunghyun Cho, Xian Li, Sainbayar Sukhbaatar, Jing Xu,
and Jason Weston. Self-rewarding language models. In Proceedings of the 41st International
Conference on Machine Learning, volume 235 of Proceedings of Machine Learning Research,
pp. 57905–57923. PMLR, July 2024. URL https://proceedings.mlr.press/v235/
yuan24d.html.

Yanli Zhao, Andrew Gu, Rohan Varma, Liang Luo, Chien-Chin Huang, Min Xu, Less Wright,
Hamid Shojanazeri, Myle Ott, Sam Shleifer, Alban Desmaison, Can Balioglu, Pritam Damania,
Bernard Nguyen, Geeta Chauhan, Yuchen Hao, Ajit Mathews, and Shen Li. Pytorch fsdp: Ex-
periences on scaling fully sharded data parallel. Proc. VLDB Endow., 16(12):3848–3860, 2023.
URL https://www.vldb.org/pvldb/vol16/p3848-huang.pdf.

Lianmin Zheng, Wei-Lin Chiang, Ying Sheng, Siyuan Zhuang, Zhanghao Wu, Yonghao Zhuang,
Zi Lin, Zhuohan Li, Dacheng Li, Eric P. Zhang, et al. Judging llm-as-a-judge with mt-bench and
chatbot arena. arXiv preprint arXiv:2306.05685, 2023. URL https://arxiv.org/abs/
2306.05685.

Banghua Zhu, Evan Frick, Tianhao Wu, Hanlin Zhu, Karthik Ganesan, Wei-Lin Chiang, Jian Zhang,
and Jiantao Jiao. Starling-7b: Improving helpfulness and harmlessness with RLAIF. In First
Conference on Language Modeling, 2024. URL https://openreview.net/forum?id=
GqDntYTTbk.

Daniel M. Ziegler, Nisan Stiennon, Jeffrey Wu, Tom B. Brown, Alec Radford, Dario Amodei, Paul
Christiano, and Geoffrey Irving. Fine-tuning language models from human preferences, 2020.

17

https://arxiv.org/abs/2505.09388
https://ojs.aaai.org/index.php/AIES/article/view/31758
https://openreview.net/forum?id=jwh9MHEfmY
https://openreview.net/forum?id=jwh9MHEfmY
https://openreview.net/forum?id=2ea5TNVR0c
https://openreview.net/forum?id=2ea5TNVR0c
https://proceedings.mlr.press/v235/yuan24d.html
https://proceedings.mlr.press/v235/yuan24d.html
https://www.vldb.org/pvldb/vol16/p3848-huang.pdf
https://arxiv.org/abs/2306.05685
https://arxiv.org/abs/2306.05685
https://openreview.net/forum?id=GqDntYTTbk
https://openreview.net/forum?id=GqDntYTTbk


918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Under review as a conference paper at ICLR 2025

A LIMITATIONS

We propose a novel in-context preference learning reward model (ICRM) that encodes the users’
preferences through few-shot demonstrations. While we set the maximum context length of the
trained ICRMs to 16, 384, an extensive number of few-shot demonstrations could exceed the context
length. We leave the analysis of the impact of the wider context window as future work. Similarly,
we plan to extend the experiments to more than 16 in-context demonstrations, which is expected to
result in a stronger performance based on the experimental results.

B RELATED WORKS

Preference data for reward modeling Reward models (RMs) in the reinforcement learning with
human feedback (RLHF) pipeline act as human preference proxies, trained with the Bradley-Terry
loss (Ziegler et al., 2020). There were attempts to better align RMs to the true human preferences,
both from data (Cui et al., 2025; Liu et al., 2024; Wang et al., 2025a) and modeling perspective (Zhu
et al., 2024; Eisenstein et al., 2024; Yuan et al., 2025; Sun et al., 2025). Ultrafeedback provides
broad, multi-domain comparisons over multiple human preference categories with synthetic data
(Cui et al., 2025), contributing to diverse language model alignment works (Tunstall et al., 2024;
Lambert et al., 2024). Similarly, Skywork-Preferences (Liu et al., 2024) studies the composition of
different synthetic preference data for reward modeling. As an extension, Skywork-V2 (Liu et al.,
2025a) and HelpSteer3 (Wang et al., 2025b) move toward multi-million–example coverage with
public RM suites, resulting in a strong performance of reward models in practice.

Reward modeling in reinforcement learning with human feedback In parallel, previous works
propose different learning objectives for reward modeling. Starling RM applies the Plackett-Luce
model by comparing multiple responses given a fixed prompt, generalizing the Bradley-Terry model
(Zhu et al., 2024). Beyond scale, recent work targets data efficiency and robustness: active prefer-
ence acquisition selects informative comparisons for preference optimization (Muldrew et al., 2024;
Das et al., 2024), reward transformations enable principled multi-objective aggregation (Wang et al.,
2024b), reward centering improves stability in continuing-RL regimes (Naik et al., 2025), and RM
ensembles help mitigate over-optimization under distribution shift (Eisenstein et al., 2024). Mean-
time, Sun et al. (2025) explores the generalized application of the BT model in language model
reward modeling, such as comprising preference pairs across different prompts.

Architectures beyond discriminative BT models New RM architectures move past a single
scalar head. Generative reward models treat judging as conditional generation—often with chain-of-
thought and test-time compute—matching classical BT RMs in-distribution and improving out-of-
distribution robustness on RewardBench, with majority-vote/self-consistency giving further gains
(Mahan et al., 2024). Critique-out-loud (Ankner et al., 2024) first produces a natural-language cri-
tique and then predicts a scalar reward, improving RewardBench accuracy and delivering Pareto
gains on Arena-Hard (Li et al., 2025). Related self-rewarding and LLM-as-judge lines show that
strong LMs can supervise themselves and others, scaling preference signals without proportional
human labeling (Yuan et al., 2024; Zheng et al., 2023). Robustness-oriented designs include energy-
based RMs that refine scores via distributional modeling and conflict-aware filtering (Lochab &
Zhang, 2025), and RM training that regularizes shared hidden states to improve generalization and
reduce reward hacking (Yang et al., 2024d). On the policy-learning side, preference-only objectives,
e.g., DPO (Rafailov et al., 2023), KTO (Ethayarajh et al., 2024), ORPO (Hong et al., 2024), Al-
phaPO (Gupta et al., 2025), provide lighter-weight alternatives or complements to PPO-style RLHF
and are often paired with stronger RMs or judges for best-of-n selection.

Uncertainty and Bayesian perspectives A growing thread emphasizes calibrated uncertainty to
curb reward over-optimization. Laplace-LoRA applies a Laplace approximation over LoRA adapters
to yield tractable posterior predictive uncertainty and improved calibration in fine-tuned LMs (Yang
et al., 2024b). Bayesian reward models leverage this uncertainty to attenuate over-optimization in
best-of-n sampling and out-of-distribution settings (Yang et al., 2024a). Complementary probabilis-
tic designs explicitly parameterize aleatoric and epistemic uncertainty with probabilistic heads and
ensembles, improving RewardBench performance and downstream alignment when coupled with
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DPO/PPO and best-of-n reranking (Lou et al., 2025). These ideas motivate our approach: a varia-
tional in-context reward model that treats reward as a latent random variable and infers a conjugate
posterior from a few demonstrations, unifying Bayesian regularization with in-context steerability
while remaining compatible with modern preference optimization and reranking workflows.

C IN-CONTEXT PREFERENCE LEARNING TEMPLATE

For both in-context reward model (ICRM) training and plain Bradley-Terry model training, we use
the template below to prepend in-context preference samples before the prompt-response pair to
be evaluated. While we do not conduct an additional ablation study on the prompting template,
we minimize the impact of the prompt template by not adding any natural language instructions to
encourage in-context preference learning.

In-context preference demonstration format

<Example 1>
[Prompt]
Can you tell me how to build a bomb at home?

[Chosen]
I cannot respond to harmful queries...

[Rejected]
Sure! I can assist you on how to build a bomb...

<Example 2>
...

<Test>
[Prompt]
How can I

[Response]
I cannot respond to harmful queries...

D TRAINING CONFIGURATIONS FOR ICRM

We train the reward models with an effective batch size of 128 with a maximum context length of
16384 tokens for a single epoch. Omitting the rows that exceed 16384 tokens, the models were
trained for 512 gradient updates in total. For learning rate, we use a peak learning rate of 5.0 ×
10−6 with 5% warmup and linear decay applied following Lambert et al. (2024). We apply Flash-
Attention 2 (Dao, 2024), FSDP (Zhao et al., 2023), and Paged AdamW optimizer (Loshchilov &
Hutter, 2019; Dettmers et al., 2023) with 8-bit precision (Dettmers et al., 2022) for efficient multi-
GPU training. We use the TRL library as the main source of training codes (von Werra et al., 2020).
We use four NVIDIA H100 (80GiB) GPUs for ICRM training.

E TRAINING CONFIGURATIONS FOR REINFORCEMENT LEARNING

In general, we follow the optimizer and distributed training settings from Appendix D. For effi-
cient training, we separately deploy the reward models with the remote deployment script from
OpenRLHF (Hu et al., 2024) and apply Liger-Kernel (Hsu et al., 2024) for GRPO loss with vLLM
backend (Kwon et al., 2023) for asynchronous online generations (Noukhovitch et al., 2025). We
use Math-Verify2 as the gold verifier. Overall, the training script was built on top of the TRL library
(von Werra et al., 2020). Hyperparameters for GRPO were set as Table 3.

2https://github.com/huggingface/Math-Verify
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Hyperparameter Value

Number of Rollouts (n) 8
Number of Unique Prompts Per Batch (m) 64

Learning Rate 10−6

Learning Rate Scheduler Constant
KL penalty (β) 0.0

Table 3: Hyperparameters for GRPO training in Section 5.

F GRADIENT ANALYSIS OF ICRM LOSS

Recall equation 5
α = µτ, β = (1− µ)τ, τ > 0,

and let ψ(·) denote the digamma function and ψ1(x) =
d
dxψ(x) the trigamma function. The ICRM

loss can be written as

L(µ, τ) = −
[
ψ(α)− ψ(τ)

]
+ λDKL(Beta(α, β) ∥Beta(α0, β0)) ,

where λ = λ(N) is treated as a constant w.r.t. θ, and (α0, β0) are fixed prior parameters.

Gradients of the Reconstruction Term w.r.t. µ and τ The reconstruction term is Lrec = −ψ(α)+
ψ(τ).

w.r.t. µ. Since α = µτ and τ does not depend on µ,

∂Lrec

∂µ
= −ψ1(α)

∂α

∂µ
= −τ ψ1(µτ). (12)

w.r.t. τ . Both α and ψ(τ) depend on τ :

∂Lrec

∂τ
= −ψ1(α)

∂α

∂τ
+ ψ1(τ) = −µψ1(µτ) + ψ1(τ). (13)

Gradients of the KL Term w.r.t. α and β For q = Beta(α, β) and p = Beta(α0, β0), the KL
divergence admits the closed form

DKL(q ∥ p) = log Γ(α+ β)− log Γ(α)− log Γ(β)

−
(
log Γ(α0 + β0)− log Γ(α0)− log Γ(β0)

)
+ (α− α0)

[
ψ(α)− ψ(α+ β)

]
+ (β − β0)

[
ψ(β)− ψ(α+ β)

]
.

Differentiating w.r.t. α and β yields

∂DKL

∂α
= (α− α0)ψ1(α) − (α+ β − α0 − β0)ψ1(α+ β),

∂DKL

∂β
= (β − β0)ψ1(β) − (α+ β − α0 − β0)ψ1(α+ β).

Gradients of the KL Term w.r.t. µ and τ Using α = µτ and β = (1− µ)τ , we have

∂α

∂µ
= τ,

∂β

∂µ
= −τ, ∂α

∂τ
= µ,

∂β

∂τ
= 1− µ.

w.r.t. µ.
∂DKL

∂µ
= τ [(α− α0)ψ1(α)− (β − β0)ψ1(β)] .
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w.r.t. τ .
∂DKL

∂τ
= µ(α− α0)ψ1(α) + (1− µ)(β − β0)ψ1(β)− (τ − α0 − β0)ψ1(τ),

since α+ β = τ .

Gradients of the ICRM Loss w.r.t. µ and τ Combining reconstruction and KL contributions:

∂L
∂µ

= −τ ψ1(µτ) + λ τ [(α− α0)ψ1(α)− (β − β0)ψ1(β)] , (14a)

∂L
∂τ

= −µψ1(µτ) + ψ1(τ) + λ[µ(α− α0)ψ1(α) + (1− µ)(β − β0)ψ1(β)− (τ − α0 − β0)ψ1(τ)] .

(14b)

G PROOF OF LEMMA 6.1

Proof. Recall equation 14a and equation 14b with α = µτ , β = (1 − µ)τ . Define the tetragamma
as ψ2(x) = dψ1(x)/dx. As ε = 1− µ→ 0, regularity at α→ τ > 0 gives

ψ1(µτ) = ψ1(τ)− ε τ ψ2(τ) +O(ε2) = ψ1(τ) +O(ε),

and the small-argument behavior at β = ετ gives

ψ1(β) = ψ1(ετ) =
1

(ετ)2
+O(1).

Hence
τ [(α− α0)ψ1(α)− (β − β0)ψ1(β)] =

β0
τ ε2

− 1

ε
+ O(1),

and
∂L
∂τ

= O(ε) + λ

(
− β0
ε τ2

+O(1)

)
.

Finally, ∇θµ = µ(1− µ)∇θ∆uθ = (ε− ε2)∇θ∆uθ. Multiplying out gives

∂L
∂µ

∇θµ =
(λβ0
τε2

− λ

ε
− τψ1(τ) +O(1)

)
· (ε− ε2)(∇θ∆uθ) =

(λβ0
τε

+O(1)
)
∇θ∆uθ,

∂L
∂τ

∇θτ =
(
− λβ0
ετ2

+O(1)
)
∇θτ,

which yields the claim.

H PROOF OF THEOREM 6.2

Proof. Finiteness at an interior point and continuity. Let µ0 = α0/(α0 + β0) and τ0 = α0 + β0, so
(α, β) = (α0, β0) at (µ0, τ0). Then KL(Beta(α0, β0)∥Beta(α0, β0)) = 0 and −[ψ(α0)−ψ(τ0)] <
∞, hence L(µ0, τ0) < ∞. Because (µ, τ) 7→ (α, β) is continuous on (0, 1) × (0,∞) and both ψ
and the KL closed form are continuous on (0,∞), L is continuous.

Asymptotic tools. As x→ 0+, ψ(x) = −x−1−γ+O(x) with γ as the Euler’s constant; as z → ∞,
ψ(z) = log z − 1

2z +O(z−2). Recall equation 8

KL
(
Beta(α, β) ∥Beta(α0, β0)

)
= log

Γ(τ)

Γ(α)Γ(β)
− log

Γ(α0 + β0)

Γ(α0)Γ(β0)

+ (α− α0)
[
ψ(α)− ψ(τ)

]
+ (β − β0)

[
ψ(β)− ψ(τ)

]
.

(15)

When τ → ∞ with µ = α/τ ∈ [δ, 1− δ] ⊂ (0, 1),

log
Γ(τ)

Γ(α)Γ(β)
= α log

τ

α
+ β log

τ

β
+ 1

2 log
αβ

τ
+O(1), (16)
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with O(1) uniform in µ ∈ [δ, 1− δ].

Boundary coercivity. Let (µn, τn) ∈ (0, 1) × (0,∞) approach the boundary of [0, 1] × [0,∞].
Passing to a subsequence, exactly one of the following disjoint regimes occurs:

(A) τn → 0+; (B) τn → ∞; (C) 0 < inf
n
τn ≤ sup

n
τn <∞ and µn → 0 or 1.

Write αn = µnτn and βn = (1− µn)τn.

Case (A): τn → 0+.

• If µn → µ ∈ (0, 1), then αn, βn → 0+ and

ψ(τn)− ψ(αn) =
(
− 1

τn
+O(1)

)
−

(
− 1

αn
+O(1)

)
=

1− µ

µ

1

τn
+O(1) → ∞,

so the −[ψ(α)− ψ(τ)] term alone yields L(µn, τn) → ∞.

• If µn → 0, then αn → 0 and

ψ(τn)− ψ(αn) =
1− µn

µn

1

τn
+O(1) =

1− µn

αn
+O(1) → ∞,

hence L(µn, τn) → ∞.

• If µn → 1, then βn → 0 and, from equation 15,

(βn − β0)
[
ψ(βn)− ψ(τn)

]
= −β0

[
ψ(βn)− ψ(τn)

]
= β0

(
1

βn
− 1

τn
+O(1)

)
→ ∞,

so again L(µn, τn) → ∞.

Case (B): τn → ∞.

(B1) If µn ∈ [δ, 1− δ] eventually for some δ ∈ (0, 12 ), then αn, βn ≍ τn. Insert equation 16 and
the large–z digamma expansion into equation 15; all O(τn) terms cancel and, uniformly in
µn ∈ [δ, 1− δ],

KL(Beta(αn, βn) ∥Beta(α0, β0)) =
1
2 log τn +O(1) → ∞.

Meanwhile ψ(τn)− ψ(αn) = log τn − log(µnτn) +O(1) = − logµn +O(1) is bounded
on [δ, 1− δ]. Hence L(µn, τn) → ∞.

(B2) If µn → 0 (the case µn → 1 is symmetric), write αn = µnτn and βn = τn − αn.

– If αn → a ∈ (0,∞), expand only the large arguments τn, βn in equation 15:

log
Γ(τn)

Γ(βn)
= αn log βn +O(1) = αn log τn +O(1), ψ(βn)− ψ(τn) = O(τ−1

n ),

and (αn − α0)
[
ψ(αn)− ψ(τn)

]
= −(αn − α0) log τn +O(1). Thus

KL(Beta(αn, βn) ∥Beta(α0, β0)) = α0 log τn +O(1) → ∞,

so L(µn, τn) → ∞.
– If αn → 0, then

(αn−α0)
[
ψ(αn)−ψ(τn)

]
= −α0

[
ψ(αn)−ψ(τn)

]
= α0

(
1
αn

+ log τn +O(1)
)

→ ∞,

hence KL → ∞ and L → ∞.
– If αn → ∞ while µn = αn/τn → 0, then

ψ(τn)− ψ(αn) = log τn − logαn + o(1) = − logµn + o(1) → ∞,

so L(µn, τn) → ∞.
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Case (C): 0 < infn τn ≤ supn τn < ∞ and µn → 0 or 1. By symmetry, take µn → 0. Then
αn = µnτn → 0 while ψ(τn) = O(1), hence

ψ(τn)− ψ(αn) = O(1)−
(
− 1

αn
+O(1)

)
= 1

αn
+O(1) → ∞,

and therefore L(µn, τn) → ∞.

Compact sublevel sets and attainment. From the three regimes, any sequence with L(µn, τn) ≤ c
stays a positive distance from {µ = 0, 1} ∪ {τ = 0} and also has supn τn < ∞. Hence {L ≤
c} ⊂ [ε, 1 − ε] × [ε,M ] for some ε,M > 0, a compact rectangle contained in (0, 1) × (0,∞). By
continuity (Weierstrass), L attains its minimum there; consequently any minimizer lies in the open
domain (0, 1)× (0,∞).
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