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Abstract
Normalization Layers have become an essential component of Deep Neural Networks for better
training dynamics and convergence rate. While the effects of layers like BatchNorm and LayerNorm
are well studied for dense networks, their impact on the training dynamics of Sparse Neural Networks
(SNNs) is not well understood. In this work, we analyze the role of Batch Normalization (BN) in
the training dynamics of SNNs. We theoretically and empirically show that BatchNorm induces
training instability in SNNs, leading to lower convergence rates and worse generalization performance
compared to the dense models. Specifically, we show that adding BatchNorm layers into sparse neural
networks can significantly increase the gradient norm, causing training instability. We further validate
this instability by analyzing the operator norm of the Hessian, finding it substantially larger in the case
of sparse training that the dense training. This indicates that the sparse training operates further beyond
the “edge of stability” bound of 2/η. To mitigate this instability, we propose a novel preconditioned
gradient descent method for sparse networks with BatchNorm. Our method takes into account the
sparse topology of the neural network and rescales the gradients to prevent blow-up. We empirically
demonstrate that our proposed preconditioned gradient descent improves the convergence rate and
generalization for Dynamic Sparse Training.

1. Introduction

In recent years, Machine Learning (ML) has achieved remarkable performance across a diverse range
of tasks. This remarkable success of ML could be attributed to an exponential increase in the size of
the models [12], which increases the computational cost of training and deploying large foundational
models. To that end, model pruning and quantization have gained significant traction to reduce the
computation requirement for deploying foundational models; however, they do not reduce the compu-
tational cost associated with training. In contrast to post-training model compression methods, sparse
training leverages weight sparsity during training, making it more computationally efficient. Currently,
Sparse Training methods do not match dense model generalization and have slower convergence rates
— taking more epochs to converge, effectively requiring the same FLOPs as dense models. In order for
sparse training to be practically useful, it is therefore important to improve the training convergence
rate. One potential reason for the slower convergence of sparse training methods is using the same
training components (optimizers, normalization layers, activation functions) as dense models.

Batch Normalization (BN), proposed by [11], was introduced to improve training stability and
convergence rate of Deep Neural Networks (DNNs). BN works by normalizing the intermediate ac-
tivations of the Neural Network (NN) by centering and normalizing with the batch mean and variance.
While multiple works have analyzed BN for dense models, the role of layer normalization methods
for Sparse Neural Networks (SNNs) has not been studied. In this work, we aim to understand the
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impact of normalization layers, specifically BN, on training dynamics and convergence rate of SNNs;
we theoretically and empirically show that layer normalization methods create training instability by
changing the norm of gradients for SNN. Furthermore, we show that the operator norm of the Hessian
during sparse training is significantly higher than that observed during dense training, indicating greater
instability in the sparse training dynamics. To mitigate this, we propose a preconditioned gradient
descent algorithm for sparse neural networks, which scales the gradient based on the sparsity/incoming
connection of each neuron. Our contributions are as follows:

1. Our work is the first to theoretically analyze the impact of normalization layers on the gradient
flow and training dynamics of SNNs. We derive the exact scaling factor required to account
for the sparsity during backpropagation. To the best of our knowledge, our work is the first to
systematically analyze the normalization layers for SNN.

2. We propose a new preconditioned gradient descent optimization method for sparse training and
empirically show on multiple datasets and model architectures that our proposed optimization
method improves the convergence rate of sparse training and generalization.

2. Background

Normalization Layers. DNNs are composed of stacked layers that apply linear mappings with
learnable parameters followed by non-linear activation functions. While this architecture allows DNNs
to learn complex and expressive features, it also introduces challenges such as vanishing or exploding
gradients, which make deep networks difficult to train. To stabilize the training dynamics of deep
networks, BN [11] was introduced and has become an essential component of DNNs. BN accelerates
and stabilizes training by normalizing the layer’s inputs through re-centering and re-scaling, effectively
mitigating internal covariate shifts during training. Recent work has suggested that BN makes the
optimization landscape significantly smoother, resulting in a more predictive and stable behaviour of
the gradients, which facilitates faster training. Similar to BN, Layer Normalization (LN) was proposed
by Ba et al. [1], which normalizes across the feature dimension instead of the batch dimension. Since
LN does not rely on batch dimension, it has become a standard component of transformed-based
models, including Large Language Models (LLMs).

Preconditioned Gradient Descent. Preconditioned gradient methods maintain a preconditioner
matrix P , often the Hessian, for many popular optimizers, which is used to transform the gradient
before taking an optimization step. A precondition gradient descent is defined by:

wt+1=wt−ηP∇L(wt). (1)

SGD is a special case of Equation (1), where the preconditioner P is an identity matrix. AdaGrad [4]
uses the covariance matrix of the accumulated gradients as a preconditioner, Newton methods use
the Hessian as a preconditioner. RMSProp uses an exponential moving average of gradients as a
preconditioner. Recently proposed Shampoo optimizer [8] also falls under this category of optimiza-
tion methods. The goal of preconditioning is to accelerate convergence, especially in optimization
problems with ill-conditioned curvature.

Dynamic Sparse Training. Identifying effective sparse masks at initialization presents a significant
challenge. Consequently, Pruning at Initialization (PaI) methods often fail to achieve dense model
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performance, even at moderate sparsity levels. Recent theoretical studies underscore this limitation,
indicating that PaI methods cannot match the performance of dense models [14]. In contrast to PaI,
Dynamic Sparse Training (DST) methods address this limitation by iteratively updating the sparse
mask during training. This dynamic adjustment allows DST methods to explore diverse sparse topolo-
gies, enabling performance comparable to that of dense models. A brief overview of DST methods
is provided in the appendix.

Training stability. A number of different methods have been proposed to both understand and
improve training dynamics. The initialization of parameters and the distributions of activations and
gradients have been shown to be crucial for effective training, especially for very deep models. Glo-
rot and Bengio [7] proposed the widely-used Xavier initialization, which initializes neural network
weights so that the activations of each layer are approximately normally distributed. It has been shown
that maintain the activation and gradient norm and variance stabilizes training dynamics by mitigating
the issues of exploding and vanishing gradients. Building on this, Evci et al. [6] introduced a sparse
variant of the initialization proposed by He et al. [10] that accounts for variations in the number of
incoming connections (fan-in) for each neuron.

Edge of Stability Recent work has shown that gradient descent on dense neural networks typically
operates in a regime termed “edge of stability”(EOS) where the operator norm (largest eigenvalue)
of the Hessian oscillates around the critical threshold of 2/η and oscillates along the high-curvature
directions without diverging [2]. In our work, we extend this phenomenon to sparse training. In
particular, we find that when evaluated naively to DST, the operator norm of the Hessian is typically
larger than the one we see in dense training. We conjecture that this contributes to training instability
we witness in sparse training. We then show that our proposed gradient preconditioning method
reduces the operator norm to roughly match that of the dense training.

3. Methodology

Motivation. Current state-of-the-art sparse training methods cannot yet match the generalization
performance of dense models and often exhibit slower convergence rates [5, 17].It is possible that
current normalization layers and optimizers are suboptimal for sparse training, as both significantly
influence training dynamics and convergence rates. For instance, while normalization layers such as
BN and LN have been extensively studied in the context of dense models, their impact on the training
dynamics of SNNs remains largely unexplored. Motivated by this gap, in this work, we aim to deepen
our understanding of sparse training dynamics and investigate how normalization layers (BN and LN)
influence sparse training performance. Based on these insights, we propose a novel sparsity-aware
optimizer to advance the state of sparse training.

3.1. Gradient Flow Analysis

Notations. Let L denote the loss function, and w represent the weight parameters. The sparsity
mask is denoted by M, which determines the active connections in the model. Let ℓ denote the ℓ-th
layer of the model, x represent the preactivation inputs to the BN, and y represent the output of the
BN. Finally, i denotes either the i-th neuron in a given layer or the i-th column vector in the weight
matrix W, depending on the context.
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Figure 1: Effect of BatchNorm (left) and LayerNorm (right) on gradients. As observed, the gradients
of a model with BN/LN increase with the increasing, creating instability in training.

Understanding the role of normalization layers. To understand the effect of masking, we analyze the

gradient for the i-th feature/neuron in a layer ℓ just preceding BN , i.e.,E
[
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i

]
, given by Equation (2):
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∂ŷ

(ℓ)
j
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where b denotes the batch. We derive the gradient flow for the SNN in Appendix B and observed that
the gradients after the mask has been applied are scaled by a factor of

√
1/(1−si) for the remaining

weights, where si is the sparsity for the i-th neuron.

We perform a similar analysis for LN to understand its impact on the sparse training dynamics
in Appendix B, and observed that LN increases the gradient by the same factor of

√
1/(1−s). We

empirically verify this using a two-layer network, as demonstrated in Section 3.1. We suspect this
abrupt change in gradient direction introduces training instability, which may explain the slower
convergence rate and worse generalization that dense training.

3.2. Proposed Method

For a stable training dynamics, masking should not scale the gradients for the remaining connections
to avoid gradient exploding and better training dynamics. To this end, we propose a sparsity-aware pre-
conditioned gradient descent optimization that takes into account the sparsity distribution of the layer.

Sparsity-aware Preconditioned Gradient Descent. As shown in Equation (5), gradients for the
i-th neuron are scaled by a factor of

√
1/(1−si), where si is the sparsity for the i-th neuron. One simple

way to account for sparsity is to rescale the gradient flowing through that neuron by the inverse of the
same factor, i.e., multiple the gradients of parameters in the i-th neuron by

√
(1−si). We define the

preconditioner matrix in Equation (1) as the diagonal matrix, where each diagonal element corresponds
to the scaling factor for that parameter. Specifically, for the weight matrix W, the scaling factor for
parametersW[:,i] is given by

√
(1−si). Mathematically, we define sparsity-aware gradient descent as:

wt+1=wt−ηD∇L(wt), (3)
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whereD is a diagonal matrix with diagonal elements equal to the corresponding scaling factor for the pa-
rameter. In Section 4, we validate our hypothesis on DST, which constantly updates the sparse mask dur-
ing training and show that our preconditioner improves the generalization and convergence rate for DST.

4. Experimental Results

Table 1: Results on CIFAR-100 and ImageNet datasets.
Our proposed sparsity-aware optimization method
achieves better generalization than the baseline method
at both moderate and high sparsity regimes.

Sparsity Method Test Accuracy (%)

CIFAR-100 ImageNet

0.80
Baseline 68.74 ± 0.1 65.25 ± 0.1
Ours 69.21 ± 0.1 66.13 ± 0.4

0.90
Baseline 67.41 ± 0.4 64.19 ± 0.4
Ours 68.07 ± 0.2 64.55 ± 0.5

Results. To validate our hypothesis,
we used CIFAR-100 [13] and ImageNet
datasets [3]. We used ResNet-style archi-
tecture without the skip connection for our
current experiments. We removed the skip
connections to make the training dynamics
easy to analyze. We used JaxPruner [15]
to implement the RigL baseline and use the
same hyperparameters as recommended by
Evci et al. [5]. As shown in Table 1, at both
moderate and higher sparsity, our method
shows better generalization compared to the
baseline on both CIFAR-100 and ImageNet
datasets. We also plot the training loss and
accuracy to show that our method converges at a faster rate in Figure 2 and Figure 3 (Appendix D).
This empirically validates our hypothesis and show that the proposed preconditioned gradient descent
improves the generalization of sparse models.

Sparse training dynamics at the Edge of Stability We begin by looking at the training dynamics
of dense training and sparse training. In Figure 4 (Appendix D), we plot the top 4 eigenvalues of the
Hessian of the training loss. First, we see that the EOS phenomenon appears to hold for RigL with
SGD but the largest eigenvalue of the Hessian is higher than that of the dense training. Second, we see
that our proposed preconditioned SGD decreases the curvature of the Hessian to roughly match that of
the dense training. We hypothesize that our preconditioner improves the training dynamics of RigL,
though further analysis is required.

5. Conclusion and Future Work

Sparse training methods do not achieve the same generalization performance and convergence rates as
their dense counterparts. Our work is the first one to study the effect of normalization layers on the
sparse training dynamics. We theoretically and empirically demonstrated that common normalization
layers, such as BN and LN, inadvertently destabilize sparse training by scaling up gradients for active
connections. This phenomenon, we found, contributes to an increased operator norm of the Hessian,
pushing sparse training further beyond the ”edge of stability”. To counteract this effect specifically for
networks employing BN, we introduced a novel sparsity-aware optimization method. Our experiments
confirm that this approach improve both generalization and the convergence rate in sparse training
settings. In future work, we plan to extend our analysis and proposed methodology for models with
residual connections and further explore its application with LayerNorm.
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Appendix A. Related Work

Sparse Training from Initialization. PaI methods remove or prune weights using heuristics to
create a sparse mask, which is subsequently used for training a sparse model. Various heuristics for
pruning weights have been proposed (discussed below). However, identifying an effective sparse mask
at initialization remains a significant challenge, and no PaI method has yet matched the performance of
dense models. Random Pruning assigns importance scores to network weights by sampling from
a uniform distribution. Weights with the lowest scores are then pruned to achieve the desired level
of sparsity. This method acts as a naive baseline, as any effective pruning approach is expected to
outperform random selection. Magnitude Pruning removes weights based on their L1 norm (|wi|),
and despite its simplicity as a heuristic, it is the most commonly used heuristic [9]. Lee et al. [16] pro-
posed SNIP, a method designed to identify weights with the greatest impact on the loss function. SNIP
computes the gradients g of the loss function with respect to each weight parameter w using a subset
of the training data. The pruning score is calculated as the product of the gradient and the weight’s
magnitude, i.e., |gi ·wi|. Wang et al. [19] proposed GraSP, which leverages second-order gradient
information and the Hessian to determine weight importance. GraSP computes the Hessian-gradient
product hl for each layer l and assigns the pruning score as sl=−wl⊙hl. The method aims to prune
weights that do not affect the gradient flow while preserving those crucial for maintaining effective
gradient propagation.

Sparse Evolutionary Training (SET). To address the limitations of training with a static sparse mask,
Mocanu et al. [18] proposed SET, which initiates training with a randomly generated sparse mask.
Since a random sparse mask cannot capture the relationship between the data and the model, a fraction
of weights with the lowest magnitudes are removed after a few epochs or steps to maintain the sparsity
level. Simultaneously, an equal number of new connections are randomly activated. This dynamic
pruning and regrowth of connections allows SET to maintain stochasticity during optimization, achiev-
ing better performance than PaI methods. SET is inspired by biological neural networks, particularly
the synaptic pruning that occurs during sleep, where weaker synapses are eliminated.

Rigging the Lottery Ticket (RigL). Inspired by SET, RigL, proposed by Evci et al. [5], does not start
with a random mask that has uniform layer-wise sparsity. Instead, it uses the Erdős-Rényi-Kernel
(ERK) distribution, which considers the channel dimensions and layer widths to generate the initial
random sparse mask. Similar to SET, RigL updates the mask Similar to SET, RigL updates the mask
during training. However, unlike SET, which grows connections randomly, RigL grows connections
based on the gradient norm. Specifically, pruned or masked parameters with the highest gradient
values are reactivated. Although RigL achieves performance comparable to dense models, its slower
convergence leads to a training FLOP count comparable to that of dense training. The criterion for
updating masks in RigL is as follows:

1. Update Schedule: RigL uses a cosine decay schedule to update the mask. Let ∆T denote
the number of iterations between each update step, Tend denote the iteration at which to stop
updating the mask, and α the initial fraction of mask parameters to be updated, then the cosine
schedule can be given by:

fdecay(t;α,Tend)=
α

2

(
1+cos

(
tπ

Tend

))
(4)
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2. Drop Criterion: At each mask update step, RigL removes an f fraction of the weights based on
their magnitudes.

3. Grow Criterion: Unlike SET, which reactivates connections randomly, RigL uses dense gradient
information to activate connections with the highest gradient norm. Consequently, RigL requires
access to dense gradients during each mask update.

Appendix B. Understanding Batch Normalization

Effect of sparity on feature variance. Let h denote the output of the previous layer, fanin be the
original number of incoming connections to a neuron, and wi denote the weights of the ith column in
the weight matrix W. The change in feature statistics when a mask M (with sparsity si) is applied can
be calculated as:

xi=hTwi=
∑
j

hTj wij

xi=hT (wi⊙Mi)+hT (wi⊙(1−Mi))

σ2=var(xi)=fanin∗var(hj∗wi)

x
′
i=hT (wi⊙Mi)

∴σ
′2=var(x

′
i)=(1−si)∗fanin∗var(hj∗wij)

Thus, masking decreases the variance of features by a factor 1/
√
1−si.

Effect of masking on the gradient flow. The impact of this change in feature variance on the gradient
flow can be mathematically analyzed as follows:

(
E
[
∂f

∂x
′
i

])
sparse

=
γ

σ′∗b

E[ ∂f
∂ŷi

]
− 1

b

m∑
j=1

E
[
∂f

∂ŷj

]
=

1√
(1−si)

(
E
[
∂f

∂xi

])
. (5)

As observed in Equation (5), the gradients after the mask has been applied are scaled by a factor of√
1/(1−si) for the remaining weights. This abrupt scaling introduces training instability and changes

the gradient direction, potentially explaining the slower convergence rate observed in sparse training.
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Appendix C. Understanding Layer Normalization

Effect of masking on LayerNorm. Following a similar analysis for LN, we derive the gradients for
each neuron as follows:

∂L

∂γ
=
∑
i

∂L

∂yi

xi−µ√
σ2+ϵ

∂L

∂β
=
∑
i

∂L

∂yi

∂L

∂xi
=
∑
j

∂L

∂yj

[
γ

(
Nδij−1

Nσ
− (xi−µ)(xj−µ)

σ3

)]
,

where L is the loss function, yi is the ith normalized feature, xi is the unnormalized feature, δij is the
Kronecker delta (δij =1 if i= j, 0 otherwise), and N is the number of elements in the input vector.
For each iteration, assuming the features are i.i.d. distributed, i.e., cov(xi,xj)= 0∀ i ̸= j, gradients
averaged over a batch can be written as:

E[
∂L

∂xi
]=E

∂L

∂yi

[
γ

(
N−1

Nσ
− (xi−µ)(xi−µ)

σ3

)]
+E
∑
j ̸=i

∂L

∂yj

[
γ

(
−1

Nσ
− (xi−µ)(xj−µ)

σ3

)]

=
∂L

∂yi

[
γ

(
N−1

Nσ
− var(xi)

σ3

)]
+
∑
j ̸=i

∂L

∂yj

[
γ

(
−1

Nσ
−
��

����cov(xi,xj)

σ3

)]

=
∂L

∂yi

[
γ

(
N−1

Nσ
− var(xi)

σ3

)]
+
∑
j ̸=i

∂L

∂yj

[
γ

(
−1

Nσ

)]
(6)

When a sparse mask with sparsity s and density (1− s) is applied, σ2 and var(xi) changes as
follows:‘

var(xi)m=(1−s)×var(xi) (7)

σ2=
∑
i

var(xi)

∴σ2
s =(1−s)×

∑
i

var(xi) (8)
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Plugging in new σ and var(xi) from Equations (7) and (8) into Equation (6), sparse gradients with LN
can be derived as:

Es[
∂L

∂xi
]=

∂L

∂yi

[
γ

(
N−1

Nσm
− varm(xi)

σ3
m

)]
=

∂L

∂yi

γ

σm

[
N−1

N
− varm(xi)

σ2
m

]
=

∂L

∂yi

γ√
(1−s)σ2

[
N−1

N
− var(xi)

σ2

]
+

1√
(1−s)

∑
j ̸=i

∂L

∂yj

[
γ

(
−1

Nσ

)]
(9)

Therefore, the sparse gradient Es[
∂L
∂xi

] is scaled by a factor of
√

1/(1−s).

Appendix D. Additional Plots

We plot the evolution of training loss and training accuracy in Figure 2 and Figure 3 to demonstrate
that our proposed method improves sparse training dynamics. We provide additional results on the
curvature/edge of stability in Figure 4.
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Figure 2: Evolution of training loss. As shown, our proposed method has better sparse training
dynamics and convergence rate, specifically early in the training the loss decreases at a faster rate. This
empirically shows that training with the proposed preconditioned gradient descent improves sparse
training dynamics.
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Figure 3: Evolution of training accuracy. As shown, our proposed method has better sparse training
dynamics and convergence rate, training accuracy increases at a faster rate with our proposed method.
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Figure 4: Edge of Stability. This plot illustrates the evolution of the maximum eigenvalue (λmax) of
the Hessian of the training loss across different training regimes, averaged over 4 runs. The solid blue
line represents dense training, the orange dashed line depicts sparse training without scaling, and the
green dot-dashed line shows sparse training with scaling. The shaded area denotes the 90% confidence
interval. The dotted gray line indicates the 2/η EOS threshold.
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