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ABSTRACT

We reframe and operationalise adversarial inverse reinforcement learning (IRL) to
large language model reasoning, learning a dense, token-level reward model for
process supervision directly from expert demonstrations rather than imitating style
via supervised fine-tuning. The learned reasoning reward serves two complemen-
tary roles: (i) it provides step-level feedback to optimise a reasoning policy during
training; and (ii) it functions at inference as a critic to rerank sampled traces under
fixed compute budgets. We demonstrate that our approach prioritises correctness
over surface form, yielding scores that correlate with eventual answer validity and
enabling interpretable localisation of errors within a trace. Empirically, on GSM8K
and MedReason with Llama3 and Qwen2.5 backbones, we demonstrate: (i) dense
reasoning rewards can be used as a learning signal to elicit reasoning, and (ii)
predictive performance is improved from reward-guided reranking (notably for
Llama-based policies). By unifying training signals, inference-time selection, and
token-level diagnostics into a single reasoning reward, this work suggests reusable
process-level rewards with broad potential to enhance multi-step reasoning in
language models.1

1 INTRODUCTION

Recent advancements in large language models (LLMs) have driven rapid progress on multi-step
reasoning tasks. A dominant method is to transfer reasoning behaviours from human experts or
stronger models via supervised fine-tuning (SFT) on their reasoning traces (DeepSeek-AI et al.,
2025). While effective, this strategy fundamentally trains models to imitate a teacher’s style, rather
than to optimise reasoning as a decision-making process. Moreover, pure imitation omits the
exploration–exploitation trade-off that underpins autonomous improvement in sequential decision-
making (Setlur et al., 2025).

We take a different route: we formulate process-level reasoning as an inverse reinforcement learning
(IRL) problem. Instead of behaviour cloning from teacher LLMs (Sun and Schaar, 2025), we
learn a dense reasoning reward model from expert demonstrations. This reasoning reward model
evaluates intermediate steps within a reasoning trace and supplies token-wise feedback used in two
complementary ways: (i) as a training signal to optimise a policy for reasoning, and (ii) at inference
time, as an assistive reranker to select higher-quality samples under a fixed budget. In contrast to
behaviour cloning, this IRL-based approach aims to encode principles of expert reasoning and to
expose where a trace deviates from a good path through interpretable, dense rewards.

Defining a faithful, scalable, dense reward for reasoning is non-trivial: hand-crafted signals are
task-specific, and often incentivise shortcuts. By contrast, expert reasoning traces are comparatively
easier to collect at scale than carefully engineered token-level reward functions, and they implicitly
contain information about which intermediate steps matter. We therefore learn the dense reward
from expert demonstrations, rather than prescribing it, and use it for both training and inference-time
assistance.

1We provide the code for our experiments at https://anonymous.4open.science/r/expert_reasoning-C1E8
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�
We centre our formulation around four desiderata, evaluated empirically in this work:

1. (D1) A reward model usable to train reasoning in an LLM. Training with only
outcome correctness lacks step-level guidance and encourages shortcut learning.
Our learned reasoning reward model provides dense, token-level rewards that
serve as a training signal for policy optimisation.

2. (D2) An inference-time assist to improve predictive performance. In deployment,
we often have a small sampling budget; reranking or filtering can yield significant
gains without retraining. We use the reasoning reward model to score and rerank
sampled traces under a fixed budget.

3. (D3) Reward prefers being more likely correct, not only matching expert style.
Style imitation can embed biases and does not guarantee correctness. We show
that the reasoning reward scores correlate positively with eventual correctness,
rather than just surface form.

4. (D4) Interpretable dense reward that localises errors. Process supervision should
enable auditing and targeted intervention. We demonstrate how our reasoning
reward model highlights erroneous steps within a trace, exposing where and how
the reasoning deviates from the correct course.

We explicitly separate capability from predictive performance supremacy. Jointly optimising a policy
with a learned process reward model realises the four desiderata above: (D1) a usable training signal,
(D2) inference-time gains via reward-guided reranking under tight sampling budgets, (D3) rewards
that favour likely-correct traces over mere stylistic conformity, and (D4) token-level diagnostics.
Our main results centre on these capabilities—showing dense, token-level supervision, improved
predictive performance via reward-guided selection, and interpretable error localisation.

A systematic overview of our method to learn a dense reasoning reward model is shown in Figure 1.

Figure 1: Eliciting expert reasoning via adversarial inverse reinforcement learning. The model
learns a reasoning reward function from expert demonstrations using adversarial IRL.
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2 RELATED WORK

Reinforcement Learning and Search for Reasoning. There is growing interest in using reinforce-
ment learning (RL) to equip language models with improved reasoning by framing it as a sequential
decision-making problem. Process supervision leverages process reward models (PRMs) to score
intermediate steps rather than only final answers (DeepSeek-AI et al., 2025). This has been used to
guide models in maths and logic by rewarding stepwise correctness (Uesato et al., 2022; Lightman
et al., 2023), encouraging human-like solution paths in principle. However, specifying faithful,
fine-grained rewards is non-trivial, and training separate PRMs invites reward hacking and additional
complexity. Search-based approaches such as Monte Carlo Tree Search (MCTS) explore multiple
reasoning paths and assign credit to steps that culminate in correct solutions (Zelikman et al., 2022;
Yuan et al., 2023; Singh et al., 2024; Hosseini et al., 2024), echoing successes in games (Silver et al.,
2017). Yet scaling MCTS to language is difficult due to the vast branching factor and noisy valuation
of partial solutions. Closer to our aims, Cui et al. (2025) seeks to learn dense reasoning rewards via
implicit rewards (Rafailov et al., 2024) and outcome-verifiable signals. Our work differs in that we
learn a dense, token-level reward from expert demonstrations and utilise it both as a training signal
and as an inference-time reranker.

Inverse Reinforcement Learning for LLM Alignment. Inverse reinforcement learning (IRL)
infers a reward function from demonstrations rather than assuming it is known (Ziebart et al., 2004;
Abbeel and Ng, 2004; Hejna and Sadigh, 2023; Fu et al., 2019; Ho and Ermon, 2016). This is attractive
for aligning LLMs with human preferences and complex reasoning objectives that are difficult to
specify, such as those used in RL with human feedback (RLHF) with preference data (Christiano et al.,
2023; Rafailov et al., 2024). Recent works formalise alignment for language models as sequential
decision-making with missing rewards (Sun and van der Schaar, 2024; Xia et al., 2024; Sun and
van der Schaar, 2025), inferring rewards from high-quality trajectories (human experts or reliable AIs)
to guide behaviour (Joselowitz et al., 2024).In traditional IRL literature, adversarial IRL methods train
a discriminator to separate expert from generated traces and convert it into a reward (Ho and Ermon,
2016; Fu et al., 2018; Lin and Zhang, 2018; Li et al., 2017). We take this adversarial IRL perspective
to learn a dense process-level critic from expert reasoning traces. This directly supports (D1) by
providing a usable training signal, (D2) via inference-time reranking using the same critic, (D3)
by favouring likely-correct traces rather than stylistic conformity, and (D4) by yielding token-level
diagnostics.

Distillation and Supervised Fine-Tuning of Reasoning. A direct path to training reasoning models
is supervised learning on demonstrations or rationales, often framed as knowledge distillation (Hinton
et al., 2015). High-quality traces, from humans or strong teacher models, can be imitated to improve
reasoning (DeepSeek-AI et al., 2025; Kang et al., 2023; Kujanpää et al., 2025; Xu et al., 2025).
While SFT with chain-of-thought improves performance without RL’s optimisation challenges, pure
imitation cannot explore or correct out-of-distribution states (Setlur et al., 2025). In our evaluation,
SFT serves as a strong baseline for predictive performance. In contrast, our IRL-based approach
prioritises capabilities: a reusable dense reward for training (D1), inference-time gains via reranking
(D2), correctness-oriented scoring (D3), and interpretable token-level diagnostics (D4).

We summarise methodological differences with an emphasis on our desiderata in Table 1. The
comparison highlights which approaches (i) learn a reward, (ii) provide dense, step-level signals, (iii)
use expert demonstrations, (iv) naturally support inference-time assist (reranking/selection), and (v)
generalise beyond stylistic imitation.

3 PROBLEM FORMALISM

We model reasoning as an autoregressive, sequential decision-making process. Given a prompt x,
at step t the system is in state st = (x, y<t) with y<t = (y1, . . . , yt−1). The action space coincides
with the vocabulary V; an action is the next token yt ∈ V . An output (reasoning trace) is a trajectory
τ = (y1:T ) of length T . The LLM, parameterised by θ, induces a policy

πθ(at | st) = πθ(yt | x, y<t),

and thereby a trajectory distribution pθ(τ | x) over T , the space of token sequences. We write x ∼ Q
for the prompt distribution and τθ ∼ pθ(· | x) for trajectories sampled from the current policy.

3
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Method Examples Optimisation Objective Learned
Reward Dense Uses

Experts
Inference

Assist
Generalise

beyond Style

SFT
DeepSeek-AI et al. (2025)
Setlur et al. (2025)
Kang et al. (2023)

maxθ E(x,y)∼D[
−

∑
t log pθ(yt | x, y<t)

] ✗ ✗ ✓ ✗ ✗

Outcome Sup. DeepSeek-AI et al. (2025) maxθ Eτ∼πθ
[ rout(τ) ] ✗ ✗ ✗ ✓ ✓

Process-Sup.

Uesato et al. (2022)
Lightman et al. (2023)
Singh et al. (2024)
Hosseini et al. (2024)

maxθ Eτ∼πθ[∑
t rproc(yt)

] ✗ ✓ ✗ ✓ ✓

RLHF Christiano et al. (2023) maxθ Eτ∼πθ

[∑
t rϕ(yt)

]
✓ (✗) (✓) ✓ ✓

Expert Reas. ours
maxϕ minθ(
EτE∼pE

[rϕ(τE)]

−Eτθ∼pθ
[rϕ(τθ)]

) ✓ ✓ ✓ ✓ ✓

Table 1: Comparison against desiderata. Columns indicate whether a method (i) learns a reward,
(ii) provides dense step-level signals (D1/D4), (iii) leverages expert demonstrations, (iv) naturally
supports inference-time assistance via scoring/reranking (D2), and (v) facilitates generalisation
beyond stylistic imitation towards correctness (D3).

Our goal is to learn πθ that generates trajectories exhibiting high-quality chain-of-thought reasoning
before answering. Unlike classical RL, an explicit reward is not observed: the latent evaluation
function r : T → R (or token-level r : S ×V → R) is unknown. Instead, we assume access to expert
demonstrations DE = {τEi }Ni=1 drawn from an expert distribution pE(τ | x), where each τEi is a
high-quality reasoning trace produced by a human expert or a stronger teacher model. The learning
problem is to use DE to infer the structure of effective reasoning and to optimise πθ so that pθ(· | x)
aligns with pE(· | x) while solving the underlying tasks.

To bridge to our IRL formulation, we introduce a parametric surrogate reward rϕ : T → R. The
generic adversarial IRL objective seeks a saddle point in which the reward parameters ϕ maximise
the separation between expert and policy trajectories while the policy parameters θ minimise it:

max
ϕ

min
θ

Ex∼Q

[
EτE∼pE(·|x)

[
rϕ(τE)

]
− Eτθ∼pθ(·|x)

[
rϕ(τθ)

]]
. (1)

This objective formalises the goal: learn rϕ that scores expert reasoning higher than policy reasoning,
while updating πθ to close this gap.

4 METHOD

We build on adversarial learning frameworks for inverse reinforcement learning (Fu et al., 2018; Ho
and Ermon, 2016), adapting them to the large-scale language modelling setting. While alternative
IRL methods often rely on nested optimisation loops between policy and reward, making them
computationally prohibitive for LLMs, adversarial training provides a more tractable approach with
close parallels to RLHF (Sun and van der Schaar, 2025). Our method jointly learns a reward model for
reasoning and optimises the LLM policy against it, moving beyond standard supervised fine-tuning.
Figure 1 summarises the approach: a discriminator LLM is trained as an implicit reward model via
adversarial learning, and the reasoning policy is updated using the induced dense rewards.

4.1 ADVERSARIAL LEARNING OF THE REASONING REWARD MODEL

Let an output (reasoning trace) be τ = (y1:T ) with tokens yt ∈ V . We denote by pE the distribution
over expert outputs and by pθ the distribution over outputs induced by the current LLM policy
πθ. Inspired by GAIL (Ho and Ermon, 2016) and AIRL (Fu et al., 2018), we train a discriminator
LLM Dϕ (parameters ϕ) to distinguish expert from policy-generated outputs: Dϕ(τ) ∈ [0, 1] is the
probability that τ came from pE rather than pθ. The discriminator is trained with the standard binary
cross-entropy objective

max
ϕ
LD(ϕ) = Eτ∼pE

[
logDϕ(τ)

]
+ Eτ∼pθ

[
log

(
1−Dϕ(τ)

)]
. (2)

For fixed pθ, the optimal discriminator is (Goodfellow et al., 2014)

D∗
ϕ(τ) =

pE(τ | x)
pE(τ | x) + pθ(τ | x)

, (3)

4
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which realises a density-ratio estimator between expert and policy distributions. Subsequently, we use
the logit of the discriminator as an implicit reward to train the LLM reasoning policy τθ. In particular,
at token position t with state st = (x, y<t) and action yt,

rϕ(st, yt) = rϕ(yt | x, y<t) = logDϕ(yt | x, y<t)− log
(
1−Dϕ(yt | x, y<t)

)
, (4)

yielding dense, token-level process feedback without explicit human reward annotation. For simplicity
of notation, we will omit the condition in the reward and discriminator, and refer to it as rϕ(yt) and
Dϕ(yt), respectively.

4.2 POLICY LEARNING WITH DENSE REASONING REWARDS

Let x ∼ Q denote a prompt drawn from the prompt distribution. For each x, we form a per-
prompt group consisting of one expert demonstration τE ∼ pE(· | x) (if available) and G policy
candidates {τ (g)}Gg=1 ∼ pθold(· | x), where τ (g) = (y

(g)
1:Tg

). Applying (4) gives token-level rewards

rϕ(y
(g)
t ) ∈ R for each sequence in the group.

To reduce variance and remove scale dependence, we normalise each reward within the group for
prompt x. For any sequence τ in the group, define the baseline as the average reward of the last valid
token in the sequence, as it encapsulates the information of the previous prompt and response tokens.
Subsequently, we divide by the standard deviation of the rewards of the last valid token.

Let S = {τE} ∪ {τ (g)}Gg=1. Compute the standartisation as proposed for Group Relative Policy
Optimisation (GRPO) by Zhao et al. (2024):

r̄ =
1

|S|
∑
τ∈Sx

rϕ(yTτ ), σ2 =
1

|S| − 1

∑
τ∈S

(
rϕ(yTτ )− r̄

)2
Standardised individual token rewards are r̃ϕ(yt) =

(
rϕ(yt)− r̄

)
/σ. Following the method proposed

by Cui et al. (2025) for dense rewards, we define discounted advantages for each position t in a policy
output τ (g) as

A
(g)
t =

Tg∑
s=t

γ s−t r̃ϕ(y
(g)
s ), γ ∈ [0, 1]. (5)

For completeness, the same construction yields AE
t on the expert trace, and the policy updates

uses {A(g)
t }Gg=1 and AE

t , which can be seen as a weak form of supervised-finetuning, as the expert
demonstration is anyways available. Once all the advantages At for every token are calculated, we
update the policy with the Proximal Policy Optimisation clip surrogate loss (Schulman et al., 2017):

min
θ
Lclip(θ) = Et

[
min

( πθ(yt|x, y<t)

πθold(yt|x, y<t)
At, clip

( πθ(yt|x, y<t)

πθold(yt|x, y<t)
, 1− ϵ, 1 + ϵ

)
At

)]
(6)

An overview of the training can be found in Algorithm 1.

Algorithm 1 Adversarial inverse reinforcement learning for eliciting expert reasoning in LLMs

Require: Expert reasoning traces DE = {τEi }Ni=1 ; number of iterations I
1: Initialise reasoning policy πo and discriminator Dϕ

2: for i← 1 to I do
3: Generate G reasoning traces DP←{τ (g)}Gg=1 by sampling πθ on prompts x ∼ Q
4: (Optionally) Add perturbed examples to DP

5: Update Dϕ: maximise Eτ∼DE
[logDϕ(τ)] + Eτ∼DP

[log
(
1−Dϕ(τ)

)
]

6: Compute reward for each token in S: rϕ(y
(g)
t )← log

(
Dϕ(y

(g)
t )

)
− log

(
1−Dϕ(y

(g)
t )

)
7: Normalise each reward r̃ϕ(y

(g)
t ) and compute advantage score A

(g)
t

8: Optimise πθ by applying one step of GRPO on Dϕ using rewards rϕ
9: end for

5
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5 EXPERIMENTS

We evaluate on GSM8K (Cobbe et al., 2021), which includes human-annotated intermediate reasoning
steps. Our base policies are open-weight, instruction-tuned variants not trained for reasoning:
Qwen2.5 (policies: 3B, 7B; discriminators: 0.5B, 1.5B; Bai et al. (2023)) and Llama3 (policies: 3B,
8B; discriminator: 1B; Touvron et al. (2023)). Across different policy–discriminator pairings, we
learn a dense, token-level reasoning reward from expert demonstrations and jointly optimise the
policy with this reward. Evaluation follows the four desiderata from §1: (D1) reward as a training
signal; (D2) inference-time assistance via critic-guided reranking under fixed sampling budgets;
(D3) favouring likely-correct traces over stylistic conformity; and (D4) interpretable token-level
diagnostics that localise errors. Implementation and optimisation details appear in Appendix A.

5.1 USING THE LEARNED REWARD AS A TRAINING SIGNAL

We first test whether the learned dense reasoning reward provides a useful signal for optimising a
policy’s step wise behaviour. We jointly train a policy and dense reasoning reward model on GSM8K
and monitor (i) the mean reward assigned to full traces on evaluation data and (ii) the fraction of traces
that end in a correct answer (“correctness accuracy”) for both training and evaluation splits. Figure 2
shows the training dynamics for Llama3.1-8B with a Llama3.2-1B discriminator. The evaluation
reward fluctuates from negative values toward zero and above, reflecting the adversarial interaction
between the policy and the discriminator. The correctness accuracy increases, especially when the
reward rises, and ends higher than before training.

We observe the same qualitative pattern across other policy and discriminator pairings, namely
Qwen2.5 3B and 7B and Llama3 3B configurations, reported in Appendix B.1 Figures 7, 8, and 9.
The evaluation reward tracks learning progress and is positively associated with correctness. This
indicates that the discriminator’s token-level supervision is not only fitting training data but also
generalises as a process signal.
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(a) Learned Rewards
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(b) Correctness Accuracy

Figure 2: Training behaviour of the reward and correctness for Llama3.1-8B as the policy with
Llama3.2-1B as the discriminator. Left (2a): aggregate learned reward over training steps (train/eval).
Right (2b): correctness accuracy (train/eval).

For completeness, we benchmark predictive performance against two strong references in Ap-
pendix D.1: supervised fine-tuning on reasoning traces and GRPO (DeepSeek-AI et al., 2025), which
uses verifiable outcome rewards and therefore serves as an empirical upper bound. Appendix Table 2
shows that our expert reasoning approach is frequently competitive with, and sometimes exceeds,
supervised fine tuning across k ∈ {1, 3, 5, 10}, while GRPO traces the strongest curve. Closing the
remaining gap to supervised fine tuning and GRPO in raw pass@1, without sacrificing the dual use of
the learned reasoning reward model for training and inference, is promising future work.

Takeaway: The learned dense reward functions are a faithful training signal. Increases in the
reward align with improvements in evaluation correctness. Although raw pass@1 can trail strong
supervised fine tuning baselines and GRPO, the reasoning reward model’s dual role enables
capability gains that the following sections develop.
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5.2 INFERENCE TIME ASSISTANCE VIA REWARD-GUIDED RERANKING

We next test whether the learned reward can be used at inference to select better candidates from a
small sample budget (Sun and van der Schaar, 2025). For each prompt we draw N candidate traces
from the policy, score each trace by the mean discounted token level reward, and pick the top k traces
by this score. We report pass@k | N , defined as the fraction of prompts for which at least one of
the selected k traces is correct when N samples were available in total. Random ranking provides a
natural baseline that does not use the reward. Unless stated otherwise we use N = 16.

Figure 3 shows results for Llama3.1-B with a Llama3.2-1B discriminator. The left panel displays
the distribution of mean discounted rewards for answer tokens, split by whether the final answer
is correct or not. The distributions are clearly separated with a large t statistic, and the right panel
shows that reward guided reranking improves pass@k | N over random ranking across the range of
k. These results indicate that the reward model is calibrated to correctness and that its scores are
useful for selection at inference.
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(a) Distribution of mean discounted rewards
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Expert Reasoning: pass@k N comparison

Reward Reranker
Random Ranking

(b) Comparison of pass@k | N

Figure 3: Benefit of the reasoning reward at inference for Llama3.1-8B with a Llama3.2-1B critic.
Left(3a): reward distributions for correct versus incorrect answers. Right (3b): pass@k | 16 using
reward-guided reranking versus random ranking.

Appendix B.2 reports the same analysis for Qwen2.5-3B and 7B and Llama3.2-3B in Figures 10,
11, and 12. For Llama3.2-3B, we again observe a clear separation of the reward distributions and
consistent gains in pass@k | 16. For the Qwen models, reward-guided reranking does not yield
statistically significant improvements. Two factors likely explain this outcome. First, the class
conditional reward distributions overlap more for Qwen, which weakens the ranking signal. Second,
the Qwen2.5 policies are already strong predictors (Table 2 shows Qwen2.5-7B exceeding SFT at
pass@1), leaving limited headroom for selection to change the top k. Consequently, the marginal
value of reranking is potentially reduced, even when the distributional separation is statistically
non-zero.

Takeaway: The learned reward is effective for inference time selection under a fixed budget, with
clear pass@k | N gains for Llama3-based policies. For Qwen2.5, despite a statistically significant
separation of reward distributions, reranking does not produce significant gains, likely due to the
strong base accuracy and weaker separation.

5.3 REWARD PREFERS LIKELY CORRECT TRACES OVER STYLISTIC CONFORMITY

In this experiment, we investigate whether the learned reward is based on correctness rather than
superficial formatting. For each response, we compute the mean (discounted) reward over answer
tokens and compare it to verifiable signals used in GRPO: a binary correctness indicator and a
formatting or structure signal. We report Pearson correlations.

7
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Figure 4: Correlation of the learned reward for Llama3.1-
8B with Llama3.2-1B. Shows correlations between the (dis-
counted) learned reward on answer tokens and verifiable
signals: correctness and formatting structure.

Figure 4 shows the correlation ma-
trix for the Llama3.1-8B policy with
Llama3.2-1B discriminator. The
learned (discounted) rewards exhibit
their strongest association with correct-
ness (ρ = 0.27 for rewards, and ρ =
0.30 for discounted rewards, γ = 0.9).
At the same time, correlations with
formatting-based signals (XML Count,
Strict Format, Soft Format, and integer
response) are appreciably smaller. This
pattern indicates that the reasoning re-
ward model scores are calibrated to so-
lution validity rather than to the pres-
ence of a particular structure, which is
consistent with the separation observed
in the reward distributions and with the
improvements from reranking in sub-
section 5.2. Additional correlation ma-
trices for other backbones are reported
in Appendix B.3 in Figure 13.

To improve robustness, we introduce perturbed samples during training for both expert and policy
traces. The perturbations flip operator signs, corrupt numbers, and swap the final answer with a
previous intermediate number. The perturbations expose near-miss errors that share surface form with
correct traces but are semantically incorrect. In Appendix D.3, we report our experiment comparing
training with and without perturbations in Figure 25. With perturbations, the reward distributions for
correct and incorrect answers separate more clearly, the pass@k | N curves improve at low k, and
the correlations with formatting signals decreases.

Takeaway: The learned reward correlates most strongly with correctness and only weakly
with formatting, indicating a preference for likely correct traces rather than stylistic conformity.
Training with targeted perturbations further sharpens this preference and improves selection
behaviour.

5.4 INTERPRETABLE DENSE REWARDS AND LOCALISATION OF ERRORS

We evaluate whether the learned dense reward provides actionable interpretability by revealing where
a reasoning trace succeeds or fails. We visualise token-level normalised rewards along the trace
and focus on the answer region with discount factor γ = 0.9. Here, we display one correct and one
incorrect example for Llama3.1-8B with a Llama3.2-1B discriminator (Figures 5 and 6); the appendix
provides two additional correct and two additional incorrect examples per backbone for both Llama3
and Qwen2.5 combination (Appendix B.4, Figures 14, 15, and 16).

In correct solutions the reward forms contiguous positive bands that align with decisive computations
and algebraic simplifications, with neutral or slightly positive rewards on connective tokens. In
incorrect solutions we observe early negative bands at the point of deviation, followed by persistently
negative or oscillating rewards. The penalties propagate forward due to discounting, which makes the
final answer region strongly negative even when surface level formatting remains plausible. These
patterns are consistent across backbones and mirror the distributional separation and reranking gains
reported in subsections 5.1 and 5.2.

Takeaway: The learned dense reward yields interpretable token-level attributions that pinpoint
failure and reveal error propagation, enabling auditing and simple triggers for early rejection
or self-revision. A natural extension and interesting option for future work is reward-guided
next-token generation to self-correct when a trace begins to drift.

8
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Question:
Gretchen has 110 coins. There are 30 more gold coins than silver coins. How many gold coins does
Gretchen have?
Reasoning + Answer:
<think>Therearexsilvercoins , thentherearex+30goldcoins . Thereareatotalof x+(x+30)=
110coinswhichsimplifiesto  2 x+30=110 . Solving  2 x+30=110bysubtracting  30fromboth
sidesyields  2 x=80 . Dividing  2 x=80by  2onbothsidesyieldsx=40 . Thereare  40silver
coinsand  40+30=70goldcoins . </think><answer>70  </answer>  10

5

0

5

10

Reward score

Figure 5: Correct answering. Dense reward on a correct solution shows contiguous positive bands
on decisive computations. Rewards are standardised and discounted with γ = 0.9.

Question:
Henry is making cookies for a local baking competition. He wants to make twice as many as he did
last year. When he finishes baking, he realizes he actually baked 15 more cookies than he meant to.
He drops 5 of his cookies as he is putting them out to cool, and now has a total of 110 cookies. How
many cookies did Henry bake last year?
Reasoning + Answer:
<think>Henrywantstobake  2timesasmanyashedidlastyear , buthebaked  15morethanthat
,meaninghebaked  2 x(lastyear'scookies)+15  Thismeanshebaked  2 x(lastyear'scookies
)+15=110 - 5=105  Thismeans  2 x(lastyear'scookies)=105 - 15=90  Thismeansx(last
year'scookies)=90 / 2=45  </think><answer>45  </answer>  10

5

0

5

10

Reward score

Figure 6: Incorrect answering. Dense reward on an incorrect solution highlights the first erroneous
step with a sharp negative band, followed by propagated penalties into later tokens and the final
answer due to discounting. Rewards are standardised and discounted with γ = 0.9.

6 LIMITATIONS

Our approach has several limitations. Joint optimisation of the policy and the learned reward can lag
SFT on some backbones in pass@1. The discriminator may inherit bias or noise from expert traces,
and adversarial training yields non-stationary signals. Learned rewards can overfit to superficial cues,
and calibration differs across model families, with weaker separation in Qwen2.5 than in Llama3.
Performance depends on choices such as discounting, token aggregation, and normalisation. Compute
and latency rise due to alternating updates and inference-time scoring. Finally, evaluation is limited
to GSM8K-style arithmetic reasoning and does not cover long context, multimodality, or high-stakes
settings.

7 FUTURE WORK

A learned dense reward can serve as both a training signal and an inference-time assistant, providing
token-level diagnostics. Several directions follow. First, close the remaining pass@1 gap to strong
SFT by improving optimisation at the discriminator–policy interface; to this end we also explored a
Wasserstein GAN (Arjovsky et al., 2017) variant (Appendix D.4). Second, improve reward calibration
across backbones, especially Qwen2.5, by refining perturbations, using hard negatives, and adopting
contrastive objectives. Third, integrate the critic at generation time through reward-guided decoding,
early rejection, and self-revision. Fourth, extend beyond GSM8K to broader domains and to settings
with limited or noisy demonstrations, including online learning and active data collection.

8 CONCLUSION

We introduced an inverse reinforcement learning approach that learns a dense reasoning reward
from expert demonstrations. The learned critic serves two roles. It teaches a policy to reason from
token-level feedback and improves predictive performance at inference by reranking under a fixed
sampling budget. The reward aligns with correctness rather than surface form and offers interpretable
localisation of errors. While raw accuracy may trail strong supervised fine-tuning and outcome-reward
RL, the capability gains are clear. We view this work as a step toward reusable process-level critics
that support training, inference, and diagnosis in a single framework.
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A IMPLEMENTATION DETAILS

We evaluate the proposed expert reasoning approach on GSM8K, a benchmark of grade school
mathematics problems that provides final answers and human-written demonstrations. Unless noted
otherwise, we use open-weight instruction-tuned models as base policies and train a learned reward
using adversarial inverse reinforcement learning. When the reward model is implemented as a
sequence classifier, it yields a sparse signal at the sequence level. To obtain a dense signal, we instead
implement the discriminator as a token classifier that shares the backbone with a language model
and replaces the language modelling head with a single linear layer that outputs one logit per token.
The code to all our experiments can be found at https://anonymous.4open.science/r/expert_reasoning-
C1E8.

All experiments are implemented in Python (Van Rossum and Drake Jr, 1995) with PyTorch (Paszke
et al., 2017) and Hugging Face Transformers (Wolf et al., 2020). We accelerate training and evaluation
with UNSLOTH (Daniel Han and team, 2023). Unless stated otherwise we use a starting learning
rate of 1× 10−5 for both policy and discriminator (1× 10−4 for the Llama models) with a cosine
schedule and ten per cent warm up. We train for 500 optimisation steps with batch size 16 and
generate G = 16 samples per prompt, accumulated over two gradient steps.

Data and preprocessing. We follow the standard GSM8K split. Prompts consist of the problem text
with a short system instruction that requests step by step reasoning. Demonstrations are formatted as
<think> ... </think> followed by <answer> ... </answer> format. Tokenisation
uses the native tokeniser of each backbone. For evaluation, we decode with temperature T = 1.0 and
top_p = 0.95 unless stated otherwise.

Objectives and optimisation. The discriminator is trained with a binary cross entropy objective to
distinguish expert traces from policy traces at the token level. Let rϕ(yt | x, y<t) denote the reward
at token t; the aggregate trace reward is the mean of discounted rewards over the answer segment
with discount factor γ = 0.9. Policy updates follow a group wise normalised advantage objective
with G samples per prompt. We apply gradient clipping, weight decay (β1 = 0.9, β2 = 0.99), and
label smoothing (0.95) on the discriminator targets. We use a quantised ADAM optimiser.

Inference time scoring. At inference we draw N = 16 samples per prompt, compute the mean
discounted reward over answer tokens for each sample, and rerank by this score. We report pass@k |
N , the fraction of prompts for which at least one of the top k ranked samples is correct when N
samples are available. Unless noted otherwise N = 16 and k ∈ {1, 3, 5, 10}.

Perturbations. To improve robustness and reduce reliance on surface form we introduce targeted
perturbations during discriminator training for both expert and policy traces: (i) flip arithmetic
operator signs, (ii) corrupt numeric literals by small random offsets, and (iii) swap the final answer
with an earlier intermediate number. Perturbed traces are labelled as non expert.

Compute. Experiments are conducted on A100-class GPUs with mixed-precision training. We use
gradient accumulation to match effective batch sizes across backbones. All models are in 4-bit mode,
provided by UNSLOTH (Daniel Han and team, 2023) for training speed and memory efficiency.

A.1 POLICY MODEL

Policies are initialised from instruction-tuned checkpoints and trained with the learned reward signal.
The following policy backbones are used:

• Llama3.1-8B-Instruct

• Llama3.2-3B-Instruct

• Qwen 2.5-3B-Instruct

• Qwen 2.5-7B-Instruct
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A.2 DISCRIMINATOR MODEL

Unless specified otherwise the discriminator shares the architecture family with the policy but differs
in size. The discriminator is always trained as a token classifier:

• Llama3.2-1B-Instruct

• Qwen-2.5-0.5B-Instruct

• Qwen-2.5-1.5B-Instruct

• Qwen-2.5-Math-1.5B-Instruct (ablation)

A.3 POLICY–DISCRIMINATOR COMBINATIONS

We evaluate the following pairings; results for the representative configuration appear in the main
text, and the remainder in the appendix:

Policy Discriminator
Llama3.1-8B-Instruct Llama3.2-1B-Instruct
Llama3.2-3B-Instruct Llama3.2-3B-Instruct
Qwen-2.5-3B-Instruct Qwen-2.5-0.5B-Instruct
Qwen-2.5-7B-Instruct Qwe-2.5-1.5B-Instruct

Qwen-2.5-7B-Instruct Qwen-2.5-0.5B-Instruct (ablation)
Qwen-2.5-7B-Instruct Qwen-2.5-Math-1.5B-Instruct (ablation)

For completeness, we also test a maths-specialised variant of the discriminator within the Qwen
family; it does not improve calibration relative to the general-purpose discriminator in our setting and
is therefore reported only in the Appendix D.2.

A.4 STATEMENT ABOUT THE USE OF LARGE LANGUAGE MODELS

We utilised large language models to assist with drafting and editing the manuscript, as well as
to accelerate implementation by generating boilerplate code and providing debugging suggestions.
LLMs were not involved in the conception of the methods, study design, or interpretation of results.
All outputs were reviewed and verified by the authors, who take full responsibility for the content.
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B ADDITIONAL RESULTS

B.1 TRAINING BEHAVIOUR
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Figure 7: Training behaviour of the Reward and Correctness. Subfigure 7a shows the training and
evaluation reward during optimisation, and Subfigure 7b demonstrates the increasing correctness for
the (Qwen2.5-3B-Instruct - Qwen2.5-0.5B-Instruct) combination.
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Figure 8: Training behaviour of the Reward and Correctness. Subfigure 8a shows the training and
evaluation reward during optimisation, and Subfigure 8b demonstrates the increasing correctness for
the (Llama3.1-3B-Instruct - Llama3.2-1B-Instruct) combination.

0 100 200 300 400 500
Training Step

0.6

0.4

0.2

0.0

0.2

0.4

Re
wa

rd

Training
Evaluation

(a) Learned Rewards

0 100 200 300 400 500
Training Step

0.0

0.2

0.4

0.6

0.8

Co
rre

ct
ne

ss
 A

cc
ur

ac
y

Training
Evaluation

(b) Correctness Accuracy

Figure 9: Training behaviour of the Reward and Correctness. Subfigure 9a shows the training and
evaluation reward during optimisation, and Subfigure 9b demonstrates the increasing correctness for
the (Qwen2.5-7B-Instruct - Qwen2.5-1.5B-Instruct) combination.
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B.2 DISTRIBUTION OF REWARDS AND RERANKING PERFORMANCE
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Figure 10: Benefit of Reasoning Reward Model. This is for the (Qwen2.5-3B-Instruct -
Qwen2.5-0.5B-Instruct) combination.
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Figure 11: Benefit of Reasoning Reward Model. This is for the (Llama3.2-3B-Instruct -
Llama3.2-1B-Instruct) combination.
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Figure 12: Benefit of Reasoning Reward Model. This is for the (Qwen2.5-7B-Instruct -
Qwen2.5-1.5B-Instruct) combination.
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B.3 CORRELATION OF REWARD MODEL WITH CORRECTNESS AND FORMATTING
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Figure 13: Correlation Matrix of Verifiable Rewards with Learned Reward. Correlation between
the mean rewards of the answer tokens with the various verifiable rewards, used in GRPO training.
We are especially interested in the correlation between correctness and the rewards.
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B.4 REASONING TRACES

Question:
In a dance class of 20 students, 20% enrolled in contemporary dance, 25% of the remaining enrolled
in jazz dance, and the rest enrolled in hip-hop dance. What percentage of the entire students
enrolled in hip-hop dance?
Reasoning + Answer:
<think>2 0students*  2 0%=  4studentsenrolledincontemporarydance . 2 0students -  4
students=  1 6studentsremaining. 1 6students*  2 5%=  4studentsenrolledinjazzdance . 1
6students -  4students=  1 2studentsenrolledinhip-hopdance . 1 2students /  2 0students=
 6 0%</think><answer>6 0  </answer>  
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(a) Correct example 1

Question:
Janet buys a brooch for her daughter. She pays $500 for the material to make it and then another
$800 for the jeweler to construct it. After that, she pays 10% of that to get it insured. How much did
she pay?
Reasoning + Answer:
<think>1 0%of $ 5 0 0+$ 8 0 0=$ 5 0 0+$ 8 0 0=$ 1 3 0 0  $ 1 3 0 0 x  1 0%=$ 1 3 0  
Therefore , shepaid$ 1 3 0+$ 1 3 0 0=$ 1 4 3 0 . </think><answer>1 4 3 0  </answer>  
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(b) Correct example 2

Question:
Candice put 80 post-it notes in her purse before she headed out to her job at the coffee shop. On
her way, she stopped off at the store and purchased a package of Post-it notes; At work, she placed
a single Post-it note on each of 220 different cups of coffee. If she had 23 post-it notes remaining
overall, how many Post-it notes were in the package that she purchased?
Reasoning + Answer:
<think>Candiceinitiallyhad  8 0post-itnotesinherpurse , soshehad  8 0+2 3=1 0 3post-it
notesafterleavingthestore . Sincesheused  2 2 0post-itnotesatwork , shemusthavepurchased
 2 2 0 - 1 0 3=1 1 7post-itnotes . </think><answer>1 1 7  </answer>  
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(c) Wrong example 1

Question:
Gene is sewing a quilt out of old souvenir t-shirts. He has one shirt from each vacation he has been
on. Every shirt is its own quilt block. Each row is made of blocks from a different year of vacations.
He goes on four vacations a year and has been vacationing since he was 23 years old. He is now 34.
How many quilt blocks does he have in total?
Reasoning + Answer:
<think>Genehasbeenvacationingfor  3 4 - 2 2=1 2years . Ifhetookavacationeveryyear , he
wouldhave  1 2 x 4=4 8quiltblocks . </think><answer>4 8  </answer>  
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(d) Wrong example 2

Figure 14: Dense reward illustrations for (Qwen2.5-3B-Instruct & Qwen2.5-1.5B-Instruct). Two
correct and two wrong examples of dense rewards (γ = 0.9). Correct cases show contiguous positive
reward bands aligned with decisive reasoning, while wrong cases show inconsistent or negative
signals.
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Question:
If Raymond does half as much laundry as Sarah, and Sarah does 4 times as much laundry as David,
calculate the difference in the amount of laundry Raymond and David do if Sarah does 400 pounds
of laundry.
Reasoning + Answer:
<think>RaymonddoeshalfasmuchlaundryasSarah , andSarahdoes  400poundsoflaundry , so
Raymonddoes  1 / 2 *  400=  200pounds . Sarahdoes  4timesasmuchlaundryasDavid , so  
4timesasmuchasDavidmeansRaymonddoes  400 / 4  100pounds (althoughthisvariableshould
berenamed, butthenamewillnotchangetheresult , todistinguishitfromDavid).Thedifferencein
theamountoflaundryRaymonddoescomparedtoDavidis  200 - 100=  100pounds , </think><
answer>100  </answer>  15
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(a) Correct example 1

Question:
Dan plants 3 rose bushes. Each rose bush has 25 roses. Each rose has 8 thorns. How many thorns
are there total?
Reasoning + Answer:
<think>Danplants  3rosebushes , andeachbushhas  25roses , sothereare  3 * 25=75rosesin
total . Eachrosehas  8 thorns , sothetotalnumberof thornsis  75 *  8=  600  </think><
answer>600  </answer>  15

10
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(b) Correct example 2

Question:
Julia s boat sprang a leak while she was out on the lake. The boat was taking on two liters of water
for every ten feet she rowed back towards shore. It took her sixteen seconds to row twenty feet.
The shore was 64 seconds away. How much water had the boat taken on by the time Julia reached
shore?
Reasoning + Answer:
<think>1 .CalculatethefeetpersecondJulia'sboatisrowing , sofirstfindthefeetsherowedper
secondbydividingthedistancesherowedbythetimeit tookhertorowthatdistance , ( 20feet /  
16seconds).sherowsat  20 / 16=  1 . 25feet / second  2 .Calculatehowmanysecondsitwould
takeJuliatorow  64feetbyusingtherowingrateinfeet / second , 64feet /  1 . 25feet / second  
=   51 . 2seconds  Sinceit tookJuliaatotalof  64+  51 . 2  =   115 . 2seconds  3 . For
everytenfeetsherows , shetakeson  2liters .Determinehowmanyunitsof  10feettherearein  
64feetandthenmultiplythisto  2 forthetotallitersshetakeson , 64feet /  10feet / unit=  6 .
44units  2liters/unit *  6 . 44units=  12 . 88liters  Sinceitwouldtakeher  115 . 2seconds
andherboattakes  10secondstodeliver  2litersforevery  64feet ittravels . Multiplythese
together ,  ( 115 . 2 /  10 )  =  11 . 52andmultiplythesetoherwaterneeds ( 12 . 88 *  11 .
52 )  Forsomereasonthesenumbersaren'tcoomentary . ( 12 . 88 *  11 . 52=  147  Notethat
 0 . 55eitherhasbeenlostbytranscribingthisquestionor isfractionalwhichcorrespondsto  

remainderortops  Thecomputeralsolosesonedecimalswhichkeeps  147litersforher . </think>
<answer>147  </answer>  
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(c) Wrong example 1

Question:
Brittany and her mom go to the museum. The cost of admission is $12 for adults and $10 for
children. Brittany's mom gives the cashier money for 1 child ticket and 1 adult ticket. If she received
$8 in change, how much money, in dollars, did she give the cashier?
Reasoning + Answer:
<think>Brit t any'smompaidwithmoneyfor  1childticket ( priceofchildticket ) +moneyfor  1
adultticket ( priceofadultticket),whichintotalisequaltomoneythatshegavethecashier - $ 8 (
change).Thatcanbewrittenas :  priceofchildticket+priceofadultticket=moneythatBrittany's
momgave -  $ 8  Solvingthelinearequationandrecallingthatthepriceof achildticketis$10and
thepriceofanadultticketis$12resultsinthefollowingequation : 10+  12=moneythatBrittany's
momgave -  8  So , moneythatBrittany'smomgave= ( 10+  12 ) +  8  = ( 10+  12 ) +  8  
=  120+  8  =$128  <answer>128</answer>  15
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(d) Wrong example 2

Figure 15: Dense reward illustrations for (Llama3.1-3B-Instruct & Llama3.1-1B-Instruct). Two
correct and two wrong examples of dense rewards (γ = 0.9). Correct cases show contiguous positive
reward bands aligned with decisive reasoning, while wrong cases show inconsistent or negative
signals.
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Question:
Janet s ducks lay 16 eggs per day. She eats three for breakfast every morning and bakes muffins for
her friends every day with four. She sells the remainder at the farmers' market daily for $2 per fresh
duck egg. How much in dollars does she make every day at the farmers' market?
Reasoning + Answer:
<think>Janetstartswith  1 6freshduckeggseveryday . Sheeats  3+  4=  7eggseveryday .
Thus , shehas  1 6 -  7=  9eggsremainingtosellatthemarket . Shesellseacheggfor $ 2 , so
shemakes  9 * $ 2=$ 1 8perdayatthemarket . </think><answer>1 8  </answer>  
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(a) Correct example 1

Question:
Janet s ducks lay 16 eggs per day. She eats three for breakfast every morning and bakes muffins for
her friends every day with four. She sells the remainder at the farmers' market daily for $2 per fresh
duck egg. How much in dollars does she make every day at the farmers' market?
Reasoning + Answer:
<think>Janetâ sduckslay  1 6eggsperdayandsheeats  3 forbreakfastsoshehas  1 6 - 3=
 1 3eggs  Shealsobakesmuffinsforherfriendswith  4eggssoshehas  1 3 - 4=  9eggsleft  
Shecansell  9eggsdailyatthefarmers ' marketfor $ 2eachsoshemakes  9 * 2=$ 1 8perday  
</think><answer>1 8  </answer>  
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(b) Correct example 2

Question:
Carlos is planting a lemon tree. The tree will cost $90 to plant. Each year it will grow 7 lemons,
which he can sell for $1.5 each. It costs $3 a year to water and feed the tree. How many years will it
take before he starts earning money on the lemon tree?
Reasoning + Answer:
<think>Hegets$ 7 ayearfromthelemontreebecause  7 x  1 . 5=  7  Subtractthewatering /
feedingcostandhemakes  7 -  3=  4dollarsayear  Heneedstomake$ 9 0so itwilltake  9 0 /
4=  2 2 . 5  Sincehecanâ tcountpartialyearsheneedstowait  2 3years  </think><answer
>2 3  </answer>  
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(c) Wrong example 1

Question:
Melanie is a door-to-door saleswoman. She sold a third of her vacuum cleaners at the green house,
2 more to the red house, and half of what was left at the orange house. If Melanie has 5 vacuum
cleaners left, how many did she start with?
Reasoning + Answer:
<think>Attheorangehouse , Melaniesold  2morethanhalf , so  2lessthanhalfwereleft ( 5+2
=7 ) Thismeanshalfofwhatshestartedwithis  7  Shestartedwith  7 * 2=1 4vacuumcleaners
 Thenumbershesoldtothegreenhousewas  1 / 3rdof  1 4 , whichis  1 4 / 3=  4  2 / 3  
Sinceshecan'tsell  2 / 3 of avacuumcleaner , weknowshesold  4 ofthegreenhouse  This
meansshesold  2morethan  4 totheredhouse , so  4+2=6 totheredhouse  Shestartedwith
 1 4andsold  4 tothegreenhouseand  6 totheredhouse , so  1 4 - 4 - 6=4  Addingthoseshe
hadleft ,  4+5=9vacuumcleaners  </think><answer>9  </answer>  5
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(d) Wrong example 2

Figure 16: Dense reward illustrations for (Qwen2.5-7B-Instruct & Qwen2.5-1.5B-Instruct). Two
correct and two wrong examples of dense rewards (γ = 0.9). Correct cases show contiguous positive
reward bands aligned with decisive reasoning, while wrong cases show inconsistent or negative
signals.
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Question:
Janet s ducks lay 16 eggs per day. She eats three for breakfast every morning and bakes muffins for
her friends every day with four. She sells the remainder at the farmers' market daily for $2 per fresh
duck egg. How much in dollars does she make every day at the farmers' market?
Reasoning + Answer:
<think>Janetlays  16eggsadayandeats  3 ofthemforbreakfastandbakes  4 forherfriends
meaningshesells  16 - 3 - 4=  9 atthemarketeveryday  Shegets  2dollarspereggshesells
meaningshemakes  2 * 9=  18  </think><answer>18  </answer>  10
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(a) Correct example 1

Question:
A robe takes 2 bolts of blue fiber and half that much white fiber. How many bolts in total does it
take?
Reasoning + Answer:
<think>Thereare  2boltsofbluefiberandhalfthatmuch ( 2 / 2=1 ) boltofwhitefiber  Theyall
togetherneed  2+1=3boltsof fiber  </think><answer>3  </answer>  10
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(b) Correct example 2

Question:
Julia s boat sprang a leak while she was out on the lake. The boat was taking on two liters of water
for every ten feet she rowed back towards shore. It took her sixteen seconds to row twenty feet.
The shore was 64 seconds away. How much water had the boat taken on by the time Julia reached
shore?
Reasoning + Answer:
<think>1 .CalculatethefeetpersecondJulia'sboatisrowing , sofirstfindthefeetsherowedper
secondbydividingthedistancesherowedbythetimeit tookhertorowthatdistance , ( 20feet /  
16seconds).sherowsat  20 / 16=  1 . 25feet / second  2 .Calculatehowmanysecondsitwould
takeJuliatorow  64feetbyusingtherowingrateinfeet / second , 64feet /  1 . 25feet / second  
=   51 . 2seconds  Sinceit tookJuliaatotalof  64+  51 . 2  =   115 . 2seconds  3 . For
everytenfeetsherows , shetakeson  2liters .Determinehowmanyunitsof  10feettherearein  
64feetandthenmultiplythisto  2 forthetotallitersshetakeson , 64feet /  10feet / unit=  6 .
44units  2liters/unit *  6 . 44units=  12 . 88liters  Sinceitwouldtakeher  115 . 2seconds
andherboattakes  10secondstodeliver  2litersforevery  64feet ittravels . Multiplythese
together ,  ( 115 . 2 /  10 )  =  11 . 52andmultiplythesetoherwaterneeds ( 12 . 88 *  11 .
52 )  Forsomereasonthesenumbersaren'tcoomentary . ( 12 . 88 *  11 . 52=  147  Notethat
 0 . 55eitherhasbeenlostbytranscribingthisquestionor isfractionalwhichcorrespondsto  

remainderortops  Thecomputeralsolosesonedecimalswhichkeeps  147litersforher . </think>
<answer>147  </answer>  
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(c) Wrong example 1

Question:
Cynthia eats one serving of ice cream every night. She buys cartons of ice cream with 15 servings
of ice cream per carton at a cost of $4.00 per carton. After 60 days, how much will she spend on ice
cream?
Reasoning + Answer:
<think>Cynthiaeats  15 * 60=  900servingsoficecreamin  60days  Eachcartonlastsfor  15
/ 900=10days  Shebuys  60 / 10=6cartonsoficecreamin  60days  Shespends  6*$4=$24
onicecreamin  60days  </think><answer>24  </answer>  10
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(d) Wrong example 2

Figure 17: Dense reward illustrations for (Llama3.1-8B-Instruct & Llama3.1-1B-Instruct). Two
correct and two wrong examples of dense rewards (γ = 0.9). Correct cases show contiguous positive
reward bands aligned with decisive reasoning, while wrong cases show inconsistent or negative
signals.
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C MEDICAL REASONING

To demonstrate the effectivness of the proposed method to extract a dense reasoning reward model, we
extend our experiments to the MedReason (Wu et al., 2025), and more specifically to the MedQA (Jin
et al., 2021) subset, consisting of US medical board exam questions, and MedMCQA (Pal et al., 2022)
subset, comprising entrance exam questions from the Indian medical school curriculum. The dataset
we use in our experiments consists of about 7’000 questions for training and 1’500 for evaluation.
Moreover, the Wu et al. (2025) provides quality filtered medical reasoning traces constructed by
strong language models (ChatGPT), which can be used for supervised fine-tuning, or in our case,
adversarial inverse RL.

We train the same combination of models as with GSM8K and keep the hyperparameters; however,
to speed up convergence, we first fine-tune the policy models on the reasoning chains to already have
style-matching patterns with the expert demonstrations. Moreover, in this medical reasoning case,
we do not introduce any corruption of correctness during adversarial training, as constructing such
a function, compared to maths, is non-trivial and often requires a knowledge database or a more
powerful language model. We leave this experiment as future work.

In the following subsections, we present the same experiments as previously demonstrated on the
GSM8K dataset.

In subsection C.1, we analyse the training behaviour . Figure 18 shows the evolution of the learned
reward and correctness accuracy on the MedReason benchmark across all policy–discriminator pairs.
As on GSM8K, the evaluation reward broadly tracks the training reward and exhibits the characteristic
non-monotonic dynamics of the adversarial game. However, the correctness curves are noisier and
show improvement for the Llama3 models, but Qwen2.5-7B even degrades. This indicates that,
on the more specialised MedReason dataset, optimising the dense reasoning reward alone does not
consistently translate into higher task accuracy, even though it remains a meaningful process-level
signal.

We perform the reranking experiments in Subsection C.2.Figure 19 evaluates the learned reasoning
reward as an inference-time assistant on MedReason across all policy–discriminator pairs. For each
backbone, the distribution of mean discounted rewards for answer tokens is clearly shifted towards
higher values on correct solutions, with large t-statistics (p < 0.001), indicating that the critic is
calibrated to medical correctness rather than noise. Using these scores to rerank N = 16 sampled
traces consistently improves pass@k | N over random ranking across k ∈ {1, 3, 5, 10}, with the
most significant gains at small k where selection is most constrained. Taken together, these results
show that the same dense reward learned from expert traces can act as a useful decision aid at
inference time, prioritising higher-quality clinical reasoning paths under a fixed sampling budget. For
completeness we also report the pass@k metrics against verifiable outcomes (GRPO) and SFT in
Table 2.

Figure 20 in Subsection 20 reports the correlation between our learned reasoning reward and the
verifiable signals used in GRPO training on MedReason. Across all backbones, the reward correlates
more strongly with verifiable style features, such as XML tag usage and strict formatting. Unlike our
GSM8K experiments, here we do not introduce perturbations to expert demonstrations, so correctness
varies less than stylistic features, and the critic naturally focuses on these more easily verifiable
aspects of the traces, however, for the larger models, such as Qwen2.5-7B and Llama3.1-8B the
correlation between discounted rewards and medical correctness is still larger than 0.20.

Figures 21–24 of Subsection C.4 provide qualitative heatmaps of token-level rewards for correct and
incorrect MedReason solutions across all backbone pairs. In correct cases, the critic assigns a high
reward to clinically salient steps. In contrast, in incorrect cases, it penalises spans of misleading
reasoning and unsupported conclusions, potentially localising where the clinical argument breaks
down.
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C.1 USING THE LEARNED REWARD AS A TRAINING SIGNAL
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(a) Rewards — Qwen2.5-3B / Qwen2.5-0.5B
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(b) Correctness — Qwen2.5-3B / Qwen2.5-0.5B
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(c) Rewards — Llama3.2-3B / Llama3.2-1B
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(d) Correctness — Llama3.2-3B / Llama3.2-1B
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(e) Rewards — Qwen2.5-7B / Qwen2.5-1.5B
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(f) Correctness — Qwen2.5-7B / Qwen2.5-1.5B
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(g) Rewards — Llama3.1-8B / Llama3.2-1B
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(h) Correctness — Llama3.1-8B / Llama3.2-1B

Figure 18: Training behaviour of learned rewards and correctness across all MedReason model
pairs. Each row corresponds to one backbone pair, showing reward optimisation (left) and correctness
over training (right).

Takeaway: On MedReason, directly optimising the learned reasoning reward is noisier than on
the GSM8K dataset. It seems to be working better for Llama family backbones.

24



1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1306
1307
1308
1309
1310
1311
1312
1313
1314
1315
1316
1317
1318
1319
1320
1321
1322
1323
1324
1325
1326
1327
1328
1329
1330
1331
1332
1333
1334
1335
1336
1337
1338
1339
1340
1341
1342
1343
1344
1345
1346
1347
1348
1349

Under review as a conference paper at ICLR 2026

C.2 INFERENCE TIME ASSISTANCE VIA REWARD-GUIDED RERANKING
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(b) Pass@k|N — Qwen2.5-3B / Qwen2.5-0.5B

30 20 10 0 10 20 30
Mean Discounted Rewards

0.00

0.01

0.02

0.03

0.04

0.05

0.06

Pr
ob

ab
ilit

y

t = 3.37, p < 0.001

Wrong Answer
Correct Answer

(c) Mean discounted rewards — Llama3.2-3B /
Llama3.2-1B

2 4 6 8 10
k

0.6

0.7

0.8

0.9

pa
ss

@
k

16

Expert Reasoning: pass@k N comparison
Reward Reranker
Random Ranking

(d) Pass@k|N — Llama3.2-3B / Llama3.2-1B
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Figure 19: Benefit of the reasoning reward model across MedReason backbones. Each row
corresponds to a backbone pair, showing the distribution of mean discounted reasoning rewards (left)
and validation Pass@k|N (right) for policies trained on the MedReason dataset

Takeaway: The same reward model is well-aligned with medical correctness and reliably boosts
pass@k via reranking, making it an effective inference-time decision aid even when fine-tuning
benefits are limited.
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C.3 REWARD CORRELATION WITH STYLE AND CORRECTNESS
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Figure 20: Correlation Matrix of Verifiable Rewards with Learned Reward. Correlation between
the mean rewards of the answer tokens and the various verifiable rewards used in GRPO training. We
are especially interested in the correlation between correctness and the rewards.

Takeaway: Without perturbing expert demonstrations, the learned reward on MedReason aligns
more with style matching; however, with larger models like Llama3.1-8B and Qwen2.5-7B a
strong positive correlation with the discounted reward is still measured.
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C.4 INTERPRETABLE DENSE REWARDS AND LOCALISATION OF ERRORS

Question:
Four days after undergoing an elective total hip replacement, a 65-year-old woman develops a DVT
that embolizes to the lung. Along with tachypnea, tachycardia, and cough, the patient would most
likely present with a PaO2 of what?Answer Choices:A. 120 mmHgB. 110 mmHgC. 85 mmHgD. 60
mmHg
Reasoning + Answer:
<think>###FindingReasoningPaths : 1 . **Totalhipreplacementâ Bloodclotsâ Chronicven
ousinsufficiencyâ Lowerextremityvenousthrombosis ( DVT ) â Pulmonaryembolismâ Ca
usedbyturbulentairflowâ Obstructivehypoxemiaâ PaO 2reduction. ** 2 . **Cough+
unilaterallegswelling+femoralveinx -rayabnormalityâ LowerextremityDVTâ Pulmonaryemb
olismâ PaO 2reduction. ** 3 . **LowerextremityDVTâ Acuteembolismâ Impairedalveolar
ventilationâ Obstructivehypoxemiaâ PaO 2reduction. ** 4 . **DVTâ P FTfindingofreduced
residualvolumeâ Rightatriuminvolvementâ Pulmonaryembolismâ PaO 2reduction. ** ---
###ReasoningProcess : 1 . **Understandingtheclinicalscenario : **  - A  6 5-year-oldwoman
presentsfourdaysaftertotalhipreplacementwith t achypnea , t achycardia , andcough . These
symptomssuggestsignificantrespiratorydistress .  - ADVTembolizestothelung , which
indicatesapulmonaryembolism ( PE).CommonprecipitantsforPEincluderecentsurgery , immob
ility , trauma , recenttravel , malignancy , orimmobilization . 2 . **Commonprecipitantsfor
pulmonaryembolism : **  -Commoncausesof P TEinclude** d yslipidemia**,** cancer**,**
hyperhomocysteinemia**,**hyperviscositysyndromes**,and**familyhistoryofvenousthrom
boembolism ( V TE)** .  - DyslipidemiaisstronglyassociatedwithincreasedriskofbothV TEand
PE , makingit alikelyculpritinthiscase . 3 . **Pathophysiologyofpulmonaryembolism : **  - A
pulmonaryembolismtypicallymanifestswithsymptomssuchaspleuriticchestpain , dyspnea ,
hemoptysis , and t achypnea . Thephysicalfindingsof **unilaterallegswelling**and** f emoral
veinabnormality**onx -rayconfirmthediagnosisofDVT .  - PEleadstoimpairedalveolar
ventilationintheinvolvedlungsegmentduetoobstructionofbloodflow . Thisresultsinreduced
oxygenextractionandalveolardeadspace , causinghypoxemia ( reducedPaO 2 ) andincreased
ventilation-perfusionmismatch. 4 . **Phys i ologicfindingsandphysiology: **  - A P FTfinding
of **reducedresidualvolume**suggestsrightatriuminvolvementduetobloodflowobstructionin
theaffectedlungsegment . Thisconfirmsthediagnosisof alargeembolismcausingPE .  -
Additionally , thetypicalfeaturesof P FT ( reducedVCandCO ) reflecttheprofoundhypoxemiaand
ventilatorycompromiseassociatedwithP TE . 5 . **Relevanceofotherdifferentialdiagnoses: **  
-ElevatedL FTorCK-MBtypicallyindicatemyocardialinfarctionbutarenotrelevanthereasthis
patientpresentswithpulmonaryfindings , notcardiovascularsymptoms.  - Adiagnosisofgallbl
adderperforationisnotsupportedbytheclinicalpresentationof aDVTembolizingtothelung . ---
###Conclusion: Thepatient'sdyspnea , t achypnea , and t achycardiasuggest**obstructive
hypoxemia**,likelydueto a ** PulmonaryEmbolism** ( largeembolusinvolvingthelung). A P FT
findingof **reducedresidualvolume**furtherconfirmsthisdiagnosis . P FTfindingsinclude**re
ducedresidualvolume**duetorightatriuminvolvement, **reducedVC**duetoventilation-per
fusionmismatch, and**reducedCO**duetoimpairedalveolarventilation. Theassociated
symptomsandimagingfindings ( PEembolizationcausingDVT ) supportthisconclusion. </think>
<answer>6 0mmHg  </answer>  
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(a) Correct example 1

Question:
Among the following, which one is considered as 'pathologic problem' while planning treatment in
orthodontics?Answer Choices:A. Tendency of lower jaw and teeth to be behind upperB. Deep
overbiteC. Minimal attached gingiva in lower anterior regionD. Decalcification
Reasoning + Answer:
<think>Findingreasoningpaths : 1 . Assesstheprimaryobjectiveoforthodontictreatment . 2 .
Evaluatetheneedforinterproximaltoothspaces . 3 . Analyzewhetherslightinterproximalspaces
existas aproblemornecessity . 4 . Investigatethepathologicconsequencesofobstructiveinter
proximalspaces . ReasoningProcess : 1 . **AssessthePrimaryObjectiveofOrthodonticTreatment
**:Theprimarygoaloforthodontictreatmentistoimprovetheaesthetics , function , andbiome
chanicsof thebiteandteetharrangement. Patientswhoarenotcandidatesforstraightenedteeth
oftenhaveinterproximalspaceissues ,meaningteethordentalspacelimitationsthatprevent
straightening . 2 . **EvaluatetheNeedforInterproximalToothSpaces**:Mostpeoplehavetwoor
threemillimetersofspacebetweentheirfrontteeth , whichismorethanadequatetoaccommodatea
normaladultdentition . However , inorthodontics , thefocusisoncreatingusablespaceforstraight
eningtheteethandmaintaininganormalbite . 3 . **AnalyzeWhetherSlightInterproximalSpaces
Existas aProblemorNecessity**:Thepresenceof aslightamountofspacebetweenteethisseenas
astandardconditionamongthepopulation, andorthodonticspecialistsaimtocreateormaintain
usablespaceratherthannecessarilyfillingtheentireinterproximalspace . 4 . **Investigatethe
PathologicConsequencesofObstructiveInterproximalSpaces**:Slightobstructionofinterprox
imalspacesisconsideredaproblemonlywhenitpreventstheorthodonticprincipleofextrusionor
spacemaintenance. Thisobstructioncandisruptthetootheruptionprocessandaffectthestructure
andmechanicsoftheface ,contributingtopathologicconditions .Conclusion: Slightobstructionof
interproximalspacesintheanteriorregionisnotpathologicalanddoesnotdisruptthestructureand
mechanicsoftheface . Itonlybecomespathologicalif itpreventstheorthodonticprincipleofextr
usionorspacemaintenance. </think><answer>Slightobstructionofinterproximalspacesinthe
anteriorregion  </answer>  
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Figure 21: Dense reward illustrations for (Qwen2.5-3B-Instruct & Qwen2.5-0.5B-Instruct). Two
correct and two wrong examples of dense rewards on MedReasoning.
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Question:
Among the following, which one is considered as 'pathologic problem' while planning treatment in
orthodontics?Answer Choices:A. Tendency of lower jaw and teeth to be behind upperB. Deep
overbiteC. Minimal attached gingiva in lower anterior regionD. Decalcification
Reasoning + Answer:
<think>Findingreasoningpaths : 1 . Abnormalityofteethmorphology->Minimalattachedgingiva
inloweranteriorregion  2 . Abnormalityofteethmorphology->Tendencyoflowerjawandteethto
bebehindupper->Increasedoverlap  3 . Overbiterelation->Decreasedoverlap  4 . Redundant
lowerbicuspidoruneruptedinferiorlateralincisors->Abnormaloverjet  ReasoningProcess : 1 .
**AbnormalityofTeethMorphology**:Thequestioninvolvestheabnormalityofteethmorphology,
whichreferstoanyirregularityormalformationoftheteeth . Thiscanincludeavarietyofconditions
suchasdeepoverbite , limitedspace , orinadequatetoothreplacement.  2 . **MinimalAttached
GingivainLowerAnteriorRegion**:Thisrefersto aconditionwherethegumsintheloweranterior
teetharepoorlyattachedorlacksufficientgingivalattachment. Thiscanbeduetoseveralfactors ,
includingpoororalhygiene , genetics , orotherconditionsaffectingtoothsupport . 3 . ** Tendency
ofLowerJawandTeethtoBeBehindUpper**:Thisconditiondescribesadisplacementorrelation
wherethelowerjawandteetharepositionedbehindoroverlappingtheupperjawandteeth . Thiscan
leadtoissuessuchasoverjet ( teethoverlap ) orinsufficientspaceforproperalignment . 4 . **Red
undantLowerBicuspidorUneruptedInferior LateralIncisors**:Thisconditioninvolveseitherthe
presenceofextrateeth ( redundancy ) orteeththatarenoteruptingproperly ( unerupted).These
conditionscanleadtoissuessuchasovercrowding , reducedspaceforproperalignment , or
inadequatebiterelation . 5 . **TreatmentConsiderations**:Thetreatmentoftheseconditions
typicallyinvolvesorthodonticinterventionstocorrectthemalocclusionandimprovethealignment
andrelationoftheteeth . Thismayincludeextractions ( removalofnon-vitalteeth),appliances( br
acesoraligners),orsurgicalinterventions( jawsurgery).Conclusion:Minimalattachedgingivain
theloweranteriorregionisindeedapathologicconditionthatrequiresattentioninthetreatmentof
abnormalteethmorphology. Thepresenceofredundantlowerbicuspidoruneruptedinferiorlateral
incisorsalsopresentschallengesinorthodontictreatment , astheycanimpactthealignmentand
relationoftheteeth . Therefore , thisconditioncanbeconsideredasignificantprobleminplanning
treatment . </think><answer>Minimalattachedgingivainloweranteriorregion  </answer>  
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Question:
Among the following, which one is considered as 'pathologic problem' while planning treatment in
orthodontics?Answer Choices:A. Tendency of lower jaw and teeth to be behind upperB. Deep
overbiteC. Minimal attached gingiva in lower anterior regionD. Decalcification
Reasoning + Answer:
<think>###FindingReasoningPaths : 1 . **Periodontalhealthandgingivaattachment**â Dec
alcificationâ Pathologicprobleminorthodontics . 2 . **Gingivarecession**â Plaque
accumulationâ Dentalcariesâ Decalcification . 3 . **Minimalattachedgingivainloweranterior
region**â Dentalhygieneissuesâ Periodontaldiseaseâ Decalcification . 4 . **Pathologic
conditioninorthodontics**â Gingivarecessionâ Plaqueaccumulationâ Dentalcariesâ Decalc
ification . ---###ReasoningProcess : 1 . **Understandingtheterm " decalsification":**  - Dec
alcificationreferstothedissolutionorlossofmineralsfromteethduetotheactionofacidsorother
chemicalfactors . Thisprocessis aprecursortodentalcaries ( toothdecay ) butisdistinctinthat it
iscausedbydemineralizationratherthantheformationofplaqueandbacteria . 2 . ** Evaluating
theroleofminimalattachedgingivainloweranteriorregion : **  -Minimalattachedgingivacan
indicatepoororalhygienepractices , reduceddentalprotectivestructures , andreducedbloodflowto
theperiodontaltissues . Thesefactorsincreasetheriskofplaqueaccumulation, gingivitis , and
subsequentcariesprogression. 3 . **Exploringtherelationshipbetweendecalcificationanddental
caries : **  - Decalcificationcanleadtotheformationofshallowdefectsintheenamelthatcan
becomesitesforbacterialplaqueandacidaccumulation. Overtime , thiscanprogresstodentalcar
ies .  - Decalcificationis apathologicconditionthatcanbeinfluencedbyseveralfactors , including
poororalhygiene ,mechanicalfactors ( e .g.,orthodonticappliances),andsystemicconditions . 4
. **Assessingtheimportanceofminimalattachedgingivainorthodonticplanning: **  - Inorth
odontics ,maintainingadequategingivaattachmentiscrucialforthesuccessoftreatment .Minimal
attachedgingivacancompromisetheperiodontalhealthoftheteeth ,especiallyintheloweranterior
region , whichbearsahigherocclusalload .  - Poorgingivaattachmentcanexacerbateplaque
accumulationanddecalcification , leadingto ahigherriskofdentalcaries . 5 . ** Evaluatingthe
relevanceofdentalcariestotheproblem: **  -Dentalcariesis adirectconsequenceofdecalc
ificationandpoororalhygiene . However , decalcificationitselfis aprecursoreventratherthana
directresultofminimalattachedgingiva .  - Thefocushereisondecalcificationas apathologic
conditionratherthandentalcaries , whichis aseparateentity . ---###Conclusion:Minimal
attachedgingivaintheloweranteriorregionisindeedapathologicconditioninorthodontics , as it
canleadtodecalcificationandsubsequentlyincreasetheriskofdentalcaries . However , the
emphasisisondecalcificationastheunderlyingissue , notdentalcariesitself . </think><answer
>Decalcification  </answer><think>###FindingReasoningPaths : 1 . **Neglectof thepalate
**â Riskofrapidatrophyâ Shallowpalateâ Pathologicnarrowingoftheupperdentalarch . 2 . **
Pathologicnarrowingoftheupperdentalarch**â Increasedstrainonorthodonticappliancesâ Orth
odonticcomplicationsâ Periodontalhealthissues . 3 . **Increasedstrainonorthodontic
appliances**â Overstretchingandinadequatealignmentâ Fatigueinorthodonticappliancesâ
Periodontalhealthissues . 4 . **Periodontalhealthissues**â Infectionandinflammationinperiod
ontaltissuesâ Malocclusionanddentalmisalignmentâ Malocclusion . ---###ReasoningProcess
: 1 . **Understandingtheterm "pathologicnarrowingoftheupperdentalarch":**  - Pathologic

narrowingoftheupperdentalarchis aconditionwherethemaxillarydentalarchbecomesnarrower
thannormalduetoinsufficientboneorsofttissuedevelopment, leadingtostrainonorthodontic
appliances. Thiscanresultinearlyfatigueoftheappliances. 2 . **Exploringtheimpactofneglect
of thepalate  
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Figure 22: Dense reward illustrations for (Llama3.2-3B-Instruct & Llama3.2-1.5B-Instruct).
Two correct and two wrong examples of dense rewards on MedReasoning.
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Question:
A 47-year-old woman presents to her primary care provider because of numbness and tingling on
the palmar aspects of both hands. She denies any symptoms at the base of her thumbs. The
symptoms are worse on the right (dominant hand) and are increased with activities such as driving
or brushing her hair. She frequently wakes up with pain and has to shake her hand for pain relief.
She has had rheumatoid arthritis for 9 years, for which she takes methotrexate. Her blood pressure
is 124/76 mm Hg, the heart rate is 75/min, and the respiratory rate is 15/min. Lightly tapping over
the middle of the anterior aspect of the right wrist leads to a tingling sensation in the palm. In this
patient, electromyography (EMG) will most likely show which of the following results?Answer
Choices:A. Denervation in C7 innervated paraspinal, arms, and shoulder musclesB. Widespread
symmetrical neuropathic changes without focal abnormalitiesC. Focal slowing of conduction velocity
in the median nerve in the carpal tunnelD. Neuropathic changes in the palmar branch of the median
nerve
Reasoning + Answer:
<think>###FindingReasoningPaths : 1 . **Peripheralnervedistributionpathology**â Consider
nervetypeâ  2 . **Cognition&physicalobservation**â Abnormalsensation/emergingfeatures
-->3 . **Groupingonsamenerve**â Physicalpointersâ Aboutmediannerveacutepointsâ Palp
ationclinicalmilestoneformediannerve  ---###PositionContexts : 1 . **Peripheralnervous
networks**â Identifysymptomcorrelationdirections  2 . **Mediannerve**â Angleinterrogation
onmediannervesignspermorbidityâ Documentationlimitcontexts  3 . **Acuteanglegathering
**â Mentioncurves/classificationschemesUSSRunderstandablyremnants  ---###Medication/C
ognitiveContextualPathway&Role : 1 . **Methotrexatepresence**â Chronicsymptomintelper
tensilehistograms-->Distributionmatchingmicrodistrophenomenon ---###PeripheralNerve
AnalysisTypesResolvedHere : ####DifferentialDiagnosisModels : 1 . **Cognitionconvergence
ex-parametreinvolvement**â Macrostructureinsight-->  ModestRSovermedianawareness
mindfulevidencesmodalities  2 . **InterplayHistogramDistributionGraph**â Initialsense
contextproposemediannerveintegrative  ---###SummaryConclusion: Electromyographywill
showfocalslowingofconductionvelocityinthemediannerveinthecarpaltunnel . </think><
answer>Focalslowingofconductionvelocityinthemediannerveinthecarpaltunnel  </answer>
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Question:
Forceps delivery is done in all except:Answer Choices:A. MentoposteriorB. Deep transverse arrestC.
After coming headD. Maternal heart disease
Reasoning + Answer:
<think>###FindingReasonableExplanations : 1 . Forcepsdeliveryis acommonlyperformed
deliverymethodinobstetrics , whichusesforceps , asterilemetalinstrumentusedtograbthehead
ofthefetusandpullitoutof thebirthcanal . 2 . Ideally , forcepsshouldonlybeusedwhen**lyingin
**,meaningthatthebaby'sheadshouldbepositionedfullyintothebirthcanal . Inaforcepsdelivery ,
theinterventionisstillactiveduringdelivery . 3 . Ahead-firstpresentationwitharotatedheadisnot
suitableforforcepsdelivery . Forcepsaredesignedtogentlyassistthefetalheaddescentwithout
significantrotationordislocation . 4 . Forcepsdeliveryisnotperformedatfullcervicaldilation
becausepositioningthemotherandaligningtheforcepsrequirescontinuedactiveintervention. At
fullcervicaldilation , passivedeliveryoccurs , whichcontrastswiththeactiveforcepsintervention.
---###ReasoningProcess : 1 . **TimingofForcepsIntervention** :  - Forcepsdeliveryusually
involvespositioningthemotherina " fl attened "positiontobetteralignthefetalheadandadjustthe
anglesinvolved .  - Themother'sbodyweightalsoaidsthedescentof thefetus .  - An
inexperiencedbabypresentssignificantchallengesto aforcepsdelivery , whichrequiresactiveforce
psinterventionduringthesecondstageoflabor .  - Atthebeginningofdelivery , thefetalheadis
gentlyscoopedwiththerightforcepsandpositionedtoenterthebirthcanalbetter .  - Theinsertion
offorcepshappensslightlybeforecompleteengagementofthefetalheadinthecanal ; onlytheocc
iputremainsoutsidethevagina .  Thesepointscollectivelyconfirmthatforcepsareusedbefore
completedelivery . 2 . **ProcedureLimitations** :  - Forcepswereoriginallyintendedtohelp
deliveryevenwhenobstructionsformedhindrances .  - Anteriorshoulderandposterosuperior
fetalpartsissuescanimpededelivery , creatingforcepsobjectionsfordeliveryefforts .  -Methods
likeforcepsopposition,opposition-handedness ,redirection-handedness , andcombined
oppositionredirect-handednessweredesignedtoadapttospecificfetalpartspresentationsandob
structions . 3 . **ConclusiononNon-A ppliance** :  - Forcepsweredevisedforanterior-desc
endedortransversepresentationstoaidbiplaneadjustmentandovercomebipartiteunevenness
challenges. ---###Conclusion: Forcepsdeliveryisindeedmosteffectivelyemployedbefore
completedelivery , aligningwiththetypicalobstetricprocedureandconsiderations. </think><
answer>Aftercominghead  </answer>  
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Figure 23: Dense reward illustrations for (Qwen2.5-7B-Instruct & Qwen2.5-1.5B-Instruct). Two
correct and two wrong examples of dense rewards on MedReasoning.
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Question:
Among the following, which one is considered as 'pathologic problem' while planning treatment in
orthodontics?Answer Choices:A. Tendency of lower jaw and teeth to be behind upperB. Deep
overbiteC. Minimal attached gingiva in lower anterior regionD. Decalcification
Reasoning + Answer:
<think>**Findingreasoningpaths : ** 1 .Evaluatetheimportanceofattachedgingivainorthodont
ictreatment ,consideringitsroleintissueresilienceandhealth . 2 . Assesstheriskofperiodontal
healthissuesduetominimalattachedgingivaintheloweranteriorregion . 3 . Considertheimpactof
orthodonticmovementontheintegrityof thegingivalepitheliumanditspotentialeffectsonperiod
ontalhealth . **ReasoningProcess : ** 1 . **ImportanceofAttachedGingiva : **  -Attachedging
ivaprovidestheprimarybarrieragainstbacterialinvasionandmechanicalforces , playingacritical
roleinmaintainingperiodontalhealth .  - Aminimalamountofattachedgingivainthelower
anteriorregionmaycompromisethisbarrier , leadingtoincreasedsusceptibilitytoperiodontal
damageduringorthodontictreatment . 2 . **RiskofPeriodontalHealthIssues : **  - Withminimal
attachedgingiva , theloweranteriorregionbecomesmorevulnerabletoperiodontalproblems ,
especiallywhensubjectedtoorthodonticforces .  - Theseforcescandisrupttheattachmentand
positioningofthegingiva , exacerbatingtheexistingdeficiency . 3 . **ImpactofOrthodontic
Movement: **  - Orthodontictreatmentinvolvesphysicalstressonthegingiva , whichcanfurther
compromisearegionalreadydeficientinattachedgingiva .  - Thisconditionmayleadtoirritationof
thegingivalepithelium ,increasingtheriskofgingivitisorevenmoresevereperiodontaldiseases .
**Conclusion: **Minimalattachedgingivaintheloweranteriorregionposesasignificantrisktothe
integrityof thegingivalepitheliumduringorthodontictreatment ,potentiallyleadingtopathologic
problemssuchasperiodontalinflammationorothercomplications. Therefore , carefulattentionto
gingivalhealthiscrucialwhenplanningtreatmentinsuchcases . </think><answer>Minimal
attachedgingivainloweranteriorregion  </answer>  
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(a) Correct example 1

Question:
Among the following, which one is considered as 'pathologic problem' while planning treatment in
orthodontics?Answer Choices:A. Tendency of lower jaw and teeth to be behind upperB. Deep
overbiteC. Minimal attached gingiva in lower anterior regionD. Decalcification
Reasoning + Answer:
<think>###FindingReasoningPaths : 1 . **Buccalgingivalrecession( minordegree)**->
Reducedattachedgingiva->Greaterriskofgingivalrecessionandrootexposure . 2 . **Poororal
hygieneandinabilitytoremoveinterdentalplaque**->Gingivitisandperiodontitis->Detachment
ofthemarginalgingivaandlossoffixedretainers . 3 . **Hardtissuescannotrestoreorrepairthe
supportstructure**->Fixedorthodonticappliancesarenecessarytomaintainoralhealthandprotect
periodontalhealth . 4 . **Buccalgingivalrecession( minordegree)**->Compromisedgingiva
andattachedgingiva->Susceptibilitytogingivalrecessionandrootexposure . 5 . **Buccalging
ivalrecession( minordegree)**->Lossofperiodontalsupport->Increasedsensitivityandriskof
hypersensitivity . ---###ReasoningProcess : 1 . **PathologicConsiderations**:Thequestion
specifiesthatthelackofattachedgingivaintheloweranteriorregionis apathologicproblem. Thisis
becauseattachedgingivaplaysacrucialroleinprotectingtheteethandgums . Aminordegreeofbu
ccalgingivalrecessionindicatesaweakenedgingivalsupportstructure , whichpredisposespatients
tofurtherperiodontalissues , suchasgingivalrecessionandrootexposure . Thegingivaand
attachedgingivaareessentialformaintainingthesupportoffixedorthodonticappliances, whichare
criticalfororalhealthandorthodonticstability . 2 . **InterdentalPlaqueRetention**:Poororal
hygieneandtheinabilitytoremoveinterdentalplaqueexacerbategingivalinflammationandperiod
ontaldisease . Thiscanleadtothedetachmentofthemarginalgingiva , whichmayresultintheloss
offixedretainers . Thishighlightstheimportanceofproperoralhygieneandinterdentalplaque
removaltopreventfurtherdamagetothegingivaandattachedgingiva . 3 . **RoleofAttachedGing
iva**:Attachedgingivaisresponsibleforprovidingthenecessarysupportfororthodonticappliances
. Itslossorreductioncompromisesthissupport , makingitchallengingtomaintainthegingivaand

periodontalhealth . Thehardtissuesoftheteethandbonesareunabletorestoreorrepairthis
supportstructure , sopreventivemeasuresarenecessary . 4 . **ImpactonSensitivityandStability
**:Thelossofattachedgingivaandbuccalgingivalrecessioncanleadtoincreasedsensitivityand
hypersensitivity . Thisisduetotheexposureofdentinandthereducedabilitytomaintainthesupport
structureoftheteeth .Additionally , thecompromisedoralhealthenvironmentincreasestheriskof
furtherperiodontalbreakdown. 5 . **TreatmentConsiderations**:Inlightof thepathologicissues
andtheroleofattachedgingiva , theimportanceofmaintaininggoodoralhygieneandusingorth
odonticappliancescorrectlybecomesclear . Theseappliancesareessentialformaintainingoral
health ,preventingfurtherdetachmentofthemarginalgingiva , andensuringthestabilityof the
teethandperiodontalstructures . ---###Conclusion: Minimallyattachedgingivainthelower
anteriorregionisconsideredapathologicproblembecauseitincreasestheriskofbuccalgingival
recessionandrootexposure . Thisconditionunderscorestheneedforproperoralhygiene , interd
entalplaqueremoval , andtheuseoffixedorthodonticappliancestopreventfurtherperiodontal
damageandmaintainoralhealth . </think><answer>Minimalattachedgingivainthelower
anteriorregion  </answer>  
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Figure 24: Dense reward illustrations for (Llama3.1-8B-Instruct & Llama3.2-1B-Instruct). Two
correct and two wrong examples of dense rewards on MedReasoning.
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D ADDITIONAL EXPERIMENTS

D.1 COMAPRISON AGAINST VERIFIABLE REWARDS AND SUPERVISED FINETUNING

We benchmark predictive performance against two references. The first is supervised fine-tuning
on reasoning traces (SFT). The second is GRPO, which uses a verifiable outcome reward at the
final answer and therefore acts as an empirical upper bound. For each backbone, we evaluate the
same prompt set and report pass@1, pass@3, pass@5, and pass@10, along with their corresponding
confidence intervals. Our method, labelled Expert Reasoning (ours), uses the learned dense reward
for training the policy; at test time we decode with the same settings as the baselines.

Table 2 shows consistent trends. GRPO traces the strongest curve across all backbones, as expected
from access to verifiable outcomes. Our approach is frequently competitive with SFT, and on
Qwen2.5-7B it exceeds SFT at all reported pass@k, including pass@1. For GS8MK on Llama3-3B
and 8B, as well as on Qwen2.5-3B, our method trails SFT at pass@1 but narrows the gap as k
increases. These results quantify the current trade-off between joint optimisation with a learned
process reward and outcome supervised training.

The MedReason portion of Table 2, our Expert Reasoning policy remains competitive with SFT: on
Llama3.2-3B, the two methods are essentially indistinguishable across all reported pass@k, and on
Qwen2.5-7B, our approach slightly improves pass@1 while staying within a few points of SFT at
larger k. For Qwen2.5-3B and Llama3.1-8B our method lags SFT in raw pass@k, but the gap shrinks
as k increases. Taken together, these results show that on MedReason, our learned dense process
reward yields policies with comparable final-answer accuracy to outcome-supervised SFT, while
providing the additional benefits of a reusable, step-wise reward model over reasoning traces.

Backbone Algorithm pass@1 pass@3 pass@5 pass@10

Dataset: GSM8K

P : Qwen-2.5-3B-Instruct
D: Qwen-2.5-0.5B-Instruct

Outcome Sup. 0.80 [0.78, 0.82] 0.90 [0.89, 0.92] 0.93 [0.91, 0.94] 0.95 [0.93, 0.96]
Exp. Reas. (ours) 0.51 [0.49, 0.53] 0.72 [0.71, 0.74] 0.80 [0.78, 0.81] 0.87 [0.85, 0.88]
SFT 0.54 [0.53, 0.56] 0.76 [0.75, 0.78] 0.83 [0.81, 0.85] 0.90 [0.88, 0.91]

P: Llama3.2-3B-Instruct
D: Llama3.2-1B-Instruct

Outcome Sup. 0.57 [0.55, 0.59] 0.78 [0.77, 0.80] 0.85 [0.83, 0.86] 0.91 [0.89, 0.92]
Exp. Reas. (ours) 0.32 [0.30, 0.33] 0.53 [0.51, 0.55] 0.63 [0.61, 0.65] 0.75 [0.73, 0.77]
SFT 0.55 [0.53, 0.57] 0.76 [0.75, 0.78] 0.83 [0.82, 0.85] 0.89 [0.88, 0.91]

P: Qwen-2.5-7B-Instruct
D: Qwen-2.5-1.5B-Instruct

Outcome Sup. 0.88 [0.87, 0.90] 0.94 [0.93, 0.95] 0.95 [0.94, 0.96] 0.96 [0.95, 0.97]
Exp. Reas. (ours) 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
SFT 0.67 [0.66, 0.69] 0.87 [0.85, 0.88] 0.91 [0.90, 0.93] 0.95 [0.94, 0.96]

P: Llama3.1-8B-Instruct
D: Llama3.2-1B-Instruct

Outcome Sup. 0.73 [0.71, 0.74] 0.88 [0.86, 0.89] 0.91 [0.90, 0.93] 0.94 [0.93, 0.95]
Exp. Reas. (ours) 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]
SFT 0.55 [0.53, 0.56] 0.79 [0.78, 0.81] 0.86 [0.84, 0.87] 0.91 [0.90, 0.93]

Dataset: MedReason

P : Qwen-2.5-3B-Instruct
D: Qwen-2.5-0.5B-Instruct

Outcome Sup. 0.54 [0.52, 0.55] 0.69 [0.67, 0.71] 0.75 [0.73, 0.77] 0.81 [0.80, 0.83]
Exp. Reas. (ours) 0.37 [0.36, 0.38] 0.64 [0.63, 0.66] 0.76 [0.74, 0.77] 0.87 [0.86, 0.88]
SFT 0.44 [0.42, 0.45] 0.70 [0.69, 0.72] 0.80 [0.79, 0.82] 0.90 [0.89, 0.91]

P: Llama3.2-3B-Instruct
D: Llama3.2-1B-Instruct

Outcome Sup. 0.29 [0.28, 0.30] 0.54 [0.53, 0.56] 0.66 [0.64, 0.68] 0.79 [0.77, 0.80]
Exp. Reas. (ours) 0.56 [0.55, 0.58] 0.81 [0.80, 0.82] 0.88 [0.87, 0.89] 0.94 [0.93, 0.95]
SFT 0.56 [0.55, 0.57] 0.81 [0.80, 0.82] 0.88 [0.87, 0.90] 0.94 [0.93, 0.95]

P: Qwen-2.5-7B-Instruct
D: Qwen-2.5-1.5B-Instruct

Outcome Sup. 0.64 [0.63, 0.66] 0.85 [0.84, 0.86] 0.90 [0.89, 0.92] 0.95 [0.94, 0.96]
Exp. Reas. (ours) 0.66 [0.65, 0.68] 0.86 [0.85, 0.87] 0.91 [0.90, 0.92] 0.95 [0.94, 0.96]
SFT 0.64 [0.62, 0.65] 0.86 [0.85, 0.88] 0.92 [0.91, 0.93] 0.96 [0.95, 0.97]

P: Llama3.1-8B-Instruct
D: Llama3.2-1B-Instruct

Outcome Sup. 0.66 [0.64, 0.68] 0.80 [0.79, 0.82] 0.85 [0.83, 0.86] 0.90 [0.88, 0.91]
Exp. Reas. (ours) 0.35 [0.34, 0.36] 0.62 [0.61, 0.64] 0.73 [0.72, 0.75] 0.85 [0.84, 0.87]
SFT 0.56 [0.54, 0.57] 0.79 [0.77, 0.80] 0.86 [0.85, 0.87] 0.93 [0.92, 0.94]

Table 2: Results (mean ± 95%-CI) for different algorithms across GSM8K and MedReason.

Takeaway: Outcome reward RL with verifiable signals remains the empirical upper bound for
GSM8K. The learned process reward is often close to SFT and can exceed it on Qwen-2.5 7B,
while trailing on some other settings, especially at pass@1. Closing this gap without losing the
training, inference, and diagnostic benefits of the dense reward is a concrete direction for future
work.
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D.2 CHANGING DISCRIMINATOR BACKBONES

We study the effect of the discriminator backbone size and specialisation for a fixed
Qwen2.5-7B Instruct policy. Table 3 shows that a larger general-purpose discriminator
(Qwen2.5-1.5B-Instruct) attains the strongest performance across pass@k, with the largest
gains at low k. The smaller 0.5B variant trails at pass@1 but approaches parity by pass@10. A maths
specialised 1.5B discriminator does not outperform the general purpose counterpart.

Discriminator pass@1 pass@3 pass@5 pass@10

Qwen 2.5 0.5B Instruct 0.66 [0.65, 0.68] 0.86 [0.84, 0.87] 0.90 [0.89, 0.92] 0.95 [0.93, 0.96]
Qwen 2.5 1.5B Instruct 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
Qwen 2.5 Math 1.5B Instruct 0.65 [0.64, 0.67] 0.85 [0.84, 0.87] 0.90 [0.89, 0.92] 0.94 [0.93, 0.95]

Table 3: Performance (mean with confidence intervals) for different discriminator backbones with a
fixed Qwen2.5-7B-Instruct policy.

Takeaway: A larger general-purpose discriminator improves accuracy, especially at pass@1. A
maths specialised discriminator of the same size does not confer additional gains in this setting.

32



1728
1729
1730
1731
1732
1733
1734
1735
1736
1737
1738
1739
1740
1741
1742
1743
1744
1745
1746
1747
1748
1749
1750
1751
1752
1753
1754
1755
1756
1757
1758
1759
1760
1761
1762
1763
1764
1765
1766
1767
1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781

Under review as a conference paper at ICLR 2026

D.3 TRAINING WITHOUT PERTURBATION

We study the impact of introducing perturbed traces during training, where we flip operator signs,
corrupt numeric literals, and swap the final answer with a previous intermediate quantity. These
perturbations are applied to both expert and policy traces and are labelled as non expert. Table 4 and
Figure 25 compare training with versus without perturbations for the Llama3.1-8B-Instruct
policy and Llama3.2-1B-Instruct discriminator.

Negative Perturbation pass@1 pass@3 pass@5 pass@10

✗ 0.31 [0.29, 0.32] 0.56 [0.54, 0.57] 0.67 [0.65, 0.69] 0.79 [0.77, 0.80]
✓ 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]

Table 4: Results (mean ± CI) when using negative perturbation during training vs. without it for the
(Llama3.2-3B-Instruct - Llama3.2-1B-Instruct) combination.
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Figure 25: Distribution and Correlation of Learned Rewards. For the
(Llama3.1-8B-Instruct - Llama3.2-1B-Instruct) combination, we run training
with and without negative perturbations.
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D.4 WASSERSTEIN GAN DISCRIMINATOR LOSS

We replace the binary cross-entropy objective for the discriminator with a Wasserstein GAN loss and
repeat training across backbones. Table 5 and Figures 26, 27, 28, and 29 report predictive performance,
reward distributions, and pass@k | N reranking curves. Across settings, the Wasserstein variant
yields lower pass@k than binary cross entropy, with the largest drop at pass@1. The learned reward
exhibits heavy tails and weaker separation between correct and incorrect answers, which in turn
reduces the benefit of reward-guided reranking.

Backbone Discriminator Loss pass@1 pass@3 pass@5 pass@10

P : Qwen-2.5-3B-Instruct
D: Qwen-2.5-0.5B-Instruct

Binary Cross Entropy 0.51 [0.49, 0.53] 0.72 [0.71, 0.74] 0.80 [0.78, 0.81] 0.87 [0.85, 0.88]
Wasserstein GAN 0.58 [0.56, 0.59] 0.75 [0.73, 0.77] 0.81 [0.80, 0.83] 0.88 [0.86, 0.89]

P: Llama3.1-3B-Instruct
D: Llama3.2-1B-Instruct

Binary Cross Entropy 0.32 [0.30, 0.33] 0.53 [0.51, 0.55] 0.63 [0.61, 0.65] 0.75 [0.73, 0.77]
Wasserstein GAN 0.17 [0.16, 0.18] 0.39 [0.37, 0.40] 0.51 [0.49, 0.53] 0.67 [0.65, 0.69]

P: Qwen-2.5-7B-Instruct
D: Qwen-2.5-1.5B-Instruct

Binary Cross Entropy 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
Wasserstein GAN 0.65 [0.64, 0.67] 0.85 [0.84, 0.86] 0.90 [0.89, 0.91] 0.94 [0.93, 0.95]

P: Llama3.1-8B-Instruct
D: Llama3.2-1B-Instruct

Binary Cross Entropy 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]
Wasserstein GAN 0.33 [0.32, 0.34] 0.59 [0.57, 0.61] 0.70 [0.68, 0.72] 0.81 [0.80, 0.83]

Table 5: Results (mean±CI) for binary cross-entropy and Wasserstein GAN loss for the discriminator.
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Figure 26: Benefit of Reasoning Reward Model. This is for the (Qwen2.5-3B-Instruct -
Qwen2.5-0.5B-Instruct) combination using the Wasserstein loss for the discriminator.
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Figure 27: Benefit of Reasoning Reward Model. This is for the (Llama3.2-3B-Instruct -
Llama3.2-1B-Instruct) combination using the Wasserstein loss for the discriminator.
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Figure 28: Benefit of Reasoning Reward Model. This is for the (Qwen2.5-7B-Instruct -
Qwen2.5-1.5B-Instruct) combination using the Wasserstein loss for the discriminator.
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Figure 29: Benefit of Reasoning Reward Model. This is for the (Llama3.1-8B-Instruct -
Llama3.2-1B-Instruct) combination using the Wasserstein loss for the discriminator.

Takeaway: Binary cross-entropy is a more stable and effective discriminator objective than
Wasserstein GAN in our setting. Wasserstein training produces poorly calibrated rewards, weaker
class separation, and lower predictive performance.
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D.5 DENSE VS. SPARSE REWARD MODELS

In this experiment, we aim to evaluate the predictive performance of using a sequence classifier
as a discriminator, which effectively mimics an outcome-based reward model rather than a dense,
token-level reasoning reward. Note that this will come at the cost of not having a dense reward, which
can be helpful for diagnostics and error-localisation tools. In Table 6 we report the results, and in
three out of the four cases, the sparse reward model outperforms the dense reward model in predictive
performance. We believe this is to be expected, as classifying a whole sequence originating from
a completed sequence from an expert or a policy is simpler than classifying a partial, incomplete
sequence.

Backbone Dense vs. Sparse pass@1 pass@3 pass@5 pass@10

P : Qwen-2.5-3B-Instruct
D: Qwen-2.5-0.5B-Instruct

Dense 0.51 [0.49, 0.53] 0.72 [0.71, 0.74] 0.80 [0.78, 0.81] 0.87 [0.85, 0.88]
Sparse 0.57 [0.56, 0.59] 0.78 [0.76, 0.80] 0.84 [0.83, 0.86] 0.90 [0.89, 0.92]

P: Llama3.1-3B-Instruct
D: Llama3.2-1B-Instruct

Dense 0.32 [0.30, 0.33] 0.53 [0.51, 0.55] 0.63 [0.61, 0.65] 0.75 [0.73, 0.77]
Sparse 0.46 [0.44, 0.48] 0.69 [0.68, 0.71] 0.78 [0.76, 0.79] 0.86 [0.84, 0.87]

P: Qwen-2.5-7B-Instruct
D: Qwen-2.5-1.5B-Instruct

Dense 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
Sparse 0.65 [0.64, 0.67] 0.85 [0.84, 0.86] 0.90 [0.89, 0.91] 0.94 [0.93, 0.95]

P: Llama3.1-8B-Instruct
D: Llama3.2-1B-Instruct

Dense 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]
Sparse 0.54 [0.52, 0.56] 0.76 [0.74, 0.78] 0.83 [0.81, 0.84] 0.89 [0.87, 0.90]

Table 6: Results (mean± CI) for dense and sparse (outcome) reward models. For the outcome reward
models, we use a sequence classifier, rather than a token classifier.

Takeaway: We observe that for three out of four cases, using an outcome reward model critic will
lead to improved results over using a token-level reward model. However, this comes at the cost
of not being able to create a dense reward of the reasoning, which is helpful to localise errors.

36



1944
1945
1946
1947
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997

Under review as a conference paper at ICLR 2026

D.6 NORMALISED VS. UNNORMALISED REWARD MODELS

In this section, we are interested in observing the effect of normalising the rewards before feeding
them into the GRPO algorithm. We report our results in Table 7 and observe that, with the Llama
models, the learning algorithm has collapsed. In all cases, the normalised rewards outperform the
unnormalised approach. We believe this to be expected, as normalising with a baseline in PPO and
GRPO helps reduce the variance in the reward signals.

Backbone Normalised vs. Unnormalised pass@1 pass@3 pass@5 pass@10

P : Qwen-2.5-3B-Instruct
D: Qwen-2.5-0.5B-Instruct

Normalised 0.51 [0.49, 0.53] 0.72 [0.71, 0.74] 0.80 [0.78, 0.81] 0.87 [0.85, 0.88]
Unnormalised 0.50 [0.48, 0.52] 0.71 [0.70, 0.73] 0.79 [0.77, 0.81] 0.86 [0.84, 0.88]

P: Llama3.1-3B-Instruct
D: Llama3.2-1B-Instruct

Normalised 0.32 [0.30, 0.33] 0.53 [0.51, 0.55] 0.63 [0.61, 0.65] 0.75 [0.73, 0.77]
Unnormalised 0.00 [0.00, 0.00] 0.00 [0.00, 0.00] 0.00 [0.00, 0.00] 0.00 [0.00, 0.00]

P: Qwen-2.5-7B-Instruct
D: Qwen-2.5-1.5B-Instruct

Normalised 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
Unnormalised 0.36 [0.34, 0.37] 0.63 [0.61, 0.64] 0.73 [0.71, 0.75] 0.83 [0.82, 0.85]

P: Llama3.1-8B-Instruct
D: Llama3.2-1B-Instruct

Normalised 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]
Unnormalised 0.00 [0.00, 0.00] 0.00 [0.00, 0.00] 0.00 [0.00, 0.00] 0.00 [0.00, 0.00]

Table 7: Results (mean ± CI) for normalised and unnormalised dense reward models.

Takeaway: We observe that normalisation of the rewards is of key importance, as this stabilises
the rewards in the GRPO algorithm. Not applying it can lead to model collapse, depending on the
model family.
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D.7 EFFECT OF ERRORS IN EXPERT DEMONSTRATIONS

With this experiment, we are interested in analysing the effect of errors in the expert dataset. To
this end, we corrupt the expert demonstrations on GSM8K with error rates of {0%, 10%, 25%} by
randomly exchanging mathematical operators, perturbing intermediate numbers in the reasoning,
and changing the answer values. We report our results in Table 8 and observe that corrupting the
expert traces can have a strong, but model-dependent, effect on performance. For Qwen-2.5-3B and
Llama3.1-8B, injecting only 10% errors in the expert demonstrations already leads to a significant
drop in pass@1 (from 0.51 to 0.16 and from 0.49 to 0.07, respectively), and performance almost
collapses at a 25% error rate. By contrast, the larger Qwen-2.5-7B backbone is remarkably robust:
its pass@1 decreases only slightly from 0.71 to 0.68 when 25% of reasoning steps are corrupted.
Interestingly, the Llama3.1-3B configuration shows non-monotonic behaviour: while 10% corruption
hurts performance, a 25% error rate actually improves pass@1 to 0.45, surpassing the clean baseline,
suggesting that in some cases noisy demonstrations may act as hard negatives that sharpen the learned
reward.

Backbone Expert Error Rate pass@1 pass@3 pass@5 pass@10

P : Qwen-2.5-3B-Instruct
D: Qwen-2.5-0.5B-Instruct

0% 0.51 [0.49, 0.53] 0.72 [0.71, 0.74] 0.80 [0.78, 0.81] 0.87 [0.85, 0.88]
10% 0.16 [0.15, 0.17] 0.36 [0.34, 0.37] 0.48 [0.46, 0.50] 0.65 [0.62, 0.67]
25% 0.00 [0.00, 0.00] 0.00 [0.00, 0.00] 0.00 [0.00, 0.00] 0.00 [0.00, 0.00]

P: Llama3.1-3B-Instruct
D: Llama3.2-1B-Instruct

0% 0.32 [0.30, 0.33] 0.53 [0.51, 0.55] 0.63 [0.61, 0.65] 0.75 [0.73, 0.77]
10% 0.12 [0.11, 0.13] 0.28 [0.27, 0.30] 0.39 [0.37, 0.41] 0.54 [0.52, 0.56]
25% 0.45 [0.43, 0.47] 0.69 [0.67, 0.70] 0.77 [0.75, 0.79] 0.85 [0.84, 0.87]

P: Qwen-2.5-7B-Instruct
D: Qwen-2.5-1.5B-Instruct

0% 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
10% 0.70 [0.68, 0.71] 0.87 [0.86, 0.89] 0.91 [0.90, 0.92] 0.94 [0.93, 0.95]
25% 0.68 [0.66, 0.70] 0.87 [0.85, 0.88] 0.91 [0.90, 0.92] 0.95 [0.94, 0.96]

P: Llama3.1-8B-Instruct
D: Llama3.2-1B-Instruct

0% 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]
10% 0.07 [0.07, 0.08] 0.19 [0.18, 0.20] 0.28 [0.27, 0.30] 0.45 [0.43, 0.47]
25% 0.03 [0.03, 0.04] 0.09 [0.09, 0.10] 0.15 [0.14, 0.16] 0.26 [0.24, 0.28]

Table 8: Results (mean ± CI) for {0%, 10%, 25%} expert error rates in the dataset, with different
model combinations.

Takeaway: Our method shows mixed robustness to noisy expert demonstrations: some pol-
icy–discriminator pairs degrade sharply beyond 10% corruption, while others (notably Qwen-
2.5-7B and Llama3.1-3B) remain competitive or even improve with 25% corrupted expert traces,
indicating partial robustness.
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D.8 TRANSFERRING PRETRAINED REWARD DISCRIMINATORS

In this section, we are interested in observing the effect of the algorithm being only on-policy. This
means we analyse how well a trained reward discriminator transfers to a new policy model. In
Table 9 we observe that, across all four combinations C1–C4, reusing a pretrained discriminator and
keeping it fixed leads to a substantial drop in pass@k performance compared to the corresponding
AIRL run where policy and discriminator are trained jointly from scratch (with C2 almost collapsing,
achieving near-zero pass@1). The training curves in Figures 30–33 show a consistent pattern: when
a new policy is trained against a frozen discriminator, reward and correctness initially increase
during the first 50–100 optimisation steps, but then both training and evaluation rewards, as well as
correctness accuracy, deteriorate as training progresses. Since this decline occurs on both training
and evaluation metrics, it is not well explained by classical overfitting; instead, it suggests that the
discriminator quickly becomes misaligned with factual correctness once the policy moves away from
the trajectory distribution on which the discriminator was trained. These results indicate that our
reward discriminators are strongly specialised to the reasoning model they are co-trained with and do
not reliably transfer to new policies, so in practice our approach behaves as effectively on-policy and
benefits from joint updates of policy and discriminator.

ID Policy (P) Discriminator (D) pass@1 pass@3 pass@5 pass@10

C1 Qwen-2.5-3B-Instruct Qwen-2.5-0.5B-Instruct 0.51 [0.49, 0.53] 0.72 [0.71, 0.74] 0.80 [0.78, 0.81] 0.87 [0.85, 0.88]
Qwen-2.5-3B-Instruct pretrained D from C3 0.29 [0.28, 0.31] 0.49 [0.47, 0.51] 0.57 [0.55, 0.60] 0.67 [0.64, 0.69]

C2 Llama3.2-3B-Instruct Llama3.2-1B-Instruct 0.32 [0.30, 0.33] 0.53 [0.51, 0.55] 0.63 [0.61, 0.65] 0.75 [0.73, 0.77]
Llama3.2-3B-Instruct pretrained D from C4 0.01 [0.01, 0.01] 0.03 [0.03, 0.04] 0.05 [0.04, 0.06] 0.10 [0.08, 0.11]

C3 Qwen-2.5-7B-Instruct Qwen-2.5-1.5B-Instruct 0.71 [0.69, 0.73] 0.88 [0.87, 0.90] 0.92 [0.91, 0.93] 0.95 [0.94, 0.96]
Qwen-2.5-7B-Instruct pretrained D from C1 0.10 [0.09, 0.11] 0.25 [0.24, 0.26] 0.35 [0.34, 0.37] 0.52 [0.50, 0.55]

C4 Llama3.1-8B-Instruct Llama3.2-1B-Instruct 0.49 [0.47, 0.51] 0.73 [0.71, 0.75] 0.80 [0.79, 0.82] 0.88 [0.86, 0.89]
Llama3.1-8B-Instruct pretrained D from C2 0.26 [0.25, 0.28] 0.52 [0.50, 0.54] 0.64 [0.62, 0.66] 0.77 [0.75, 0.79]

Table 9: Each combination ID C1–C4 denotes a pair of policy (P) and discriminator (D) models.
AIRL rows train both models jointly from scratch. Transfer rows reuse the discriminator pretrained
in the corresponding AIRL combination, keeping D fixed while training P.
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Figure 30: Training behaviour of the Reward and Correctness. Subfigure 30a shows the training
and evaluation reward during optimisation, and Subfigure 30b demonstrates the increasing correctness
for the (Qwen2.5-3B-Instruct - Qwen2.5-0.5B-Instruct) combination.
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Figure 31: Training behaviour of the Reward and Correctness. Subfigure 31a shows the training
and evaluation reward during optimisation, and Subfigure 31b demonstrates the increasing correctness
for the (Llama3.1-3B-Instruct - Llama3.2-1B-Instruct) combination.
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Figure 32: Training behaviour of the Reward and Correctness. Subfigure 32a shows the training
and evaluation reward during optimisation, and Subfigure 32b demonstrates the increasing correctness
for the (Qwen2.5-7B-Instruct - Qwen2.5-1.5B-Instruct) combination.
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Figure 33: Training behaviour of the Reward and Correctness. Subfigure 33a shows the training
and evaluation reward during optimisation, and Subfigure 33b demonstrates the increasing correctness
for the (Llama3.1-3B-Instruct - Llama3.2-1B-Instruct) combination.

Takeaway: Reward discriminators trained in our AIRL setup specialise to the policy they are
co-trained with and transfer poorly to new policies; when the discriminator is frozen, pass@k per-
formance and correctness accuracy degrade over training, indicating that our method is effectively
on-policy and that reliable use requires joint training of policy and discriminator.
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D.9 RERANKING WITH HEURISTICS

In this experiment, we are interested in reranking at test-time with heuristics, such as the length of
the reasoning response. Therefore, we rank the response according to the longest chain-of-thought
and report our results in Figure 34. We observe that the dense reasoning model still outperforms this
heuristic reranking approach.
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Figure 34: Reranking at Test-Time with Length Heuristic. We test the performance of the models,
based on re-ranking with the length of the responses. Longer responses are ranked higher than shorter
ones.
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