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ABSTRACT

This paper focuses on solving a stochastic variational inequality (SVI) problem
under relaxed smoothness assumption for a class of structured non-monotone oper-
ators. The SVI problem has attracted significant interest in the machine learning
community due to its immediate application to adversarial training and multi-agent
reinforcement learning. In many such applications, the resulting operators do not
satisfy the smoothness assumption. To address this issue, we focus on a weaker
generalized smoothness assumption called a-symmetric. Under p-quasi sharp-
ness and a-symmetric assumptions on the operator, we study clipped projection
(gradient descent-ascent) and clipped Korpelevich (extragradient) methods. For
these clipped methods, we provide the first almost-sure convergence results without
making any assumptions on the boundedness of either the stochastic operator or
the stochastic samples. Furthermore, we provide the first in-expectation unbiased
convergence rate results for these methods under a relaxed smoothness assumption.

1 INTRODUCTION

This paper focuses on the stochastic variation inequality (SVI) problem, which consists of finding a
point u* € U, such that
(F(u*),u—u*) >0 forall u € U,

where the operator F(-) is specified as the expected value of a stochastic operator ®(-,-) : U x = —
R™, ie.,
F(u) = E[®(u,&)] forallu € U,

where { € = is a random vector. Variational Inequality (VI) problems encompass many practical
applications, such as optimization, min-max problems, and multi-agent games. In particular, they play
a vital role in modeling equilibrium problems where it’s important to capture an interaction between
many agents. In machine learning literature, the increasing focus on VlIs is due to their relevance to
generative adversarial networks (GANs) Gemp & Mahadevan|(2018); |Gidel et al.|(2019), actor-critic
methods [Pfau & Vinyals|(2016), adversarial training, and multi-agent reinforcement learning |Sokota
et al.| (2022); |[Kotsalis et al.|(2022). In many such applications, the corresponding operator is defined
as an expected value of stochastic or finite sum of operators, which motivates us to study SVIs. One
of the pivotal works |[Nemirovski| (2004); Juditsky et al.| (2011]) on SVIs proposed and studied the
celebrated Mirror-Prox method under assumptions on monotonicity and Lipschitz continuity of an
operatorF_-] These assumptions become classical for the analysis of first-order methods for solving
SVIs|Beznosikov et al. (2022); Hsieh et al.| (2019; 2020); |[Loizou et al.| (2021)).

In adversarial and multi-agent training, where the corresponding operator is a gradient of a highly
non-linear neural network model, these classical assumptions might not be satisfied. It is well-known
that one possible remedy for such non-convergent behavior is in clipping, normalization, or adaptive
stepsizes, such as ADAM (Kingma & Bal|2015)). This effect might be explained by the experiment
conducted in Zhang et al.| (2020). In this work, authors observed that when training deep neural

'The well-studied Mirror-Prox method [Nemirovski| (2004) has been proven to be optimal for solving VIs
under strong monotonicity and Lipschitz continuity assumptions. In fact, this method is the stochastic version of
the classical extragradient method.



Under review as a conference paper at ICLR 2025

network, the norm of the hessian of the loss function correlates with a norm of a gradient along the
optimization trajectory.

This observation motivated |Zhang et al.|(2020) to introduce a new and more realistic assumption on
the linear growth of the hessian. This led to a great number of works in optimization investigating
new assumptions on generalized smoothness and convergence behavior of classical gradient (L1 et al.,
2023)), normalized (Chen et al.| 2023)), clipped (Koloskova et al.,[2023)), and adaptive methods (Wang
et al., 2023} Zhang et al,2024)). Despite this progress in optimization, there are only a few works
on generalized smooth min-max (Xian et al.}|[2024) and VI (Vankov et al., 2024) problems. This
motivates us to delve into investigation of first-order methods for generalized smooth SVIs.

1.1 RELATED WORK

Weaker Assumption on SVIs. More work has focused on stochastic methods for SVI under more
relaxed assumptions to develop and analyze the methods applicable to broader problem classes.
In particular, some studies have explored SVIs under pseudo-monotonicity [Kannan & Shanbhag
(2019), quasi-monotonicity [Loizou et al.| (2021)), co-coercivity |Beznosikov et al.|(2023) and quasi-
sharpness |Vankov et al.| (2023)). [Diakonikolas et al.| (2021)) showed that such conditions may not
be satisfied even in two played Markov games and introduced the weakest known structured non-
monotone assumption. Later, weak Minty SVIs were studied |Pethick et al.| (2023)); Choudhury et al.
(2023)); |Alacaoglu et al| (2024) under Lipschitz’s assumption on the operator. In our work, we
consider the generalized smooth assumption that goes beyond the existing settings.

Normalized and Clipped Methods for SVIs. [Jelassi et al|(2022) studied the performance of
normalized stochastic gradient descent-ascent and ADAM and suggested the crucial role of normal-
ization for training GANs. It is worth noting that, with the right clipping parameters, clipped and
normalized step sizes are equivalent up to a constant. Another line of works |Gorbunov et al.| (2022)
focuses on smooth SVIs under heavy-tail noise. Using Lipschitz’s continuity of operator and the right
choice of clipping parameters, the authors showed a high probability convergence rate for the clipped
stochastic Korpelevich method. Recent work [Xian et al.| (2024)) considered generalized smooth
stochastic nonconvex strongly-concave min-max problems and provided O(#) convergence rates

for variants of stochastic gradient sescent ascent (SGDA) with normalized stepsizes. Due to the
specific structure of the minmax problem and the fact that the gradient of the corresponding function
is nonmonotone in one variable and strongly monotone in another, it is difficult to compare this work
with ours. Moreover, in this work, the crucial part of the analysis is in the fact that the norm of a
gradient can be upper bounded by a function residual. One can not use such bounds in SVIs due to
the absence of function values. In our analysis, we develop a new technique to bound the operator
norm in almost sure (a.s.) sense and in expectation.

Stochastic Analysis of Clipped Methods for Generalized Smooth Optimization. InZhang et al.
(2020), authors analyzed clipped gradient method under a.s. bounded error assumption. [Koloskova
et al.| (2023) showed that the gradient method with standard clipping may not converge to a solution
even with small stepsizes. The authors analyzed clipped gradient descent as a biased method and
provided a convergence rate for non-convex functions. Later, |[Li et al.| (2024)) developed a new
technique allowing to bound stochastic gradients by the function value residual along the optimization
trajectory, which helps to find the convergence rate for the gradient with the right choice of stepsizes.
In our work, we do not make an assumption on a.s. bounded noise and bounded stochastic gradients.
Furthermore, we provide not only in-expectations but also a.s. convergence of the considered clipped
methods.

Contributions. In light of the existing literature, we consider stochastic VIs with p-quasi sharp
generalized smooth a-symmetric operators. We assume a bounded variance of the noise and do
not use a restrictive assumption of bounded stochastic operators or bounded samples. Our key
contributions are summarized below (see also Table|[T):

* We provide the first known analysis of the clipped stochastic clipped projection method (clipped
SGDA) for solving stochastic generalized smooth VIs with p-quasi sharp and a-symmetric oper-
ators. The key feature of our analysis is the use of cleverly chosen clipped stochastic stepsizes
v,. We use two different samples of stochastic the operator, one for clipping stepsizes v and
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another for the direction of the method update. This choice allows us to separate the clipping
part from the stochastic error and analyze the method in an unbiased manner. To show a.s.
convergence, we prove that the series of clipped stochastic stepsizes is not summable a.s., i.e.

P im0 Bl | Fr-a] = 00) = 1.

» We also provide convergence rate for stochastic clipped projection method for o < 1/2. For p = 2
we achieve O (k1) last iterate convergence. For p > 2, we show the best iterate convergence rate
of O(k=21-9)/P) where 1 > ¢ > 1/2 is a parameter of the stepsize choice.

* We provide the first known analysis of the stochastic clipped Korpelevich method for solving
stochastic generalized smooth VIs with p-quasi sharp and a-symmetric operators. By reusing
clipping stepsizes v, for both iterates updates hj and uy, we separate stochastic stepsize from the
stochastic error, similar to the projection method analysis. To show a.s. convergence, we prove that
the series of clipped stochastic stepsizes is not summable a.s., i.e. P(3" 2o E[vk | Fr—1] = 00) =
1.

* Moreover, we prove in-expectation convergence rates for the stochastic clipped Korpelevich
methods for o < 1/2. For p = 2, we show the last iterate sublinear convergence rate O(k~1).
For p > 2, we show the best iterate convergence rate of O(k~2(1=9/P) where 1 > ¢ > 1/2isa
parameter of the stepsize choice.

* Finally, we present numerical experiments where we compare the performance of the methods
with proposed stochastic clipping for different stepsize parameter ¢ > 1/2 and quasi-sharpness
parameter p.

Stochastic Projection Stochastic Korpelevich
p>0 Asym (Thm? Asym (Thm
CF+0' OF+O' K2D0 O’ —|—K10’2O‘)(CF—|—O')
p=2 o ( 12k2 + 12K
(DO +o )2/1’(CF +0)?/P 04/p(D0 + 02 + K10%%)/P(Cp 4 0)?/P
p>210 ( /ﬂ/p]@(lfq)/p ) 0 < uQ/Pk2(1*Q)/P >

Table 1: Summary of convergence rate results showing the decrease of certain performance measures
with the number k of iterations. We use “Asym" as an abbreviation for asymptotic almost sure conver-
gence results. For p-quasi sharp operators, with p = 2, and for stochastic projection and Korpelevich
methods, the performance measures are D, = E[dist®(ug, U*)] and Dy, = E[dist®(hg, U*)], re-
spectively. For p > 2, the performance measure for both methods is D}geSt = ming—o,. .. D¢. The
constant C'r denotes the upper bound on E[||F'(u)||] and E[|| F'(hg)]||] for stochastic projection and
Korpelevich methods, respectively.

The rest of the paper is organized as follows. In Section 2, we define the assumption on the operator
class we consider and define the first-order methods we focus on. In Section 3 we show the almost
sure convergence result of clipped stochastic projection method. In Section 4, we provide a.s.
convergence results and in-expectation convergence rates for the clipped stochastic Korpelevich
method. In Section[5} we conduct experiments on solving generalized smooth SVIs and compare the
performance of the stochastic clipped projection and Korpelevich method for different problem and
stepsize parameters. Section [6]concludes our work and presents some further research directions.

2 PRELIMINARIES

In this section, we provide the necessary concepts and assumptions for the considered SVI problem.
We start with a standard definition; the operator F' is said to be Lipschitz continuous on a set U if
there exists L > 0 such that

|F(u) — F(v)|| < Llju—wv]|| forallu,v e U. (1)

So far, Lipschitz continuity of operator was the most common assumption to study SVIs Nemirovski
(2004); Yousefian et al.| (2014} |2017); Hsieh et al.| (2019)); |[Loizou et al.| (2021); |Alacaoglu et al.
(2024). However, this assumption does not hold in modern deep-learning applications. Based on the
experiments provided in|Zhang et al.|(2020), the norm of Jacobian of the operator correlates with the
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norm of the operator. Recent work |Chen et al.| (2023) proposed a new, more realistic, and weaker
assumption termed «-symmetric given as follows: F' is (Lo, L1)-smooth operator on a set U if

F(u)—F<v>||<(LU+L19ntg§)||F<we>||“) Ju—ol foralluvet, ()
€(0,

where wg = 6u + (1 — 0)v and o € (0,1]. When the operator F'(-) is L-Lipshitz continuous,
it satisfies with Ly = L and L; = 0. The class of a-symmetric operators includes the class
of (Lo, L1)-smooth operators and coincides with it when an operator is differentiable for o = 1.
Given that the class of a-symmetric operators includes the class of (Lg, L1 )-smooth and Lipschitz
continuous operators we focus on this class in our work.

Assumption 2.1. Given a convex set U C R™, the operator F'(-) : U — R™ is a-symmetric over U,
i.e., for some a € (0,1] and Ly, Ly > 0, we have for all u,v € U,

[ (u) = F(v)]| < <Lo + Ly max F(U}@)a) [l = wl], 3)
0€(0,1)
where wyg = Ou + (1 — 6)v.

An alternative characterization of a-symmetric operators has been proved in|Chen et al.|(2023), as
given in the following proposition.

Proposition 2.2 (Chen et al.| (2023), Proposition 1). Let U C R™ be a nonempty convex set and let
F(:) : U — R™ be an operator. Then, the following statements hold:

(a) F(-)is a-symmetric with o € (0, 1) and constants Ly, L1 > 0 if and only if the following
relation holds for all y,y' € U,

1F(y) = F@OI < lly = ¢/ | (Ko + Ki|[F) 1 + Kally —o/1*/07), @)
where Ko = Lo(227/0-9) 4+ 1), K, = L;227/0-932 gnd K, =
L}/(l_a)2a2/(1fo¢)3a(1 _ a)a/(lfa)-
(b) F(-) is a-symmetric with o« = 1 and constants Lo, L1 > 0 if and only if the following
relation holds for all y,y' € U,

17 () = FW)I < lly = 'l (Zo + La | F ()] exp(Lally — y'l])- (5)

Proposition [2.2]is useful for our analysis, since it describes an a-symmetric operator by using two
points y,y" € U, and bypasses the evaluation of maxge g1y || F'(wg)||*. The solution set for the
variational inequality problem defined by the set U and operator F', denoted U*, is given by

U={u" €U|(Fu"),u—u*)>0 forallu € U}.

Throughout this paper, we make the following assumption on the set U and the solution set.

Assumption 2.3. The set U C R™ is a nonempty closed convex set, and the solution set U™ is
nonempty and closed.

We use p-quasi sharp operators since, for such operators, the inner product between an operator value
F(u) and w — u* is positive, which is crucial in our analysis. Moreover, this class encompasses
both strongly monotone and strongly coherent operators and aligns with the class of operators that
satisfy the Saddle-Point Metric Subregularity [Wei et al.|(2021)) for p > 2. The formal definition of
the p-quasi sharpness property is presented below.

Assumption 2.4. The operator F'(-) : U — R™ has a p-quasi sharpness property over U relative to
the solution set U™, i.e., for some p > 0, i > 0, and forallw € U and u* € U*,

(F(u),u —u*)y > pdist? (u, U™). (6)

For solving the SVI problem, we consider stochastic variants of projection and Korpelevich Korpele{
vich|(1976) methods, where stochastic approximations ® (uy, £x) and P (hy, f,i) are used, respectively,
instead of the directions F'(uy) and F'(hy). The iterates of each of the stochastic methods are defined
as follows:
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Stochastic projection method:
ug+1 = Pu(up — e ®(ug, &), (7
Stochastic Korpelevich method:

up = Py (hie — ve®(hy, &),

: ®)
hi1 = Py(h — e ®(ug, &),

where {7, > 0} is a sequence of stochastic stepsizes, and ug, hg € U are arbitrary deterministic
initial point At each operator evaluation of these stochastic methods, a random sample &, is drawn
according to the distribution of the random variable £. We assume that the stochastic approximation
error ®(u, &) — F(u) is unbiased and has finite variance, leading to the following formal assumption.

Assumption 2.5. The random sample ¢ is such that for all u € U,
E[®(u,§) = F(u) |u] =0,  E[|®(u,§) - Fu)|* | u] < o*.
Our proof techniques in the following sections can be applied to analyze the (a.s.) convergence and

convergence rate of the stochastic Popov (Popov, |1980) method with an appropriate selection of
stochastic clipping. However, due to space constraints, we leave this exploration for future research.

3  PROJECTION METHOD

Common approaches to developing convergent methods for generalized smooth optimization and VI
problems are normalized or clipping stepsizes. We focus on the latter one and present stepsizes for
the stochastic projection method for a-symmetric operators:

1
= Bemin g1, 9
”’“ ﬂ’“mm{ ||<1><uk,£%;>|} ©)

where S > 0 for all £ > 0 and 5,3 is a random variable, such that 5,3 and &, are independent
conditionally on uy. In other words, at every iteration of the projection method, having uy, two
independent samples of the stochastic operator are drawn: (1) ®(ug, &) for the direction of update
and (2) ®(ug, &7) for clipping stepsize yi,. We define the sigma-algebra F, for the method:

Fr={&,&, ..., &, &y forallk >0, (10)
with F_; = (. In the sequel, we provide important results on the behavior of the iterates of the

clipped stochastic projection method.

3.1 ALMOST SURE CONVERGENCE

The following lemma establishes a key relation for the iterate sequence {uy} generated by the
stochastic projection method with stochastic clipping stepsizes. Its proof is in Appendix [B.T]

Lemma 3.1. Let Assumptions 2.3 hold, and {uy,} be the iterate sequence generated
by stochastic projection method (/) with stepsizes y, defined in (9). Let parameter (3, be such that
ZEOZO B = oo and Z;O:o ﬂi < 0. Then, the following relation holds almost surely for all k > 0,

E[lJups1 — u||* | Feea] < |lup — u*]|? — 2uB[yp | Fr_1]dist? (ug, U*) + 387(202 +1). (11)
Furthermore, almost surely, we have
o0
> Ely | Froa] dist? (ug, U) < o0, (12)
k=0

and, the sequence {||uy, — u*||*} is bounded almost surely for all u* € U*.

*The results easily extend to the case when the initial points are random as long as E[||uol|?] and E[||ho||?]
are finite.
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In the conventional analysis of methods for SVIs with Lipschitz continuous operators, the sequence
{71} of stepsizes is deterministic and such that ), v, = oo. In our case, vy, is a random variable,
and to show a.s. convergence we have to show that the sequence {E[vj, | Fx—1]} is not summable.
We do so, providing a sequence of lower bounds for series >, o E[yx | F—1] and by showing that
random variable ||F'(u)|| is a.s. upper bounded for all £ > 0. In the next theorem, we present the
first results on a.s. convergence of the stochastic projection method.

Theorem 3.2. Let Assumptions and[2.3|hold, and {uy,} be the iterate sequence generated
by stochastic projection method (/) with stepsizes ~y, defined in (9). Let parameter (3, be such that
Z;’;O Br = oo and chzo ﬁ,% < 0. Then, the iterates uy converge almost surely to a point u such
that u € U™ almost surely.

The full proof of Theorem [3.2]can be found in Appendix [B.2] Notice that in an unconstrained setting
(U = R™) according to Theorems 3.1 and 3.2 in Koloskova et al.[(2023) for any clipping parameters
B >0, c > 0 there exist a stochastic gradient operator V¢ f(-) which satisfies Assumptions
(with p = 2), for which there exists a fixed point ¢ of a standard clipping with one-sample which

there exists a solution
c
E¢[frmin{l, r=——-}] =0 and |[E¢[Vef(0)]]| = 0?/12,
IVef (D)l

where C' > 0 is a constant independent from a step sizes parameter ;. This observation leads to
an unavoidable bias in one-sample clipped SGD (Koloskova et al., 2023)). In contrast, by using two
sample in clipped projection method we overcome this problem and provide a.s. convergence to a
solution.

3.2 CONVERGENCE RATE

The difficulty of the convergence rate analysis is in the randomness of stepsizes 7y;. To show in-
expectation convergence, we can take a total expectation on both sides of equation (TI)) of Lemma[3.1]
However, since -, is a random variable, we have to provide a lower bound on E[v;dist? (ug, U*)].
With this goal in mind, in the next lemma we show that the sequence {E[||F'(ux)||]} of expected
norms is bounded. The proof of the lemma is in Appendix

Lemma 3.3. Let Assumption 2.1 hold, with « € (0,1/2], Assumptions|2.3| 2.3\ hold, and {uy}
be iterate sequence generated by stochastic projection method (7)) with stepsizes vy, defined in (9). Let
parameter B, be such that >y, Bx = 00, and > _r—_ B < oo. Then, the sequence {E[||F(u)||]}
is bounded by some constant C'r > 0.

To prove the preceding lemma, we show that the expected norms of the operator are bounded by
some constant C'r on the trajectory of the method. To show this, we use the properties of the method
and the generalized smoothness of the operator in Proposition [2.2[to obtain that for all £ > 0, and
arbitrary solution v*,

[ (u) | < 1F (ug) = F@I)| + [[F (7]

< Jluk = v*[[(Ko + K1 | F(0")|* + Kaflug — o*[*/C79) + )] (13)
Notice that by taking an expectation in (13)), the RHS is undefined for a > 1/2. For « € (0,1/2],
using and boundedness of E[||uy, — v*||] we achieve the desired bound on E[|| F'(ug)]|]. Using
this result, in the next theorem, we provide a convergence rate for the projection method with clipping.
Theorem 3.4. Let Assumption|2.1) with o € (0,1/2], and Assumptions|2.3} 2.3 hold. Let {uy}
be the sequence generated by stochastic projection method ([7) with stepsizes ~yi, defined in (9). Let
Dy, = E[dist?(uy, U*)] and Cr be an upperbound on E[||F (uy)||]. Then, we have:

Casep = 2. Let B, = with a = pmin {1, m } Then, the following inequality holds

8Dy N 6(20% +1)
k2 a2k

2
a(2+k)

Dy < forallk > 1. (14)

Case p > 2. Let By, = ﬁ, where 1/2 < q < 1 and b > 0. Then, the following inequality holds

5 o< (- q)2/7 (Do + 3b2(202 +1)/(2q — 1))*/"

>
(ab)2/v ((k + 1)1—1 — 21-0)2/7 forallk 2 1, (15)

NEW
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where Dy, = E[dist?(ay, U*)], Gy = (Zf:o B)~ L Zf:o Bruy, and a = pmin {1, m}

For the simplicity of convergence rate comparison, assume 2(Cr + o) > 1. Then, from Theorem

. D o2 (Cp+0)? Do+02)?/?(Cr+0)*/?
we obtain O( 32 + *—— 5 2720 —a)/p )

average (or best) iterate convergence rate for p > 2 with ¢ € (1/2,1). It is worth mentioning that
obtained rates are unbiased, unlike the analysis in Koloskova et al.|(2023). However, it comes with the
price of two oracle calls per iteration. For p = 2, the rate from Theorem matches the rate (’)(%)
obtained in Theorem 4.3 (Loizou et al.,|2021)) for SGDA under stronger assumption on quasi-strong
monotonicity and Lipschitz continuity of the operator. The rate for p > 2 is new in the stochastic
case and generalizes the convergence results in deterministic setting (Vankov et al.,2024). The proof
of Theorem [3.4]is in Appendix [B.4]

) last iterate convergence rate for p = 2, and (9((

4 KORPELEVICH METHOD

The stepsizes for the stochastic Korpelevich method for a-symmetric operators are as given below

1
— i 1, — 16
™ ﬂ’“mm{’||¢><hk,e,1>||}’ (16

where 3, > 0 for all £ > 0 and &} is a random variable associated with the stochastic approximation
®(hy, £1) of F(hy). We define the sigma-algebra F, for the method, as follows:

Fe={£.6,....6,&})  forallk >0, (17)

with F_; = (). Notice that to obtain hgy; from a point ug, the stepsize vy, clips @ (hy, f,i) not the
stochastic approximation ®(ug, £7) of the operator at point uy, i.e., we have

1
hiy1 = Py (Uk — B min {17 w} <I>(uk7§,3)> : (18)

Thus, sample &7 is drawn after &, and ®(hg, £}) is measurable with respect to F_q U &. This
property of the stochastic Korpelevich method with clipping stepsizes 7 is crucial for further
convergence analysis of the method. In the sequel, we provide important results on the behavior of
the iterates of the clipped stochastic Korpelevich method.

4.1 ALMOST SURE CONVERGENCE

In the forthcoming lemma, we provide some basic relations that hold almost surely for the iterates of
the stochastic Korpelevich method with clipped stochastic stepsize.

Lemma 4.1. Let Assumptions and [2.5| hold. Also, let {hy} and {uy} be iterates
generated by stochastic Korpelevich method () with stepsizes vy, defined in ([I6) and with parameter
B such that Z;ozo Br = oo and Z;ozo ﬁ,% < 00. Then, the following relation holds almost surely

1 . .
Ellhs1 — v [|* | Frea] < [ —w*|)* — §Hhk —ugl® = 2uE[y | Fr—]dist? (ug, U™)

+682(0% + Ce(Br, )0®)  forallk >0,
19)
where Co (B, ) = K1, when o € (0, 1), and Co (B, @) = exp(L1Bk), when o = 1. Moreover, the
Sfollowing relations hold almost surely,

> Bl | Feor] dist? (ug, U%) < 00, Y [[he — up|* < 0. (20)
k=0 k=0
Furthermore, the sequence {||hy — u*||} is bounded almost surely for all u* € U*.

The proof of Lemma4.T]is in Appendix [C.1}

In a standard analysis of the Korpelevich method for SVI with Lipschitz operators [Kannan &
Shanbhag] (2019); Vankov et al.| (2023)), a.s. convergence results were achieved for a deterministic
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sequence {~x }. In our case, similarly to projection method analysis, {~x} is a sequence of random
variables, which makes the analysis of the methods more difficult and involved. By the choice of
stepsizes 7y, as given in (L6), the following relation holds true

B[y (®(up, &) — F(ug), up — u*) | Fx_1] =0 forall £ > 0. (21)

To prove (1) for the stochastic Korpelevich method, we note that the clipping stepsize is using
|® (i, £1)]|, which decouples from @ (uy, £7) by properly using conditional expectation. Specifically,
we first take the expectation conditioned on Fj_; U &}. Since -y, is measurable with respect to
Fr—1 UE&L, we use Assumption and the law of the total expectation. Interestingly, we do not have
to take another sample for the clipping in the stochastic Korpelevich method, as we have done in the
stochastic projection method. Thus, to perform one iteration, we use two oracle calls in both methods.

Using Lemma[4.1] we next present the almost sure convergence of the clipped Korpelevich method.
Theorem 4.2. Let Assumptions and 2.5\ hold and {hy}, {uy} be iterates generated by
stochastic Korpelevich method (8) with stepsizes ~y, defined in (16). Let parameter [y, be such that
Yoo Br =00, and Y 3~ 7 < oc. Then, the iterates hy, and uy, converge almost surely to a point
u such that u € U* almost surely.

To prove a.s. convergence, we firstly show that > r- (E[y; | Fr—1] = oo a.s., by providing a
sequence of lower bounds on E[y; | F;_1], using a.s. boundedness of ||hj, — u*|| of Lemma[4.1} and
proving that || F'(hy)]| is a.s. bounded. The full proof can be found in Appendix

4.2 CONVERGENCE RATE

We start our analysis by taking the total expectation on both sides of equation (T9) from Lemma[4.T]
For further analysis, similar to the clipped stochastic projection methods, the challenge lies in the ran-
domness of the stepsizes ~yx. To handle this, firstly, we establish a lower bound for E[y,dist? (uy, U*)]
by showing that the sequence {E[|F (u)|]} of expected norms remains bounded, as shown in the
next lemma. The proof of the lemma can be found in Appendix

Lemma 4.3. Let Assumption2.1} with o € (0,1/2], and Assumptions|2.3] 2.3|hold. Let {uy},
{hy} be iterates generated by stochastic Korpelevich method (Ei’l) with stepsizes 7y defined in

and the parameter [y, such that % ;- B = co and > - 87 < oco. Then, E[||F (hy)||] is bounded
by some constant C'r > 0 for all k > 0.

Similarly to the analysis presented in Section we bound F'(hy) by using a triangle inequality and
the property of a-symmetric operators, and by taking the total expectation, we obtain
E[|| F(u)l] < KoElllux — v*|] + K2E[[fux — v*[[*/ O] 4+ |[F ()| + K1 [|[F(0™)]|*. (22)

We can show that the preceding bound has a finite expectation only for 0 < « < 1/2, which motivates
the restriction on « in Lemma[4.3] Equipped with the boundedness of the sequence {E[||F'(hy)||} of
expected norms of the operator along the iterates {hy }, we present the next convergence rate theorem.

Theorem 4.4. Let Assumption2.1] with o € (0,1/2], and Assumptions[2.3] 2.3|hold. Let {uy},
{h} be iterates generated by stochastic Korpelevich method (8)) with stepsizes i, defined in (@) Let

Dy, = E[dist?(hy, U*)] and Cr be an upperbound on E[||F (hy)||] then the following results holds:

2 . . 1
Case p = 2. Let B, = m, with a = {4 min {1, m}, d = max{4u, 2v/3(Ko + K; +
K>5)} where Ky, Ky, and Ko are from Proposition a ). Then, the following relation holds

8d°Dy  12(0? + K10%%)

Dpy1 < 252 + 2k forall k > 1. (23)
Casep Z 2. Letﬁk = ﬁ, where 1/2 <qg< land 0 < b S min{%ﬂ, m} Then,
the following inequality holds for all k > 1,
922(0-2)/p(1 — q)2/? (Do + 662(02 + K102%) (202 + 1)/(2¢ — 1))*/*
by < (1= 9" (Do + 6 (0” + Ka®) (2% + /20 - )"

(ab)2/P ((k+1)t-a — 21—q)2/17

where Dy, = E[dist?(ay, U*)], Gy = (Zf:o B)~ L Zf:o Bruy, and a = pmin {1, m}
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The proof of Theorem [d4]is provided in Appendix [C:4] For the simplicity of convergence rate
comparison, assume 2(Cr+0) > land Ko+ K1+ Ko > 2—\/’% Then by denoting K = Kq+ Ko+ K3,

272 2 2a 2
from Theorem , we obtain O({¢~ +:2)k2K Do [ +Klaﬂ2 ,)C(CFJFU) )

p=2,and O (04 p(DO+UZ£§£;?2§;:(0F+U)2M
with ¢ € (1/2,1). In both cases p = 2 and p > 2 the convergence rate of clipped stochastic projection
method in Theorem@ and the rate of clipped stochastic Korpelev1ch method in Theorem@have
the same dependency in k. For p = 2 the rate from Theorem [4.4| matches the rate (9( ) obtained
in Proposition 5 (Kannan & Shanbhag| [2019) for stochastic K rpelev1ch method under stronger
assumption on strong pseudo monotonicity and Lipschitz continuity of the operator. For p > 2, the
obtained rate is new in stochastic case and generalize the results in deterministic setting for Lipschitz
continuous operators (Wei et al.|[2021]) and a-symmetric operators (Vankov et al., [2024)).

last iterate convergence for

) average (or best) iterate convergence rate for p > 2

5 NUMERICAL EXPERIMENTS

We study the performance of the clipped stochastic projection and Korpelevich methods, for different
values of parameters o > 0 and p > 0. Despite the absence of analysis, we also implement the
clipped stochastic Popov method with v, = 85 min{1, T F(}lk)H 7 L

s E e
upt1 = Py(ur —m®(he, &) hrr1 = Pu(upsr — Y1 ®(he, k),

where ug, ho € U are arbitrary deterministic initial. We consider an unconstrained SVI(R?, F') with
the following stochastic operator

D) = ST e

sign(us) |zl —uy | TS

where ¢ is a random vector with independent zero-mean Gaussian entries and with variance o2 = 1.
Then, F(u) = E[®(u, )] is an a-symmetric and p-quasi sharp operator due to [Vankov et al.| (2024).
We set these parameters to be {(« = 0.33,p = 2.5), (a = 0.5,p = 3.0), (« = 0.8,p = 6.0)}. We
also compare our results with the projection method that uses the same sample clipping, meaning
stepsizes vy, clip ||® (ug, &)|| instead of a different sample ||® (uy, £2)].

Convergence Convergence Convergence

T
e
St bo

o W0 ED o 00 T B % ED %0 00 1 %0 L3 o
Number of iterations Number of iterations Number of iterations.

(a) (a ~ 0.33,p = 2.5) (b) (=0.5,p=3.0) ©) (a ~0.8,p=6.0)

Figure 1: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and
Popov methods with 3 = 100/(100 + k'/2%¢).

In Figure [I] we plot an average distance over twenty runs to the solution set as a function of the number
of iterations. In particular, the stepsizes for clipped stochastic projectlon and Korpelevich methods
are chosen according to Theoremsand Al respectively, with 8, = 100 T kq for ¢ = 1/2 + € with
€ > 0. Note that, accordmg to Theorems (3.4 and 4.4 . the parameter q should be greater than 1 é 2;
meanwhile, the rates in these theorems are better for smaller choices of q. We also set 85, = 100 STE =
for clipped stochastic Popov method and the clipped stochastic projection method using the same
sample ®(uy, &) for clipping.

Based on this experiment, we made three important observations. Firstly, the clipped stochastic
projection method and same-sample clipped stochastic projection method show similar results
despite the fact that the same-sample stochastic projection method has a biased error. Secondly, for
a < 1/2 as predicted in theory (Theorems , both projection and Korpelevich methods show

NEW

NEW
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Convergence Convergence Convergence

—e— Projection —a— Projection —a— Projection
Projection-Same e Projection-Same 10 Projection-Same

—+— Popov —e— Popov —e— Popov

—=— Korpelevich —=— Korpelevich —=— Korpelevich

Distance to solution
Distance to solution
nce to solution

Dista

L3 o
Number of iterations

(@) (= 0.33,p=2.5) (b) (a« =0.5,p=3.0) (©) (a=0.8,p=6.0)

Figure 2: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and
Popov methods with 8 = 100/(100 + k' ~¢).

in-expectation convergence, while for o > 1/2 Korpelevich method has less stable performance.
Finally, despite the fact that for stochastic Lipschitz SVI, Korpelevich method outperforms the
projection method, we don’t see this in generalized smooth SVIs.

Next, we investigate the performance of the methods for larger values of ¢. In Figure 2] we set
qg = 1 — €, and corresponding 3 = % and run all four methods for the same problem
parameter setting. We observe that for all considered «, despite the theory, a larger choice of ¢
improved the performance of all methods in the o-neighborhood. Furthermore, it seems that larger
values of ¢ help to stabilize the clipped stochastic Korpelevich method for o« > 1/2.

Additionally, we conducted an experiment studying the robustness of the methods with a larger choice
of the initial parameter value /3, which are included in Appendix D]

6 CONCLUSION

This paper studied the SVI problem under generalized smooth and structured non-monotone assump-
tions. Specifically, we consider a-symmetric and p-quasi-sharp operators, a class of generalized
smooth and structured non-monotone operators for SVIs. For this wide class of operators, we proved
the first-known almost sure convergence of clipped stochastic projection and Korpelevich methods
for all parameters p. We also provided O(1/k) convergence rate for both considered methods when
the operator is p-quasi sharp with p = 2. For p > 2 we provided O(k*2(1*Q)/ P) average (or best)
iterate convergence rate for both methods, where ¢ is a stepsizes parameter 1/2 < ¢ < 1. Despite the
generality of our results, there are still open questions remain. In particular, it would be interesting
to know if it is possible to show in-expectation convergence rates for a-smooth SVI o > 1/2.
Another attractive direction of further research in generalized smooth SVIs is in relaxation of p-quasi
sharpness assumption to Minty ( = 0) or weak Minty conditions. We also believe that our technique
for proving almost sure convergence and in-expectation rates can be used for the analysis of other
methods whose stepsizes are random variables, for example, clipped stochastic Popov method or
first-order methods with adaptive stepsizes.
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A TECHNICAL LEMMAS

In our analysis, we use the properties of the projection operator Py (-) given in the following lemma.

Lemma A.1. (Theorem 1.5.5 and Lemma 12.1.13 in|Facchinei & Pang|(2003)) Given a nonempty
convex closed set U C R™, the projection operator Py (-) has the following properties:

(v—Py(w),u—Py()) <0 forallueUveR", (25)
|lw — PU(v)||2 <Jju— v||2 — v = PU(U)H2 forallu € Uyjv € R™, (26)
1Py (u) — Py(v)|| < |lu—v|| forallu,veR™. 27

In the forthcoming analysis, we use Lemma 11 [Polyak] (1987), which is stated below.

Lemma A.2. [Lemma 11|Polyak|(1987)] Let {vi}, {21}, {ar}, and {by} be nonnegative random
scalar sequences such that almost surely for all k > 0,

Elvgs1 | Fr) <(1+ ar)ve — 2k + by, (28)

o0 oo
where Fi, = {V0, ..., Uk, 20, -+ Zks G0, - - -, Ak, Do, - .. b}, and as. "0~ gap < 00, > - by <
0. Then, almost surely, limy,_, o, vi, = v for some nonnegative random variable v and y -, zi, <
0.

As a direct consequence of Lemmal[A.2] when the sequences {vy, }, {21}, {ax}, {bx} are deterministic,
we obtain the following result.

Lemma A.3. Let {1}, {Z1}, {ax}, {bx} be nonnegative scalar sequences such that for all k > 0,
k1 <(1+ @) 0k — 2k + b, (29)

where Y o= ay, < oo and Y o by < 00. Then, limy_,o0 U, = ¥ for some scalar v > 0 and
Zzo:() 2 < 0.

Lemma A.4. Let X be a non-negative random variable such that B[ X ] is defined for some p > 1,
and BE[X?] # 0, then for every a > 0 it holds

P(X > a(E[X"))"/* < a—lp (30)

Proof. LetY = X*. By the conditions of the lemma, the expectation E[Y] = E[X?] is well defined.
Then, by Markov’s inequality:

P(X > a(E[X?))?) = P(Y > a’E[X"))
E[X?]
~ arE[XP]

Lemma A.5. Let a;,ay be nonnegative scalar and p > 0. Then the following inequality holds:

(a1 + a2)” < 277 '(af + ap).

Proof. Leta = (a1, a2),b = (1,1), then by Holder inequality:

ar + ap = ||ab||
< llallplbllp/p-1)
< (af +ap) P (14 )0,

Raising the inequality in the power p we get the desired relation. |

13
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Al

AUXILIARY RESULTS

In our analysis we make use of Lemma 3 and Lemma 7 from |Stich| (2019), as well as the sequences
provided in the proofs in Stich| (2019).

Lemma A.6. Let {r} and {sy} be nonnegative scalar sequences that satisfy the following relation

rre1 < (1 — aog)ri — bagsy, + cy,f forall k > 0,

wherea > 0,b >0, ¢ >0, and

Ve =

2

(2 +F)

forallk >0,

where d > a. Then, for any given K > 0, the following relation holds:

b K

1%
K 1o

Z WgSE + arg 41 <

8d? n 2¢c
aK? "o aK’

where wy, =2d/a+k 0 <k < K, and Wik = Zszo W,
Lemma A.7. For1 > q > 1/2and K > 1, we have

K

(t+1)2 —

Forq=1/2and K > 1,

K

t=0

Forq>1/2and K > 1,

1

1

> — (K +1)'71—-2179),

—4q

Z ﬁ <log(K +1).

t=0

(t+1)20 ~ 2¢—1

Proof. Let1l > q > 1/2and K > 1. Then, it holds

ds

(K +1)77—219),

When ¢ = 1/2 and K > 1, then

S| K 1
Z(t+1)q Z/S:1 +1)7 1—¢

K K
1 ds
— < — =log(K +1).
t+1_/5208+1 og(K +1)
t=0
When ¢ > 1/2 and K > 1, we have that
S| </K ds 1 1 _ 1
— (t+1)% " Joo (s+1)20 291  (2¢—1)(K +1)271 " 2g—1

t

B PROJECTION METHOD ANALYSIS

B.1

PROOF OF LEMMA [3.1]

14
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Proof. Let k > 0 be arbitrary but fixed. From the definition of w11 in (7), we have |juj11 — y||> =
|| Py (ug, — v ®(ug, &) — y||? for all y € U. Using the non-expansiveness property of projection
operator (27) we obtain for all y € U and k > 0,

lurrr — ylI* < JJur — v ®(ur, &) — ylI?
= Jur — ylI* = 27 (P (u, &), ue — y) + Vil (ur, &)1
= [lux — ylI> + 2l @ (ur, &)1
= 29 (F(ug), up — y) + 2vk(ex, ur — y), (37

where e, = F'(uy) — ®(ug, ). By the definition of the stepsizes (EI) Vi = B min{1, m}
S
then the term 2 ||® (uy, &) ||* can be upper bounded as follows
Vell® (ug, E)1? = Vel @(un, &) — F(ug) + F(ug) — P (ug, &) + @ (ug, )|
1
< gpmin {1 b lenl? + 1et1? + 2(us, DIP)
’ 1 (uk, &)1 ; :
< 33¢llexll” + 38cleil” + 355, (38)
where e, = F(uy) — ®(ug, &), €3 = Flug) — ®(ug, £F). Thus,
lursr = yl* < lluw = ylI* = 2w (F (ur), we — y)
+ 2yiler, we — y) + 3B; (llexll* + llezl* + 1) (39)
Plugging in y = u* € U*, where u* is an arbitrary solution, and using p-quasi sharpness we get:

[ursr — | < fug, — w*[* = 2pdist? (ug, U)
+ 2k {en, ur — u*) + 35 (lexl* + el +1). (40)
Using stochastic properties of £, and £7 imposed by Assumption and the conditional indepen-
dence of &, and {,%, we have:

Elyk(ex, ux — u*)|Fr—1] = B[y | Fr—1](Elex | Fr—1],ux —u*) = 0.

Ellexl | Fe1] <0, Elleil® | Feo] < o™

Thus, by taking the conditional expectation on Fj_1 = {&o,&3,...,&k—1, 52_1} in relation we
obtain for all u* € U* and for all £ > 0:

Eflukrr — || Fe-1] < [lur — w*[|* + 357(20% +1)

. 1 . .
— 2’[L/6kE |:mll’l {1, ”@(uk’sz)n} | fk_1:| dlStp(’lLk, U ) (41)

The equation (41) satisfies the condition of Lemmal[A.2] with

vp = lug —u*||?, ar =0, 2x = 2uE[yg | Fr_i1]dist? (ug, U*), b = 367(20% +1). (42)

By Lemma it follows that the sequence {vy} converges a.s. to a non-negative scalar for any
u* € U*, and almost surely we have

> Ely | Froa] dist (ug, U*) < o0. (43)
k=0

Since the sequence {|juy — u*|*} converges a.s. for all u* € U*, it follows that the sequence
{||ux — u*||} is bounded a.s. for all u* € U*. [ |
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B.2 PROOF OF THEOREM [3.2]

Proof. To show almost sure convergence, we need to show that > o— E[vx | Fx—1] is not summable
almost surely. To do so, we provide a sequence of lower bounds on E[ | Fi—1]. First, consider the
following event:
2 2
Ag = {lleill < 2E[llex]] | Fr-l},

where e = F(uy) — ®(ux,£7) is a stochastic error from the sample for the clipping stepsize 7.
Then, by the law of total expectation

Elvi | Fo—1] = Elvi | Foe1 U AR)P(Ak | Fro—1) + Elve | Foo1 U ARP(Ag | Fr—1).  (44)

We want to provide a lower bound on P(Ay, | Fx_1). To do so, we upperbound P(Ay, | Fj_1) using
Markov’s inequality and Assumption 2.5}
- Elllell | Fr-1] _ 1
P(Ay | Fr_1) =P > 2R[|1€2|| | Foq]}) < kU L2 R 2 45
( k | k 1) (”ek” [”ek” ‘ k 1]}) = QE[H@iH |]:k71]) 2 (45)
Thus,

Elvk | Fre-1] = Elvi | Fre1 U AR)(1 = P(Ax | Fee1)) + E[ve | Fro1 U Ag]P(Ag | Fr—1)
> E[’yk | Fr_1 U Ak] +E[’yk | Fr_1 qu]IP’(Zk | fk_1)

> —Ely, | Fr—1 U Ag]. (46)

N~ DN —

By definition of 7, triangle inequality and definition of event Ay, it holds
1

1, oy

19 (u, &)

1
> BiE [min{l, S —
[F (ur)[| + e

E[’yk | Fr_1 U Ak} = ﬁkE[mln{ } | Fr_1 U Ak]

} | Fr_1U Ak] .
47)

Next, we use the definition of the event Ay to provide the next lower bound:

1
E _1UA] > BrE[min< 1 1UA
i U ]2 Bl s e U 0
1
> BEmind 1, ——— V| F  UA
> ekfmin (L S f 7 U

. 1
:B“m“{Lnme|+20}' (45)

The first inequality in the preceding equation holds by definition of event A, = {||e? || < 2E[||eZ]| |
Fk—1]}, the second inequality holds dues to Assumption on the noise and Jensen inequality,

Ellez|| | Fr-1] < VE[[[€2]]? | Fx—1] < o, and the last equality holds since ||F(uy)|| is measurable
in Fi_1. Hence, it follows that

oo 1 o0

.mins 1, —— » < E Fr_1]- 49
Zﬁkmm{ ||F(uk)+0}_kzo e | Fre—1] (49)
Now, we want to show that Z,;“;O B min {1, m} is not summable almost surely, i.e.

P(>"p o Br min {1, m} = o0) = 1. We will do so by showing a.s. boundedness of

|| F'(ug)|| for all k > 0, using property of c-symmetric operators. To estimate || F'(ug)||, we add and
subtract F'(v*), where v* € U* is an arbitrary but fixed solution, and get

[E(ui) | = [[F(ur) = F(v*) + Fu")|| < [|F(ux) = F) + [|1F @]
Define the following event:
A={weQ: IC(w) e Rs.tfur(w) —v"|| < C(w) ¥V Ek > 0}.
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Based on results of Lemma 3.1} the sequence {|lu; — u*||} is bounded a.s., and thus P(A) = 1. Let
w € A, now we can estimate || F'(uy(w))|| using the a-symmetric assumption on the operator.

Case o € (0,1).
| (uk(w)) = F(u™)|| < JJu(w) = v*[[(Ko + K[| F(0*)[|* + Kal|ug(w) — v*[|*/0=). (50)
Since w € A, it follows that for all & > 0,
[[ur(w) —v*[| < C(w).

Using this fact and equation we obtain that for all & > 0,

1 (un (@) < C(w) (Ko + K[| F(0*) [ + K2C(w)* ) + || F (o). (S1)

Thus, the sequence {||F(ug(w))||} is upper bounded by some constant C (w). Where C;(w) =
C(w)(Ko + K1 F(v)[|* + K2 C(w)/ =) + [ F(v*)].

Case o = 1.
For a = 1 by Proposition[2.2) we have
1F (ug(w)) — F(0")]| < [Jur(w) = v*[|(Lo + Lo || F'(v7)]]) exp(La [lug (w) — v*[]). (52)
We can get the following bound for || F'(uy(w))||, for all & > 0:
[ (ug (@) < [[F(ur(w)) = Fo")[| + [[F(07)]]
< Juk(w) = v* (Lo + La[[F(07)I]) exp(La [lug (w) — o™[]) + [F(07)][. (53)
Since w € A, the following bound holds for any k& > 0
[ur(w) = v < C(w).
Using these facts and equation (33) for all £ > 0:
1 (ug (W) || < [lug(w) = 0" [[(Lo + L[| F'(v*)|]) exp(La [lug (w) — v*[[) + [ F(07)]]
< C(w) (Lo + La[|[F(0")]]) exp(L1 C(w)) + [|1F(v7)]- (54)

We showed that forall k > 0 the norm || F(ug(w))|| is upper bounded by some constant C'; (w), where
C1(w) = C(w)(Lo + L ) exp(L1C(w)) + ||F(v*)||. Then, for both cases « € (0,1) and
a=1in equatlons we showed that || F'(ux (w))]| is upper bounded by max{C; (w), C(w)}.
Using these results and companson test it follows that: for all w € A,

éﬁkmm{LM} Zﬁkmm{ max{a(w),lcl(w)}w}

i {1’ max{a(w),lcl(w)} T a} 2.0

= 00,

where the last equality holds by the choice of parameters S5 Y o, Br = co. Since P(A) = 1, it

follows that
> 1
P Bkmin{l,}oo =1.
(Z Pl +o

Combining this with (#9) we obtain

P (Z Elyx | Fe_1] = oo> =1. (56)
k=0

By Lemma[3.1] we have

> Elyk | Fra] dist? (ug, U*) < oo (57)
k=0
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Due to E[y | Fx—1] = oo almost surely, it follows that
lim inf dist? (uy, U*) = 0 a.s. (58)
k—o0
Since ||u, — u*|| converges a.s. for any given u* € U*, the sequence {uy,} is bounded a.s. and has
accumulation points a.s. Let {k;} be an index sequence, such that

lim dist? (ug,, U*) = likm inf dist? (ug, U*) =0 a.s. (59)
— 00

71— 00

We assume that the sequence {ug, } is convergent with a limit point @; otherwise, we choose a
convergent subsequence. Therefore,

lim ||ug, — @] =0 a.s. (60)
1—00
Then, by (58), dist(@, U*) = 0, thus & € U* a.s. since U* is closed. Since the sequence {||us, —u*||}
converges a. s. for all u* € U*, by (60) we have

lim |jup —al| =0 a.s. (61)
k—o0

B.3 PROOF OF LEMMA [3.3]

Proof. By taking the total expectation in (#I) in Lemma 3.1 and using the definition of the stepsize
&, we obtain for any solution v* € U* and all k£ > 0,

ElJurs1 — v ||?] < EBlflug — u*||?] — 2uE[yedist? (ug, U*)] + 382 (20% + 1). (62)

The equation (62) satisfies the conditions of Lemma[A.3]with

o, = Bl —w*|?], ar =0, 2 = 2uE[y dist”(up, U")], by =35(20° +1).  (63)
Thus, by Lemma it follows that the sequence {E[||uy — u*|?]} converges to a non-negative
scalar for any u* € U*. Therefore, the sequence {E[||uy — u*||?]} is bounded for all u* € U*. Next,

using the property of a-symmetric operators, we show that {E[|| F'(uy)||]} is bounded. Let v* € U*
be an arbitrary, but fixed solution. Then, by the a-symmetric property of F', we have that

1 (ui) | < 1F (ug) = F5)| + [|F(07)] )
< [lu = v* | (Ko + K1 ||[F(0")|* + Kallup —o*[[*/ =) + | F(0")].

Taking expectation, we obtain
E[||F(un)]]] < (Ko + K1 | F()|*)E[[lur — o*|] + K2E[[luy — o* [T/ + ||F(’U*)||6-

Notice, that E[||uy — v*||'T*/(1=2))] = B[(||us, — v*||?)/2(1=2))], and for a < 1/2, the quantity
1/2(1 — ) < 1. Thus, we can apply Jensen inequality for concave function

Elus — v [)1/24=)] < Efug —v* [7]/20-).
Therefore, using these results and Jensen inequality for the first term in equation @), we obtain

Bl < (o + K0 Bl — 2 + KBl — 207 4 | F )
Since E[||uy, —v*||?] is bounded, E[|| F'(u)||] is bounded by some constant C > O forallk > 0. W

B.4 PROOF OF THEOREM [3.4]

Proof. Letting y = Py« (uy) in equation in Lemmaand using p-quasi sharpness we obtain
1 = Pore (un)|I* < luk — Py (ur) [ — 2pyndist” (ug, U”)
+ 2vi(er, uk — Pu-(ur)) + 387 ([lexl” + lleZ]* + 1). (67)
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By the definition of the distance function, we have
dist® (w1, U*) < [lugyr = Po-(up)|*.
Thus,
dist?(upr1, U*) < dist?(ug, U*) — 2urypdist? (ug, U*)
+ 2y {en, u — Pu-(ur)) + 353 (lexl + el + 1) (68)

By Assumption and the law of total expectation, and independence of samples & and &7, it
follows that

E[vk (e, ux — Pu~(ur))] = E[E[yk(ex, ux — Pu=(ur)) | Fr—1]]
= E[E[vx | Fr-1](Elex | [Fr-1], ur — Pu=(uk))]
=0. (69)

Also, we have E[E[||let|| | Fr—1] < o2 and E[E[||eZ| | Fr—1] < o*. Thus, by taking the total
expectation in (68), we obtain

E[dist? (upy 1, U*)] < E[dist® (ug, U*)] — 2uB[yedist? (uy, U*)] + 367 (202 + 1). (70)
We aim to upper bound 2uE[v,dist? (uy, U*)]. To do so consider an event Ay, defined as follows:
A = {IF ()l + llexll < 2(B[1F (ur)[l] + Elllex 1)}
Then, by the law of total expectation, we obtain
E[yedist? (ue, U™)] = E[yxdist” (ur, U") | Ae]P(Ar) + Elyedist” (ug, U)[Ax]P(A), (1)

where A denotes the complement of an event A. We want to provide a lower bound on P(Ag). To do
so, we upperbound P(Ay,) using Markov’s inequality, as follows:

P(Ar) =P ({IF ()l + llexll > 2B F (ui) ] + Elflex[])})
B[l F (ur) 1] + Elllexl

<
= 2(E[[F (up)ll] + Efl[exl])
1
=3 (72)
Thus,
E[yedist? (ug, U*)] = E[yedist? (ug, U)|Ag](1 — P(Ay)) + Elyedist? (ug, U*) | Ax]P(Ag)
> %E[%distp(uk» U*)|Ag] + E[yedist? (ug, U*)[Ax]P(Ay)
> %E[deistp(uk, U*)|Ag). (73)

By the definition of the event A, we have

E[ygdist? (ug, U*)|Ax] = BrE {min {1, M} dist? (ug, U*)Ak}
. 1 . .
> GrE {mm {1, HF(Uk)|+||ek|} dist? (ug, U )|Ak]}
. 1 St (. U
> fmin {4 s e | B o U 79

By Lemma[3.3] E[|| F(uy)||] < Cr for all k > 0, and by Assumption[2.5]and Jensen inequality, we
have E[||ex||] < E[|lex||?]*/? < o. Thus, it follows that

1

. * 1 i
Elyidist? (ug, U*)] > 56’“ in {1’ 2(Cr +0)

} E[dist? (ug, U™)]. (75)

Combining equations and , and using @ = p min {1, m }, we obtain

E[dist? (upy1, U*)] < E[dist? (ug, U*)] — afpE[dist? (ug, U*)] + 362(20% +1).  (76)
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Now let D, = E[dist?(uy, U*)], and consider the following two cases:
Case p = 2. When p = 2, equation @ satisfies the assumptions of Lemma@ with

re =Dy, =20 sp=0 d=a, c=320%+1). (77)
Then, by Lemma[A 6] we get the following convergence rate for all & > 1,

8Dy 6(202+1
0, 6@ +1)

Diiq <
Rl =2 a2k

(78)

Case p > 2. When p > 2, By applying telescoping sum to inequality (76) and rearranging the terms NEW
we obtain

B

k
[0 Brdist? (ug, U*)] < Do — Dyyr +3(20° +1) Y B} (79)
t=0 t=0

Since p > 2, the function dist? (-, U™*) is convex, thus by defining 4y = (Zf:o Br)t Zf:o Bruy
and applying Jensen inequality be obtain

k

Z Br)E[dist? (ax, U*)] < E[Z Brdist? (ug, U)].

t=0

Since p > 2, by applying Jensen inequality one more time, we obtain

(Dy)?'? = (E[dist?(aix, U)))"* < E [(distQ(ﬁk, U’ 2] = E[dist? (ay, U*)].

Applying these estimates, we get
k

k k
(DR "8 <> DY < é (Do — Dys1 +3(20% + 1) Zﬁ?) . (80)
t=0

t=0 t=0

Since 8 = %1)4, with b > 0,1 > ¢ > 1/2, then {3 } satisfies the conditions of Lemrna Also,
by Lemma the following inequalities hold: for all £ > 1,

Zﬂt TR+ DT =2, Zﬁt < Qq_ - 81)

t=0

Combining equations (80) and @), and omitting Dy 1, we obtain
(1—4q) (Do + 3b*(20% +1)/(2¢g — 1))

Dy)?/? < 82
(D) ab ((k+ D)7 —21-9) (82
Raising both sides of the preceding inequality in power 2/p, we obtain
2
b < (L= a7 (Do + 31(20% +1)/(2g ~ 1)) )
T (@ (ka2
|

C KORPELEVICH METHOD ANALYSIS

Lemma C.1. Ler U be a closed convex set. Then, for the iterate sequences {uy, } and {hy,} generated
by the stochastic Korpelevich method (8) and y € U and k > 0,

ks = ylI* < e = ylI* = l1he — wrll® = 2 (F (ur) un — y) — 2k (eR, ur — )
+ 391 F (h) — F(ui) |2 + 307 (e |* + ller ),
where e}, = ®(hg, &) — F(hg), €2 = ®(uy, &2) — F(uy) forall k > 0.
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Proof. Let k > 0 be arbitrary but fixed. By the definition of hj1 in (8), we have |11 — y|| =
| Pu(hi — v6®(uk, £2)) — y|| for any y € U. Using the projection inequality, we obtain for any
yeU,

er = ylI* < Nk — 1@ (un, &) = ylI* = Mhisr — i+ 1@ (u, &)

2 2 2 (84)
< i = ylI* = [hirr — hiell® + 29 (P (uk, &) y — hrya)-
Next, we consider the term ||h;11 — hg||?, where we add and subtract uy, thus
[Pk — el = Nhigr — well® + 11k — will® = 2(hasr — ur, hie — ug). (85)
Adding and subtracting 2~y (®(hy, & ,ﬁ), ug, — hi1), and combining and we obtain
[Prsr = ylI? < N = yll* = lhasr — well® = [on — wpel|® + 2(ha 1 — wn, by — )
+ 291 (P (g, ),y — ke + uk — hig1) + 29%(@ (M, &) — @ (P, )5 uk — his1) 86)

< |lhg = ylI* = |Prs1 — wrll® = e — wil® + 2(hss1 — wry b — Ve ®(hi, E4) — wi)
+ 29 (P (ur, €2), ¥ — uk) + 27 (R (s £) — B (un, &7), Pig1 — Ui).

Since uy, = Py (hg — 7P (hy, &})) and hy11 € U, by the projection inequality in , it follows
that
2(Pky1 — ug, hie — (R, &) — ug) < 0.
Using Cauchy-Schwarz inequality and relation 2ab < a? + b? for a, b € R, we obtain
27k (D (g, &) — P(ur, &), P — uk) < 29[| @Ry k) — @ (uges E0) | e r — e
< Vil ®(h, &) — @ (upy I+ Narer — uael|.
Using triangle inequality and relation (3", a;)> <m > 1", a? we get
1@ (ks &) — P (ur, €N = 19k, &) — F (i) + F(hy,) — F(ug) + F(uy) — ®(ug, &)1
< 3([lexI* + [1F () — F(wn)l* + [lek]I)-
Combining the preceding three estimates with (86), we get the stated relation
s = yl* < Nl = ylI* = e = urll® = 2y (F (ur), ur — y) — 27 (et ux — y)
+ 37 [F (hwe) = F(ur)|I” + 397 (lleg|” + llexl®).

[ ]
C.1 PRrROOF OF LEMMA[4T]
Proof. By Lemma|C.1|we have for all £ > 0 and for all y € U,
hes1 — yl® < e — yl1* = lhe — wl|® — 29k (F (uk), ue — y) — 2veler, ur — y) &7)

+ 39 F(hie) — F(un)l* + 37 (llekll* + lex ),

with e}, = ®(hy,&L) — F(hy) and e = ®(uy, &) — F(uy) for all k > 0. We want to estimate the
term || F'(hy) — F(hg—1)||* on the LHS of the inequality using the fact that F'(-) is an a-symmetric
operator for two cases (a) « € (0,1) and (b) « = 1.

Case o € (0,1). Using the alternative characterization of a-symmetric operators from Proposi-
tion[2.2(a) (as given in (4)), when o € (0, 1), the next inequality holds for any & > 0,
1E (hie) = F ()| < [l — | (Ko + K| F (h) |+ Kol — ugl|*/07). (88)

We want to separate || F'(hy)| into two parts: stochastic approximation of operator ®(hy, £1) and
error e;. Recall that e; = F(hy) — ®(hg, &), then based on triangle inequality ||F(hy)| <
1@ (R, L) + llex ||, and since o < 1 we obtain

1F () 1™ < 1@ (R, )11 + llex ™ (89)
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Thus, combining this fact with (88) we get the following estimation

1F (hie) = F(un)l| < [hi = el (Ko + K[| ®(he, &)1 + Kallex||* + K|l — ukll“/(l_“ng)

By the projection property (26) and the stepsize choice (T6), we have

7 — wl| < Yil|@ (P, €4) || = Br min{1, HI®(he, &) < B < 1. (91)

1 (e, &)
Then, KQHhk — uk”a/(l—a) < Ks, and
Vel F(hie) = F(ug)|] < (Ko + Ki[|@(hy, §)[1* + Killegl|* + Ka) ||y, — ul]

3 1 : 1 1\ ||«
< B (Ko min{1, m} + Ky min{1, m}ll@(hk,ﬁml )P = ue
. 1
+ B (Kilep]|* + Ko min{1, m})nhk — |

< Bi(Ko + K1 + Ka)|[hie — ugl| + BuK1lleg]|“ || — ]|

(92)
By inequality (91), we have || A, — ux|| < 1, and using this estimate in equation we obtain
Vel F(hi) = F(ug)|| < Br(Ko + K1 4 Ka)||hy — ug| + B K1 lleg ]| 93)

Case o = 1. Based on the alternative characterization of a-symmetric operators from Proposi-
tion[2.2b) (as given in (I6)), when a = 1, the following inequality holds for any & > 0,

1F (hi) = F(ui)l| < [Pk = wl| (Lo + Lal| @ (R, €)1 exp(La [k — ur])- 4
We upperbound || F'(hy)|| using equation and get
1F (hie) = F(un)l| < 7w = well (Lo + La | F(h) | + Lalegll) exp(La e — uxl)). ©5)

Note that relation in holds irrespective of the value of . Thus, since || — uk|| < 1, we have
exp(Lq||hx — ukl]) < exp(L1fk), and we obtain

Wl F (hie) = F ()|l < v(Lo + Lal| @ (e, €5) | + Lallex ) exp(La ) e — ur
1

= exp(L18x)Lofk min{l, m}nhk — ug|
+ GXP(L15k>L1/3k min{l, m}“‘b(hh flﬁ)” ||hk - “kH (96)
+ exp(L1B4) LBy min{1, W}einnhk —

< exp(L18k)Be(Lo + L1 + Lalleg ) |hw — uall.
By inequality (91, we have ||h), — u|| < 1. Using this estimate in (96)), we furher obtain
Vel F(hi) — F(ug)|| < exp(L1Br) B (Lo + L1)||hi — wr|| + exp(LaBx) Biller |- o7

Now, we are done with the cases of « values. Let

(Ko+ K1 + K3), whena € (0,1),
CalBr, o) = 98
(B, ) {GXP(L1ﬁk)(Lo + L), whena=1. (©8)
Also, define
Ky, whena € (0,1),

Ce(Br, ) = 99
(B, ) {eXP(L16k>7 when a = 1. 99)

Then, by inequality ("7, a;)? < m ) i~ aZ, for both cases we have
VRl F (hi) = F(wr) | < 287Ca(Br, @) |k — ugl* + 287 Ce(Br, a)?[lef | (100)
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Combining preceding inequality with we obtain that for any & > 0,

Ihis1 — ylI> < ([ — ylI* = (1 = 682 Ca(Br, a)*) | hie — wrel|* = 275 (F(ug), up — y)

. (101)
— 2 {ef, uk — y) + 655 Ce(Brs @) [leg P + 37 (lezll® + llexl®)-

Next, we plug y = u*, where ©* € U™ is an arbitrary solution and use p-quasi sharpness of the
operator F' to obtain

s = |1 < [l = u|* = (1 = 685 Ca(Br, @)*) 1 — urell* — 2ppdist” (ur, U”)

. o (102)
— 2w — u*) + 655 Ce(Br, @)?[ler ]| + 37 ([l + llex )
By the stepsize choice v < S, thus
[Argr = | < hy =[P = (1 = 687Ca(Br, @)?) | e — k| = 2yppdist? (ug, U™) (103)

— 2y {ef, up — u*) + 657Ce(Br, @)?[lerl* + 385 (Ilez]|® + llexl?)-

Since Y732, 87 < o0, it follows that 85 — 0. By definitions of C, (S, a) and C (B, a) in
and , respectively, there exists NV > 0 such that the stepsizes satisfy 1 — 66136’(1(6;€7 a)2 > % and
Ce(Br,)? < max{K1,exp(L1,Bk)} < max{K7,2}. Thus, the following inequality holds for any
k Z N’

1
hiar — w*||? < ||h — u*]|? = =||hi — ugl|? — 2y pdist? (ug, U*
[Aky1 —uw*[|* < g — ™| 2” K — ul| Y pdist? (ug, U™) (104)
— 2er ue — u*) + 387 ([lerl” + llexll® + 2max{ K7, 2} [[eg**).

Recalling that e}, = ®(hy, &4) — F(hy), €2 = ®(ug, &F) — F(uy) and using the stochastic properties
of &1, &2 imposed by Assumption [2.5|and method’s updates, we have

Elye(ef, uk —u) | Fro1] = ElyeB[(ef, ux —u) | Fro1 U{&} | Frea] =0,
since stepsize -y, is measurable in Fi_1 U {£1}. Also, it holds that for all & > 0,
EE[llex* | Feo1 U{&}Fr] <0 and E[fleg]* | Fia] < 0.

Moreover, since o < 1, the conditional expectation E[||e.||2%|F;_1] is finite, and by Jensen inequal-
ity, it follows that for all £ > 0,
Efle|**|Fr-1] < 0.

Therefore, by taking the conditional expectation on Fj_; in relation (T04), we obtain for all u* € U*
and forallk > N,

1 : .
B[k = w2 Fea] < I = w1 = 51— unll* = 2Elye | Froa]udist? (ur, U”)

+ 667 (0? + max{K;,2}0*).
(105)

By Lemma it follows that the sequence {||h; — u*||?} converges a.s. to a non-negative scalar
for any u* € U*, and almost surely we have

> Bl | Fra) dist? (ug, U*) <00, Y |[hg — ug|* < 00 (106)
k=0 k=0

Since the sequence {||h; — u*||*} converges a.s. for all u* € U*, it follows that the sequence
{||hr — u*||} is bounded a.s. for all u* € U*. [ |

C.2 PROOF OF THEOREOM[4.7]

Proof. By Lemmaf4.I] we almost surely have

> Elyk | Fra] dist? (ug, U*) < oo, (107)
k=0
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The structure of the stepsizes 7, (I6) for the Korpelevich method is similar to the stepsizes sequence
for the projection method. Following the proof of Theorem [3.2] we obtain

Z]E[’yk. | Fr—1] =00 a.s. (108)
k=0

We provide the full proof of this result below, in spite of the fact it is equivalent to the proof of the
same result in Theorem [3.2]

Firstly, we provide a sequence of lower bounds on E[y;, | Fi_1]. First, consider the following event:
A = {lleill < 2E[llex ]| | Fr-1]},

where e}, = F(hy) — ®(hy, £L) is a stochastic error from the sample for the clipping stepsize .
Then, by the law of total expectation

Elve | Fr—1] = E[vi | Fee1 U ARP(Ak | From1) + Elve | Foo1 U ARP(Ag | Fr—1).  (109)

We want to provide a lower bound on P(Ay, | Fx_1), to do so, we upperbound P(Ay, | Fj_1) using
Markov’s inequality and Assumption 2.3}

B Efllepll | Fx-a] _ 1
P(Ay | Fee1) = P(|ef]| > 2E[|lef]| | Fro1]}) < mom—n =02l — — 1o
(Ay | Fr—1) = P(llegll > 2E[llep || | Fr—1]}) < 2E[leL] | Fe—1]) 2 o

Thus,
Elve | Fro1] = Elye | Fro1 U AR](1 = P(Ag | Fie1)) + Elye | Fro1 U AR]P(Ag | Fro1)
1 _ _
> §]E[")/k | Fr_1 U Ak] +]E[’Yk | Fr_1 U Ak]]P)(Ak | Fk—l)

1
2 SE[m | Fr-1 U Arl.

(111)
By the definition of 7, and the triangle inequality, we have
1
E[’yk | Fr_1 U Ak} = ﬁkE[min {1, } | Fr_1 U Ak]
@ (P, €I
1
> BLE [min {1, } | Fr1 U Ak:| .
[E(hi)]l + llezl
(112)
Next, we use the definition of the event Ay, and obtain the following lower bound:
1
Elvg | Frie1 U Ag] > BirE[min {17 } | Fre—1 U Ay
|1 E(hio) || + 2E[[lez | | Fr—1]
1
> GrEmin<1l, —————— % | Fr_1 UA
> i {1 g f | Pt O
1
=fpymin<l, ————— 5. (113)
g {1 {053

The first inequality in the preceding equation holds by the definition of the event Ay = {||e3| <
2E|||e2|| | Fr—1]}, while the second inequality holds due to Assumptionon the -samples and

Jensen inequality, E[||ef|| | Fx—1] < /E[[[€2]? | Fx—1] < 0. Hence, we have that

oo 1 . 1 o
kZ:;) Eﬁk min {1, HF(hk)"‘%'} < ];)E[’Yk | -Fk'—l]- (114)

Now, we want to show that ZZO:O B min {1 } is not summable almost surely, i.e.

1
[F (ki) 420

P(>"p o Bk min {1, m} = o0) = 1. We will do so by showing a.s. boundedness of
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[|E'(hg)]| for all k& > 0, using property of a-symmetric operators. To estimate || F'(hy,)||, we add and
subtract F'(v*), where v* € U* is an arbitrary but fixed solution, and get

IE (i)l = [1F(hx) = F(v*) + F(0)|| < [[F(hx) = F@7)]| + [[F(07)]].

Define the following event:
A={weQ: IC(Ww) e Rs.t|hr(w) —v*"]| < C(w) ¥k > 0}.

Based on Lemma[4.1] the sequence {||h), — v*||} is bounded a.s., and thus P(A) = 1. Letw € A,
now we can estimate || F'(hx(w))|| using the a-symmetric assumption on the operator.

Case o € (0,1).
1E (hie(w)) = F(u)]| < [he(w) = v* | (Ko + Ki|[F(0")|* + Kl hr(w) — o*[[*/7). (115)

Since w € A, it follows that ||hg(w) — v*|| < C(w) for all k > 0. Using this fact and (115) we obtain
that for all £ > 0,

IF (hi(@)]| < Clw) (Ko + Ki|[F(0*)[|* + K20(w)* =) + || F (7). (116)
Therefore, the sequence {||F(hx(w))]||} is upper bounded by C; (w) = C(w) (Ko + K| F(v*)]|* +
FrC(w)®/ =) + || F(v*)].
Case o = 1.

For a = 1 by Proposition[2.2) we have
[E(hi(w)) = F)I| < [lhe(w) = v*[[(Lo + Lo [|[F(0")]]) exp(Lalhr(w) —o*[)).  (117)
Therefore, for all kK > 0,
1E (R (@) < 1 F(hi(w)) = F )] + [[F (")
< (W) = v*[[(Lo + LallF(v*)[]) exp(La [ an(w) — v*|]) + [[F(v)]|. (118)

Since w € A, we have ||hy(w) — v*|| < C(w) for all £ > 0, which when used in (118}, implies that

forall k > 0,
[E (hi (W) < lhi(w) = v*[[(Lo + L[| F(0")]]) exp(Lal|hr(w) — o*[]) + [|1F(0")]

C(w)(Lo + L[| F(v")|]) exp(L1C(w)) + [ F(v7)]]. (119)

Hence, the sequence {||F(hs(w))||} is upper bounded by C;(w), where C1(w) = C(w)(Lo +

L[| F (o)) exp(LC(w)) + [[F(v)]-

Now, for both cases a € (0,1) and a = 1 in (116) and (T19), respectively, we have that | F'(hy(w))||
is upper bounded by max{C (w), C1(w)}. Us1ng this and a comparison test, we obtain

,iﬁ’“mi“{l’ ey +2o} Zﬁ’“mm{ max{cl(w>lc<w)}+za}

<
<

1 (120)
= min {1, } Z Br
max{C; (w), C1(w)} + 20
= 007
where the last equality holds by Z?io B = oo. Thus,
> Efy | Feoal =00 a.s. (121)
k=0
Since, >~ o E[vk | Fr—1] = oo almost surely, from (107) it follows that
lim inf dist? (ug, U*) =0  a.s. (122)
k—o00

By Lemma. 1} the sequence {||hx, — u*||} converges a.s. for any given u* € U*. Thus, the sequence
{ht} is bounded a.s. and, consequently, it has accumulation points a.s. In view of relation in
Lemma 4.1} it follows that

lim |hg —ugl| =0 a.s. (123)
k—o0
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Therefore, the sequences {uy } and {hy} have the same accumulation points a.s.
Now, let {k; | 7 > 1} be a (random) index sequence such that

lim dist” (ug,, U*) = liminf dist? (ug, U*) =0 a.s. (124)
1—%00 k—o0

Without loss of generality, we may assume that {hy, } is a convergent sequence (for otherwise, we
will select a convergent subsequence), and let u be its (random) limit point, i.e.,

lim ||hg, — @l =0 a.s. (125)
11— 00

By relation , it follows that limy_, oo ||hx — ug|| = 0 a.s., which in view of the preceding relation
implies that

lim ||ug, — @l =0 a.s.

71— 00

By continuity of the distance function dist (-, U*), from relation we conclude that dist(u, U*) =
0 a.s., which implies that 4 € U* almost surely since the set U* is closed. Since the sequence
{l|hx — u*||?} converges a.s. for any u* € U*, it follows that limy_, [|hx — 4 = 0 a.s. By
relation (123) we conclude that lim_, o ||ur, — @|| = 0 a.s.

C.3 PROOF OF LEMMA[4.3]

Proof. The choice of parameters 3y, ensures that 1 — 687 (Ko + K1 + K3)? > 1/2. Then, by taking
the expectation in of Lemma and using Assumption and definition of C, (8, o) = K,
for o € (0,1), we obtain

1 . \
Elll7k 1 = "] < Elllg — w'l|*] = SB[k — wel*] — 2E[yppdist? (ux, U")]

(126)
+ 662 (02 + K10%%).
The equation (T26) satisfies the condition of Lemma[A-3] with
@k:E[||uk—u*H2], ar =0, Bk=65£(02+K102Q),
. ey, L
Zr = 2uE[yy, dist? (ug, U*)] + 5JE[Hhk — ug % (127)

By Lemma it follows that the sequence E[||h; — u*||?] converges to a non-negative scalar for
any u* € U*. Since the sequence {E[||hx — u*||?]} converges for all u* € U*, it follows that
the sequence {E[||hx, — u*||?]} is bounded for all u* € U*. Next, using property of a-symmetric
operators, we show that E[|| F'(hy)||] is bounded for all & > 0. Let v* € U* be an arbitrary but fixed

solution. Since o < 1/2, it holds that
[F(hio) || < [[F' (i) — F ()] + [|F (07| (128)
< bk = v*[|(Ko + Kq || F(0™)[|* + Ka by — v*[|*/ 7)) + | F (7).

Taking the expectation, we obtain

E[||F(hi)] < (Ko + Ki || F(0™)|*)E[lk — v*[[] + K2E[||hg, — v* || +/0=)] + ||F(U*()l“i9)
Notice that E[||hy — v*||*T*/(=eN] = E[(||hs, — v*||?)*/2(3=2))] and, for o < 1/2, the quantity
1/2(1 — «) < 1. Thus, we can apply Jensen inequality for concave function

Bl — o*[[%)/200)] < B — v [2]/207),

Therefore, using the preceding relation and Jensen inequality for the first term on the RHS of
equation (T29), we obtain

E[|lF(hi)ll] < (Ko + K| F (o) |*)Elllhk — o |12 + K[|y, — o™ ]2 4 | F (7).

(130)
Since E[||hj, — v*||?] is bounded, it follows that E[|| F'(ht)||] is bounded by some constant C'r > 0
for all £ > 0. |

26



Under review as a conference paper at ICLR 2025

C.4 PROOF OF THEOREM [4.4]

Proof. The choice of the parameters (3 ensures that 1 — 65,3(](0 + K1 + K. 2)2 > %, then by letting
u* = Py~ (hy) in (104) in the proof of Lemrna with Ce (B, ) = K1, we get

: o 1 : x
Ayt — Po(hy)||? < dist®(hy, U*) — §||h;C — ug||? — 2y udist? (ug, U*)

131
= 27 e, we — u”) + 3Bl l® + llex | + 2K lex|**). o
By the definition of the distance function, we have
dist? (ug41, U*) < |Jugr1 — Po- (uz)||*
Thus,
dist?(hpy1, U*) < dist®(hy, U*) — %Hhk —up||? — 2y pudist? (ug, U*) 132)
= 27 (eq, ur — u”) + 3R (Rl + llex ]| + 2K e [**).
Next, we estimate the term dist” (uy,, U*) in (132). By the triangle inequality, we have
lhe — w*|] < lJug — b + |Jur — | forallu* € U*,
and by taking the minimum over ©* € U* on both sides of the preceding relation, we obtain
dist(hy, U") < |Jug — hg|| + dist(ug, U™). (133)
Applying Lemma[A.5| with p > 0 in equation (I33) yields
dist? (hg, U*) < (|lug — ha|| + dist(ug, U*))P
< 27 Y| uy — hy||P 4 2P~ dist? (uy, U™). (134)
Using projection inequality (26)), and stepsizes choice (T6)), we obtain
Jur, = || < [lv® (b, &) < 1.
Combining this result with equation @, with p > 2, we get
dist? (hy, U*) < 207 ||luy, — by |2~ 4 2P~ dist? (ug, U*) (135)

< 207 Y|uy — hg||? + 2P~ dist? (ug,, U).

By dividing the relation in (135) with 2°~! and by rearranging the terms, we obtain the following
relation
—dist? (ug, U*) < |Jup — hg||* — 28 7P dist? (hy,, U™). (136)

Combining the preceding inequality with (T32)), we find that for any k& > 0,
1
dist? (hpy1, U*) < dist?(hy, U*) — 227P prydist? (hy, U*) — 5l — hicll® + 2k [Jue — Al

— 2y(ek, uk — u”) + 385 (llek | + llexll” + 2K lex[|*).

(137)
2
By the choice of ), we have ), = m, where ¢ = pmin {1, M} and d > 4u. Thus,
for all k > 0, ‘
Br < 1.1 = 20, < 1
RS0S4y Hok =5

By the definition of the stepsize 7y, we always have v, < B. Therefore, 2py, < 2uf; < % for all
k > 0, thus implying that

1
=5l = l* + 2p [l = B |[* < 0. (138)
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Using the stochastic properties of & imposed by Assumption[2.5] we have for all & > 0,

E[E[vE[(eq, ur — ") | Fro1 U{&} | Fr-al] =0,
EE[leill* | Fr-rU{gH] <0 EE[lel | Fa-i] < 0® (139)

Moreover, since o < 1 then the conditional expectation E[||e}||**|Fj_1] is defined, and by Jensen
inequality E[||e}.||>*|Fx—1] < 02 forall k > 0. Thus, by taking the total expectation in relation (137)
and using an estimate from (T38)), we obtain for all u* € U* and for all k& > 0,

E[dist? (hpy1, U*)] < E[dist? (hg, U*)] — 22 P uR[yedist? (g, U*)] 4+ 682 (0% + K102%).
(140)
The equation (T40) is similar to equation (70) in the proof of Theorem [3.4] with the same stepsize
structure. Thus, by following the same arguments from equations (70) to equation (76)) in the proof
of Theorem [3.4] we arrive at

1

E[dist? (hgs1, U*)] < E[dist?(hy, U*)] — 22 min {L 2Cr + o)

} E[dist? (hx, U*)]
+66%(0% + K1029),
(141)
where CF is an upperbound on E[||F(hg)]||] from the statement of Lemma [4.3] Now let Dy, =
E[dist2(hk, U*)], and consider two cases p = 2 and p > 2.

Case p = 2. We note that by the definition of ¢ = y min {1, m and d, we have that d > 4u
satisfies the conditions of

and u > a, implying that d > a. Hence, for p = 2, relation
Lemma[A.6 with the following identification

1
re =Dy, a=pmnil,——— bt =P8 sx=0 c=6(c>+K 0. (142
k k 7 { 2(0F+0)} k= DBr, Sk ( 10°%). (142)
2
Therefore, for the choice §j, = m, we get the following convergence rate for all & > 1,
a(2d
8d®’Dy  12(0? + K 02
Dyyy < 28 D0 | 1207+ K007 (143)

a?k? a?k
Case p > 2. From 1) by using Dy, = E[dist2(hk, U*)] and @ = pmin {1, m}, we obtain
for all £ > 0,

Dyy1 < Dy, — 22 PaBE[dist? (hy, U*)] + 667 (0% + K102%). (144)
When p > 2, by applying Jensen inequality, we obtain

E[dist? (hy,, U*)] = E [(distQ(hk,U*))p/Q} > (E[dist? (hy, U*)])"* = (Dy)?/2.
Thus, for all £ > 0, we have
Dys1 < Dy, — 227PaB(Dy)P? + 6(0” + K10°)3;. (145)

By telescoping the inequalities in (T43), we obtain for k > 0,

k k
Dyi1 < Dy —2°7Pq Z Bi(D)P/? + 6(c% 4+ K10%%) Z B2. (146)

t=0 t=0

Let Dpest = ming_o,... k) Di, then, by rearranging the term we get for all £ > 0,

Do — Dyy1 + 6(a2 + K102*) S8 2
22-pq ’

k k
(DResP/2N "8 < BuDy)P/? <

t=0 t=0

(147)
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Now, we use the choice for S, i.e., B = ﬁ, where 0 < b < m and1/2 < ¢ < 1.
0 1 2

Then, the sequence {/3;;} satisfies the conditions of Lemmal[4.3] Furthermore, by Lemmal[A.7] we
have that for all £ > 1,

- b - o DL
> k+1)79—-2"71 < . 148
Zﬁt_l_q« +1) ), Zﬁt_gq_l (148)
t=0 t=0
Combining equations (I47) and (148)), and omitting Dj1, we obtain for all k£ > 1,
2P=2(1 —¢q) (D (0?2 + K10%)(202 +1)/(2q — 1
ab ((k+1)t-9 —21-9)
Raising both sides of the preceding inequality in power 2/p, we have that for all k£ > 1,
22(r=2)/P(1 — ¢)?/P (Dy + 6b*(0% + K102%)(20% +1)/(2¢ — 1)))?/?
ppest < (1= )*'" (Do + 60*(0” + Kyo™)( o+ 1)/ P so)
(ab)2/7 (b +1)170 = 2170)*/7
|

D ADDITIONAL EXPERIMENTS

We investigate the robustness of the methods for a larger choice of the initial parameter value Sy. In
Figure we set ¢ = 1 — ¢, and corresponding [3;, = %, so the initial stepsize 5y ~ 5 and run
all four methods for the same problem parameter choice. We observe that for a generalized smooth
SVI when we increase stepsizes, the performance of clipped stochastic Popov and Korpelevich
is comparable to that of both clipped stochastic versions. While in smooth SVI, the stepsizes for
stochastic Korplevich and Popov methods can be much larger than for stochastic projection methods,
improving the convergence performance of stochastic Korplevich and Popov methods.

Convergence Convergence Convergence

W0 ED BT % ED B L3 o
Number of iterations Number of iterations Number of iterations.

(@) (o~ 0.09,p = 2.5) (b) (o~ 0.5,p = 3.0) (©) (o~ 0.8,p = 6.0)

Figure 3: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and
Popov methods with 3 = 50/(10 + k' ~¢).

29



	Introduction
	Related Work

	Preliminaries
	Projection method
	Almost sure convergence
	Convergence rate

	Korpelevich method
	Almost sure convergence
	Convergence rate

	Numerical Experiments
	Conclusion
	Technical Lemmas
	Auxiliary Results

	Projection Method Analysis
	Proof of Lemma 3.1
	Proof of Theorem 3.2
	Proof of Lemma 3.3
	Proof of Theorem 3.4

	Korpelevich Method analysis
	Proof of Lemma 4.1
	Proof of Theoreom 4.2
	Proof of Lemma 4.3
	Proof of Theorem 4.4

	Additional Experiments

