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Abstract001

Although most of the automated theorem-002
proving approaches depend on formal proof003
systems, informal theorem proving can align004
better with large language models’ (LLMs)005
strength in natural language processing. In this006
work, we identify a main bottleneck for infor-007
mal theorem proving via LLMs as a lack of008
insight, namely the difficulty of recognizing009
the core techniques required to solve complex010
problems. To address this, we propose a novel011
framework designed to cultivate this essential012
reasoning skill and enable insightful reason-013
ing in LLMs. We propose DeepInsightTheo-014
rem, a hierarchical dataset that structures infor-015
mal proofs by explicitly extracting core tech-016
niques and proof sketches alongside the final017
proof. To fully exploit this dataset, we design018
a Progressive Multi-Stage SFT strategy that019
mimics the human learning process, guiding020
the model from basic proof writing to insight-021
ful thinking. Our experiments on challenging022
mathematical benchmarks demonstrate that this023
insight-aware generation strategy significantly024
outperforms baselines. These results demon-025
strate that teaching models to identify and apply026
core techniques can substantially improve their027
mathematical reasoning.028

1 Introduction029

Automated theorem proving (ATP) has long been030

a central goal in the field of artificial intelligence,031

serving as a key benchmark for evaluating machine032

reasoning. Recent progress in deep learning, partic-033

ularly with Large Language Models (LLMs), has034

greatly changed the field of ATP. Most previous035

research attempts to solve this problem by com-036

bining LLMs with formal proof engines like Lean,037

Coq, and Isabelle (Zheng et al., 2022, Liu et al.,038

2023a, Tsoukalas et al., 2024) or by using special-039

ized languages (Welleck et al., 2022). In contrast,040

informal theorem proving aims to generate proofs041

using natural language and standard mathematical042

notation, such as LaTeX. This approach aligns well 043

with the strengths of modern LLMs. 044

However, only a few works have studied infor- 045

mal theorem proving, such as Welleck et al. (2022) 046

and Zhang et al. (2025b), and the area remains 047

highly underexplored. Most existing research has 048

focused on framework construction and has rarely 049

attended to the proof generation mechanism or the 050

key bottlenecks of LLM-based informal theorem 051

proving. Additional related work will be discussed 052

in Appendix A. 053

In this paper, we emphasize the importance of 054

core techniques in informal mathematical proofs. 055

We identify in Section 2.2 and 3.1 that the bottle- 056

necks of proof generation lie in the realization of 057

the core techniques. Then in Section ref3, we fur- 058

ther argue in principle that to improve a model’s 059

math reasoning, it is feasible and beneficial to re- 060

view the discovery of the core technique from the 061

original proof (acquisition) and cultivate insight 062

by applying these learned techniques (application) 063

during inference. To achieve this, we introduce 064

DeepInsightTheorem, a hierarchical dataset in Sec- 065

tion 4.1 based on the current framework DeepThe- 066

orem (Zhang et al., 2025b), and a corresponding 067

progressive multi-stage training strategy that mir- 068

rors the human learning journey in Section 4.2, 069

both for training LLM for insightful reasoning. 070

We evaluated the generated informal proof based 071

on DeepTheorem and have a new design for insight 072

evaluation. Through extensive experiments, we 073

demonstrate that this insight-aware method signif- 074

icantly outperforms standard baselines in Section 075

6. The results confirm that by explicitly teach- 076

ing the model to extract deep information, we can 077

move beyond simple text imitation toward authen- 078

tic, insight-driven mathematical reasoning. 079

In summary, the primary contributions of our 080

work are as follows: 081

• Identification of importance of the core tech- 082
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Figure 1: The realization of the dual process: the top figure shows the construction of DeepInsightTheorem, and the
bottom performs the process of our multi-stage SFT.

niques: We show that the real perplexity for083

informal theorem proving is caused by the core084

technique realization.085

• The Introduction and Formalization of “In-086

sight”: We introduce the concept of mathemati-087

cal insight and propose an insightful reasoning088

pattern. We show in principle that this approach089

improves mathematical reasoning upon appropri-090

ate training.091

• A Novel Hierarchical Insight Dataset: We con-092

struct a hierarchical data structure by explicitly093

extracting core techniques from base datasets094

to assist with knowledge review and insightful095

reasoning.096

• A Progressive Training Curriculum for Culti-097

vating Insight: We design a progressive, multi-098

stage training regimen to accomplish a real in-099

sightful reasoning.100

2 Preliminary101

We consider the context of informal mathematical102

proof generation. Let V be the vocabulary, which103

is a finite discrete set. Then the sequence space S104

is defined as the union of the product spaces of any105

finite power S ≜
⋃∞

i=l V l.106

We can then denote the space of theorems as a107

subspace Q of S which contains all well-defined 108

math problems for theorem-proving. For any q ∈ 109

Q, we denote the space of proofs with respect to q 110

as P(q) ⊂ S that contains all valid proofs of q. 111

The Large language model (LLM) Mθ is an auto-
regressive network which will predict the next to-
ken’s distribution over the vocabulary when it is
working. To train πθ to be a theorem-prover, the
training datasets are always collected from many
resources of math corpus and commonly formed
as theorem-proof pairs (q, p). For Supervised fine-
tuning (SFT) on such dataset, the object is then
to

max
θ

Eq∼D,p∼DP (q)
πθ(p|q),

where D is the distribution of the math problems in 112

training set and DP (q) is the distribution over the 113

valid proofs of each question in the training set. 114

2.1 Notion of Insight 115

Insight is not the proof itself, but the preliminary, 116

high-level perception and foresight of the core tech- 117

niques required to construct it. Insight is the cogni- 118

tive act of identifying the pivotal idea (e.g., “ apply 119

the Pigeonhole Principle ” , “ utilize a specific 120

invariant xxx ” ) through the given conditions to 121

figure out the essence of solution. We call such 122
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ideas as core techniques in this paper. Generally,123

for theorem-proving, we have three main classes124

to group these techniques, which cover the most125

common and necessary techniques in math proofs:126

• Construction: Introducing auxiliary objects.127

(e.g. “ Define the sequence xn+1 = Txn for128

n ≥ 0. This Picard iteration constructs the se-129

quence x0, x1 = Tx0, x2 = T2x0, . . . ”)130

• Theorem Call: Invoking a known lemma, the-131

orem or any existing results. (e.g. “ By using132

Contor’s Theorem ”)133

• Mathematical Transformation: Performing a134

smart mathematical manipulation to change the135

question to a new stage. (e.g. “ Define a topol-136

ogy τ on the set of integers Z... shifting the137

language and tools entirely from number theory138

to topology. ” )139

Formally, we denote the space of techniques as a140

subspace T ⊂ S that contains all possible tech-141

niques in those three classes. Generally, we can142

then write each proof p of q as an ordered sequence143

p = (r1, t1, r2, t2, · · · , rk), (1)144

where ti ∈ T and rj is a basic mathematical rea-145

soning sentence.146

2.2 Insightfulness Evaluation147

Especially for expert mathematicians, when con-148

fronting a novel problem, they may quickly have a149

proof picture depending on their powerful insight150

cultivated from their accumulation. As for general151

LLM, instead it always fails to have such a high-152

level idea at a very initial stage of proof generation.153

We evaluated several powerful commercial154

LLMs with nothink mode 1, including Gemini2.5-155

Flash (Gemini Team, 2025) and Deepseek-R1156

(DeepSeek-AI, 2025), by prompting them to give157

insights for several math competition problems ran-158

domly selected from Putnam and FIMO datasets.159

Then we use o3-mini to review and evaluate the160

insights generated by these models from the point161

of depth and completeness. See Appendix E.1 for162

details. For both the insight-generation and evalua-163

tion prompts, see Appendix D for details.164

It turns out that, on the depth side, both models165

basically failed to produce deep identifications, in-166

stead giving shallow guesses or vaguely hinting at167

1Long chain of thought would always make the model
first go over the whole proof and then summarize the core
techniques, which is against the thinking pattern of insight. So
it is more appropriate to disable the thinking.

some directions, and from the completeness side, 168

they always only see one or two low-hanging fruit, 169

missing more important techniques. 170

3 Methodology 171

3.1 Weak Recognition of Core Techniques 172

The main body of a proof is composed of easy-to- 173

learn basic mathematical reasoning sentences. For 174

a general LLM πTP generating proof for a problem, 175

the uncertainty keeps low until a core technique 176

needs recognizing. The reasons are two-fold. One 177

is that core techniques are intrinsically harder to 178

recognize. The other is that the learning of LLM 179

may focus on basic reasoning details due to its large 180

percentage in a proof. 181

As we can see the generated proof of the well- 182

known Baire Category Theorem in General Topol- 183

ogy by Qwen2.5-14B-Instruct (Qwen Team, 2025) 184

from Figure 2, tokens with a soaring entropy are 185

always indicating core techniques: 186

Construction: “Constructing a Sequence of 187

...” by constructing a sequence of nested open 188

sets 189

Theorem call: “Using completeness...” by 190

using the completeness of the ground space. 191

Mathematical transformation: “ Consider the 192

closures ... ” by transferring the issue of open 193

sets to their closures. 194

The above three techniques respectively belong 195

to those three main classes we set generally for 196

math proofs as defined in Section 2.1. The rest 197

of the proof are those basic mathematical reason- 198

ing combining these core techniques, making the 199

whole proof complete and smooth. 200

When it needs to determine which technique to 201

use, the πTP has 202

πTP(ti|si−1, q) < δ, (2) 203

for some δ > 0 and any ti ∈ T (q), where si−1 is 204

the prefix before ti. Hence it is hard for πTP to see 205

through the core techniques t ∈ T (q) at the very 206

beginning: 207

πTP(t|q) =
∑
s

πTP(t|s, q)πTP(s|q) < δ, (3) 208

where s is over the possible prefix. Similarly, by 209

recursively using (2), for the probability ηTP(p, q) 210

of πTP generating a valid proof p (1) of q, we have 211

ηTP(p, q) = O(δk), which means the ability to 212

complete a solid proof is restricted by the uncer- 213

tainty. A detailed justification for this result can 214
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Figure 2: The generated proof of the Baire Category Theorem generated by Qwen2.5-14B-Instruct. From light grey
to deep warm color, the token entropy increases. Most tokens are of low entropy, composing basic mathematical
reasoning. Tokens with soaring entropy indicate core techniques.

be found in Appendix C. We call πTP(t|q) as the215

insightfulness of πTP with respect to t ∈ T (q).216

Therefore, successful realization of core tech-217

niques determines a valid proof generation for218

theorem-proving. Core techniques are more appro-219

priate to be memory anchor for pattern recognition220

in complex mathematical reasoning. This prompts221

a necessity of enhanced learning for bridging ques-222

tion and its core techniques.223

3.2 The Dual Process of Insight Acquisition224

and Application225

It is natural to make a direct connection between226

the question and its resolving techniques if we want227

the LLM to see through the essence. After tech-228

nique identification, it remains to integrate those229

core techniques, which then basically relies on the230

fundamental mathematical reasoning capability.231

Actually this relates to the change of thinking232

pattern. For a training LLM πθ , by the total proba-233

bility decomposition, we have234

πθ(t|q) =
∑
p

πθ(t|p, q)πθ(p|q). (4)235

Different from (3), here we consider a whole proof236

generation p. The πθ(p|q) term is exactly what πθ237

learns from training on plain theorem-proof pairs,238

while the πθ(t|p, q) term represents how well can239

πθ summarize the core techniques from learning240

different proofs p of q and extract the common tech-241

nique t. We then call πθ(t|p, q) as the acquisition 242

of πθ on t ∈ T (q) from proof p. 243

There involve two complementary cognitive pro- 244

cesses of human’s after-class review for course- 245

work. One is the core technique summary, and the 246

other is the application of summarized information. 247

The acquisition mirrors the summary. To apply 248

the learned techniques, we modify the generation 249

pattern of πθ, making it first foresee the core tech- 250

niques and then start generating proof. Then the 251

generation of πθ for proof (1) becomes 252

πθ(p|q) = πθ(t|q)
∏
i

πθ(ri|r≤i−1, t, q), (5) 253

where t = {t1, · · · , tk} and r≤i−1 = 254

{r1, · · · ri−1}. 255

The terms in the product can be well learned 256

from usual mathematical corpus as we discussed 257

in Section 3.1. Therefore, the performance of πθ 258

basically depends on how the first term πθ(t|q) to 259

be learned. We can show that if the term is well 260

learned, the probability ηθ(p, q) of πθ generating a 261

valid proof p (1) of q is ηθ = Ω((1− ϵ− δ1)
k) for 262

some small ϵ > 0 and δ1 > 0. One can refer to the 263

Appendix C for a detailed proof. 264

We call these cognitive processes the dual pro- 265

cesses of insight acquisition and application. Hence 266

πθ will benefit from such dual process if trained ap- 267

propriately. Next we will show how to demonstrate 268

the processes in practice through two experimental 269
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operations respectively.270

4 How to Train an Insightful LLM271

4.1 Dataset Construction272

Our hierarchical dataset is engineered to explicitly273

instantiate the review process, making the core tech-274

niques explicitly learnable. To ensure high qual-275

ity and sufficient challenge, we construct our data276

based on the DeepTheorem (Zhang et al., 2025b)277

dataset, a recently introduced, large-scale resource278

for informal mathematical theorem proving.279

Base Dataset. The DeepTheorem dataset pro-280

vides a robust foundation consisting of 121K high-281

quality, informal theorem-proof pairs at IMO-level282

difficulty. Its construction involves a rigorous283

pipeline including sourcing from diverse corpora284

and implementing strict decontamination against285

major benchmarks (e.g., MATH (Hendrycks et al.,286

2021), AIME (AIME Dataset), miniF2F (Zheng287

et al., 2022)). Since DeepTheorem already contains288

many common datasets used for theorem-proving289

training, we believe the experiments based on it can290

efficiently and effectively establish a generalized291

average performance result for our methods. One292

can refer to Zhang et al. (2025b) for more details293

about the dataset.294

DeepInsightTheorem. Since LLM itself strug-295

gles to extract the core techniques (Section 3.1),296

we then consider assisting via a rich data structure297

by explicitly feeding the LLM with the core tech-298

niques in training. Building upon DeepTheorem’s299

theorem-proof pairs (q, p), we perform additional300

annotations to decompose each proof into a hierar-301

chical structure, of which the skeleton looks as302 (
q, (t1, . . . , tm)︸ ︷︷ ︸

core techs

, s︸ ︷︷ ︸
sketch

, p︸ ︷︷ ︸
proof

)
.303

This process involves a meticulous, LLM-assisted304

analysis to extract the deep information in proof305

p, following a dedicated prompt to design each306

component as follows:307

• Core Techniques ti: Instead of only list-308

ing the core techniques, we first include a309

guiding statement as “Let’s analyze the310

conditions...”, then those core techniques are311

introduced with heuristic language, for exam-312

ple: “The condition ... tells us to313

construct an auxiliary function... ” or314

“... suggests using xxx Theorem.”. The315

core techniques are themselves finally summa- 316

rized at the end of this component according to 317

those three main classes. 318

• Proof Sketch s: We design an additional com- 319

ponent between the core techniques and proof. 320

This is an outlining proof strategy based on the 321

core techniques. This part mainly serves as a con- 322

nection of different levels of thoughts, making a 323

smooth and coherent thinking process. 324

• Proof p: The original, detailed proof from the 325

base dataset serves as the ground-truth instantia- 326

tion. 327

We call our newly constructed dataset DeepInsight- 328

Theorem to indicate the insight-induced hierarchi- 329

cal design derived from DeepTheorem. See Figure 330

1 top for an illustration and a particular example in 331

Figure 9. 332

Smooth Reasoning Transitions. A critical design 333

consideration in the construction of DeepInsight- 334

Theorem is to avoid presenting the list of Core 335

Techniques in isolation. We frame the insight gen- 336

eration within a short, analytical preamble, which 337

acts as a localized micro Chain-of-Thought (Wei 338

et al., 2022) focusing on condition analysis from 339

the question. Throughout reasoning, the LLM may 340

hence leads a more accurate insight prediction com- 341

pared to directly outputting a list of techniques. 342

Review-Application Logical Transformation: 343

There exists a subtle but crucial logical transfor- 344

mation between the review and application dual 345

processes, even though the main contents through- 346

out these two processes are basically the same. The 347

former is backward-looking: “ Analyzing this 348

proof, we see that xxx is the core tech.”, 349

while the latter is forward-looking: “ Given these 350

problem conditions, xxx might be a core 351

tech.” These two processes by our design are 352

integrated into the LLM-assisted data annotation. 353

Therefore we need to carefully tune the prompt 354

for the assistant LLM to ensure the smoothness of 355

the transformation. The specific prompts used are 356

detailed in Appendix C. 357

Key Statistics. In our curated dataset of approx- 358

imately 100K problems, each proof relies on 3.6 359

core techniques on average, with complex prob- 360

lems often employing 4 or more in combination 361

as illustrated in Figure 3. A distribution of core 362

techniques in each class is shown in Figure 5. 363
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Figure 3: Distribution of number of core techniques

4.2 Progressive Multi-Stage SFT364

The other process consists in the application of the365

core techniques summarized ahead (Section 3.2).366

The LLM can already have a hierarchical output367

due to the corresponding structure of DeepInsight-368

Theorem and generate the core technique analy-369

sis first (Section 4.1). It remains to train LLM370

appropriately such that the two processes in (5)371

both work well. In principle, the decomposition372

(4) and (5) have already implied a two-stage train-373

ing paradigm, i.e., the acquisition requires LLM374

to train on the original theorem-proof pairs (q, p)375

and the application to continue training on insight376

induced data.377

We empirically show that two stages are nec-378

essary by comparing training solely on DeepIn-379

sightTheorem with the baseline. The results of380

Qwen2.5-7B and Llama3-8B are in Table 1.381

It shows that LLM being directly trained on382

DeepInsightTheorem may not be able to gain bene-383

fits from the insight structure. One of the reasons384

is that higher value of (4) and (5) both assume a385

training on theorem-proof data to enlarge πθ(p|q)386

and πθ(ri|r≤i−1, t, q) respectively. Missing the387

theorem-proof pair training it may not be able to388

have a good basic mathematical reasoning capabil-389

ity. On the other hand, this can also be viewed as a390

misalignment with the natural progression of learn-391

ing: It may create a comprehension gap to directly392

teach a novice learner the expert’s complex think-393

ing pattern without first solidifying foundational394

proof-writing skills.395

Hence we adopt a multi-stage training strategy396

to fine-tune LLMs. The following shows the main397

stages of the progressive SFT, each on the same but398

of different parts of the DeepInsightTheorem:399

Methods FIMO Putnam HMMT

Qwen2.5-7B 15.73 37.01 12.59
Llama3-8B 12.50 36.69 9.98

Table 1: Evaluation results for models solely trained on
DeepInsightTheorem

Stage 1: The Apprentice (q, p) : Learn the basic 400

task of proof generation on the plain theorem-proof 401

pairs. This aligns with initial exposure to complete 402

solutions, reflecting a junior learner referring the 403

answer proof. 404

Stage 2: The Journeyman (q, s, p) : Learn to gen- 405

erate the proof plan on the theorem-sketch-proof 406

triples. The model must now generate the proof 407

conditioned on the high-level sketch, which begins 408

the abstraction process. It reflects a senior learner’s 409

behavior where he can not only copy the proof but 410

know the logic structure by steps. 411

Stage 3: The Expert (q, {ti}, s, p) : Learn to in- 412

sightfully predict core techniques from the problem 413

and use them to derive the sketch and proof on the 414

whole hierarchical data. This stage completes the 415

dual processes, teaching the model to form the map 416

from question directly towards the core techniques. 417

It reflects hence the expert’s thinking paradigm. 418

An illustration can be seen on Figure 1 bottom. 419

Correspondingly, the progressive multi-stage de- 420

sign structurally decouples the learning objectives, 421

providing a clear and focused target for each train- 422

ing stage. In each stage, the primary parameter 423

updates are concentrated on learning the mapping 424

between the problem and the newly introduced 425

component. Since this mapping is not yet ade- 426

quately learned by the model, continued training 427

would not cause overfitting. 428

5 Evaluation 429

Since our task involves generating informal math- 430

ematical proofs by natural language, we adopt 431

an LLM-as-Judge approach for evaluation. Fol- 432

lowing established practices in DeepTheorem, our 433

evaluation is conducted on a set of challenging 434

benchmarks to test the model’s reasoning capabil- 435

ity. Specifically, we use theorem-proving questions 436

drawn from FIMO (Liu et al., 2023a), Putnam- 437

Bench (Tsoukalas et al., 2024), and a newly con- 438

structed theorem-proving subset of the Harvard- 439

MIT Mathematics Tournament (HMMT) (Tourna- 440
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ment, 2025).441

To assess the quality of the generated proofs, we442

follow the evaluation framework in DeepTheorem443

but omit a separate "correctness" judgment, which444

makes no sense for our task. Our evaluation centers445

on the following three core dimensions of the proof446

text itself (Zhang et al., 2025b):447

• Logical Validity: Checking if each step follows448

logically from the previous one and indicating449

any logical errors.450

• Completeness: Verifying if all necessary steps451

are included to fully prove the theorem.452

• Clarity: Assessing if the proof is clear, unam-453

biguous, and well-explained.454

We use DeepSeek-R1 (DeepSeek-AI, 2025) as the455

judge model. For each generated proof, the judge456

is prompted to analyze and score it on a continuous457

scale from 0 to 1 for each of the three dimensions458

above. The final score for a proof is calculated as a459

weighted average of these three-dimensional scores.460

The specific weighting scheme and the detailed461

prompts used for this LLM-as-Judge evaluation are462

provided in Appendix D.463

Since the model trained by our method would464

generate a formatted output containing three com-465

ponents, for the sake of fairness, we only extract466

the final proof component for evaluation against467

the base methods.468

6 Experiments469

We conduct supervised fine-tuning on two open-470

source model families: Qwen2.5 (Qwen Team,471

2025) and Llama3 (Llama Team, 2024). For each472

family, we start from their respective base models473

(e.g., Qwen2.5-Base, Llama3.2-Base).474

Baseline. For each base model, we establish a base-475

line by performing standard SFT on the question-476

proof pairs for 3 epochs.477

Our Method (Progressive Multi-Stage SFT). We478

implement two variants of our proposed progres-479

sive training strategy:480

• Full Three-Stage Training: this follows the481

complete curriculum described in Section 4.2.482

For a given base model, we first train it on the483

theorem-proof pairs for 3 epochs, then on the484

theorem-sketch-proof for another 3 epochs and485

finally on the full hierarchical data for a final 3486

epochs.487

Figure 4: Max scores in evaluation

• Two-Stage Training: This is a streamlined vari- 488

ant where we skip the intermediate theorem- 489

sketch-proof stage. The rationale for this design 490

is that the conceptual jump from generating a 491

full proof to generating a proof sketch might be 492

relatively small in terms of reasoning difficulty. 493

6.1 Main Results 494

Our framework achieves better performance. 495

The main results are presented in Table 2. These 496

results show that after training for insightful hier- 497

archical reasoning, for both series, the models of 498

different sizes demonstrate superior performance 499

to base models on all three benchmarks. This veri- 500

fies that, via insightful reasoning, the model’s rea- 501

soning capability improves. Moreover, Figure 4 502

shows the max scores for each benchmark, which 503

are pushed higher when involving insight, espe- 504

cially for smaller models like 1.5B backbone. This 505

implies that insightful thinking can help break the 506

reasoning ability ceiling for small models. 507

6.2 Qualitative Case Study 508

We provide a case study to show the improved 509

evaluation result for the output of a problem ex- 510

ample in HMMT generated by the Qwen2.5-7B 511
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Models Methods FIMO Putnam HMMT Avg.

Qwen2.5-1.5B
Base 11.17 25.39 11.25 15.94
Two-stage 11.81 28.72 11.80 17.44
Three-stage 12.57 27.06 13.68 17.77

Qwen2.5-3B
Base 11.92 31.87 12.69 18.83
Two-stage 12.85 34.86 11.98 19.90
Three-stage 13.34 35.69 14.06 21.03

Qwen2.5-7B
Base 15.27 36.75 14.82 22.28
Two-stage 16.33 43.34 15.59 25.09
Three-stage 18.03 41.67 17.78 25.83

Llama3.2-1B
Base 5.04 14.61 4.48 8.04
Two-stage 4.19 18.26 5.78 9.41
Three-stage 6.25 18.26 7.60 10.70

Llama3.2-3B
Base 9.29 23.90 7.04 13.41
Two-stage 11.08 24.73 9.27 15.03
Three-stage 10.72 26.73 8.89 15.45

Llama3-8B
Base 13.48 37.68 12.25 21.14
Two-stage 14.70 40.51 14.15 23.12
Three-stage 14.62 38.51 14.30 22.48

Table 2: Evaluation of models trained with our methods and the baseline

model after trained on DeepInsightTheorem against512

the baseline. The chosen problem is “ 2025-02-513

combinatorics-04 ”.514

Evaluation of Our Method: we get a score of 0.9515

for this problem with a minor completeness issue.516

Logical Validity: “ The algorithm is correct517

and would work, no logical flaw in the518

structure. ”519

Completeness: “ the algorithm is complete,520

and the answer is stated, but the521

computation is omitted. It’s partial. ”522

Clarity: “ The steps are well-explained and523

clear. ”524

Evaluation of the Baseline: The baseline produces525

a low-quality proof, receiving a score of 0.19.526

Logical Validity: “ The proof is logically527

invalid due to an incorrect reduction528

to only right and up moves, a flawed529

bijection in Step 3 and the contradiction530

between Step 4 and Step 5.”531

Completeness: “ The proof is incomplete532

as it misses paths using diagonal moves,533

does not account for variable path534

lengths, and fails to properly handle the535

no-revisit constraint. ”536

Clarity: “ The proof has a structured537

outline, but the marking system in538

Step 3 is ambiguous, and the numerical 539

inconsistency creates confusion. ” 540

In summary, our methods help the model estab- 541

lish a solid logical ability and cultivate its insight 542

to plan for the reasoning path. 543

7 Conclusion 544

In this paper, we considered the structure of proofs 545

in mathematical theorem-proving and pointed out 546

that as thinking bottlenecks the core techniques are 547

hard for LLMs to realize based on fundamental 548

SFT on theorem-proof pairs. Then we constructed 549

a hierarchical dataset and proposed a correspond- 550

ing progressive variant of SFT to help train LLMs 551

for an insight-induced inference, through which 552

LLMs can improve their mathematical reasoning 553

capability by identifying the core techniques. A 554

comprehensive evaluation via LLM-as-Judge on 555

both proof and insight components of model gen- 556

eration illustrates the effectiveness of our method, 557

achieving superior performance to base theorem- 558

proving patterns on three challenging benchmarks. 559

Throughout these contributions, our method pro- 560

vides a solid and robust foundation for future ad- 561

vancements in automated mathematical theorem 562

proving, especially via natural language, to em- 563

power scalable high-level expert-like math reason- 564

ing capability in large language models. 565
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Limitations566

While our insight-aware hierarchy improves infor-567

mal theorem proving, several limitations remain.568

First, our
(
q, {ti}, s, p

)
annotations are produced569

with LLM-assisted decomposition, which may in-570

troduce noise; future work will strengthen this571

pipeline via self-consistency, cross-model agree-572

ment, and selective human auditing. Second, our573

evaluation relies on LLM-as-Judge, which can574

be prompt-sensitive; we will incorporate multi-575

judge aggregation and hybrid automatic checks576

(e.g., structure/consistency and domain-specific577

symbolic validation when applicable). Finally, our578

experiments cover a limited set of benchmarks and579

informal proofs cannot guarantee correctness; we580

plan broader out-of-distribution evaluations and581

tighter integration with verification-oriented feed-582

back (e.g., checking key subclaims or partially for-583

malized steps).584

Ethical Statement585

This work enhances LLM capabilities for informal586

theorem proving to support research and education,587

though it does not guarantee formal correctness.588

Because the model can generate convincing yet po-589

tentially erroneous proofs, we recommend expert590

oversight for high-stakes applications and appro-591

priate safeguards against academic dishonesty. Ad-592

ditionally, as our evaluation relies on LLM judges,593

results should be interpreted with awareness of po-594

tential biases and limitations in detecting subtle595

mathematical flaws.596
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A Related Work 715

A.1 Theorem Proving 716

Formal theorem proving. Formal automated 717

theorem proving (ATP) relies on proof assistants 718

such as Lean, Coq, and Isabelle (Zheng et al., 719

2022, Liu et al., 2023a, Tsoukalas et al., 2024), 720

where correctness is enforced by a strict formal sys- 721

tem. Recent work integrates large language models 722

with formal proof environments to combine natural- 723

language generation with machine-checkable veri- 724

fication (Gloeckle et al. (2024), Hu et al. (2025a), 725

Lin et al. (2025), Poesia et al. (2024)). Repre- 726

sentative benchmarks include miniF2F for cross- 727

system olympiad-level evaluation (Zheng et al., 728

2022), as well as more challenging datasets that 729

target IMO-/Putnam-style mathematics (Liu et al., 730

2023b; Tsoukalas et al., 2024). While formal ap- 731

proaches offer strong verifiability, they often face 732

(i) a substantial gap between human mathematical 733

exposition and formal languages, and (ii) a large 734

proof search space that benefits from stronger de- 735

composition, planning, and retrieval. 736

Informal theorem proving. Informal theo- 737

rem proving generates proofs directly in nat- 738

ural language and standard mathematical nota- 739

tion (e.g., LATEX), which aligns well with typi- 740

cal LLM pretraining. NaturalProofs constructs 741

natural-language theorem–proof corpora (Welleck 742

et al., 2022), and NaturalProver studies grounded 743

proof generation under reference/retrieval settings 744

(Welleck et al., 2022). Tencent’s DeepTheorem 745

further advances IMO-level informal proving with 746

large-scale data and reinforcement-learning-style 747

training recipes (Zhang et al., 2025b). Lu et al. 748

(2025) specially focuses on inequality proof. De- 749

spite strong progress, many systems remain largely 750

end-to-end, which can make it difficult to explic- 751

itly surface and control the key ideas (e.g., core 752

techniques) driving a proof. 753

A.2 Hierarchical Reasoning 754

Hierarchical reasoning for LLMs decomposes com- 755

plex problems into manageable sub-problems, en- 756

hancing reasoning accuracy and efficiency in com- 757

plex scenarios. Approach in HyperTree Planning 758

(Gui et al., 2025) constructs a structured, high- 759

level outline before generating details. Reason- 760

Flux (Yang et al., 2025) moves beyond raw text 761

generation by scaling "thought templates". SELF- 762

DISCOVER (Zhou et al., 2024) enables LLMs 763
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to self-compose reasoning structures from atomic764

modules. CoGer (Hu et al., 2025b) draws on765

Bloom’s taxonomy to classify query complexity766

into four levels and trains an agent via reinforce-767

ment learning to dynamically select appropriate768

reasoning strategies. Another line of work lies in769

modifying model architectures to support hierarchi-770

cal processing such as Wang et al. (2025), Sun and771

Zeng (2025).772

Some works focus on the hierarchical reason-773

ing for theorem proving. For example, Dong et al.774

(2024) proposes a reinforcement learning based775

training algorithm that incentivizes LLMs to hier-776

archically decompose theorems into lemmas. Ye777

et al. (2024) decomposes complex theorem-proving778

tasks into small, achievable subgoals to abstract for-779

mal proof steps.780

The key point in these works basically consists781

in a physical decomposition of a complex problem,782

which is equivalent to the proof sketch component783

(Section 4.1) in our work. Our hierarchical method784

identifies core techniques, which stands in one785

higher level platform over sketch. The most similar786

work to ours is Reason-Flux (Yang et al., 2025).787

However, it depends on a construction of template788

library and retrieving it for theorem-proving, which789

does not equip the LLM itself with a real hierar-790

chical thinking capability. In our work, the LLM791

has been trained for cultivating insightful thinking,792

which essentially empowers the LLM with high-793

level thinking pattern.794

B Proof Details in Section 3.1795

Recall that ηTP(q) is the probability of πTP gener-796

ating a valid proof of question q. The general form797

of a proof is (1) and denote ordered sequence {ti},798

{rj} as t and r respectively. Define φ(t) to be the799

length of t. Then, by Bayes’ rule, we have800

ηTP(q) =
∑

p∈P(q)

πTP(p|q)801

=
∑

p∈P(q)

∏
i

(πTP(ri|si−1, q)πTP(ti|ri, si−1, q))802

=
∑

p∈P(q)

∏
i

πTP(ri, ti|si−1, q)803

=
∑

p∈P(q)

∏
i

(πTP(ti|si−1, q)πTP(ri|ti, si−1, q))

(6)

804

≤
∑

p∈P(q)

δφ(t). (7)805

Note that the sum of (6) and (7) are both actu- 806

ally over r such that r is the basic mathematical 807

reasoning component of a valid proof with the cor- 808

responding core technique component t. Moreover, 809

the (7) is obtained by 810

πTP(ti|si−1, q) 811

=
∑
ri

πTP(ti|ri, si−1, q)πTP(ri|si−1, q) 812

≤δ, (8) 813

where (8) is obtained by the assumption (2). Note 814

the prefix of ti is not si−1 but [si−1, ri]. 815

C Proof Details in Section 3.2 816

Since our model will go through two processes 817

learning (Section 3.2), we assume that, after train- 818

ing on the base theorem-proof pairs, for a given 819

question q, we have πθ(p|q) > 1 − δ1 for each 820

p ∈ P(q) and some ϵ > 0. After training on our 821

full hierarchical data, we further assume πθ(t|q) > 822

1− δ2 for t ∈ T (q) and allow a small range of loss 823

on basic math reasoning: πθ(p|q) > 1 − δ1 − ϵ 824

that may be caused by continued learning. Then 825

we have 826

ηθ(q) =
∑

p∈P(q)

πθ(p|q) 827

=
∑

p∈P(q)

πθ(t|q)
∏
i

πθ(ri|r≤i−1, t, q) (9) 828

≥
∑

p∈P(q)

(1− δ2)(1− δ1 − ϵ)φ(t). (10) 829

D Prompt Templates 830

We group the whole prompts in Figure 8. 831

E Additional Experimental Results 832

E.1 Experiments in Section 2.2 833

We conduct an experiments on how insightful the
recent advanced commercial LLMs can be. We
choose Gemini2.5-Flash and Deepseek R1 to gen-
erate insights of several problems. The problems
are chosen from four categories including algebra,
analysis, combinatorics and number theory, each
contains 10 mathematical competition level ques-
tions from Putnam and FIMO dataset. The insight
generation prompt is listed in Appendix D titled
’Insightfulness Evaluation’. Then we evaluate these
generated insight by o3-mini through the prompt
titled ’Insight Evaluation’. The results show that
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most of the insights are basically listing the general
standard techniques according to the conditions
in questions and can not see through the essential
approaches. See a randomly chosen evaluation re-
sult of the following question. The evaluations for
both models are shown in Figure 6 and Figure 7.
Question Let R+be the set of positive real num-
bers. Determine all functions f : R+ → R+ such
that, for all positive real numbers x and y,

f(x+ f(xy)) + y = f(x)f(y) + 1,

the final answer is f(x) = x+ 1.834

Insights generated by Deepseek R1 The func-835

tional equation involves terms like f(x + f(xy))836

and f(x)f(y) + 1, suggesting the use of **sub-837

stitution techniques** such as setting y = 1 or838

x = 1 to simplify and obtain relations involv-839

ing f(1). A potential approach is to **explore840

injectivity/surjectivity** by fixing one variable and841

comparing expressions, then using **Cauchy-type842

ideas** after establishing f is linear or affine. The843

structure f(x+ f(xy))− f(x)f(y) = 1− y hints844

at eventually proving f is of the form ax+ b and845

then determining constants via substitution into the846

original equation.847

Insights generated by Gemini2.5-Flash The pres-848

ence of f(x+ f(xy)) and f(x)f(y) suggests look-849

ing for properties like injectivity, surjectivity, or850

particular values of f . Substituting specific values851

(e.g., x = 1, y = 1) or analyzing the fixed points of852

f might be crucial. The term f(xy) combined with853

f(x)f(y) often points to multiplicative properties854

or comparison with Cauchy’s functional equation855

variants.856

We see that most of the insights generated by857

both Gemini2.5-Flash and Deepseek-r1 for this858

question are only standard analysis without hitting859

the essence. The accuracy of Gemini generated in-860

sights is even worse, being considered as “ simple861

scratch ”.862

E.2 Main Experiments in Section 6863

Here we provide some main parameters setting for864

our experiments. For both model series, we use the865

learning rate of 2e-5, and training batch size 256.866

The maximal sequence length is set to be 4096 for867

all experiments on base dataset, and 8192 for all on868

DeepInsiightTheorem.869

Benchmark Num.

FIMO 71
Putnam 166
HMMT 76

Table 3: The number of questions in each benchmark

F Data Construction 870

As we discussed before, the construction of our 871

data is based on the DeepTheorem (Zhang et al., 872

2025a) by annotating each piece of data with the 873

assist of Deepseek-R1 to help generate the core 874

techniques and corresponding proof sketches. Af- 875

ter the generation process, we have a filtration to 876

remove some data that failed to be annotated due 877

to some reasons like temporary API calling failure 878

or annotated with an undesired structure. Also we 879

notice some repeated questions in the base dataset 880

hence we also remove those redundant ones. 881

Finally, we collect 10,4751 pieces of hierarchical 882

data with rigorous structure as shown in Figure 9. 883

The distribution of each class of techniques are 884

summarized in Figure 5. 885

Maximizing Data Utility. A fundamental prin- 886

ciple of DeepInsightTheorem is its self-contained 887

nature. The creation of the hierarchical structure 888

(q, {ti}, s, p) is achieved solely through the analy- 889

sis of the information already embedded within the 890

original proofs. By doing so, we increase the infor- 891

mational density of each training example, offer- 892

ing a powerful pathway to improve data efficiency 893

when scaling high-quality mathematical proof data. 894

G Evaluation 895

The following Table 3 is a simple statistic on the 896

number of questions in three benchmarks we use 897

for evaluation. Note that in Zhang et al. (2025a), 898

they manually expand each benchmark by some 899

variants of each question. Here we do not need 900

such a design. 901
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Figure 5: The top technique distribution of each class in DeepInsightTheorem

H Statement on the Use of AI-Assisted902

Tools903

We used AI-assisted tools to support the writing904

and editing of this manuscript. Specifically, these905

tools were employed to help refine grammar, im-906

prove readability, and enhance the clarity and con-907

sistency of the presentation. All technical content—908

including the problem formulation, algorithm de-909

sign, theoretical analysis, experimental setup, re-910

sults, and conclusions—was developed and verified911

by the authors. The authors reviewed, validated,912

and edited all AI-assisted outputs to ensure correct-913

ness, originality, and compliance with the venue’s914

policies.915
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Figure 6: o3-mini’s evaluation response for the insight generated by Deepseek R1

Figure 7: o3-mini’s evaluation response for the insight generated by Gemini2.5-Flash
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Figure 8: The above is a list of prompts

18



Figure 9: This is an example of DeepInsightTheorem

19


	Introduction
	Preliminary
	Notion of Insight
	Insightfulness Evaluation

	Methodology
	Weak Recognition of Core Techniques 
	The Dual Process of Insight Acquisition and Application

	How to Train an Insightful LLM
	Dataset Construction
	Progressive Multi-Stage SFT

	Evaluation
	Experiments
	Main Results
	Qualitative Case Study

	Conclusion
	Related Work
	Theorem Proving
	Hierarchical Reasoning

	Proof Details in Section 3.1 
	Proof Details in Section 3.2
	Prompt Templates
	Additional Experimental Results
	Experiments in Section 2.2
	Main Experiments in Section 6

	Data Construction
	Evaluation
	Statement on the Use of AI-Assisted Tools

