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Abstract

Motivated by concerns about making online de-
cisions that incur undue amount of risk at each
time step, in this paper, we formulate the proba-
bly anytime-safe stochastic combinatorial semi-
bandits problem. In this problem, the agent is
given the option to select a subset of size at most
K from a set of L ground items. Each item is
associated to a certain mean reward as well as a
variance that represents its risk. To mitigate the
risk that the agent incurs, we require that with
probability at least 1 — §, over the entire hori-
zon of time T, each of the choices that the agent
makes should contain items whose sum of vari-
ances does not exceed a certain variance budget.
We call this probably anytime-safe constraint. Un-
der this constraint, we design and analyze an algo-
rithm PASCOMBUCB that minimizes the regret
over the horizon of time 7. By developing ac-
companying information-theoretic lower bounds,
we show that under both the problem-dependent
and problem-independent paradigms, PASCOM-
BUCSB is almost asymptotically optimal. Experi-
ments are conducted to corroborate our theoretical
findings. Our problem setup, the proposed PAS-
CoMBUCB algorithm, and novel analyses are
applicable to domains such as recommendation
systems and transportation in which an agent is
allowed to choose multiple items at a single time
step and wishes to control the risk over the whole
time horizon.
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1. Introduction

Audrey, a burgeoning social media influencer, makes profits
by posting advertisements (ads) under her account. The
advertiser pays her only if an ad is clicked. Having taken
a class in online optimization, Audrey aims to leverage
the theory of bandit algorithms to design an exploration-
exploitation strategy to ensure that the expected number of
clicks of the ads she has posted is maximized. Since the
platform is space-limited, Audrey can only post no more
than K out of L available ads everyday. Some of these ads,
however, include an innocuous-looking lottery or voucher
that asks the viewer of the social media platform to provide
personal information that may lead to fraud or information
leakage. If a user clicks it and becomes a victim of fraud,
this may damage Audrey’s reputation. Audrey thus has to
be circumspect in which and how many ads she posts.

On the one hand, Audrey wants to post as many ads that
she believes to have high click-through rates as possible;
the expected reward she obtains is then the sum of expected
rewards of the individual ads. On the other hand, she should
balance this with the toral risk of the ads that are posted over
a period of time; similarly, the risk of a set of ads posted is
modeled as the sum of the risks of the individual ads. How
should Audrey plan the posts of her ads over a period of
time to learn their individual expected rewards and risks to
ensure that her total expected reward is maximized and, at
the same time, with high probability, the risk incurred at
any point in time in her exploration-exploitation strategy is
bounded by some fixed permissible threshold?

In addition to influencers like Audrey, online platforms that
make profits by advertising such as YouTube and TikTok
also encounter similar problems. We are therefore motivated
to formulate the probably anytime-safe stochastic combina-
torial semi-bandits (PASSCSB) problem which is a regret
minimization problem with an anytime safety constraint.
More precisely, we aim to design and analyze the perfor-
mance of an algorithm that, with high probability, ensures
that the risk (as measured by the variance) at any time step
is below a given threshold and whose regret is minimized.

Literature review. There is a large body of works that take
risk into account while conducting the exploration and/or ex-
ploitation of the unknown reward distributions in the stochas-
tic multi-armed bandits (MABs) literature.
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Under the risk-constrained pure exploration framework,
Hou et al. (2023) and David et al. (2018) attempted to iden-
tify the optimal arm within those low-risk (based on their
variances or a-quantiles) arms with probability at least 1 — 9.

Under the risk-aware regret minimization setup, Sani et al.
(2012), Vakili & Zhao (2016) and Zhu & Tan (2020) con-
sider the mean-variance as the measure to be minimized
over a fixed time horizon. Cassel et al. (2018) provided a
general and systematic instruction to analyzing risk-aware
MAB:S, i.e., the risk was incorporated in the Empirical Dis-
tribution Performance Measure and the U-UCB algorithm
is adopted to perform “proxy regret minimization”. While
these risk-aware algorithms reduce the overall risk during
the exploration and exploitation process, the risk is not
strictly enforced to be below a prescribed threshold; rather
the risk measure is penalized within the objective function,
similarly to a Lagrangian. Another setup similar to the risk-
aware setup is the constrained bandits regret minimization.
Mahdavi et al. (2012) required that the number of times
the constraint can only be violated is at most sublinear in
the horizon 7T'. Kagrecha et al. (2023) proposed a CVaR
constraint and performed exploration on the feasible arm,
followed by exploration among the feasible arm set. Unlike
our formulation, these algorithm are permitted to sample
risky arms during exploration.

A more stringent constraint can be found in the literature on
conservative bandits (Wu et al., 2016), which requires the
cumulative return at any time step to be above a constant
fraction of the return resulting from repeatedly sampling
the base arm. Kazerouni et al. (2017) extended this setup to
conservative contextual linear bandits and this was further
improved by Garcelon et al. (2020). A similar problem is
bandits with knapsacks (Badanidiyuru et al., 2018), which
imposes a budget on the cumulative consumed resources
and the algorithm stops when the budget is depleted.

The most stringent constraint can be found in the safe ban-
dits problem. Khezeli & Bitar (2020) and Moradipari et al.
(2020) presented the SEGE, SCLUCB, and SCLTS algo-
rithms to tackle this problem. This problem demands that
the expected reward of the pulled arm at each time step be
greater than a prescribed threshold with high probability,
i.e., the “stagewise safety constraint”. The authors assumed
the convexity (continuity) of the arm set and performed
exploration around the explored safe arms, starting from a
baseline safe arm. This continuity of the (super) arm set
does not hold under the combinatorial semi-bandits setup.
More comparisons are presented in App. E.

For the (unconstrained) combinatorial semi-bandits (CSB)
setup, Chen et al. (2013) presented a UCB-type algorithm
CoMUCBI to balance the trade-off between exploration
and exploitation. Kveton et al. (2015) improved the analysis
of COMUCBI1 and achieved a tight upper bound (within a

specific set of instances). Kveton et al. (2014) introduced
matroid structure to CSB and leveraged the matroid struc-
ture to design and analyze a greedy algorithm OMM. The
risk-aware CSB problem is less studied by the community.
Ayyagari & Dukkipati (2021) utilized CVaR as the risk-
aware measure within the CSB problem, where the risk
constraint was not explicitly specified.

We observe that the existing literature mentioned above are
not directly applicable to Audrey, while our setting (de-
scribed formally below) dovetails neatly with her problem.
Audrey can utilize our algorithm to sequentially and adap-
tively select different sets of ads everyday and almost al-
ways (i.e., with high probability) avoids sets of ads with
unacceptably high risks. Beyond any specific applications,
we believe that this problem is of fundamental theoretical
importance in the broad context of regret minimization in
combinatorial multi-armed bandits.

Main Contributions. Our first contribution lies at the for-
mulation of a novel PASSCSB problem. In the PASSCSB
problem, there are L items with different reward distribu-
tions. At each time step, a random reward is generated from
each item’s distribution. Based on the previous observations,
the learning agent selects a solution at each time step. A
solution consists of at most K items. The expected return
(variance) of a solution is the summation of the reward (vari-
ance) of its constituents. Given 7' € N, the agent aims to
maximize the cumulative return over 7' time steps and en-
sure that with probability 1 — ¢ the variance of all selected
solutions are below a given threshold.

The key challenge of regret minimization under the PASS-
CSB lies in handling two distinct tasks—we seek optimality
in the mean and safeness in the variance of each chosen
solution. Our second contribution is the design and analy-
sis of the Probably Anytime-Safe Combinatorial UCB (or
PASCoMBUCB) algorithm.

Thirdly, we also derive a problem-dependent upper bound on
the regret of PASCOMBUCB, which involves a hardness pa-
rameter H (A(A)). We see that H(A(A)) characterizes the
effectiveness of ascertaining the safety of potential solutions
in the regret. To assess the optimality of PASCOMBUCB,
we prove an accompanying problem-dependent lower bound
on the regret of any variance-constrained consistent algo-
rithm. The upper and lower problem-dependent bounds
match in almost all the parameters (except in K). Addi-
tionally, we show that if 4 decays exponentially fast in 7',
the problem-dependent regret cannot be logarithmic in 7.
We further present a problem-independent upper bound on
the regret of PASCOMBUCB and a lower bound for any
algorithm. Just as the problem-dependent bounds, these
bounds also match in almost all the parameters.

Lastly, experiments are conducted to illustrate the empirical
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performance and corroborate our theoretical findings.

In summary, this paper is the first to explore the regret mini-
mization problem in the combinatorial bandits with an any-
time constraint on the variance. When § — 1 and &2 is large
(so that the optimal safe solution is the one with the highest
mean regardless of safety considerations), our problem re-
duces to the standard combinatorial semi-bandits (Kveton
et al., 2015), and the regret incurred by the safety constraint
vanishes, resulting in the same upper bound as the uncon-
strained case. Furthermore, the framework and analysis of
PASCOMBUCB can be extended to other risk measures
as long as there are appropriate concentration bounds, e.g.,
Bhat & Prashanth (2019) or Chang & Tan (2022) enables
us to use CVaR or certain continuous functions as risk mea-
sures within the generic PASCOMBUCB framework.

2. Problem Setup

For m € N, let [m] := {1,2,...,m}. An instance of a
variance-constrained stochastic combinatorial semi-bandit
is a tuple A = (E, A, v,5%). We describe the four ele-
ments of A in the following. Firstly, the finite set £ = [L]
is known as the ground set in which each 7 € E is known as
an item. Secondly, the family Ax C {S € 2% : |S| < K}
is a collection of subsets of F with cardinality at most K.
Each element S € Ay is known as a solution and Ag
satisfies the condition that all subsets of S € A g remain so-
lutions, i.e., Ax is downward-closed. Thirdly, the vector of
probability distributions v = (v1, v, ..., L) contains o2-
sub-Gaussian distributions {v;};cg with means {y;}icp
and variances {0?};c. The final element of an instance
52 > 0 denotes the permissible upper bound on the variance.
To avoid trivialities, we assume that 72 > ¢2 and K > 2.

The return of item ¢ € E is the random variable W; with
distribution v;. The (stochastic) return of a solution S €
Ak is Zie g Wi where W; ~ v;. The expected return and
variance of S € Ay are

us ::Zui and cr?g ::Zcfi2

€S €S

respectively. We further assume that every instance A sat-
isfies 0% # o2 for all S € A and each distribution v; is
supported in the interval [0, 1].

Define S := {S € Ak : 0% < 52} to be the safe set which
contains all the safe solutions. Let the complement of S be
the unsafe set S¢. Denote the optimal safe solution as S* :=
argmax{us : S € S} with return p*. For simplicity,
we assume that S* is unique. Denote the suboptimal set
B:={S € Ak : us < p*} and the risky set R := {S €
Ak @ pus > p*, S # S*}. For a solution S, let the mean
gap Ag 1= pu* — ug and the variance gap AY, := |0 — 52|

An instance A, time horizon T € N and confidence param-

eter § € (0,1) are specified. An agent, who knows E, Ax
and &2 but not the vector of probability distributions v, in-
teracts adaptively with the instance over 7' time steps as
follows. At time step ¢t € [T], the agent uses a stochastic
function 7, that selects a solution S; € A based on the
observation history H;—1 := ((Ss, {Wi(s)}ies.))sep—1)-
In other words, S; = m;(H:—1) is a stochastic function
of the history H;_1. The agent receives the random re-
turn ) Wi(t), where {W(s) = {Wi(s) }icr }ser) are
i.i.d. according to v across time. The weights of the se-
lected items {W;(¢) : i € S;} are observed by the agent at
each time ¢ € [T]. The collection of stochastic functions
7 = {7t }1e[r) is known as the agent’s policy.

The goal of the agent is to minimize the expected cumulative
regret (or simply regret) Reg(T') over the horizon T, sub-
ject to a certain risk constraint. More precisely, the regret
suffered by a policy m employed by the agent is defined as

T
Reg™(T) := E, lz (Z Wi(t) = > Wi(t)>]
t=1 \ieS* i€S;
The policy 7 should satisfy the condition that all the solu-
tions chosen {ST },c[r) C Ak are safe with probability at
least 1 — 4, i.e.,

P.[Vte[T],S7 €S| >1-0. ()
This is referred to as the probably anytime-safe constraint.

In the problem-dependent lower bounds, we will refer to
a certain class of “good” policies that operate as the time
horizon T' — oo and the probability of being safe in the
sense of (1) tends to 1. This is formalized in the following.

Definition 2.1. Fix an instance v and a vanishing sequence
{60}, C (0,1). A policy m = {m:}$2, is said to be a
{61 }57_,-variance-constrained consistent algorithm if

* Reg™(T') = o(T*) forall a > 0 and

« P [Vte[T],SF €8] >1—6rforallT € N.

We often omit the superscripts 7 in Reg™, ST (or AT and
A7, in PASCOMBUCB) and the subscripts 7 in the proba-
bilities and expectations if there is no risk of confusion.

3. Our Algorithm: PASCoMBUCB

Our algorithm Probably Anytime-Safe Combinatorial UCB
(or PASCOMBUCB), presented in Algorithm 1, is designed
to satisfy the probably anytime-safe constraint. In particu-
lar, we apply (and analyze) the GREEDY-SPLIT subroutine
in Line 11; this subroutine has not been involved in an al-
gorithm designed for standard combinatorial semi-bandits
such as COMBUCB1 (Chen et al., 2013).

Statistics. Since each item i € E is o2-sub-Gaussian, any
_2

solution that contains at most ¢ := | ;] items is safe with

probability (w.p.) 1. We call such a solution absolutely
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Algorithm 1 PASCoMBUCB

1: Input: An instance A (with unknown v/), the horizon T’
and the confidence parameter 6 € (0, 1).
Set phase counter p = 1 and time step counter ¢t = 1.
while 37 € E such that T;(p — 1) < 2 do
Pull A, =argmaxg, <, {1€5: Ti(p — 1) <2}|.
p—p+Lt—t+1.

end while
Update the sample mean, sample variance and confi-
dence bounds according to (4).

8: Update the empirically safe set S, and possibly safe set

Sp according to (5) and (6) respectively.

9: whilet < T do
10:  Identify a solution A, =argmax,cg , Us(p—1).
11:  Invoke GREEDY-SPLIT to split the solution A, into

ny sub-solutions {A, 1,..., Ap, } C Spoi.

12 Setmn, < min{n,, T —t}.
13:  Choose solution {A,1,..., Ay }.
14:  Update the statistics of all solutions based on (4).
15:  Update the empirical sets based on (5) and (6).
16: Sett=t+mn,andp=p+1,
17: end while

AR A i

safe. Algorithm 1 (PASCOMBUCB) is conducted in phases,
where each phase consists of multiple time steps and each
item can be pulled at most once during each phase. Thus
we adopt a different notation “A” to denote the solution in
our algorithm. Define T;(p) := >-*_, 1{i € A,} as the
number of times item ¢ is pulled up to and including phase p.
Denote the sample mean and sample variance of item ¢ at
phase p respectively as

i) 1= 75 Do Wils) (i€ A}, and
#0) = 5 2 (Wils) = ) 1l € 4.}

The bound based on the Law of Iterated Logarithms (LIL) is

used to construct the confidence radii. For a fixed € € (0, 1),
1/2
define 1il(t, p) := (1 + /€) (12% In (@)) and

denote the confidence radius for the mean as
a(t) = 1l(t,w,), )

where w,, is a parameter to be chosen. The confidence radii
for the variance are asymmetric about the empirical variance
and are parameterized by w, and w/, that may not necessarily
be the same. They are defined as

Bu(t) :=3-1il(t,wy) and pBi(t) :=3-1il(t,wl). 3)

We denote the upper and lower confidence bounds (UCB

and LCB) for the mean of item ¢ as
Uf(p) = j1i(p) + (T;(p)) and
L (p) := fi(p) — a(Ti(p))

respectively. The UCB and LCB for the variance of item ¢
are defined as

Uy (p) := min{67 (p) + Bu(Ti(p)), 0%} and
L} (p) := max{67 (p) — Ai(T;(p)), 0}

respectively. With the sample mean, sample variance, and
confidence bounds for the items, we define the following
statistics for all solution S € Ag:

ps(p) =Y pup), 65(p) =) &7 (p),

€S €S

Uk(p)=>_ Ulp), Lsp)=>_ Li(p), @&
€S €S

Us(p) = > _UY(p), Lip)=>_ L (p).
€S i€s

Denote the empirically safe set as

S, = {5 € Ak : U3(p) < 5°} (5)
and the possibly safe set as

Sy :=1{S € Ak : L%(p) < 5°}. (6)

The solutions in S; and S, are called empirically safe and
possibly safe solutions respectively.

Dynamics. In the initialization stage (lines 3 to 6),
PASCOMBUCB greedily pulls the absolutely safe solu-
tions. When each item has been pulled at least twice,
this stage is terminated. After initialization, during
phase p, PASCOMBUCB firstly identifies a solution
Ay = argmax,cg Ul(p — 1) via an optimization ora-
cle (Line 10). It then calls a subroutine GREEDY-SPLIT
to greedily partition the solution A,, into empirically safe
sub-solutions (Line 11, see Figure 1 for illustration). Sub-
sequently, these solutions are chosen and the stochastic re-
wards from the corresponding items are observed (Line 13).
Lastly, the empirical estimates, the confidence bounds, and
the empirical sets are updated (Lines 14 and 15).

Illustration. Figures 2 and 3 illustrate the regret accumu-
lated during phase p and over the whole 7" horizon respec-
tively. As shown in Figure 2, the regret accumulated during
phase p can be decomposed into two parts

> (= pa,,) = A, + p*(n, — 1)

r=1

where A4, is the (phase-wise) instantaneous regret due
to suboptimality and p*(n, — 1) is the instantaneous re-
gret due to safeness-checking; the latter term results from
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Algorithm 2 GREEDY-SPLIT

1: Input: A solution A, and the upper confidence bound
on the variance U (p — 1) at phase p — 1.

2: Setn, =1,s=1and A,; = 0.

3: Index the items in A, by i1, ... %94,

4: while s < |A,| do

5. if UXWLP (p—1)+ U (p—1) < 5° then

6 Set Ay, < Apn, U{is}.

7:  else

8: np < ny+land Ay, = {is}.

9: endif

10 s+ s+ 1.

11: end while

12: return {A,1,..., Ay, }

A
Ui (p—1)f-eenee
is
5]
g
g 14
g
> .
3
e O
“»HHH
21 21 3 Q4
Solution 4, Apr Ay Aps

Figure 1. A diagram of a split to a solution A, containing 5 items.

the safeness constraint. At the beginning, since the up-
per confidence bounds of the variances of all solutions are
large, each solution will be split into up to 2¢) sub-solutions,
where @ := [%W, and hence the regret due to safeness
checking can be large. As the algorithm progresses, we
obtain more observations of items and get more confident
about their variances (U} (p) decreases). Hence, during
some later phase, it suffices to split some solutions into
fewer sub-solutions and the regret due to safeness-checking
reduces. Furthermore, when most items are sampled suffi-
ciently many times, the unsafe solutions are excluded from
the possibly safe set S,, and the only contribution to the
regret is via the suboptimality of the solution A,,.

Remark 3.1. The two parameters w, and W, determine
the confidence radii of variances and do not necessarily
have to be the same. The confidence parameter w., is solely
a parameter of PASCOMBUCSB; its choice does not rely
on the confidence parameter 6 and only affects L'y (p), the
lower confidence bound of the variance, which determines
when we ascertain a solution to be unsafe. The choice of
wy depends on § and it influences U (p), the upper confi-
dence bound of the variance, which guides PASCOMBUCB
to split the solution to satisfy the probably anytime-safe
constraint.

Instantaneous regret

due to suboptimality
*
© e .
AAp AA,D
Ha,l--
15 AAp,l Ay 15
* *
gl @ N
4 4
g » »
i3 %5 i3
2 2 i iz
- 4
71 %1 23 71

Ap Ap,l AM Ap,3

Instantaneous regret
due to safeness-checking

Figure 2. Solution A, is split into n,, = 3 sub-solutions, the in-
stantaneous regret at phase p can be divided into the instantaneous
regret due to suboptimality and the instantaneous regret due to
safeness-checking.

D0 Tl
s Instantaneous regret due to subopt y
O Instantaneous regret due to safeness-checking
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Figure 3. An illustration of the instantaneous regret yielded by
PASCoOMBUCB. As the variances of the items are more deter-
mined, less regret due to safeness-checking is generated.

4. Problem-dependent Bounds

For simplicity, when a time horizon 7" and a confidence pa-
rameter = dp are given, we set the confidence parameters
wy = wl, = 7 and w, = %.

We introduce various suboptimality gaps that contribute to
the regret due to the suboptimality.

o fori € E\ S*, let the minimum safe-suboptimal gap be

min  Ag;

A, in =
BENBymin == o e SB

* fori € E, let the minimum unsafe-suboptimal gap be

A se in = min Ag;

7,S¢NB,min S3i, SeS<nB S
and let the tension parameter between the mean gap Ag
and variance gap AY be

Ag ?
¢ = max _— | .
53i, sesenB \ max{Ag, AY/3}
We also define following safeness gaps that induce the

conservative sampling strategy to guarantee the probably
anytime-safe constraint. For ¢ € E, and



Probably Anytime-Safe Stochastic Combinatorial Semi-Bandits

* for the risky set R, define the minimum unsafeness gap
AVR = m1n831 SER A
« for the safe and subopt1ma1 set S N B, let

U _{InT 9In(T/ér)
0B = o max | min | oy ey

which characterizes the order of the number of times
that item ¢ needs to be sampled in order to identify the
suboptimality of all safe and suboptimal solutions A > &
while satisfying the safeness constraint. We further define
a variant of ¥; snp as

. [(InT 9In(1/d7)
4 = b A
foow 1= s min { S S0

which will be used to characterize the lower bound.
* for the unsafe and suboptimal set S¢ N B, let

o ) {lnT 9InT }
i,SenB = __ MaX MY —5 Tavig

53i, SesenB A% (AY)?
which characterizes the hardness of identifying the un-
safeness of suboptimality of all unsafe and suboptimal
solutions that contain item .

Define {(w) = 2t€ (ln(;"+€))l+é, where € € (0,1) is fixed.

4.1. Problem-dependent Upper Bound

Theorem 4.1 (Problem-dependent upper bound). Let A =
(B, Ag,v,5?) be an instance and let {67}5%_, € o(1) be a
sequence that satisfies n(1/57) = o(T®) for all b > 0 (i.e.,
{81} is not exponentially decaying). Then, PASCOMBUCB
is a {07 }3_,-variance-constrained consistent algorithm.
More precisely, given a time budget T, the probably anytime-
safe constraint is satisfied and the regret of PASCOMBUCB
Reg(T) is upper bounded by

min {T'u*, Reg; (T') + Regy(T)} + Regs(7T),

where
KInT G KInT
i€E\S* 1,SNB,min iCE 4,S°NB,min
Rega(T) = 24" H (A(A)),  Regs(T) = 24" (L +1)

where A(A) = {A% U{A] 2, ¥, snB, Pisensticr and
H(A(A):=H(1,A) is defined in (26) in App. B.4.
Remark 4.2. If the gaps in A(A) are sufficiently small and
dp = T~ for a fixed \ > 0,

2n n
H(A(A))O(W KZ( 1;

. [(InT A+1)InT
+ Iglgx mln{A%,(A\é)z} +q)i,SCﬁB)>~

sesnB

See (26) for more details of this calculation.

The first term 7'w* in the regret bound provides a naive
upper bound for the expected regret conditional on the vari-
ance constraint holds. The order of the regret (o(7*) for all
a > 0) implies the regret will be asymptotically bounded
by the second term when the time budget T is sufficiently
large. The second term is comprised of two parts—the re-
gret due to suboptimality Reg,(T) and the regret due to
safeness-checking Reg,(T'). The intuition for the regret due
to suboptimality Reg, (T') is that

* Each item in any safe and suboptimal solution will be

sampled O(M) times to ascertain the suboptimal-
i,SNB,min

ity of all safe and suboptlmal solutions to which this item

belongs to.

* Each item in an unsafe and suboptimal solution .S will

KInT
be Sampled 0] <W

the suboptimality or the unsafeness of S. As this should
be done for all the unsafe and suboptimal solutions, we
need to take the maximum of the above time complexity.
More precisely, when ¢; = 1, suboptimality identification
of the unsafe and suboptimal solutions to which item
1 belongs dominates the regret; and when ¢; < 1, the
ascertaining of the unsafeness dominates the regret.

) times to ascertain either

The intuition for the regret due to safeness checking
Reg,(T) is that H (A(A)) provides an upper bound for
the number of time steps needed for guaranteeing the safe-
ness of all solutions. PASCOMBUCB achieves this in a
judicious manner since it does not check the safeness of all
the solutions at the start, followed by exploration and ex-
ploitation of the possibly high-return safe solutions. Instead,
it takes advantage of the fact that when a (safe or unsafe)
suboptimal solution is ascertained to be suboptimal, its safe-
ness can be disregarded, as reflected in the terms ¥; s
and ¥; scnp. In addition, it will not sample an unsafe solu-
tion if it is identified as unsafe w.p. at least 1 — 2¢(w!,). The
last term Reg(T") corresponds to the regret due to failure
of the “good” event and at the initialization stage. A proof
sketch is presented in Section 6.

4.2. Problem-dependent Lower Bound

Theorem 4.3 (Problem-dependent lower bound). Let
{67}7°, € o(1) be a sequence that satisfies In(1/61) =
o(T?) for all b > 0. There exists an instance A such that for
any {07 }ren-variance-constrained consistent algorithm ,
the regret is lower bounded by

InT u* <K In(1/07)
+ — . Q ———==
(Z A’L ,SNB nnn) K (A\é‘*)2

i€l

InT
+ Z ( i.snB T+ a2 + CI)'L’,SCHB))-
R

The proof is presented at App. B.5. With Theorem 4.3, the
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problem-dependent upper bound is tight for polynomially
decaying {07} ren.

Corollary 4.4 (Tightness of problem-dependent bounds).
Let 67 = T~ with a fixed \ > 0, the regret

Reg(T) € Q(Z A :;Zm + H(A(A))>
mO<Z ]if;i + u*H(A(A)))

S

where H (A(N)) is defined in Remark 4.2. The upper bound
above is achieved by PASCoOMBUCB.

Under different rates of decay of {07 }ren (see App. D
for the cases where In(1/67) = w(InT') and o(InT')), the
upper bound of the regret due to suboptimality Reg, (T°) (the
first term in the total regret) and the upper bound of the regret
due to safeness-checking Reg,(T") (the latter term) match
their corresponding lower bounds up to factors of K and
K? respectively; this gap is acceptable as K (e.g., number
of ads displayed) is usually small relative to L (total number
of ads). More discussions are postponed to App. E. One
may naturally wonder whether we can tolerate a much more
stringent probably anytime-safe constraint. The following
theorem (with b = 1) indicates no algorithm is {07 }ren-
variance-constrained consistent if 07 decays exponentially
fast in T'. Detailed proofs are postponed to App. C.
Theorem 4.5 (Impossibility result). Let {d7}3; € o(1)
be a sequence that satisfies that there exists b € (0, 1] such
that In(1/67) = Q(T®). For any instance A, the regret of
any algorithm is lower bounded by Q(T?).

5. Problem-independent Bounds

We can derive a problem-independent upper bound on the re-
gret of PASCOMBUCB from the problem-dependent one in
Theorem 4.1 with some delicate calculations (see App. B.5).

Theorem 5.1 (Problem-independent upper bound). Let
{0r}3_, € o(1) be a sequence that satisfies In(1/dr) =
o(T®) forallb > 0. If T > L, for any instance A with
variance gaps lower bounded by A¥ < minge 4, AY, the
regret of PASCOMBUCSB is upper bounded by

<¢m+( A ln( ! )>

or
Theorem 5.2 (Problem-independent lower bound). Let the
minimum variance gap be AV := minge 4,0 A%. When

K3 > L2, we have

Reg(T) = (\/7+m1n{(AL) In (;T) T})

Remark 5.3. The assumption that the variance gaps of all
solutions are lower bounded by AV is needed to achieve a

non-vacuous problem-independent bound. Given any algo-
rithm and time budget T, the variance gap of S* can be
arbitrarily small if AV is not bounded away from zero, so
the min in Theorem 5.2 will be dominated by the linear term
T, and hence, no algorithm can attain sublinear regret.

Corollary 5.4 (Tightness of problem-independent bounds).
Let K? < L2 and {67}5_, € o(1) satisfies In(1/67) =
o(T®) for all b > 0. We have

Reg(T )eg(m+( A 111(61T>)

at(5))

The upper bound is achieved by PASCOMBUCB.

We observe that the gap between the upper and lower bounds
is manifested on v/InT and K2. The presence of v/InT
is not unexpected as it is also involved in the gap between
the bounds on the regret for the (unconstrained) combina-
torial bandits (Kveton et al., 2015). Besides, the term K2
is induced by the design of PASCOMBUCB. Additional
discussions are provided in App. E.

ﬂO(vKLTln +

6. Proof Sketch of the Problem-Dependent
Upper Bound (Theorem 4.1)

Assume that PASCOMBUCB has processed 7" phases with
T time steps, we have P[T" < T] = 1 since each phase
is composed by multiple time steps. Denote the expected
regret of PASCOMBUCB with p phases as E[R(p)]. The
expected regret of PASCOMBUCB after T time steps is

E[R(T")] = ﬂ«:[i S - pa, ).

p=1r=1

In the proof of Theorem 4.1, we first show a regret decompo-
sition lemma (Lemma 6.1) that separates the total regret into
the regret due to suboptimality B[Ry (T")], the regret due
to safeness-checking E[R2(T")] and the regret due to the
failure of the “good” event and the initialization. Then we
upper bound R;(7”) and R (T”) separately. To elucidate
the dependence of the regret on the confidence parameters
wy, wy and w),, we retain these notations henceforth. De-
tailed proofs are presented in App. B.

Forp € [T],i € E, define the “good” events that the sample
mean and the sample variance are near their ground truths:

&' = {0a(p) — a(Ti(p)) < pi < fu(p) + a(Ti(p))}
and £y, (p) := {67 (p) =3-l(Ti(p), p) < 07 < &7 (p)+
3-1il(Ti(p), p)} and

giﬂT ) NVEirip) (W) N ElT, ) (wy)

ﬂ m ng(p 1)

i€EE pe[T’]

5i,T- (n) =
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Figure 4. We assume the algorithm will sample those solutions
with large U (p), i.e., those phases in which more sub-solutions
are sampled are moved forward (the dark red ones). Based on this,
an upper bound can be derived (the thick black lines).

For r € [@ — 1], define Uy(r) := {U} (p—1) > ro 2.
When event U, (r) occurs at phase p, it indicates at least
r 4 1 sub-solutions are needed in order to sample the items
in A, and guarantee the safeness constraint.

Lemma 6.1. Assume that PASCOMBUCB has processed
T’ phases with T time steps, the expected regret of PAS-
COMBUCB can be decomposed into three parts as follows

E[R(T")] < E[Ry(T")[€] + E[R2(T")[€] + Rs(T)
7

where Ri(T') := Z 1{A, € B}A,,
. T - Q-1
=i 3 [2 X 106000

RalT) = 20 L (1 + T(E(wp) + 26(e) + 26(s1)

In Lemma 6.1, the first term R, (T”) is the (high-probability)
regret due to suboptimality, in the sense that only the mean
gaps of the suboptimal solutions contribute to R;(7"). The
second term Ry (7") is called the (high-probability) regret
due to safeness-checking, since it depends on the variance
gaps and goes to 0 if 2 is sufficiently large. The last term
Rj3(T) contains the regret from the initialization stage and
the regret results from the failure of the “good” event £.

The regret due to suboptimality can be bounded in terms of
the minimum safe/unsafe-suboptimal gaps as follows.

Lemma 6.2. Conditioned on event &, the regret due to
suboptimality Ry (T") can be bounded by

O( > K ln—JrZ:A 1/>

iEE\S*AlsmBmm icE 1,S¢NB,min Wy,
The regret due to safeness-checking involves more critical
parameters of the instance and we encode them in 7", and
H(r', A) forr’' € [Q)] (see Figure 5); these terms are defined
formally in (25) and (26) respectively.

2O N | oo

Instantaneous Regret
n
=
»
A
Q
—
N
1=

To1 Ty T' T Phase

Figure 5. An illustration of the upper bound of Rz (7") for phase
T o <T' < TH 3. Whenr' =1, 2u*H(1,A) is the area
below the thick line, i.e., the upper bound for Ro(T") for any T".

Lemma 6.3. On the event &, if T' €
Ro(T") <2p*[T'(r' = 1)+ H(r'

[T),,T),_,) then
A)] < 207 H(1,A)

To upper bound Ry (7”), we assume the algorithm samples
solutions with large U (p) in S,, which will then be split
into several sub-solutions (see Figure 4). Furthermore, for
r=0Q—-1,Q—2,...,1, we derive an upper bound for
the number of phases in which event U, (r’) N (U, (7’ +1))°
occurs (at most 27’ + 1 sub-solutions are being pulled in
these phases). To be more specific (see Figure 5), for
r’ = @ — 1, we compute the maximum number of phases
T¢,_ in which at most 2Q) — 1 sub-solutions are sampled.
Then for r’ = @ — 2, we compute the maximum number of
phases TfQ_Q — Té—l in which at most 2¢) — 3 sub-solutions
are sampled. We do this until the time budget runs out. As
T’ increases, r’ decreases and H (', A) increases. When
' =1,ie. T > Ty, H(1,A) is an upper bound for the
total number of sub-solutions being pulled (up to a con-
stant) for the safeness-checking or the price of satisfying the
probably anytime-safe constraint. The upper bound for the
regret due to safeness-checking is the instance-dependent
constant 2p* H(1, A) when T" > TY. More discussions are
postponed to Step 3 in the proof in App. B.4.

7. Experiments

In this section, we ran 3 sets of experiments to illustrate the
empirical performance of PASCoMBUCB and to corrob-
orate its theoretical guarantees. As COMBUCB1 (Kve-
ton et al., 2015; Khezeli & Bitar, 2020; Amani et al.,
2019) has tight regret guarantees, we adopt it as the bench-
mark in the unconstrained case. Codes are accessible at
https://github.com/Y-Hou/PASSCSB.git.

Experimental Design: We design two instances where the
rewards are Beta distributed with means and variances as
in Table 1. There are L = 10 base arms and the admissible
solution set Ag contains all subsets of [L] with cardinal-
ity no greater than K = 3 (so |Ax| = 175). Since the
arm distributions are supported on [0, 1], the sub-Gaussian
parameter o2 = 0.25. The confidence parameter § = 0.05.
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Figure 6. Results of the Experiments: (a) Experiment 1: Cumulative regret v.s. Time horizon; (b) Experiment 2: Cumulative reward v.s.
Time horizon with the percentages of violations besides the data points; (c) Experiment 3: Additional regret v.s. 1/(A%)?.

Item index 1 2 3 4 5to 10
Means 0.5 | 045 | 0.4 | 0.35 0.3
Variances (Set 1) | 0.24 | 0.24 | 0.04 | 0.01 0.01
Variances (Set 2) | 0.01 | 0.01 | 0.01 | 0.01 0.01

Table 1. Two sets of items with equal means for each item.

In Experiment 1, we quantify the additional regret due
to the safeness checking and evaluate the performance of
PASCoMBUCB with Set 1 under the unconstrained case.
We run (1) PASCoMBUCB with ¢ = 0.6 which needs to
check the safeness of the solutions; (2) PASCoMBUCB
with & = 0.751 which can be regarded as a variant of
PASCoMBUCB without the safeness constraint, since our
algorithm is aware of the safeness of all solutions; (3) COM-
BUCB1 which is a baseline algorithm.

In Experiment 2, we illustrate the effectiveness of PAS-
CoMBUCSB in satisfying the safety constraint. Furthermore,
we show that if an algorithm ignores the safety constraint, it
will violate the safety constraint Q(7") times if there exists
a risky solution. We run PASCoMBUCB and CoMBUCB1
with Set 1 under the constrained case where ¢ = 0.4, the
optimal safe solution is {1, 3,4}, and the optimal solution
under the unconstrained case {1, 2, 3} is unsafe (risky).

In Experiment 3, we empirically verify the dependence of
the additional regret on the hardness parameter H (A(A))
in (26) using Set 2. We fix the time horizon T' = 2 x 108
and vary the threshold on the variance from 0.14 to 0.72
(e, 32 = 0.14 x 1.2F for k = 0,1,...,9). As any so-
lution that is comprised of 3 items has variance 0.03, we
have A% = 5% — 0.03. We compare the additional regret
with respect to 1/(A%)?, which is proportional to H (A(A))
under this setup according to (26).

Experimental Results: For Experiment 1, we present the
results in Figure 6(a). We first observe when 52 = 0.751,
the regret incurred by PASCOMBUCB is similar to that
by CoMBUCBI for all T" considered, which suggests that
PASCoOMBUCB is comparable to COMBUCB 1 under the

unconstrained case, and hence in the following experiments
we refer the difference between the regret of PASCOM-
BUCB and the regret of COMBUCBI1 as the “additional
regret”. Secondly, when 52 = 0.6, the regret of PAS-
CoMBUCSB increases rapidly at the beginning and plateaus
when T > 4 x 10°. This corroborates the design of PAS-
COoMBUCB : (i) at the beginning, PASCOMBUCB pulls
solutions conservatively to meet the anytime-safe constraint
w.h.p.; (ii) after a number of time steps (T' > 4 x 10°), the
safeness of the optimal (safe) solution can be ascertained, it
then exploits the optimal solution aggressively and eventu-
ally matches the performance of COMBUCB 1.

For Experiment 2, we plot the percentage of times each
algorithm violates the safeness constraint 0%, < 7 as well
as the cumulative rewards in Figure 6(b). The reward of
PASCoMBUCSB increases slowly at the start and then more
rapidly when 7 > 1.5 x 105, when the safeness of the op-
timal safe solution has been ascertained. However, while
the reward of COMBUCB|1 increases linearly (as it pulls
the risky solution {1, 2,3} Q(T') times), it violates the safe-
ness constraint o < 2 at almost all times. This implies
that the safety constraint is almost always violated by COM-
BUCBI1 (Q(T') times) whereas PASCOMBUCB can meet
the probably anytime-safe requirement.

For Experiment 3, the results are in Figure 6(c). As sug-
gested by Theorem 4.1, the regret due to safeness checking
is proportional to H(A(A)). Figure 6(c) indicates that em-
pirically, the additional regret scales linearly in 1/(AY)?,
which corroborates our theoretical results.

Additional discussions on the tightness results, the problem
formulation and comparisons with other literature, as well
as future research directions, are presented in App. E.
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Appendices

The contents of the appendices are organized as follows:

* In App. A, we list 3 useful lemmas concerning the LIL concentration bound.
* In App. B, we present detailed proofs of the upper bounds.
* App. B.1: preliminary results for the proof of the upper bound;
e App. B.2: the proof of the decomposition lemma Lemma 6.1;
* App. B.3: the proof of Lemma 6.2 (the regret due to suboptimality);
* App. B.4: the proof of Lemma 6.3 (the regret due to safeness-checking);
* App. B.5: the proofs of Theorem 4.1 (problem-dependent upper bound) and Theorem 5.1 (problem-independent upper
bound).
* In App. C, we present detailed proofs of the lower bounds.
e App. C.1: preliminary results for the proof of the lower bound and the proof of the impossibility result Theorem 4.5.
e App. C.2: the proof of Theorem 4.3 (problem-dependent lower bound);
* App. C.3: the proof of Theorem 5.2 (problem-independent lower bound);
* In App. D, we present a corollary characterizing the tightness of the upper bound in Theorem 4.1.
* In App. E, we provide additional discussions on the tightness results, the problem formulation and comparisons with other
literature, as well as future research directions.

A. Auxiliary results

Lemma A.1 (Lemma 3 in (Jamieson et al., 2014)). Let {X;}32, be a sequence of i.i.d. centered sub-Gaussian random
variables with scale parameter o. Fix any € € (0,1) and 6 € (0,1n(1 + €)/e). Then one has

P[VteN :i:Xs<(1+\/E)\/202 (1+¢€)tln <ln((15+6)t)>} >1—&(9),

€ 1+€
where 5(6) = QJsr (111(16+6)) .
Lemma A.2. Fort > 1,e € (0,1),w € (0,1] and u > 0, let v := (1+6)(;+‘@2, ¢ = sl 2ws)? E and

vy (I+e)(1+e
m = —t (2ln% +Inlny 8% +1n W) Ift > m, it holds that

s> 1il(t,w) =1+ ﬁ)\/l;_fﬁ In (111 ((1+6)t)>.

w

Proof of Lemma A.2. Note that fact that

ws§ﬂ+¢@¢uwm<m«iow>¢jc 2o Ly, (A490)

2t (1+e)(1++/e)? w
According to the computations in Jamieson et al. (2014) equation (1), i.e.,
/
1, (@ +e)1) Sdot< i 2In((1+¢)/(cw))
t w c w
fort > 1,e € (0,1),¢ > 0,w € (0,1]. We take ¢ = ¢, thus
1 2In((1
t§m< m<+amw»>
c w
1 2 1 1
=—(In—+1In lan( +€)—|—ln—
c w u? - 52
(a) 1 2 1 1
< - <1n —|—1n7(2+6) +Inlng 2)
c w “w s
1 2v(1
—— 2ln— +Inlny — +1n v +¢) =m
u2 - 52 w 52 u?
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where we adopt In(z + y) <z + Inln, y,Va,y € Ry in (a). Therefore, if ¢ > m, we must have

. (1+\/g)\/1;;eln <1n((1w+e)t))'

O
Lemma A.3. With the choice of the confidence radii in (2) and (3), for all © € FE, we have
PVpeN:|ii(p) — pil < a(Ti(p))] = 1 — 2€(wy) )
P [VpeN:|67(p) — of| < Bu(Ti(p))] > 1 —4¢(wy) ®)
P[VpeN:|67(p) —of| < Ai(Ti(p))] = 1 —4&(w)) )

Proof. Note the fact that any distribution supported on [0, 1] is 1/4- sub Gaussian. By a direct application of Lemma A.1 to
the sample mean j1;(p) and the sample second moment Ms ;(p) := T (p) P Wi(s)*1{i € Ay} of arm i € [L], (7) can
be derived and

PVpeN : | — fui(p)| < L(Ti(p), w )]>1—2§w) and
IF’[VpEN:|M2,i() (12 + 02)| < (T, ] 1 - 2(w

Since the rewards are in [0, 1], |u2 — 42(p)| = |ui + fi(p)| - | — f1:(p)| < 2 - ll(T;(p),w?,). Using this and the triangle
inequality, we obtain for every p > 1,

67(p) — 07| = | — i ()] + |(uf + 07) — Mo i(p)|
< 2-1(Ti(p), wy) + 1(Ti(p), wy) = Bu(Ti(p))-

Therefore, (8) is proved. (9) can be similarly obtained. ]

B. Proof of the Upper Bound
B.1. Proof scheme of the problem-dependent upper bound
In this subsection, we provide technical lemmas that can upper bound the components in R (7") and Ro(T").
Note that at phase p, the identified solution A, belongs to one of the 4 disjoint sets: (1) A, = S*; (2) SN B; (3) R and (4)
SN KB, i.e.
1=1{A4,=5"}+1{4,eSNB}+1{A, e R} +1{4, € S°NB}

and 1{A, e B} =1{A4, e SN B} + 1{A, € §°N B}. Define two events (the F events) that connect the instance and
the confidence radii

F={an<2 ¥ amo-v)

I€AL\S*
Fp(z, p) := {x <2 H(Ti(p - 1)7/))}
i€A,

where 2 is a constant and w is a confidence parameter. When A, € B, it indicates solution A, has not been sampled
sufficiently many times and its suboptimality has not been ascertained. When A, € §¢, it implies the unsafeness of A, has
not been recognized. We formalize this in the following lemma.

Lemma B.1. Conditional on the event £, given any p € [T'], we have

e S* e Spfl;

13
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« IfA, € SNB,
1{4, e SNB} <1{F}};
s IfA, €R,

Ay,
1{4, e R} <1< F, 3 , Wy ;

s IfA, € S°NB,
Al
1{A,esSNB} <1 {}‘,‘;,fp (?)”w;)}

Proof of Lemma B.1. By the design of PASCOMBUCB , A, € S,_1.
(1) We firstly prove that S € S,_1,V.S € S. On the event £, we have
Li(p—1) =Y max{s}(p— 1) - A(Ti(p - 1)), 0}
i€EA
< Z max{o?,0}
i€EA
= ag <52
Thus, S € Sp_l, and in particular, S* € Sp_l.

(2) If A, € B, according to the sampling strategy in Line 10 of PASCOMBUCB and S* € S,_;, we have UL, (p — 1) <
UZ,, (p — 1) which indicates ZieS*\Ap Uf(p—1) < ZieAP\S* Ul(p—1). Thus,

Yoom< Y U-1)

i€S*\ A, i€S*\ A4,
< > Up-1)
i€ Ap\S*
< Z i +20,(Ti(p — 1))
i€AL\S*
= A4 <2 Y afi(p-1) (10)
i€AL\S*

(3)If A, € 8¢, according to the sampling strategy, we have A, € S,_; which indicates Ly, p—1)= ZieAP LY(p—1) <
2. Thus,

0 >63,(p—1)— > AT(p-1)

i€A,
>0%, -2 AT(p-1)
i€Ap
= Ay <2 ) BATip-1) (11)
i€A,\S*

Note that if A, € S N B, according to (10),
1{4,eSNB} < ]1{.7-"1‘,‘}.

A‘AP ,
]].{ApgR}S]]. fp T,wv .

14
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If A, € SN B, by (11) and (10)

c L A\Ap /
1{A, €S NB} <1 F)' Fp —5 Wy
O

At phase p, we define two sequences of mutually-exclusive events {G} }jen and {G; ,(z,w} jen (the G events) which can
further bound the number of times F} and ) (,w) occur respectively. These events are indexed by two strictly-decreasing
sequences of constants:

aL >a > ...>0a > ...
1>by>by>...>bp,> ...

where lim;_,oc a; = lim;_,oc b; = 0. For simplicity, we set a; = g5, b; =
C=3en Zf =259.2. Forz € Ry andw € (0,1n(1 + €)/e), define

el L Vj € N and denote the constant

j VK2 1 1
mj(z,w) = CLJTZ <21nw +1Inlny 2 +D>

and m;(z,w) := oo otherwise, where (1) v = % and ¢ is the constant in the confidence bounds (3), (2)
Inlny (z) = Inlnz if 2 > e and it equals to 0 otherwise, (3) D = In (324K%(1 + €)*(1 + /€)?). Denote

Gy, = {ie A\S*:T;(p—1) <m;(Aa,,w,)} and
Gjplr,w):={ie A, : T;(p—1) <mj(z,w)}

as the sets of items that were not chosen sufficiently often. For 7 € N, the events at phase p are sequentially defined as

gt = {at least b, K items in A, \ S* were chosen

c

at most m;(Aa,,wy) times} ﬂ U G
kelj—1]
(&

el U @)

kelj—1]

Giplr,w) = {at least b; K items in A, were chosen

at most m; (z,w) times} ﬂ U Grp(z,w)

keli—1]
~{lG@wl =k U Geplew)
keli—1]

Lemma B.2. With our choice of {a;}jen and {b;}jen,

. if}“{; occurs, g;‘p occurs for some j, i.e.
,

L{rry <1 Jor

JEN

15
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» if Fp(x,w) occurs, G ,(x,w) occurs for some j, i.e.

L{Fp(z,w)} <14 | Gipla,w) ¢ (12)

jEN

Proof of Lemma B.2. We prove (12) in the following and the other statement can be proved by the same procedures.

To ease the notations, we omit the parameters x,w and p in F,(z,w), G; ,(z,w) and m;(z,w), since they are fixed when
given F,(x,w). The event G; can be rewritten as

%:{WHZ%K}H N 9

kelj—1]

- { G4 > ij}ﬂ N {|Gk\ < ka}

kelj—1]

The statement is proved by contradiction. We assume that when F (F,(x,w)) occurs, none of event G; occurs. Hence,

Ua| =Ng

JEN jEN
-N {il<ustUl U {16 =0k}
jen keli—1]
:ﬂ{wﬂ<wq
jeN

Let G; := A, \ G; and define Gy = A,,. According to the definition of G, we have G; C G;_1 and G;_; C G;,Vj € N.
Because lim;_, o m; = 0, there exists jo such that G; = A;,Vj > jo. Therefore, we can write A, by the “telescoping”
sum, i.e., A, = Ujen (G; \ Gj_1). Fp(z,w) indicates

<2 (Ti(p—1),w) (13)

€A,

:22 Z (T (p — 1), w)

JEN{eG;\Gj_1

Note that for i € G; \ Gj_1 = Gj_1 \ G;, we have Tiy(p — 1) € (mj,m;_1]. By Lemma A.2 with parameters

t=Ti(p—1),s=z,u= and note a; > a;, we have

1
a]'KQ

> i(Ti(p —1),w).
g > 1))

Note our choice of a; and b; satisfy

jen V@i

16
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Thus, (13) can be further bounded by

r<2y > H(Ti(p-1),w)

jeNiEGj\éJ' 1

<2 |G\ G- 1|,/
JEN

<QZ

JjEN
<z

which constitutes a contradiction. Thus when F occurs, there must exists j € N such that G; occurs. ]
When none of the G}/, (resp. G (2, w)) occurs, FJ' (resp. F,(x, w)) must not occur, which indicates all of the items in A,

have been sampled sufficiently many times such that the suboptimality (resp. unsafeness) of A, is identified, thus A, will
not been sampled in future phases.

As there will be multiple F events happening, we provide the following useful lemma that merges all F events.
Lemma B.3. Given two confidence parameters w1 > wo € (0,1n(1 +€)/e)

o If F}} occurs, then F,(Aa,,w,) occurs.

In L
* If both events F,(x,w1) and F,(y,ws2) occur, then event F, <max{as, \/ li Lyt wl) occurs.
wg

Proof of Lemma B.3. If F}" occurs, we have

A, <2 Y aTi(p-1) <2 a(Tilp—1) =2 Y H(Ti(p—1),w,)
i€A,\S* i€A, i€A,

Thus, 7, (A4, ,w,) occurs.

For the second statement, notice the fact that

3 In((14€)T; (p—1
LN(T(p —1),w1) (1+Ve) (2T1(-; y In ( « 211 = )))>

L(Ti(p — 1),w2) (1+\/g)<1+e In (U+OT: (o= 1))))1/2

w2

1/2

In w% +Inln((1+e)T;(p—1))
In %2 +Inln((1+e)T;(p—1))

(Q lnwi1
TP
111;2

where (a) utilizes the trick that ‘”’C > ¢,Va,b,c € Ry and a < b. When event F,(y,w2) occurs,
y<2 Y WTp - 1)ws) <2 3 SH(T(p — 1), 1)
w
icA, icA,

= p-y<2 Z LN(T;(p — 1), wr)
i€A,

= Fplpy,w1)

Thus if both events F,(x,w;) and F,(y,ws) occur, we must have that event F, (max{z,py},w1)) =

In L
Fp (max{z, 1/ I:—“jy}, w1)> occurs.
w2

17
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B.2. Upper bound decomposition

Lemma 6.1. Assume that PASCOMBUCB has processed T’ phases with T time steps, the expected regret of PASCOM-
BUCB can be decomposed into three parts as follows

E[R(T")] < E[Ry(T")I€] + E[R2(T")[E] + Rs(T)
where Ri(T') := Z 1{A, € B}A,,
T’ Q-1 }

uz[ S 1)

r=1

R3(T) = 2p* L(1 + T (&(wp) + 26 (wy) + 2¢(w)))

Proof of Lemma 6.1. The expected regret can be decomposed as:

T np
ER(T) =E |33 (0 — ua,.)
p=1r=1
i T np T np
=E (D> (= pa, JU{EH] +E DD (0" — pra, ) 1{E}
_p:l r=1 p=1r=1
T np L)
=E (> > (" —pa, )|EPEI+E YD (1" — pa,,)|E°| PIEY]
p=1r=1 p=1r=1

In the initialization stage, it will take at most 2L time steps, since each pulled solution A, contains at least one item ¢ with
T;(p) < 2. Thus the regret is at most 2L - p*.

The expected regret when the good events fail can be upper bounded by

/ /
T np T nyp

SN i, )|E | PIETSE DY wrle

p=1r=1 p=1r=1
T
*
>_n
t=1

<2uWTL - (E(wy,) + 26(wy) + 2€(w)))

<E

5“1 L - 2(§(wp) + 26 (wy) + 26 (w)))

where P[£€] can be bounded using Lemma A.3.
Conditional on the good event £, the high-probability regret can be upper bounded by

’
T 7np

=3 (W —pa,,) (14)

p=1r=1

= Z [AAP + /.L*(’I’Lp — 1)]

<Z Au, + p* Z(z 1{Uy ( —1)>r02}—2>]

T’ Q-1
=> A4, +p > 2-{UY (p—1) > ro” }]
p=1 r=1

18
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where (a) makes use of Lemma B.4 and the fact if U (p — 1) € ((m — 1)5%,mo?], thenm = St HUyi, (p—1)>

ro?} = Z ]l{Z/I (r)}. Note the fact that only the suboptimal solutions yields positive mean gap and that the negative
mean gap of the risky solutions can be upper bounded by 0, thus the above equation can be further divided into two parts

T’ Q-1
Z Ay, +p* > 2 - 1{UY (p—1) > 5%}
p=1 r=1
T’ Q-1
<Z]1{A €BYAA, + > pt Y 2-1{UY (p—1) > o’}
p=1 p=1 r=1

—: Ry (T") + Ro(T")

In conclusion, by summarizing the regret from the initialization stage, the regret due to failure of the good event and the
high-probability regret, the expected regret can be bounded by

E[R(T")] < E[Ry(T")|E]PE] + E[Ra(T") EIPIE] + 21" - TL (§(w,) + 26(w) + 26(w)) +240°L
< B[Ry (T")|€] + E[Ra(T")[€] + 20" - TL (§(w,) + 26(w,) +2£(w))) + 21°L
— E[Ry (I")|€] + E[Ra(T")|€] + Ro(T)

B.3. Regret due to suboptimality
Lemma 6.2. Conditioned on event &, the regret due to suboptimality Ry (T") can be bounded by

1
O( Z AZS(WBmmlni—i_ZA />.

i€E\S* icE 1,8¢ ﬁBmm Wy,

Proof of Lemma 6.2. Notice the fact that the suboptimal solution A, can be safe, i.e. A, € SN B, or unsafe, i.e.,
A, € §°N B, we upper bound the regret under these the two scenarios separately.

Casel: A, e SNB

By the definition of the event g;j P WE have
|G§L7p| = |{z €A NS :Ti(p—1) < mj(AAp,w“)H <b;K

which indicates

1{4,eSNB,G" ) < LK S 1{4, €SB T(p—1) < m;(Aa,,w)}.

b
1€AL\S*

Given an item ¢ € F \ S*, assume it is included v; solutions in S N B, we index them according to the decreasing order of
their mean gaps, i.e. {A“k}ke[vi] with A 4i1 > ... > A 4i.e; . Therefore,

T
> 1{A, € SNB}A,, - 1{&}
p=1

(@) &
<> 1{4, € SNB,FI'} Ay,

p=1
A
<Y Y 1{4,e8nB,G!,} Ay,

p=1jeN

—~
=

HMH

Z S {4, eSNBTi(p—1) <mj(Aa, wa)} An,

1jEN b K i€A,\S*

19
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T
<ZZI;I1I{ Z Z ]1{A7k p,’LEAp,T( —l)gmj(AAi,k,wu)}AAi,k

i€E\S* k€[v,]

AAHC { * a-~’yK2( 1 1 )}
AR = A e A Tip—1) < 2-— (2In— +Inln +D
Z 4 ( ) AQ wu +A?41k

T
i€E\S* j p=1ke[v; Ak
© - Ak ik oAbk aj - K 1 1
S ZZ bK]l{A’ :Ap,ZEA’,Tz(p—l)SAQ”C(21nw+1nln+A2w +D>}
i€E\S* jENp=1ke[v;] A A
(d) a. - ,.YK2 < 1 1 1 v;—1 1 1
< L (2In— +Inln; —— —|—D> —|— A gikt1 ( —>
i€E\S* jzelz\T bj K Wi AA’ vi A pie, Z Ai‘, k41 Aipk
20vK 1 1
< AC’Y (2 In— +1Inlny Az + D)
ieE\S* A “n Ao

where (a) and b make use of Lemma B.1 and Lemma B.2, (¢) is obtained by relaxing InIn A —toInlny A -, (d) is
obtained by solving the optimization problem.
Case2: A, € S°NB

Ingr . : o L
For the case where w, < w!, denote @ := T Given an item ¢ € FE, assume it is included v; solutions in

Wy

S° N B, we index them according to the decreasing order of their gaps A 4 := max {LDAA, Ad—;‘} ,l.e. {Ai’k}ke[vi} with

2

Agin > ... > Ay Denote ¢; := maxge(y,] (AA k) ki = argmax;cp,,) Aair and d; = mingep,;) Agin, ie., the
A?

minimum mean gap.

We have

ZTjn{A €8°NB}A,, - 1{&}

A%
]l{APESCﬁB,fZﬁL,fp< 3P,w(,>}AAP
A%
]l{A € S°NB,F <max{(DAAp, 3p},w\',>}AAp
A%
1 {Ap €SNB.G,p (max {(DA#, 3”} 7w:,) } Ay,
N

> {4, €S NBTi(p—1) <m; (Aa, @)} A,
i€EA

—~
Q
-

Mﬂ

=
Il
-

—~
o
=

M=

=
Il
-

INT
M%

S
Il
_

je

M=

]
Il
—

<.
m
2

IN I
MH
o M 5 -

Z Z ]I{Alk p,ZEAp,T( —1)Sm]‘(AAp7OJ<,)}AAi,k

p=1j€eN zGE\S* ke[vs]
A i . K2 1 1
bAKk {A’k Ay i € AR Ty(p 1)§%A2’y<21n+lnln+A +D)}
i€E jeNp=1kelv,] 7 Aisk wy Ak
< bAI; L {Az,k _ Ay i€ AR Tip—1) < % <21n/ +Inlny 5— +D) } (15)
i€E jEN p=1 kefv;] I Ak Wy Aivi
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a; - yK* 'yK 1 1 Ci ' i_ 1
< ZZ (21nw +Inlny =—— e —|—D> <d7,' + ¢ <di A

i€FE jEN Abvg
2; - CvK 1
<3 2o Oy K 21n—+1n1n+ +D
d’L A @04
i€ER ALY

where (a) comes from Lemma B.1, (b) results from Lemma B.3, (c) is due to Lemma B.2, (d) is obtained by relaxing

Inln, Azl tolnln, Az and (e) is achieved by solving the optimization problem in (15):
Atk ALY

= 2
ik zk 'YK 1 1
z:: Z b; K {A =Ap, i€ AV Ti(p—1) < A2 (21 w—/—klnln_,_ AAML +D>}

v

a; - ’)/KQ 1 1 C; /AA“” C;
< 2] Inl = D —d
S LK ( ne e ot \a ), B

aj-7K2 1 1 C; 1 1
=G0 (9 Inln, — D) (& 4e- (= -
b K < BT C 4 9\ G T A

In conclusion, for i € F \ S*, denote

A mi= min A
1,SNB,min $3i.5¢5MB S
For 7 € F, denote
A, se in 1= min A
1,S¢NB,min 53i,5€8°NB S
YN . —, v

 cenp i= min max{wAg, AL/3
,S¢NB $3i,5€8°NB { S S/ }

2
¢; = _ max s
Y sziSesens \ max{wAg, AY,/3}
The regret due to suboptimality can be upper bounded by

207K 1
Ri(T) < ) 2K ot 4D
i€E\S* Ai,SﬁB,min # Az ,SNB,min

2¢; - Oy K 1 1
+3 S (2l — g ———— + D
= A; SenB,min Wy (A} sens)

B.4. Regret due to safeness-checking

We firstly introduce two more technical lemmas in order to upper bound the regret. We characterize the number of
sub-solutions 7, in Algorithm 2 by the following lemma.

Lemma B.4. At any phase p, we have P[n,, < Q] = 1. Furthermore, if U} (p —1) € ((m — 1)52, ma?] for some m € N,
thenm < ny, < 2m — 1.

Proof of Lemma B.4. Recall that an absolutely safe solution S is safe w.p. 1 and S € S,_1, thus |4, .| > ¢,Vr € [n, — 1].
If n, > Q,ie. np, > Q + 1, then

Np Q
K >[4y = |4, > A4 >2Q q> K
r=1 r=1
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which constitutes a contradiction. Therefore, we have P[n, < Q] = 1.

IfU; (p—1) € ((m— 1)5%,ma?] for some m € N, we sequentially define {ji, j2,...} C [|A,]] as follows: denote
Jo := 0 and let j; be the integer such that

Ji—1

J1
ZUV ~1)<3? and ZU;;(pfl)>62
s=1

Then let jo > j; be the integer such that

ja2—1 J2
> Uilp-1)<&® and Y Ul(p-
s=j1+1 s=j1+1

The last integer j, = |A,| satisfies
Jk
0< Y Ullp-1) <3
s=jr—1+1

If K > m + 1, we must have

Ju

Ux,(p—

M»

l

1s=j-1+1

Z —1) > ma?

=1 s=j1—1+1

s

n

v

which contradicts with U} (p — 1) € ((m — 1)52, ma?). Hence, k < m. Then we construct the sub-solutions by

Ap,l :{ij171+17"'7ijl—1}’ Vi e [k—l]
and Ap,k = {ijk—l"l‘l’ AN ,ijk}.
There are k — 1items {¢;, : I € [k — 1]} left which will compose at most k& — 1 additional sub-solutions. In conclusion, we

need at most 2m — 1 sub-solutions, i.e., n,, < 2m — 1. Obviously, we need at least m sub-solutions since 2 > 02 So
m < n, <2m— 1. O

Remark B.5. Indexing the items in Line 3 of GREEDY-SPLIT can be done arbitrarily, i.e., it does not require any specific
order of the items. As such, GREEDY-SPLIT is an efficient greedy algorithm. We note that finding the optimal order that
leads to the minimum number of sub-solutions n,, is a combinatorial problem which is generally hard to solve.

Due to the fact that the upper confidence of any solution S satisfies U (p) < Q&?, thus n,, can at most be 2Q) — 1.

Lemma 6.1 implies the key to upper bound the regret due to safeness-checking is to upper bound Z?;ll 1{U,(r)} over the
horizon T'. From the definition of Uy, (r) := {U} (p—1) > ra?}, forry,re € [Q — 1] with 71 > ro, event Uy, (rq ) indicates

event U, (r2). Thus in order to upper bound Z?;ll 1{U,(r)}, it suffices to upper bound 1{U,(r)} for r € [Q — 1]. To be

more specific, given [ € [ — 1], in order to compute the maximum number of times Z?;ll 1{Uy,(r)} > I, we only need to
compute the maximum number of times event U, () occurs.

In the following lemma, we show a necessary condition (in terms of event F,(z, w)) for event Uy, ().

1{U(r)} <1 {]:p (MZ%—FAIVAP’MV> }

22
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TSP Y (RLEEWNY

Proof of Lemma B.6. The proof is straightforward

* for A, € §¢

Uy, (p—1)> o

—
S]
s

= o -1+ > Bullilp—1) >’
i€Ap
& 012419 +2 Z Bu(Ti(p — 1)) > r&?
i€A,
= 2 3-U(Ti(p—1),w) > (r—1)5° + (67 — 0%)

€A,

where (a) is due to the definition of the confidence bounds for a solution (4), and (b) utilizes the event (;c 4 &; 1 (p—1)-

. . r—1)a2+AY L. .
For A, € S, the above event is equivalent to F), (H“’,wv); and for A, € &€ it is equivalent to

r—1)62—AY,
]:p ((1)3%’%])_ O

The above lemma and Lemma B.1 upper bound the components in Ro(7”) by the F events.
We are now ready to bound the regret due to safeness checking.

Lemma 6.3. On the event £, if T" € [T),,T),_,) then
Ro(T") <2p*[T'(r' = 1)+ H(r',A)] < 2u*H(1,A)

Proof of Lemma 6.3. From Lemma 6.1, the high-probability regret due to safeness-checking is

T T Q-1
MWFMZFZMMM

Q-1 1’

=207 ) Y 1{Uy(r)}

r=1 p=1

In the following, given r € [Q — 1], we are going to upper bound Z;;l 1{U,(r)} conditional on event £. When
UX,, (p — 1) > r&? holds, there are at most 2r + 1 solutions being chosen at phase p, i.e. n, < 2r + 1, according to
Lemma B.4. Therefore, we are also deriving an upper bound for number of phases in which there are at most 27 + 1
sub-solutions being sampled.

The proof scheme is planned as follows: in Step 1, we decompose the event U),(r) into 4 events according to where A, lies,
ie. (1) A, = 5% (2) SN B; (3) R and (4) S¢ N B. We will upper bound the regret under each of these cases.

In Step 2, we apply Lemma B.1 to upper bound the number of times a solution A can be selected via the events F}' and
Fp(w,w). Because there will be multiple /' and F,(,w) events in the indicator function, Lemma B.3 will be adopted to
merge them into one event. After that, Lemma B.2 is utilized to bridge the number of times a solution is identified to the
number of times of an item is sampled. At the end of this step, we conclude the number of times 1{l4,(r)} occurs under the
four cases.

In Step 3, we upper bound Zg:_ll E;F;l 1 {U,(r)} based on the results from Step 2.

23



Probably Anytime-Safe Stochastic Combinatorial Semi-Bandits

Step 1: We decompose Ezil 1{U,(r)} conditional on event & into four parts:

»

Zﬂ{up(r)}

p—TI

=3 {UA( )>m}

:T’(]l{Ap:S*}Jr]l{ApGSOB}JrIL{ApGR}+IL{APGSCQB}) {UA( )>m}
3 1{4, _S}IL{UA( )>ro}+§:l{A ESOB}]I{UA( )>ra}
iﬂ{“n}l{m 0>} 31 €808 )1 {001 > )

Step 2: For each of the scenarios, we firstly upper bound the regret by the “F events” and they can be further bounded in
terms of “G events”.

Case1: A, = 5~

ZJI{A —S*}]l{UA( )>7‘02}

(a) N (r—1)a% + Ay,

< ;1{A,,=S }11{f,, <3,wv>}

) L N (r—1)a° + Ay,
sZZu%ﬁu$m(3Mﬂ

p=1j€eN
@ I r—1)a% + AY,
<ZZ]1{A =g Z]l{ p—1) <m; (H?)va>}
p=1jeN zGA

Yy {<mgmw1€ﬂﬁﬁn

i€S* geNp 1

< ZZ K (TI)ZQJFAV*’WV)

i€S* jeN J
aj - ’yK 9 ( 1 1 )
= Z Z — 2In — +lnln+ — + D
_ 2 v o\2 2 v \2
22 (—Do® + AL ((r— 12+ AL.)
9. 9K 1 1
< C- 2In — +1nl D
zeZS* ((r=1)a2% + AY,)? < nwv+nn+AVS*2+ )

where (a) utilizes Lemma B.6, (b) makes use of Lemma B.2 and (c) follows the definition of G; ,,. For simplicity, we denote

9. vK 1 1
A A%) =C- 2ty L D)
gs+(r, S )=C ((T— 1)52+AV*)2 ( Ilwv +Inln A\é*z + )
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Thus

Z]l{A _S*}]l{UA( >r0} 3 s (r AL

p=1 1€S*

Case2: A, e SNB

1

Under this case, there will be a comparison between w,, and w, thus we denote W = IHE. For i € FE, denote

wy

As AZ
VIn(1/w,)’ 34/In(1/wy)
| for some r; € N.

Ai,smg ‘= mings; sesnB Max { } which is achieved by solution S; s~p, and assume Ai,gmg S

( rig2 (ri+1)5>
3v/In(1/wy)’ 34/In(1/wy)

Scenario 1: w, > w,

We firstly deal with the case where w,, > wy, i.e., w < 1. We have

ZIL{A GSOB}]I{UA( )>m}

p=1

(@ & (r— 1o+ Ay,
<> 1{4, eSmB}n{f;,f,, (3,wv

p—l

Z]l{A eSﬂB}IL{ (A, w.) Fo (M?A“w»

T’ r— o v
Z {APGSOB}]I{]:p<maX{AA (1)3+A}7w#>}
r—1)° + AY
<ZZ]1{A GSQB}]I{QJ,D(maX{AAp, UT}W)}

p=1jeN
o L —1 AY
QZZH{A ESQB} Z]l{ p—1)<m; (max{AA W_}’M‘A)}
p=1j€N zeA
-1 AY,
—ZZ ZIL{A GSQB}IL{ZGAP,T( 1) <m; (max{AA (T)U3+},wu>}(l6)
i€E jEN bl

where (a) utilizes Lemma B.6, (b) and (¢) make use of Lemma B.3, (d) is due to Lemma B.2 and (e) follows the definition
of gm,.

Giveni € F,
(1) if r > r; + 2, for any S € S N B that contains item ¢,

1)5? 5
< @(r 1o -5 (r; +1)52 1
- 3 - 3 Wy

I\/
=3
|
P|
5
oy

maX{AS, (r—l)g + A% }

Thus,

Z Z]l{A GSDB}]I{ZGAP,T( —1)<m; (max{AA M‘S—FAV}MJN)}

jeN] p=1

Z ZIL{A eSmB}]l{ieAp,Ti(p—l) < mj (JT_;)"QW,L)}

jEN J
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JjEN
aj - vK? 9 1 9 1
= 2In — + — Inl D
2K ((r- 1) ( ta TE MR- Dot B
9 7K 11 1 1
<C-—m—m—=(2n—+ —Inln, —— + —=D
=Y - 122 ( Yo T M (1 wAz, @ )
VK 1 1 1
=C- - 24 Inln - + D
(3\(;%)2 ( In(1/wy,) * In(1/w,)A? snp In(1/wy)

2)if r < r; + 1, for any S € S N B that contains item ¢

—1)62% + AY. AY 1 -
maX{AS,(IJ(T)Ug_FS} > maX{AS,dJ?)S} > [In— - A snB.

Thus,
T/

1 r—1)a2 + AY,
Zb_KZ]l{APGSﬂB}]l{ieAp,Ti(p—l) <my (max{AAp,CJ()Ap}7wﬂ>}

3
jeN 7T p=1

T/
1 . 1 -
g%—w;nmp eSﬁB}l{zeAwTi(p—l) <m (,/m%-ALSQB,w,‘)}

(a) 1 1 -
S{ &, hlwfu'Ai,sms,wu

K2 1 1 1
N &7 2In — + Inln, +D

o K (\/1H$'51,5m3)2 W ( 1H$'Ai,$m3)2

<C 2+ LI L + ' »p
<C:r=5— ————Inln =
A2 5p In(1/w,) T In(1 Jwi)A2 g In(1/wy)

where (a) is achieved by sampling A; sn5. Therefore, if we denote gsnp.1(r, AisnB) ==

K 1 1 VIn(1/wy) - A,
Oy = )D>,r2 F ( /“iQ) SOB || o
n g

1
S S ) InIn =
_(r=1)a2 \2 < In(1/w,) T n(1/w,)A2 (1/w,
(3m) J ( / u) i,SNB F

CvK 1 1 1 3vIn(1/wy) - Aj sns
— 24+ Inln — + D],r< — : +1
A2 55 ( n(1/w,) In(ljw)Al g n(1/wy) ) { o2

then (16) can be upper bounded by

> gsaBa(r, Aisns)

i€E
Scenario 2: w, < wy
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For the case where w,, < wy, i.e.,w > 1. We have

T’

Z]I{A eSmB}n{UA (p— )>r02}
(%)Zn{ApeSmB}n{f;,fp (W,WV»

p=1

r r—1)a2 —|—AV
<Z]1{A ESHB}]I{]-},(AAP,LUH),]-'I,(( )}
p=1
© & A, (r—l)a +AY
g;]l{ApeSﬂB}]l{]-"p (max{ —Z,
@ Z A r—1)52 —|—AV
SZZH{APESOB}I{gjm (max{ :4’7,( },wv>}
p=1jeN “
© & r—1)3% + AY
<ZZ]1{A ESHB}ZH{ p—1) <mj<max{ = ,( )3 A”},w\,)}
p=1jeN icA w

—ZZ Z]l{A GSQB}H{iGAP,Ti(p—l) < m, (max{Agp, (7“—1)03 +A2p},wv>} (17)

i€E jeN bj K

Giveni € F,
(1) if r > r; + 2, for any S € S N B that contains item ¢,

_ —~2 v _ =2 . 52
max {25 TV HAS L (rmDom (it Dom L
w 3 3 3 Wy

<A snB-

Thus,

Z Z]l{A GSﬁB}]l{ieAp,Ti(pl)gmj (max{A;p,(r1)632+A2p},wv)}

JEN ]
(r —1)52
<> jKZ]l{A eSﬂB}]l{zeAp,T( —1)<my <3,wv
JEN
b K 3
aj - ’yK 9 1 9
= 2In— +Inlny —————+ D
Z bK r—1>o2>2< B (VI
9.-vK 1 1
<c. —— _(2ln—+4mhlny, —————— 4D
((r—1)a2)? ( “In (1/WV)A12,SOB )
vK 1 1 1
=C- 2 Inl — D
ey ( o) "™ ) B | (1)
3y/In(1/wy) ’

2)if r < r; + 1, for any S € S N B that contains item ¢,

_ =2 v M _
maX{As <7’1>0+As} >maX{A~s,As} > i A, sns.
w W

(I} 7 3 -

27



Probably Anytime-Safe Stochastic Combinatorial Semi-Bandits

Thus,

Z Z]l{A ESﬂB}]l{ieAp,Ti(p—l) <'m; (max{Agp’ (7"—1)03 +A2p}’wv>}

jeN ]

72 ZJI{A ESﬂB}ll{ieAp,Ti(p—l) <mj< 1n1~Ai,5mB7wv)}
Wy

JEN J

—ZbK (\/ ! 'Ai,SﬁB7wv)

N2 1 1 1
-y - 2In — +Inlny - +D
bj K (y/In 55 - Aisn)? W (y/In 2= - A sns)?

K 9 1 Inl 1 n 1 D
— nin —
A2 In(1/wy) (1 Jw)D2 g In(1/wy)

<C-

Therefore, if we denote gsng.2(r, Ai snp) =

+2

CvK 1 1 D) r> \ﬁ’m Az‘,SnBJ
) Iz 5.2

1
— - |2 Inl =
(=% o ( + m(1/we) In(1/wy)AF 5q5 i In(1/wy

3y/In(1/wy)
CrK Lo )D>’T<{3\/111(1/%2).&,503
ag

1 1
— 2 Inl _ 1
A?,SHB ( " In(1/wy) i ln(l/wv)AiSﬂB In(1/wy +

then (17) can be upper bounded by
> gsaB.2(r, Aisas).

i€E

AY,
\/ln(l/wu) 5\/ln(1/w

In conclusion, for i € E, we denote A; snp := mings; sesns max{ }, Wyy 1= max{w,,,wy } and

gSmB(T, A11,5013) =

CyvK 1 1 3vIn(1/wy) - A sns
GERD (“mu/ww) (lnh” (/)2 mJD))”Z{ 72 J”

(& n(1/wyy
34/In(1/wy)
K 1 1 3v/In(1/wy) - A;
_C+ 24— [ Inlny +D 7 < n( /uiz) ,SNB +1
Ai,SﬂB In(1/wy) ln(l/ww szB o
then
T’ B
ZH{A ESHB}]I{UA( )>TU}SZQSmB(T,Ai,SmB)
p=1 i€E
Case3: A, € R
In -
Under this case, there will be a comparison between w,, and w/, thus we denote @ = - < and weym = 4 /In =+, /In w%

For i € E, denote A} 5 := mings; ser A% and assume AY € (r; 22502, (r; + 1) 55767

o

Scenario 1: w, < w!, For the case w, < w!, we have w < 1.
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T

S 1{4, GR}H{UA( )>m2}

p=1

(@) & Ay, (r—1)a% - Ay,
szjl]l{ApeR}]l{]:p (3,(0:,)7]:1) <37WV
w0 I Ay (r=1)a% - Ay
gZ]l{ApER}]l{}"p<maX{ 5w 3 , W
AY, r—1)6% — AY,

ZZH{APER}H{QM) (max{ ;p7w-( )3 Ap}7w<]>}

=1jeN
@ I Ay (r=1)a% - Ay
<> > 1{4, eR} ZIL{ (p—1) < m; (maX{ 3w 3 Wy

p=1j€N 7eA
AY (r—1)% — AY
—ZZ ZJI{A eER}ILSie Ay, T;(p—1) <m, [ max Sp,@- 3 25wl (18)
i€E jEN b K

where (a) utilizes Lemma B.6, (b) makes use of Lemma B.3, (¢) is due to Lemma B.2 and (d) follows the definition of G, ,,.

Giveni € F,
(1) ifr > r; + 2, for any S € R that contains item 4,

v _1\A2 _ AV v - _1\52 ~ _ 1\52 AV
e ﬁ,dp (r—1)% — A} > max ﬁ’ W _ (r—1a > @ _. (r—1o S QiR
3 3 3 14w 3 1+w 3 3

where the first inequality uses the fact that for z,y € R, and z € [0, 1], , max{x,y} > max{x,zz + y(1 — z)}. We take

AY, )52 AY
T= gy =0 (Uf%andz— 115 Thus,
A% (r—1)5% — A}
Z ZIL{A GR}]]‘ iEApaTi(p_]-)Smj max 31’,@. 3 P 7w<,
JEN b K
- )52

<Z ZI{A ER}IL{zeAP,T( 1) <m; (1c+vw (r 3)0 MQ)}

JEN bjK

> < ©  (r=1)0o” )
- ] — Wy

bk 1+@ 3

a;j - VK 1 1

,Z b K 5 (r—1)52 (21n/+lnln+ PRSI +D>

JeN J (1 @ v >

CvK 1
S (L (r—1)52 (211’1 , +h’1h’1+ e )57 +D>
1o T+o
K 1 1

= nyfz 2+ Inln, _ +D

(G | m/e) In(1/6) (=)

(2)if r < r; + 1, for any S € R that contains item ¢,

v _ ~2 AV v ~ o AV
max ﬁ,@ (=Dt - A > max %, i (r = 1o" > LR
3 3 3 14+ 3 3

Q|
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Thus,

T AY) r—1)5% — AY,
ZbKZ]l{A GR}]I{ZEAP,T( —1)<m; (max{ §”,w-( )3 A”},w(,)}

jeN 17T p=1

72 ZIL{A eR}IL{ieAp,Ti(p—l)<mj(AéR’u&)}

jEN J p=1

JjEN
K 1
_Zajbry NG (21n+lnln+ Ny D)
fa BE (S (e
K
< O ol fhm, L 4p
(=22 e (=52)?
CyK 1 1
= + 2 + T 17 7N ln 11'1+ AV + D
Grmm? | ) In(1/e}) (5 7es)?
In(1/w!,) In(1/w)
Therefore, if we denote
K 1 1 Wsum * A;]
(Czly),? 2+ - Inln, - +D ST > am TeR
(=L))o In(1/w?) In(1/w!,)(— B )2 In(1/w!)52
N 3Wsum v 3 111(1/(.0(,)
972,1(7“7 Ai,R) =
K 1 1 Wsum * AY
g# 2 + IZATEY 111 ln+ AV + D 5 72’73{
(3 lnz,lvjw/))z In(1/w?) ln(l/w(,)( lnf(l?jw/ )2 In(1/w! )52
then (18) can be upper bounded by
ZgR,l(ra AZR)
i€E
Scenario 2: w, > w!, For the case w, > w!, we have @ > 1.
T/
3114, eR}]l{UA (»— )>7‘a2}
p=1
(@) & r—1)2 — AY
an{A,,eR}ﬂ{f,,( ) ( 3 ,wv>}
p=1
) & LAY (r—1)52 - Ay
< 1{A, e R}1< F, — v
_p; {4, e R} {,,(max{w , 3 , W
© & 1Ay, (r=1)a° - Ay
SZZH{A ER}I{%Io(max{w 3 3 Wy
p=1j€eN
1Ay (r—1)3% - AY,
<ZZ]1{A GR} Z]l{ p—1) <m]<max{ 3 ,( )3 Ae , Wy
p=1j€eN zeA w
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v r— 5_2_ v
_ZZ Z]l{A eR}]l{ieAp,Ti(p—l)gmj <max{iA3 ,( 1)3 AA”},wV>} (19)

i€E jEN b K

where (a) utilizes Lemma B.6, (b) makes use of Lemma B.3, (¢) is due to Lemma B.2 and (d) follows the definition of G, ,,.
Giveni € F,
() ifr > r; + 2, for any S € R that contains item 4,

v _ =2 AV v — _ =2 _ 5 AV
ax 1A% 7(7" 1)6° — AY > max 1Ay @ . (r—1)a > 1 . (r—1)52 - 1A/
w 3 3 w3 1+ 3 1+w 3 3

€1

where the first inequality uses the fact that for z,y € Ry and z € [0,1], , max{z, y} > max{z,zz + y(1 — 2)}. We take

AY, 152 AY
r=1 ;p,yz(l),f;‘pandz— & Thus,
1AY  (r—1)a% - AY,
Yk Z]l{A eRY1{ie A, T(p—1) < my | max{ = Ap7( ) .
jEN j w 3 3
1 152
_Z Z]l{A ER}]].{iEAmTi(p—l)gmj( __(7" )& ,wv>}
jEN b K 14+ 3
_Zim. L (r=Do*
K T \1te 3
a;j - 7K 1 1
Z K 1 (1)’ <21H +1Inlny Ty +D>
jeN J ( w s
= =y (21% ““h”(.u—ua?)ﬁl))
o 3 TS 5
CyK 1 1
< ’y—z 2+ Inln, — +D
((2*1)0 )2 hl(l/wv) 1n(1/wv)(1772)2
Wsum 3m

(2)if r < r; + 1, for any S € R that contains item ¢,

v _ ~2 AV v ~ _ =2 AV
max{lAS (r—1)o AS}>max{lA3A o (r 1)U}>1 R

w 3’ 3

&
—_
+
&
w

Thus,

>L ZH{A en}ﬂ{zeAﬂ( “1)<m <max{i%p,“‘”“3‘AY“P},WV)}

]GNJ p=1

) 1AV R
_ZbKZMA ER}]I{ZEAP,Ti(p—l)Smj(@ 3 ,wv)}

JjeN J
Z <1Ai.’R )
- f7/7wv
= b; K o 3
K 1 1
_Z%b} A (2111 + Inln, A +D>
jen J (z—57)? Wy (z—57)?
K 1
<& 2In — +Inlny ——— + D
(lAuR)2 v (iAuR)2
% 3 % 3
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K 1 1
= # 2+ ﬁ Inlny NG +D
LR 2 n Wy iR 2
(3 ln(l/w",)) ln(l/wv)(g ln(l/w(,))

Therefore, if we denote

O’}/K 1 1 Wsum * AXR J

5 v D2 |
((gw:u):)g In(1/wy) ln(l/wv)(%y \J/ln(l/w(,)ﬁ

gRQ(Tv AZ’R) =

CyK 1 1 Wsum * A;,,R J 1

_— _— +D r< | ———
Al r 2 In(1/w, Alr 2 o \‘ In(1/w!)o?
() (1/wy) In(1 /) (7 =) Vin(l/w))s

then (19) can be upper bounded by

> gra(r, Al g).

icE

In conclusion, for i € F, we denote Af o 1= mings; ser AY, wyy = max{wy, wy }, Wsum = 1/In w% +4/In iand

K 1 1 Wsum * A;]
CY72 2+ 1H1H+ AV +D T2 —— LR 2
((;_ )7%)2 In(1/wWyyr) In(1/wyy ) (B )2 In(1/w!)c?
. Wsum 34/In(1/wl)
g'R(T? A1,R) =
C’YK 1 1 Wsum * AZR
R ey — |, . D ||, < | N TR
_AlrR e In(1/wyyr N Bir 2 ’ {11 ")o2
Gyt (/ew) (/e Gt Vin(i/et)e
then
T/
S {4, eR}L{UL (- 1) > 152} <D gr(r Alr)
p=1 ieE

Case4: A, € S°NB

Under this case, there will be a comparison among w,,, w, and w!, thus we denote wmax = max{w,, wy,w,} and w; =

In —% In —+ In —— = AY.
\/ T, we = e, ws =/ hl“’i‘r‘ For S € 8¢ N B, we denote Ag := max {wlAS,ngs}.
@ Wy Wy

For i € E, denote

A . Ag AY 1 ) A
i.ScnB ‘= min max , = — min .
SUNB T g SesenB \/hl(l/wu) 3\/1n(1/w(,) In(1/wmax) S3i,5€5nB o

52/3
VIn(1/wy)++/In(1/w])’

5’2/3 ]

and assume A; senp € (75 N ETEVES Y Yoy

(ri +1)
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Z]L{A GSCOB}){ p 1)>7’62}-]l{5}

p=1

@ & AY, r—1)5% — AY,
U5, mm{;;,fp () (2 )}

p=1

w I AY, r—1)a% — AY,
25t esna {5 om0 5 () g ()

p=1

(0 AY, r—1)a% — AY,
SZIL{APGSCOB}]I{ (max{wlAA ;”,wg( )3 A”},wmax>}

p=1
AY, — D& AY,
Fp | max { max w1 Ag,,ws Ap , Wo (r )7’ — %max w1Ay, w3 Ay
v 3 3 w3 r 3

)

© I . . (r—1)a% wy«
S ZZ 1 {Ap € S n B} 1 {gj,p <max {AAP7OJ23 - W?)AAP} awmax) }

@
<) 1{4,e8nB}H1

p=1

p—ljeN
(f) _ —1)52 _
< ZZ]I{A ES"HB} { i(p—1) <m, (max{AAp,WQ(r?))g—WAAP},wmax)}
p=1j€EN ZGA ws
. - (r—15% wy
*ZZ Z]l{A eS‘NBYLSie A, Ti(p—1) <m; | max AAp,WQ?*fAAp , Winax
i€E jeN b K w3
Givent € E

(1) if r > r; + 2, for any S € S¢ N B that contains item 4,

_ 1) _ _ —1)52 —1)
maX{AS,WQ(T?))U - WQAS} 2 maX{A5’7 25 (T 3 )0 } 2 it r U \/ l/wmax Az SeNR

Wo + w3

where the first inequality uses the fact that for z,y € Ry and z € [0,1], , max{z,y} > max{z,zz + y(1 — z)}. We take

z=A =y T=NT wa A ogpd = w2
AP7y 2 3 w3 AP wo+ws”

Similar to the computations for the case A, € R, we have

T =2 )
ZULKZI{AP €eS°NBr1 {z €A, Ti(p—1) <my <max{AAp,w2(rl)a — ngAp} ,wmax>}

JjEN 177 p=1

<Z Z]l{A ESCQB}H{iEA,,,Ti(pl)Smj< s (Tl)(_’z,wmx)}

w w 3
]GNJ 2 + ws

K 1 1
< Oy — 21n +Inlny —————+D
(w2ws (r=1) )2 Wmax (2t (r=D3& )2

wa+ws 3 w2 +ws 3
CvK

1 1
— 21 Inl _ D
T (e ) ( Y e (1 ) s T )
1

_ CyvK

o 1) 2+ (lnln _ + D>)
(\/ln(lfju_)liiz/ﬁ(l/w,))Q ( In(1/wmax) + In(1/Wmax) (A scnR )2
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2)if r < r; + 1, for any S € §°N B that contains item ¢,

LUQ+UJ3

_ —1)a2 _ - —1)a? ~ -
maX{As,w(rg)a - szs} > maX{AS, watws_ (v 3 )o } > Ag > /In(1/wmax) Ai senr

Similar to the computations for the case A, € R, we have

Zb Z]I{A GSCOB}]I{ZEAP,T( —1)<m; <max{AAp,w2(Tgl)5wQAAp},wmax>}

JjeN j w3
< Z Z 1{A, €S°NnB}1 {z € Ay, Ti(p—1) <m; (\/ln(l/wmax)&,swn,wmax>}
jeN J
CyK 1 1
= 2In —— +Inlny — +D
(Vln(l/wmax)Ai75cmB)2 < Wmax (\/ln(l/wmaX)AincmBP )

e (2 i ( 1 )
- 2+ Inln = + D
(Aj,senB)? In(1/wmax) T In(1/wmax) (Bisenr)?

In conclusion, for i € F, we denote

A . As Ag

iSenB =  min max , )
SBTT 55 5esens VvIn(l/w,) 3y/In(1/wl)
and Wiax 1= max{wy, wy,w,} and weum = y/In 2+ /In = and gsens(r, A; senp) ==

CyvK 1 1 Wsum * Ai senB
L (S S | Y - D 2 ——=3m | T2
(A(T*L&Q)Q ( + ln(l/wmax) (n e 1n(1/wmax)(Ai7S“ﬂ'R)2 * )) "= \‘ 5—2/3 J -

3Wsum

C’}/K 1 1 Wsum * Al ScnB
—— ([ 24+ ——F [ In] - D < | =2 7 1
(A sonr)? < T (1) (“ M (1 ) Brserm)® >) = { 52/3 -

then
T/
Z]l{A GSCQB}H{UA ( )>7”0' }SZQSCHB(nAi,SCﬂB)
p=1 i€EE

Conclusion of Step 2:

For S*: denote

9.-CvK
r—1)62 + Ay,

. 1 1
gs~* (T’, AS*) = (( )2 <2 In — oy + In 11’1+ AS* + D> (20)

we have

Z]l{A _S*}]l{UA( >m} 3 gs-(r,A%.)

1€ES*
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. ; A - i . As AY
For S N B: for i € E, denote A; snp := mings; scsnp max { NN,

}, Wyy 1= max{w,, wy } and

9srB(r; Ai snB) (21)
CyK 1 1 AZ
( 7?)_2 24 Inln, +D| |, r> |50 | 42
(—r=he? y2 In(1/wy) In(1/w,y)A? 55 —
-: 3y/In(1/wy) In(1/wy)
K 1 1 i
_6;7 2+ In ln+ +D ,7 < A
Ai,SﬁB In(1/wyy) (1/wuv i, SmB W
then
T ~
S 1{4, eSﬂB}]l{UA( 1) > a2 }SZQSQB(T,Ai’SmB)
p=1 i€E
For R: for i € E, denote A{R = mings; ger A, Wyy 1= max{wy, W} }, Weum = \/ln? +4/In wl*v and
gr(r, AlR) 22)
CyK 1 1 Wsum * AZR
———— 2+ ———F—— | Inlny = +D rz | ——
(r=1)a2 9 In(1/wyyr) In(1 N L2ir Y2 T \J/ln 1/w!)a2
B ( 3Wanm ) n(1/wyy )(3\/m) (1/w)
K 1 1 Wsum * A
Oy 2.+ Inln, - +D | |r<s | =5 +1
( LRy In(1/wyyr) In(1/wew )( LR__)2 In(1/w!)a?
3/In(1/w’) 3y/In(1/wl)
then
T/
ZI{A GR}IL{UA( >r0} ZgRrA
p=1 i€E
For 8¢ N B: for ¢ € F, denote
A ] Ag AY,
i.ScAB 1= min  max , )
SB T g Sesens VIn(1/w,)’ 3v/In(1/wl)
and Wmax := max{wy,, wy,w, } and weum := {/In wi, +4/In w% and
(23)

95008(7”7 Ai,SCﬁB)

C’YK 1 1 Wsum * Az ScNB
—~ 2 Inl = D > | /= = 2
(G177 ( T (1w <“ M (1 ) Brsers)? )) e { 7273 J "

o 3Wsum

C")/K ( 1 < 1 )) \‘Wsum . A’L SCOBJ
_ 2+ Inln _ +D)),r< |Dum DiSnB Ly
(A s0nB)? In(1/wmax) * In(1/wmax) (Ai,scnB)? a2/3
then
T/
Z]l{A ESCQB}H{UA ( )>’/‘0’ } SZQSCHB(T7Ai,SCﬁB)
p=1 i€E
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Step 3:

According to the results in Step 2, given r € [ — 1], the event U, (r) can happen at most
T/
> 1 {U(r)} (24)
p=1

< min {T', > g5 (L AS) + > gsan(r, Aises) + Y gr(r AV ) + > gsens(r, Ai,sw)}

1€S* icE icE S

phases, where the g functions are defined in (20), (21), (22) and (23). By Lemma B 4, (1) event U, () indicates r + 1 < n,,
thus (24) also indicates at most in this number of phases there are at least 4+ 1 being pulled at each phase. (2) event
Uy (1) NU,(r + 1)¢ indicates 7 + 1 < n, < 2r + 1, i.e., there are at least  + 1 and at most 2r + 1 solutions being pulled at
each phase. For r € [Q)], we denote

T =Y gs-(rA%) + Y gsns(r, Aisns) + Y gr( AV R) + Y gsens(r, Aisens), r€[Q—1] (25

1€S* icE icE S

and Té := 0, T = oo. Note that the ¢ functions are increasing as r decreases, so if there exists an ' € [Q], such that

T eI, T, ;) (orT" <T/,_,), then
Q-1 1
DD 1{U(r)}
r=1 p=1
r'—1 T Q-1 1’
=D D UMY+ YD 1 {U(r)}
r=1 p=1 r=r’ p=1

Q-1
ST (' =1+ )Y g5 (nAS) + Y gsns(r, Aisas) + Y gr(r Al R) + Y gsenn(r, A .sens)

— T i€ i€k ik
Q-1

=T (' =1)+ ) T,

ST (M =1+ Y he(r,A%) + > hses(r, Aisns) + Y hr(r, AV ) + Y hseas(r’, A; serp)
i€+ i€E i€k i€k

=T -(r'"=1)+H(r',A)

where

H(r' A) =" hs (', A5) + > hsns(r', Aisas) + 3 hr(r,AYR) + > hsers(r', Ajsens)  (26)

i€S* i€E i€l i€l

and the h functions are defined at the end of the proof. This indicates, when 7" < T, |, the upper bound of the high-
probability regret due to safeness-checking Ro(7"”) (hence the the total regret) is lower bounded by a linear function with
slope ' — 1 . In particular, the upper bound of Ry (7”) is lower bounded by a linear function when 7" < 77 and it remains a
constant when 7" > T7. We can compute an upper bound for the number of solutions being pulled during these 7" phases
whenT" € [T/,,T/,_,):

To1-2Q —1)+ (T o =T 1) - 2Q =3) 4+ (T} = Tlryy) - (2" + 1)+ (T" = T},)(2r" = 1)

=T +2(T51 - Q1)+ (TGoo —TH1) (@ =2) + -+ (T = Tppy) - 7' +(T" = T},)(r' = 1))
Q-1

=@ 1T +2> T,

r=r’

< (2r' = 1)T'+2H(r',A)
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Thus, the number of pulled solutions is at most 2H (1, A).!

In conclusion, the regret due to safeness-checking can be upper bounded by

Q-1 1

o(T') =20 Y Y 1{Uy(r)}

r=1 p=1
<2u*T" - (r' = 1)

+2p* <Z hg« (', A% ) + Z hsns(r', Ni snB) + Z hr(r',AY ) + Z hsenn(r', A; SCQB)>

ieS+ =) icE i€E
=2u*T" - (' = 1) +2u* - H(r', A)

’ ’ ' : i : ; A . — mi . As
where T" € [T,,T/,_,) with T, defined in (25), for i € E, A; snp := mings; gesnp max { \/ln 1/%) 3\/1n(1/wv }
Ve i . v A co ‘— mi ; c A5
Al g = mings; ser Af and A; senp 1= mings; sesens mMax { \/ln(l/w“) 3/In( 1/@)}

The h functions:
(For convenience, we restate the notations: w,,, := max{w,,, wy }, wyy = max{wy, W, }, Wmax := max{w,,, wy, w, } and

o 1 1
Wsum +— In o + In E)

For S*: for each 7 € S*

hS* ’l" AS* : ng* r, AS* (27)
Q-1
9-CyvK 1 1
= 2ln — +1Inl D
A G =Ew ( toy T AR T )
18- CvK ( 1 ) ,
—— | 2In +lnln+ —t+tD], =2
(r'=1)a* (A%.)?
18- CvK

1
W(21 V+1nln+ (A\é*)2+D), 7"/:].

For § N B: for each i € F, there is a changing point \“Z“BJ + 2in gsnp(r, Ai,SﬂB)s thus
Sy y)

Q-1
hsrs(r', Disns) ==Y gsns(r, Aisan) (28)

r=r’

'Note that the upper bound for the regret is 2u*T" - (' — 1) + 2u* - H(r’, A) and the upper bound for the number of solutions is
(2r' — )T’ + 2H(r’, A), which indicates we can roughly use min{7T'u*,2u* H(r’, A)} to bound the regret due to safeness-checking
with 7" time steps.
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0,7 =Q
K 1 1 A,
(Q*T/)ACQ’Y <2+ln(1/w ) <lnln+1 (1) A2 +D>>7 % >Q -3
; v n Wiy i o
,SNB 12 12 SNB 3\/m
2 K 1 1 A,
0”6_2 2+ Inln, D], | —SE | +2<r <@ -1
< (r — 1)(W)2 In(1/wy) ln(l/w#V)Ai,SﬁB W
. K 1 1 A;
3_2& 24— lnln+ +D| |, % =0, =
A7 s In(1/wuy) (1/Wuv) i,SNB (o0
4 r'—1 1 1
CvK = = - = 24+ ——— [ Inln4 +D , otherwise
B\/ﬁ A snB A?,SHB < In(1/wpy) ( 1n(1/WuV) i,SNB >>

A
For R: for each 7 € E, there is a changing point LmJ + 2, thus
hr(r', A ) = Z gr(rAfz) < (29)
0,7 =Q
nyK 1 1 Wsum * AZ’R
(Q—r")—= 2+ Inln - +D ,{’ >Q -3
LR \2 In(1/wyy , AlrR 2 vIn(1/w!)o?
) (1) (1 /ww) (5 o) (1/er)o
2 K 1 1 Wsum * AZ
Oy 24+ Inln, - ||, |2 TR o< Q1
(r = 1)(52-)? In(1/wyyr) (1 /Wy ) (B )2 J/in L 52
sum 34/In(1/w’) wy
K 1 1 Wsum * A;/
3ACV’,V 2 —|— Inln, ~ +D TR L0 =1
In(1/wyy) In(1/wyy )( LR __)2 In(1/w!)a?
ln(l/w ) 34/In(1/w’)
—1 1 1
CNEK - 24— | Inln, ; +D| |, else
: ()2 In(1/wyv) In(1/wyr) (B )2
3W<um 3\/ln(1/w ) 3y/In(1/wl) 3y/In(1/w!)
For §¢ N B: for each i € E, there is a changing point {%%J + 2, thus
Q-1
hsens(r’, Ai sens) Z 9sens(r; Aisens) (30)
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0,7 =Q
C"}’K 1 1 Wsum * Az SenB

—r)— 2 Inl = D — | 2 Q-3

@-r )(Ai,SCﬁB)2 ( " In(1/Wmax) <n o ln(l/wmaX)(Ai,ScﬂB)2 - >) 7 { a2/3 J =@
ZC’YK 1 1 ) \‘wsum . Ai SCQBJ /

S P _ + D)), | B ZSNB | L9y Q-1
(r' — 1)(3%“,“)2 ( In(1/wmax) (n Il+ ln(l/wmaX)(Ai,ScﬁB)2 ) a2/3 ' @

3CvK

1 1 wsum'AiSCﬁB /
_ 2 Inl _ D)), | ZeS 0B g =g
(& serns)? < T (1) (Iln*hml/wnmx>@suscms>2% >) { 523 ’

3 r—1 1 1
CyK —— - — (2 4+ — <ln In — + D)) , otherwise
( 3“iim Ai,SCﬂB (Ai,S“ﬁB)2> In(1/Wmax) " ln(l/wlllaX)(ALS“ﬂB)?

IA

B.5. Proofs of Theorem 4.1 and Theorem 5.1

Theorem 4.1 (Problem-dependent upper bound). Let A = (E, A, v,52%) be an instance and let {67}5%_, € o(1) be a
sequence that satisfies In(1/57) = o(T®) for all b > 0 (i.e., {07} is not exponentially decaying). Then, PASCOMBUCB is
a {61}, -variance-constrained consistent algorithm. More precisely, given a time budget T, the probably anytime-safe
constraint is satisfied and the regret of PASCOMBUCB Reg(T') is upper bounded by

min {T'*, Regy (T) + Regyo(T)} + Regs(T),

Regl(T):O( Z KInT +Z c;KInT >

i€E\S* 4,SNB,min l.eEAi,ScﬂB,min
Reg,(T) = 24° H (A(A)),  Regy(T) = 2u* (L + 1)
where A(A) = {AY%. } U {A{R, U; snB, ®isenBtice and H (A(A)) := H(1, A) is defined in (26) in App. B.4.

where

Proof of Theorem 4.1. According to Lemma 6.1, Lemma 6.2 and Lemma 6.3, and take w, = w!, = % and w, = T2 , the
expected regret of 7" phases E[R(T"”)] can be upper bounded as
E[R(T")] < E[Ry(T")[€] + E[Ra(T")[€] + Rs(T) 31
<o © _K 1 Z 1 i . /
< n n +2u [T (r' = 1)+ H(r', A)]
iC€E\S* 1,SNB,min Az ,S¢NB,min V

+ 20 L4 20" TL (€(w,,) + 26(wo) + 26(w)))

K
<O Y ———WmT+> ———WT | +2u*H(1,A)
iCE\S* 4,SNB,min iCE A1 ,S¢NB,min

+2u* L+ 2p*TL (36(1/T?) 4 2£(67/T7))
= Reg; (T') + Reg,(T") + Regs(T)
On the other hand, the high-probability regret (14) can be naive bounded as

T np
=D (1w —pa,,)

p=1r=1

’
T np

<>

p=1r=1

=Tu*.
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Therefore, we have

E[R(T")] < E[R(T")|€] + Regs(T) (32)
< Tw" + Regs(T)

(31) and (32) give the final upper bound with 7" time steps.
O

Theorem 5.1 (Problem-independent upper bound). Let {67}5%_, € o(1) be a sequence that satisfies In(1/67) = o(T?)
forallb > 0. If T > L, for any instance A with variance gaps lower bounded by AV < minge 4,0 AY, the regret of
PASCOMBUCSB is upper bounded by

O(\/KLTlnT T (LA]f; In (;T)>

Proof of Theorem 5.1. We firstly deal with the regret due to suboptimality R (7). Let A* be a constant that is to be chosen.

T
Rl(T/) = Z ]I{Ap S B}AA,,
p=1
T’ T
= Z ]l{AAp > A*I1{A4, € B}AAP + Z ]l{AAp < AM}1{A4, € B}AAp
p=1 p=1
T
<> 1{An, > AM}I{A, € BYA,, + T - A*

p=1
where the second term makes use of the fact that 77 < T w.p. 1.

The first term can be upper bounded by adopting the proof of Lemma 6.3 with the constraint that A A, = A*. Thus, for
i€ E\S*, AjsnBmin > AF. Fori € E,

Ai,SCﬁB,min > A¥
A;&ms > max{wA#, AY/3} = max{A!, AY/3} = AW

1
In -
where @ := 4 [ —== = 1. The regret due to suboptimality can be upper bounded by
Wy
a 207K 1 1
S 1{A4, =AM {A, €BAL, < Y (2 — +Inlny 5 + D
p=1 i€eE\S* Ai,SﬁB,min Wy Ai,SﬂB,min
2¢; - CyK 1 1
+ — (2In—+Inlny ——=5 +D
7;, Ai,SCﬁB,min ( W(; (A;,SCQB)z )

207K 1 1
SZ A/‘ <21nwﬂ+lnln+(A#)2+D>
i€EE\S*
20K 1 1
- AlJf (21n%+1nln+wv)2+l))
icE
8CvK
<L~

<21HT+11’11H+ @ +D>
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By taking A* = 4/ %(TL), the regret due to suboptimality is bounded by

T/
Ri(T) <> 1{A, > A¥}1{A, € B}A,, + T - A*

p=1

KLT T KLT
< ittt - -
< 160y V/KLTIn(TL) +8C7\| T Il 2 + 807/ 3D + VK LT In(TL)
= O(y/KLTIn(TL))
= O(VKLTInT).

where we utilize T" > L.

We then cope with the regret due to safeness-checking Ry (7). According to Lemma 6.3, we only need to upper bound
H(1,A),i.e., the h functions defined in (27), (28), (29) and (30).

For hg« (1, A¥%.):

hs+(1,A%.) < hg+(1,AY)

18- CyK 1 1
= W <21H%+1H11’1+(A‘/)2+D>

*(@pta)

:0<(£)2m§)

A . 75— A AY — KL AY A :
For hsnp(1l, A; sng), define A" := max { TN TP } = max{ = SW}. We have A; snp >

J max{3 /Kth)éwTL/J)’Av}

o

A"V The threshold { ar

V(i /o)
hsns(1, AisnB) < hsns(1, A*Y) (33)
CyK 1 1 ARV
Q-1 (2+ (1nln+ +D>), — = | >Q-3
Arv)2 In(1/wpy In(1/wpy ) (A#V)2 R —
( ) n( /wﬂ ) H( /w# )( ) 3m
4 1 1 AHY
—{ OvK—— <2+ <1nln+ +D)> 0<|———|<Q-3
72 AW In(1 In(1 A#rV)2 ’ __o2
(o) Ar n(1l/wyy) (1w )( ) s/
Inl D [
(Am)? ( In(1/y0,) (“ M () (AR )) g i
3y/In(1/wy)
K AHY
1) — = | >0-
O ((Q )(AMV)2> ) 52 — Q 3
3v/In(1/wy)
uv
3/ In(1/wy) 3v/In(1/wy)
K AHY
0 (@) ——| -0
3y/In(1/wy)

41



Probably Anytime-Safe Stochastic Combinatorial Semi-Bandits

In particular, in the asymptotic case where 7' — oo and In 5= =Ind r = o(T"), Vb > 0 (this includes the scenario where § is
fixed with respect to T"), we have

For hgr(1,A} ), we have A}z > AY. Furthermore, wsym = VI(TL) + /In(TL/8) and the changing point
{ Wenm A J _ {(\/In(TLﬂ/T/é) A"J

V/In(1/w),)52 /In(T
Thus
hR(]., AXR) < hR(T/, AV) (34)
CyK 1 1 Wsum * AV
(Q—l)Aiv2 24— | Inlny "N 2—i—D ,{ >0Q -3
__AY , N(—AY =2
(3\/ln(1/w(,)) In(1/wyv) In(1/wyy )(3 ln(l/w{,)) In(1/w})e
3 1 1 Weum - AV
= CyvK - 2+ Inln < + D O< | ——/——— | <Q-3
e A, In(1/wyyr) " In(1/wyyr ) (—me® )2 M/ln(l/w(,)c‘rQJ @
Bwsum 34 /In(1/w)) 3y/In(1/w)
3C’YK 1 1 Wsum A
24 Inlng +D {J =
AV 2 , , AV 2 ) 9
Gre— ln(lM)) In(1/wyy) In(1/wyy )(73\/@) In(1/w!)a
K w AN
0 (Q‘UTQ ) SumJZQ—3
A / Y52
(3\/m) L In(1/wy)o
K sum Av
={o|— - L < |22 | <-3
a?_ . iR In(1/w! )52
3Wsum 3\/111(1/&1(,)
K sum ° AV
=0\ —=— | {Tn(l/w’)JQJ —0
34/In(1/wl) v

In particular, in the asymptotic case where 7' — oo and In % =In é = o(T"),Vb > 0, we have

-0 () <0 (o)

For S¢ N B: define A*Y := max { \/ln?l“/w“y 3\/111%/%) } = max{ L PG %} . We have A; seqp > AMY and

the changing point {“’SU’“‘A‘WJ = {( In(TL)ty ln(TL/é))'AwJ thus

o2/3 5773

hsers(1, Aisens) < hsenp(l, AMY) ) (35)
@)z (2 * i) (ln 2 1n<1/wmjx><M>2 P )) ’ V:/?J =Q-3

=\ F (l) (“lu/iu) (1“1“* T )) 0= V:/SAJ Q-3
?Acvi(? (2 S reyr— ( A ) Vﬁum AJ =0r=t
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= O(ﬂ), 0<{°‘JSL‘:2'/3AWJ<Q—3
In particular, in the asymptotic case where 7" — oo and In % =In ﬁ = o(T"),Vb > 0, we have
hsers(L, A7) = 0 (&f;m)

Lastly,
Ry(T) = 2p" L + 20" T'L (§(wp) + 26 (wy) + 28 (w}))
24¢ % 1+€
(ln(1T+ e)>

24¢€ 1 T4e
<2KL+ Kd+4K - —— (———
- FRoT € (ln(l—i—e))

<2KL+ K6+2KTL -4-

=0(1)
where we utilize 7' > L and the O notation refers to the fact that the preceding term is bounded as a function of 7.
Note that u* < K,soTp*+ K6 <TK + K§.

In conclusion, according to Theorem 4.1, for any T' > L, the problem-independent upper bound is the minimum of
TK + K¢ and

O(WKLTInT)+ K (Z ho (1L,AY) + 3 hsap(1, AMY) + 3 hr(1,AY) + Y hsens(l, A‘”))

i€S* i€l el ek

< OWKLTWT) + K (Khs: (1, A") + Lhsns(1, A™) + Lhg (1, AY) + Lhsens(1, A*Y))
e K3 T _
= O( KLTIIIT) +O <(AV)2 hl 5> +KL (hSmB(l,AMV) +hR(1,AV)+h5cmB(1,AHV))

where the h functions are defined in (33), (34) and (35). In the asymptotic case where 7" — oo and ln% =1In é =

o(T?),¥b > 0 (this includes the scenario where § is fixed with respect to T'), the asymptotic problem-independent upper
bound is

OWKLTInT)+ K <20 (&;2111?) +0;; (%1@))

=O(WKLTInT)+ O ((Zlf;ln ;)

where we utilize v InT > % InT when T is sufficiently large. O
C. Proofs of the Lower Bounds

C.1. Preliminaries and the Impossibility Result

Let KL (v, v") denote the KL divergence between distributions v and v/, and

d(z,y) :=zln (g) +<1_m)1n(1_§>

denote the Kullback-Leibler (KL) divergence between the Bernoulli distributions Bern(z) and Bern(y).
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Lemma C.1 (Pinsker’s and reverse Pinsker’s Inequality). Consider two probability mass functions Px , Py defined on the
same discrete probability space A C [0, 1]. The following inequalities hold:

s [X] = By, V] S 0(Px, Pr) < 4 5KLPx, Pr) €~ 6(Px, Py).

where §(Px, Py) = supca {>uea Px(a) =Y ,ca Pr(a)} = 33 .c4|Px(a) — Py(a)| is the total variational

distance, and oy 1= minge 4. py (a)>0 Q(a).

Lemma C.2 (Lemma 1 in Kaufmann et al. (2016)). Assume the distributions under instance A1 = (E, Ak, v, o2) and
instance Ay = (E, Ag, v, 72) are mutually absolutely continuous. Given time budget T,

ZEM | KL ) 2 sup d(Pa,(€), Pau(€)).
Se?—t

where N;(t) denotes the number of time steps item i is selected up to and including time step t and 7—[%1 is all the possible
events generated by instance A1 and algorithm 7 with T time steps.

Lemma C.3. Let solution S containing |S| = m(q¢ < m < K) items be a safe solution under instance A1 =
(B, Ar,vV) G%). Each item in S is i.i.d. with reward distribution v, , mean ju, and variance o2 < &°. De-
fine event £ 1y = {S is identified as safe after time step t}, £y 2y = {S is chosen at least once after time step t}, and
Ewy = Ew) N Ew,2)- Assume there exists T < T such that Py, [E)] > 1 — 6 and Pp, [Er—1,1)] < 1 — 0. If T exists, we
have

ZEA1[N'L'(T)]Z sup M

ieS veeB(r) KL(v1,12)

Furthermore,

By [M(r)] > sup 1 d(6,1—19)

. =T (W ,
vo€E(v1) |S‘ -1 KL(VlvVQ) ( )

where M (t) is the number of times that a solution S' C S is sampled up to and include time step t and E(v1) = {ve :
the variance associated to v is larger than 5% /|S|}.

Proof. With 03 > 52/|S|, we construct an alternative instance Ay = (E, Ak, v/2,52), under which each item in S is with
reward distribution v5 , mean 9 and variance a%, while the distributions of other items remain unchanged.

Define event £, 1) = {S is identified as safe after time step t}, £ 2y = {5 is chosen at least once after time step ¢}, and
Ewy = Eu,1) N E,2). Assume there exists 7 < T' such that Py [)] > 1 — 0 and Py, [E;—1,1y] < 1 — 4. Since S is
unsafe under instance Ay and all the solutions chosen {S;}]_; C A are safe with probability at least 1 — §, we have
Pa,[E] < oforallt <T.

‘We now apply Lemma C.2 to obtain that

d(s,1—5)
E > > — E R
2 ]EAl KL(Vl, 1/2) d(Pl (8 7_)) HDQ (E(T))) d (5 1 2 EAl KL(VL VQ)

Since Py, [E7—1,1)] <1 — 0, we can select at most m — 1 items at one time step among the first 7 time steps. Therefore,

R

Ex, [M(7)] =
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Theorem 4.5 (Impossibility result). Let {d7}32_; € o(1) be a sequence that satisfies that there exists b € (0, 1] such that
In(1/67) = Q(T®). For any instance A, the regret of any algorithm is lower bounded by Q(T?).

Proof. The proof is similar to the proof of Lemma C.3. We consider an alternative instance Ay = (E, A, v(?),52) with
the distributions of the items in the optimal safe solution S* changed such that (assume the variances of all the items in S*
are changed (increased))

> 0=

i€S*
i.e., under instance A, this solution S* is unsafe (thus not optimal safe). The other items remain unchanged.

By a similar argument as the proof of Lemma C.3, we have

3" Ea, [Ni(r)] - KL, v?) > d(8,1 - 5)

i€S*
d(6,1—9)
= Z EA1[Ni(T)} > R (2
ies* min;es- KL(y; 7, v;”)

So the safeness checking of S* will take Q(In 55—) = Q(T?)

Recall the probably anytime-safe constraint (1):
P[Vte [T],5, €8] >1-é7.

This indicates at time step ¢, for any solution .5, if IP’H(()) [S € 8] < 1—4d7, S will not be selected at this time step. Otherwise,
t

(1) is violated. Therefore, before the safeness of the optimal safe solution S' is ascertained, it is not going to be sampled and
the instantaneous regret will be lower bounded by mingesng As.

In conclusion, the regret is at least In ﬁ “mingesns Ag = QT?). O

We derive both the problem-dependent and problem independent lower bounds on the K -path semi-bandit problem. The
items in the ground set are divided into Lg paths: P, ..., Pr,, each of which contains K unique items. Path P; contains
items (j — 1)K + 1,...,jK. Without loss of generality, we assume that L/ K is an integer. A set S is a solution if and
only if S C P; for some j. In other words, the solution set Ax = {S: S C P;, 3j =1,..., Lo}. Welet N,(t) denote the
number of time steps item ¢ is selected up to and including time step ¢, M;(t) denote the number of time steps a safe subset
in path j is selected up to and including time step ¢, and .S;(¢) denote the time steps when a safe subset in path j is selected,
ie.,

t t
N;(t) = Z 1{i € Ss}, M;(t) = Z 1{Ss; C Pj,Ssissafe }, S;(t)={1<s<t:S,CP;,Ssissafe}.

s=1 s=1

We let Reg[j](t) denote the regret accumulated in .S;(t). Since all the chosen solutions are safe with probability at least

1— 6, we have Reg(T) > (1 —9) - Zfﬁl Reg[j](T). In the following, we lower bound the regret accumulated in time steps
where safe solutions are chosen.

We will construct several instances to prove each of the lower bounds (which will be specified in the proof) such that
under instance k (A, = (E, Ak, V(k),ﬁz)), the stochastic reward of items in path j (1 < 57 < Lg) are i.id., i.e. ,

I/i(k) = z/gj) , Vi € P;, which will be specified in each case. Under instance %, we define several other notations as follows:

* Let W;(t)™*) be the random reward of arm i at time step t.

* Let St(k) be the pulled solution at time step ¢, and ’H,Ej) = {(ng), {Wi(s)(k)}ses““) )}._, be the sequence of selected
solutions and observed rewards up to and including time step ¢. ‘

For simplicity, we abbreviate EHuc), P as Eg, Py respectively.
T

H’(lfc)r
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C.2. Problem-dependent Lower bound

In order to provide a better understanding of the analysis, we first derive a lower bound with Gaussian distributions
(unbounded) in Theorem C.4. With the same technique, we derive a lower bound with bounded Bernoulli distributions in
Theorem 4.3, which corroborates with our problem setup.

Theorem C.4 (Problem-dependent lower bound for sub-Gaussian instances). Let {dr}3_; € o(1) be a sequence that
satisfies In(1/57) = o(T®) for all b > 0. There exists an instance A, for any {51 }ren-variance-constrained consistent
algorithm T, the regret is lower bounded by

InT w* K -In(1/67) InT
Q (Z > + 7 Q(M + Z (\IJQ,SHB + m + (I)i,SCﬁB) .

) 1,SNB,min iCE

Proof. Given a vanishing sequence {dr } <N, we consider a fixed {d7 }ren-variance-constrained consistent algorithm 7 on
the K -path semi-bandit problem. For simplicity, the distributions of the items are assumed to be Gaussian in the proof, but
the techniques can be applied to the Bernoulli case and we provide the instance design and the corresponding bound at the
end of the proof.

. . =2 . . .
Under instance Aq (the base instance), 2 = 2% (so the absolutely safe solutions contain at most K /2 items) and the
distributions of the items are

WY =N TS, iep
yl(f_):N(A—i,E), ieP2<j<Li+1

O = N, (02 = { AR
u,(fj)zN(A+%,0K€ ), Gi€P,Li+2<j<Ly+1
yg):N(A—%&Q;GV), i€ P, Ly+2<j<Lg

. . 52 —
where e/ < % and €" are small positive constants (e.g. e = %, € < fm)rand Ly =Lo—Li=Lo—Las—1= %
(assume it is an integer). In this case,

* path 1 is an optimal safe path,

* path 2 to path L; + 1 are the safe and suboptimal paths,

e path L; + 2 to path Lo + 1 are the risky paths

* path Ly + 2 to path L3 + 1 = L are the unsafe and suboptimal paths.

In the following, we will compute the minimum regret yielded from each of the paths.

Case 1: the optimal safe path P,

In order to achieve o(T%),Va > 0 regret, any algorithm has to identify the safeness of the optimal safe solution P; and
sample P; (T times, otherwise, the regret is linear. According to Lemma C.3, the expected number of time steps needed
for the safeness identification of P; is lower bounded by

1 d(6r,1 — o7) 0
Eo[Mi(r)] > sup o o = T(vy))
Vg,ll)EE(ung)) KL(VPl aVPl )

where E(ug)) = {ufpll) : the variance associated to Vl(jll) is larger than 2/K}. In particular, we let instance A; =

(B, A, vV, 5%) with

=2 v
O _N(a 19 e P
Vz'(l): Vp, < ’ K ’ e
Vl-(o), Z¢P1

46



Probably Anytime-Safe Stochastic Combinatorial Semi-Bandits

where €] is an arbitrarily small constant. Thus, we can take supremum over €] > 0 and have

1 —
T(l/(o)) < 1 . lin 540, ] S 1 '4K2(02/K)2 In 1 _ K(02)2 In 1
PO K -1 KL(N(A, Z=9), N(A,22) ~ K -1 (€v)? 2.407 (V)2 24ép

When a solution S C P is chosen before this time step, the instantaneous regret is lower bounded by A. The accumulative
regret from P, is lower bounded by

KA 1

Reg[1)(T) > A-T(v)) = 9(@ In

)

Case 2: the safe and suboptimal paths

For any safe and suboptimal path P;(2 < j < L; + 1), we define instance A; = (E, A, v &%) with

] v
; € 0°—¢€ .
o _ B =N@ L T, iep,
Vi(())’ ’L¢P]

where ez-‘ < A is an arbitrarily small constant. So P; is the optimal safe solution under instance j.

Fix any item ¢ € P}, consider the event &; = {N,;(T") > %}, under instance 1, &£; indicates the optimal safe solution P
is sampled less than % times; under instance j, £ indicates the optimal safe solution P; is sampled less than % times.
Therefore,

T T .
RegAO (T) + RegA]‘ (T) 2 EEMPO[(S]] + 56?}% [(S}}

5 min{er, ¢4 (Polé;] + Py[€5])

v

According to Lemma C.1 and Lemma C.2, we have
1
Po[&;] + Pj[€5] = 5 exp{—KL(P1,P;)}

L(P,,P; ZEO KL (v = Eo[Ni(T)] - KL(v”, v?)
i€ P;

Thus
L
Regy, (1) + Regy (1) > 3 min{e", '3 exp{—KL(P,P;)}
In (Reng (1) +Reg/\j (T)) -1 min{e*, €; £1/4 KL([Pl,[Pj)
= InT 21+ InT InT
(%) KL(]P)hpj)
— ¥ >
- InT -
Sin BolNi(D] 1 2t
InT N KL(Vg)), 1/1(33)) (6“;(55)2
ey TenBlND) 2E
InT ~(%)? By

where in (x) we let 7' — oo and note that both Reg,,(7") and Reg, ,(T') are of order o(T*),Va > 0; in (xx) we take
supremum over €/ > 0.
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We also have to take the safeness constraint into consideration. According to Lemma C.3, in order to check the safeness of
P;, the items in P; have to be sampled

Z Ea, [Ni(7)] > sup M

0
icP,) vy e KL )
2icr, Eao (7)) > sup ! L d0or,1 = 7)) AK2(5%/K)? In 5557 = Thate (V}y)).
T T epe) KLWE ) T T @ T

If T'(v )) < Tsafc(l/(P. )) it indicates the suboptimality of P; is identified before the safeness. Furthermore, whenever a

solution S C P; is sampled, S can have most K — 1 items. So the regret is lower bounded by

. (0) 2 v
Reg[f)(T) _ T(vp,) et 2K? 7 A et
wr - K_o1 @FATR)= (el‘)g Tt R
Reg[j](T) _ 2K 7= Ko?/2
ei[l]:]r( ) > (GH)IE . (A + 6”) > (: )/ (A 4 GM)
= Reg[j](T) =Q (Afg (Ap, +4) lnT> (36)

If T(I/E:, )) > Tsafe(l/l(p )) it indicates the suboptimality of P; is identified after the safeness. Thus, whenever a solution

S C Pj is sampled, S can have most K — 1 items before the safeness checking is finished. So the regret is lower bounded by

Reslf)(T) | Toelv)) ) TOB) = Tanel))
nT - K-1 K K
(0) (0)
T(v H Tsae Vp.
> (Pj).equ(Aii). f(PJ)
K K K-1
B pan Sy L A
(er)2 K’ K-1 (ev)? InT
Ko?/2 e 1 K2(0%)? In 5457
> 2012 Ay, :
T et + K) K-1 (e)2 InT
K Ap,. K 1
= Reglj|(T)=Q | —InT + In — 37
gli)(T) (AP ( )(AV) 5T> (37

Based on (36) and (37), the regret is

K K K 1
Reg[j](T) = Q<APIHT+A mln{A2 nT’(AVPj)ZlnéT}>

Case 3: the risky paths

For any risky path P; (L1 +2 < j < La + 1, we define instance A; = (E, Ak, v 52) with

5’2—63, )
), ’LGPJ'

o W =Nar
y.j = Pj K, K
V(O) 1 ¢ Pj

1 )

where €7 is an arbitrarily small constant. So P; is the optimal safe solution under instance j.
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Fix any item ¢ € P}, consider the event &; = {N,;(T") > %}, under instance 1, £; indicates the optimal safe solution P

is sampled less than % times; under instance j, £ indicates the optimal safe solution P; is sampled less than % times.
Therefore,

V

T K-1 T

Regy, (1) + Regy, (1) = 5 (A K 6“) Pol&j] + 5 " P; €]
T
7¢" (Bol&s] + BylE5))

According to Lemma C.1 and Lemma C.2, we have

v

Pol&;] + By[E9] > lexp{ KL(Py, P;)}

L
KL(Py, Pj) = ZEO[NZ’(T)] 'KL(Vz‘(O)a Vi(j)) = Z Eo[N;(T)] 'KL(Z/,EO), Z/Z-(j))
=1 1€ P;
Thus
T 1
Regy, (T) + Regy, (T) > e - 5 exp{~KL(P,P;)}
In (Reng (T) + RegAj (T)> Hflln{eﬂ7 E }/4 KL(]Pl,]P )
— >1+ J
InT InT InT
(x)  KL(Py1,Py)
——=>1
— InT -
Zz‘er Eo [Nz(T)] 1 K2(02)2 ©
InT = © 0 (e T(vp,)
KL(VP ,Z/P ) €

where in () we let T' — oo and note that both Reg,(7') and Reg, , (T') are of order o(7*),Va > 0.

(0))

— 1. Thus, E[M;(T)] 2

Resli(1) = (2 - Eter) 2 K0 )

InT. The
regret is lower bounded by

Case 4: the unsafe and suboptimal paths

For any unsafe and suboptimal path P;(Ls 4+ 2 < j < Lg), we define instance A; = (E, Ax, v ), & 2) with

m
e’ / ]
U-(j)z Vl(pj) N(A-‘r?j, K j), lEPj
0

ST
\
)

i¢ P
where e <A < 2 are arbitrarily small constants. So P; is the optimal safe solution under instance j.

Fix any item i € Pj, consider the event & = {N;(T) > L}, under instance 1, £; indicates the optimal safe solution P;

is sampled less than % times; under instance j, £ indicates the optimal safe solution P; is sampled less than % times.
Therefore,

T T
Regy, (T) + RegAj (T) > 56“[@0[6}] + = 5

gmln{e“ ”} (}P’o[f |+ Py[E7 D

€; P51E7]

Y]
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According to Lemma C.1 and Lemma C.2, we have

PolE;] + B [£5] > 5 exp{~KL(B1,P)}

L(P1,P; ZEO 0 07) = 3 Eo[Ni(T)] - KL(1”, v7)
i€EP;
Thus
T o 1
Regy, (T) + Regy (T) > 3 min{e”, ek} - 3 exp{—KL(P1,P,)}
In (Reng (T) + RegAj (T)> min{e*, €; 11/4 KL(IPl P,)
= >14 L J
InT - InT InT
() KL(P1,P;)
— 22 >1
— Tmr  ~
2
>iep, Eo[Ni(T)] 1 €Y + e 2(e! + €1)?
EPJI 0 Z (0) (j) :4K2 72] - + 7<2j - )
= ) KL o) -k ) e - ek
-1
(+x) Zier Eo[N:(T)] 9 e \? 2(et)? (0)
> 4K =T
— InT - 02/2 + 02/2 (Vp-f)

where in (x) we let 7" — oo and note that both Reg,  (7') and Reg, (T') are of order o(1),Va > 0; in (x*) we take the
supremum over €} > 0, ¢} > 0.

T(v (0))
Note that P; is an unsafe path and if any solution S C P; is sampled, |S| < K — 1. Thus, E[M;(T)] > —=—%InT. The

regret is lower bounded by

Reg[](T) > (A + K}; 16u) ;[i <<J§V/2)2 + 2;;‘;);)1 InT

m
—Q (M1HT>

max{et, e’ }?

. KA KA
—Q(mln{A%jlnT (AV) lnT}>

In conclusion, the regret yielded from these paths is lower bounded by

Reg( ) Li+1 La+1 Lo
12 > Reg(r zReg + Y Reglil(M)+ Y. Reglil(T)
j=L1+2 j=Lo+2

>Q((KA o)+ Lffﬂ( s 8w { 2w Ko L)
+ Lil Q(é()A lnT) Z Q(mln{K? lnT,KAlnT}).

2
j=L1+2 j=La+2 (€")
Note

e Ly=Ly— Ly =Ly— Ly — 1= Lo
o for S*, €V = Al..

= %andu*:KA.
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e forSeSNBandie€ S, wecheckthatif S C P;,2<j<L;+1,A;sn8min = €"and

. [InT 9In(1/d7)
’ > P — AN
VisnB = mm{ A%’ (AY,)?

where the equality holds when § = P;,2 < j < L; + 1.
s forSeRandi € S, " =A) 5
e SeS°NBandi e S, wecan eas1ly check S = P, for some Ly + 2 < j < Ly, thus A; seng min = €/ and

& . {lnT 9InT }
i, ScNB = minsg ——5-, TAVND
we A% (AY)?
Therefore,
LlnT wr K -1n(1/67) InT
Reg(T) > Q <A28mBmln> + f -Q < AS* Z \I/l SNB + Z AVR Z CI)7 ,5<NB
, ) i€E ieE g S

O

Theorem 4.3 (Problem-dependent lower bound). Let {d7}5%_, € o(1) be a sequence that satisfies In(1/57) = o(T?) for
all b > 0. There exists an instance A\ such that for any {01 }ren-variance-constrained consistent algorithm T, the regret is

lower bounded by
InT wr <K In(1/07)
oY )+ £ o 2
(ZEZ; Ai,SﬁB,min) K (A‘é’*)z

Z ( i,snB T h:j;) + @i,sumB>>~

Proof. We divide the whole ground set into several paths. Meanwhile, we define four sets E1, . .., Ey such that E; N E; = ()
forany i # j. P, = Ey, P; C Ej; for j = 2,3,4. For any j > 4, there exists k # 1 such that P; C Ej. For any path P;, if
P; C E4, |Pj| = Ky; otherwise, |Pj| = K. P; consists of arms

j—1 Jj—1
Z|P¢|+1,,Z|Pl|+K1]].{PJ ¢E4}+K2']].{Pj CE4}.
=1 1=1

The feasible solution set A consists of all subsets of each path.
We let Bern(a) denote the Bernoulli distribution with parameter a(a € (0, 1)). Note that the variance of Bern(a) is a(1 —a).
We construct an instance with v; = Bern(u;). With e1,e2 > 0, we set
=A Vie Fi,

piZA—El Vi € Es,

i =A+ey Vi€ Bz,

ILLi:A7€3 Vi € Ey.
Welet2 < Ky < Ko < K,A <1/2and

K1A(1 — A) < &% (paths in E; and E are safe),
Kl(A +62)(1 — A —&3) > 52 (paths in E3 are unsafe),
—e3)(1 — A+ e3) > 7 (paths in Ey are unsafe),
KQ( —e3) < K1 A (paths in Ey4 are suboptimal),
(

A
A+€2)<K1~A<:> (Kl—l)'€2<A<:>€2<K

(K1 —-1)- T (paths in E5 are suboptimal or unsafe).
The conditions above indicate that
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* P is the unique optimal safe set;

* if P; C E», P; and its subsets are safe but suboptimal;

* if P; C Es, Pj isrisky, and its proper subsets are suboptimal;

* if P; C E4, P; and its subsets are suboptimal, and P; is unsafe.

Let
1-1-35%/K; 1-+1-36%/K,
p1 = 5 and pg := 5 ,
The relations between p;’s are as in the following figure:
A—¢e A—e3 A A+ e
| | | | |
| | ! | |
1 1 3 1
4 2 4
P2 P 1-p1 1—-p

With a similar proof to that of Theorem C.4, we have, the accumulative regret from the optimal P; is lower bounded by

Reg[1)(T) > Q(é{f) In ),

the accumulative regret from a safe and suboptimal path in E5 is lower bounded by

_ K, K LS| 1
>0l 2L mT LA — InT, ——1 ;
Reg[j](T) = (AP]- nl+ mln{A%’ ne (A%,)? " or }) ’

the accumulative regret from a risky path in E3 is lower bounded by

KiA
Reglj)(T) = Q| vy InT | ;
(AF,)?
the accumulative regret from a unsafe and suboptimal path in F is lower bounded by

> .
Reg[j|(T) > Q (mln{ A% InT, (&, 2 lnT})

We let

¢ —min{Ap}, ¢ = min{A} )
and set K1, Ko, €1, €9, €3 such that

3
K> Kz Ky=K, min{Ap} <2 min{Ap} <2¢".
J J !

52



Probably Anytime-Safe Stochastic Combinatorial Semi-Bandits

In conclusion, the regret yielded from these paths is lower bounded by

D) > Reg(1)+ 3 Regli(T) + 3 Reelil(7) + 3 Realj|(7)

P;eE, P;eE3 P;eE,

KA 1 K K K 1
> In — E| - Q —InT + A - mi ———InT, —— In —
<< oE %)* 2 ( Tt mm{<eu>2 ol e “6T}>

KA ) KA KA

Note that

b ,U,* :KlA
o for 5%, € = Aj..
e forS € SNBandi € S, wecheck thatif S C Pj,j € By, Aj snB,min = €* and

. [InT 9In(1/67)
/ > i A AN
Vi snB = mln{ A%’ (AY,)?

where the equality holds when S = P;, P; € Es.
e forSeRandi€ S, e =Alx.
» SeS°NBandi € S, we can easily check S = P; for some P; € Ey, thus A; senp,min = €* and

& . {lnT 91nT}
i,8¢ B = 1IN A2 P TAvag (¢
" AL (Ay)?
Therefore,
LlnT wr K- ln 1/5T lnT
Reg(T) > Q-—"" ) +£ .0 Vs + | O, 5

C.3. Problem-independent Lower bound

Theorem 5.2 (Problem-independent lower bound). Let the minimum variance gap be AV := minge 4, A% When K3 > L2,
we have

Reg(T) = 0 VLT + min{ 5o (5.7} )

Proof. Since the rewards of items are bounded in [0, 1], the variance of each arm is at most 1/4. Therefore, when 52 €
[K/4,00), any solution in Ay is safe and there exists a generic lower bound (Kveton et al., 2015). When 52 € (0, K/4), let

_ 1++1-36%/K and a = 1-4/1-6%2/K
— a4 =——"—,

2

We consider the instances containing items with Bernoulli reward distributions. We let Bern(a) denote the Bernoulli
distribution with mean a. An item ¢ € [L] with reward distribution Bern(u;) is with variance u;(1 — y;), which is smaller
than 52/ K if and only if 41; € (0,a) U (@, 1).

We will construct 3 instances such that under instance k (0 < k < 2), the stochastic reward of an item in path j (1 < j < L)
(k) — Bern(ﬂgk)) where /,L( ) will be specified in each case.

Under instance 0, with po < a, we let M;o) = po for all 4, i.e., the reward distribution of each item is Bern(ug). Since

up; = Kpg and afgj = Kpuo(1 — pg) < &2 for all j, each path is an identical safe and optimal solution. Since all paths

is drawn from distribution v;
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are equivalent under instance 0, we have Eo[M;(t)] = T/L¢ forall j € 1,. .., Ly, where Eq denote the expectation under
instance 0.

‘We next construct instance 1 such that
1 1 .
it =, u§)=uo J#1

where 119 < w1 < a.? Hence, P; is the unique optimal safe solution under instance 1 while all other solutions are safe but
suboptimal.
With an analysis similar to that of Lemma 6.4 in Zhong et al. (2021), we can show that

(4)

Lemma C.5. Let the reward distribution of item i be v;”’ under instance j(j = 1,2), then

KL(HY, 1) ZEO - KL, ).

Hence, we have

T
KL 1) = 3 Bovi()] - (4 0) € i Eo[Mi(1)] - d(juos pn) = K - 7= - d(po, 1),
i€ePy

where (a) follows from the fact that at most K items are selected at one time step and the definition of instances.

Next, we apply Pinsker’s Inequality to bound E, [M; (T")]. Lemma C.1 indicates that

ol () - Ex M (D)) < KLY #4Y),

KT

m ’ d(#07ﬂ1)~

Moreover, since the paths P; for j # 1 are identical under instance 1, we have

1 T KT
T — ==
( Lo 2L

- d(po, p11) ) =M.

To learn the regret incurred by P, under instance 1, we need to take the effects of the safety constraint into consideration.
Lemma C.3 indicates that

o if M < T(vp), at each of the first M time steps in S2(T"), at most K — 1 items are pulled and regret of at least
[K (1 — p2) + p2] - M is incurred, i.e.,

Reg[2] > [K (1 — p2) + po] - M.

o if M > T(vp), at each of the first T'(vp) time steps in S3(7"), at most K — 1 items are pulled and regret of at least
[K (1 — p2) + pe] - T(vp) is incurred; besides, at the subsequent time steps in So(T'), regret of at least K (y1 — u2) -
[M — T(v)] is incurred, i.e.,

Reg[2] > [K (1 — p2) + po) - T(vo) + K(p1 — p2) - [M — T'(vo)] = K(p1 — p2) - M + p2 - T(ro)-
In short, we have
Reg[2] > K(p1 — p2) - M+ po - min{T'(v), M}
We can lower bound Reg(j) forall j = 3, ..., Ly with the same method.

*In this proof, u1 are yuz are redefined to minimize clutter; the previous definitions of them not used.
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Besides, since

KT
Ei[Mi(T)] =2 T — ) 57— - d(po, 1)
2Ly
and at most K — 1 items are selected at each of the first T'(v; ) time steps in S1(7"), we have

. KT
Reg[1] > p1 - min {T(Vl),T — 7 d(,uo,ul)}

Therefore, under instance 1, we have

Reg > Z Regl/]

. KT .
> g - min {T(Vl),T — m . d(umul)} +(Lo—1) - [K(u1 — p2) - M + po - min{T (vy), M}]
= ming{ su ! d(o,1 - 9) KT -d( )
= U1 V{EEI()W) K1 KL(Vl,V{)’ 2L Mo, K1

. 1 d(,1—19)
1K _ M . .
+ (Lo ) [ (1 — p2) - M + po - min { VOESIEI‘IE)VU) K—1 KL, V(/))7 MH

where
"

E(v) ={ ) is larger than 52/ K},
E(vy) = {v(1') : the variance related to v(1’) is larger than 52/ K},
1

T [KT
M = y A L .
= L0—1< Lo V2L, dmo’“”)

By Pinsker’s inequality (see Lemma C.1), for p; > 1/2,

(i =@ (=i —a) _ [l — ) —5°/KP?
a(l—p; —a)? a(l — p; —a)?

v(0") : the variance related to v(0

[i(1 — pi) —0*/K]? (1 — i) — 6%/ K]*
a(a—1/2)? a(l/2-a)*>

for pu; < 1/2,

(i —a)?- (1 —pi —a)® _ (1= ) = /K] _ [l — i) — 0%/ K2
a(l — p; —a)? a(l —p;—a)®  — a(1/2 —a)?

Since vy = Bern(up), 1 = Bern(p1), and 0 < pp < p1 < a < 1/2, we have

d(.uu 7) <

sup 1 d(6,1-9) _d(,1-9) (1/2 —a)?
vieE(we) K — 1 KL(VO, 1/0) K-1 [0 (0 — po) — 32/ K)2’

wp LG8 dE1-8) (-
vieBw) K =1 KL(,v))  K-1 [l —m)—0o%/K]?

We define the minimum variance gap AV := minge 4 A%. When K? < L? and LK/T < a?, we can let 3 — pp =

\/L/KT. Then we have
Reg(T)=Q<min{K1 -d(é’lié) T}+VKLT+L0'min{ ! -d(6’176) TK})

-1 (Av/K)?’ K—-1 (Av/K)2’ L
:Q(min{K~W,T}+W+L~min{w,f}>
:Q(\/m+min{L~W,T}).

Moreover, we complete the proof with d(d, 1 — §) > —In(2.49) and 67 = 4.
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D. Tightness of the Upper bound

Corollary D.1 (Tightness of problem-dependent bounds). Let {dr}5%_; € o(1) be a sequence that satisfies In(1/61) =
o(T®) for all b > 0,

* ifIn(1/67) € o(InT), in particular, if 57 = &g > 0 for all T, the regret Reg(T) is

mT | pWT/K
? —®; ge
(g Ai,SﬂB,min + (A{R)z + I i,8¢NB

"0 KInT _l_,u*KlnT
icE Ai,SﬁB,min (AZR)2

 ifIn(1/67) = AInT, i.e., 67 = T~ with a fixed \ > 0, the regret Reg(T) is

InT )\,u*lnT w* , InT
= % —— + D 5
(Z N Rt S (Vises + Gt B s)

+ M*K(Di,scr‘]ls‘)

icE 1,SNB,min icE
KInT A\ K? lnT InT
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where In(1/d7) in the ¥ and V' functions should be replaced by \NInT.

o ifln(1/67) € w(InT), the regret Reg(T) is
w*In(1/07) p*K2In(1/07)
res(r) €9 (5" ) o (g )

The upper bounds above are achieved by PASCOMBUCB.

E. Additional Discussions and Future Research
E.1. Discussions on the Tightness Results

In terms of the problem-dependent bounds in Corollary 4.4, we consider general instances where the rewards from the items
are independent and the gap in Reg, (T") can be closed when that the rewards from the items are correlated, as in the lower
bound for the unconstrained combinatorial bandits in Kveton et al. (2015). This assumption also allows us to remove a
factor of K from the gap of Reg, (7).

In terms of the problem-independent bounds in Corollary 5.4, the regret due to suboptimality is almost tight as in the
unconstrained case (Kveton et al., 2015). The regret due to safeness checking is tight up to a factor of K 2. During each
phase, PASCOMBUCB selects and samples solutions which are disjoint subsets of A,,, and hence one item is sampled at
most once during one phase. However, it is empirically feasible to sample some items more than once during one phase,
which will help reduce the regret but requires more delicate analysis.

For future directions, it is of interest to close the gap (the factor K) in the regret due to safeness checking with improved
analyses or additional assumptions on the instance.

E.2. Discussions on the Problem Formulation

Anytime safety is important in safety-critical applications where at each point in time the risk cannot exceed a certain threshold.
For example, in a self-driving car that is scheduled to move from start point ¢ to end point z,, via (1,22, ...,2,—1) (the
choice of these waypoints is a combinatorial problem), it is necessary that the car stay in its designated lane at all points in
time, and not just “on average”, otherwise a catastrophic accident might result at some point in time with non-negligible
probability. In this example, we might want to choose a route that is safe at all times w.h.p. (in the sense that the car stays in
its designated lane) at the cost of a longer travel time.

This work studies the anytime-safe constraint at the super-arm® level and provides a first step to understanding risk in
combinatorial semi-bandits. The sum Y, , o7 of a set of items (base arms) in A is adopted as the risk measure, which is a

3In this discussion, the terms “super arm” and “base arm” refer to “solution” and item” respectively.
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certain function of 02,4 € A. Itis also of interest to study the anytime safety at the base arm level, where the risk function
is max;e 4 02. From a technical point of view, if the safeness of any single base arm has not been ascertained (as we need
to learn the safeness/risk of the base arms), then pulling any base arm can be risky, in the sense that with non-vanishing
probability, the anytime-safe constraint (or even the less stringent stagewise safety constraint (Khezeli & Bitar, 2020)) is
violated when we do the exploration (by pulling any base arm) at the beginning. Thus, this seems infeasible from a technical
standpoint. Nevertheless, we believe additional proper assumptions can be made to formulate a practical and feasible model
that leads to future researches.

E.3. Comparisons

Comparison with Wu et al. (2016); Kazerouni et al. (2017): While the conservative (linear) constraint

P {ip{k,o*) > (1 —a)tbo} >1-90

t>1 (k=1

requires the constraint should be satisfied w.p. 1 — § over the whole horizon, which is similar to our probably anytime-safe
constraint, the constraint is in terms of the cumulative expected reward (up to time step ¢). The cumulative nature of the
conservative constraint maintains a “budget reservoir” that makes this constraint less stringent than the stagewise safety
constraint (Khezeli & Bitar, 2020), in the sense that one algorithm may satisfy the conservative constraint but violate the
stagewise safety constraint. Both the stagewise safety constraint and the probably anytime-safe constraint consider the
reward/risk that is incurred at each single time step.

Comparison with Khezeli & Bitar (2020); Moradipari et al. (2020): To the best of our knowledge, the stagewise safety
(or the stagewise conservative) constraint (Khezeli & Bitar, 2020; Moradipari et al., 2020) is the most related risk-aware
constraint to our anytime-safe constraint.

(1) The stagewise conservative constraint is a constraint on the mean reward (hence, only one statistics is involved in
the problem), which originates from the conservative constraint (Wu et al., 2016). In our setup, we post the anytime-safe
constraint on the risk while minimizing the regret, which requires us to consider two statistics and the interaction between
them.

(2) The stagewise safety constraint has only been utilized under the linear bandit setup in the literature, where the arm set
is assumed to be a convex and compact set in R™ (Moradipari et al., 2020), and thus, the arms constitute an uncountable
continuous set. If an arm A is known to be safe, then it is safe to pull any arm “near” A. However, in the combinatorial
bandit setup, such a continuity property of the arm set does not hold since it is “discrete”. Specifically, given that super arm
A is safe (but not absolutely safe), even the safeness of a nearby arm A, which is obtained by replacing one single base arm
in A with another base arm, cannot be guaranteed by the safeness of A.

(3) In terms of the safety level, consider the stagewise safety constraint with a constant confidence parameter § (independent
of T); intuitively, the safety constraint can be violated approximately 67" times, which is linear in T'. In addition, consider
an algorithm which does safeness checking first, followed by exploration-and-exploitation on the safe super arms, it takes
@(ﬁ In %) pulls to identify the unsafeness of an unsafe super arm A. Note that the time required is independent of T,

so the regret due to safeness checking is o(7%) for all a > 0. From this perspective, the stagewise safety constraint is not
stringent enough and can be easily satisfied by such a naive algorithm. A more direct intuition (yet not completely rigorous)
is, if the algorithm ignores the stagewise safety constraint, it only takes o(T) for all @ > 0 to rule out the unsafe super
arms, which indicates it satisfies the stagewise safety constraint (since the unsafe super arms are pulled o(7T*) < §T times).
From another [;oint of view, given a confidence parameter ¢, if the stagewise safety constraint is satisfied w.p. 1 — J; at time
step t with ) °,_, §; = 0, then the probably anytime-safe constraint is met w.p. 1 — 4.

(4) Besides the constant confidence parameter &, we have investigated the whole spectrum of § in terms of the time horizon
T'. The tightness result (Corollary D.1) indicates our algorithm is capable of dealing with an even stricter constraint (in the
sense that § decreases with respect to 7') and we provide a sharp threshold on the achievability of o(T%) (for all a > 0)
regret (see Theorem 4.5).
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