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Summary

In reinforcement learning (RL), agents typically learn desired behaviors by maximizing
the (discounted) sum of rewards, making the design of reward functions crucial for aligning
the agent behavior with specific objectives. However, since rewards often carry intrinsic
meanings tied to the task, modifying them can be challenging and may introduce complex
trade-offs in real-world scenarios. In this work, rather than modifying the reward function itself,
we propose leveraging different reward aggregation functions to achieve different behaviors.
By introducing an algebraic perspective on Markov decision processes, we show that the
Bellman equations naturally emerge from the recursive generation and aggregation of rewards.
This perspective enables the generalization of the standard discounted sum to other recursive
aggregation functions, such as discounted max and variance-regularized mean. We empirically
evaluate our approach across diverse environments using value-based, policy-based, and actor-
critic algorithms, demonstrating its effectiveness in optimizing a wide range of objectives.
Furthermore, we apply our method to a real-world portfolio optimization task, showcasing its
potential for practical deployment in decision-making applications where objectives cannot
easily be expressed as the discounted sum of rewards.

Contribution(s)

1. We provide an algebraic perspective on Markov decision process based on algebra fusion

and bidirectional process.
Context: The algebra of recursive functions (Meijer et al., 1991; De Moor, 1994; Bird &
de Moor, 1997; Hutton, 1999) is a well-studied topic in functional programming. The algebra
fusion technique, explored in Hinze et al. (2010), has been applied in dynamic programming.
In the context of RL, the recursive structure of the discounted sum of rewards was studied in
Hedges & Sakamoto (2022). The diagrammatic representation of bidirectional processes for
recursive reward generation and aggregation was inspired by Gavranovic (2022).

2. We generalize the Bellman equations and Bellman operators for the standard discounted sum
to other recursive aggregation functions, providing greater flexibility in RL optimization.
Context: The problem of alternative reward aggregations is not entirely new. Prior works
have explored objectives such as optimizing the maximum (Quah & Quek, 2006; Gottipati
et al., 2020; Veviurko et al., 2024), minimum (Cui & Yu, 2023), top-k (Wang et al., 2020),
and Sharpe ratio (Nigele et al., 2024) of rewards. Specifically, the method proposed by
Cui & Yu (2023) is a special case of our framework, where the recursive structure is on the
original reward space, and the update function is order-preserving.

3. We extend existing RL algorithms by incorporating the generalized Bellman operators and
empirically demonstrate their effectiveness across various tasks.

Context: While our method modifies the Bellman operators within the base RL algorithms,
the fundamental structures of Q-learning (Watkins, 1989; Watkins & Dayan, 1992), PPO
(Schulman et al., 2017), and TD3 (Fujimoto et al., 2018) remain unchanged.
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Abstract

In reinforcement learning (RL), aligning agent behavior with specific objectives typically
requires careful design of the reward function, which can be challenging when the desired
objectives are complex. In this work, we propose an alternative approach for flexible
behavior alignment that eliminates the need to modify the reward function by selecting
appropriate reward aggregation functions. By introducing an algebraic perspective on
Markov decision processes, we show that the Bellman equations naturally emerge from
the recursive generation and aggregation of rewards, allowing for the generalization
of the standard discounted sum to other recursive aggregations, such as discounted
max and variance-regularized mean. Our approach applies to both deterministic and
stochastic settings and integrates seamlessly with value-based and policy-based RL
algorithms. Experimental results demonstrate that our approach effectively optimizes
diverse objectives, highlighting its versatility and potential for real-world applications.1

1 Introduction

In reinforcement learning (RL), an agent interacts with an environment modeled as a Markov decision
process (MDP) to optimize a predefined objective. Traditionally, this objective is formulated as the
discounted cumulative reward over an episode (Sutton & Barto, 1998; Kaelbling et al., 1996). This
formulation has been widely adopted across various domains, including Atari games (Mnih et al.,
2015), stock trading (Wu et al., 2020; Kabbani & Duman, 2022), and autonomous driving (Zhu et al.,
2020; Kiran et al., 2021), where cumulative rewards effectively capture long-term performance.

However, in many real-world applications, optimizing solely for cumulative rewards may not fully
align with the desired objectives. In some cases, the objective focuses on stability, making the
minimization of reward variance more important than simply maximizing expected returns (Tamar
etal., 2012; La & Ghavamzadeh, 2013). For instance, in finance, the Sharpe Ratio (Sharpe, 1966)
prioritizes reducing return variance to improve risk-adjusted performance, while in process control,
robust optimization (Nilim & EI Ghaoui, 2005) is used to mitigate uncertainty and ensure system
stability. Furthermore, in drug discovery, the goal is often to maximize the peak reward to identify the
most effective compounds (Quah & Quek, 2006; Gottipati et al., 2020). Risk-sensitive applications
like autonomous driving prioritize minimizing the worst-case outcome to ensure safety and robustness
(Wang et al., 2020; Abouelazm et al., 2024). These examples illustrate that different objectives beyond
cumulative reward optimization are necessary for effective decision-making.

The traditional approach to tailoring specific objectives in RL is to modify the reward function
(Moody et al., 1998; Moody & Saffell, 2001; Nigele et al., 2024). However, this approach has several
drawbacks. It often requires expanding the state space (Mannor & Tsitsiklis, 2011; Wang et al.,
2020) or altering the underlying MDP structure (Ng et al., 1999), which increases computational
complexity. Moreover, manually redesigning the reward function is challenging (Leike et al., 2017,
Hadfield-Menell et al., 2017), making practical implementation difficult and potentially causing
unintended goal misalignment (Amodei et al., 2016; Christiano et al., 2017).

'Code of implication: https://anonymous.s4open.science/status/RRA-534F.
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Figure 1: Illustration of three deterministic policies in a simple MDP, shown as color-coded paths,
with their rewards on edges. The table on the right shows the aggregated rewards for each policy. We
can observe that different aggregation functions lead to different policy preferences.

Given these challenges, a natural alternative to modifying the reward function is to optimize different
aggregations of the existing reward signals, rather than relying solely on the standard cumulative
reward formulation. As illustrated in Fig. 1, different aggregation functions can lead to distinct policy
preferences in a simple MDP. This suggests that by appropriately choosing the reward aggregation
method, we can directly influence policy behavior without modifying the reward or MDP structure.

Motivated by this insight, we propose a more general and flexible framework by leveraging algebraic
structures that retains the original reward function and state representation while redefining the
optimization objective. Instead of modifying the reward function or MDP structure, our approach
extends the standard reward aggregation mechanism by decomposing it into a recursively designed
statistic and aggregation function. This enables the optimization of various objectives, such as
minimizing reward variance or maximizing the minimum reward, while maintaining computational
efficiency. We further derive the corresponding Bellman equations, extend our method to policy
gradient algorithms, and demonstrate its effectiveness in both discrete and continuous environments.
Moreover, we show that our approach can be seamlessly integrated into state-of-the-art RL algorithms
and validate its effectiveness through extensive experiments on various non-cumulative objectives.

Related work RL traditionally optimizes policies by maximizing cumulative rewards. However,
in many cases, achieving the desired objective requires optimizing alternative criteria. A common
approach is to either modify the reward function (Moody et al., 1998; Moody & Saffell, 2001; Nigele
et al., 2024) or augment the state space (Mannor & Tsitsiklis, 2011; Wang et al., 2020; Veviurko
et al., 2024), both of which introduce additional complexity and potential inefficiencies.

Another line of research has focused on modifying the Bellman equation, extending its formulation to
optimize objectives beyond cumulative rewards. Quah & Quek (2006) introduced a learning rule for
the maximum reward value function, later refined by Gottipati et al. (2020) to correct technical issues
related to interchanging expectation and maximum operators. However, their approach is limited to
deterministic environment. Cui & Yu (2023) further extended the Bellman update to non-cumulative
rewards, yet their approach struggles with stochastic environment. Veviurko et al. (2024) proposed a
max-based objective with convergence guarantees for both deterministic and stochastic cases, but
their method is restricted to max aggregation and requires additional state augmentation. These
limitations underscore the need for a unified framework that generalizes reward structures while
ensuring computational efficiency and convergence in both deterministic and stochastic cases.

Contributions In this paper, we introduce an algebraic perspective on the MDP model, showing
that the Bellman equations naturally emerge from the recursive generation and aggregation of rewards
(Section 2). This perspective allows us to generalize the standard discounted sum to other recursive
aggregation functions, such as discounted max and mean-variance (Section 3), while unifying
deterministic and stochastic settings within the same framework (Section 4). We provide theoretical
justification for our approach, which enables the optimization of various objectives beyond cumulative
rewards while maintaining computational efficiency. Finally, we validate the effectiveness of our
method in both discrete and continuous environments across various recursive reward aggregation
functions, showcasing its flexibility and scalability in handling diverse reward structures (Section 5).
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2 An algebraic perspective on Bellman equations

In this section, we introduce the standard MDP model (Puterman, 1994) for sequential decision-
making problems from an algebraic perspective. Using a technique known as fusion in algebra and
functional programming (Meijer et al., 1991; Hinze et al., 2010), we show that the Bellman equations
(Bellman, 1966) naturally arise from the recursive generation and aggregation of rewards. This
perspective reveals opportunities for generalizing to alternative reward aggregation functions.

In this section, we focus on the standard discounted sum of rewards and deterministic transitions and
policies. We generalize them to other aggregation functions in Section 3 and stochastic transitions
and policies in Section 4.

2.1 Preliminaries

Notation In this section, S is the set of states, A is the set of actions, and R is the set of rewards,
which can be finite or infinite. The dynamics of the environment is given by a (deterministic) transition
Sunctionp : S x A — S. An agent interacts with the environment by following a (deterministic)
policy m : S — A that maps states to actions. A reward functionr : S X A — R assigns a reward
to each state-action pair. Furthermore, we assume that there is an initial state s, € S and a subset
S,, C S of terminal states, whose indicator function is w. The horizon ) of the task can be fixed or
varying, depending on the terminal condition w.

Moreover, {*} denotes a singleton (any set with a single element ). [R] denotes the set of finite lists
of rewards, defined using the empty list function nil : {*} — [R], which represents the empty list [ ],
and the list constructor function cons : R x [R] — [R], which prepends an element to a list. We have
cons(r,[]) = [r] and cons(ry, [riy1,---,7ql) = [rs, Peq1, - - - » T, Which we abbreviate as r;.q.

Composite functions Let us introduce some composite functions that are useful for defining the
recursive generation of states, actions, and rewards. Given a policy 7 : S — A, the paring function
(idg,m) : S = S x A= s (s,7(s)) keeps a copy of the current state s € S and outputs the next
action 7(s) € A Then, pre-composing this function with the transition functionp : S x A — S
and the reward functionr : S x A — R yields two functions:

= (policy-dependent) state transition p, : S — S :=po (idg,7) = s — p(s,7(s)) and
= (policy-dependent) state reward functiont, : S — R:=ro (idg,m) = s — (s, 7(8)).

We use the subscripts 7 to explicitly indicate the dependence on the policy 7.

2.2 Recursive generation of rewards

Using the state transition p,. and reward function r ., we can generate states and rewards step by step:
* s €S

w? (1)
(rz(s),Pr(s)) s ¢ S

Let us take a closer look at this step function. The codomain, {*} + R x S, is the disjoint union (+)
of a singleton {+}, representing termination, and the Cartesian product R x S of rewards and states.
At each step, the step function either halts by returning the termination signal * if the current state s
is terminal or continues by returning a pair of the reward r.(s) € R and the next state p,.(s) € S,
both determined by the policy 7.

Stepyr prw i S = ¥+ R X S =5 {

Remark 1 (Terminal condition). By incorporating the terminal condition w into the step function,
we can describe both episodic and continuing tasks for any reward aggregation, without relying on
a special absorbing state and the unit of the aggregation function, e.g., 0 for the discounted sum
function. See also Sutton & Barto (1998, Section 3.4).

%For a set C,id¢ : C — C'is the identity function mapping an element ¢ € C to itself. For two functions f : C — A
and g : C — B, their pairing (f, g) : C — A x B is the unique function that applies these two functions to the same input,
mapping an input ¢ € C'to a pair (f(c), g(c)) € A x B of outputs.
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Starting from an initial state, by recursively applying this step function and collecting the results, we
can obtain a sequence of rewards:

Definition 2.1 (Recursive generation). Given a policy m, a transition function p, a reward function
r, and a terminal condition w, a recursive generation function gen : S — [R] of rewards is
defined as follows:

™,P,r,w

gen 2)

T,p,T,w

| . ] s€S,,
o [R} . ” {COns(rﬂ(s)age“mb,r,w(pﬂ'(s))) s ¢ S+

2.3 Recursive aggregation of rewards

Given a sequence of rewards, we can aggregate them into a single value using an aggregation function.
In the standard MDP setting, the discounted sum sum,, : [R] — R = ri.q Z?Zl vt_lrt of
rewards is a common choice, where v € [0, 1] is a discount factor.
Note that the discounted sum function can be expressed as a recursive function:
— 0
sum., : [R] = R:= { [] ’ ] 3)
e o T bum'y(rtJrl:Q)'

In other words, the discounted sum function is uniquely defined by two functions: the base case
0 € R and the recursive case r + v - s : R X R — R. In Section 3, we will show that various other
aggregation functions can also be defined recursively in this way.

2.4 Bellman equation for the state value function

We have introduced the recursive generation and aggregation of rewards in a standard MDP model.
The generation function gen,. , ., : S — [R] is the producer of rewards, and the discounted sum
function sum,, : [R] — R is the consumer of rewards. By composing these two recursive functions,
we obtain a state value function v, : S — R, which can also be calculated recursively:

0 seS,,
. = m. o n =
5 B S OBy = 1 {ms) Fye v (p(s)) 5 S
This recursive calculation of the state value function v : S — R is known as the Bellman equation
(Bellman, 1966), which expresses the value of a state s under a policy 7 as the sum of the immediate
reward . (s) and the discounted value of the next state p,(s).

“

Remark 2 (State-action recursion). We can define the state-action transition/step/generation functions
and derive a Bellman equation for the state-action value function q; : S x A — R in a similar way,
which is omitted here for brevity and discussed in Appendix A.

Remark 3 (Algebra fusion). For readers familiar with algebra and functional programming, we point
out that the Bellman equation emerges as a consequence of the fusion law for recursive coalgebras
(Hinze et al., 2010, Section 4; Yang & Wu, 2022, Section 10), shown in the following diagram:3

id{*} +idp X
idg,y +id gen ;. Ly w idg,y +id sum.,
(3} + Rx § 2N TE (¥} + R x [R] 12000 {(x} +Rx R
Stepﬂ',p,r.wT [nil,cons]l [O’TJFFY.S}J/ o)
{*} So S gen . oo ow [R] sum,, R

k//\

The left square is the recursive definition of the generation function in Eq. (2), and the right square is
the recursive definition of the discounted sum function in Eq. (3). Consequently, the whole rectangle
is the Bellman equation for the in Eq. (4). See Appendix B for more details.

3For two functions f:A— Candg: B — C,their copairing [f,g] : A+ B — C is the unique function defined by
cases, mapping an inputx € A+ Bto f(z)ifz € A, to g(z) ifz € B.
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Table 1: Recursive aggregation functions

definition initial value update function post-processing
[R] - R init € T' >:RxT —T post: T — R
discounted sum  ry 4y + -4+ 0eR (r,s)—>r+7-s idg
discounted max max{ry,yro,... ,”yt*lrﬁ} —0€R (rym) — max(r,y - m) idg
log-sum-exp log(e +e™ 4. +e™) —c0eR (r,m) — log(e" +e™) idg
min min(ry,;) ©€R (r,n) — min(r,n) idg
range max(ry,;) — min(ry,,) max | ool ¢ g ™) e max(r, m) ™ m—n
& L Lt min | co | min(r,n) n
1t length |0 N n n+1 n B
mean =g i sum [0 €r Pls|) T s+ s| 7w
length |0 c N AN +1 "
mean |0 R T lm ’”gff_l" < m

1 —t 2 length 0 N n n
> (=T
variance i E;_l( 5 73 sum 0l e| R r|s s| — % — (1)2
=72 im1Ti —T sum square |0 R q q

3 Recursive reward aggregation functions

In this section, we generalize the discounted sum function in Eq. (3) to other recursive aggregation
functions that summarize a sequence of rewards into a single value. Our primary goal is to derive a
generalized Bellman equation extending Eq. (4) and provide theoretical insights for efficient policy
evaluation and optimization with recursive reward aggregation.

3.1 Bellman equation for the state statistic function

First, we observe that many aggregation functions are inherently recursive; however, the recursive
structure does not always operate directly within the original space. For instance, we can calculate
the arithmetic mean by calculating both the sum and the length recursively and then dividing the sum
by the length. Based on this observation, we propose the following definition:

Definition 3.1 (Recursive aggregation). Let T  be a set of statistics. Given an initial value init € T,
an update function > : R x T — T, and a post-processing function post : T — R, a recursive
aggregation function agg;,;, . : [R] — T of statistics is defined as follows:
o _J [~ init

a88inits : [ > T'i= { Teo P TP aggin s (Ter0), ©
and a recursive aggregation function post o aginit > [R] — R of rewards is the composition of this
function with the post-processing function post : 7' — R, shown in the following diagram:
idf.y +idg X 288,60

{#} + R x [R] {x}+RxT
[nil,cons]l [init,D]l 7N
[R} AgLinit,> T post R

Examples of recursive reward aggregation functions are provided in Table 1. By substituting the
discounted sum function with a general recursive reward aggregation function, we can generalize the
Bellman equation in Eq. (4) as follows:

Theorem 3.2 (Bellman equation for the state statistic function). Given a recursive generation function
gen, ., (Definition 2.1) and a recursive statistic aggregation function agg;; ., (Definition 3.1),
their composition, called the state statistic function T, : S — T, satisfies the following equation:

BN init s€S,, ®)
r:(s)> 7. (Pr(s) s ¢ S

The state value function v, : S — R := post o 7. is the composition of the state statistic function
7+ S — T with the post-processing function post : 7" — R.

05 = T = aggyyi» © gen

™,p,r,w
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Tt4+1

Repon] e[ post |

Figure 2: State statistic bidirectional process 7, : S — T and state value function v; : S — R,
showing the forward process, backward process, and

Remark 4 (Bidirectional process). By combining the recursive generation and aggregation processes,
we can express the state statistic function 7, : S — T as a composition of bidirectional processes,
as illustrated in Fig. 2. The forward process S — R x S, parameterized by a policy , takes a
state s, € S and generates a reward r,; € R and the next state s, ; € S. The backward process
R x T — T takes a statistic 7., € T' from the future and updates it with the previously generated
reward 7, ; € R to produce the current statistic 7, € T'. These bidirectional processes continue
until a terminal state is reached, at which point its statistic is assigned the initial value init € T
Such bidirectional processes (Riley, 2018) have been applied to study supervised learning (Fong &
Johnson, 2019), Bayesian inference (Smithe, 2020), gradient-based learning (Cruttwell et al., 2022),
and reinforcement learning (Hedges & Sakamoto, 2022). See Appendix B for more details.

3.2 Policy evaluation: Iterative statistic function estimation

Next, we consider how to estimate the state statistic function 7, : S — 7" for an arbitrary policy 7,
known as the policy evaluation problem (Sutton & Barto, 1998, Sections 4.1 and 11.4). We introduce
a generalized Bellman operator and prove the uniqueness of its fixed points under certain conditions.
This result enables iterative statistic/value function estimation used in policy iteration and modern
actor-critic methods (Barto et al., 1983; Mnih et al., 2016; Haarnoja et al., 2018; Fujimoto et al.,
2018). Concretely, the Bellman operator is defined as follows:

Definition 3.3 (Bellman operator). Given a policy m, a transition function p, a reward function r,
a terminal condition w, and a recursive statistic aggregation function agg;,;; , (Definition 3.1), the
Bellman operator B, : [S,T] — [S,T] for a function 7 : S — T is defined by

init sES
Byr:S—>T:=s— v )]
r.(8)>7(Pa(s)) s &S,

According to the Bellman equation in Theorem 3.2, we have 5,7, = 7,, which means that the state
statistic function 7, is a fixed point of the Bellman operator. Then, we can generalize the classical
fixed point theorem under the following condition:

Definition 3.4 (Contractive update function). An update function>: R x T" — T is contractive with
respect to a premetric dp on statistics T if Virr € R. Vi, to € T. dp(r>ty,r>ty) < k- dp(ty,ty),
where k € [0, 1) is a constant. In other words, r > (—) : T — T is a contraction for all » € R.

Theorem 3.5 (Uniqueness of fixed points of Bellman operator). Let 71,7y : S — T be fixed points
of the Bellman operator B, (Definition 3.3). If the update function 1> is contractive with respect to a
premetric dp on statistics T (Definition 3.4), then dp(71(s), 72(s)) = 0 for all states s € S. If dp is
a strict premetric, then 7\ = Ty = T,.

This result applies to a broad class of recursive aggregation functions beyond the discounted sum.
See Appendix C for further discussion on the premetric dr and the Bellman operator B,.
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3.3 Policy optimization: Optimal policies and optimal value functions

Finally, we consider how to find an optimal policy and compute its statistic/value functions recursively
based on the Bellman equation in Theorem 3.2:

Definition 3.6 (Optimal policy). Given a preorder <, on statistics 7', a policy m, is an optimal policy
if Vr. Vs € S. 7,(s) <p 7._(s), which has the optimal state statistic function 7, : S — T = 7,
and the optimal state value function v, : S — R := post o .

Theorem 3.7 (Bellman optimality equation for the state statistic function). Given a preorder <1 on
statistics T', the optimal state statistic function T, (Definition 3.6) satisfies the following equation:

init seS,,
Tt ST =52 qup(e(s,a) b 7, (p(5,a))) s & S, (10)
acA

Definition 3.6 and Theorem 3.7 are analogous to their classical counterparts (Sutton & Barto, 1998,
Section 3.6), but they extend to arbitrary recursive aggregation functions and allow comparisons
using a preorder <, on statistics. A Bellman optimality operator B, can be defined similarly to the
Bellman operator in Definition 3.3, and we can prove the uniqueness of its fixed points under certain
conditions. This result enables the value iteration algorithm (Sutton & Barto, 1998, Section 4.4),
temporal difference methods such as Q-learning (Watkins, 1989), and deep Q-network (DQN) based
methods (Mnih et al., 2013; Bellemare et al., 2017) to find the optimal policy 7. See Appendix D
for further discussion on the preorder <, and the Bellman optimality operator B,.

4 From deterministic to stochastic Markov decision processes

In this section, we briefly discuss the extension of our framework to the stochastic setting. We show
that the deterministic and stochastic settings share a fundamental similarity: all recursive structures
remain unchanged, except that (deterministic) functions are replaced by stochastic functions, and
function composition is replaced by marginalization over the intermediate variable, as described by
the Chapman—Kolmogorov equation (Giry, 1982; Puterman, 1994). The main difference is that the
stochastic setting allows for a richer class of aggregation functions (Bellemare et al., 2023), where the
non-commutativity and non-distributivity of certain operations can lead to more complex behaviors.

Notation Slightly abusing notation, we use the same symbols to denote the measurable spaces
of states S, actions A, rewards R, and statistics 7. For a measurable space C, we write PC for the
measurable space of all probability measures on C, and we denote by 6. € PC the Dirac measure
concentrated at ¢ € C'. An identity stochastic function id : C' — PC' : ¢ — §, maps an element
¢ € C to the Dirac measure §, € PC. We consider stochastic transition p : S x A — PS and
policy 7 : S — PA, while other functions can be deterministic. We also use the usual conditional
distribution notation such as p(s'|s, a) and 7(a|s).

Stochastic composite functions In the stochastic setting, we can compose two stochastic functions
by marginalizing over the intermediate variable. Additionally, we can compose a stochastic function
with a deterministic one using the pushforward operation, which is equivalent to treating deterministic
functions as stochastic functions to Dirac measures. For example, we can define

m stochastic state transition p, : S — PS :=po (idg,m) = s — s’ ~ [, p(s'|s,a)m(a|s) da and
® stochastic state reward functionr, : S — PR :=ro (idg,m) = s+ 1~ [, 6,54 (r)7(als) da.

Stochastic recursive functions Analogous to Theorem 3.2, we can derive the recursive calculation
of the stochastic state statistic function T, : S — PT, known as the distributional Bellman equation
(Morimura et al., 2010a;b; Bellemare et al., 2017), for any recursive aggregation function AgGinit -

6init s € Sw )

S =Pl =s—>717~
Tx ST re1 T’Nrﬂ.(T|S),T/N/TF(T/|S/)pﬂ.(S/‘S)dS/ s¢ S,
S

(11)
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Figure 3: The recursive structures of the expected discounted sum of rewards E[r 4 v - s] and the
discounted sum of expected rewards E[r] + 7 - E[s] showing the update function and

Stochastic aggregation functions Note that this framework also accommodates the traditional
expected discounted sum of rewards E {Z?:l 7#1”} learning objective, by selecting d as init, the

(pushforward through) discounted addition function r 4+ v - s : R X R — R as the update function i,
and the expectation operator E : PR — R as post. The stochastic statistic function 7, : S — PR in
Eq. (11), refered to as the value distribution in Bellemare et al. (2017), outputs the distribution of the
discounted sum of rewards, while the value function outputs its expectation. Since the expectation
distributes over the discounted addition, by changing the update function and initial value, we can
recursively calculate the discounted sum of expected rewards 2?21 A"~V E[r,] instead (see Fig. 3),
which is the traditional approach in RL (Sutton & Barto, 1998). In this case, the statistic function
and the value function coincide, as no post-processing is required. However, Bellemare et al. (2017)
have shown that even in the discounted sum setting, the Bellman operator may be a contraction
in some metrics but not in others, while the Bellman optimality operator is a contraction only in
expectation and not in any distributional metric, leading to different convergence behaviors. These
challenges persist and may become unavoidable when using alternative aggregation functions due
to the inconsistency between expected aggregated rewards and aggregated expected rewards. We
discuss this further in Appendix E and leave a full investigation for future work.

5 Experiments

In this section, we empirically evaluate the proposed recursive reward aggregation technique across a
variety of environments and optimization objectives to support the following claims:

» Different aggregation functions significantly influence policy preferences. Selecting an appropriate
aggregation function is an alternative approach to optimizing policies for specific objectives and
aligning agent behaviors with task-specific goals without modifying rewards (Sections 5.1 to 5.3).

m In challenging real-world applications such as portfolio optimization, our method can directly
optimize desired evaluation criteria, demonstrating superior performance compared to existing
approaches and showcasing its practical effectiveness (Section 5.4).

5.1 Grid-world: Value-based methods for discrete planning

First, we present illustrative experiments in a simple grid-world environment to demonstrate the
fundamental impact of different recursive reward aggregation functions on learned policies.

Environment Fig. 4a shows the results for a 3 x 4 grid environment, where an agent navigates
from the top-left corner to a fixed goal at the bottom-right corner. As shown in Fig. 4a, the agent
receives a small negative reward at each step, which varies across states, and a positive reward upon
reaching the terminal state.

Method For this discrete environment, we modified the Q-learning algorithm (Watkins, 1989;
Watkins & Dayan, 1992) using the Bellman optimality operator introduced in Section 3.3 (more
specifically, the one for the state-action statistic function in Definition D.9). We used four recursive
aggregation functions: discounted sum, discounted max, min, and mean, as detailed in Table 1. The
detailed algorithm is provided in Algorithm 1 in Appendix G.
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Figure 4: Grid-world: Fig. 4a shows the discrete environment and the reward function r(s, a), where
the agent starts from the top-left corner and needs to reach the goal at the bottom-right corner. Figs. 4b
to 4e show the optimal state-action value functions q, (s, a) under different aggregation functions.
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Figure 5: Wind-world: Fig. 5a shows the continuous environment, where the agent encounters wind
disturbances (visualized with streamlines) and receives higher rewards near the center (depicted with
colored contours). Fig. 5b illustrates the trajectories of agents trained using different aggregation
functions, while Fig. 5c compares the rewards obtained by each agent. Fig. 5d presents the evaluation
metrics, highlighting the impact of aggregation functions on performance.

Results Compared to the standard discounted sum aggregation (Fig. 4b), optimizing for discounted
max reward (Fig. 4c) makes the agent indifferent to intermediate costs, favoring shorter paths to
the goal. In contrast, minimum aggregation (Fig. 4d) encourages risk-averse behavior, while mean
aggregation (Fig. 4e) promotes efficiency by maximizing average reward per step. Further results and
discussions are provided in Appendix H.1. Overall, these results demonstrate how each aggregation
function uniquely impacts reward evaluation and policy preferences.

5.2 Wind-world: Policy improvement methods for trajectory optimization

Next, we show that the recursive reward aggregation technique can also be seamlessly integrated into
methods for continuous state and action spaces to optimize trajectories in complex environments.

Environment Inspired by Dorfman et al. (2021); Ackermann et al. (2024), we designed a two-
dimensional continuous environment where an agent navigates to a fixed goal amidst varying wind
disturbances, as shown in Fig. 5a. This setup allows us to evaluate the impact of different aggregation
functions on trajectory optimization.

Method For this continuous environment, we utilized the Proximal Policy Optimization (PPO)
algorithm (Schulman et al., 2017), which is a widely used policy improvement method. We estimated
the value function using the Bellman operator for the state statistic function in Definition 3.3. The
detailed algorithm is provided in Algorithm 2 in Appendix G.

Results The results in Figs. 5b to 5d show that different aggregation functions lead to distinct
trade-offs in trajectory optimization. Specifically, the max aggregation function prioritizes high-
reward paths, while the min function ensures more conservative and consistent behavior. The
variance-regularized mean aggregation provide balanced strategies, demonstrating the flexibility of
the recursive reward aggregation technique in optimizing diverse objectives.
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Figure 6: Comparison of evaluation metrics for different reward aggregation methods in the Hopper
environment. The radar chart on the left visualizes the performance of different reward aggregation
functions across multiple evaluation metrics over four random seeds. The images on the right illustrate
the learned behavior of the agent for each reward aggregation method.

5.3 Physics simulation: Actor-critic methods for continuous control

Then, we extend our evaluation to more complex physics simulation environments.

Environment We conducted experiments on three continuous control environments: Hopper and
Ant belong to the MuJoCo environment suite (Todorov et al., 2012), while Lunar Lander Continuous
(Brockman et al., 2016) is from Box2D environment. A detailed description of these environments
can be found in Appendix H.3.

Method In these experiments, we employed the Twin Delayed Deep Deterministic Policy Gradient
(TD3) algorithm (Fujimoto et al., 2018), with a modified recursive version detailed in Algorithm 3
in Appendix G. To evaluate policy performance, we considered five different reward aggregation
functions: discounted sum (sumy o9), discounted max (maxg gg9), min (min), discounted sum plus
max (sumg g9 + mMaxg g9), and discounted sum minus variance (sumg gg — var).

Results The result for Hopper are provided in Fig. 6, with results for other environments in
Appendix H.3. We present the mean values of various metrics across four random seeds using
radar charts, and visualize agent trajectories to illustrate the impact of aggregation functions on
the learned policy. The sum o9 aggregation, serving as the baseline method, demonstrates strong
overall performance across multiple metrics, as reflected in both the radar chart and motion sequences.
In contrast, the maxg g9 aggregation focuses solely on optimizing max reward, leading to strong
performance in this specific metric but suboptimal outcomes in others. The corresponding images
show the agent taking overly aggressive actions to maximize max reward, which causes it to lose
balance quickly as the torso angle exceeds the allowed range. The min aggregation encourages the
agent to maximize the minimum reward, which leads to a conservative strategy where the agent
remains completely still to avoid negative rewards. The sumg g9 + maxg g9 aggregation encourages
the agent to optimize both the total reward and the maximum reward within an episode, leading
to more aggressive movements and higher overall rewards. While the sum, g9 — var aggregation
prioritizes stability by minimizing the difference between the maximum and minimum rewards,
resulting in more controlled and consistent behavior at the cost of slightly lower rewards. These
results highlight how different reward aggregation strategies shape the behavior of the agent and its
learning outcomes. Demonstration videos are provided in our anonymized code link.

5.4 Real-world application: Sharpe ratio in portfolio optimization

Lastly, we evaluated the practical applicability of our method in a real-world application. Portfolio
optimization is a fundamental real-world application where an agent (or investor) determines the

10
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Table 2: Performance comparison of different methods for portfolio optimization using the Sharpe
ratio. The table reports the mean and standard deviation of the Sharpe ratio across five random seeds
during the test period, where a higher value indicates better risk-adjusted returns.

DiffSharpe NCMDP Ours
Sharpe Ratio (Test) 0.29+1.22 0.48+£0.79 1.124+0.92

optimal allocation of assets across different investment options. It can be framed as a sequential
decision-making problem as the agent continuously adjusts the portfolio in response to evolving
market conditions, fluctuating asset prices, and shifting risk preferences, rather than setting a static
allocation. Each decision not only influences immediate returns but also conditions future decisions.

A key metric for evaluating the performance of an investment strategy is the Sharpe ratio (Sharpe,
1966), which measures the trade-off between return and risk. It is defined as the ratio of the mean
return to the standard deviation of returns: (i)
. __ mean(ry,

SharpeRatio(r;.;) := ()
where r, := (P, — P;)/P; represents the simple returns, and P is the portfolio value at time ¢.
Since the Sharpe ratio is non-cumulative, previous RL approaches have relied on the approximate
differential Sharpe ratio (Moody et al., 1998; Moody & Saffell, 2001) as a reward signal to facilitate
learning. However, this approach introduces an inconsistency between the learning objective and the
actual Sharpe ratio, potentially leading to suboptimal policy learning.

(12)

Environment This experiment was conducted in a financial market simulation, where an agent
learned to optimize portfolio allocations across 11 different S&P 500 sector indices from 2006 to
2021. The environment is the same as that described by Sood et al. (2023); Nigele et al. (2024), with
further details provided in Appendix H.4.

Baselines We considered two baseline methods: (i) DiffSharpe (Moody et al., 1998; Moody &
Saffell, 2001), which optimizes an approximate differential Sharpe ratio, and (ii) a non-cumulative
Markov decision process (NCMDP) method proposed by Nigele et al. (2024), which maps NCMDPs
to standard MDPs and defines per-step rewards based on consecutive differences.

Method As demonstrated in Table 1, since both mean and variance admit recursive computation,
the Sharpe ratio can also be expressed and updated in a recursive manner. This property allows our
method to address the aforementioned inconsistency, aligning the learning objective with the true
Sharpe ratio. Our method is built upon the PPO (Schulman et al., 2017) algorithm, with specific
modifications on Bellman equation detailed in Algorithm 2 in Appendix G.

Results We conducted experiments across five random seeds, reporting the mean and standard
deviation of test set performance. Since a higher Sharpe ratio reflects superior risk-adjusted returns,
the results in Table 2 confirm that our method consistently outperforms the baselines by effectively
balancing risk and reward. These results illustrate that modifying either the local reward signal or the
global performance measure can create misalignment, leading to inconsistencies in policy training and
suboptimal learning outcomes. In contrast to the baseline methods, our method maintains the original
per-step reward structure while estimating and optimizing the exact Sharpe ratio over the entire
trajectory. This ensures consistency between training and evaluation, allows the agent to capture long-
term dependencies, and reduces sensitivity to local noise. As a result, our approach achieves superior
risk-adjusted returns with improved stability and robustness in portfolio management. Moreover,
its ability to maintain alignment between learning objectives and evaluation metrics suggests strong
potential for broader applications in various real-world decision-making domains.

11
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6 Conclusion

In this paper, we revealed that the recursive structures in the standard MDP can be generalized
to a broader class of recursive reward aggregation functions, resulting in generalized Bellman
equations and operators. Our theoretical analysis on the existence and uniqueness of fixed points
of the generalized Bellman operators provided a solid foundation for designing RL algorithms
based on recursive reward aggregation and understanding their convergence properties. Empirical
evaluations across discrete and continuous environments confirmed that different aggregation
functions significantly influence policy preferences, and we can align the agent behavior with
the task requirements by selecting appropriate aggregation functions. These findings highlight the
flexibility of recursive reward aggregation, paving the way for more versatile RL algorithms that can
be tailored to complex task requirements.

Future research could explore several extensions of the proposed recursive reward aggregation
framework. First, since the framework does not require the outputs of the generation function and
the inputs of the aggregation function (i.e., the internal states of the bidirectional processes in Fig. 2,
see also Appendix B) to be real values, one promising direction is to investigate the use of multi-
dimensional signals, enhancing the flexibility and expressiveness of policy preferences, particularly in
complex environments with intricate reward structures (Abouelazm et al., 2024). Second, exploring
the theoretical properties of the generalized Bellman operators in the stochastic setting, especially
their contraction behavior under different distributional metrics (see also Appendix E), is an important
area of study (Bellemare et al., 2023). Additionally, applying recursive reward aggregation to
real-world applications, such as risk-sensitive decision-making, risk-adjusted returns and portfolio
diversification in finance, and safe, robust, and multi-objective control in robotics, presents promising
directions (Kober et al., 2013; Kiran et al., 2021; Liu et al., 2024).
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A State-action recursion

In Section 2, we introduced the recursive generation of rewards by iterating over states S. In this
section, we extend this framework to iterate over state-action pairs S x A, which is crucial for
defining the state-action value function . : S x A — R.

A.1 State-action transition

First, note that both pre-composing and post-composing the pairing function (idg, ) : S — S x A
with the transition function p : S x A — S yield transition functions:

w state transition p : S — S :=po (idg,7) = s — p(s, 7(s)) and
w state-action transition p2 < 1 S x A — S x A= (idg,7) op = (s,a) = (p(s,a), 7(p(s,a))).

We use the superscripts S and S x A to indicate the domains/codomains of these transition functions.

A.2 State-action step function and generation function

Then, following the definitions of the state step function stepf,p’r’w :S = {+#}+R x SinEq.(1)and
s

™,P,T,w

generation function gen : S — [R] in Eq. (2), we can define the state-action step/generation

functions using the state-action transition p;f *4 and the reward function r:

SxA * $€ S‘*”
t LS x Ao Rx (S x A):=(s,a) 13
StePrprw * 2 X bR (5 4) = (s,0) {(r(s,a),PTSrXA(s,a)) s ¢S, (4
SxA [] s € Sy
.S x A— [R] = (s,a) — 14
Blimpr = {consu(aa»geni;fiw(pi“(s,a))) sgs,. Y

A.3 State-action statistic function and value function

Agplying the same algebraic fusion technique (Hinze et al., 2010) used for the state statistic function
75 + S — T in Theorem 3.2, we can define the state-action statistic function T,f AL Sx AT
and derive its corresponding Bellman equation as follows:

Theorem A.1 (Bellman equation for the state-action statistic function). Given a recursive generation

function geni:ﬁ’w and a recursive statistic aggregation function agg;.;, . (Definition 3.1), their

composition, called the state-action statistic function T;? A9 5T, satisfies the following equation:

T;?XA SXxA—-T:= ALEinit > © genf;ﬁ’w
init sE€S
= (s,a) — w? 15
(5:0) {<r<s,a> oS AGS A ) sg S,

Similarly, the state-action value Sfunction qr: S xA— R:=posto T,f *A is the composition of the
state-action statistic function 7; X4 8 x A — T with the post-processing function post : T' — R.

A.4 Relationship between state and state-action statistic functions

‘We can now state the theorem that relates the state and state-action statistic functions:

Theorem A.2 (Relationship between state and state-action statistic functions). Given a recursive
generation function gen,. . ., (Definition 2.1) and a recursive statistic aggregation function agg;,;; .
(Definition 3.1), the state statistic function T,‘? : S —= T in Eq. (8) and the state-action statistic
Sfunction Tf XA S x A= Tin Eq. (15) satisfy the following equations:

78 = p5x4, (idg,7): S =T (for all states), (16)

foA =rp> (7'7;g op): SxXA—=T (for all non-terminal states). a7
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Corollary A.3 (Relationship between state and state-action value functions). The state value function
v : S = R and the state-action value function q,. : S x A — R satisfy the following equation:
Vp =y o (idg,m) : S — R. (18)

In summary, the relationships between the state/state-action step, generation, statistic, and value
functions are shown in the following diagram:
{x}+Rx S {x}+ R X [R]
B

stepfyp,r,w [nil,cons]
{x}+Rx (S xA) {x}+RxT
T ‘ (19)
stepy 5 o [init,p]
{#} —

A.5 Advantage function

The advantage function (Baird, 1994; Schulman et al., 2016),

Ar: SX A= R:=qr—vVvy0op = (Saa) = qﬂ'(s7a) - VTF(S)7 (20)
is defined as the difference between the state-action value function g, : S x A — R and the state
value function v : S — R, where p; : S x A — S is the projection function that extracts the state
from a state-action pair. The advantage function measures the advantage of taking an action a in
a state s over the average value of all actions in that state following the policy 7, which is used
widely in RL algorithms such as Asynchronous Advantage Actor-Critic (A3C) (Mnih et al., 2016)
and Proximal Policy Optimization (PPO) (Schulman et al., 2017).

For a general recursive statistic aggregation function agg;,,;; . and a post-processing function post,
the advantage function can be exspressed using the state-action statistic function T,‘? ALSx AT
and the state statistic function 7] : S — T as follows:

o :SxA—= R=(s,a)— post (754 (s, a)) — post(7S (s)) 20

(s,a) — { s s 5 € S
post(r(s, a) > 77 (p(s, a))) — post(77 (s)) s & S

(22)
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Figure 7: State statistic bidirectional process 7,

Figure 8: State statistic bidirectional process (with different behavior and target policies)
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Figure 9: State statistic bidirectional process (with state as the residual)
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Figure 10: State-action statistic bidirectional process T;? AL Sx AT
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Figure 11: State-action statistic bidirectional process (with different behavior and target policies)
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Figure 12: State-action statistic bidirectional process (with state-action as the residual)
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B Algebraic structures in Markov decision process

In this section, we briefly discuss the algebraic structures used in this work. For a tutorial on algebraic
programming, we refer the reader to Hutton (1999). For a theoretical treatment of algebra fusion,
see Hinze et al. (2010). For an accessible and illustrative introduction to bidirectional processes, we
recommend Gavranovi¢ (2022).

B.1 Algebra fusion

In this work, we mainly considered algebras and coalgebras of signature {*} + R x (—), i.e., lists of
rewards. An algebra is a pair (A, f) consisting of a carrier set A and a function f : {*}+ Rx A — A.
A coalgebra is a pair (C, g) consisting of a carrier set C' and a function g : C — {*} + R x C. For
example, the list construction [nil, cons] : {*} + R x [R] — [R] is an algebra on the set [R] of lists of
rewards, while the step function stepfr’pmw : S — {#} + R x S is a coalgebra on the set S of states.

Note that the list construction [nil, cons] is the initial algebra, the discounted sum function sum.,,
is defined as the catamorphism (algebra homomorphism) from the initial algebra to the algebra
[0,7 + - s], while the recursive generation function gen, ., is defined as the hylomorphism
(coalgebra homomorphism) from the coalgebra step, , , , to the initial algebra. In the field of
functional programming, such operations are also known as fold and unfold (Meijer et al., 1991;
Bird & de Moor, 1997; Hutton, 1999; Yang & Wu, 2022).

Due to the recursive nature of the generation and aggregation functions, we can derive the recursive
structure of their composition using the algebra fusion technique (Hinze et al., 2010), which leads to
the Bellman equations for the state statistic function Tf : S — T in Theorem 3.2 and the state-action
statistic function T,f *4. 8 x A— T in Theorem A.1.

B.2 Bidirectional process

In Fig. 2, we illustrate the bidirectional processes for the state statistic function and state value
function. In algebra, such bidirectional processes are called lenses and optics (Riley, 2018).

Note that there is a slight difference between the definitions of step/generation/statistic functions in
Eqgs. (1), (2) and (8) and the bidirectional process in Fig. 2 (reproduced in Fig. 7). In Eq. (1), a state s
is duplicated and passed separately to the transition function p, and the reward function r, requiring
the policy 7 to compute the action a twice. In contrast, in Fig. 7, the state s is passed to the policy 7
only once, and the action a is computed only once and then copied to the transition function p and
the reward function r. These two approaches are equivalent only when the following equation holds:

A A

= (23)

S

For functions, copying an input and then passing the copies to two identical functions is equivalent to
passing the input to the function once and then copying the output. However, for stochastic functions,
these two approaches are not equivalent, which requires additional care when defining bidirectional
processes for stochastic functions (see also Fritz, 2020, Definition 10.1).

Strictly speaking, the definitions in Eqgs. (1), (2) and (8) correspond to a bidirectional process
illustrated in Fig. 8, where different behavior and target policies can be considered. In this setting,
the target policy 7y, parameterized by 6, is used to compute the reward and is optimized, while the
potentially unknown behavior policy 7 is passed to the transition function. Further, the internal state
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between the forward and backward processes — also known as the residual (Gavranovi¢, 2022) —
can be the state itself rather than the reward, as shown in Fig. 9. Similar considerations extend to the
state-action statistic function, as illustrated in Figs. 10 to 12.

We believe that such bidirectional processes offer a clearer framework for reinforcement learning,
including offline reinforcement learning, inverse reinforcement learning, and imitation learning
(Hussein et al., 2017; Arora & Doshi, 2021; Hedges & Sakamoto, 2022; Murphy, 2024). Further
research is needed to explore the full potential of bidirectional processes in reinforcement learning.

B.3 Non-uniqueness of update function and post-processing function

It is important to note that for a given aggregation function, the corresponding update function
>: R x T — T and post-processing function post : T" — R are not necessarily unique. For example,
as shown in Table 1, the mean function can be computed recursively in different ways: one approach
updates the sum and the length, while another updates the mean and the length. Each approach has its
own advantages and disadvantages. Updating the sum allows for a straightforward implementation,
but when both the sum and the length are large, numerical instability may arise. In contrast, updating
the mean may require additional computation, but if the rewards are bounded, the mean remains
bounded as well, which can improve numerical stability.
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Table 3: Properties of metrics

Premetric  Strict premetric  Metric

Indiscernibility of identities

(1 = a) > (dalay, 02) = 0) ’ ’ !
Identity of indiscernibles v v
(da(ar,ag) = 0) = (a1 = ay)
Symmetry v
dalay,as) = da(as, a;)
Triangle inequality Y

da(ay,a3) < dy(ay,as) +da(ag,as)

C Metrics and Bellman operators

In this section, we discuss the metrics on the statistics 7" and rewards R and the Bellman operators
for the state/state-action statistic functions.

C.1 Preliminaries

Recall the definitions of metrics, as summarized in Table 3:

Definition C.1 (Premetric). A premetric on a set A is a function d4 : A x A — [0, 0o] such that
Va € A. dy(a,a) =0.

Definition C.2 (Strict premetric). A strict premetric on a set A is a functiondy : A x A — [0, 00]
such that Va,ay € A. (dg(ag,aq) =0) < (a7 = as).
Given a function to a premetric space, we can define a premetric on the domain by pullback:

Lemma C.3 (Pullback premetric). Let dg : B x B — [0,00] be a premetric on a set B, and let
f:+ A — B be a function. The pullback premetric dy : A x A — [0, o] is defined by

Vay,ay € A. da(ay, as) := dp(f(ar), f(as)). 24
If dg is a strict premetric, then d 4 is also a strict premetric if and only if the function f is injective.

C.2 Metrics on statistics and rewards

By Lemma C.3, we can define a premetric d on statistics 7' by pulling back a premetric di on
rewards R through a post-processing function post : 7' — R:
Vi ty € T. dp(ty,t) := dr(post(ty), post(ty)). (25)

However, when rewards R are real-valued while statistics 7" are multi-dimensional, the pullback
premetric d; may not be a strict premetric, as different statistics may map to the same reward value.

For example, consider the range of rewards, where the statistics 7' = R? are the maximum and
minimum of rewards. We can directly define a metric on statistics by

dT({Zﬂ , [Tgﬂ) = \/(m1 —my)® + (ny —ny)?. (26)

If we use the pullback premetric, we have

ar (] [ra]) = an (wost (1] pos([22]))

=dg(my —ny,my —ny) = [(my —ny) — (Mg — ny)|. (28)
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C.3 Bellman operators

Recall the definition of the Bellman operator for a state statistic function 85T

Definition 3.3 (Bellman operator). Given a policy m, a transition function p, a reward function r,
a terminal condition w, and a recursive statistic aggregation function agg;,;; , (Definition 3.1), the
Bellman operator B, : [S,T] — [S,T] for a function 7 : S — T is defined by

init seES
B.7:S—T:=5s5r 7 9)
1:(8)>7(pr(s)) s¢& S..
SxA

We can define a Bellman operator for a state-action statistic function 7 : S x A — T similarly:

Definition C.4 (Bellman operator). Given a policy 7, a transition function p, a reward function r,
a terminal condition w, and a recursive statistic aggregation function agg;,;; , (Definition 3.1), the

Bellman operator B3 : [S x A,T] — [S x A, T] for a function 7°** : § x A — T is defined
by

init se S
BS><A SxA . S A%T:: 7 s mi s 29
nT e B2 s a) o P A0 A sa) sg S O

C.4 Existence of fixed points of Bellman operators

The existence of fixed points of the Bellman operators Bf and Bf *4 is established by the Bellman
equations for the state statistic function T;? : 8 — T in Theorem 3.2 and the state-action statistic
function T,“?XA : S x A — T in Theorem A.1.

Remark 5 (Banach fixed point theorem). Note that the classical fixed point theorem for Bellman
operators typically relies on the Banach fixed point theorem, which requires the underlying space to
be a complete metric space. This is not an issue in the standard discounted sum setting, as the space
R of real numbers has a complete metric structure. However, in our setting, the space 7" of statistics
may lack such a complete metric structure, posing potential challenges for establishing fixed point
guarantees. That said, the triangle inequality of the metric and the completeness of the space are
only necessary for ensuring the existence of fixed points: the triangle inequality guarantees that the
iterative sequence is a Cauchy sequence, while completeness ensures that the sequence has a limit
within the space. Since the existence of fixed points follows directly from the Bellman equations, our
focus shifts to the uniqueness of fixed points, which only requires the space to be a premetric space.

C.5 Uniqueness of fixed points of Bellman operators

Recall that Theorem 3.5 establishes the uniqueness of fixed points of the Bellman operator Bf for
state statistic functions 7° : § — T

Theorem 3.5 (Uniqueness of fixed points of Bellman operator). Let 71,7y : S — T be fixed points
of the Bellman operator B, (Definition 3.3). If the update function > is contractive with respect to a
premetric dp on statistics T (Definition 3.4), then dr(1,(s), 72(s)) = 0 for all states s € S. If dp is
a strict premetric, then 7, = Ty = T,.

Similarly, we can extend this result to the Bellman operator Bf *4 for state-action statistic functions
TS X AT

Theorem C.5 (Uniqueness of fixed points of the Bellman operator). Let Tls XA, TQS A LSXAST
be fixed points of the Bellman operator Bf xA (Definition C.4). If the update function > is contractive
with respect to a premetric dp on statistics T (Definition 3.4), then dT(ﬁSXA(s, a), TfXA(s, a))=0

for all states s € S and actions a € A. If dr is a strict premetric, then 7'15XA = TQSXA = T,fXA
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Table 4: Properties of orders

Preorder Partial order Total preorder Total order

Reflexivity v v v v
a<jpa
Transitivity
v v v v
(a1 <4 ag) A(ag <4 a3) — (a1 <4 ag)
Antisymmetry v v
(a1 <a ag) A(ag <4 a1) = (a; = ag)
Totality v v

(ay <paz)V(ay <4 0q9)

D Orders and Bellman optimality operators

In this section, we discuss the orders on the statistics T" and rewards R and the Bellman optimality
operators for the state/state-action statistic functions.

D.1 Preliminaries

Recall the definitions of orders, as summarized in Table 4:

Definition D.1 (Preorder). A preorder on a set A is a relation < 4 that is reflexive Va € A. a <4 a
and transitive Va,, ag, a3 € A. (a; <4 as) A (ay <4 a3) = (ag <4 a3).

Definition D.2 (Partial order). A partial order on a set A is a relation < 4 that is reflexive, transitive,
and antisymmetric Va,,ay € A. (a1 <4 a9) A (ay <4 a1) = (a1 = ay).

Definition D.3 (Total preorder). A fotal preorder on a set A is a relation <, that is reflexive,
transitive, and total Va,,as € A. (a; <4 as) V (ag <4 aq).

Definition D.4 (Total order). A fotal order on a set A is a relation < 4 that is reflexive, transitive,
antisymmetric, and total.

Given a function to a preorder space, we can define a preorder on the domain by pullback:

Lemma D.5 (Pullback preorder). Let <g be a preorder on a set B, and let f : A — B be a function.
The pullback preorder < 4 on a set A is defined by

Vay,ay € A. (a1 <4 ag) == (f(a1) <p flaz)). (30)
If <y is total, then < 4 is also total. If <g is antisymmetric, then < 4 is also antisymmetric if and
only if f is injective.
Given a preorder and a premetric, wen can consider how the premetric preserves the preorder:

Definition D.6 (Preorder-preserving premetric). A premetric dg : B x B — [0,00] on a set B
preserves a preorder <pg on the set B if

Vby,by,b3 € B. (by <p by <p b3)—(dp(b1,bs) < dp(by,b3))A(dp(bs,by) < dp(bs,by)). (31)

Note that since a premetric is not required to be symmetric, there are in total eight possible inequalities
that we can consider for the preorder preservation of a premetric, which are omitted here for brevity.
Given a preorder-preserving premetric, we can consider an inequality for the supremum of functions:

Lemma D.7 (Preorder-preserving premetric’s supremum inequality). Let dg : B x B — [0, 00| be
a premetric that preserves a premetric <pg on a set B. Then, for functions fi, fo : A — B whose
suprema are attained in B, we have

dg(sup f1(a),sup fy(a)) < supdgp(fi(a), f2(a)). (32)
acA acA acA

This lemma is useful for proving the contraction property of the Bellman optimality operator, as we
will see later.
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D.2 Orders on statistics and rewards

By Lemma D.5, we can define a preorder < on statistics 7' by pulling back a preorder <y on
rewards R through a post-processing function post : T — R:
Vi, ty € T. (t; <p to) := (post(t;) <p post(ty)). (33)

Since the (pre)order <y on rewards R is usually the total order of real numbers, we can guarantee
that the preorder <; on statistics 7" is also total.

For example, consider the arithmetic mean of rewards, where the statistics 7" = N x R are the length
and the sum of rewards. We can compare two statistics (1, s;) and (o, sy ) by comparing the means
lel and ;—22 This is a total preorder on the statistics 7".

D.3 Bellman optimality operators

We can define the Bellman optimality operators as follows:
Definition D.8 (Bellman optimality operator). Given a policy 7, a transition function p, a reward
function r, a terminal condition w, a recursive statistic aggregation function agg;;; . (Definition 3.1),

and a preorder < on statistics T', the Bellman optimality operator BS : [S,T] — [S,T] for a
function 7° : S — T is defined by

5 g init s €S,
B* 78S =T =5— sup (I‘(S, a) > TS(p(S,CL))> s ¢ Sw- (34)
acA

Definition D.9 (Bellman optimality operator). Given a policy 7, a transition function p, a reward
function r, a terminal condition w, a recursive statistic aggregation function agg;;; . (Definition 3.1),
and a preorder <7- on statistics T, the Bellman optimality operator B2 ** : [S x A, T] — [S x A, T]
for a function 7°** : § x A — T is defined by

Gon S init se€S,,

X xA | o

B, r S x A—=T:=(s,a)— sup (r(s,a) DTSXA(p(S,a)’a/)) sd S, (35)
a' €A

D.4 Existence of fixed points of Bellman optimality operators
Recall that Theorem 3.7 establishes the existence of a fixed point of the Bellman optimality operator
Bf for state statistic functions 7° : § — T

Theorem 3.7 (Bellman optimality equation for the state statistic function). Given a preorder <t on
statistics T, the optimal state statistic function T, (Definition 3.6) satisfies the following equation:

init s €S8,
TS T=s0 sup(r(s,a)>7,(p(s,a))) s¢S,. (10)
acA

We can similarly establish the existence of a fixed point of the Bellman optimality operator Bf *A for
state-action statistic functions 7°" : § x 4 — T

Theorem D.10 (Bellman optimality equation for the state-action statistic function). Given a preorder
<t on statistics T, the optimal state-action statistic function Tf xA satisfies the following equation:

o init s€S,,

X . P

T SXA—-T:= (s,a) — sup (r(s,a) DTEXA(p(S,CL)7(l/)) s ¢ Sw' (36)
a' €A

D.5 Uniqueness of fixed points of Bellman optimality operators

Similarly to Theorem 3.5, we can guarantee the uniqueness of fixed points of the Bellman optimality
s Sx A . .
operators B; and B under certain conditions:
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Table 5: Fixed points of the Bellman operators and the Bellman optimality operators.

Definition Existence Uniqueness
Bellman operator Bf Definition 3.3  Theorem 3.2 Theorem 3.5
P BS*4  Definition C4  Theorem A.l  Theorem C.5

S

. . Definition D.8§  Theorem 3.7  Theorem D.11
Bellman optimality operator RSxA

Definition D.9 Theorem D.10 Theorem D.12

Theorem D.11 (Uniqueness of fixed points of Bellman optimality operator). Let Tls , 7'25 :S—>T

be fixed points of the Bellman optimality operator B*S (Definition D.8). If the update function > is

contractive with respect to a premetric dr on statistics T (Definition 3.4), and the premetric dp

preserves the preorder < on statistics T (Definition D.6), then dT(Tls(s), TQS(S)) = 0 for all states
. . . S S S

s € S. If dp is a strict premetric, then 1), =75 = T, .

Theorem D.12 (Uniqueness of fixed points of Bellman optimality operator). Let 72 75 *4

S x A — T be fixed points of the Bellman optimality operator Bf xA (Definition D.9). If the
update function > is contractive with respect to a premetric dp on statistics I’ (Definition 3.4),
and the premetric dp preserves the preorder < on statistics T (Definition D.6), then
dT(TlSXA(s7 a), TQSXA(S, a)) = 0 for all states s € S and actions a € A. If dr is a strict premetric,
SxA SxA SxA

then 11 =Ty =T,

In summary, the definitions and results on the fixed points of the Bellman operators and the Bellman
optimality operators are summarized in Table 5.
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924 E Stochastic Markov decision process

925 In this section, we discuss the stochastic extension of the deterministic Markov decision processes
926 introduced in Sections 2 and 3.

927 E.1 Composition of stochastic functions

928 The composition rules of stochastic functions and deterministic functions are defined as follows:

929 m Composition of two stochastic functions f : A — PB and g : B — PC by marginalizing over the
930 intermediate variable, as described by the Chapman—Kolmogorov equation (Giry, 1982):

(g0 £)cla) = [ glelb)s(bla) b G7)
931 B
A s~ s B g rrnnnny C
f \ g \
PB PC (38)
\ 1
Pg H‘C
PPC
932 = Composition of a stochastic function f : A — PB with a deterministic function g : B — C"
(90 £)(€la) == 9. 0la) = [ 5,0)f0]a) b (39)
933 B
A e [y B 9——C
/ \ dg
PB g*> PC (40)
™~ T
Ps, 2]
\ ‘
PPC
934 = Composition of a deterministic function f : A — B with a stochastic function g : B — PC"
935 (g0 f)(cla) := g(c|f(a)). 41
A \ f—— B g rrnnnny C
i \ \ g \
PB PC (42)
\ 1
Pg [2Ze]
|
PPC

31



936

937
938

939

940
941
942

943

944
945

946

947
948
949
950
951
952
953
954
955
956
957

Under review for RLC 2025, to be published in RLJ 2025

Table 6: Expected aggregated rewards vs. aggregated expected rewards: maximum as an example

expected maximum rewards maximum expected rewards
definition Eq[max(ry,ro,...,rq)] max(Ey[r], Ex[rs], ... Ex[ra])
statistic T' max reward distribution € PR max reward expectation € R
initial value Dirac delta measure §_., € PR reward value —oo € R
update function pushforward measure update expected value update

= = — — max — — — [ExXxidg = = max —=

PR x PR — P(R x R) —= PR PR x R =% R x R R

post-processing  expectation Eg : PR — R identity idg : R—R

E.2 Stochastic recursion

In Section 4, we introduced the stochastic state transition and statistic functions. Similarly, we can
. . s SxA .
define the stochastic state-action transition p,,~ " as follows:

pIX*A S x A P(S x A) = (idg, ) op
= (s,a) — (s/ ~p(s']s,a),a ~ / m(d'|s")p(s'|s, a) ds/). (43)
S

The stochastic state-action statistic function Tf A satisfies the following recursive equation:
XA 8 x A PT

6init s € Sw )

= —> ~
(s,a) =7 r(s,a)> 7’ ’ 7~ / TfXA(T'\sl,a/)pTSFXA(s/,a/\s,a) ds'da’ s¢S,.
SxA

(44)

Further characterizations of stochastic state/state-action statistic functions, including the (pre)metrics
and (pre)orders on statistics, as well as the contractivity of stochastic Bellman (optimality) operators,
are left for future work.

E.3 Relationship between stochastic state and state-action statistic functions

In the stochastic setting, the state/state-action statistic functions are related by the following equations,
which are analogous to Theorem A.2:

T;S(T\s) = / T;?XA(TLS, a)m(als)da (for all states), (45)
A

9%4(r]s,a) = 1(s,a) > / 72 (7|s)p(s'|s, a) ds’ (for all non-terminal states). (46)
s

E.4 Expected aggregated rewards vs. aggregated expected rewards

As discussed in Section 4, the expected discounted sum of rewards equals the discounted sum of
expected rewards. However, the expected aggregated rewards and the aggregated expected rewards
are not equal in general. For example, the expected maximum reward is not equal to the maximum
expected reward because the expectation operator does not distribute over the maximum operator, as
shown in Table 6. This issue was also raised by Cui & Yu (2023); Veviurko et al. (2024). However,
we argue that even though the expected aggregated rewards and the aggregated expected rewards are
not equal, they are both valid and useful learning objectives for different purposes, and the choice
between them depends on the specific application. If we want to optimize the expected aggregated
rewards, a more straightforward approach is to estimate the distributions of the aggregated rewards,
using distributional reinforcement learning (Morimura et al., 2010a;a; Bellemare et al., 2017; 2023).
Further theoretical and empirical investigations are left for future work.
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F Proofs

Theorem 3.2 (Bellman equation for the state statistic function). Given a recursive generation function
gen, ., (Definition 2.1) and a recursive statistic aggregation function agg;;; , (Definition 3.1),
their composition, called the state statistic function T, : S — T, satisfies the following equation:

init seS,,
{ (3)

08 = T = agg;;; » © gen =5

™,P,T,w

r:(s)> 7. (Pr(s) s ¢ S
Proof. Similarly to the diagram in Eq. (5), the state statistic function 7. : S — T can be represented
using the following diagram:

idg,y +idg X
idg,y +id 8eN b w idg.y +id Zini
{*}+R><S idg,y +idg X gen, {*}+R><[R] id(.; +idgr X ag8i,i¢,» {*}+R><T
Stepﬂ',p,r,wT [nil,cons]l [init,b]i
g gen, oo, [R] AgLinit, > T

which can be non-rigorously interpreted as a “combination” of the following two diagrams:

id.y idp x
id . idy. idr X gen, .. idr X aggipn;t,
T G o B S B Rx § Sn 8 mnne po [R] T B
esT nill initl (rmpﬂﬁ consl %
S gl borw [R] AgLinit, > T S geN, borw [R} aAgZinit, > T

-~ N~

where eg : S — {*} is the unique function from states to the singleton set, and (r,,p,) : S = R x S
is the pairing of the reward and transition functions, which constitute the step function step, , , .

The left diagram shows that when a state s € S, is terminal,

Tr(8) = a88init,» (86N 1w () (by definition of 7)) (47)
= agg;ni¢ - (nil) (by terminal condition of gen . ) (48)
= init. (by initial condition of agg;,;; ) (49)

The right diagram shows that when a state s ¢ S, is non-terminal,

T.(8) = agginim(genmp?r)w(s)) (by definition of 7,;) (50)
= agginit’b(cons(rﬂ(s), gen, o, (px(5)))) (by recursive definition of gen,. . ) (51)
=r.(s)> agginit,b(genmp,nw (px(9))) (by recursive definition of agg; ;) (52)
=1,(3) > 7 (pr(8)). (by definition of 7.) (53)

By combining Eq. (49) and Eq. (53), we obtain the desired result in Eq. (8). O

We omit the proof for Theorem A.1 as the derivation is similar to that of Theorem 3.2.
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Lemma C.3 (Pullback premetric). Let dg : B x B — [0, 00| be a premetric on a set B, and let
f: A — B be a function. The pullback premetric d4 : A x A — [0, 0] is defined by

Vay,ay € A. da(ay,ay) := dp(f(ar), f(az)). 24)
If dg is a strict premetric, then d 4 is also a strict premetric if and only if the function f is injective.

Proof. The pullback premetric d 4 is a premetric because

Va € A. da(a,a) = dp(f(a), f(a)) = 0. (54)
If dp is a strict premetric, we have
Vay,ay € A. (dalay, a) = dp(f(ar), f(ag)) = 0) = (f(a1) = f(az)). (55)
For the pullback premetric d 4 to be a strict premetric, we require that
Vay,ay € A. (f(a1) = flaz)) = (a1 = ay), (56)
which is equivalent to the injectivity of the function f. O

Lemma D.5 (Pullback preorder). Let <p be a preorder on a set B, and let f : A — B be a function.
The pullback preorder < 4 on a set A is defined by
Vay,ay € A. (a1 <4 az) == (f(a1) <p f(ag)). (30)
If <g is total, then < 4 is also total. If <g is antisymmetric, then < 4 is also antisymmetric if and
only if f is injective.
Proof. The pullback preorder < 4 is reflexive because
Va e A (a<4a) = (fa) <p f(a). (57)
The pullback preorder < 4 is transitive because
Vay,ag, a3 € A. (a1 <4 az) A (ag <4 a3) := (fa1) <p f(az)) A (flaz) <p f(az)) (58)

—(f(a1) <p flas)) =: (a1 <4 ag). (59)
If <y is total, then <, is also total because

Vay,ay € A (a1 <4 a2) V(ag <4 a1) = (fla1) <p flaz)) V (faz) <p f(a1)).  (60)
If <p is antisymmetric, we have

Vay,ay € A. (a1 <p a9) A (ag <4 ay) = (f(ar) <p flaz)) A (f(az) <p f(a1)) (61)

—(f(a1) = flaz))- (62)

For the pullback preorder < 4 to be antisymmetric, we require that
Vay,ag € A. (f(ar) = flaz)) — (a1 = ay), (63)
which is equivalent to the injectivity of the function f. O

Lemma D.7 (Preorder-preserving premetric’s supremum inequality). Let dp : B X B — [0, 00| be
a premetric that preserves a premetric <pg on a set B. Then, for functions f,, fo : A — B whose
suprema are attained in B, we have

dp(sup fi(a),sup fy(a)) < supdp(fi(a), fa(a)). (32)
acA a€A acA
Proof. By assumption, the functions f; and f5 have suprema in B. We denote a; = argsup,¢ 4 f1(a)
and ay = argsup,c 4 fo(a). Then, fi(a;) = sup,c 4 f1(a) and fy(az) = sup,ea fo(a).

If fi(a1) <p fo(ay), we have fi(as) <p fi(a;) <p fa(ay). By the preorder preservation of the
premetric dg, we have

dp(fi(ar), f2(az)) < dp(fi(as), f2(az)) < 216112 dp(fi(a), f2(a)). (64)

Similarly, if fy(as) <p fi(a1), wehave fy(a;) <p folas) <g fi(a;). By the preorder preservation
of the premetric dg, we have

dp(fi(ar), f2(az)) < dp(fi(ar), f2(ar)) < SlelgdB(fl(a)7f2(a))' (65)
Therefore, we have dg (sup,e 4 f1(a),sup,ea f2(a)) < sup,e 4 dp(fi(a), f2(a)). O
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We use the following lemmas to prove Theorem 3.5.

Lemma F.1 (Induced premetric on a set of functions). Let dg : B x B — [0, 00] be a premetric on
a set B. For functions f, f' : A — B, define dia,p) t [A, B] x [A, B] = [0, oc] as follows:

dia ) (f. f) = sup dp(f(a), f'(a)). (66)
Then, d( 4, p is also a premetric. Moreover, if dp is a strict premetric, d 5 gy is also a strict premetric.

Proof. d p is a premetric because dj4 p)(f, f) = sup,ec4 dp(f(a), f(a)) = 0. For two functions
f7 f/ A= B, d[A,B](fv fl) = SUPge A dB(f(a’)a f/(a)) =0 lmphes that dB(f(a’)a f/(a’)) = 0 for
all a € A. If d is a strict premetric, then dz(f(a), f'(a)) = 0 implies f(a) = f'(a) forall a € A,
which means that f = f', hence if d is a strict premetric, d|4,p) is also a strict premetric. O
Lemma F.2 (Data processing inequality). Let d4 g be the induced premetric defined in Lemma F.1.
For functions f,f' : A — Band g: A — A, we have

dia,g(fog, flog) < dia,p(f, ). (67)
Proof dyap(f 09, ' ©9) = Subae.r di(F(9(a)), ' (9(0))) = 5uprcy ) di ('), 1'(0)
<supyrcy d(f(a), /(') =t dpa g (f, f) O

Lemma F.3 (Uniqueness of fixed points of a premetric contraction). Let a; and ay be fixed points of
a function f : A — A. If the function f is contractive with respect to a premetric d 4 on the set A,
then d 4 (ay,ay) = 0. Moreover, if d 4 is a strict premetric, then a; = as.

Proof. Because a; and a4 are fixed points of f, and f is contractive with respect to d 4, there exists a
constant k € [0, 1) such that

dalay,az) = ds(f(ay), flaz)) < k-da(ay,ay). (68)
Given that d 4 (aq, ay) > 0, the only possible solution is d 4 (a,, as) = 0. If d 4 is a strict premetric,
then d 4 (a1, a,) = 0 implies a; = ay. In other words, a premetric contraction has unique fixed points
up to premetric indiscernibility, while a strict premetric contraction has a unique fixed point. [

Lemma F.4 (Contraction of Bellman operator). If the update function > is contractive with respect
to a premetric dp on statistics T (Definition 3.4), then the Bellman operator B,‘? (Definition 3.3) is
contractive with respect to the induced premetric dg 1 defined in Lemma F.1.

Proof. For any functions Tls , Tég 1S — T, we have

dis.(Bai, Bary) = Sup dr((Bi7)(s), (B73)(s)). (69)

When a state s € S, is terminal, for any k € [0, 1), we have

dr((B5)(s). (B73)(s)) (70)
= dyp(init, init) (by definition of 1,.) (71)
=0 <k-dp(ri (D5(5)), 7 (Dr(5))) (dy is a premetric) (72)
When a state s ¢ S, is non-terminal, there exists a constant k& € [0, 1) such that

dr((Br)(s). (Bi73)(s)) (73)
= dr(te(s) > 77 (07 (5)), 2a(5) & 75 (07 (5)) (by definition of ;) (74)
<k-dp(r(p2(5)), 7 (05 (5))) (by contractivity of ) (75)
Then, we have

disr (B i, Byms) (76)
<k- su;s) dp (5 (p3 (s)), 5 (pfr (s))) (by monotonicity and homogeneity of sup) (77)

s€

=k-dig (i op3, 75 0 p}) (by definition of djs 71) (78)
<k-dgp)(ri, ) (Lemma F2) (79)
Therefore, the Bellman operator BTSr is contractive with respect to the premetric d(g 7). O
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Theorem 3.5 (Uniqueness of fixed points of Bellman operator). Let 7,, 7y : S — T be fixed points
of the Bellman operator B, (Definition 3.3). If the update function > is contractive with respect to a
premetric dp on statistics T (Definition 3.4), then dp(1,(s), 72(s)) = 0 for all states s € S. If dp is
a strict premetric, then 7\ = Ty = T,.

Proof. Let d|g 1) be the induced premetric defined in Lemma F.1. By Lemmas F.3 and F.4, we have

dis,1)(T1,72) = sug dp(71(8), T2(s)) = 0, (30)

s€
which means that d (71 (s), 75(s)) = 0 for all states s € S. When d is a strict premetric, we have
Ty = To, Which means that 7, is the unique fixed point of the Bellman operator 3. O

We omit the proof for Theorem C.5 as the derivation is similar to that of Theorem 3.5.

Theorem 3.7 (Bellman optimality equation for the state statistic function). Given a preorder <t on
statistics T, the optimal state statistic function T, (Definition 3.6) satisfies the following equation:

init s€S,,
TS T=s0 sup(r(s,a) > 7,(p(s,a))) s¢5S,,. (10)
acA

Proof. When a state s € S, is terminal, we have 7, (s) = init. When a state s ¢ S, is non-terminal,
we have

To(8) == T () (by definition of 7,.) (81)
=1, (8)> 7 (Pr, (5)) (by recursive definition of 7. ) (82)
=r1(s,m,.(8)) > 7. (p(s,7.(5))) (by definitions of r,, _and p, ) (83)
= suB (r(s,a) > 7. (p(s,a))). (pointwise maximization) (84)

a€
O

Theorem D.10 (Bellman optimality equation for the state-action statistic function). Given a preorder

<t on statistics T, the optimal state-action statistic function Tf xA satisfies the following equation:

o init seS,,

X . —

TS AR =002 sup (x(s,0) 0 7 (p(s,a),0)) sg S, G0
a €A

Proof. When astate s € S, is terminal, we have s XA(s, a) = init for all actions @ € A. When a

state s ¢ S, is non-terminal, we have
727 (s,a) 1= 727 (s, a) (by definition of 72 **) (85)
=1(s,a) > 7 A (P37 (s,a)) (by recursive definition of 72 **) (86)
=1(s,a) > 74 p(s,a), m.(p(s,a))) (by definition of pfr*XA) (87)
= sup (r(s, a) > 724 (p(s, a), a/)). (pointwise maximization) (88)
a'eA
O
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Similarly to Lemma F.4 and Theorem 3.5, we use the following lemma to prove Theorem D.11.

Lemma F.5 (Contraction of Bellman optimality operator). If the update function 1> is contractive with
respect to a premetric dp on statistics T (Definition 3.4), and the premetric d preserves the preorder
< on statistics T (Definition D.6), then the Bellman optimality operator Bf (Definition D.8) is
contractive with respect to the induced premetric d;g 1) defined in Lemma F.1.

Proof. For any functions Tls , TQS 1S — T, we have

dis ) (BET BiTs) = sup dr((BZT)(s), (BT (s)). (89)

When a state s € S, is terminal, for any k € [0, 1), we have

dr((BI77)(s), (BI75)(s)) (90)
= d(init, init) (by definition of Bf ) (91)
=0 < k- supdp(ri (p(s,a)), 7 (p(s, a))) (dy is a premetric) (92)
a€A
When a state s ¢ S,, is non-terminal, there exists a constant k € [0, 1) such that
dr((BI7)(s), (BI75)(s)) (93)
= dp(sup(r(s,a) > Tls(p(s, a))), sup(r(s,a) > TQS(p(s, a)))) (by definition of B,) (94)
acA acA
< supdp(r(s,a) > Tls(p(s, a)),r(s,a)> TQS(p(s, a))) (by monotonicity of dr) (95)
acA
< supk - dp(r2(p(s,a)), 7 (p(s,a))) (by contractivity of ) (96)
a€A
=k - sup dT(Tls(p(S, a)), TQS(p(s, a))) (by homogeneity of sup) (97)
a€cA
Then, we have
dis (B 71, B, 7) (98)
< k-supsup dp (75 (p(s, a)), 7 (p(s, a))) (by monotonicity and homogeneity of sup) (99)
seS acA
=k - supsupdp (75 (p(s,a)), 7 (p(s, a))) (by commutativity of sup) (100)
acA seS
=k - supdg 1y (7'15 op(—,a), Tgs op(—,a)) (by definition of d[g 1) (101)
acA
<k-dgp (i) (Lemma F.2) (102)

Therefore, the Bellman optimality operator Bf is contractive with respect to the premetric djg,r). U

Theorem D.11 (Uniqueness of fixed points of Bellman optimality operator). Let Tls , 725 S =T
be fixed points of the Bellman optimality operator Bf (Definition D.8). If the update function > is
contractive with respect to a premetric dp on statistics T (Definition 3.4), and the premetric dp
preserves the preorder <p on statistics T' (Definition D.6), then dT(Tls(S), 7'25(5)) = 0 for all states

. . . S S S

s € S. If dp is a strict premetric, then 77 = 75 = T, .
Proof. Let d|g ) be the induced premetric defined in Lemma F.1. By Lemmas F.3 and F.5, we have
dis (71 72) = supdr (17 (5), 73 () = 0, (103)

se
s

which means that d (75 (s), 75 (s)) = 0 for all states s € S. When d is a strict premetric, we have

Tis = TQS , which means that 7';9 is the unique fixed point of the Bellman optimality operator Bf . O

We omit the proof for Theorem D.12 as the derivation is similar to that of Theorem D.11.
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Figure 13: 7 = 72" o (idg, 7) and 72 = v (72 o p)

Theorem A.2 (Relationship between state and state-action statistic functions). Given a recursive

generation function gen,. . . ., (Definition 2.1) and a recursive statistic aggregation function agg;;; .

(Definition 3.1), the state statistic function T.f : S = T in Eq. (8) and the state-action statistic
function T;? A S x A= Tin Eq. (15) satisfy the following equations:
75 = x4, (idg,7): S =T (for all states), (16)

TSXA =rb> (T;f op): SxXA—=>T (for all non-terminal states). 17

Proof. Notice the following relation:

p*4 o (idg, 7) = (idg, 7) o p o (idg, 7) = (idg,7) o p5 : § = S x A. (104)
We can show that when a state s € S, is terminal,
(gen3h o fids, m) ) () = gen? () = [, (105)
and when a state s ¢ S, is non-terminal,
(sent o s m)) 6) = (comso (rgenid 0 pS™) o fids, ) ) o (106)

= (coms o (o idgem) eny . opS™ o ) ) () 100

= (conso (rr,genS x4, o (idg, ) opi>)(s), (108)

SxA S

which shows that gen o (idg, 7) satisfies the same recursive equation as gen in Eq. (2).

™,p,r,w ™,p,r,w
Due to the uniqueness of the recursive coalgebra (Hinze et al., 2010, Eq. (5)), we can conclude that
genf’pyr’w = genf:)yAr’w o(idg,m) : S — [R]. (109)

Given Eq. (109), we have
S S SxA . Sx A .
Tn = agginit,D © gen‘n’,p,r,w = agginit,b © genﬂf),r,w © <1dS7 7T> =Tr *%o <ldS7 7T> S = T. (110)

Next, for a non-terminal state s ¢ S, and an action a € A, we have

72 (s,0) = (w (Tf“‘ Ogii’f))(s,a) (111)
= (o (e em op) )0 an)
- (» (Tf op))(s,a). (113)

However, for a terminal state s € S,, and an action a € A, the equation 72> ** = r> (Tf o p) may not
always hold and could require additional conditions on the transition function p, the reward function

r, the initial value init, and the update function .

Intuitively, Egs. (16) and (17) arise from the decomposition of the bidirectional process, as illustrated
in Fig. 13. O
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Remark 6. In fact, we can derive Eq. (109) directly from the relation between the state step function
stepi)mw and the state-action step function stepiz,Ar,w.

When a state s € S, is terminal,

(stepste o fids,m) ) () = (idgay osteps ) (5) = 5, (114)
and when a state s ¢ S, is non-terminal,

(stepyt o ids.m))(6) = ({105 0 s ) o) (115)
= (fettsmpofam))o a1
= (fre 05 202 ) an)
— (G idge ) o () ) 0 (118)
= ((idg x(ids,m)) o stepy ;1. ) (5): (119)

We can conclude that
stepi;ﬁ,w o (idg,m) = (idg. +idg x(idg, m)) © stepi,p,r,w S = {x}+Rx(SxA), (120)
which means that (idg, ) is a coalgebra homomorphism from the state step function stepfﬁp)nw

to the state-action step function step,sr:,iw. Then, by the coalgebra fusion law (Hinze et al., 2010,
Eq. (7)), we can get the result in Eq. (109).
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G Learning algorithms with recursive reward aggregation

In this section, we list the RL algorithms with recursive reward aggregation used in our experiments.
The colored lines indicate modifications compared to the standard discounted sum version.

G.1 Q-learning

Algorithm 1 Q-learning (Watkins & Dayan, 1992) with recursive reward aggregation

Input: transition function p : S x A — 5, reward functionr : S X A — R, terminal condition w,

Parameters: learning rate o € (0, 1], exploration parameter € € (0,1)
Initialize
for each episode do
Initialize state s
while s is not terminal do
Compute
Select action a using e-greedy policy based on value function ¢(s, a)
Execute action a, observe next state s” and reward 7 according to p and r
Update

Update state s < s’
end while
end for
Output: estimated s
and optimal policy 7(s) = argmax,c 4 q(s, a)
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1091 G.2 PPO

Algorithm 2 PPO (Schulman et al., 2017) with recursive reward aggregation

Input: transition function p : S x A — S, reward functionr : S x A — R, terminal condition w,

Parameters: bias-variance trade-off parameter A € [0, 1], clipping parameter e, critic loss
coefficient ¢, entropy regularization coefficient c,
Initialize parameterized policy function (actor) my : S — A
Initialize
for each iteration do
Initialize state s
Collect trajectories of states and rewards following policy 7y till the end of the horizon {2
Compute
Compute

Compute
Use one of the following as advantage &;:

Q—t
= generalized advantage estimates (GAE) (Schulman et al., 2016) (1 — A) Z )\i_l&gl)
i=1

Compute

Compute actor loss L, (6) with clipping or penalty using advantage &, (Schulman et al., 2017)
Compute entropy regularization H(6)
Optimize L,(0) — c; L (¢) + co H(0)

end for

Output: estimated and optimal policy 7y
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1092 G.3 TD3

Algorithm 3 TD3 (Fujimoto et al., 2018) with recursive reward aggregation

Input: transition function p : S x A — S, reward functionr : S x A — R, terminal condition w,

Parameters: exploration noise parameter o, target noise parameter ¢, target clipping parameter c,
soft target update rate A € (0, 1), maximum action limit a,,
Initialize parameterized policy function (actor) my : S — A
Initialize
Initialize targets m, < 7, , and replay buffer D
for each iteration do
Observe state s and select action a = 7y (s) + € with exploration noise € ~ N (0, o)
Observe next state s, reward 7, and done signal d (whether s is terminal)
Store transition tuple (s, a,r, s', d) in buffer D
if s’ is terminal then
Reset environment state
end if
if update critics then
Randomly sample a batch of transitions B = {(s,a,r, s’,d)} from D
Compute target actions & = clip(my (s') + €, —@pax, Gmax)s € ~ clip(N(0,5), —c, ¢)
Update

Update

end if
if update actor then
Update actor by one step of gradient ascent using

Update targets with
Ty 4 ATy, + (1= N7y fori =1,2
Ty — Amg + (1 — Ny
end if
end for
Output: estimated , and optimal policy 7y
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Figure 15: mean — « std and Sharpe ratio mean/std.

H Experiments

In this section, we provide detailed descriptions of the environments used in our experiments and
the specific configurations and hyperparameters employed for each task. We also present additional
results for the grid-world and continuous control environments.

H.1 Grid-world environment

Implementation We implemented the environment and the Q-learning (Watkins & Dayan, 1992)
algorithm using NumPy (Harris et al., 2020).

Hyperparameters We used a fixed exploration parameter of 0.3. We trained agents for total
training timesteps of 10 000.

Additional results Similarly to Fig. 4, which showed the policy preferences of discounted sum,
discounted max, min, and mean, Fig. 14 shows the policy preferences range-regularized max, which
is an interpolation between min and max. Meanwhile, Fig. 15 shows the policy preferences of
standard-deviation-regularized mean and Sharpe ratio.

H.2 Wind-world environment

Implementation We implemented the environment and the PPO (Schulman et al., 2017) algorithm
using JAX (Bradbury et al., 2018) and gymnax (Lange, 2022).

Hyperparameters The PPO clipping parameter was set to 0.2. We used a critic loss coefficient of
0.5 and an entropy regularization coefficient of 0.01. We trained agents using 64 parallel environments
for total training timesteps of 500 000.

H.3 Continuous control environments

The Hopper environment is a classic continuous control task from the MuJoCo physics simulation
suite (Todorov et al., 2012), where a 2D one-legged robot must learn to balance and move forward
efficiently. The agent controls three joints (thigh, knee, and foot) to generate locomotion while
maintaining stability. The reward function in Hopper consists of three key components: (i) healthy
reward, which incentivizes the agent to remain upright; (ii) forward reward, which encourages the
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agent to move forward; and (iii) control cost, which penalizes excessive energy use. Then, the total
reward function is given by:

reward = healthy reward + forward reward — control cost. (121)
The Hopper environment terminates when the agent is deemed unhealthy or reaches the predefined
episode length limit. The agent is considered unhealthy if its state variables exceed the allowed range,
its height falls below a certain threshold, or its torso angle deviates beyond a specified limit, indicating
a loss of stability. If none of these conditions occur, the episode continues until the maximum duration
is reached.

The Ant environment is also from the MuJoCo physics simulation suite (Todorov et al., 2012), where
the four-legged quadrupedal robot must learn to efficiently balance and move forward. The agent
controls eight joints (two per leg) to generate stable locomotion while adapting to dynamic interactions
with the environment. The reward function in the Ant environment is designed to encourage forward
movement while maintaining stability and efficiency. It consists of four key components: (i) a healthy
reward, which provides a fixed bonus as long as the agent remains upright; (ii) a forward reward,
which encourages movement in the positive x-direction; (iii) a control cost, which penalizes excessive
actions to promote energy efficiency; and (iv) a contact cost, which discourages large external contact
forces. The total reward is calculated by summing the healthy and forward rewards while subtracting
the penalties for control effort and contact forces:

reward = healthy reward + forward reward — control cost — contact cost. (122)
In some versions of the environment, the contact cost may be excluded from the reward calculation.
The Ant environment terminates when the agent is deemed unhealthy or when the episode reaches
its maximum duration of 1000 timesteps. The agent is considered unhealthy if any of its state space
values become non-finite or if its torso height falls outside a predefined range, indicating a loss of
stability. If neither of these conditions occur, the episode continues until it reaches the time limit.

The Lunar Lander Continuous environment, part of the Box2D physics simulation suite (Brockman
et al., 2016), involves controlling a lunar lander to safely land on a designated landing pad. The agent
has continuous thrust control over the main engine and two side thrusters, which it must use efficiently
to achieve a stable landing while minimizing fuel consumption. The reward function is designed to
encourage precise and efficient landings. The agent receives positive rewards for (i) moving closer
to the landing pad, (ii) achieving a soft landing, and (iii) staying upright. Conversely, penalties are
applied for (i) excessive fuel usage, (ii) high-impact landings, and (iii) drifting too far from the target.
The episode terminates if the lander successfully lands within the designated zone, crashes, or drifts
out of bounds. If none of these conditions occur, the episode continues until reaching the time limit.

Implementation We conducted experiments using a modified version of the TD3 (Fujimoto et al.,
2018) implementation from Stable-Baselines3 (Raffin et al., 2021).

Hyperparameters Our agent performed 100 gradient updates per training episode and used a
learning rate of 3 x 10~ to ensure stable learning. Apart from these, our training setup adheres to
the default hyperparameters and network architecture of Stable-Baselines3.

Computational resource Training a single agent takes approximately 1 hour on an NVIDIA RTX
2080 GPU, with a single CPU core used for environment simulation.

Additional results: Ant We provide additional results for the Ant environment, with corresponding
animations available at https://anonymous.sopen.science/status/RRA-534F.

The experimental results in the Ant environment demonstrate the impact of different reward
aggregation strategies on agent behavior and performance. The discounted sum (sumg o9) aggregation,
serving as the baseline, achieves balanced performance across multiple metrics, effectively promoting
stable and efficient locomotion. In contrast, the discounted max (maxg g9) aggregation prioritizes
obtaining the highest possible reward at an individual time step, leading to highly aggressive
movements. As a result, the agent exhibits excessive speed, which ultimately causes instability and
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Figure 16: Comparison of evaluation metrics for different reward aggregation methods in the Ant
environment. The radar chart on the left visualizes the performance of different reward aggregation
functions across multiple evaluation metrics over four random seeds. The images on the right illustrate
the learned behavior of the agent for each reward aggregation method.

results in the agent losing control and rolling over. The min (min) aggregation prioritizes minimizing
the risk of low rewards, leading to an overly conservative strategy. Instead of efficient locomotion,
the agent adopts passive or static behavior, often staying close to the ground to avoid unfavorable
rewards. This lack of exploration and controlled movement results in instability, ultimately causing
the agent to collapse and terminate early due to height constraints. Moreover, the discounted sum
plus max (sumg g9 + maxg g9) aggregation drives the agent to optimize both cumulative and peak
rewards, resulting in highly aggressive movements. As seen in the motion sequence, the agent
exhibits rapid and unstable locomotion, frequently pushing its limits for immediate gains. While this
reduces stability, it does not significantly hinder performance, as shown in the radar chart, where
reward-related metrics remain high. This suggests that despite instability and occasional failures, the
agent achieves strong overall performance at the cost of higher energy consumption and inconsistency.
Finally, the discounted sum minus variance (sumg g9 — var) aggregation prioritizes stability by
penalizing reward fluctuations, leading to more controlled and consistent locomotion. As seen in
the motion sequence, the agent maintains a steady gait and avoids overly aggressive movements,
unlike the sumg g9 + maxg g9 aggregation. This leads to longer episode durations, as reflected in
the radar chart. However, while reducing variance enhances stability, it also limits the ability of
agent to explore high-reward strategies, leading to robust locomotion at the cost of suboptimal overall
performance.

Additional results: Lunar Lander Continuous We provide additional results for the Lunar Lander
Continuous environment, with corresponding animations available at https://anonymous. 40
pen.science/status/RRA-534F.

The experimental results in Lunar Lander Continuous, a goal-reaching environment, demonstrate
the impact of different reward aggregation strategies on the agent’s landing behavior and overall
performance in this specific task. With the sumg o9 aggregation, which serves as the baseline, the
agent learns a balanced landing strategy, effectively managing thrust control to achieve a smooth
descent while minimizing fuel consumption. The max, g9 aggregation encourages the agent to
seek high instantaneous rewards, leading to aggressive thrusting behaviors. As a consequence, the
lander may exhibit erratic flight patterns, either applying excessive thrust to maximize immediate
reward or failing to decelerate properly, which increases the likelihood of hard landings, instability,
or even complete mission failure. This outcome underscores the risk of optimizing for short-term
reward spikes at the expense of long-term stability and control. The min aggregation demonstrates
its effectiveness in risk-averse tasks, as it prioritizes maximizing the worst-case outcomes rather
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Figure 17: Comparison of evaluation metrics for different reward aggregation methods in the Lunar
Lander Continuous environment. The radar chart on the left visualizes the performance of different
reward aggregation functions across multiple evaluation metrics over four random seeds. The images
on the right illustrate the learned behavior of the agent for each reward aggregation method.

than accumulate reward. As shown in the motion sequence, the lander exhibits a cautious descent,
avoiding high-impact crashes by limiting drastic thrust adjustments. Furthermore, since goal-reaching
tasks inherently align cumulative and peak rewards, the sumg o9 + maxg g9 aggregation performs
similarly to sumg g9, as both encourage stable and efficient landings without introducing significant
behavioral differences. Finally, in the sumg gq — var aggregation, the lander remains airborne,
ultimately leading to mission termination. This occurs because both successful and failed landings
yield large positive or negative rewards, the agent attempts to avoid these extremes, increasing
variance and leading to hesitant and inefficient control. This failure underscores the mismatch
between variance minimization and goal-reaching tasks. In environments like Lunar Lander, where
success requires decisive control and strategic thrusting, minimizing reward variance conflicts with
the primary objective, as it discourages the high-reward actions necessary for effective landings.
These results highlight the importance of selecting an appropriate aggregation strategy based on
task-specific objectives.

H.4 Portfolio environment

In our experiment, we trained agents using five different random seeds over a rolling 5-year window,
with a total of 10 training periods. Specifically, for each training period, training begins on January 1
of a given year and continues for five years, ending on December 31 of the fifth year. Each training
period starts one year after the previous one, resulting in overlapping but not identical training
datasets. Following the training phase, we evaluate the performance of agents in the subsequent year,
immediately following the training period. Finally, we assess their generalization performance in
the test phase, which takes place in the year after the evaluation period. This design allows us to
systematically analyze the agents’ performance across different temporal contexts while leveraging
historical data in a structured and overlapping manner.

Implementation We conducted experiments using a modified version of the PPO (Schulman et al.,
2017) implementation from Stable-Baselines3 (Raffin et al., 2021).

Computational resource Training a single agent takes approximately 1.5 hours on an NVIDIA
RTX 2080 GPU, with the environment running in parallel on 10 CPU cores to accelerate data
collection.
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