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Abstract

Score-based generative models (SGMs) are powerful tools to sample from complex data
distributions. Their underlying idea is to (i) run a forward process for time 77 by adding
noise to the data, (%) estimate its score function, and (i) use such estimate to run a reverse
process. As the reverse process is initialized with the stationary distribution of the forward
one, the existing analysis paradigm requires 77 — oo. This is however problematic: from
a theoretical viewpoint, for a given precision of the score approximation, the convergence
guarantee fails as T diverges; from a practical viewpoint, a large T7 increases computational
costs and leads to error propagation. This paper addresses the issue by considering a
version of the popular predictor-corrector scheme: after running the forward process, we
first estimate the final distribution via an inexact Langevin dynamics and then revert the
process. Our key technical contribution is to provide convergence guarantees which require
to run the forward process only for a fized finite time T7. Our bounds exhibit a mild
logarithmic dependence on the input dimension and the subgaussian norm of the target
distribution, have minimal assumptions on the data, and require only to control the L? loss
on the score approximation, which is the quantity minimized in practice.

1 Introduction

Score matching models (Song & Ermon, 2019; 2020) and diffusion probabilistic models (Sohl-Dickstein
et al.l [2015; [Ho et al., 2020) — recently unified into the single framework of score-based generative models
(SGMs) (Song et al., 2020) — have shown remarkable performance in sampling from unknown complex data
distributions, achieving the state of the art in image (Song et al.| [2020; [Dhariwal & Nichol, 2021)) and audio
(Popov et al., 2021} |[Kong et al., 2021} |Chen et al., |2021b)) generation; see also the recent surveys Yang et al.
(2023)); [Croitoru et al.| (2023)). The idea is to gradually perturb the data by adding noise, and then to learn
to revert the process. Both the forward process that adds noise and the reverse process can be described by
a stochastic differential equation and, specifically, the reverse process is defined in terms of the score function
(i.e., the gradient of the logarithm of the perturbed density at all noise scales, see Sectionfor details). This
time-dependent score function can be learned with a neural network, using efficient techniques such as sliced
score matching (Song et al., [2020]) or denoising score matching (Vincent, 2011)). Then, to start the reverse
process, one would ideally need to sample from the perturbed distribution, which is in principle unknown:
instead, one runs the forward process for a long enough time 77 so that the perturbed distribution pp, is
well approximated by the stationary distribution 7, which is known and can be readily sampled from.

A central theoretical question is to understand the quality of the sampling, i.e., measure a distance between
the output distribution of the reverse process and the true one. Three sources of error are given by (%)
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starting the reverse process from the stationary distribution 7, rather than from the perturbed distribution
pry, (it) approximating the score function (e.g., with a neural network), and (4) discretizing the reverse
stochastic differential equation. The quantitative characterization of such errors has been carried out in a
number of recent papers, see |Song et al.| (2021a)); [Kwon et al.| (2022); [Lee et al.| (2022); |Chen et al.| (2023b;
2022al); Bortoli| (2022) and Section However, to achieve convergence of the output distribution to the
ground truth, this line of work requires to run the forward process for 77 — oo. This is due to the first
source of error mentioned above, i.e., the approximation of py, with 7. At the same time, large values
of T1 amplify the other two sources of error and are also responsible for an increased computational cost
in the training procedure, because of the need to approximate the score function on a large time interval
[0,T7]. Thus, there appears to be a subtle trade-off between the precision in the score approximation and
the running time 77: on the one hand, one needs to take 77 — oo so that pr, approaches 7; on the other
hand, for a given precision in the score, the convergence guarantees fail as 77 — ooE| which highlights the
instability of existing results. For these reasons, it is of great interest to characterize an appropriate time T}
where to stop the forward process (Yang et al., |2023] Sec. 8).

Main contribution. In this work, we address the trade-off in the choice of the running time T; of the
forward process by considering a variant of the predictor-corrector methods of [Song et al. (2021b). More
precisely, after obtaining pr, via the forward process, we sample from pr, via an inexact Langevin dynamics
that leverages the approximation of the score at time 7;. Then, we use the resulting sample to start a
standard reverse process. Our main convergence result (Theorem focuses on the deterministic reverse
process, which has the form of an ordinary differential equation (ODE), and analyzes the proposed algorithm:
in particular, it provides convergence guarantees in Wasserstein distance for a vast class of data distributions
and under realistic assumptions on the score estimation, which are compatible with the training loss used in
practice. We highlight that our bounds require a perturbation time 7 that only depends logarithmically on
the dimension of the space and on the subgaussian norm of the target distribution, and not on the desired
sampling precision. The mild logarithmic dependence suffices to ensure the regularity — in the form of a
log-Sobolev inequality — of the perturbed measure pr,, which in turn allows the inexact Langevin dynamics
to converge exponentially fast.

Our analysis improves upon earlier bounds in Wasserstein distance (Kwon et all [2022) by removing both
the need for T3 — oo and an assumption on the score estimator (more precisely, on its one-sided Lipschitz
constant, see the discussion after Theorem for details). This comes at the cost of requiring a control on
a loss function for the score estimate at time 7}, which is stronger than the usual L? loss. To address this
issue, we exploit the fast convergence of the forward process to its stationary distribution in order to correct
the score estimator, which in turn allows us to translate upper bounds for the L? loss into upper bounds
for the stronger loss (Theorem [4.2)). Finally, when considering instead a stochastic reverse process (SDE),
we show how the algorithm is compatible with the existing analyses for the convergence of the discretized
reverse SDE in information-divergence metrics. This allows us to deduce convergence guarantees in total
variation distance for a discretization of the algorithm. Consequently, we highlight some advantages over
previous results that arise from the choice of a fixed perturbation time 77, related again to the decreased
computational cost in the training procedure and to the stability of the error bounds.

Paper organization. Section [2] discusses related works. Section [3] sets up the technical framework by
recalling the formal description of SGMs. Section [4] presents our main contribution: after describing the
algorithm, we state the convergence result in Wasserstein distance. Section[4.I]contains a sketch of the proofs,
with the full arguments deferred to the appendix. Our main convergence results in Section [ are stated in
continuous time and in Wasserstein distance. Then, Section [5] contains a discussion about discretizations of
the algorithm, as well as a convergence result in total variation distance. Section [6] concludes the paper with
some final remarks.

1See, e.g.,|Chen et al. (2023b, Thm. 2) and note that the third term in the bound diverges when escore is fixed and T — oco.
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2 Related work

The empirical success of SGMs has led to extensive research aimed at providing theoretical guarantees on
their performance. Specifically, the goal is to give upper bounds on the distance between the true data
distribution p and the output distribution pg of the sampling method. Adopting the description of forward
and reverse process in terms of stochastic differential equations (Song et all |2021b)), an upper bound on
the KL-divergence Dkr,(p|| pe) is provided in |Song et al.| (2021a): under some regularity assumptions, this
KL-divergence goes to 0, as 77 — oo and the score approximation error vanishes. In a similar vein, using
the theory of optimal transport instead of stochastic tools, an upper bound on the Wasserstein distanceﬂ
Wo(p, pg) is provided in [Kwon et al| (2022)). In many important situations, results in Wasserstein distance
are more meaningful than in KL-divergence or total variation: for example, under the manifold hypothesis,
it is not possible to obtain non-trivial convergence guarantees in those metrics, as one has Dky,(p || ps) = o0
and TV(p,pg) = 1 (cf. Bortoli| (2022)); |Chen et al.| (2023b))). However, to obtain convergence, Kwon et al.
(2022)) imposes a strong assumption on the score estimator. A line of work has focused on the discretization
of the reverse stochastic differential equation. Specifically, convergence in Wasserstein distance of order 1
is provided in [Bortoli (2022) under the manifold hypothesis, but the results depend poorly on important
parameters, such as the sampling precision, the input dimension and the diameter of the support of p. The
works |Lee et al| (2023)); |Chen et al.| (2023bj 2022a)) provide convergence guarantees for general distributions
in KL-divergence and total variation (which is weaker by Pinsker’s inequality). From these results, bounds
in Wasserstein distance are also deduced for some classes of distributions, including bounded support ones.
This improves upon |Bortoli| (2022), but the improvement requires an extra projection step and comes at the
cost of a worse dependence on the problem’s parameters in comparison with the bounds in KL-divergence and
total variation. Other works have provided convergence results for SGMs, but they suffer from at least one of
the following drawbacks (Chen et al.| [2023b)): (i) non-quantitative bounds (Pidstrigach, 2022; |Bortoli et al.,
2021) or poor dependence on important problem parameters (Block et al., [2022)), (%) strong assumptions
on the data distribution, typically in the form of a functional inequality (Lee et al.; 2022} |Yingxi Yang &
Wibisono, 2023), and (i) strong assumptions on the score estimation error, such as a uniform pointwise
control (Bortoli et al.| [2021)), which is not observed in practice (Zhang & Chen, 2023]).

In most of these works, to guarantee convergence of py to p, it is necessary to have 77 — oco. In contrast,
Bortoli et al.| (2021)) introduces a different approach based on solving the Schrédinger bridge problem (see
also |Chen et al| (2022b); |Shi et al.| (2022)); Song] (2022))), which allows for a finite time perturbation of the
target measure; however, this strategy does not come with quantitative convergence results under realistic
assumptions. The work |Franzese et al.|(2023]) adopts an approach closer to ours: an auxiliary model is used to
bridge the gap between the limiting distribution of the forward process and the true perturbed distribution,
which is then followed by a standard reverse process. However, the design of the auxiliary model appears
to be ad hoc for the data distribution, and a theoretical convergence result for general data distributions is
missing. Our algorithm can also be considered as an instance of the predictor-corrector approach of [Song
et al.| (2021b)): there, the authors suggest to alternate one step of the reverse process with a few steps of a
corrector method based on the score function, such as Langevin dynamics, and provide extensive empirical
evidence showing an improved performance. In this work, we consider instead the case where all the corrector
steps (Langevin dynamics) are performed at the beginning, and they are then followed by a standard (non-
corrected) reverse process. We remark that error bounds for (a different variant of) the predictor-corrector
schemes were first provided in [Lee et al.| (2022). The results therein, however, impose strong assumptions
on the data distribution, in the form of a log-Sobolev inequality; the log-Sobolev constant enters crucially in
the derived bounds, which depend polynomially on it, and not just logarithmically.

Concurrent work. The concurrent work |Chen et al.| (2023a) also studies the performance of a predictor
corrector scheme. Instead of our two-stage algorithm, (Chen et al| (2023a) considers an implementation
closer to [Song et al| (2021b)), that alternates deterministic predictor steps with corrector steps based on
Langevin dynamics. For this method, the authors provide convergence guarantees in total variation distance:

2For general data distributions pu,v, there is no relation between Dkr, (v || p) and Wa(u,v), therefore the results in KIL-
divergence cannot be translated trivially to results in Wa, and vice versa. In particular, the analysis in W2 seems to be more
challenging, because of an expansive term in the reverse process (cf. |(Chen et al.| (2023b, Sec. 4)).
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interestingly, they show that when the corrector steps are based on the underdamped Langevin dynamics
(rather then the classical overdamped version), it is possible to obtain a better dependence on the dimension
d. Contrary to our results, however, the error bounds in (Chen et al.| (2023a)) still require 77 — oo to obtain
convergence, with analogous disadvantages as we discussed for pre-existing results.

After the first version of our paper appeared online, further progress on the theoretical study of SGMs has
been made. The work |Li et al.| (2023)) obtains convergence guarantees for both the standard reverse SDE and
the deterministic reverse ODE (without corrector), using an approach based on studying directly discrete
time methods rather than controlling the errors in approximating the continuous time dynamics. The paper
Benton et al.|(2023]) improves the dimension dependence of convergence guarantees for the reverse SDE, when
one does not assume Lipschitzness of V log p;, by exploiting a connection with stochastic localization (Eldan)
2013; [Montanari, [2023). The work [Conforti et al.| (2023)) proves convergence in KL-divergence without early
stopping when replacing the classical Lipschitzness assumption on Vlogp; with finiteness of the relative
Fisher information.

In general, these works can be considered complementary to the present contribution, in that their analysis
techniques can be combined with our methods to provide convergence results for the two-stage algorithm
under a set of different assumptions, gaining the advantage of a fixed perturbation time T;. We refer the
reader to Section [p| for an example of this.

3 Preliminaries

To sample from an unknown data distribution p on R?, the framework of SGMs consists in perturbing p
through a forward process that converges to a known prior distribution and then approximately reverse this
process. The forward process is described by a stochastic differential equation (SDE)

{ Xo~p, (3.1)
dXy = f(tht) dt + g(t) dBtv

where B, is a standard Brownian motion, f and g are sufficiently smooth, and the SDE is run until some
time 77 > 0. The law of X, denoted by p;, correspondingly solves the Fokker—Planck equation

Po =D,
{ c‘)(:pt +V- [pt (f(um) - @Vlogpt(m))] -0 (3.2)

Remarkably, under some regularity conditions, this SDE admits a reverse process, in the sense that, for any
smooth function M: [0,T1] — R>1, the process (U); defined by

Uo ~ p1y 5
3.3
{dUt =—f(Ty —t,Up) dt + %G)Q(Tl —t)*V1og pr, —+(Uy) dt + /M (t) — 1g(Ty —t) dBy, (3.3)

is such that Up, ~ p. Usual choices are M (t) = 2 or M (t) = 1 and, considering the latter, the reverse process
is deterministic, except for its initialization, see Song et al. (2021b}, Sec. 4.3). Below, we will first focus on
M =1 for simplicity, but similar results can be readily deduced for general M (t).

To simulate the reverse SDE (3.3)) and sample from p, one needs to (i) approximately sample from pp, to
initialize the backward process, and (4) estimate the score function with sy(¢,) = Vlogp; for t € [0,T1].
For the first point, one chooses T big enough so that pr, is close to a known distribution 7 and samples
from Yy ~ 7. For the second point, one learns a function sy(t, z) that approximates V logpi(z) e.g. with a
neural network: specifically, the training loss considered in practice is

Ton(0.0) = [ N, [V 10890 — so(t. )] at (3.4

for some strictly positive weight function ¢ — A(¢). Notably, although the score Vlogp; is unknown, this
loss can be estimated with standard score-matching techniques (Vincent| 2011} |[Song et al.l [2020; [2021b)).
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When A(t) = g(t)?, which corresponds to the likelihood weighting of Song et al.| (2021a)), we simply write
Jsm (). The corresponding sampling algorithm simulates the process

YQ ~ T,
3.5
{dy; = —f(Ty — t,Ys) dt + 20 g(Ty — 1)2s4(T1 — t,Yy) dt + /M(t) — 1g(Ty — t) dBy, (3:5)

until time 77, and it takes Y7, as an approximate sample of p. This reverse SDE can be approximated
via standard general-purpose numerical solvers, or by taking advantage of the additional knowledge of the
approximated score function sy(t,-) ~ Vlogp;: for example, the predictor-corrector methods of [Song et al.
(2021b)) alternate one discretized step for the reverse process (3.5)) with several steps of a score-based corrector
algorithm, such as Langevin dynamics or Hamiltonian Monte Carlo.

For ease of exposition, we will focus on the popular Ornstein—Uhlenbeck (OU) forward process

Xo ~ D,
3.6
{ dX, = —X, dt + V2dB,. (36)

which corresponds to a method known as Denoising Diffusion Probabilistic Models (DDPMs) (Ho et al.,
2020)), and is also referred to as Variance Preserving SDE in [Song et al.| (2021b)). Its Fokker—Planck equation

reads
Po =D, (37)
Oipt + V- [pt(—x — Vlog py(z))] = 0.

The standard Gaussian « is the limiting distribution of the OU process: more precisely, if Z ~ v is inde-
pendent of Xy, then X; ~ e 'Xg 4+ V1 —e~2tZ, and p; converges to v e.g. in Wasserstein distance Wy
and in relative entropy Dk (- ||«) (Villani, 2003, Chap. 9). Restricting to the OU process (or its time
reparametrization) is commonly done in the theoretical literature, see |Lee et al.| (2022); Bortoli (2022); |Chen
et al| (2023bf |2022a); as for these works, our techniques can be extended to other choices of the forward
process, such as those considered in [Song et al.| (2020, Sec. 3.4).

Notation. We denote by <, the density of a normal random variable in R? with mean y and variance
tl;, and for compactness we write v = o+ and v = ;. With abuse of notation, we identify the law of
a random variable with the corresponding probability density. Given two probability measures u, v, the
KL-divergence is defined by Dk (ul||v) = flog(%) dp if p is absolutely continuous with respect to v,
and Dkr,(p]|v) = +oo otherwise; if p, v have finite second moment, the 2-Wasserstein distance is defined
by W3(u,v) = infx~p. vy~ E[[|X = Y|?]. We denote by P(R?) the space of probability measures on R?.
Throughout this paper, we denote by p the target probability measure and by p; its law following the OU
process; correspondingly, we consider random variables X ~ p, X; ~ p;. We use the symbol < to denote an
inequality up to an absolute positive multiplicative constant.

4 Improved Wasserstein-convergence in continuous time via prediction-correction

Description of the algorithm. We consider the following predictor-corrector algorithm. First, we run
the OU forward process (3.6) until time 77 and, for 0 < ¢t < T3, we approximate V logp;(z) with sg(t,x).
Next, we approximate pr, by following an ineract Langevin dynamics started at v until time T5:

ZO ~,
(4.1)
dZ, = so(T1, Z,)dt +V2dB,,  0<t<Ty.

We remark that the Langevin dynamics is inexact as it uses sp(T1,x) in place of Vlogpr, (x), since
we have access to the former but not to the latter. The idea is that, as these two quantities are close, the
random variable Zr, provides an approximate sample of pr,, for sufficiently large T». Then, we approximate
the original distribution p by following a deterministic reverse process that starts from Zr,:

K):ZT27 (42)
dY, =Y, dt + s¢(Ty — t,Y;) dt, 0<t<T. ’
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We let ¢; = law(Y}) for ¢ € [0,71] and oy = law(Z,) for ¢ € [0,7%]. In particular, we have ¢o = op,. Here,
the prediction-correction consists in starting from Zr,, instead of v. We also note that this reverse
process is deterministic except for its initialization Yy = Zr7,. This allows to use standard numerical methods
for solving ordinary differential equations, and in particularly exponential integrator schemes have shown
remarkable performances (Lu et al) 2022). Finally, we take Y7, to be an approximate sample from p. For
stability reasons, we can also choose a small time 0 < 7 < 77 and stop the reverse process at time
T, — 7, taking Y7, _, as an approximate sample from p. This is commonly done in practice, see e.g. Song
et al.| (2021b, Sec. C).

Assumptions. Throughout this section, we consider the following assumptions.

(A1) The estimator sg: [0, 73] x R? — R? is Lipschitz continuous. Moreover, for ¢ € [0, T}] we denote by
L4(t) € R the one-sided Lipschitz constant for sy(t,-), such that for all x,y € R?,

(so(t,x) = so(t,y)) - (v —y) < Ls(t)llz — y]I*.
(A2) X ~ p is norm-subgaussian.

Condition is mild: in fact, sg¢ is typically given by a neural network, which corresponds to a Lipschitz
function for most practical activations. We emphasize that the requirement on the Lipschitz constant of sy
is purely qualitative, in the sense that it does not enter our bounds (as opposed to the one-sided Lipschitz
constant, which instead plays a quantitative role in the bounds).

As for condition we recall that an R?-valued random variable X is norm-subgaussian if its euclidean
norm || X|| is subgaussian (for details and a formal definition, see Appendix [A]). We denote by [ X||sc the
corresponding norm. Bounded random variables and subgaussian ones (in the sense of |[Vershynin| (2018}, Def.
3.4.1)) are norm-subgaussian, which covers most practical cases (e.g., in image generation pixels are usually
rescaled in [0, 1]). Other properties of norm-subgaussian random vectors are established in |Jin et al.| (2019)).

Performance of the proposed algorithm. Our main result is stated below.

Theorem 4.1. Let Assumptions |(A1{(A2) hold, and let p; be obtained via the forward OU process in
(B.6). Pick0O<d<1,Ty>0,T > %log 2+ 172% + 2%) and a small early stopping time 0 < 7 <

min{Tl, m} Let pg = qr,— = law(Yp, —.), where Y, _, is obtained from the reverse process in (4.2)).

Consider the loss functions given by

1
00) = By [I¥ 1o = 50 (6], evtcr = Tog [ exp( 51V ogpm, — sa(Ti. I ) |

Then, the distance between the output pg and the target distribution p can be bounded as follows:

Wa(p, pg) < V37d + \/ VI, () dt + I, Tl)\/ 5(56 MHEMGF) (4.3)

< VErd+ \/Jszg( ) /T}T(t)Q dt + IT(Tl)\/Q(S (56‘% + 2€MGF)7 (4.4)

1—

where I.(t) = exp(t—T—i—f L( dr)

The right hand side of . consists of three error terms, due to (i) the early stopping of the reverse
process ), (i) the approx1mat10n of the score function sy (¢, ) = V log p; in , and (%) the approxima-
tion gp = 0T2 ~ pr, from the output of the Langevin dynamics (4.1] . A key feature of Theorem is that,
to have a vanishing sampling error, one does not need T3 — oco. In fact, consider a sequence of estimators
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satisfying the additional technical assumptio limsup s, 0 fTTl exp (2 f: Ly(r) dr) dt < co. Then, letting

7 =0, Jsm — 0, emagr — 0 and Ty — oo, with T} fixed, the convergence of py to p in Wy distance follows
from Theorem We now discuss the roles of T4, 75, 7 and of the free parameter §.

The role of T is to ensure the regularity of pr, . Specifically, we show that pr, satisfies a log-Sobolev inequality
with constant at least 1 — §, which leads to the mild logarithmic dependence of T7 on the subgaussian norm
| X|lsg. In fact, the dependence on d can be even dropped (although the subgaussian norm || X||s¢ may

still depend on d): if T) > %log(Q n 172%), then (.3) and (@4) hold with gexp(f%) in place

of 5exp<7%) (see the last term of the expression). Choosing 77 > 0 is necessary, as performing

Langevin dynamics directly for p works poorly. This was already observed in [Song & Ermon| (2019) and
served precisely as a motivation for SGMs.

The role of T is to improve the accuracy of sampling from pr, and, due to the regularity of this distribution,
the convergence is exponential in T,. Taking 75 large, instead of Tj, is beneficial, as the neural network
needs to approximate the score of the forward process only until time 77 and, correspondingly, Jsy increases
with T7. In contrast, [Kwon et al| (2022, Thm. 1, Cor. 2) requires T} — oo to achieve convergence, and a
full quantitative analysis of the dependence of the bounds on 7} is missing.

The role of 7 is to allow for early stopping in the reverse process (4.2)). If that is not needed (since e.g. the
distribution p is sufficiently regular), then one can simply take the limit 7 — 0 in (4.3))-(4.4) E|

The role of § is to provide a trade-off between T} and T5. We remark that the result of Theorem Fi;fl holds
for any § € (0,1), and smaller values of § give a faster decay of the error term coming from the Langevin
dynamics, due to the larger log-Sobolev constant of pr,. This improvement comes at the price of a tighter
lower bound for Tj.

We highlight that our convergence result does not need the condition lim;_, o, Ls(t) = —1, which was intro-
duced in [Kwon et al.| (2022)). This requirement was heuristically justified by the one-sided Lipschitz constant
of the stationary distribution v of the forward process being —1, but obtaining a rigorous control on
limy o Ls(t) only from the L? loss of the score estimation remained challenging. To circumvent this issue,
we instead introduce the additional loss eprar in Theorem u which concerns the score estimation only at
time Ty. By Jensen’s inequality, this is a stronger loss than the usual L? one (eyar > l—st(Tl)). However,
a simple truncation of the estimator sg (77, -) allows us to control ey in terms of b(Ty). This is formalized
in the result below.

Theorem 4.2. Let Assumptions|(A1H{(A2) hold, and let p; be obtained via the forward OU process in (3.6)
starting from X ~ p. Pick 0 <& <1 and Ty >log(2d(||X||sc +1)). Define the estimator s9: R* — R? by

[so(Tv, @)l if |—ai = [so(T1,2)];| < ¢,
[gg(.lj)]l = —Xq — ‘67 Zf [SG(Tlvx)}i < - — & (45)
—x; + £, if [se(Ty,2)]; > —z:i + £,

where £ = {(x) = 2571(1 + ||z)). Fiz 0 <e<1. Then, for all 0 < B < 5d=5, we have

log Epp, [exp(ﬁ”VIongl — §9||2)} <, (4.6)
provided that
1 2
T < 1436862 4.
W) < e (@7)

3This condition was implicitly needed in [Kwon et al.|(2022) for the same reasons. To see that it is reasonable, notice that
L, is upper bounded by the Lipschitz constant Lip(sg), which is expected to be similar to Lip(V log pt) as Jsp — 0. The latter

is well behaved by the regularization properties of the OU flow: if p has bounded support, then fTTl Lip(Vlogp:) dt < oo for

all 0 < 7 < Ty (Chen et all[2023b, Lem. 20). Note also that the one-sided Lipschitz constant can be negative (e.g., for 7; it is
equal to —%), which helps with the convergence of the integral.

4This passage can be justified by an application of monotone convergence, after estimating the one-sided Lipschitz constant
L, (t) with the Lipschitz constant of sg(t,-).
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A combination of Theorems and gives an end-to-end convergence result in W5 distance requiring only
a control on the L? loss {b(t)}+jo, 7,7, which is the object minimized in practice. We regard the truncation of
the estimator sq(7T7, ) carried out in Theorem as purely technical. In fact, even if the estimator sq(74,-)
explicitly minimizes the training loss b(77), one also expects the stronger loss epgr to be small, when ¢ is
sufficiently small. This is confirmed by the numerical results of Figure [T} for which we do not replace the
estimator sg(71, ) with sy. Specifically, the plots show that, having fixed T, both Wa(p, pg) (in orange) and
Wa(pry, o) (in blue) decrease as a function of the running time 75 of the inexact Langevin dynamics
for different standard datasets.

Gaussian mixture Two moons Swiss roll

0.67 —— Walpr. o) 0.5 —— Walpr,.a0) — Walpr,.a0)
0.5 4 Walp, pa) Walp, pa) 0.4 Walp, pa)
0.4 H

Wasserstein distance
1
Wasserstein distance
Wasserstein distance

0.2 4 \\
¥ ;
019 I ﬁ““‘\)\._..a\_.__' ] \\_“_“Nﬁd 0

0.0 4

T T T T T T T T T
0.0 0.5 L0 L5 2.0 2.5 0 1 2 3 0.0 0.1 0.2 0.3 0.4
Running time Langevin Running time Langevin Running time Langevin

Figure 1: Simulation results for an asymmetric mixture of two gaussians (left), the two moons dataset (center)
and the rescaled swiss roll (right). For fixed T} and variable T, we plot in blue the W5 distance between
the perturbed measure pr, and the output of , while we plot in orange the W5 distance between the
true distribution p and the output of the algorithm py. As expected, both quickly decrease as Ts increases.

4.1 Proof ideas

Analysis of the reverse process (4.2). To obtain Theorem [4.1} we start with the analysis of the reverse
process (4.2). By adapting the argument in [Kwon et al| (2022), we derive the following bound on the
Wasserstein distance between p, and g7, —-.

Proposition 4.3. Under Assumptions|(A1)}(A2), for 0 <1 < Ty, we have

Wa(pr, qr,—7) < I-(T1)Wa(pry, q0) +/ 1 I (t)/b(t) dt. (4.8)

T

For completeness we include a proof in Appendix since compared to Kwon et al. (2022) we consider
M(t) =1 (and not M(t) = 2), a different starting distribution for Yy, and early stopping. In addition, we
need the following short-time estimate on Ws(p, p,), which is proved in Appendix

Lemma 4.4. Suppose that M := [,,||z|*p(z)dz < co. Then, for 0 <1 < 1%, we have

WQ(pap'r) < V3rd.
Using the triangle inequality for W2, the combination of Proposition [£-3] and Lemma [£:4] readily gives

Wa(p, qr,—r) < V3rd + L (Ty)Wa(pr,, q0) + " V()L (t) dt. (4.9)

T

This bound shows that to achieve convergence, we need (i) small 7, (47) b(t) — 0 (which is reasonable, since
sg is obtained by minimizing the L? loss), and (iii) W2(qo, pr,) — 0. The latter condition corresponds to
choosing a good starting distribution for the reverse process (instead of ), and it is ensured by the inexact
Langevin dynamics , which will be analyzed next.
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Analysis of inexact Langevin dynamics (4.1). Recall the definition of the log-Sobolev inequality.

Definition 4.5. A probability measure p satisfies a log-Sobolev inequality with constant k > 0 (notation:
LSI(k)) if, for all probability measures v,

Drav | ) < 5 T(0), (4.10)

where I,,(v) is the relative Fisher Information, defined by

I,(v) = L. =]

400, otherwise.

dv

2
ai|l dws ifv <poand Z—ZGHl(,u),

Vlogg—z

(4.11)

Here, H' (i) denotes the weighted Sobolev space. If i satisfies a log-Sobolev inequality, we use the notation
Crs(u) for its optimal constant.

Remark 4.6. If u satisfies LSI(k) for some k > 0, then it also satisfies the transport-entropy inequality
(Otto & Villani, |2000) (see also|Gozlan & Léonard (2010, Thm. 8.12) for an overview of related results)

Wolws 1) < 1/ 2 Dics(o | ). (4.12)

It is well known that Langevin dynamics for a measure p converges exponentially fast in KL-divergence if p
satisfies a log-Sobolev inequality, see e.g. [Villani| (2003); Vempala & Wibisono| (2019). A similar convergence
result has recently been proved in [Yingxi Yang & Wibisono| (2023) for the inexact Langevin dynamics

Z() ~ UV,
4.13
{ dZt = Se(Zt) dt + \/idBt, ( )

where sy approximates the score V log u. For convenience, we state Theorem 1 of [Yingxi Yang & Wibisono
(2023) below.

Theorem 4.7. Let p,v be probability measures with full support that admit densities with respect to the
Lebesque measure. Suppose that u satisfies a log-Sobolev inequality and let k = Crg(u). Then, the time-
marginal law vy of the inexact Langevin dynamics (4.13) satisfies, for t > 0,

1
Dica(v 1) < &4 Dra v ) + 210, [exp 21V o = sl |

The application of Theorem [.7] requires pr, to satisfy a log-Sobolev inequality, as well as the estimation of
Crs(pr,)- To ensure this, we notice that pr, = law (e_TlX +vV1—e2n Z) where Z ~ 7 is an independent
Gaussian, and apply recent results from |Chen et al.|(2021al) that quantify the log-Sobolev constant of the
convolution of a subgaussian probability measure with a Gaussian having sufficiently high variance (cf.
Lemma and Theorem in Appendix . In this way, we deduce that Cprg(pr,) > 1 — 0. Next, in order
to apply Theorem |4.7| with 4 = pp, and v = ~, we need an estimate of Dxy, (|| pr,). This is provided by
the result below, which is proved in Appendix

Lemma 4.8. Let p € P(RY) with M := [p.|z|? dp(z) < oo. Then, for t > 0 we have
d (M _
Dgr(vllpe) < 20’,5<de * + oylogoy — oy + 1)»

with oy = 1 — e~ 2!, Thus, fort > max(log(\/i),log(\/ M + d/2)/5)), we have Dgr(v|| pe) < 6, while for
t> max(log(\/ﬁ),log(\/ZBM)) we have D (v pt) < %.

By combining the estimate on Dk, (o1, || pr,) given by Theorem with the transport-entropy inequal-
ity (which also uses Crs(pr,) > 1 — ¢ > 0) and the above lemma, we obtain an upper bound on
Wo(or,, p1y) = Wal(qo, pry ). Combining this upper bound with gives the desired inequality . The
inequality then follows from the Cauchy-Schwarz inequality, which concludes the proof of Theorem
The complete argument is contained in Appendix [B]
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Controlling a stronger loss (Theorem [4.2)). It is not difficult to construct an estimator sg(77, -) such
that b(7y) is arbitrarily small and eygr diverges. In fact, consider estimating the score of the standard
Gaussian v, given by Vlog~y(z) = —r, via a sequence of estimators of the form sy;(x) = —21 )5 <as. Then,
we have limps_ 0 b(T1) = 0, but epmer is infinite for all M > 0. This might seem discouraging, but we can
prevent such pathological problems by leveraging our knowledge about the target score function. This allows
us to fix predictions of the estimator sg(771, z) that happen to be very far from the target value V log pr, ().
More precisely, by choosing T} according to the prescrip-
tion of Theorem 4.2 we can ensure that Vlogpr, (z) lies y
in a region around the score of the standard Gaussian )
Vilegy = —xz, i.e.,

9, log pr,

5
|_‘ri - az 10ng1‘ < ?d(l + ”x”)a for all i € {1’ .. '7d}7 \Wlm

see Lemma[C.2] This is illustrated in Figure[2] in one di- y= *“-”\,\\
mension: the green dashed line represents Vlogy = —x, .
and our choice of 77 guarantees that V log pr, lies in the \;"jv"‘”“)’ -
region delimited by the blue and purple lines. Whenever ’
sp returns a value outside this region, we correct it by
choosing the closest value on the boundary. This leads ] )
to the definition of the estimator sy given by . For Figure 2: The confinement region for Vlog pr,.
this new estimator, we can now convert an L? error into

an upper bound for eygr, which gives Theorem [£:2] The argument crucially relies on the fast decay of the
tails of pr,, thanks to the similarity with the standard Gaussian v, and exploits the confinement knowledge
to deduce a converse bound to Jensen’s inequality, c¢f. Lemma [A.4] The complete proof is contained in

Appendix [C]

5 Convergence of discretized schemes in total variation distance

In practical implementations, the continuous time dynamics needs to be approximated by a discrete time
scheme. The existing literature for discretizations of the reverse process (Chen et al., 2023b; [2022a; |Lee et al.|
2022) focuses on the reverse SDE instead of the ODE (i.e., M(t) = 2 instead of M(t) = 1 in (3.3)), and
on information-divergence metrics instead of the Wasserstein distance, as for the latter the analysis seems
significantly more complicated (Chen et all [2023b, Sec. 4). The two-stage algorithm (with a stochastic
reverse process) considered in this paper is compatible with such recent analyses: we illustrate this in the
present section by providing convergence guarantees for a natural discretization of the algorithm. The
argument proceeds in a similar way to Section 4l In particular, a key role is played again by Lemmas
and the first guarantees that pp, satisfies a log-Sobolev inequality with a good constant, so that a
discretization of the inexact Langevin dynamics performs well, while the second ensures that the Gaussian
distribution = is a good initialization for the algorithm.

For the discretization of (4.1)), we consider following the inexact Langevin algorithm with variable step sizes

hy > 0:
70~
0 e (51)
Zk»+1 =7+ hkS(;(Tl, Zk) + v/2hy By,

where (By)k i

of Zk.

N(0,1;). This is run for a variable number of steps N, and we now denote by oy the law

Convergence guarantees for Z; as k — oo can be obtained from the analysis in [Yingxi Yang & Wibisono
(2023, Thm. 2), which we slightly modify to take into account a decaying step size: this will give a logarithmic
improvement on the computational complexity, in the same spirit as Dalalyan & Karagulyan| (2019)). As in
Section ] (and as in [Yingxi Yang & Wibisono| (2023)), the analysis of the Langevin algorithm introduces
a modified loss éyvigr, which is stronger than the standard L? error on the accuracy of the score estimate.
However, at time T} this loss can be controlled again thanks to Theorem (cf. also Remark .

10
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As for the reverse process, to take advantage of the existing literature, we consider a discretization of the
reverse SDE instead of the reverse ODE (corresponding to M (t) = 2 instead of M () = 1 in (3.5)). The
chosen numerical method is the popular exponential integrator scheme (Zhang & Chenl 2023)), so that the
second stage of the algorithm is given by

Yo = Zn,,
Yir1 = Ykehk + 289(tk,Yk) (6;”C - 1) + vV e2hi _ ]_Bk, (52)
ty =T — Zi—:ol hi,

for a sequence of step sizes (hk)N1 ! such that EkN:lo_l hy < Ty and for (Bk)k id N(0,1;). The output
Yy, is finally taken as an approximate sample from p, and we denote now by py its law; under appropriate
assumptions, we derive convergence guarantees of pg to p in total variation distance. In place of the integrated
L? loss in , for discrete time schemes it is natural to introduce the analogous loss

Ni—1

Ton =" Iy, [IIV10g i, — solths)I1°]-
k=0

We can think of js;/[ as an approximation of Jgy: it is a standard and realistic assumption that js;/[ can
be made arbitrarily small with sufficient data and model capacity. The errors arising in the reverse process
(5.2) (due to the inaccuracy of the score estimate and the use of the discrete scheme) can be bounded thanks
to the recent theoretical literature on the performance of diffusion models, see e.g. [Chen et al.| (2023b;
2022a)); together with the analysis of , this allows us to deduce end-to-end convergence guarantees for
the two-stage algorithm.

To illustrate this, we present below one such result which exploits the analysis of |(Chen et al.|(2022a, Thm.
1), and we refer the reader to Appendix |E| for the proof. Additional results under different assumptions and
choices of the step size can be deduced by adapting other arguments (e.g. |Chen et al.|(2022a, Thm. 2)).
Specifically, we consider a constant step size for the reverse process and a standard smoothness condition
(Chen et al.l 2023bj 2022a)).

Theorem 5.1. Under Assumption |(A1), pick 0 < § < % and Ty, >

addition that Vlogpy is Li-Lipschitz for t € [0,T1] and that so(T1,-
consider the modified loss at time Ty

log(2 + 172% + 2%) Suppose in
1s Lo-Lipschitz with L1, Lo > 1, and

L
)

- 9
émcr = logE,,, {eXP(l_(SHVIOgPTl — so(T1, ')|2)]~ (5.3)
Then, for the algorithm described above with step sizes hy, = m and hyy = h = ]7\;—11 < 1, we have that
16
dL2T? LiLy \* dL2
T 1-1 2 ~
V(p,po) S [ T+ N, +\/(N2+1> t oy, o1 T mer

(5.4)

LL2 dL2
=4/ dL3Tyh 2 EMGF-
JSM+ 1 +\/ N2+1 N2+1 + émar

Remark 5.2. To deduce convergence from the above result assuming only L? accuracy of the score, we
need to control éygr. This can be done again using Theorem where we now choose B = 1% and take

0 <6< 0.054 to fulfill B < 525

Remark 5.3 (Complexity of sampling). Suppose that the goal is to achieve TV(p,pg) < € for some 0 < e < 1.
A typical assumption is to be able to control the L? error of the score approximation; hence by the remark
above, we can assume that JSM, émar < €2, as needed in the bound . Consequently, (5.4]) shows that the
algorithm needs at most N steps to ensure TV(p,pg) < €, with

d
N = N1—|—N2<— <L210g (d+ | X|lsc) + L3).

11
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Remark 5.4. If we choose also for the inexact Langevin algorithm (5.1) a fized step size hy, = h <
we obtain instead the bound

dL2T
p p9 \/F \/ ghNz + L2 L+ Lg)dh + éMGF-

In this case, for the number of steps N to achieve TV(p,pg) < €, we have that

1
24L1 Lo

d 1
N=N+N; S = (Lf log®(d + || X||sc) + La(L1 + L) log 6)-

5.1 Comparison with previous results

To highlight a few favorable properties of the predictor-corrector algorithm, we compare the result above
with [Chen et al| (2022a, Thm. 1), translated into total variation distance via Pinsker’s inequality. The
authors of |[Chen et al.| (2022a) consider, under similar assumptions, the standard sampling scheme based on
a discretization of the reverse SDE without the prior Langevin algorithm or any corrector; in other words,
they consider with constant step size initialized at Zy ~ . For the corresponding output distribution
pp they prove the bound

dL2T?
M (5.5)
= \/(M +d)e2Ts + Jon + dL2T

TV(p,po) < \/ (M + d)e=2Ts 4 Jen +

where M is the second moment of p. Therefore, to achieve TV(p, pp) < € the reverse SDE needs at most NV
steps with

N<—11

dL? M +d
€2 ’

Comparing the bounds (5.4) and (5.5) shows some advantages of the predictor-corrector schemes, arising
from a fixed choice of T7 independent of the desired sampling accuracy e.

1. The convergence result in , unlike , is stable with 7). In other words, for a fixed choice
of step size h in the reverse process, the bound in explodes as T7 — oo, which is however
necessary to minimize the error (M + d)e~271 arising from the approximation pr, ~ ~. Thus, there
is a trade-off between the choice of T} and the step size in the reverse process. In contrast, this
problem does not occur for the bound in , since 77 is now fixed. For the specified choice of step
sizes hy (which is independent of the desired accuracy), the error goes to 0 as h — 0 and Ny — oc.
At the same time, the bound is now stable for any choice of the variable quantities A < 1 and
Ny > 1. |Yingxi Yang & Wibisono| (2023) is also aimed at obtaining stable convergence. However,
the results therein apply only to distributions satisfying a log-Sobolev inequality and under stronger
assumptions on the accuracy of the score.

2. To achieve convergence, the bound requires learning the score V log p; on a time interval which
increases as 77 — oo: correspondingly, the error term jg;[ increases too with T;. For example,
assuming that we have L2-accuracy of €2 at every time (i.e., b(tx) < €2 for every tj, cf. Assumption
3 of |Chen et al.|(2023b)) we have that Jsn = €2Ty, which diverges as 71 — oo with fixed € > 0 (see
also [Chen et al.| (2023b, Thm. 2)). These problems do not occur with the bound in (5.4), since T} is
fixed; this simplifies the training procedure of the neural network learning the score and contributes
to the stability of the convergence result. At the same time, this further pushes the observation by
Chen et al.| (2023b) that “sampling is as easy as learning the score”, in the sense that knowledge
of the score Vlogp; for all times t suffices for efficient sampling. Indeed, Theorem shows the
stronger result that, for norm-subgaussian distributions, knowledge of the score on a fized finite time
interval is actually enough.

3. Finally, when looking at the dependence on the desired accuracy ¢, the bound of ( . removes a
factor of log”(1) in the number of steps required by the algorithm.

12



Published in Transactions on Machine Learning Research (05/2024)

6 Concluding remarks

In this work, we give convergence guarantees for a variant of the popular predictor-corrector approach in
the context of score-based generative modeling. Our analysis provides bounds that (7) require running the
forward process only for a fixed time T3, which does not depend on the final sampling accuracy, (i) make
minimal assumptions on the data (subgaussianity of the norm), (iii) exhibit a mild logarithmic dependence
on the input dimension and on the tails of the data distribution, and (iv) allow for realistic assumptions on
the score estimation, in the form of a control on the standard L? loss integrated over the finite time 7.
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A Additional and auxiliary lemmas
Notation

2
Recall that a scalar random variable X is subgaussian if there exists a constant K > 0 such that E {e%} <2.

2
Its subgaussian norm is defined by || X]||y, = inf {t >0:E [e%] < 2}. Furthermore, an R%valued random

variable X is said to be norm-subgaussian if its euclidean norm | X is subgaussian. We define || X||s¢ =
[N X ]|, Note that both ||-||y, and ||-||sg are norms and, if Supp X C B(0, R) for some radius R > 0, then

Xllsq < —E—.
H HSGf\/@

For the convenience of the reader, in the table below we recall the relevant notation used in the paper.

’ Notation Meaning
12X | Subgaussian norm of random variable
[ Xllsc = IIX1Ill 4, Subgaussian norm of random vector
P Target distribution
Dt Perturbed distribution at time ¢
Do Output distribution of the algorithm
so(t,z) ~ Vlog pi(x) Estimator for the score function
Ls(t) One-sided Lipschitz constant of sg(t, -)
7>0 Early stopping time
T >0 Running time of the forward process (OU)
N; >0 Number of steps for simulated reverse process
T >0 Running time of inexact Langevin dynamics
Ny >0 Number of steps for Langevin algorithm
b(t) =E,, |||V I1ogp: — selt, 7 L2%-error for the score approximation
emcr = logE,, |exp (115||V10ng1 — s0(T1, ')2)
) - 9 ) : Stronger losses for the score at time T}
émcr = logE,,, exp (1_5HVIngT1 —so(T1, )|l )

Auxiliary lemmas

First of all, we recall the following classical properties of the Gaussian distribution.

Lemma A.1. Let Z ~ ;. Then,
1Z]lsc < 2Vdt.

Moreover, Crs(Ve,t) > % for all z € R? and t > 0.

Proof. Without loss of generality, suppose that Z ~ v (i.e. t = 1). Recalling the moment generating function
of the x2-distribution, we have that, for 0 < ¢ < & < 1,

E[ecHZHz} =(1-2¢)"% <

which proves the first claim.

The statement about the log-Sobolev constant is well known (it follows for example from the Bakry-Emery
criterion, cf. |Villani| (2003, Thm. 9.9),Bakry et al.| (2014])). O
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Lemma A.2. For allt,c > 0, we have

o0 2 1 2
/ e~ dy < —e~ ",
‘ 2ct

Proof. As in [Vershynin| (2018, Prop 2.1.2), we have
/OO 67612d$ _ /OO 676(m2+2mt+t2)d£€ < efct2 /OO 672ctmdx _ Lefctz.
¢ 0 - 0 2ct
O

The next lemma provides some useful estimates for norm-subgaussian random vectors (cf. [Vershynin| (2018));
Jin et al.| (2019)).

Lemma A.3. Let X ~ p be a norm-subgaussian random vector. The following hold:

(i) For all s >0,

52

P(|X]| > s) <2 ¥156. (A.1)
Moreover,
2
E[IX]°] < 21X - (A2)
(i) For any L >0 and 0 < ¢ < 7,
XIZe
2 _72. e
[ e e <afis ) (reizs )
B(0,L)¢ 1 -] X5

(#4i) For any L > 0,
X||2 __r?
/ [[z]| dp(z) < <2L+ ”I|,|SG>6 XIZg
B(0,L)°

Proof. (i) As in [Vershynin| (2018] Prop. 2.5.2), we have

HXH22 822 - 822 ”)(“22 - 522
P(|X||>s)=P|e™Ec >e¥ME | <e WEE |5 | <2e ¥Es,

where the first inequality follows from Markov inequality and the second uses the definition of
norm-subgaussianity. Using (A.1)), we obtain

k

E[lIX]°] = / P(lX|P > k)dk <2 / e ¥ dk = 2] X |,

which proves (A.2)).

(i) Let Y = eC“X”2]1{||XH2L}. Then, fB(O Ly eC“XHZp(x)dz = E[Y]. Moreover, the following chain of
inequalities holds:

E[Y]:/ P(Y > k) dk
0
eL? > 5 _ logk
<e” -P(|X|=L)+ P Xl 2 ——)dk
ecL?

2
< 9eL%e HXL\@G +2/Oo kfcuxlngG dk
€

cL?

:2<1+ clX|Eq >6L2(XI§GC)7

1 — | X]3q
where the third line follows from point
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(4ii) Similarly to the proof of the previous point, let ¥ = || X||1)x|>r. Then,

[ IXIp@)dz = B[y
B(0,L)°
Moreover, the following chain of inequalities holds:
E[Y] :/ P(Y > k)dk
0

< L-P(|X] > L) +/ P(|X| > k) dk
L

R 1 oo _ _ k2
<2Le X102, +2/ e X13q dk
L
2 2 2
< 2L€7||XL||'§G + ||X£SG e HXL\@G

2
_ (2L+ ”XL%G)(B_"XL”%G,

where the second inequality follows from point and the third one follows from Lemma
O

The next lemma will be useful to find an upper bound for epgr in terms of b(T}); the corresponding lower
bound is easy and follows immediately from Jensen’s inequality.

Lemma A.4. Consider a random variable F' such that 0 < F < M for some M > 0. Then,

Ele"] <1+ ¢ME[F).

Proof. By the mean value theorem, for > 0 we have the bound e® < 1 + ze®. Hence, e/’ <1+ eMF, from
which the conclusion follows by taking the expectation on both sides. O

B Proof of Theorem [4.1]

We begin with the proof of Proposition which gives Ws-estimates for the reverse process Y; satisfying
(4.2). Its time-marginals ¢; = law(Y;) satisfy the continuity equation

do = laW(ZTz)a
{ 0qi(x) + V- [qe () (z + 59(t, 2))] = 0. (B.1)

Here and below we use the symbol (\) to denote the time-reversal of a function on [0,T}], e.g., P+ = p1y—t,

~ —~

So(t,) =sg(Ty —t,-), b(t) = b(Th —t), Ls(t) = Ls(Th — t).
Our goal is to obtain an upper bound for W5 (pr, g1, —+), where (p;); satisfies the Fokker—Planck equation

Do =Py,
{ Opi(z) + V - [pe(x)(x + Viogpi(x))] = 0. (B.2)

Following Kwon et al.| (2022), we apply the following well-known formula for the derivative of the Wasserstein
distance between two curves of probability measures, cf. |[Ambrosio et al.| (2008, Thm. 8.4.7, Rmk. 8.4.8),
Villani| (2009, Thm. 23.9).

Theorem B.1. Let (P2(RY), W) be the space of probability measures on RY with finite second moment
equipped with the Wasserstein distance Wy. Consider two weakly continuous curves (pi)e, (v¢)e in Pa(R%)
that solve the continuity equations

Oppe + V- (&) = 0, Oy + V- (&) =0.
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Suppose moreover that, for some 0 < t; < ty < 0o, we have

/: (Em [Hft”ﬂ +E,, [HéHQDdt < 0.

Then, denoting by 7 an optimal coupling for Wa(u,vt), we have

d Wi (pe, 1)

dt 9 = Enr, [(a: —y) - (&(x) — 5t(y))],

for a.e. t € (t1,t2).

To apply the theorem above and deduce a differential inequality, we first need to prove the following result.

Lemma B.2. For 0 <7 <Tj < 00, we have
Ty —71
/ E,, [z + &(t, )| dt < oo, (B.3)
0
Tlf‘l'
/ Ep, [|lz + Vlog pe(2)[|?]dt < oc. (B.4)
0
Hence, the curves (qt)iefo,r,—+] and (Pt)tecjo,r,—r) are absolutely continuous in ('Pg(Rd), WQ).

Proof. We start with (B.4]). Recall first that for ¢ > 0,

d dpt
_aDKL(Pt lv) =Z,(p:) = Ep, HVlogaW

2
] =By, [l + Vg (@),

where, with abuse of notation, we have identified the probability measures p;,y with their densities with
respect to the Lebesgue measure. Integrating this inequality between 7 and 77 we find

T
| Bl + Viogm(a)] dt < Drc o 1) < o

where we used non-negativity of the KL-divergence and that Dkr,(p- || v) < oo, cf. |Villani| (2003, Rmk. 9.4).
The conclusion follows by a change of variable in the integral.

As for (B.3)), we argue as in the proof of |Villani (2009, Thm. 23.9). Note first that ¢y € P2(R?), since
pr, € P2(RY) and Wa(qo,pr,) < oo. Let vi(z) denote the velocity field v;(x) = = + §3(t, ). Since Ty
is finite, it follows from our assumption in Section M| that there exists a constant C' > 0 such that
[lve(2)|| < C(1+||z||) for all x € R® and 0 < ¢ < Tj. The Lipschitz assumption on sy in our assumption |(A1)|
in Section |4 also implies that v is Lipschitz. Therefore, there exists a unique trajectory map T;: RY — R
associated to the continuity equation (B.1)), i.e.,

{TO(:E) =z,
AT(@) = ().

Then, by the conservation of mass formula (Villani| 2009), we have ¢ = (T})xq, where # denotes the
pushforward of a measure by a map. Notice now that, for all 0 <t < T7,

TiGo) = e+ | w(Tt)(a:)dtHs||x||+0T1+c [ im@iar.

Therefore, by the integral version of Gronwall’s lemma applied to the continuous function ¢ — ||T3(z)]|, we
deduce that
IT (@)l < (2]l + CT1)e ™.
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It follows that, for 0 < ¢ < T},
/Nuw%wwzi/nnum%amazémﬁ/<mn+0ﬂf%wm::é<ax
R4 R4 Rd

thus the second moment of ¢; is uniformly bounded by C for 0 <t < Ty. Replacing C with C + 1, we note
that also the first moment is uniformly bounded by C. Therefore, recalling that ||[z+sg(t, )| = ||vr,—t(2)] <
C(1+ ||z||), we obtain the following bound, for all 0 < ¢ < T,

Eq, [[lz + so(t, 2)|”] < C(1+Eq, [[lz]*]) < C(1 +O).
This implies the desired estimate (B.3]).

Finally, the absolute continuity of the curves (g¢)ic(o,7, —~ and (Pt )ie[o,r, —+] is an immediate consequence of
the bounds (B.3) and (B.4)) in view of |Ambrosio et al.| (2008, Thm. 8.3.1). O

Proof of Proposition[{.3 Thanks to Lemma[B.2] we can apply Theorem Let m; be an optimal coupling
in Wy for p; and ¢, so that by definition we have Er,[||z — y||*| = W (s, ¢:). Then, we deduce that, for
a.e. t €[0,T1 — 7],

S SWEha)

= En o= 9) (0 = )] + Ex (o~ y) - (Viogi(®) — 5(t,))

= W3 (P ) + By [( — 1) - (55(62) — (6, )] + B, [(2 — 0) - (Vloghle) — 5(t,2))]
< W3 (bes 4o) + Lo (0Ex, [[l2 = yI*] + VEr[llz = P - VE [[Viog pe(w) — 5 (t, 2)[]

= (1+ Zo)) W21 a0) + /0O W1, ).
From this we deduce the differential inequality

%WQ(ﬁth) < (1 +z:(t)>W2(ﬁt,Qt) + \/%

We can solve this differential inequality by introducing the auxiliary function I(7,t)
exp (t -7+ th Ls(r)dr), which satisfies

d
I(r,r)I(r,t) = I(r,t), I(t,t)=1, and a](ﬂ t) = (1+ Ls(¢)I(r,¢). (B.5)
Combining the latter identity with the differential inequality above, we find

%(I(T1,T1 - t)WZ(ﬁtv%)) <I(Th, T, — m/%v

for a.e. ¢. Since the curve ¢ — I(7,t) is Lipschitz by in Section 4] it is also absolutely continuous.
Moreover, the triangle inequality for W5 yields

|W2(ﬁt7Qt) - WQ(ﬁsts” S |W2(ﬁt7qt) - W2(ﬁt;£]s)| + |W2(ﬁt7qs) - WQ(ﬁS?QS”
S WZ(qtvqs) + WQ(ﬁtvﬁS)'

Using the absolute continuity of p;,q; in (P2(R?), Ws) (cf. Lemma [B.2) we deduce that t — Wa(py,q¢) is
absolutely continuous too on [0, 77 — 7]. Therefore, also the function

t — I(Ty, Ty — t)Wa(Ps, qr)

is absolutely continuous on [0, 77 — 7]. Hence, we can apply the second fundamental theorem of calculus for
the Lebesgue integral and integrate the differential inequality between 0 and 77 — 7. Doing this gives

Tlf’T N
I(Ty, 7)Wa(pr, qr,—+) < Walpr,, q0) +/ I(Th, Ty — t)4\/b(t)dt.
0
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Using the properties of I from (B.5]) we find

T —71
Wa(pr,qr,—) < 1(7, T1)Wa(pr,, q0) + / I(m, Ty — 1)/ b(t)dt,
0
which yields the desired expression after a change of variables ¢’ := T} — t. O

We now prove Lemma [4.4] which gives a well-known Hoélder continuity bound in Wasserstein distance for
the Ornstein-Uhlenbeck flow.

Proof of Lemma[{.4} Let X be a random variable with law p, and let be Z be a standard Gaussian random
variable that is independent of X. Then X, := e "X + /1 — e~27Z has law p,. Using independence, we
obtain

Wip.pr) < B[IX - X, ] = E[|1 = e )X = T — e 2]
= (1— e PE[XP] + (1 - e 2)E[|2]?] < 72M? + 27,

which implies the result. O

As discussed in Section to establish fast convergence of the approximate Langevin dynamics in (4.1)) we
need a quantitative estimate for the log-Sobolev constant of pr,, which is provided in the next result.

Lemma B.3. Let (p;)i>0 be the law of the Ornstein—Uhlenbeck flow starting from a norm-subgaussian
random vector X. Then, p; satisfies a log-Sobolev inequality with constant
1

C = ’
ws(Pe) 2 T X Ege

for allt >t := log(1+4[X|3q)-

Consequently, for any 6 € (0,1), the log-Sobolev constant of p; satisfies Crs(p:) > 1 — § whenever t >
max (to, 3 log(172[|X (|35 /9)).

The proof is based on the following recent result from |Chen et al.| (2021a, Thm. 2), which gives an estimate
for the log-Sobolev constant of Gaussian convolutions of sub-Gaussian distributions.

Theorem B.4. Let pu be a probability measure and o,Csg > 0 be such that

/ / T dn)plde) < Cic. (B.6)

For all t > 02, the measure i x 7 satisfies a log-Sobolev inequality with the constant
t - o? -
CLs(/,L * 'Yt) > <3t |:t—0'2 + CStG02:| |:1 + log CSG:|) . (B7)

t— o2
Proof of Lemma[B-3 Note that p; is the law of e 7' X + /1 — e=2!Z, with X ~ p and Z ~ ~ independent.
Consequently, py = iy * 1 _o-2¢, where y; denotes the law of e *X. Suppose now that 1 + 4[| X%, < e*

and define o := v/2e7!|| X||sq. Since 1 — e~ — 202 > 0, we may proceed as in |Chen et al.| (2021a, Rmk. 3)
and write

Pt = [t * V202 * V1—e—2t—252- (B-S)

We claim that p; satisfies the assumption of Theorem [B.4] with Csg = 4 and o as defined above. Indeed,

le—a" |2 el + 2112
[ty < [ [ 5 )
Rd JR Rd JR

2|z 2 2
= /e 2 pp(de) | <4,
Rd

22

(B.9)



Published in Transactions on Machine Learning Research (05/2024)

where the last step uses our definition of o. Therefore, an application of Theorem yields
Crs (e % Y202) > [65%(2+ C)(1 +1ogC)] ' > [860%] .

Using the subadditivity of Cgsl under convolution (cf. Wang & Wang] (2016, Prop. 1.1)) and the estimate
CrLs(Y1—e-2t_252) > CLs(y) = 1 from Lemma we obtain using (B.8§]),

1 1
+
Crs(pt *7v202)  Crs(Vi—e—2t—202

)}_1 > [860% +1] 7,

Crs(pt) >

which proves the first part of the statement. The second part follows immediately. O

Proof of Lemma[{.8 We proceed in two steps. Suppose first that p = d,, for some x € R?. Then p, = Ve—tz,00
is Gaussian with o, :== 1 — e~ 2*. An explicit calculation gives

d z||?
Die (3 [ etw0) = 5o (62t|d” +oylogoy — oy + 1>. (B.10)

In the general case where p € R has finite second moment, we condition on the initial value using the
disintegration formula

pt(dy) = /]Rd Ye—ta,oq (dy) p(dl’)
Using this formula, we employ the joint convexity of the KL-divergence and (B.10]) to obtain
D lm) = Dus (3| [ et ar@)) = Dea ([ o) [ remva o)
Rd Rd Rd
d <M2 (p)

< /Rd DL (Y || Ye-ta.0,) dp(z) = o et oylogor — o+ 1),

where Ms(p) := [ ||z||* dp(x).

For the second claim, we use the scalar inequalities rlogr — 7 + 1 < (r — 1)2 for » > 0. Thus, whenever
e 2 < %, we have

Dxr(yllpn) < 20 _de_Qt) <M2d(p) e+ e4t) < <M2(P) + ;i)ezt-

This implies the desired result. O
We are now ready to prove Theorem

Proof of Theorem[{.1 Note first that, by the triangle inequality for Ws, we have

Wa(p, po) = Wa(p, qr,—+) < Wa(p,p-) + Wa(pr, a1, 1)

The first term can be estimated with Lemmal[4.4] the second with Proposition[4.3] Plugging in these estimates
gives

Wa(p.ps) < V3dr + L (T)Wa(pr, . do) + / L ()b,

T

Therefore, to prove (4.3)), it suffices to show that

2 (1—8)T:
Wa(pr,, @) < \/1—6 (567 7 4 26MGF)-
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To see this, observe that CrLs(pr,) > 1 — 6 by Lemma therefore, we can combine (4.12) with Theorem
47 to deduce that

(A-9)Ty

2
Wa(pr,, qo) < \/1_5 (DKL('Y |pr)e~ "=  + 26MGF)~

Recalling that E[[|X|[|?] < 2| X3 by|(i)| of Lemma we can use the estimate Dk, (7 || pr,) from Lemma
to prove ({4.3)); an application of Cauchy-Schwarz inequality then gives (4.4). Finally, if we only know

2
Ty > Llog (2 + 172%), then we can instead estimate Dk, (pr, [|7) < ¢, again by Lemma which

= 3
proves our claim in the discussion on the role of T; after Theorem [4.1] O

C Proof of Theorem

When starting an Ornstein—Uhlenbeck flow from a norm-subgaussian distribution, the distribution at time
Ty will be norm-subgaussian too, and we can estimate its norm.

Lemma C.1. Let (X;)i>0 be an Ornstein—Uhlenbeck process (3.6)) starting from a norm-subgaussian random
vector X. Then, if T1 > log %, we have

1X7, [lsc < 3Vd. (C.1)

Proof. Let Z ~ « be independent of X. Then, X7, is equal in law to e~ 71 X + /1 — e=271 Z. Consequently,

1Xn s = ||e™ X + V1= ez < e Xllse + 1 Zlise < 3V,

where in the last inequality we use Lemma and the choice of T7. O

The following lemma gives an a priori estimate for Vlogpr, which can be used to correct predictions of
s¢(T1,-) that are far from the ground-truth.

Lemma C.2. Let (p)i>0 be the law of the Ornstein-Uhlenbeck flow starting from a norm-subgaussian
random vector X with law p. Fiz 0 <& <1 and take T\ > log(32d(||X||sc +1)). Then, for all z € R? and
1€{1,...,d}, we have

0
=i~ 0slog pr, (@)] < (1 + o).

Proof. Let p be the law of =71 X and set 02 = 1 — e~271. By our choice of T}, we have

- 5 _ 5\
He TlXHSG < T6d and et =1-¢%< (16d> . (C.2)

Notice that py, = it * v,2. Therefore, for all x € R, we can write as in |Bardet et al.| (2018)

i) = [ (ro?yt e L Yutae) = oroty t e (- (L 4w )

where we set

z-z 2|2
W, (x) = —log /]Rd exp<a2 - ”20”2 >u(dz).

Taking the logarithm and differentiating, we find that

1
O;logpr, (z) = —;xi — oW, (x). (C.3)
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Observe now that

) Jralzlexp (57 — B Jlde) [ sy oe(2)uld2)
|20, W, ()| < = : (C.4)
fRd exp(ff'; H H ) (dz) f]Rd Va,02 (Z)N(dz)
where, with some abuse of notation, 7, ; denotes the density of a gaussian N (z,tl4). We claim that
01+ ||x
[ btz < D o e (©5)
Rd 4d Rd
which we prove later. Using this bound in (C.4)) we deduce that
6(1 + |l=ll)
0;Wo ()| < T 1de?
Inserting this estimate in (C.3]), it follows using (C.2) that
1-o? S+ ll) _ 1+lll{/ 6 \*, 6 5
—0;1 — ;| < i < — — | <5501
[~ 0slogpr, (z) — il <t o] + DL < TERLN (L) 4 2| < 21t fal)
where in the last inequality we used that
AN 1 (11 bo_1_Jd. 40
o2 |\ 16d 4d| — 1—e 211|256 4|d ~ 1—1/2563d — 2d’
since 0 < § < 1 and T} > log(16). This the desired estimate.
It remains to prove (C.5)). To do so, we start by writing
[ ewrntdn = [ (i)
Rd B(0,6)
K} 2
> (ro?) fexp (- U500 ) u00,0) (C6)
o

T 2
> (2102) "7 exp <—(”|2;5)> [1 — 2exp(—256)],

where in the last step we use of Lemma and the estimate [|e=Tt X || <0 which holds in
&

16d = 16’
view of - We now split the integral in the left-hand side of (C.5]) into two terms that we will estimate
S(1+[=|)
separately. Set r = == =. Then,

01+ ||z
[ laharu < v [ s < B [ o) ),
B(0,r) B(0,r) R4

Therefore, recalling ((C.6), to conclude the proof of (C.5) it is enough to show that

i 2% z w — zexXpl— 7‘[‘0’2 _%GX _M
/B(O,T)J'Z’l%"’ (2)u(dz) < < [1 — 2exp(—256)](2r0?) p( >

202

To do this, we write

d
(270?)’ / i 02 (2)p(d2) < / 2l dz)
B(0,r)¢ B(0,r)°

oy O 256422
=\ 25602y ) P 52

- (§Z<1 D)+ g gy ) (40 )

< 21+ el exp (401 + fal?),
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where in the second line we have used |(4i7)| of Lemma As 02 > 2 by (C2), § < 1, and 3exp(—4) <
[1 — 2exp(—256)], we have

3exp(—4(1 + [|z[|)?) < [1 — 2exp(—256)] exp (—W)

202

for all x, which concludes the proof. O
We are now ready to move to the proof of Theorem

Proof of Theorem[{.2 Notice that, thanks to Lemma and to our definition of sy, for all z € R? we have

~ 52
IV log pr () — 5o ()| < - (L+ )%, (C.7)
IVlog pr, () — so(x)[| < [[Vlogpr, (x) — so(T1, z)|-

As log(1 + €) <e, it suffices to show that

/R exp(B1V 08 prs (7) — 53 @)]12) dprs () < 1+ .

Now let us fix a radius R > 0, whose value we specify later. We will show that, for an appropriate choice of
R >0,

[ exp(8l19 1ogpr, (@) - 5a(o)]”) dpry (o) < 5, (©9)
B(0,R)°

and
~ €
[ exp (B 1ogpr, (@) - (o)) dpr () < 1+ 5, (C.10)
B(0,R)

thus concluding the proof.

First, we consider (C.9)). Notice that

e (319 log pr, ()~ 53 (0) ) < xp (550 + el

< oxp( 225 exp (227 )
2 2
< (1425 ) e (220017

1
< 2exp 155 le1?)

Here, for the first inequality we use (C.7)); for the third inequality, we use that e® <14 2s for 0 < s <1 and
the condition on f; the condition on  is used again for the last inequality. Therefore, we deduce that

- 1
/ exp(ﬂHVIOgPT1 (x) — Se(w)llg) dpr, (x) < 2/ eXP(II%IQ) dpr, (x)
B(0,R)¢ B(0,R)e 18d

< 8e” T,

where for the last inequality we use of Lemma and Lemma Therefore, picking

1
R = \/18dlog—6
€

readily gives (C.9). With this choice of R, we now consider ((C.10). Let us define the random variable

F= ﬁ”vlongl (XT1) - é\;9()('1“1)”21[{”)(7,1 ||SR},
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where X7, ~ pp, as usual. We note that
/ exp(BHVlong1 - %HQ)pTl (z)dz < E[e"].
B(0,R)

It remains to estimate E[eF ], which we will do using Lemma To show that F' satisfies the conditions
of Lemma we check its boundedness. Using (C.7)) and the constraint on 5 we obtain

2

) 1 1
OSFSﬂE(lJrR)z < m+36ﬂ5210g?6:: M.

Furthermore, using (C.8)) and (4.7) we can estimate E[F] by
1 g 352
E[F] < BEpr, [HVlong1 — s9(T1, )HQ} < 3—461+36B5 '
Notice also that
eM _ o 182163680% . —3656° < 166%86—36552,

where we used once more the constraint on 3. We can now apply Lemma [A74] to deduce that

=

16e1 €
e< -,
34 T2

E[e"] -1 < eME[F] <
which concludes the proof. O

D Proof of Theorem 5.1

The first step of the argument in the proof of Theorem consists in giving an upper bound for TV(p, py)
which allows to control separately the errors originating from () taking Zy, as an approximate sample from
pr,, and (ii) approximating the reverse process with a discretized scheme and with an L? accurate score.
To do so, we follow the strategy of |Chen et al.| (2023b; 2022a). Let us denote by S the Markov kernel which
associates to a probability measure p the law of the random variable Ur,, where (U;); satisfies the true
backward SDE initialised at u, i.e.,

UO ~ U,
{ dU;y = Uydt + 2V log pr, ¢ (Uy)dt + v/2dBy.

In particular, we have p = pp, S. Similarly, we denote by S the Markov kernel which corresponds to
following the approximate reverse process in ([5.2)) initialised at p. In particular, we have py = on,S (recall
that o, = law(Z)). The following chain of inequalities holds:

N

TV(p,po) = TV(pr, S, 0n,5)
S TV(pTl Sa Py g) + TV(pT1 Sv O N, ‘§)

< \/DKL (pTIS H pTIS') + TV(pTl,UN2) (D.l)

< \/DKL (pTls Hpﬂg) + v DxL(on, || pr,)-

In the above, we have used the triangle inequality for the total variation distance, Pinsker’s inequality and the
data-processing inequality. This achieves the desired decomposition, so that we can study the two processes

(5.1), (5-2) separately.
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Convergence of inexact Langevin algorithm.

To control the error term Dk, (o, || pry,), we need to study convergence of the process (5.1)). This is done
by adapting the results of [Yingxi Yang & Wibisono| (2023 to the case of a decaying step size. In particular,
we prove the following

Proposition D.1. Let Assumption|(A2) hold, pick0 <6 < 3, Ty > 3 log (2 + 172% + %) and suppose
in addition that V1og pr, is Li-Lipschitz and that s¢(T1,-) is Lo-Lipschitz, with L1, Lo > 1. Then, for the
inexact Langevin algorithm (5.1)) with step sizes hy, = we have that

24Lq Lo+ 5L

+ émer, (D.2)

LiLy \* dL%
Ny +1 No+1

Dkr(on, lp1y) S (

where éygr is defined in (5.3)).

The proof is postponed to the end of this section. Using Proposition [D.1] gives the desired upper bound for
the second error term in (D.1l), when using a decaying step size. For the analogous result with a constant
step size, see (Yingxi Yang & Wibisono, 2023, Thm. 2).

Analysis of the reverse process.

It remains to give an upper bound for the error due to the discretization and approximation of the score in
the reverse process, corresponding to the first term in the right hand side of . This has been analysed in
a number of recent works, under different assumptions. We recall in particular the following results, proved
in |Chen et al.|(2022a) building on the Girsanov framework developed in |Chen et al.| (2023b]).

Lemma D.2. Suppose that p has finite second moment and that Vlogp; is Ly-Lipschitz for t € [0, T1] with
T1,L1 > 1. Then, choosing a constant step size hy = % <1 gives

DKL(p Hpng) = DKL(pT15 HpTlg) < Jsum + dL]\Qfle

Inserting this bound in (D.1) concludes the proof of Theorem [5.1

Proof of Proposition [D.1]

The proof of Proposition is based on the results of [Yingxi Yang & Wibisono| (2023)), and in particular on
Lemma 6 therein, which upper bounds the relative entropy after one step of the inexact Langevin algorithm
and which we recall below.

Lemma D.3 (Lemma 6 of [Yingxi Yang & Wibisono| (2023))). Let p,vo be probability measures with full
support that admit densities with respect to the Lebesgue measure. Suppose that i satisfies a log-Sobolev
inequality and let 0 < k < Crg(u). In addition, suppose that sg is an approxzimation of Vlog u, that se is
Lo-Lipschitz and that Vlog u is Ly-Lipschitz with L1, Lo > 1. Set Zy ~ vy and

Zl = Zo + th(Zo) + vV2hB

where B ~ N(0, I4) is independent of Zy and 0 < h < min{
have

SIS i} Then, letting v1 = law(Z1), we

9
Dy || 1) < e F Dy (vo || 1) + 144L3L1dR? + 24dL3R? + hg logE, [HHse — Vg ul?].

With this lemma at hand, we can prove Proposition [D-1]
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Proof of Proposition[D.1 By the choice of T}, we have that Crs(pr,) > 1 -0 > % In particular, the step

sizes (hy)p2y " defined by
1

h = —-———
ST YV =51

satisfy the constraint in Lemma with g = pp, and sg = sg(T1,-). We can therefore apply the lemma to
deduce that, after each step of the inexact Langevin algorithm,

Dxr(ok41 ||pry) < eiéthKL(Uk | ) + 30dL2h3 + hiénar,

for 0 < k < Ny — 1. By iterating the above result we find that

Na-1, N1 ZNQ 1
Dw(ow, llpr) < e ¥ 2o ™ 4 > {(SOdL%h?"‘higMGF)' =i ]}, (D.3)

where we have also used that Dkr, (oo || pr,) < 0 <1 by Lemma
Now, notice that, for 0 < 5 < k, we have the bound

k k+1 k42
1 241, Ly + K2
§ hi > / —————dx = 16log Llfl (D.4)
— o 24L1 L + H5 24L1 Ly + 552

and
hiry by 24Li Lo + iﬁ .

1
by = ho | 2ALiLs + 1 =2

1>

Using this in (D.3), we find that

. 2
24, Ly + L fe! 241, Ly + H2
Dy (o < 22T § (30dL2R2 + hieyiar) - | ——2 16
kL(oN, || pry) < (24L Lo+ Ml 5h; MCGF) 4L, Ly 1 N2+1

Nz—1 2 Ny—1

h
+30dL3 Z h? hQH + émcr Z hi hfl

L+ 384L1L2 >

2
1 N.
+120dL3Ns - | ———~ | + 2&mcr - 72N (D.5)
384L1L2 2411 Ly + 3¢ 24L1Ly + 12

L2
) + 30720 1 + 32émaF
1+ 384L1L
L1Ly N dL3 .
Ny +1 Nyt 1 | ever
This concludes the proof of the proposition. O
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