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Abstract

In the pursuit of finding an optimal policy, reinforcement learning (RL) methods
generally ignore the properties of learned policies apart from their expected return.
Thus, even when successful, it is difficult to characterize which policies will be
learned and what they will do. In this work, we present a theoretical framework
for policy optimization that guarantees convergence to a particular optimal policy,
via vanishing entropy regularization and a temperature decoupling gambit. Our
approach realizes an interpretable, diversity-preserving optimal policy as the reg-
ularization temperature vanishes and ensures the convergence of policy derived
objects–value functions and return distributions. In a particular instance of our
method, for example, the realized policy samples all optimal actions uniformly.
Leveraging our temperature decoupling gambit, we present an algorithm that esti-
mates, to arbitrary accuracy, the return distribution associated to its interpretable,
diversity-preserving optimal policy.

1 Introduction

In generic Markov Decision Processes (MDPs), many optimal policies exist. Thus, while certain
policy optimization approaches can ensure convergent approximation to an optimal policy, they do
not have control over which states these policies will visit, which actions they will play, or which
long-term returns they can achieve. Indeed, the non-uniqueness of optimal policies renders any
discussion of the properties of an optimal policy ambiguous, beyond its expected value.

A partial remedy to this problem is to regularize the RL objective in order to induce uniqueness. One
popular approach to regularization is to penalize the value of a policy according to its KL divergence
to a reference policy πref . This branch of RL is known as entropy-regularized RL (ERL). In ERL,
for any positive regularization weight τ (also known as temperature), one and only one policy is
optimal. Moreover, in a tabular MDP, τ -optimal policies and their derived objects (value functions,
occupancy measures, and return distributions) converge to classically optimal policies and their
derived objects. However, beyond tabular MDPs, the evolution of τ -optimal quantities, as a function
of the temperature, is not well understood. Thus, as we decay the temperature to zero, we are, in
some sense, back to where we started: living in ambiguity.

In this work, we introduce a temperature decoupling gambit, through which we can guarantee
the convergence of resulting policies and their derived objects in the vanishing temperature limit.
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Much like how a gambit in chess sacrifices an immediate and shallow proxy of the objective (e.g.,
material count) for a long term positional advantage, the temperature decoupling gambit plays
notably suboptimal policies for the τ -ERL objective to ensure convergence to RL optimality as
τ → 0. This scheme entails estimating action-values under a target regularization temperature
while playing policies with an amplified temperature. Furthermore, we characterize this limiting
policy as a modification of the reference policy which “filters out” suboptimal actions. Even when
τ -optimal policies converge in the vanishing temperature limit (such as in tabular MDPs), the limiting
policy produced by the temperature decoupling gambit is distinct from the limiting policy found
otherwise. The limiting policy found via our gambit preserves, quantifiably, more state-wise action
diversity. Moreover, we show that this limiting policy achieves a notion of reference-optimality for
RL, characterized by a new Bellman-like equation, whose unique fixed point upper bounds the (RL)
performance of τ -optimal policies in general.

Our analysis additionally sheds light on the convergence of return distributions—the central objects
of study in distributional RL (DRL) [6]. While optimal policies achieve the same return in expec-
tation, they may vary drastically in other statistics, such as variance. In safety-critical applications,
for example, understanding the distribution over returns is crucial. DRL provides techniques for
estimating return distributions, primarily based on distributional dynamic programming methods
which generalize dynamic programming approaches for estimating expected returns. However, it
is well-known that existing distributional methods do not produce convergent iterates in the control
setting [5]. Leveraging our convergence results for policies in ERL, we define the first algorithm for
accurately estimating a reference-optimal return distribution, the return distribution associated to the
interpretable, diverse policy realized by the temperature decoupling gambit.

2 Preliminaries

Given a Borel set S ⊂ Rn, for some n ∈ N, we let M(S) and Mb(S) denote the space of Borel
measurable and bounded Borel measurable functions on S respectively. We let P(S) denoted the
space of Borel probability measures on S. From now on, measurability will always be with respect to
Borel sets. Moreover, for any ρ ∈ P(Y) with Y ⊂ Rm and any measurable function f : Y → S, the
push-forward of ρ by f is f#ρ := ρ ◦ f−1 ∈ P(S). Here f−1 is the preimage of f .

We single out two particular functions. The function projYk : Y1 × · · · × Yn → Yk defined by
projYk(y1, . . . , yk, . . . , yn) := yk is the projection function of Yn onto Yk. We note that the push-
forward of the projection map is marginalization: νµ := projY#µ is the Y-marginal of µ ∈ P(Y×Z).
The bootstrap function ba,b : R → R is defined by ba,b(z) := a+ bz from [6].

Our analysis works with conditional distributions, which we formalize as probability kernels, as well
as a tensor-product notation constructing product measures and for disintegrating product measures.
For any Y ⊂ Rm and Z ⊂ Rn, the space of (Borel) probability kernels from Y to Z, denoted
K(Y,P(Z)), is the set of all indexed measures λ for which y 7→ λy(S) is measurable for each
S ∈ B(Z), the Borel subsets of Z. Given λ ∈ K(Y,P(Z)) and ρ ∈ P(Y), the generalized product
measure λ ⊗ ρ ∈ P(Y × Z) is defined as follows:∫

ϕ d(λ ⊗ ρ) :=

∫ [ ∫
ϕ(y, z) dλy(z)

]
dρ(y) ∀ϕ ∈M(Y × Z).

Additionally, we can disintegrate any µ ∈ P(Y × Z) as a generalized product between either of its
marginals and the induced conditional probabilities:

µ = πµ ⊗ νµ where νµ := projY#µ and πµ ∈ K(Y,P(Z)).

An important subset of K(Y,P(Z)) consists of those kernels with bounded pth moments,

K
p
(Y,P(Z)) :=

{
λ ∈ K(Y,P(Z)) : sup

y∈Y

∫
|z|p dλy(z) <∞

}
for p ∈ [1,∞),

which can be metrized as complete metric spaces. In this work, we consider their metrization via the
following metrics based on the Wasserstein metrics [40] dp,

dp(λ, λ
′) := sup

y
dp(λy, λ

′
y) and dp;q,ω(λ, λ

′) :=

(∫
dp(λy, λ

′
y)

q dω(y)

)1/q

, (2.1)
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where p, q ∈ [1,∞) and ω ∈ P(Y). These metrize topologies on K
p
(Y,P(Z)) akin to the weak

topology on probability measures with finite pth moments.

2.1 Markov Decision Processes and Reinforcement Learning

A discounted MDP is a five-tuple (X,A, P, r, γ). Here X ⊂ Rm is the state space, A ⊂ Rn is the
action space, r ∈Mb(X× A) is the reward function, and γ ∈ (0, 1) is the discount factor.1

Central to RL are policies. A policy is a probability kernel π ∈ K(X,P(A)). Policies induce state
transition kernels P̂π as well as a state-action transition kernels P̌π , given by

P̂π
x := projX#(Px, ⊗ πx) ∈ P(X) and P̌π

x,a := π ⊗ Px,a ∈ P(X× A),

respectively. Therefore, policies yield sequences of states as well as state-action pairs, labeled
(Sπ

t )t≥0 and (Xπ
t , A

π
t )t≥0 respectively, whose sequences of laws (νπt )t≥0 and (µπ

t )t≥0 are given by

νπt+1 := P̂πνπt with νπ0 := ν0 and µπ
t+1 := P̌πµπ

t with µπ
0 := π ⊗ ν0

for some ν0 ∈ P(X). Given ν0 ∈ P(X), the long-term behavior of any policy π can be encoded via
its (discounted, state-action) occupancy measure µπ , the set of which we denote by O(ν0),

O(ν0) :=

{
µπ ∈ P(X× A) : µπ := (1− γ)

∑
t≥0

γtµπ
t for some π ∈ K(X,P(A))

}
.

Policies also induce return distribution functions ζπ ∈ K(X× A,P(R)) and ηπ ∈ K(X,P(R)),

ζπx,a := law

(∑
t≥0

γtr(Xπ
t , A

π
t )

∣∣∣∣Xπ
0 = x,Aπ

0 = a

)
and ηπx := projR#(ζ

π
x, ⊗ πx)

whose means, the action-value function qπ ∈Mb(X× A) and the value function vπ ∈Mb(X),
qπ(x, a) := EZ∼ζπ

x,a
[Z] and vπ(x) := EG∼ηπ

x
[G],

lead to the RL objective: find a π⋆ ∈ K(X,P(A)) such that qπ
⋆ ≥ qπ for all π. Such a policy

is called optimal. Generally, many policies are optimal. However, their associated action-value
functions are identical (see [32]). We denote this optimal action-value function by q⋆.

2.2 Entropy-Regularized Reinforcement Learning

In ERL, the value of a policy is penalized by how far it diverges from a fixed reference policy
πref ∈ K(X,P(A)). In particular, the τ -ERL problem with temperature τ > 0 is

sup
µπ∈O(ν0)

Jτ (µ) where Jτ (µ) :=

∫
r dµ− τR(µ) and R(µ) :=

∫
KL(πµ

x ∥πref
x ) dνµ(x).

When τ = 0, we recover the linear programming formulation of the (expected-value) RL objective.
In ERL, the regularizer R is strictly convex. Thus, Jτ ia strictly concave and its maximizer unique.2

Lemma 2.1. The functional R : P(X× A) → R is strictly convex. [Proof]

Given Lemma 2.1, one might hope that the well-posedness of τ -ERL could be realized through
simple, yet power methods like the direct method in the calculus of variations. However, outside the
tabular case, this is unclear, for many reasons, the first of which is that Mb(X× A) is not separable.

The well-posedness of τ -ERL, however, can be established through other means. In particular, in
τ -ERL, only one optimal policy exists, and it is characterized as a Boltzmann–Gibbs (BG) policy.
Definition 2.2. Let q ∈M(X× A) and τ > 0. We denote the Boltzmann-Gibbs policy associated to
q and τ by Gτq, and it is characterized by

d(Gτq)x(a) := e(q(x,a)−(Vτq)(x))/τ dπref
x (a) with (Vτq)(x) := τ log

∫
eq(x,a)/τ dπref

x (a).

We note that (Gτq)x is well-defined if and only if (Vτq)(x) ∈ R.
1 We expect many of our results can be extended to Polish spaces.
2 The only work we are aware of that establishes a comparable result is [28]. However, their result is on

tabular MDPs and establishes convexity on O(ν0), not on all of P(X× A).
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More specifically, it is well-known that the optimal policy of τ -ERL is the BG policy associated to
the unique fixed point q⋆τ of the soft Bellman optimality operator B⋆

τ :M(X× A) →M(X× A),

(B⋆
τq)(x, a) := r(x, a) + γ

∫
(Vτq)(x

′) dPx,a(x
′).

(See Lemma A.7.) The following theorem summarizes the well-posedness of τ -ERL.
Theorem 2.3. Let τ > 0. The policy πτ,⋆ := Gτq

⋆
τ is optimal, and uniquely so. More precisely, for

all ν0, ν′0 ∈ P(X), we have that argmaxO(ν0) Jτ = πτ,⋆ = argmaxO(ν′
0)
Jτ . [Proof]

In Appendix A, we prove Theorem 2.3 as well as a collection of supporting and related results that
generalize well-known results in tabular MDPs. We include them for completeness.

In the remainder of this work, we study the evolution of τ -optimal objects as τ vanishes. In the
tabular regime, where Mb(X× A) is separable, one can establish the existence and uniqueness of a
τ -optimal occupancy measure: µ⋆

τ . Furthermore, under a compatibility assumption, one can prove
that the limit of the sequence (µ⋆

τ )τ>0 as τ vanishes exists and is unique as well.
Assumption 2.4. The intersection of {arg supO(ν0) J0} and {R <∞} is nonempty.

Assumption 2.4 asks that our regularizer isn’t identically +∞ on the set of optimal policies. Without
such an assumption, τ -ERL and RL have no meaningful relationship, as we shall see in Section 3.
Theorem 2.5. Suppose that r ∈Mb(X× A) and that X× A is finite. For every τ > 0, let µ⋆

τ be the
maximizer of Jτ over O(ν0). If Assumption 2.4 holds, the sequence (µ⋆

τ )τ>0 has a unique setwise
limit as τ tends to zero. This limit µ⋆

0 is the minimizer of R over arg supO(ν0) J0. [Proof]

Consequently, in the tabular setting, the sequence (πτ,⋆)τ>0 has a unique limit.
Remark 2.6. Even if Theorem 2.5 could be extended to hold true in continuous MDPs, occupancy
measure convergence does not guarantee policy convergence, outside of the tabular setting. Theorem
2.5 is a statement about a sequence of joint distributions. A policy convergence statement would
be one about a sequence of conditional distributions (i.e., probability kernels). In general, the
convergence of a sequence of joint distributions does not imply the convergence of the associated
sequence of conditional distributions with respect to a fixed marginal (see, e.g., [7, Example 10.4.24]).
While it is possible that the structure O(ν0) permits a type of policy convergence, we are unaware of
any such result for continuous MDPs.

3 Convergence to Optimality: The Temperature Decoupling Gambit

While ERL has a unique solution, this identifiability comes at a cost with respect to RL: the resulting
policy is suboptimal for RL. In this section, we analyze vanishing-temperature limits in τ -ERL.
Our main results for this section—Theorems 3.9 and 3.10—show that policies and their return
distributions converge under the scheme of Definition 3.7 to interpretable, optimal limits as τ → 0.

To understand the ways in which τ -ERL converges to RL, we define a (new) πref -sensitive variant of
the Bellman optimality operator, the Bellman reference-optimality operator. We call its unique fixed
point the reference-optimal action-value function.
Lemma 3.1. Let r ∈Mb(X× A), γ < 1, and B⋆

ref :M(X× A) →M(X× A) be defined by

(B⋆
refq)(x, a) := r(x, a) + γ

∫
ess supπref

x′
q(x′, ·) dPx,a(x

′).

Then B⋆
ref is a contraction on Mb(X× A). Thus, it has a unique fixed point q⋆ref . [Proof]

Generally, q⋆ref is distinct from q⋆. Yet, ERL recovers q⋆ref in the vanishing temperature limit.
Theorem 3.2. We have that q⋆τ → q⋆ref monotonically as τ → 0. [Proof]

Theorem 3.2 implies that optimal policies, in general, cannot be recovered by taking vanishing
temperature limits in ERL. We formalize a notion of reference-optimality to highlight this distinction.

Definition 3.3. A policy π ∈ K(X,P(A)) is said to be reference-optimal (against πref ) if qπ ≥ q⋆ref .
Moreover, π is said to be ϵ-reference optimal if qπ ≥ q⋆ref − ϵ.
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Generally, q⋆ref < q⋆. For instance, consider an MDP with one state ⊥ (a bandit), A = [0, 1], and
πref
⊥ = U(A). If r(⊥, ·) = δ1/2, then supA q

⋆(⊥, ·) = 1, while ess supπref
⊥
q⋆(⊥, ·) = 0. However,

in many interesting cases, reference-optimal policies are optimal in the classic sense. When A is
discrete and πref

x is supported on all of A—a ubiquitous assumption in ERL—then indeed q⋆ = q⋆ref .
Likewise, when A is continuous and (P, r) satisfy certain regularity conditions, then q⋆ is continuous
[20]. In these case, a reference-optimal policy is optimal.

When q⋆ref ̸= q⋆, even state-of-the-art continuous-control methods, entropy-regularized or otherwise,
can at best hope to achieve q⋆ref , and not q⋆. This is because, when q⋆ref ̸= q⋆, optimal actions form
a measure 0 set. And so, even rich policy classes, such as neural-network-parameterized Gaussian
policies [19] or diffusion policies [9] will not sample these actions, with probability 1. Thus, moving
forward, we establish q⋆ref as a “skyline” for optimal performance. In other words, we strive to achieve
convergence to reference-optimal policies.

Under the next assumption, we can derive convergent policy optimization schemes as τ tends to zero.

Assumption 3.4. A constant pref > 0 exists for which

inf
τ>0

inf
x∈X

πref
x

({
a ∈ A : q⋆τ (x, a) = ess supπref

x
q⋆τ (x, ·)

})
≥ pref .

Remark 3.5. If A is discrete and πref
x is uniformly lower bounded, Assumption 3.4 holds. This is a

standard assumption. When A is continuous, this assumption is more difficult to guarantee. Intuitively,
it asks that there is enough mass surrounding the optima of the entropy-regularized optimal value
functions q⋆τ for KL((Gτq

⋆
τ )x ∥πref

x ) to remain bounded in the limit.

A result key to the remainder of our work is the following bound on the total variation distance
between pairs of BG policies in terms of their temperature and the distance between their potentials.
Theorem 3.6. Let q, q′ ∈M(X× A). For any τ > 0 and any x ∈ X,

∥(Gτq)x − (Gτq
′)x∥TV

≤ min

{√
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ),
1

2
sinh

(
4τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x )

)}
.

In particular,

∥(Gτq)x − (Gτq
′)x∥TV ≤ 2e− 3

4
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ),

if ∥q(x, ·)− q′(x, ·)∥L∞(πref
x ) < τ/2. [Proof]

While q⋆τ and Vτq
⋆
τ converge in the zero-temperature limit, whether or not τ -regularized optimal

policies πτ,⋆ converge is still unclear. Indeed, under Assumption 3.4, ∥q⋆ref − q⋆τ∥∞ ≲ τ (see Lemma
B.10). However, the log-probabilities of an action a under πτ,⋆ are amplified by τ−1. Hence, the
total variation difference between the BG policy at temperature τ and potential q⋆ref and πτ,⋆ may not
vanish as τ vanishes. Based on this insight, we introduce the temperature decoupling gambit.
Definition 3.7. Given τ > 0, the temperature decoupling gambit specifies an alternate temperature
σ = σ(τ) and constructs πτ,σ := Gτq

⋆
σ . In particular, it requires that σ/τ → 0 as τ → 0.

At any τ > 0, decoupled-temperature policies πτ,σ are necessarily not optimal for the τ -regularized
problem. Nevertheless, unlike πτ,⋆, the policies πτ,σ produced by the temperature decoupling gambit
realize long-term advantages: they have convergence guarantees in the vanishing temperature limit,
and they recover an interpretable reference-optimal policy.
Definition 3.8. Let q⋆ denote the optimal action-value function in a given MDP, and let πref ∈
K(X,P(A)). The optimality-filtered reference policy πref,⋆ is defined by

πref,⋆
x ∝ πref

x ⊙ χN⋆
ref(x)

where N⋆
ref(x) := {a ∈ A : q⋆(x, a) = ess supπref

x
q⋆(x, ·)}.

Here χY is the characteristic or indicator function for the measurable set Y.

Heuristically, the optimality-filtered reference πref,⋆
x is the restriction of πref

x onto the set of expected-
value-optimal actions in the state x.3 When πref is the uniform random policy, that is, πref

x = U(A)

3 This is exact when q⋆ = q⋆ref .
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for all x ∈ X, we see that πref,⋆
x = U(N⋆

ref(x))—the uniform policy on optimal actions. In a sense,
πref,⋆ is the most diverse (reference-)optimal policy; it does not discriminate between optimal actions.

In general, even when πτ,⋆ does converge as τ converges to zero, its limit is different from πref,⋆.
We demonstrate this explicitly in Section 3.1. On the other hand, our next result proves that the
temperature decoupling gambit enables convergence to πref,⋆.4

Theorem 3.9. Under Assumption 3.4, if σ = σ(τ) is such that limτ→0 σ/τ = 0, then πτ,σ
x → πref,⋆

x
as τ → 0, for all x ∈ X, in TV if A is discrete and weakly if A is continuous. [Proof]

At the heart of the proof of Theorem 3.9 is the following inequality (a direct consequence of Theorem
3.6 and Lemma B.10), which relates the BG policies at temperature τ and potentials q⋆σ and q⋆ref :

lim
τ→0

sup
x

∥(Gτq
⋆
σ)x − (Gτq

⋆
ref)x∥TV ≲ − lim

τ→0

σ

τ
log pref .

This inequality reduces questions of convergence of Gτq
⋆
σ to those of Gτq

⋆
ref (the vanishing temperature

limit of a BG policy with a fixed potential is well-studied). Note that the smaller the fraction σ/τ
is, the closer these two policies are. For instance, taking σ(τ) = τ3 ensures that Gτq

⋆
σ is more like

Gτq
⋆
ref than taking σ(τ) = τ2. In particular, it is from this inequality that the temperature decoupling

gambit’s requirement that σ/τ → 0 as τ → 0 arises.

Beyond enabling policy convergence in the vanishing temperature limit, the temperature decoupling
gambit also ensures return distribution function convergence.

Theorem 3.10. Suppose A is discrete and Assumption 3.4 holds. If σ = σ(τ) is such that σ/τ → 0 as
τ → 0, then, for any p, p′ ∈ [1,∞) and ω ∈ P(X× A), as τ → 0, the return distribution functions
ζτ,σ of the temperature-decoupled policies πτ,σ satisfy dp;p′,ω(ζ

τ,σ, ζπ
ref,⋆

) → 0. [Proof]

While Theorem 3.10 does not yet provide an algorithm for approximating ζ⋆, this result serves as
inspiration for such developments in Section 4.

3.1 Numerical Demonstration

In this section, we demonstrate that the policies learned via the temperature decoupling gambit differ
from those learned in ERL, even in the presence of stochastic updates.

Figure 3.1 shows a given tristate MDP with two actions (blue: a1; green: a2), as well as learned
policies π̂τ,⋆ and π̂τ,σ estimated with soft Q-learning [18]. Here πref

x = U(A) for all x ∈ X and
γ = 0.9. As this MDP is tabular, Theorem 2.5 implies that the policies πτ,⋆ converge as τ → 0.
Thus, the temperature decoupling gambit is not necessary to guarantee convergence. Yet we see
different limiting behavior. As predicted by Theorem 3.9, the estimates π̂τ,σ converge to πref,⋆, as
τ → 0. With uniform πref , this is the policy that samples all optimal actions, given a state, with equal
probability. As τ → 0, the estimates π̂τ,⋆

x0
do converge to a different optimal policy. This difference

is in x0, where π̂τ,⋆
x0

collapse to δa1
. We take σ = τ2, in line with Definition 3.7. The two optimal

policies found emphasize different notions of diversity. The limit of πτ,⋆ filters out optimal actions in
order to play actions more uniformly on average with respect to state occupancy in the long term,
while the limit of πτ,σ looks to maximize state-wise action diversity.
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Figure 3.1: Differences between π̂τ,⋆ and π̂τ,σ , approximated with soft Q-learning. Left: Graphical
model of the MDP; arrow colors encode actions. Center: Depiction of the estimated policies π̂τ,⋆

at each state, as τ → 0. Right: Depiction of the estimated policies π̂τ,σ at each state, as τ → 0.
Summary: Learned policies differ in x0, but are otherwise the same.

4 We discuss the benefits of this optimal policy in Appendix D.
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4 Convergent Approximation of Optimal Return Distributions

In this section, we formalize a new branch of DRL and introduce distributional ERL (DERL). 5 Our
main results in this section, Theorems 4.5, 4.6, and 4.7, establish convergent iterative schemes for
approximate (reference-)optimal return distribution estimation. In Section 4.1, we introduce novel
soft distributional Bellman operators, for evaluation and for control, and establish the convergence
of their iterates. The behavior of the resulting return distribution approximations in the vanishing
temperature limit is treated in Section 4.2. To conclude, a simulation is presented in Section 4.3 to
illustrate the resulting optimal return distribution approximations.

4.1 Entropy-Regularized Distributional Reinforcement Learning

We begin by defining a soft distributional Bellman operator, as an analogue to the distributional
Bellman operator [5, 35]. It, under certain conditions, computes

ζ̄τ,πx,a := law

(
r(Xπ

0 , A
π
0 ) +

∑
t≥1

γt
(
r(Xπ

t )− τKL(πXπ
t
∥πref

Xπ
t
)
) ∣∣∣∣Xπ

0 = x, Aπ
0 = a

)
.

Notationally, for any π ∈ K(X,P(A)), we define kl[π] : X → R via kl[π](x) = KL(πx ∥πref
x ).

Definition 4.1. For any τ > 0, γ < 1, and π ∈ K(X,P(A)), the soft distributional Bellman operator
Tπ
τ is given by

(Tπ
τ ζ̄)x,a :=

(
br(x,a),γ ◦ projR − γτkl[π] ◦ projX

)
#

(
ζ̄ , ⊗ P̌π

x,a

)
.

Theorem 4.2. If r ∈Mb(X× A), γ < 1, and π ∈ K(X,P(A)) is such that

sup
x,a

∥τkl[π]∥Lp(Px,a) <∞, (4.1)

the soft distributional Bellman operator Tπ
τ is a γ-contraction in dp for every τ ≥ 0. Thus, it has a

unique solution to the fixed point equation ζ̄ = Tπ
τ ζ̄, which we denote by ζ̄π,τ . [Proof]

Next, we move to policy improvement. In ERL, improving the action-value function q involves policy
evaluation with the policy Gτq. We leverage this insight to enable control.
Definition 4.3. For any τ > 0, the soft distributional optimality operator T⋆

τ is given by

(T⋆
τ ζ̄)x,a := (T

GτQζ̄
τ ζ̄)x,a ≡ (br(x,a),γ ◦ projR − γτkl[GτQζ̄] ◦ projX)#(ζ̄ , ⊗ P̌

GτQζ̄
x,a )

where Q : K(X× A,P(R)) →M(X× A) is such that (Qζ)(x, a) := EZ∼ζx,a
[Z].

We proceed by establishing a simple, but useful algebraic property.
Lemma 4.4. For any τ > 0, QT⋆

τ = B⋆
τQ. [Proof]

Now we prove that iterates of T⋆
τ converge, unlike iterates of T⋆ [5].

Theorem 4.5. For any ζ̄ ∈ K
p
(X× A,P(R)) and temperature τ > 0 define the iterates (ζ̄n)n∈N

given by ζ̄n+1 = T⋆
τ ζ̄

n for ζ̄0 = T⋆
τ ζ̄. Then, for ζ̄τ,⋆ := ζ̄τ,π

τ,⋆

,

dp(ζ̄
n, ζ̄τ,⋆) ≤ Cp,τ,γnγ

n/pdp(ζ̄
0, ζ̄τ,⋆) and d1(ζ̄

n, ζ̄τ,⋆) ≤ 1

(1− γ)
√
τ
Cnγn d1(ζ̄

0, ζ̄τ,⋆),

where C,Cp,τ,γ <∞ are constants depending on ∥r∥sup, (p, τ, γ, ∥r∥sup) respectively. [Proof]

Theorem 4.5 leads to stability in entropy-regularized optimal return distribution estimation. In Figure
4.1, we demonstrate the stability of T⋆

τ and the instability of T⋆. The iterates defined in Theorem 4.5
converge to soft return distributions, which are influenced by stepwise regularization penalties and
correspond to policies that are optimal in ERL. To estimate optimal return distributions, we must
consider vanishing temperature limits.

5 Independently and concurrently, similar results were established by [26] in the fixed-temperature regime,
but only with discrete action spaces and πref being the uniform policy.
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Figure 4.1: Evolution of the soft optimality iterates (T⋆
τ )

kζ(x, a) (bottom row) and the iterates of the
distributional optimality operator (T⋆)kζ(x, a) (top row). Video of entire iterate sequence is available
at https://harwiltz.github.io/assets/stable-return-distributions/.

4.2 Convergent Optimal Return Distribution Estimation in the Vanishing Temperature Limit

In this section, we instantiate the first methods for computing iterates that approximate reference-
optimal return distribution functions in a stable manner.
Theorem 4.6. Suppose Assumption 3.4 holds. Let p, p′ ∈ [1,∞) and ω ∈ P(X × A). For any
ϵ, δ > 0, there exists a τ > 0 for which dp;p′,ω(ζ̄

τ,πτ,⋆

, ζπ
τ,⋆

) ≤ δ/2 and qπ
τ,⋆

is ϵ/2-reference-
optimal. In turn, an nϵ,δ = nϵ,δ(τ) ∈ N exists for which

dp;p′,ω(ζ̄
n, ζπ

τ,⋆

) ≤ δ and GτQζ̄
n is ϵ-reference-optimal ∀n ≥ nϵ,δ

where ζ̄n+1 = T⋆
τ ζ̄

n and ζ̄0 = T⋆
τ ζ̄ for any ζ̄ ∈ K

p
(X× A,P(R)). [Proof]

Theorem 4.6 is the first example of a convergent iterative scheme for approximating the return
distribution of a (reference-)optimal policy. While it ensures convergence to a ϵ-reference-optimal
return distribution, it is still not possible a priori to characterize which return distribution will be
learned. As ϵ → 0, there may be no stable trend in the return distribution that will be estimated
because πτ,⋆ may not converge. To achieve (characterizable) convergence to a reference-optimal
return distribution, we turn back to the temperature decoupling gambit.
Theorem 4.7. Suppose Assumption 3.4 holds and A is discrete. Let p, p′ ∈ [1,∞) and ω ∈ P(X×A).
For any ϵ, δ > 0 and ζ̄0 ∈ K

p
(X × A,P(R)), there exists τ > 0, a decoupled στ > 0 and

nopt, neval ∈ N such that

dp;p′,ω(ζ̂
neval , ζπ

ref,⋆

) ≤ δ and GτQζ̂
neval is ϵ-reference-optimal

where ζ̄n+1 = T⋆
σ ζ̄

n, π̂τ,σ = Gτ ζ̄
nopt , and ζ̂n+1 = Tπ̂τ,σ

τ ζ̂n, for ζ̂0 = ζ̄nopt . [Proof]

Theorem 4.7 outlines an algorithm for estimating ζπ
ref,⋆

. First, approximate ζ̄σ,⋆ via nopt applications
of T⋆

σ (control). Second, extract the mean: q̂⋆σ ≈ q⋆σ. Finally, apply Tπ
τ neval times, with π = Gτ q̂

⋆
σ

(evaluation). If τ ≪ 1, σ = τ2, for example, and nopt, neval ≫ 1, then the resulting return distribution
is as desired. This ensures convergence, (reference)-optimality, and interpretability of the final iterate.

4.3 Numerical Demonstration

Figure 4.2: An illustrative MDP.

Here we validate that ζ̄τ,σ approximates ζπ
ref,⋆

.
We consider the MDP given in Figure 4.2.
Arrow colors correspond to different actions.
Dashed lines represent transitions that occur
with probability 1/2. In this MDP, different
optimal policies have distinct return distribu-
tions. From x1, the blue action yields return of
2γ(1 − γ)−1, while the green action achieves
return 4γ(1 − γ)−1Bernoulli(1/2). In Figures
4.3 and 4.4, we compute estimates ζ̂τ,⋆ ≈ ζ̄τ,⋆

and ζ̂τ,σ ≈ ζ̄τ,σ by (soft) distributional dy-
namic programming using 64-bit precision and
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32-bit precision respectively. 32-bit precision is the default in many scientific computing libraries,
such as Jax [8]. Here γ = 1/2, πref

x = U(A) for all x ∈ X, and σ = τ2. We consider
τ ∈ {10−(2m+1) : m = 0, 1, 2, 3, 4}. Our simulation is a practical implementation of Theorem 4.7.
First, we approximate nopt = 1000 iterative applications of our soft Bellman optimality operator at τ
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Figure 4.3: Estimates of return distributions via soft distributional dynamic programming—η̂τ,σ

using the temperature-decoupling gambit and η̂τ,⋆ without—as τ → 0. As the temperature vanishes,
ητ,σ recovers the return distribution of πref,⋆, shown on the right.

(control). Then, we extract q̂⋆τ , an approximation of q⋆τ , and construct two policies: the BG policy
at τ and the BG policy at τ1/2, both with potential q̂⋆τ . Next we approximate neval = 1000 iterative
applications of our soft Bellman operator (policy evaluation) at temperature τ with the first policy and
at temperature τ1/2 with the second policy. These yield approximations of ζ̄τ,⋆ and ζ̄τ,σ , respectively.
Figures 4.3 and 4.4 depict the policy-averaged return distributions η̂τ,⋆x0

and η̂τ,σx0
compared to the
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Figure 4.4: Return distribution estimation with vanishing temperature using soft distributional
dynamic programming, with 32-bit floating point precision.

baseline η⋆x0
:= projR#(ζ

⋆
x0, ⊗ πref,⋆

x0
). The iterates are approximated via categorical representations

[5, 34] supported on 121 uniformly-spaced atoms on [−2, 8], and MMD projections [43] with the
energy distance kernel E3/2. In both figures, we see that the sequence of temperature-decoupled
return distribution estimates approximate the return distribution associated to πref,⋆ (right). Return
distributions estimates of ζ̄τ,⋆ also converge to those of optimal policies, as predicted by Theorem
4.6, but we find reach different return distributions in each case. While the temperature-decoupling
gambit is not impervious to precision issues, it stabilizes BG policy estimation.

5 Related Work

Entropy regularization in RL was introduced by [48] for inverse RL, where it is necessary to
disambiguate optimal policies and identify the most likely reward function to explain demonstrated
behavior. ERL with πref as the uniform policy—termed maximum entropy or MaxEnt RL, has been
highly influential in deep reinforcement learning. Heuristically, MaxEnt RL encourages policies to
be more uniform, thereby enhancing exploration, sample-efficiency, behavioral diversity [29, 18, 17],
as well as robustness [16, 2, 11, 12]. Heuristic approaches to adaptive temperature schemes in deep
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MaxEnt RL have been effective in practice [19, 47]. Policy optimization in MaxEnt RL has been
shown to be equivalent to a form of inference, conditional on a notion of behavioral optimality, in a
certain graphical model [24, 14], and further characterizations of MaxEnt RL have lead to principled
algorithms for efficient exploration [30, 39]. Alternative forms of regularized RL objectives and
optimizers have been proposed and analyzed [25, 31, 36, 4, 37, 15].

Policy optimization algorithms for entropy-regularization in general are presented and analyzed by
[28]—these methods apply to tabular MDPs and fixed nonzero temperature. [27] provide improved
convergence rates for entropy-regularized policy optimization. They also derive convergence results
in the vanishing temperature limit, but only in the bandit setting. Exceptionally, [23], based on the
work of [1], studies global convergence of policy gradient methods in continuous entropy-regularized
MDPs, for fixed and vanishing temperature, with neural network policies via mean-field analysis.
However, their analysis requires an extra regularization term to a distribution over neurons, precluding
convergence to an optimum of RL. To the best of our knowledge, our work is the first to introduce a
convergent policy optimization scheme for general MDPs in the vanishing temperature limit.

Entropy regularization in DRL is largely unexplored. [22] experimented with an adaptation of
Rainbow [21] to MaxEntRL, but without analysis or formalism. The concurrent work of [26] also
introduced soft distributional Bellman operators, but did not study vanishing temperature limits,
and did not establish convergence rates for iterates of T⋆

τ even for fixed τ . Moreover, the work of
[26] established convergence only in the case of discrete A, and only for a uniform reference policy.
Works have investigated the challenges of estimating optimal return distributions [5, 42], and more
generally, the influence of particular tractable distribution representations on learning dynamics and
fixed point accuracy [45, 46, 43, 3]. In [6], the authors show that distributional analogues of B⋆

produce iterates that converge when there is a unique (deterministic) optimal policy. The interplay
between policy optimization stability and return distributions was studied in [33]. Their empirical
study found that distributions of returns following stochastic policy gradient updates tend to have long
left tails, and called for methods to guide policies into smoother regions (“quiet” neighborhoods) of
the return landscape, the manifold of policy returns across parameters. This study focused primarily
on deterministic policy gradient methods.

6 Discussion

In this work, we have investigated policy and return distribution convergence as the temperature
vanishes in ERL. Our findings motivate iterative schemes for achieving convergence results beyond
expected returns. However, they come with several limitations. In particular, while we have estab-
lished policy convergence via the temperature-decoupling gambit, this convergence qualitative. As
a consequence, our ability to derive approximation algorithms for ζπ with π = πref,⋆ is limited; it
is a priori unclear which temperatures are required for ζτ,σ to be an ϵ-approximation of ζπ with
π = πref,⋆ in dp;p,ω and, therefore, to deploy for iterative applications of T⋆

τ or Tπ
τ with π = Gτq

⋆
σ.

At the moment, however, our results ensure that by progressively annealing τ , the scheme discussed
in Theorem 4.7 will approach ζπ with π = πref,⋆. Nevertheless, quantifying Theorem 3.10 is an
exciting direction for future work. Another exciting direction for future work is to try to incorporate
the temperature-decoupling gambit into the many algorithms in ERL/RL.
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A Entropy-Regularized RL in Continuous MDPs

Here we prove Theorem 2.3 as well as a collection of supporting and related results that generalize
well-known results in tabular MDPs.

We start with a characterization the geometry of the space of occupancy measures. The following
result extends the well-known counterpart in tabular MDPs [13, 38, 10] to continuous MDPs. While
certain parts of this result are proved by [20], not all connections are made, which we state here for
the first time.

Theorem A.1. Let O(ν0) = {µπ : π ∈ K(X,P(A))} the space of all occupancy measures under
the initial state distribution ν0 ∈ P(X). Then O(ν0) is equivalent to the space of all µ ∈ P(X× A)
that satisfy

projX#µ(E) = (1− γ)ν0(E) + γ

∫
Px,a(E) dµ(x, a) ∀E ⊂ X Borel. (A.1)

The space O(ν0) is convex, it is closed under setwise convergence.

Before proceeding with the proof of Theorem A.1, we recall the state occupancy measures νπ , given
by

νπ := (1− γ)
∑
t≥0

γtνπt ,

where (νπt )t≥1 is the sequence of laws generated by P̂π starting at ν0.

Proposition A.2. Let νπt and µπ
t , for t ≥ 1 denote the laws generated by P̂π and P̌π starting at ν0

and µπ
0 = π ⊗ ν0. Then µπ

t = π ⊗ νπt , for all t ≥ 1. Hence, given π and ν0, the state marginal of
the associated occupancy measure µπ is the associated state occupancy measure νπ .

The proof of this proposition will use the following lemma.

Lemma A.3. Under the hypotheses of Proposition A.2, for every t ≥ 1, the conditional probabilities
of µπ

t with respect to its state marginal are π .

Proof. It suffices to prove that the conditional probabilities of µπ
1 are π . Let ν1 denote the state

marginal of µπ
1 . By definition,∫
ψ(x′) dν1(x

′) =

∫
ψ(x′) dµπ

1 (x
′, a′) =

∫ [ ∫
ψ(x′) dPx,a(x

′)

]
dµπ

0 (x, a).

Thus, for any φ ∈Mb(X× A), with ψ(x′) :=
∫
φ(x′, a′) dπx′(a′), observe that∫ [ ∫

φ(x′, a′) dπx′(a′)

]
dν1(x

′) =

∫
ψ(x′) dν1(x

′)

=

∫ [ ∫
ψ(x′) dPx,a(x

′)

]
dµπ

0 (x, a)

=

∫ [ ∫ [ ∫
φ(x′, a′) dπx′(a′)

]
dPx,a(x

′)

]
dµπ

0 (x, a)

=

∫ [ ∫
φ(x′, a′) dP̌π

x,a(x
′)

]
dµπ

0 (x, a)

=

∫
φ(x, a) dµπ

1 (x, a).

So the conditional probabilities of µπ
1 with respect to ν1 are πx, as desired.
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Proof of Proposition A.2. By Lemma A.3, it suffices to show that the state marginal of µπ
1 is νπ1 .

This holds: ∫
ψ(x′) dνπ1 (x

′) =

∫ [ ∫
ψ(x′) dP̂π

x (x
′)

]
dν0(x)

=

∫ [ ∫ [ ∫
ψ(x′) dPx,a(x

′)

]
dπx(a)

]
dν0(x)

=

∫ [ ∫
ψ(x′) dPx,a(x

′)

]
d(πx ⊗ ν0)(x, a)

=

∫ [ ∫
ψ(x′) dPx,a(x

′)

]
dµπ

0 (x, a).

By this computation and Lemma A.3 applied successively to each pair (µπ
t+1, µ

π
t ) for every t ≥ 1,

we deduce that µπ
t = π ⊗ νπt , for all t ≥ 1. Finally, by the linearity of the integral, we conclude.

Indeed,

µπ := (1− γ)
∑
t≥0

γtµπ
t = (1− γ)

∑
t≥0

γt(π ⊗ νπt ) = π ⊗ (1− γ)
∑
t≥0

γtνπt =: π ⊗ νπ.

Proof of Theorem A.1. We prove this theorem in three steps.

Step 1: O(ν0) = F (ν0). First, recall that projX#µ
π = νπ for any policy π, by Proposition A.2.

Thus, we have that for any π and any Borel E ⊂ X,

projX#µ
π(E) = νπ(E) = (1− γ)ν0(E) + γ(1− γ)

∑
t≥0

γtνπt+1(E)

= (1− γ)ν0(E) + γ(1− γ)
∑
t≥0

γt
∫
Px,a(E) dµ

π
t (x, a)

= (1− γ)ν0(E) + γ

∫
Px,a(E) dµ

π(x, a).

This shows that O(ν0) ⊂ F (ν0). It remains to show that F (ν0) ⊂ O(ν0). Let µ ∈ F (ν0),
and let πµ denote its conditional action probabilities with respect to its state marginal νµ—that is,
µ = πµ ⊗ νµ. Moreover, let ϕ0 be any bounded measurable function. By the definition of P , we
note that (A.1) can be written as∫

ϕ0(x0) dν
µ(x0) = (1− γ)

∫
ϕ0(x0) dν0(x0) + γ

∫ [ ∫
ϕ0(x1) dP̂

πµ

x0
(x1)

]
dνµ(x0).

Defining ϕ1(x) =
∫
X
ϕ0(x

′) dP̂πµ

x (x′), the rightmost term
∫
X
ϕ1(x0) dν

µ(x0) can be again expanded
via (A.1), ∫

ϕ0(x0) dν
µ(x0) = (1− γ)

∫
(ϕ0(x0) + γϕ1(x0)) dν0(x0)

+ γ2
∫ [ ∫

ϕ1(x0) dP̂
πµ

x0
(x1)

]
dνµ(x0).

Continuing, we define ϕn+1(x) =
∫
X
ϕn(x

′) dP̂πµ

x (x′), which is bounded and measurable for each
n ∈ N, yielding∫

ϕ0(x0) dν
µ(x0) = (1− γ)

∫ n∑
k=0

γkϕk(x0) dν0(x0)︸ ︷︷ ︸
In

+ γn−1

∫ [ ∫
ϕn(x0) dP̂

πµ

x0
(x1)

]
dνµ(x0)︸ ︷︷ ︸

IIn

.
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By the definition of ϕn, we have that

In = (1− γ)

∫
ϕ0(x0) dν0(x0) + (1− γ)γ

∫ [ ∫
ϕ0(x1) dP̂

πµ

x0
(x1)

]
dν0(x0) + . . .

= (1− γ)

∫
ϕ0(x0) dν0(x0) + (1− γ)γ

∫
ϕ0(x0) dν

πµ

1 (x0) + . . .

=

∫
ϕ0(x0)(1− γ)

n∑
k=0

γkdνπ
µ

k (x0).

Moreover, by the boundedness of ϕn, we deduce that IIn → 0. Substituting, we have∫
ϕ0(x0) dν

µ(x0) = lim
n→∞

In + lim
n→∞

IIn

=

∫
ϕ0(x0) lim

n→∞
(1− γ)

n∑
k=0

γk dνπ
µ

(x0)

=

∫
ϕ0(x0)dν

πµ

(x0).

Since ϕ0 was an arbitrary bounded and measurable function, it follows that νµ = νπ
µ

. Thus,
µ = π ⊗ νµ = µπµ

—the occupancy measure for the policy πµ. Consequently, any µ ∈ F (ν0) is a
member of O(ν0).

Step 2: O(ν0) is convex. The convexity of O(ν0) follows immediately from the structure of F (ν0).
Consider any µ0, µ1 ∈ O(ν0) any α ∈ [0, 1], and define µα = αµ0 + (1 − α)µ1. For any Borel
E ⊂ X, we have that

projX#µα(E) = αprojX#µ0(E) + (1− α)projX#µ1(E)

Since µ0, µ1 ∈ F (ν0), they solve (A.1), so we expand the RHS,

projX#µα(E) = α(1− γ)ν0(E) + αγ

∫
Px,a(E) dµ0(x, a)

+ (1− α)(1− γ)ν0(E) + (1− α)γ

∫
Px,a(E) dµ1(x, a)

= (1− γ)ν0(E) + γ

∫
Px,a(E)(α dµ0(x, a) + (1− α) dµ1(x, a))

= (1− γ)ν0(E) + γ

∫
Px,a(E) dµα(x, a).

So µα ∈ F (ν0) = O(ν0), as desired.

Step 3: O(ν0) is closed under setwise convergence. Let (µk)k∈N ⊂ F (ν0) be a sequence that
converges setwise to µ. Since (x, a) 7→ Px,a(E) is bounded and measurable for any Borel E ⊂ X,∫

Px,a(E) dµk(x, a) →
∫
Px,a(E) dµ(x, a). (A.2)

Likewise,
projX#µk(E) = µk(E× A) → µ(E× A) = projX#µ(E), (A.3)

as µk → µ setwise. Consequently, we have that

projXµ(E) = lim
k→∞

projXµ(E)

= lim
k→∞

[
(1− γ)ν0(E) + γ

∫
Px,a(E) dµk(x, a)

]
= (1− γ)ν0(E) + γ

∫
Px,a(E) dµ(x, a),

where the first equality follows from (A.3), the second follows as µk ∈ F (ν0), and the final equality
follows from (A.2). Thus, we see that µ ∈ F (ν0) = O(ν0).
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Now we prove Lemma 2.1.
Lemma 2.1. The functional R : P(X× A) → R is strictly convex. [Source]

Proof. Observe that

R(µ) = KL(µ ∥ π̄ ⊗ νµ).

We prove this in two steps. First, for every Borel f : X× A → [0,∞), we have that∫
f(x, a)

dπµ
x

dπref
x

(a) d(πref ⊗ νµ)(x, a) =

∫ [ ∫
f(x, a)

dπµ
x

dπref
x

dπref
x (a)

]
dνµ(x)

=

∫ [ ∫
f(x, a) dπµ

x (a)

]
dνµ(x)

=

∫
f(x, a) d(πµ ⊗ νµ)(x, a).

Hence, µ = πµ ⊗ νµ ≪ πref ⊗ νµ if πµ
x ≪ πref

x for νµ-almost every x, and

dµ

d(πref ⊗ νµ)
(x, a) =

dπµ
x

dπref
x

(a).

Second, µ = πµ ⊗ νµ ≪ πref ⊗ νµ implies that πµ
x ≪ πref

x for νµ-almost every x. Indeed, suppose
that a set S ⊂ X exists such that νµ(S) > 0 and for each x ∈ S, we have that

πµ
x (Bx) > 0 but πref(Bx) = 0.

Let

E :=
⋃
x∈S

{x} × Bx.

Then,

(πref ⊗ νµ)(E) =

∫
S

πref
x (Bx) dν

µ(x) = 0 and (πµ ⊗ νµ)(E) =

∫
S

πµ
x (Bx) dν

µ(x) > 0.

This is a contradiction. And so,

R(µ) =

∫ [ ∫
log

(
dπµ

x

dπref
x

(a)

)
dπµ

x (a)

]
dνµ(x)

=

∫ [ ∫
log

(
dµ

d(πref ⊗ νµ)
(x, a)

)
dπµ

x (a)

]
dνµ(x)

=

∫
log

(
dµ

d(πref ⊗ νµ)
(x, a)

)
dµ(x, a)

= KL(µ ∥ π̄ ⊗ νµ),

as desired.

Now recall that

KL(tµ1 + (1− t)µ0 ∥ tµ′
1 + (1− t)µ′

0) ≤ tKL(µ1 ∥µ′
1) + (1− t)KL(µ0 ∥µ′

0).

Moreover, note that

νtµ1+(1−t)µ0 = tνµ1 + (1− t)νµ0 .

In turn,

R(tµ1 + (1− t)µ0) = KL(tµ1 + (1− t)µ0 ∥πref ⊗ νtµ1+(1−t)µ0)

= KL(tµ1 + (1− t)µ0 ∥πref ⊗ (tνµ1 + (1− t)νµ0))

= KL(tµ1 + (1− t)µ0 ∥ t(πref ⊗ νµ1) + (1− t)(πref ⊗ νµ0))

≤ tKL(µ1 ∥πref ⊗ νµ1) + (1− t)KL(µ0 ∥πref ⊗ νµ0)

= tR(µ1) + (1− t)R(µ0).

Thus, R is convex. In particular, R is strictly convex as KL is strictly convex in its first argument.
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With Theorem A.1 and Lemma 2.1 in hand, we use the direct method from the Calculus of Variations
to prove the well-posedness of τ -ERL, in the tabular setting.

Remark A.4. The space Mb(X × A) endowed with the supnorm is a Banach space. Note that
Mb(X × A)∗ ∼= ba(X × A), where ba(X × A) denotes the set of finitely additive set functions on
B(X × A) equipped with the total variation norm. Note that the set of probability measures on
X× A is a subset of the closed unit ball in ba(X× A), which is weak* compact, by Banach–Alaoglu.
The duality pairing for any µ ∈ P(X × A) and for any φ ∈ Mb(X × A) is given by integration:
⟨µ, φ⟩ :=

∫
φdµ. In other words, weak* convergence is setwise convergence when P(X× A) is

considered as a subset of the dual of ba(X× A).

Theorem A.5. Suppose that r ∈ Mb(X × A), X × A is finite, and let ν0 ∈ P(X). A µ⋆
τ ∈ O(ν0)

that achieves the supremum in (2.2) exists. Moreover, no other occupancy measure does so.

Proof. Let the supremum in (2.2) be denoted by ϑ⋆τ and (µk)k∈N ⊂ O(ν0) be such that

ϑ⋆τ − 1

k
< Jτ (µk) ≤ ϑ⋆τ .

In other words, let (µk)k∈N ⊂ O(ν0) be a maximizing sequence. By Remark A.4, owing to the
fact that Mb(X × A) is separable (since X × A is finite), let (µkℓ

)ℓ∈N be a weakly* convergent
subsequence, with weak* limit µ∞. In particular, µkℓ

→ µ∞ setwise. As O(ν0) is closed under
setwise convergence, by Theorem A.1, we have that µ∞ ∈ O(ν0). Furthermore, πref ⊗ νµkℓ →
πref ⊗ νµ∞ setwise as well. As setwise convergence implies weak convergence and as the KL(µ ∥µ′)
is lower-semicontinuous in the pair (µ, µ′) in the weak topology, we find that

ϑτ,⋆ ≤ lim sup
ℓ→∞

∫
r dµkℓ

− τ lim inf
ℓ→∞

KL(µkℓ
∥πref ⊗ νµkℓ )

≤ lim sup
ℓ→∞

∫
r dµkℓ

− τKL(µ∞ ∥πref ⊗ νµ∞)

=

∫
r dµ∞ − τKL(µ∞ ∥πref ⊗ νµ∞)

= Jτ (µ∞).

The penultimate equality uses that r is bounded. Thus, Jτ (µ∞) = ϑ⋆τ . The previous argument
applies to any sub-sequential weak* limit of our maximizing sequence. But as R is strictly convex,
by Lemma 2.1, and O(ν0) is convex, by Theorem A.1, only one such limit exists.

We now move to prove Theorem 2.3. To do so, we state and prove some helpful results. We begin
with policy evaluation.

For any π ∈ K(X,P(A)), define qπτ : X× A → R ∪ {−∞} by

qπτ (x, a) := E

[
r(Xπ

0 , A
π
0 ) +

∑
t≥1

γt
(
r(Xπ

t , A
π
t )− τKL(πXπ

t
∥πref

Xπ
t
)
) ∣∣∣∣ (Xπ

0 , A
π
0 ) = (x, a)

]
.

By the tower property of condition expectation, we have that

qπτ (x, a) = r(x, a) + γ

∫
qπτ (x

′, a′)− τKL(πx′ ∥πref
x′ ) dP̌π

x,a(x
′, a′).

It is convenient to be able to evaluate a policy π (find qπτ ) in an iterative fashion. This can be done via
the soft Bellman operator Bπ

τ :M(X× A) →M(X× A) defined by

(Bπ
τ q)(x, a) := r(x, a) + γ

∫
q(x′, a′)− τKL(πx′ ∥πref

x′ ) dP̌π
x,a(x

′, a′),

but only on a restricted collection of policies.

Lemma A.6. If r ∈ Mb(X × A), γ < 1, and π is such that (4.1) holds with p = 1, then the Bπ
τ is

contractive on Mb(X× A) endowed with the supnorm. Its unique fixed point is qπτ .
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Proof. Observe that

∥Bπ
τ q∥sup ≤ ∥r∥sup + γ∥q∥sup + γ sup

x,a
∥τKL(π ∥πref)∥L1(Px,a) <∞,

by (4.1), and
∥Bπ

τ q −Bπ
τ q

′∥sup ≤ γ∥Vτq − Vτq
′∥sup ≤ γ∥q − q′∥sup.

Next, we proceed with policy improvement.
Lemma A.7. If r ∈Mb(X×A) and γ < 1, then the soft Bellman optimality operator is a contraction
on Mb(X× A) endowed with the supremum norm. Thus, it has a unique fixed point q⋆τ .

Proof. Observe that
∥B⋆

τq∥sup ≤ ∥r∥sup + γ∥q∥sup <∞
and

∥B⋆
τq −B⋆

τq
′∥sup ≤ γ∥Vτq − Vτq

′∥sup ≤ γ∥q − q′∥sup.

Lemma A.8. The following equality holds true: qGτq
⋆
τ

τ = q⋆τ .

Proof. Observe that

B
Gτq

⋆
τ

τ q⋆τ = r(x, a) + γ

∫
q⋆τ − τKL((Gτq

⋆
τ ) ∥πref) dP̌

Gτq
⋆
τ

x,a

= r(x, a) + γ

∫
Vτq

⋆
τ dPx,a

= B⋆
τq

⋆
τ

= q⋆τ .

In words, q⋆τ is a fixed point of the soft Bellman (policy evaluation) operator with π = Gτq
⋆
τ . As

Gτq
⋆
τ is a Boltzmann–Gibbs policy with a bounded potential, by Lemma A.6 and the preceding note,

this operator is a contraction with a unique fixed point. Hence,

q⋆τ = q
Gτq

⋆
τ

τ ,

the unique fixed point of Bπ
τ with π = Gτq

⋆
τ , as desired.

Lemma A.9. For every π ∈ K(X,P(A)), we have that

q⋆τ ≥ qπτ .

Proof. First, we prove that
B⋆

τq
π
τ ≥ qπτ . (A.4)

By definition and the Donsker–Varadhan variational principle,

qπτ (x, a) = r(x, a) + γ

∫ [ ∫
qπτ (x

′, a′) dπx′(a′)− τKL(π′
x ∥πref

x′ )

]
dPx,a(x

′)

≤ r(x, a) + γ

∫
(Vτq

π
τ )(x

′) dPx,a(x
′)

= (B⋆
τq

π
τ )(x, a).

Now we conclude. Let qπτ,0 := max{qπτ , 0}. By (A.4) and since B⋆
τ is a monotone operator,

qπτ ≤ B⋆
τq

π
τ ≤ B⋆

τq
π
τ,0 ≤ B⋆

τ (B
⋆
τq

π
τ,0) ≤ · · · ≤ lim

n→∞
(B⋆

τ )
nqπτ,0 = q⋆τ ,

where the final equality holds by Lemma A.7, noting that ∥qπτ,0∥sup <∞.

Finally, we prove Theorem 2.3.
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Theorem 2.3. Let τ > 0. The policy πτ,⋆ := Gτq
⋆
τ is optimal, and uniquely so. More precisely, for

all ν0, ν′0 ∈ P(X), we have that argmaxO(ν0) Jτ = πτ,⋆ = argmaxO(ν′
0)
Jτ . [Source]

Proof. For any π ∈ K(X,P(A)), let

vπτ (x) :=

∫
qπτ (x, a) dπx(a)− τKL(πx ∥πref

x ).

Note that

Jτ (µ
π) = (1− γ)

∫
vπτ dν0

if µπ ∈ O(ν0). Hence, it suffices to show that

v
Gτq

⋆
τ

τ ≥ sup
π
vπτ . (A.5)

Observe, by Lemma A.8,

v
Gτq

⋆
τ

τ (x) =

∫
q⋆τ (x, a) d(Gτq

⋆
τ )x(a)− τKL((Gτq

⋆
τ )x ∥πref

x ) = (Vτq
⋆
τ )(x).

Thus, by the Donsker–Varadhan variational principle,

v
Gτq

⋆
τ

τ (x)− vπτ (x) = (Vτq
⋆
τ )(x)−

∫
qπτ (x, a) dπx(a) + τKL(πx ∥πref

x )

≥ (Vτq
⋆
τ )(x)− (Vτq

π
τ )(x).

Finally, by Lemma A.9, we have that

Vτq
⋆
τ − Vτq

π
τ ≥ 0,

for all π, as desired.

To conclude this section, we prove Theorem 2.5.

Theorem 2.5. Suppose that r ∈Mb(X× A) and that X× A is finite. For every τ > 0, let µ⋆
τ be the

maximizer of Jτ over O(ν0). If Assumption 2.4 holds, the sequence (µ⋆
τ )τ>0 has a unique setwise

limit as τ tends to zero. This limit µ⋆
0 is the minimizer of R over arg supO(ν0) J0. [Source]

Proof. Let µ⋆ ∈ {arg supO(ν0) J0} ∩ {R <∞}. Then,

0 ≤ J0(µ
⋆)− J0(µ

⋆
τ ) ≤ τ(R(µ⋆)− R(µ⋆

τ )) <∞.

In turn, for all τ > 0, we deduce that R(µ⋆
τ ) ≤ R(µ⋆).

Now let µ0 be any limit of any setwise convergent subsequence of (µ⋆
τ )τ>0 (cf. the proof of Theorem

A.5 and Remark A.4). As R is weakly lower semi-continuous we find that

R(µ0) ≤ lim inf
τ→0

R(µ⋆
τ ) ≤ R(µ⋆).

Moreover, since R(µ⋆) <∞, by Lemma B.2, and as r ∈Mb(X× A), we deduce that

lim
τ→0

τ(R(µ⋆)− R(µ⋆
τ )) = 0 and J0(µ0) = J0(µ

⋆).

Therefore, µ0 ∈ arg supO(ν0) J0 and minimizes R over arg supO(ν0) J0.

Since R is strictly convex, by Lemma 2.1, and the set arg supO(ν0) J0 is convex, R has at most one
minimizer among this set. In turn, only one such limit µ0 exists, call it µ⋆

0. Hence, µ⋆
τ → µ⋆

0 setwise,
as desired.
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B Proofs for Section 3

Before proving the results from Section 3, we introduce some helpful notation. For any q : X×A → R,
we define

(Mτq)(x) :=

∫
q(x, ·) d(Gτq)x.

Additionally, we will define Mτ : L∞(X× A) → R ∪ {∞} according to
Mτ (q) := sup

x
{ess supπref

x
q(x, ·)− Vτq(x)}.

We start by proving that B⋆
ref is contractive on Mb(X× A).

Lemma 3.1. Let r ∈Mb(X× A), γ < 1, and B⋆
ref :M(X× A) →M(X× A) be defined by

(B⋆
refq)(x, a) := r(x, a) + γ

∫
ess supπref

x′
q(x′, ·) dPx,a(x

′).

Then B⋆
ref is a contraction on Mb(X× A). Thus, it has a unique fixed point q⋆ref . [Source]

Proof. First, observe that
∥B⋆

refq∥sup ≤ ∥r∥sup + γ∥q∥sup.
Second,

∥B⋆
refq −B⋆

refq
′∥sup ≤ γ sup

x′
| ess supπref

x′
q(x′, ·)− ess supπref

x′
q′(x′, ·)|

≤ γ sup
x′

(ess supπref
x′
|q(x′, ·)− q′(x′, ·)|)

≤ γ∥q − q′∥sup.
The lemma follows by the Banach fixed point theorem.

Next we prove value function convergence.
Theorem 3.2. We have that q⋆τ → q⋆ref monotonically as τ → 0. [Source]

Proof. Since q⋆τ is bounded (as the fixed point of a contractive operator on Mb(X× A), there exists
q0 : X× A → R such that q⋆τ → q0 monotonically and pointwise as τ → 0, as a direct consequence
of Lemma B.1. Therefore, by the monotone convergence theorem,

lim
σ→0

Vτq
⋆
σ(x) = lim

σ→0
log ∥ exp(q⋆σ(x, ·))∥L1/τ (πref

x ) = log ∥ exp(q0(x, ·))∥L1/τ (πref
x ).

Consequently,
lim
τ→0

lim
σ→0

Vτq
⋆
σ(x) = lim

τ→0
log ∥ exp(q0(x, ·))∥L1/τ (πref

x )

= log ∥ exp(q0(x, ·))∥L∞(πref
x )

= ess supπref
x
q0(x, ·).

The second step holds since for any f ∈ L∞, ∥f∥p converges up to ∥f∥∞ as p → ∞. So, since
the sequence (Vτq

⋆
σ(x))τ,σ≥0 is monotone and bounded, its limit exists, and coincides with that

computed above:
lim
τ→0

Vτq
⋆
τ (x) = ess supπref

x
q0(x, ·).

Since q⋆τ is the unique fixed point of B⋆
τ , by the monotone convergence theorem, we have

q0(x, a) = lim
τ→0

q⋆τ (x, a)

= lim
τ→0

(B⋆
τq

⋆
τ )(x, a)

= r(x, a) + γ

∫
lim
τ→0

Vτq
⋆
τ (x

′) dPx,a(x
′)

= r(x, a) + γ

∫
ess supπref

x′
q0(x

′, ·) dPx,a(x
′),

so that q0 is a fixed point of B⋆
ref . Since the B⋆

ref has a fixed point q⋆ref , it follows that q0 = q⋆ref .
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Now we prove our core estimate.

Theorem 3.6. Let q, q′ ∈M(X× A). For any τ > 0 and any x ∈ X,

∥(Gτq)x − (Gτq
′)x∥TV

≤ min

{√
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ),
1

2
sinh

(
4τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x )

)}
.

In particular,

∥(Gτq)x − (Gτq
′)x∥TV ≤ 2e− 3

4
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ),

if ∥q(x, ·)− q′(x, ·)∥L∞(πref
x ) < τ/2. [Source]

Proof. Let π := Gτq, π
′ := Gτq

′. By Lemma B.6, we have

∥πx − π′
x∥TV ≤

√
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref).

Moreover, by Lemma B.9,

∥πx − π′
x∥TV ≤ 1

2
sinh

(
4τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x )

)
.

This concludes the proof of the first claim. Next, we recall that

sinh(y) =

∞∑
k=0

y2k+1

(2k + 1)!
,

which is convergent for any y ∈ C. Therefore, for y ∈ (0, 1), we have

sinh(y) ≤ y +
y3

3!
+
y5

5!
+ . . .

≤ y

(
1 + ey − 5

2

)
≤ y

(
e− 3

2

)
.

So, when ∥q(x, ·)− q′(x, ·)∥L∞(πref) < τ/2, it follows that

∥πx − π′
x∥TV ≤ 1

2

(
e− 3

2

)(
4τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x )

)
=

2e− 3

4
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ).

Finally, we prove policy and return distribution convergence.

Theorem 3.9. Under Assumption 3.4, if σ = σ(τ) is such that limτ→0 σ/τ = 0, then πτ,σ
x → πref,⋆

x
as τ → 0, for all x ∈ X, in TV if A is discrete and weakly if A is continuous. [Source]

Proof. Recall πτ,σ := Gτq
⋆
σ . By Theorem 3.6 and Lemma B.10,

lim
τ→0

sup
x

∥(Gτq
⋆
σ)x − (Gτq

⋆
ref)x∥TV ≲ − lim

τ→0

σ

τ
log pref . (B.1)

Consequently, πτ,σ
x → πref,⋆

x if and only if (Gτq
⋆
ref)x → πref,⋆

x , and in whatever sense the later
convergence occurs. In particular, if A is continuous, this is in the weak sense. While, if A is discrete,
this in total variation.
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Theorem 3.10. Suppose A is discrete and Assumption 3.4 holds. If σ = σ(τ) is such that σ/τ → 0 as
τ → 0, then, for any p, p′ ∈ [1,∞) and ω ∈ P(X× A), as τ → 0, the return distribution functions
ζτ,σ of the temperature-decoupled policies πτ,σ satisfy dp;p′,ω(ζ

τ,σ, ζπ
ref,⋆

) → 0. [Source]

Proof. By the distributional Bellman equation [5], we have that

dp(ζ
⋆
x,a, ζ

τ,σ
x,a )

≤
∫
dp

(
(br(x,a),γ ◦ projR)#(ζ⋆x′, ⊗ πref,⋆

x′ ), (br(x,a),γ ◦ projR)#(ζτ,σx′, ⊗ πτ,σ
x′ )

)
dPx,a(x

′)

=

∫
dp

(
(b0,γ ◦ projR)#(ζ⋆x′, ⊗ πref,⋆

x′ ), (b0,γ ◦ projR)#(ζτ,σx′, ⊗ πτ,σ
x′ )

)
dPx,a(x

′)

= γ

∫
Iτ,σ dPx,a

where

Iτ,σ(x
′) = dp

(
(b0,1 ◦ projR)#(ζ⋆x′, ⊗ πref,⋆

x′ ), (b0,1 ◦ projR)#(ζτ,σx′, ⊗ πτ,σ
x′ )

)
.

We now derive a bound on Iτ,σ . Starting with a triangle inequality,

Iτ,σ(x
′) ≤ dp

(
(b0,1 ◦ projR)#(ζ⋆x′, ⊗ πref,⋆

x′ ), (b0,1 ◦ projR)#(ζτ,σx′, ⊗ πref,⋆
x′ )

)
+ dp

(
(b0,1 ◦ projR)#(ζτ,σx′, ⊗ πref,⋆

x′ ), (b0,1 ◦ projR)#(ζτ,σx′, ⊗ πτ,σ
x′ )

)
(a)

≤
∫
dp(ζ

⋆
x′,a′ , ζ

τ,σ
x′,a′) dπ

ref,⋆
x′ (a′)

+ dp

(
(b0,1 ◦ projR)#(ζτ,σx′, ⊗ πref,⋆

x′ ), (b0,1 ◦ projR)#(ζτ,σx′, ⊗ πτ,σ
x′ )

)
(b)

≤
∫
dp(ζ

⋆
x′,a′ , ζ

τ,σ
x′,a′) dπ

ref,⋆
x′ (a′)

+ 2
p−1
p

(∫ [∫
|z|p dζτ,σx′,a′(z)

]
d|πref,⋆

x′ − πτ,σ
x′ |(a′)

)1/p

(c)

≤
∫
dp(ζ

⋆
x′,a′ , ζ

τ,σ
x′,a′) dπ

ref,⋆
x′ (a′) +

2
p−1
p

1− γ
∥r∥sup∥πref,⋆

x′ − πτ,σ
x′ ∥1/pTV ,

where (a) follows by the convexity of the Wasserstein metrics [40, 6], (b) applies [40, Theorem
6.15], and (c) leverages that the support ζπx′,a′ lives in a ball of radius ∥r∥sup/(1− γ), for any π and
(x′, a′) ∈ X× A.

So, thus far, we have shown that

dp(ζ
⋆
x,a, ζ

τ,σ
x,a ) ≤ γ

∫
dp(ζ

⋆
x′,a′ , ζ

τ,σ
x′,a′) dP̌

πref,⋆

x,a (x′, a′) + Cγ

∫
∥πref,⋆

x′ − πτ,σ
x′ ∥1/pTV dPx,a(x

′).

By Theorem 3.9, the total variation term tends to zero as τ tends to zero. Thus, defining ι(x′, a′) :=
lim supτ→0 dp(ζ

⋆
x′,a′ , ζ

τ,σ
x′,a′), this implies that

ι(x′, a′) ≤ γ

∫
ι(y, b) dP̌πref,⋆

x′,a′ (y, b),

In turn, sup ι ≤ γ sup ι, implying that ι ≡ 0. Therefore, dp(ζ⋆x,a, ζ
τ,σ
x,a ) → 0 pointwise over

X × A, so by the dominated convergence theorem, dp;p′,ω(ζ
⋆, ζτ,σ) → 0 for any p′ ∈ [1,∞) and

ω ∈ P(X× A).

B.1 Supplemental Lemmas for Section 3

The following lemma translates immediately from the corresponding result in tabular MDPs; we
prove it here for completeness.
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Lemma B.1. If τ ≤ σ, then q⋆σ ≤ q⋆τ .

Proof. By the monotonicity of B⋆
τ ,

q⋆σ = r + γ

∫
Vσq

⋆
σ dP , ≤ r + γ

∫
Vτq

⋆
σ dP , = B⋆

τq
⋆
σ ≤ · · · ≤ q⋆τ

(cf. the proof of Lemma A.9).

Lemma B.2. Let σ = σ(τ) and suppose σ → 0 as τ → 0. Then

τKL((Gτq
⋆
σ)x ∥πref

x )
τ↓0−→ 0.

Proof. Expanding the KL, we have

τKL((Gτq
⋆
σ)x ∥πref

x ) =

∫
A

(q⋆σ(x, ·)− Vτq
⋆
σ(x)) d(Gτq

⋆
σ)x

≤ ess supπref
x
q⋆σ(x, ·)− (Vτq

⋆
σ)(x)

≤ v⋆ref(x)− (Vτq
⋆
σ)(x).

where the final inequality holds by Lemma B.1. Since σ = σ(τ) ≤ τ , we have
Vτq

⋆
σ(x) = log ∥ exp(q⋆σ(x, ·))∥L1/τ (πref

x ) ≥ log ∥ exp(q⋆τ (x, ·))∥L1/τ (πref
x ) = Vτq

⋆
τ ,

where the inequality again is due to Lemma B.1. Consequently, we have
lim sup

τ→0
τKL(πτ,σ

x ∥πref
x ) ≤ v⋆ref(x)− lim inf

τ→0
Vτq

⋆
τ (x) = v⋆ref(x)− v⋆ref(x) = 0,

where the penultimate step is due to the fact that Vτq
⋆
τ → v⋆ref monotonically, as shown in the proof

of Theorem 3.2.

Lemma B.3. For every q ∈ Mb(X × A), with the notation above, Mτ (q) → 0 as τ → 0. If
Assumption 3.4 is satisfied, then for any σ > 0,

Mτ (q
⋆
σ) ≤ −τ log pref .

Proof. First, we observe that
lim
τ→0

Vτq(x) = lim
τ→0

log ∥ exp(q(x, ·))∥L1/τ (πref) = log ∥ exp(q(x, ·))∥L∞(πref) = ess supπref
x
q(x, ·).

This is a monotone limit in τ , as it is known that for any f ∈ L∞, ∥f∥p converges up to ∥f∥L∞ as
p→ ∞. Thus, we see that

Mτ (q) = sup
x

(
ess supπref

x
q(x, ·)− Vτq(x)

)
→ sup

x
(ess supπref

x
q(x, ·)− ess supπref

x
q(x, ·)) = 0

as claimed. Now, under Assumption 3.4, we have
Mτ (q

⋆
σ) = sup

x
(ess supπref

x
q⋆σ(x, ·)− Vτq

⋆
σ(x))

= sup
x

(
ess supπref

x
q⋆σ(x, ·)− τ log

∫
exp(τ−1q⋆σ(x, ·)) dπref

x

)
= sup

x

(
−τ log

∫
exp(τ−1(q⋆σ(x, ·)− ess supπref

x
q⋆σ(x, ·)) dπref

x

)
.

Let Bx = {a ∈ A : q⋆σ(x, a) = ess supπref
x
q⋆σ(x, ·)}. Then,

Mτ (q
⋆
σ) = sup

x

[
− τ log

(∫
Bx

exp(τ−1(q⋆σ(x, ·)− ess supπref
x
q⋆σ(x, ·)) dπref

x

+

∫
A\Bx

exp(τ−1(q⋆σ(x, ·)− ess supπref
x
q⋆σ(x, ·)) dπref

x

)]
= sup

x

[
− τ log

(
πref
x (Bx) +

∫
A\Bx

exp(τ−1(q⋆σ(x, ·)− ess supπref
x
q⋆σ(x, ·)) dπref

x

)]
≤ sup

x
−τ log πref

x (Bx)

≤ τ log pref ,

where the final inequality invokes Assumption 3.4.
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Lemma B.4. For all τ > 0 and any q ∈ L∞(X× A),

B⋆
refq ≥ B⋆

τq,

where B⋆
ref denotes the Bellman optimality operator (cf. Lemma 3.1).

Proof. A direct calculation gives

Vτq(x) = τ log

(∫
exp(τ−1q(x, a)) dπref

x (a)

)
≤ τ log

(∫
exp(τ−1 ess supπref

x
q(x, ·)) dπref

x

)
= ess supπref

x
q(x, ·).

Therefore, it immediate follows that

(B⋆
refq)(x, a) = r(x, a) + γ

∫
ess supπref

x′
q(x′, ·) dPx,a(x

′)

≥ r(x, a) + γ

∫
Vτq(x

′) dPx,a(x
′)

= (B⋆
τq)(x, a).

The follow proof is essentially the performance difference bound in [37].
Lemma B.5. For all n ≥ 1 and any τ > 0,

(B⋆
ref)

nq⋆τ − q⋆τ ≤
n∑

k=1

γkMτ (q
⋆
τ ).

If, additionally, Assumption 3.4 is satisfied, then

(B⋆
ref)

nq⋆τ − q⋆τ ≤ −τ log pref
n∑

k=1

γk.

Proof. We begin with the first statement. Recall that q⋆τ is the fixed point of B⋆
τ , so that q⋆τ = B⋆

τq
⋆
τ .

We will proceed by induction on n. For n = 1, we observe that

(B⋆
refq

⋆
τ )(x, a)− q⋆τ (x, a) = (B⋆

refq
⋆
τ )(x, a)− (B⋆

τq
⋆
τ )(x, a)

= γ

∫ (
ess supπref

x′
q⋆τ (x

′, ·)− Vτq
⋆
τ (x

′)
)
dPx,a(x

′)

≤ γMτ (q
⋆
τ ),

recalling the notation established above. This proves the base case. Now, assume the statement holds
for all m ≤ n. We have

(B⋆
ref)

n+1q⋆τ − q⋆τ = (B⋆
ref)

n+1q⋆τ −B⋆
τ
n+1q⋆τ

≤ B⋆
ref

(
B⋆

τ
nq⋆τ +

n∑
k=1

γkMτ (q
⋆
τ )

)
−B⋆

τ
n+1q⋆τ

= B⋆
refq

⋆
τ +

n∑
k=1

γk+1Mτ (q
⋆
τ )−B⋆

τq
⋆
τ

≤ γMτ (q
⋆
τ ) +

n+1∑
k=2

γkMτ (q
⋆
τ )

=

n+1∑
k=1

γkMτ (q
⋆
τ ),
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where the first inequality invokes the induction hypothesis, and the second inequality is due to the
base case. Thus, we have shown that the claimed statement holds for any n ∈ N.

When Assumption 3.4 is satisfied, by Lemma B.3, we have Mτ (q
⋆
τ ) ≤ −τ log pref , and the second

statement follows.

Lemma B.6. Let q, q′ ∈ L∞(X× A). Then for any τ > 0 and any x ∈ X,

∥(Gτq)x − (Gτq
′)x∥TV ≤

√
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ).

Proof. Let π = Gτq and let π′ = Gτq
′. By Pinsker’s inequality, we have

∥πx − π′
x∥TV ≤

√
1

2
KL(πx ∥π′

x).

Since q, q′ ∈ L∞(X× A), πx, π′
x are mutually absolutely continuous. Expanding the KL divergence,

we have

KL(πx ∥π′
x) =

∫
A

log
πx
π′
x

dπx

=

∫
A

log
πref
x (a) exp(τ−1(q(x, a)− Vτq(x)))

πref
x (a) exp(τ−1(q′(x, a)− Vτq

′(x))
dπx(a)

=

∫
A

τ−1 (q(x, a)− Vτq(x)− q′(x, a) + Vτq
′(x)) dπx(a)

≤ τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref
x ) + τ−1∥Vτq(x)− Vτq

′(x)∥L∞(πref
x )

≤ 2τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref
x ),

where the last inequality holds since Vτ is 1-Lipschitz, as shown in the proof of Lemma B.4.
Substituting back into Pinsker’s inequality, we have

∥πx − π′
x∥TV ≤

√
τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x ),

as claimed.

Lemma B.7. Let π, π′ ∈ P(Y) for some measurable space Y be mutually absolutely continuous.
Then

∥π − π′∥TV ≤ 1

4

(
ess supπ′

dπ

dπ′ − ess infπ′
dπ

dπ′

)
.

Proof. Define h := dπ
dπ′ , and write M := ess supπ′ h,m := ess infπ′ h. Note that

0 =

∫
Y

(dπ − dπ′) =

∫
Y

(h− 1)dπ′ =

∫
E

(h− 1)dπ′ +

∫
Y\E

(h− 1)dπ′,

for any measurable E ⊂ Y. Consequently, we have∫
E

(h− 1),dπ′ =

∫
Y\E

(1− h) dπ′.

Now, we derive the following upper bounds,

π(E)− π′(E) =

∫
E

(h− 1) dπ′ ≤ (M − 1)π′(E)

π(E)− π′(E) =

∫
Y\E

(1− h) dπ′ ≤ (1−m)π′(Y \ E).

Multiplying these inequalities by π′(Y \ E) and π′(E), respectively, and adding the results, we have

(π(E)− π′(E))(π′(Y \ E) + π′(E)) ≤ ((M − 1) + (1−m))π′(E)π′(Y \ E)
∴ π(E)− π′(E) ≤ (M −m)π′(E)π′(Y \ E).
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In fact, the same bound can be achieved for π′(E)− π(E); to see this, note that

π′(E)− π(E) =

∫
E

(1− h)dπ′ ≤ (1−m)π′(E)

π′(E)− π(E) =

∫
Y\E

(h− 1)dπ′ ≤ (M − 1)π′(E),

so by the same procedure as above, π′(E)− π(E) ≤ (M −m)π′(E)π′(Y \ E). Therefore, we have
shown that

|π(E)− π′(E)| ≤ (M −m)π′(E)π′(Y \ E)
for any measurable E ⊂ Y. Since π′(E)π′(Y \E) is maximized at π′(E) = π′(Y \E) = 1/2, we have

∥π − π′∥TV = sup
E

|π(E)− π′(E)| ≤ 1

4
(M −m),

as claimed.

Lemma B.8. Let u,w ∈ L∞(Y) for some measurable space Y, and let λ be a measure on Y. Define
πu, πw ∈ P(Y) absolutely continuous with respect to λ such that dπ•

dλ ∝ e−• for • ∈ {u,w}. Then

∥πu − πw∥TV ≤ 1

2
sinh

(
2∥u− w∥L∞(λ)

)
.

Proof. Firstly, since u,w ∈ L∞(Y), it follows that πu, πw are mutually absolutely continuous. Now,
define h := dπu

dπw , with M := ess supλ h and m := ess infλ h. Note that

dπu(x) =
e−u(x)

Zu
dλ(x), dπw(x) =

e−w(x)

Zw
dλ(x),

where Zu, Zw ∈ R are normalizing constants. Defining f := u− w, we have

h(x) =
Zw

Zu
e−f(x).

Additionally, we have

Zw

Zu
=

∫
Y
e−w(x) dλ(x)∫

Y
e−w(x)e−f(x) dλ(x)

=
1

Eπw [e−f ]
.

Consequently, it holds that ess infλ h ≥ eess infλ f−ess supλ f and ess supλ h ≤ eess supλ f−ess infλ f .
So, by the definition of f , we have m ≥ e−2∥u−w∥L∞(λ) and M ≤ e2∥u−w∥L∞(λ) . Then, invoking
Lemma B.7, we have

∥πu − πw∥TV ≤ 1

4

(
e2∥u−w∥L∞(λ) − e−2∥u−w∥L∞(λ)

)
=

1

2
sinh(2∥u− w∥L∞(λ)).

Lemma B.9. Let q, q′ ∈ L∞(X× A). Then for any τ > 0 and any x ∈ X,

∥(Gτq)x − (Gτq
′)x∥TV ≤ 1

2
sinh

(
2τ−1∥q(x, ·)− q′(x, ·)∥L∞(πref

x )

)
.

Proof. Note that, for any q ∈Mb(X× A), we have

d(Gτq)x ∝ exp(τ−1q(x, ·))dπref
x .

So, invoking Lemma B.8 with u = −τ−1q(x, ·), v = −τ−1q′(x, ·), and λ = πref
x , we have

∥(Gτq)x − (Gτq
′)x∥TV ≤ 1

2
sinh

(
2τ−1∥q − q′∥L∞(πref

x )

)
.
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Lemma B.10. For every τ > 0, recalling the notation above,

0 ≤ q⋆ref − q⋆τ ≤ γ

1− γ
Mτ (q

⋆
τ ).

If Assumption 3.4 is satisfied, then

Mτ (q
⋆
τ ) ≤ −τ log pref ,

and q⋆τ converges uniformly up to q⋆ref .

Proof. By Lemma B.4, we have that for any q ∈ L∞(X× A),

q⋆ref − q⋆τ = lim
n→∞

(B⋆
ref)

nq − lim
n→∞

B⋆
τ
nq ≥ 0.

Then, by Lemma B.5, we have

q⋆ref − q⋆τ = lim
n→∞

((B⋆
ref)

nq⋆τ −B⋆
τ
nq⋆τ )

≤ lim
n→∞

Mτ (q
⋆
τ )

n∑
k=1

γk

=
γ

1− γ
Mτ (q

⋆
τ ),

proving the first claim. When Assumption 3.4 is satisfied, we have Mτ (q
⋆
τ ) ≤ −τ log pref by Lemma

B.3, so that Mτ (q
⋆
τ ) converges down to 0, and consequently q⋆τ converges up to q⋆.

C Proofs from Section 4

Theorem 4.2. If r ∈Mb(X× A), γ < 1, and π ∈ K(X,P(A)) is such that

sup
x,a

∥τkl[π]∥Lp(Px,a) <∞, (4.1)

the soft distributional Bellman operator Tπ
τ is a γ-contraction in dp for every τ ≥ 0. Thus, it has a

unique solution to the fixed point equation ζ̄ = Tπ
τ ζ̄, which we denote by ζ̄π,τ . [Source]

Proof. To begin, let us show that Tπ
τ maps elements of K

p
(X×A,P(R)) to K

p
(X×A,P(R)). For

any ζ ∈ K
p
(X× A,P(R)), observe that

sup
x,a

(∫
|z|p d(Tπ

τ ζ)x,a(z)

)1/p

= sup
x,a

(∫ [∫
|r(x, a)− γτKL(πx′ ∥πref

x′ ) + γz|p dζx′,a′(z)

]
dP̌π

x,a(x
′, a′)

)1/p

≤ ∥r∥sup + γ sup
x,a

∥τkl[π]||Lp(Px,a) + γ

(
sup
x′,a′

∫
|z|p dζx′,a′(z)

)1/p

<∞,

by assumption, as desired.

Next, by the convexity of the Wasserstein metric [6, 40], we have

dp((T
π
τ ζ̄)x,a, (T

π
τ ζ̄

′)x,a)

≤
∫
dp

(
(br(x,a)−γKL(πx′ ∥πref

x′ ),γ
)#ζ̄x′,a′ , (br(x,a)−γKL(πx′ ∥πref

x′ ),γ
)#ζ̄

′
x′,a′

)
dP̌π

x,a(x
′, a′)

≤ γ

∫
dp
(
ζ̄x′,a′ , ζ̄ ′x′,a′

)
dP̌π

x,a(x
′, a′)

≤ γ sup
x′,a′

dp(ζ̄x′,a′ , ζ̄ ′x′,a′)

= γdp(ζ̄, ζ̄
′),
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where the second inequality holds since the common transformation br(x,a)−γτKL(πx′ ∥πref
x′ ),γ

is affine.
As a consequence, we have that

dp(T
π
τ ζ̄,T

π
τ ζ̄

′) ≤ γdp(ζ̄, ζ̄
′),

which validates that Tπ
τ is a γ-contraction in dp. Consequently, since (K

p
(X × A,P(R)), dp) is

complete and separable [6], it follows that Tπ
τ has a unique fixed point. That ζ̄π,τ coincides with this

fixed point follows precisely by [6, Proposition 4.9].

Lemma 4.4. For any τ > 0, QT⋆
τ = B⋆

τQ. [Source]

Proof. For any ζ̄ ∈ K
p
(X× A,P(R)), we have

(QT⋆
τ ζ̄)(x, a) =

∫∫
(r(x, a)− γτKL((GτQζ̄)x′ ∥πref

x′ ) + γz) dζ̄x′,a′(z) dP̌
GτQζ̄
x,a (x′, a′)

=

∫ (
r(x, a)− γτKL((GτQζ̄)x′ ∥πref

x′ ) + γ

∫
z dζ̄x′,a′(z)

)
dP̌

GτQζ̄
x,a (x′, a′)

=

∫ (
r(x, a)− γτKL((GτQζ̄)x′ ∥πref

x′ ) + γ(Qζ̄)(x′, a′)
)
dP̌

GτQζ̄
x,a (x′, a′)

Defining q := Qζ̄, this is equivalent to

(QT⋆
τ ζ̄)(x, a) =

∫ (
r(x, a)− γτKL((Gτq)x′ ∥πref

x′ ) + γq(x′, a′)
)
dP̌

Gτq
x,a (x′, a′)

Moreover, note that

KL((Gτq)x ∥πref
x ) =

∫
log

d(Gτq)x
dπref

x

d(Gτq)x

= τ−1

∫
(q(x, a)− Vτq(x)) d(Gτq)x(a)

= τ−1

(∫
q(x, a) d(Gτq)x(a)− Vτq(x)

)
.

Substituting, we have shown that

(QT⋆
τ ζ̄)(x, a) =

∫ (
r(x, a)− γ

∫
q(x′, a′′),dP̌

Gτq
x,a + γVτ

q (x
′) + γq(x, a)

)
dP̌

Gτq
x,a (x′, a′)

=

∫ (
r(x, a) + γVτ

q (x
′)
)
dP̌

Gτq
x,a (x′, a′)

≡ B⋆
τq(x, a)

= B⋆
τQζ̄(x, a).

Theorem 4.5. For any ζ̄ ∈ K
p
(X× A,P(R)) and temperature τ > 0 define the iterates (ζ̄n)n∈N

given by ζ̄n+1 = T⋆
τ ζ̄

n for ζ̄0 = T⋆
τ ζ̄. Then, for ζ̄τ,⋆ := ζ̄τ,π

τ,⋆

,

dp(ζ̄
n, ζ̄τ,⋆) ≤ Cp,τ,γnγ

n/pdp(ζ̄
0, ζ̄τ,⋆) and d1(ζ̄

n, ζ̄τ,⋆) ≤ 1

(1− γ)
√
τ
Cnγn d1(ζ̄

0, ζ̄τ,⋆),

where C,Cp,τ,γ < ∞ are constants depending on ∥r∥sup, (p, τ, γ, ∥r∥sup) respectively.
[Source]
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Proof. We begin by defining some helper notation. For any ζ̄ ∈ K
p
(X × A,P(R)), we define

ξζ̄ ∈ K
p
(X,P(R× A)) where

ξζ̄x := (b−τKL((GτQζ̄)x ∥πref
x ),1 ◦ projR)#(ζ̄x, ⊗ (GτQζ̄)x). (C.1)

In turn,

(T⋆
τ ζ̄)x,a = (br(x,a),γ ◦ projR)#(ξζ̄ ⊗ Px,a). (C.2)

Next, we define the following helpers,

πn := GτQζ̄
n, ξn := ξζ̄

n

, ξ⋆ := ξζ̄
τ,⋆

.

By [40, Theorem 4.8], we have that for any (x, a) ∈ X× A,

dp(ζ̄
n+1
x,a , ζ̄τ,⋆) ≤ γ

∫
dp(ξ

n
x′ , ξ⋆x′) dPx,a(x

′). (C.3)

Invoking the triangle inequality together with the expansion of the ξ terms by definition, we have that
for any x ∈ X,

dp(ξ
n
x , ξ

⋆)

= dp
(
(projR − τKL(πn

x ∥πref
x ))#(ζ̄

n
x, ⊗ πn

x ), (proj
R − τKL(πτ,⋆

x ∥πref
x ))#(ζ̄

τ,⋆
x, ⊗ πτ,⋆

x )
)

≤
In︷ ︸︸ ︷

dp
(
(projR − τKL(πn

x ∥πref
x ))#(ζ̄

n
x, ⊗ πn

x ), (proj
R − τKL(πn

x ∥πref
x ))#(ζ̄

τ,⋆
x, ⊗ πn

x )
)

+

IIn︷ ︸︸ ︷
dp
(
(projR − τKL(πn

x ∥πref
x ))#(ζ̄

τ,⋆
x, ⊗ πn

x )(proj
R − τKL(πτ,⋆

x ∥πref
x ))#(ζ̄

τ,⋆
x, ⊗ πτ,⋆

x )
)
.

Since the measures being compared in In are both translated by the same pushforward map, another
application of [40, Theorem 4.8] yields the following inequality:

In ≤
∫
dp(ζ̄

n
x,a, ζ̄

τ,⋆
x,a) dπ

n
x (a) ≤ dp(ζ̄

n, ζ̄τ,⋆).

Next, we bound IIn. Let C (ρ1, ρ2) be the set of couplings between measures ρ1, ρ2. Then

IIn ≤ inf
κ∈C (ζ̄τ,⋆

x, ⊗πn
x ,ζ̄τ,⋆

x, ⊗πτ,⋆
x )

(∫ ∣∣∣b−τKL(πn
x ∥πref

x ),1(z)− b−τKL(πτ,⋆
x ∥πref

x ),1(z
′)
∣∣∣p dκ

)1/p

(a)

≤ inf
κ∈C (ζ̄τ,⋆

x, ⊗πn
x ,ζ̄τ,⋆

x, ⊗πτ,⋆
x )

(∫
|z − z′|p dκ

)1/p

+ τ
∣∣KL(πn

x ∥πref
x )−KL(πτ,⋆

x ∥πref
x )
∣∣

(b)

≤ Cγn/p∥Qζ̄0 − q⋆τ∥1/psup,

for some constant C depending on τ, p, γ, ∥r∥sup where (a) applies Minkowski’s inequality, noting
that the KL terms are independent of κ, and (b) invokes Lemma C.5 and Lemma C.6. Indeed, for n
large enough, Lemmas C.5 and C.6 assert that C ≲ τ−1 for fixed p, and more generally that C ≲ τ−1/2

for any n (and fixed p). Substituting back into (C.3), we see that

dp(ζ̄
n+1, ζ̄τ,⋆) ≤ γdp(ζ̄

n, ζ̄τ,⋆) + Cγ1+n/p∥Qζ̄0 − q⋆τ∥1/psup.

Let an := dp(ζ̄
n, ζ̄τ,⋆). We have shown that an+1 ≤ γan+C

′γ1+n/p, where C ′ = C∥Qζ̄0−q⋆τ∥1/psup

is a constant depending on p and τ . We will apply techniques of generatingfunctionology [41] to
bound this sequence. We define A : R → R as the formal power series given by

A(y) =

∞∑
n=0

any
n,
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and we will pick off the coefficients an from the power series representation of A. Our recurrence
above, upon multiplying through by yn and summing over n yields

∞∑
n=0

an+1y
n ≤ γ

∞∑
n=0

any
n + C ′γ

∞∑
n=0

γn/pyn

∴
1

y
A(y)− a0 ≤ γA(y) + C ′γ

1

1− γ1/px

∴ A(y) ≤ a0y

1− γy
+

C ′γy

(1− γ1/py)(1− γy)
,

where a0 = dp(ζ̄
0, ζ̄τ,⋆). Now, the formal power series expansion gives

A(y) ≤
{∑∞

n=1

[
a0γ

n + C ′γ γn/p−γn

γ1/p−γ

]
yn p ̸= 1∑∞

n=1 [a0γ
n + C ′nγn] yn p = 1.

Combining, we have

dp(ζ̄
n, ζ̄τ,⋆) = an ≤ (1 + dp(ζ̄

0, ζ̄τ,⋆))C ′′nγn/p

where C ′′ = C ′ when p = 1, and C ′′ = C ′/(γ1/p − γ) otherwise—in any case, C ′′ is a constant
depending only on p, τ, γ, and the proof is complete.

Theorem 4.6. Suppose Assumption 3.4 holds. Let p, p′ ∈ [1,∞) and ω ∈ P(X × A). For any
ϵ, δ > 0, there exists a τ > 0 for which dp;p′,ω(ζ̄

τ,πτ,⋆

, ζπ
τ,⋆

) ≤ δ/2 and qπ
τ,⋆

is ϵ/2-reference-
optimal. In turn, an nϵ,δ = nϵ,δ(τ) ∈ N exists for which

dp;p′,ω(ζ̄
n, ζπ

τ,⋆

) ≤ δ and GτQζ̄
n is ϵ-reference-optimal ∀n ≥ nϵ,δ

where ζ̄n+1 = T⋆
τ ζ̄

n and ζ̄0 = T⋆
τ ζ̄ for any ζ̄ ∈ K

p
(X× A,P(R)). [Source]

Proof. By Lemma B.10 and under Assumption 3.4,

∥q⋆τ − q⋆ref∥sup ≤ γ log p−1
ref

1− γ
τ ≤ ϵ

2
,

choosing τ ≤ τϵ :=
ϵ(1−γ)

2γ log p−1
ref

. Hence, by Lemmas 4.4 and A.7

∥Qζ̄nϵ − q⋆ref∥sup ≤ γnϵ∥Qζ̄0 − q⋆τ∥sup + ∥q⋆τ − q⋆ref∥sup ≤ γnϵ∥Qζ̄0 − q⋆ref∥sup +
ϵ

2
≤ ϵ,

which holds when nϵ ≥ (log γ)−1 log ϵ
2∥Qζ̄0−q⋆ref∥sup

.

Next, we will show that the soft return distribution estimates will approximate ζπ
τ,⋆

. For notational
simplicity, define Xt := Xπτ,⋆

t and At := Aπτ,⋆

t for t ∈ N. Recall that

ζ̄τ,π
τ,⋆

x,a = law

r(x, a) +∑
t≥1

γt
(
r(Xt, At)− τKL(πτ,⋆

Xt
∥πref

Xt
)
) ∣∣∣∣X0 = x,A0 = a

 .

Moreover, we define ζ̃τ,π
⋆,τ

x,a := (−τKL(πτ,⋆
x ∥πref

x ) + id)#ζ̄
τ,πτ,⋆

x,a , so that

ζ̃τ,π
⋆,τ

= law

∑
t≥0

γt
(
r(Xt, At)− τKL(πτ,⋆

Xt
∥πref

Xt
)
) ∣∣∣∣X0 = x,A0 = a

 .

Now, by the triangle inequality, we have

dp
′

p;p′,ω(ζ̄
τ,πτ,⋆

, ζπ
τ,⋆

) ≤ 2p
′−1

∫ [
dp

′

p (ζ̄τ,π
τ,⋆

x,a , ζ̃τ,π
τ,⋆

x,a )︸ ︷︷ ︸
Iτ (x,a)

+ dp
′

p (ζ̃τ,π
τ,⋆

x,a , ζπ
τ,⋆

x,a )︸ ︷︷ ︸
IIτ (x,a)

]
dω(x, a). (C.4)
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We proceed by analying Iτ . By coupling states and actions, we immediately have

Iτ (x, a) ≤
(
τKL(πτ,⋆

x ∥πref
x )
)p′

,

and so, since πτ,⋆ = Gτq
⋆
τ , by virtue of Lemma B.2 we have

lim sup
τ→0

Iτ (x, a) = 0.

Next, we bound IIτ . Denote by rπ,τ : X× A → R the reward function defined by

rπ,τ (x, a) = r(x, a)− τKL(πτ,⋆
x ∥πref

x ).

The work of [44] shows that, for any policy π, there is a unique ℸπ ∈ K(X× A,P(P(X× A))) for
which (µ 7→ (1− γ)−1(µr)(x, a))#ℸπ

x,a = ζπ,rx,a , where ζπ,r denotes the return distribution function
associated to the policy π for the reward function r. Noting that ζ̃τ,π

τ,⋆

= ζπ
τ,⋆,rπ,τ , we have

IIτ (x, a) = dp
′

p

((
µ 7→ 1

1− γ
(µrπ,τ )(x, a)

)
#

ℸπτ,⋆

x,a ,

(
µ 7→ 1

1− γ
(µr)(x, a)

)
#

ℸπτ,⋆

x,a

)

≤ 1

1− γ

(∫ [∫
|rπ,τ (x′, a′)− r(x′, a′)|p dµ(x′, a′)

]
dℸπτ,⋆

x,a (µ)

)p′/p

=
1

1− γ

(∫ [∫
τKL(πτ,⋆

x′ ∥πref
x′ )p dµ(x′, a′)

]
dℸπτ,⋆

x,a (µ)

)p′/p

where the penultimate step is simply a coupling argument (coupling the samples of ℸπτ,⋆

). Once
again, since lim supτ→0 τKL(πτ,⋆

x ∥πref
x ) = 0, and KL(πτ,⋆

x ∥πref
x ) is bounded by Lemma B.2, the

dominated convergence theorem asserts that limτ→0 IIτ (x, a) = 0 pointwise.

Altogether, we have shown that limτ→0(Iτ (x, a) + IIτ (x, a)) = 0 pointwise, and is bounded as a
consequence of Lemma B.2. Thus, by another application of the dominated convergence theorem
together with (C.4), we have that

lim
τ→0

dp;p′,ω(ζ̄
τ,πτ,⋆

, ζπ
τ,⋆

) = 0.

It follows that there exists some τδ > 0 for which dp;p′,ω(ζ̄
τ,πτ,⋆

, ζπ
τ,⋆

) ≤ δ/2 whenever τ ≤ τδ.
For any such τ , by Theorem 4.5, there exists nδ ∈ N for which

dp;p′,ω(ζ̄
nδ , ζ̄τ,π

τ,⋆

) ≤ dp(ζ̄
nδ , ζ̄τ,π

τ,⋆

) ≤ δ

2
.

For this choice of τ and nδ , by the triangle inequality,

dp;p′,ω(ζ̄
nδ , ζπ) ≤ δ.

Altogether, taking τ = min{τϵ, τδ} and n = max{nϵ, nδ}, we have that

dp;p′,ω(ζ̄
τ,πτ,⋆

, ζπ) ≤ δ

2
and ∥qπτ,⋆ − q⋆ref∥sup ≤ ϵ

2
,

as well as

dp;p′,ω(ζ̄
n, ζπ) ≤ δ and ∥Qζ̄n − q⋆ref∥sup ≤ ϵ.

To complete the proof, we note that

qGτQζ̄n ≥ qGτQζ̄n ≥ q⋆ref − ϵ,

so that GτQζ̄
n is ϵ-reference-optimal.

Theorem 4.7. Suppose Assumption 3.4 holds and A is discrete. Let p, p′ ∈ [1,∞) and ω ∈ P(X×A).
For any ϵ, δ > 0 and ζ̄0 ∈ K

p
(X × A,P(R)), there exists τ > 0, a decoupled στ > 0 and

nopt, neval ∈ N such that

dp;p′,ω(ζ̂
neval , ζπ

ref,⋆

) ≤ δ and GτQζ̂
neval is ϵ-reference-optimal

where ζ̄n+1 = T⋆
σ ζ̄

n, π̂τ,σ = Gτ ζ̄
nopt , and ζ̂n+1 = Tπ̂τ,σ

τ ζ̂n, for ζ̂0 = ζ̄nopt . [Source]
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Proof. Appealing to Theorem 3.10, for any δ > 0, any temperature decoupling gambit yields a
τδ > 0 and an associated decoupled temperature σδ = σ(τδ) > 0 such that

dp;p′,ω(ζ
τ,σ, ζ⋆) ≤ δ/3

whenever τ ≤ τδ . Moreover, as shown in the proof of Theorem 4.6, for small enough τ ′δ ,

dp;p′,ω(ζ
τ,σ, ζ̄τ,σ) ≤ δ/3

whenever τ ≤ τ ′δ—here, we recall that ζ̄τ,σ is the entropy-regularized return distribution function for
the decoupled policy πτ,σ .

Now, define ζ̂τ,σ = (Tπ̂τ,σ

τ )neval ζ̂σ,⋆, and ζ̂σ,⋆ = (T⋆
τσ)

nopt ζ̄0. By the triangle inequality, we have

dp;p′,ω(ζ̂
τ,σ, ζ̄τ,σ) ≤ dp;p′,ω((T

π̂τ,σ

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̂σ,⋆)

+ dp;p′,ω((T
πτ,σ

τ )neval ζ̂σ,⋆, ζ̄τ,σ)

(a)

≤ dp;p′,ω((T
π̂τ,σ

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̂σ,⋆)

+ dp;p′,ω((T
πτ,σ

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̄τ,σ)

(b)

≤ dp;p′,ω((T
π̂τ,σ

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̂σ,⋆)

+ γnevaldp(ζ̂
τ,σ, ζ̄τ,σ)

(c)

≲ γnopt/2p + γneval .

Here, (a) leverages the fact that ζ̄τ,σ is the fixed point of Tπτ,σ

τ by definition, (b) invokes the
contractivity of Tπτ,σ

τ shown in Theorem 4.2 appealing to the fact that πτ,σ is a BG policy for
reference πref , and (c) follows by Lemma C.1. As a consequence, again since |γ| < 1, for sufficiently
large nopt, neval ∈ N, we have

dp;p′,ω(ζ̂
τ,σ, ζ̄τ,σ) ≤ δ/3.

Altogether, by the triangle inequality once again, for the choices of nopt, neval, τ, σ above,

dp;p′,ω(ζ̂
τ,σ, ζ⋆) ≤ dp;p′,ω(ζ̂

τ,σ, ζ̄τ,σ) + dp;p′,ω(ζ̄
τ,σ, ζτ,σ) + dp;p′,ω(ζ

τ,σ, ζ⋆)

≤ δ

3
+
δ

3
+
δ

3
= δ.

This completes the proof of the first claim. It remains to show now that GτQζ̂
neval is ϵ-reference-

optimal. Towards this end, we note that by Theorem 4.6 and 4.7 that there exists τϵ > 0, nϵ ∈ N such
that

d1(ζ̂
neval , ζ̄τ,σ) ≤ ϵ/3 (C.5)

whenever max{neval, nopt} ≥ nϵ and τ ≤ τϵ. To proceed, we note that for any (x, a) ∈ X× A,

|qπτ,σ

τ (x, a)− q⋆ref(x, a)| ≤ |qπτ,σ

τ (x, a)− q⋆τ (x, a)|+ |q⋆τ (x, a)− q⋆ref(x, a)|
≤ |qπτ,σ

τ (x, a)− q⋆τ (x, a)|+ ϵ/3,

where the last inequality holds for small enough τ by Theorem 3.2. Continuing, we have

|qπτ,σ

τ (x, a)− q⋆τ (x, a)| = |qπτ,σ

τ (x, a)− qπ
τ,⋆

τ (x, a)|

= γ

∣∣∣∣∫
X

(Vτq
⋆
σ − Vτq

⋆
τ ) dPx,a

∣∣∣∣
≤ γ∥Vτq

⋆
σ − Vτq

⋆
τ∥sup

≤ γ∥q⋆σ − q⋆τ∥sup,
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where the final inequality holds since Vτ , as a log-sum-exp, is 1-Lipschitz. Now, again by Theorem
3.2, for small enough τ (inducing small enough σ), we have

γ∥q⋆σ − q⋆τ∥sup ≤ γ∥q⋆σ − q⋆ref∥sup + γ∥q⋆τ − q⋆ref∥sup ≤ ϵ/6 + ϵ/6 = ϵ/3.

Altogether, we have that

sup
x,a

|qπτ,σ

τ (x, a)− q⋆ref(x, a)| ≤ ϵ/3 + ϵ/3 = 2ϵ/3.

Next, since d1(ρ1, ρ2) ≥ E(Z1,Z2)∼ρ1⊗ρ2
[|Z1 − Z2|], we have that

∥Qζ̂neval − qπ
τ,σ

τ ∥sup ≤ d1(ζ̂
neval , ζ̄τ,σ) ≤ ϵ/3,

by (C.5). Now, by yet another triangle inequality,

∥Qζ̂neval − q⋆ref∥sup ≤ ∥Qζ̂neval − qπ
τ,σ

τ ∥+ ∥qπτ,σ

τ − q⋆ref∥sup
≤ ϵ/2 + 2ϵ/3 = ϵ.

Consequently, we have

qGτQζ̂neval ≥ qτGτQζ̂
neval ≥ q⋆ref − ϵ.

Thus, we have shown that GτQζ̂
neval is ϵ-reference-optimal, completing the proof.

Lemma C.1. Let ζ ∈ K
p
(X×A,P(R)), τ, σ > 0, neval, nopt ∈ N be given. Define ζ̂σ,⋆ := (T⋆

σ)
noptζ ,

and let π̂σ,⋆ = Gτ ζ̂
σ,⋆. Then, we have

dp((T
π̂σ,⋆

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̂σ,⋆) ≲ γneval + γnopt/2p.

Proof. By Lemma C.2, we have

dp((T
π̂σ,⋆

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̂σ,⋆)

≲ (τ−1∥Qζ̂σ,⋆ − q⋆σ∥sup)1/2p +
√
τ−1∥Qζ̂σ,⋆ − q⋆σ∥sup + ∥Qζ̂τ,σ − q⋆σ∥sup.

It remains to bound ∥Qζ̂σ,⋆ − q⋆σ∥sup. However, by Lemma 4.4 and the contractivity of B⋆
σ , we have

that

∥Qζ̂σ,⋆ − q⋆σ∥sup ≲ γnopt .

Since |γ| < 1, it follows that

dp((T
π̂σ,⋆

τ )neval ζ̂σ,⋆, (Tπτ,σ

τ )neval ζ̂σ,⋆) ≲ γnopt/2p.

Lemma C.2. Let ζ ∈ K
p
(X× A,P(R)), τ, σ > 0, and neval ∈ N be given. Then

dp((T
π̂
τ )

nevalζ, (Tπ
τ )

nevalζ) ≲ (τ−1∥Qζ − q⋆σ∥sup)1/2p +
√
τ−1∥Qζ − q⋆σ∥sup + ∥Qζ − q⋆σ∥sup.

Proof. For simplicity, we define π̂ = GτQζ and π = Gτq
⋆
σ . We want to bound

dp((T
π̂
τ )

nevalζ, (Tπ
τ )

nevalζ).

By Lemma C.3, we have

dp((T
π̂
τ )

nevalζ, (Tπ
τ )

nevalζ)

≤ γdp((T
π̂
τ )

neval−1ζ, (Tπ
τ )

neval−1ζ) + 2γ sup
y,b

[
∥id∥Lp(((Tπ

τ )neval−1ζ)y,b)c1 + c2

]
≤ γ2dp((T

π̂
τ )

neval−2ζ, (Tπ
τ )

neval−2ζ) + 2γ2 sup
y,b

[
∥id∥Lp(((Tπ

τ )neval−2ζ)y,b)c1 + c2

]
+ 2γ sup

y,b

[
∥id∥Lp(((Tπ

τ )neval−1ζ)y,b)c1 + c2

]
≤ γnevaldp(ζ, ζ) + 2

neval∑
k=1

γk sup
y,b

[
∥id∥Lp(((Tπ

τ )neval−kζ)y,b)
c1 + c2

]
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where

c1 := sup
x

∥π̂x − πx∥1/pTV and c2 := cp1∥q⋆σ∥sup + 2∥Qζ − q⋆σ∥sup.

Now ((T
Gτq

⋆
σ

τ )nζ̂σ,⋆)n∈N is the sequence of return distributions generated by iterative applications of
a contractive operator on K

p
(X× A,P(R)). Thus,

sup
n

sup
y,b

∥id∥
Lp(((T

Gτ q⋆σ
τ )nζ̂σ,⋆)y,b)

≤ c3 <∞,

where c3 is a constant depending only on p, γ, σ, τ, ∥r∥sup. It remains to bound c1 and c2. By
Theorem 3.6, we have

c1 = sup
x

∥GτQζ̂
σ,⋆
x − Gτq

⋆
σ∥1/pTV

≤ (τ−1∥Qζ − q⋆σ∥sup)1/2p.
Thus, since ∥q⋆σ∥sup is uniformly bounded for any σ > 0, we have shown that

dp((T
π̂
τ )

nevalζ, (Tπ
τ )

nevalζ) ≲ (τ−1∥Qζ − q⋆σ∥sup)1/2p +
√
τ−1∥Qζ − q⋆σ∥sup + ∥Qζ − q⋆σ∥sup.

Lemma C.3. Let τ > 0, p ∈ [1,∞), q, q′ ∈Mb(X× A), and ζ, ζ ′ ∈ K
p
(X× A,P(R)). Then,

dp(T
Gτq
τ ζ,T

Gτq
′

τ ζ ′)

≤ γdp(ζ, ζ
′)

+ 2γ sup
(x,y,b)∈X×X×A

[
∥id∥Lp(ζy,b)∥πq

x − πq′

x ∥1/pTV + cq,q′∥πq
x − πq′

x ∥TV + 2∥q − q′∥sup
]
,

where cq,q′ := min{∥q∥sup, ∥q′∥sup}.

Proof. Observe

dp(T
Gτq
τ ζ,T

Gτq
′

τ ζ ′) ≤ dp(T
Gτq
τ ζ,T

Gτq
′

τ ζ) + dp(T
Gτq

′

τ ζ,T
Gτq

′

τ ζ ′)

≤ dp(T
Gτq
τ ζ,T

Gτq
′

τ ζ) + γdp(ζ, ζ
′).

So by Lemma C.4, we conclude.

Lemma C.4. Let ζ ∈ K(X× A,P(R)) and q, q′ ∈Mb(X× A). For any τ > 0, defining π• = Gτ•
for • ∈ {q, q′}, denoting cq,q′ = min{∥q′∥sup, ∥q∥sup}, we have

dp(T
Gτq
τ ζ,T

Gτq
′

τ ζ)

≤ 2γ sup
(x,y,b)∈X×X×A

[
∥id∥Lp(ζy,b)∥πq

x − πq′

x ∥1/pTV + cq,q′∥πq
x − πq′

x ∥TV + 2∥q − q′∥sup
]

Proof. For notational simplicity, we define

ξζ,qx = (projR − τkl[Gτq] ◦ projX)#(ζx, ⊗ (Gτq)x).

Then, by the definition of Tπ
τ , we have

(T
Gτq
τ ζ)x,a = (br(x,a),γ ◦ projR)#(ξζ,q ⊗ Px,a)

Following, by [40, Theorem 4.8], we have

dp((T
Gτq
τ ζ)x,a, (T

Gτq
′

τ ζ)x,a) ≤ γ

∫
dp(ξ

ζ,q
, ξζ,q

′
) dPx,a.
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We will now estimate the integrand above. By the definition of ξζ,q, for any x ∈ X, denoting
πq := Gτq, we have

dp(ξ
ζ,q
x , ξζ,q

′

x )

= dp

(
(b−τKL(πq

x ∥πref
x ),1 ◦ projR)#(ζx, ⊗ πq

x), (b−τKL(πq′
x ∥πref

x ),1
◦ projR)#(ζx, ⊗ πq′

x )
)

≤ inf
κx∈C (ζx⊗πq

x,ζx⊗πq′
x )

(∫
|z − z′|p dκx

)1/p

︸ ︷︷ ︸
I(x)

+ τ |KL(πq
x ∥πref

x )−KL(πq′

x ∥πref
x )|︸ ︷︷ ︸

II(x)

.

The inequality is due to a technique employed in the proof of Theorem 4.5. Next, by [40, Theorem
6.15], we bound I via

I(x) ≤ 2
p−1
p sup

x′,a′
∥id∥Lp(ζx′,a′ )∥πq

x − πq′

x ∥1/pTV ≤ 2 sup
x′,a′

∥id∥Lp(ζx′,a′ )∥πq
x − πq′

x ∥1/pTV

Now, for II, we have

II(x) ≤ min{∥q′∥sup, ∥q∥sup}∥πq
x − πq′

x ∥TV + 2∥q − q′∥sup,
as shown in the proof of Lemma C.5. Therefore, we have shown that

dp((T
Gτq
τ ζ)x,a, (T

Gτq
′

τ ζ)x,a)

≤ γ

∫ [
sup
x′,a′

∥id∥Lp(ζx′,a′ )∥πq
x − πq′

x ∥1/pTV + cq,q′∥πq
x − πq′

x ∥TV + 2∥q − q′∥sup
]
dPx,a.

C.1 Supplemental Lemmas for Section 4

Lemma C.5. Let ζ̄ ∈ K
1
(X× A,P(R)), and for any n ∈ N, define ζ̄n+1 = T⋆

τ ζ̄
n, with ζ̄0 = T⋆

τ ζ.
Also, define πn := GτQζ̄

n. Then for any x ∈ X, denoting Cx := ∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref
x ),

τ
∣∣KL(πn

x ∥πref
x )−KL(πτ

x ∥πref
x )
∣∣ ≤ (2 + C1

√
τ)max

{
γnCx,

√
γnCx

}
,

where C1 <∞ is a constant. If τ ≥ 2γnCx, then for a constant C2 <∞, we have

τ
∣∣KL(πn

x ∥πref
x )−KL(πτ,⋆

x ∥πref
x )
∣∣ ≤ (2 + C2τ

−1)Cxγ
n.

Proof. First, observe that

τ
∣∣KL(πn

x ∥πref
x )−KL(πτ,⋆

x ∥πref
x )
∣∣

=

∣∣∣∣∫ Qζ̄n(x, a) dπn
x (a)− VτQζ̄

n(x)−
∫
q⋆τ (x, a) dπ

τ,⋆
x (a) + Vτq

⋆
τ (x)

∣∣∣∣
≤
∣∣∣∣∫ Qζ̄n(x, a) dπn

x (a)−
∫
q⋆τ (x, a) dπ

τ,⋆
x (a)

∣∣∣∣+ ∣∣VτQζ̄
n(x)− Vτq

⋆
τ (x)

∣∣
≤ ∥q⋆τ (x, ·)∥L∞(πref)∥πn

x − πτ,⋆
x ∥TV + 2∥Qζ̄n(x, ·)− q⋆τ (x, ·)∥L∞(πref)

By Lemma 4.4 and the γ-contractivity of B⋆
τ , we note that

∥Qζ̄n(x, ·)− q⋆τ (x, ·)∥L∞(πref ≤ γn∥Qζ̄0(x, ·)− q⋆τ (x, ·)∥L∞(πref .

Then, by Theorem 3.6, we have

∥πn
x − πτ,⋆

x ∥TV ≤
{

2e−3
4 γnτ−1∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref

x ) ∥Qζ̄(x, ·)− q⋆τ∥L∞(πref
x ) ≤ 1

2γ
−nτ√

τ−1γn∥Qζ̄ − q⋆τ∥L∞(πref
x ) otherwise.

Note that ∥q⋆τ∥sup ≤ ∥r∥sup/(1− γ). Indeed, the upper bound is free; the lower bound comes from
comparing q⋆τ with qπτ for π = πref . Altogether, we have that

τ |KL(πn
x ∥πref

x )−KL(πτ,⋆
x ∥πref

x )| ≤
(
2 +

∥r∥supτ−1/2

1− γ

)
max

{
γnCx,

√
γnCx

}
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for Cx = ∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref
x ).

If τ ≥ 2γnCx, then we have the stronger bound

τ |KL(πn
x ∥πref

x )−KL(πτ,⋆
x ∥πref

x )| ≤ (2 + C ′τ−1)Cxγ
n,

where C ′ = (2e− 3)∥r∥sup/4(1− γ).

Lemma C.6. Let ζ̄ ∈ K
p
(X × A,P(R)). For any n ∈ N , define ζ̄n+1 = T⋆

τ ζ̄
n, with ζ̄0 = T⋆

τ ζ̄.
Denoting by C (ρ1, ρ2) the space of all couplings between the measures ρ1, ρ2, for all x ∈ X we have

inf
κ∈C (ζ̄τ,⋆

x, ⊗πn
x ,ζ̄τ,⋆

x, ⊗πτ,⋆
x )

∫
|z − z′|p dκ ≤ Cp

γn/2

(1− γ)p

√
τ−1∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref

x ),

where πn := GτQζ̄
n and Cp < ∞ is a constant depending only on p and ∥r∥sup. Moreover, when

n > log γ−1(log 2∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref
x ) − log τ), we have

inf
κ∈C (ζ̄τ,⋆

x, ⊗πn
x ,ζ̄τ,⋆

x, ⊗πτ,⋆
x )

∫
|z − z′|p dκ ≤ C ′

p

γn

(1− γ)p
τ−1∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref

x ),

where C ′
p = (2e− 3)Cp/4.

Proof. For notational convenience, define ϖ•
x := ζ̄τ,⋆x, ⊗ π•

x, for • ∈ {n, (τ, ⋆)}. Then,

Wp
n := inf

κ∈C (ϖn
x ,ϖτ,⋆

x )

∫
|z − z′|p dκ = dpp(ϖ

n
x , ϖ

τ,⋆
x )

(a)

≤ 2p−1

∫
|z|p d|ϖn

x −ϖτ,⋆
x |

= 2p−1

∫ [∫
|z|p dζ̄τ,⋆x,a(z)

]
d|πn

x − πτ,⋆
x |(a)

(b)

≤ 32p−1∥r∥psup
(1− γ)p

∥πn
x − πτ,⋆

x ∥TV,

where (a) applies [40, Theorem 6.15], and (b) uses that the support of ζ̄τ,⋆ is contained in a ball of
radius 3∥r∥sup/(1− γ). By Lemma B.6, it follows that

Wp
n ≤

√
τ−1∥Qζ̄n(x, ·)− q⋆τ (x, ·)∥L∞(πref

x )

≤ Cp
γn/2

(1− γ)p

√
τ−1∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref

x ),

where the last inequality holds by Lemma 4.4 and the γ-contractivity of B⋆
τ with Cp := 32p−1∥r∥psup.

Moreover, if n > log γ−1(log 2∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref
x ) − log τ), then

∥Qζ̄n(x, ·)− q⋆τ (x, ·)∥L∞(πref
x ) < τ/2

for each x ∈ X, so by Theorem 3.6,

Wp
n ≤ 2e− 3

4
Cp

γn

(1− γ)p
τ−1∥Qζ̄(x, ·)− q⋆τ (x, ·)∥L∞(πref

x ).

D Comparison between vanishing temperature limits of ERL with and
without temperature decoupling

In this section, we compare and contrast the properties of vanishing temperature limits of standard
ERL (assuming they exist) with those achieved by the temperature decoupling gambit. As we showed
in Theorem 2.3 and Theorem 3.9, both schemes achieve reference-optimality in the limit; yet, their
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limits may be notably distinct according to criteria beyond the RL objective, as we saw in Sections
3.1 and 4.3.

In the remainder of this section, we will define ζref,⋆ := ζπ
ref,⋆

as the return distribution function
corresponding to the limiting temperature-decoupled policy, and ζERL,⋆ := ζπ

ERL,⋆

as the return
distribution function corresponding to the limiting ERL policy πERL,⋆, assuming such a limit exists.

A very nice property of πref,⋆ is that it is easy to characterize as the optimality-filtered reference, as
per Definition 3.8. In particular, πref,⋆ is characterized entirely in terms of the optimal action-value
function q⋆ and the reference policy πref . On the other hand, as we see explicitly in Section 3.1,
πERL,⋆ does not have such a simple characterization: it is influenced also by the transition dynamics
of the MDP (as well as the q⋆ and πref ).

A notable consequence of this fact is that one can reason about πref,⋆ generically across MDPs, which
is not the case for πERL,⋆. For instance, in any MDP, if πref is the uniform policy, πref,⋆ is the uniform
policy on optimal actions. Thus, one can say definitively that all actions leading to optimal behavior
are played equally under πref,⋆. But this is not true of πERL,⋆; in general, it is difficult to characterize
exactly how πERL,⋆ behaves: among a set of MDPs with equal q⋆, the corresponding πERL,⋆ can vary
significantly.

Similarly, this property of πref,⋆ enables one to easily influence the optimal policy that is achieved
via temperature decoupling by intervening on πref . Again, this is possible due to the simple character-
ization of πref,⋆ as the optimality-filtered reference. Suppose, for example, there exists a particular
action ascary that you want to avoid whenever possible (e.g., certain controversial phrases in language
generation). It may be undesirable to filter this action out completely (say, by choosing πref to
never play ascary), because perhaps from some states this action is necessary to achieve optimal
return. Instead, with temperature-decoupling, you can choose πref to play this action with very low
probability (e.g., πref

x (ascary) = pref for each x). By Theorem 3.9, ascary will only ever be played
when it achieves optimal returns, and moreover, as long as other actions exist that achieve optimal
returns, ascary will be played with much lower probability.

The same logic does not hold, in general, for πERL,⋆. As we saw in Section 3.1, πERL,⋆ may continue
to play ascary with high probability even if πref plays it with low probability. Suppose, for instance,
that after playing ascary in state x, it is optimal to play πref subsequently for the rest of the episode.
Then πERL,⋆ may strongly prefer to play ascary from state x, even if other actions can achieve the
same expected return. In fact, depending on the transition kernel, the scale of the rewards, and the
discount factor, πERL,⋆ may play ascary from state x with arbitrarily high probability.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: We believe our abstract and introduction outline and faithfully summarize the
content of our work.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.
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NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
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• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We have included discussions of the limitations and scope of our results
throughout our work, rather than within a specific “Limitations” section. See, for example,
Section 6.
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• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.
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will be specifically instructed to not penalize honesty concerning limitations.
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referenced.
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proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
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reproduced.
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whether the code and data are provided or not.
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to reproduce that algorithm.
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the architecture clearly and fully.
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either be a way to access this model for reproducing the results or a way to reproduce
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Answer: [NA]
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• The factors of variability that the error bars are capturing should be clearly stated (for
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the experiments?
Answer: [NA]
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than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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• If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
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from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: We believe our work poses no risk of misuse.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: We did not use existing assets.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: Our work does not release new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Our work did not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: Our research did not involve crowdsourxcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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