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Abstract

Recent research has established empirical scaling laws to predict model performance on multi-
domain data mixtures. However, a theoretical understanding of these model loss behaviors remains
limited. In this work, we propose a unified framework to explain the underlying mechanics of data
mixing. Our approach extends theoretical perspectives originally developed for standard neural
scaling laws (e.g., Kaplan and Chinchilla) to the multi-domain setting. Based on the distributional
assumption that domains overlap on fundamental skills while diverging on specialized skills, we
identify two key factors that decide the domain loss of models trained on different data mixtures:
Capacity Competition, where the allocation of finite model capacity couples domain losses globally,
and Noise Reduction, where optimal weights shift toward harder-to-learn domains to minimize
variance. Experiments demonstrate that our framework fits the loss landscape with lower Mean
Relative Error than existing empirical baselines and accurately predicts optimal training mixtures.
Most importantly, our model successfully extrapolates across scales, predicting the optimal mixture
at a large, unseen scale using parameters trained on a smaller one. In addition, our model achieves
these results using significantly fewer parameters compared to previous empirical laws.

1. Introduction

Large foundation models are typically trained on data from multiple domains, with the data mixture—
the proportion of each domain used—playing a critical role in model performance. However, dis-
covering the optimal data mixture is often a highly costly process that lacks principled methodolo-
gies. Practitioners often rely on expensive trial-and-error or static heuristics.

To address this, recent research has moved toward principled methods such as developing scal-
ing laws for data mixing [4, 7, 17, 18]. These empirical frameworks attempt to predict a model’s
validation loss on specific domains as a function of the mixing weights used during training. Sev-
eral functional forms have been proposed to model this relationship, as summarized in. These laws
deviate from the standard power-form scaling laws and present non-trivial domain interaction: the
loss on a domain depends not only on the weight of the domain itself, but also the weights of other
domains, and this correlation does not exhibit a simple functional form.

Table 1: Comparison of empirical functional forms for predicting domain loss L;(h). N and D
represent model parameters and training tokens, respectively.

Reference Functional Form Reference Functional Form
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Despite the utility of these empirical fits, a theoretical understanding of the mechanics driving
domain interaction remains absent. Relying solely on empirically fitted curves presents a significant
bottleneck. Not only is the fitting process resource-intensive, but the resulting laws act as “black
boxes”: it is unclear whether they generalize to larger scales or different datasets, nor is it obvious
how to map the predicted domain loss to downstream task performance.

In this work, we propose a unified theoretical framework to explain the underlying mechan-
ics of data mixing. Our framework extends previous theoretical frameworks for standard neural
scaling laws—specifically the Quantization Model [12, 14] and the Projected Linear Regression
Model [2, 10]—to the multi-domain setting. Based on a natural distributional assumption that dif-
ferent domains overlap on fundamental skills and diverge on specialized skill, we identify two key
factors that decide the loss of models trained on different data mixtures:

Model Capacity Competition: The model has a finite capacity and can only learn a finite number
of skills. The specialized skills from different domains compete for the model capacity. Ad-
justing domain weights will change the importance of the skills and thus change the model
capacity allocated to each domain. The resulting model capacity allocation introduces a non-
trivial domain interaction, and is a key factor that determines the trained model’s loss on a
domain.

Noise Driven by Data Amount: For each skill within the model’s capacity, the loss incurred by
the skill depends on the number of times that the model has seen the skill. As skills from
different domains have different difficulty levels, the loss decreases at different speed as the
domain weight increases; this dynamic shifts the optimal mixture weights toward domains
that are harder to learn.

Leveraging this theoretical framework, we formulate loss prediction as a convex program that yields
numerical estimates for arbitrary mixtures. Furthermore, we frame the search for the optimal train-
ing mixture as a bi-level optimization problem, which can be efficiently solved using Online Mirror
Descent.

Experimentally, our results validate the correctness of our theoretical framework and demon-
strate its effectiveness:

* Superior Fitting Accuracy: Our models fit the observed loss landscape with lower Mean
Relative Error (MRE) than existing empirically fitted scaling laws.

* Optimal Mixture Prediction: Our framework effectively identifies optimal training mixtures
that yield the lowest validation loss on the target average distribution.

* Parameter Efficiency: Crucially, we achieve these results while utilizing significantly fewer
free parameters compared to leading empirical laws.

* Model Size Extrapolation: Most importantly, our model successfully extrapolates across
scales, predicting the optimal mixture at a large, unseen scale using parameters trained on a
smaller one.

2. Problem Description

In this section, we formally define the problem of data mixing and review prior empirical work on
scaling laws in the multi-domain setting.
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Problem setup. Consider a set of K data domains D = {Dy, ..., Dk}, where distinct domains
represent different data sources such as GitHub, books, and Wikipedia. We construct a training data
mixture by sampling from these domains according to a domain weight vector h € AX, where AK
denotes the probability simplex AKX = {h eRN | K hi=1, h > 0}. Let (h) denote the
parameters of a model trained on this mixture with fixed model size /N and training token count D.

The primary objective of data mixing is to determine the optimal domain weights A* that
minimize the trained model’s loss on a specific target distribution defined by importance weights
w € AKX under a fixed compute budget parameterized by model size N and training token count
D. Since training large models to evaluate every potential mixture is computationally prohibitive,
this is typically achieved by fitting an empirical data mixing law. The goal of such laws is to predict
the validation loss L; on the held-out set of each domain D; as a function of the mixing weights h
and potentially the scale parameters N and D:

Li(h,N,D) =~ fi(h,N, D).

Once the functional form f; is fitted, the optimal training mixture h* for a target distribution defined
by importance weights w € A can be identified by solving the following minimization problem:

K

h* = argmin » w;f;(h, N, D).
heAK Zz; i

Empirical data mixing laws. Recent research has proposed various functional forms to model the
relationship between the mixing weights A and the resulting domain losses. The standard method-
ology involves sampling a diverse set of mixture configurations from the simplex AX, training
small-to-medium scale models on these mixtures, and fit the coefficients of f; against the observed
validation losses. Table 3 summarizes the key functional forms established in the literature.

3. Theoretical Framework for Data Mixing

In this work, we propose a unified theoretical framework to explain the underlying mechanics of
data mixing. Our approach extends the single-domain theoretical perspectives—specifically the
Quantization Model [14] and the Linear Regression Model [2, 10]—to the multi-domain setting.
We will first introduce the Extended Quantization Model, which views training as a process of
model capacity allocation. This model serves as the foundation for our Extended Linear Regression
Model, which implicitly solves this capacity allocation problem while incorporating an additional
noise term. This allocation of finite model capacity across competing domains is viewed as a critical
factor driving domain interaction. We begin by defining a structural assumption regarding domain
overlap.

3.1. The “Shared Head, Disjoint Tail”’ Structure

Building on [15], we introduce a natural structural assumption regarding how information overlaps
across different data domains (e.g., Code, Math, English). Intuitively, most domains share a com-
mon foundation of basic knowledge while diverging in specialized topics. We formalize this as the
“Shared Head, Disjoint Tail” structure:
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* Power-Law Distribution: Within each domain i, knowledge units (skills) follow a power-
law distribution in terms of frequency.

* Shared Head: Different domains largely overlap in the head of the distribution—the region
of high-probability, fundamental skills (e.g., basic grammar, logic, or arithmetic).

* Disjoint Tail: As we move to the tail of the distribution (rare, specialized knowledge), the
domains become increasingly distinct and independent.

While real-world data is unlikely to be strictly disjoint in the tail, this idealization serves as a useful
approximation. Based on our modeling in the following sections, when the data size is fixed and
only the mixture weights vary, the change in loss induced by overlapping skills is likely to be small
compared to the change induced by disjoint skills. In other words, the loss induced by overlapping
skills will behave more like a constant compared to disjoint skills.

3.2. Main Theoretical Model

Under the “Shared Head, Disjoint Tail” assumption, we extend the single-domain theoretical mod-
els of [2, 10] to a multi-domain setting. In our framework, the expected test loss comprises two
components.

1. Model capacity allocation. First, the model has a finite capacity N and can learn at most
N skills. As the model is trained to minimize loss, the training process implicitly solves a capac-
ity allocation problem: when training on a data mixture h = (hq,..., hg), the model implicitly
determines the capacity x; allocated to each domain 7 by minimizing the total expected loss:

K
min E hicimi_b"
X

i=1

Letting 2*(h) = («](h),..., 2z} (h)) denote the optimal allocation, the unlearned skills from do-
main 7 incur a loss of ¢;(z}(h))~%.

K
Z(xi—H)SN—H, xiZH,Vi} (1)
=1

2. Stochastic noise. Second, for each skill within the model’s capacity, the loss will depend on
the number of times it has been observed; in other words, the stochastic nature of one-pass SGD
introduces a noise term A;(Dh;)~%, which is determined by the number of training samples drawn
from that domain.

Theorem 1 (Informal) Consider a projected linear model @ € RY trained via one-pass SGD on
D samples drawn from a mixture h, its expected test loss on domain i, denoted L;(h, N, D), satisfies

Li(h,N, D) = ciz}(h,N)™" + A;(Dh;)™" + E; 2

where a;, A;, E; are constants that depend on the data distribution.

4. Experiments

In this section, we empirically validate our proposed theoretical framework. We focus on two
primary objectives:
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1. Predictive Accuracy: We evaluate how well our theoretical model fits the observed loss
landscape under various data mixtures compared to existing empirical baselines. Accuracy is
assessed by the Mean Relative Error (MRE) and Mean Absolute Error (MAE).

2. Optimal Mixture Extrapolation: We leverage the fitted scaling laws to predict the optimal
training mixture at a larger, unseen model scale, and then evaluate its test loss.

Table 2: Comparison of fitting accuracy on 64 1B-parameter models trained on K = 17 domains
from the Pile dataset. Our theoretically grounded models achieve the lowest error rates (MRE and
MAE) while using significantly fewer total parameters than heuristic baselines.

Method MRE (%) | MAE |  #Param
Empirical Baselines

Additive 2.209 0.052 K(2K+1)
Exponential 6.990 0.059 K(K+2)
BiMix [4] 2.963 0.144 2K
RegMix [11] 6.480 0.136 K?
Theoretical Models (Ours)

Ours (Eq. (3)) 2.064 0.051 3K
Ours (Eq. 4) 1.533 0.034 5K
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Figure 1: We fit both our proposed scaling law and the scaling law of [17] on 100M model/10B token
mixtures. We then train 1B models with 30B tokens using three different mixtures: (1) the optimal
1B model/30B token mixture predicted by our law, extrapolated to the target scale by scaling NV
and D proportionally (orange curve). (2) our mixture optimized directly for the 100M model (blue
curve), and (3) the optimal mixture predicted by the scaling law of [17] (green curve). The results
demonstrate that our extrapolated mixture achieves the best overall training performance. Notably,
at the 1B scale, it outperforms the mixture that was optimal for the smaller 100M model, confirming
that our framework accurately predicts shifts in the ideal data mixture as model size increases.
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Appendix A. Preliminaries and Problem Description

This section establishes the theoretical background and introduces the problem of data mixing. We
begin by reviewing two primary theoretical frameworks that explain the standard neural scaling
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laws in the single-domain setting: the Quantization Model and the Linear Regression Model. Sub-
sequently, we formally define the data mixing problem and survey existing empirical data mixing
laws used to predict multi-domain loss.

A.1. Theoretical Foundations of Standard Neural Scaling Laws
A.1.1. QUANTIZATION MODEL

Standard neural scaling laws describe the predictable power-law relationship between model per-
formance and scale. Empirically, the test loss L is typically modeled as a function of both model
size IN and dataset size D [6, 8]:

A B
L(N,D) ~ W+ﬁ+E.
While these laws are well-established empirically, theoretical understanding of their origin remains
an active area of research. Below, we review two major frameworks that attribute this power-law
scaling to the intrinsic power-law structure of the data distribution.

[14] propose the Quantization Model, which posits that the knowledge contained within large-
scale training corpora decomposes into discrete knowledge units or skills termed “quanta,” Q =
{q1,q2,...}. These quanta are assumed to follow a Zipfian distribution where the k-th most fre-
quent quantum has probability:

plar) < k=%, (a>1).

Crucially, the framework asserts that when trained on this dataset, a model learns skills in a deter-
ministic order based on frequency to minimize the expected loss. Specifically, a model of effective
capacity N is assumed to learn the top N most frequent quanta (i.e., {q1, ..., qn}). Assuming that
each unlearned quantum contributes a constant error ¢, the total expected loss is determined by the
cumulative probability mass of the unlearned quanta in the tail:

o0

L(N)=c Z p(qr) = c/ k=% dk o« N~@=1),
k=N-+1 N

As a result, the loss scaling exponent regarding model size [V is a direct consequence of the power-
law distribution of skills inherent in the data.

A.1.2. THE LINEAR REGRESSION MODEL.

Despite its elegance, the Quantization Model is limited: it does not capture the stochasticity in-
herent in training dynamics. Building on similar intuitions, [2, 10] provide a rigorous derivation
of scaling laws by analyzing the training dynamics of linear regression under one-pass Stochastic
Gradient Descent (SGD). In this framework, neural scaling laws are governed by the spectral decay
of the data. As training progresses, the model “resolves” eigenmodes in descending order of their
eigenvalues—Ilearning the dominant patterns first before fitting the fine-grained details. Below, we
adopt the formal framework from [10] to provide a simplified theoretical explanation.

Data Generation: Consider a linear regression problem where the input covariates x € R?
(where d can be infinite) are drawn from a distribution with zero mean and covariance matrix H =
E[xx "]. The target label y is generated by a linear teacher with additive noise:

y = <9*7x> +67
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where 6, is the ground-truth parameter and € ~ N(0, o%) is independent Gaussian noise.

Spectral Assumptions: When training a linear regression model with one-pass SGD, the learn-
ing dynamics are determined by the spectrum of the covariance matrix H = E[xx ' ]. Intuitively, the
eigenvalues A\, of H represent the variance (or signal strength) of the data along the k-th principal
component. Empirical studies on natural data (e.g., images and text) consistently observe that these
eigenvalues follow a power distribution [1, 3]. It is therefore assumed that the eigenvalues, sorted
in descending order, follow a power law:

A < k7%, fora > 1.

Finite Parameter Projection: To model a neural network with a finite capacity of N parame-
ters, we project the high-dimensional input x into a lower-dimensional feature space using a “sketch-
ing matrix” S € RV %4, The model learns a weight vector § € RY by minimizing the squared error
on the projected features x = Sx:

~ 1
f = argmin —
HeRN i—1

(yi - HTSX,')Q.

M

Result: Under this setup, [10] derive the scaling law for the test loss L(N, D) of the projected
linear model w (trained via one-pass SGD) as a function of the model size N and training samples

D:
1 1
L(N,D) =~ O (Na1> +0 <Da2> +E.

Model Scaling Data Scaling

A.2. Empirical Data Mixing Laws

In this section, we formally define the problem of data mixing and review prior empirical work on
scaling laws in the multi-domain setting.

Problem setup. Consider a set of K data domains D = {Dy, ..., Dk}, where distinct domains
represent different data sources such as GitHub, books, and Wikipedia. We construct a training data
mixture by sampling from these domains according to a domain weight vector h € AX, where AK
denotes the probability simplex AX = {h eRN K hi=1, h > 0}. Let 6(h) denote the
parameters of a model trained on this mixture with fixed model size /N and training token count D.

The primary objective of data mixing is to determine the optimal domain weights A* that
minimize the trained model’s loss on a specific target distribution defined by importance weights
w € AK under a fixed compute budget parameterized by model size N and training token count
D. Since training large models to evaluate every potential mixture is computationally prohibitive,
this is typically achieved by fitting an empirical data mixing law. The goal of such laws is to predict
the validation loss L; on the held-out set of each domain D; as a function of the mixing weights h
and potentially the scale parameters N and D:

Li(h,N,D) =~ f;i(h,N, D).
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Once the functional form f; is fitted, the optimal training mixture A* for a target distribution defined
by importance weights w € A¥ can be identified by solving the following minimization problem:

K
h* =argmin » w;f;(h,N,D).
heAK ; e

Empirical data mixing laws. Recent research has proposed various functional forms to model the
relationship between the mixing weights & and the resulting domain losses. The standard method-
ology involves sampling a diverse set of mixture configurations from the simplex AX, training
small-to-medium scale models on these mixtures, and fit the coefficients of f; against the observed
validation losses. Table 3 summarizes the key functional forms established in the literature.

Appendix B. Theoretical Framework for Data Mixing

In this work, we propose a unified theoretical framework to explain the underlying mechanics of
data mixing. Our approach extends the single-domain theoretical perspectives—specifically the
Quantization Model [14] and the Linear Regression Model [10]—to the multi-domain setting. We
will first introduce the Extended Quantization Model, which views training as a process of model
capacity allocation. This model serves as the foundation for our Extended Linear Regression Model,
which implicitly solves this capacity allocation problem while incorporating an additional noise
term. This allocation of finite model capacity across competing domains is viewed as a critical
factor driving domain interaction. We begin by defining a structural assumption regarding domain
overlap.

B.1. The “Shared Head, Disjoint Tail” Structure

Building on [15], we introduce a natural structural assumption regarding how information overlaps
across different data domains (e.g., Code, Math, English). Intuitively, most domains share a com-
mon foundation of basic knowledge while diverging in specialized topics. We formalize this as the
“Shared Head, Disjoint Tail” structure:

* Power-Law Distribution: Within each domain ¢, knowledge units (skills) follow a power-
law distribution in terms of frequency.

» Shared Head: Different domains largely overlap in the head of the distribution—the region
of high-probability, fundamental skills (e.g., basic grammar, logic, or arithmetic).

* Disjoint Tail: As we move to the tail of the distribution (rare, specialized knowledge), the
domains become increasingly distinct and independent.

While real-world data is unlikely to be strictly disjoint in the tail, this idealization serves as a useful
approximation. Based on our modeling in the following sections, when the data size is fixed and
only the mixture weights vary, the change in loss induced by overlapping skills is likely to be small
compared to the change induced by disjoint skills. In other words, the loss induced by overlapping
skills will behave more like a constant compared to disjoint skills. We discuss the robustness of this
approximation in detail in the following sections.

10
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B.2. Extended Quantization Model

We first extend the Quantization Model (Section A.1.1) to a multi-domain formulation. This exten-
sion serves as a foundation for the extended Linear Regression Model in the next section.

Single-Domain SKkill Distribution and Loss. We associate each domain D; with a continuous
space of skills indexed by k; € [1, c0) with power-law density

pz(k‘l) = (Oél' — l)k‘i_ai, for o; > 1.

We consider a model with effective capacity NV, representing the total volume of unique skills it can
learn. Following the Quantization Model, we frame training as a capacity allocation problem. For
each domain 7, the model selects a coverage threshold x; > 1, learning all high-frequency skills up
to this cutoff (k; < x;) while discarding the tail. Assuming that each unlearned quantum in domain
1 contributes a constant error c¢;, the loss incurred on domain 7 is determined by the probability mass
of the unlearned tail (k; > x;):
o
LZ' = CZ'/ (OCZ' — l)ki_ai dk‘i = Cil‘i_(ai_l) = Ciw-_bi
z;

where b; = a; — 1.

Multi-Domain Data Assumptions and Loss Minimization. Under the “Shared Head, Disjoint
Tail” assumption, we assume that the skill spaces are aligned such that the interval k; € [1, H]
corresponds to foundational knowledge shared across all domains (the “base” skills). We assume
that the model capacity is sufficient to acquire all shared base skills. Consequently, the capacity
allocation problem reduces to allocating the remaining model capacity to the disjoint tails. When
trained on a data mixture h = (hq,..., hg), the model determines the coverage thresholds z; to
minimize the weighted mixture loss:

K
min L = E hicia:i_bi
1=

K 3)
st. Y (zi—H)<N-H,
i=1
Let 2*(h) = (z7(h), ..., 2% (h)) denote the optimal solution to the optimization problem in Eq. 3,

which depends on the mixture weights h. Under this model, the resulting loss on domain ¢ is given
by Li(h) = ci(aj(h) "

Domain Interaction: Capacity Competition. Under this formulation, domain interaction is driven
by model capacity competition. The constraint Y (z; — H) < N — H couples the domains together
in a competition for model resources. In particular, when the scaling exponents are similar (b; = b)
and the model capacity is large (x; > H), we can derive an approximate closed-form solution using
Lagrange multipliers:
(bicihiNbJrl) ﬁ

R

1 N3
(Z?:l(bkckhk) bk+1> b;+1

xi(h) ~

11
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The resulting approximate loss on domain i is given by L;(h) = ¢;(z}(h))~%. Crucially, this solu-
tion shows that the loss L;(h) on each domain depends on the “aggregate demand” of the mixture,

1

represented by the denominator term » (bxcihy ) +1. This term creates an explicit coupling: do-
main 7’s loss is driven not just by its own properties, but by the weights and complexities of every
competing domain (e.g., h; for j # 7).

The Effect of Tail Overlap. Now suppose the tails of different domains overlap. To minimize ex-
pected loss, the model learns the IV skills with the highest expected loss, denoted by c(skill)-p(skill),
where p(skill) is the aggregate probability density across all domains and c(skill) is the loss incurred
by not learning the skill. So the status of a skill is binary: learned vs. unlearned. Consequently, when
the mixture weights vary, the loss fluctuation caused by overlapping skills is likely to be smaller than
that of disjoint skills. This is because the aggregate probability density p(skill) of an overlapping
skill will be relatively stable as the mixture shifts, making its status (learned vs. unlearned) less
sensitive to weight changes. In other words, the loss induced by overlapping skills will behave more
like a constant compared to disjoint skills.

Limitation. While this formulation naturally extends the Quantization Model, it has a critical
limitation when predicting the optimal mixture. We formulate the search for the optimal mixture
as a bi-level optimization problem. The outer objective minimizes the loss on a target distribution
defined by importance weights w = (wy,...,wg), while the inner optimization determines the
resource allocation x*(h) given the training mixture h:

K K
* = i Li(h) = ici(xF —bi, 4
h argm}}n;wz z(h) ;wzcz(xz (h)) “)

Here, x} (h) is the solution to the capacity allocation problem in Eq. (3). Crucially, because the inner
optimization (Eq. 3) minimizes a weighted sum of losses with respect to h, and the outer objective
(Eq. 4) minimizes a weighted sum of the same losses with respect to w, the bi-level problem is
trivially solved by setting the training weights equal to the target weights h* = w.

This result contradicts empirical observations, where the optimal training mixture often deviates
significantly from the target distribution. To resolve this discrepancy, we proceed to introduce the
Extended Linear Regression Model.

B.3. Extended Linear Regression Model

To address the limitations of the Extended Quantization Model and incorporate training dynamics,
we extend the linear regression framework of [ 10] to the multi-domain setting. This Extended Linear
Regression Model can be viewed as an extension of the previous Extended Quantization Model as
well: the training process implicitly solves the capacity allocation problem defined in (3), while
introducing an additional noise term.

Problem Formulation. Following Section A.1.2, we consider a linear regression problem over
a union of K domains. For each domain i € {1,..., K}, input covariates x; € R (where d
can be infinite) are drawn from a distribution with zero mean and a covariance matrix defined as
H; = Ep, [XZXIT] The label y is generated by a global linear teacher y; = (6%, x;) + €, where 6* ~
N (0,1) is the ground-truth parameter and noise €, ~ N (0, 0?). We consider a mixture distribution

12
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P(h) = . h;P; defined by weights h € AK~! with covariance matrix H(h) = Efi | hiH;.
1€[K]

Following [9], we model a neural network with N parameters by projecting the high-dimensional

input x into a N-dimensional feature space using a “Top-N sketching matrix” S € RY*? (detailed

in Section C.1). The model learns a weight vector § € RY by minimizing the squared error on the

projected features X = Sx.

Spectral Assumption: Shared Head and Disjoint Tails. We then formalize the “Shared Head,
Disjoint Tail” assumption. In spectral analysis, an eigenvector represents a specific direction or
pattern of variation in the data (e.g., a specific texture in images or topic in text), while its cor-
responding eigenvalue quantifies the variance (or strength) of that pattern. Intuitively, we assume
real-world data consists of universal patterns shared across all domains (the head) and specialized
nuances unique to each domain (the tails). To make the analysis tractable, we assume that all covari-
ance matrices {H;}X | share a common orthonormal basis of eigenvectors U = [uy, ..., ug] (ie.,
they are simultaneously diagonalizable). In this basis, each matrix H; is diagonal with eigenvalues

denoted by /\l(j). We classify these eigenvectors into two categories:

 Shared Head (k < H): The first H eigenvectors {u1,...,uy} represent universal compo-

nents. We assume all domains possess non-zero variance along these directions ()\g) > 0 for
all 7), meaning these patterns are present in every domain.

* Disjoint Tail (¢ > [): The remaining eigenvectors represent domain-specific components.
We assume each domain ¢ possesses a unique set of eigenvectors {u,(;)} that are orthogonal
to the specific components of other domains. Following Section A.1.2, we assume that the
variance along these directions follows a domain-specific power law:

. i =i i i —
u) Hju) = I
0 ifj #1

Consequently, for £ > H, the spectral structures are completely decoupled: each domain ¢

has positive eigenvalues )\Ef)

eigenvectors of others.

= k%t along its own unique eigenvectors and zero along the

Under this assumption, the mixture covariance matrix H(h) = ) h;H; exhibits a decoupled struc-
ture in the tail. Because the domain-specific eigenvectors do not overlap, the eigenvalue of a unique
component in the mixture is simply its original variance scaled by the domain’s proportion ;.
Specifically, for a tail eigenvector u,(;) belonging to domain ¢, the corresponding eigenvalue in the
mixture is:

K
AH(R), ul’) =" hy - u) THjul = bk,
j=1

Connection with the Extended Quantization Model. Here, each eigenvector u,(j) can be viewed

as a skill to be learned, and its corresponding eigenvalue )\l(f) = h;k™% can be viewed as the
expected loss incurred if this skill is not learned (analogous to the c(skill) - p(skill) term in our
previous discussion). Therefore, our spectral assumption parallels the skill distribution assumption

in the Extended Quantization Model. Furthermore, adjusting a domain’s weight h; produces an

13
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equivalent effect in both frameworks: reducing the weight h; linearly shrinks all eigenvalues of
domain ¢ according to )\l(;) = h;k™%; similarly, in the Extended Quantization Model, reducing h;
linearly shrinks the expected loss of skills in domain ¢ by shrinking p(skill).

Loss Analysis in the Multi-Domain Setting. Under the spectral assumptions established above,
we analyze the expected test loss L(h, N, D) of a projected linear model # € R¥ trained via one-
pass SGD on a dataset of size D, sampled from a mixture distribution with weights h € AK~1,
The expected loss is governed by two primary factors. First, the model has a finite size N and
is able to learn at most IV skills. As the model is trained to minimize loss, the training process
implicitly solves the capacity allocation problem defined in the Extended Quantization Model (3),
distributing the capacity /V across domains to the most valuable skills; consequently, the unlearned
skills in each domain contribute a loss similar to L;(h) = ¢;(x}(h)) ™ in the Extended Quantization
Model. Second, for each skill within the model’s capacity, the loss will depend on the number of
times it has been observed; in other words, the stochastic nature of one-pass SGD introduces a noise
term to the domain loss L;, which is determined by the number of training samples drawn from that
domain.

Theorem 2 Given a data size D and a model size N, assume that the domains have mutually
disjoint tails whose eigenvalues follow a power distribution with exponents «; > 1 and assume that
the error contribution from the shared head is negligible. Given a mixture distribution with weights
he AK=V et b; = a; — 1, ¢; = 1/(c; — 1), and let z*(h, N) be the optimal solution of the
Extended Quantization Model (3) defined by model capacity N, mixture weights h, parameters {b; }
and {c;}. For a projected linear model § € R trained via one-pass SGD on D samples drawn
from a mixture h, its expected test loss on domain i, denoted L;(h, N, D), satisfies

Li(h,N,D) ~ ¢;z}(h, N)~% + A;(Dh;)~% + E; (5)

under some mild assumptions, where a;, A;, E; are constants that depend on «;.
Formally, for any € > 0, there exist Ny and Dy such that for all N > Ny, D > Dy, and h
satisfying Assumption 4, the expected test loss on domain T is bounded by:

Ly(h,N,D) > e (z*(N,h)-) "0 (1 — ) + Oh ?1_1 (1—e)+0%
A
Ly (h,N,D) < cr(x*(N,h):) P (1 +¢) + W(l +e€) + 0%,

r{i—L
where A := (7?1)1 + 0200471717(1)/&7.
ar(2m) T

Domain Interaction and Optimal Data Mixture. Analogous to the Extended Quantization Model,
capacity competition is the key factor driving domain interaction. Specifically, the weights of other
domains (h; for j # %) influence domain 7’s loss L; solely through the capacity allocation term
x}(h, N)~%, as the noise term A;(Dh;)~% depends solely on the domain’s own weight ;. How-
ever, when solving for the optimal training mixture h* given a target distribution with domain
weights w, a key distinction emerges: the optimal mixture h* no longer equals w. To see this,
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we formulate the optimal mixture calculation as a bi-level optimization problem:

K
h* = arg min ; w; Li(h, N, D)
(6)

Il
AMW

{wi (ciac;‘(h, N)_bi + Ai(Dhi)_‘”) + Ez}

=1

where L;(h, N, D) is determined by the optimal solution z} (h, N) of another optimization prob-
lem (3) with a different loss in the objective. The additional noise term A;(Dh;)~% in L;(h, N, D)
introduces a misalignment between the objectives in (3) and (6), causing the optimal mixture h* to
deviate from the target weights w.

This bi-level optimization problem can be solved with Online Mirror Descent (OMD) on the
simplex. We first characterize the gradient of the outer objective J (h) := Zfi L wiL;i(h, N, D).
Proposition 3 (Gradient Characterization) Ler 2*(h) and \(h) be the optimal solution and the
Lagrange multiplier of the inner capacity allocation problem. The gradient of the outer objective

. . —a —Q.— )\J}* D Wi
J (h) with respect to hy, is: Vi, J (h) = —wrap A D~ %h, " Ty Wkﬁ'l) (R — T:)

K % (%5
S . = Jj=1 b;+1\ hy
where R is defined as: R = —————%.
K %
j=1 bj+1

We then propose Algorithm 1 with Exponentiated Gradient updates to find the optimal mixture h*.

Effect of Overlap on Loss Components. We now consider the scenario where domain tails over-
lap and analyze the impact of overlapping skills on L; as a function of h. We first examine the
capacity allocation term, ¢;z} (h, N )% Following the reasoning in Section B.2, overlapping skills
contribute less to the fluctuation of this term compared to disjoint skills. Regarding the noise term
A;(Dh;)~%, the contribution from a skill depends on its aggregate observation count, D - p(skill).
Since the aggregate probability density p(skill) of an overlapping skill is more stable against mix-
ture shifts, its contribution to the noise term will be more stable as well. Therefore, the overall
change in loss induced by overlapping skills is likely to be small relative to that induced by disjoint
skills.

Appendix C. Sketched Linear Regression

Following [2, 9, 10], we consider a supervised learning setting where the goal is to learn a linear
relationship from a stream of data. We analyze the dynamics of Stochastic Gradient Descent (SGD)
under a sketched observation model, which characterizes the scenario where the model capacity (or
feature access) is limited relative to the complexity of the data generating process. Our theoretical
framework builds upon the work of [9], who demonstrated a scaling law with respect to the learning
rate schedule (LRS). In this work, we extend their analysis to derive the scaling law with respect
to the mixture ratio h. Crucially, we no longer assume that the entire second-order moment of x
follows a single power law; instead, the moment is partitioned into several blocks, with each block
exhibiting distinct power-law scaling. In this section, we will compute the validation loss on each
domain given a data mixture h € AX~1. We investigate the linear model proposed in Section B.3.

Following the notation in Section B.3, we use )\,(j), to represent the k-th eigenvalue in domain k.
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Algorithm 1: Bi-Level Mixture Optimization via OMD
Input: Problem parameters, target w, constraints N, D, step size n
Output: Optimal mixture h*
Initialize h©) « [1/K,...,1/K],t + 0;
while not converged do
// 1. 1Inner Level: Capacity Response

Solve the inner optimization (Eq. 3) given h(*) to obtain the optimal allocation z* and
multiplier A;

// 2. Outer Level: Gradient Calculation

Compute the gradient vector V.J (h(t)) according to the closed-form expression in
Proposition 3;

// 3. Optimization: Mirror Descent Step
Update weights:
heh® o exp(—WJ(h@)))
Normalize: o
R h/||h]
t+—t+1;
end

Return h* < h®);

C.1. Theoretical Framework
C.1.1. DATA GENERATION

We first formally introduce the data generation process and assumptions therein.

Given a data mixture weight 4 € AX~1, the input data x € R? are drawn from a distribution
K K
D = Y h;/P; with zero mean and covariance matrix H(h) := Exp[xx'] = 3 h;A;, where
i=1 i=1
A; := Ey.p,[xx"]. For technical reason, we introduce Assumption 4.

Assumption 4 There is a universal constant h > 0 such that h; > h holds for i € |K]. We can set
h=10"2
This assumption ensure that every domain should contribute a non zero proportion to data mixture.

We assume A; admits an eigen decomposition with eigenvalues )\(li) > )\gi) > > )\Eli) > 0.
Without loss of generality, we work in the basis of the eigenvectors of H, whichmeans A, Ay ... A, H
are diagonal. To facilitate the convergence analysis, we introduce Assumption 5.

Assumption 5 (Hypercontractivity) For any domain i € [K| and any positive semi-definite
(PSD) matrix M, there exists a constant Cy > 0 such that

Exp, [xxTMxxT — AMA;| < Cotr(A;M)A.,.

Assumption 5 is a standard hypercontractivity condition which is also used in [9]. Intuitively,
it requires the fourth moments of the data distribution to be reasonably bounded by its second mo-
ments, which ensures that the distribution P; does not exhibit overly heavy tails. We note that this is
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a very mild and standard assumption in theoretical analysis. A wide variety of standard distributions
satisfy this condition for a small constant Cj, including but not limited to Gaussian distributions,
sub-Gaussian distributions, and bounded distributions (such as uniform distributions on a sphere
or a hypercube). Consequently, this assumption provides a robust foundation for concentration of
measure without requiring strict distributional forms.
The target labels y € R are generated by a true parameter #* € R via a linear model with
additive noise:
y=x"0"+¢, €e~N(0,0%), 7

where the noise € is independent of x. We also introduce the Assumption 6 on the prior of 6*.

Assumption 6 Assume that 0* satisfies a prior such that E[0*]®? = 1.
Assumption 7 Foralli € [K],1 < a; < 3.

Assumption 7 ensure that the exponents do not vary too much, which is also empirically verified in

[8].

C.1.2. MODEL TRAINING

We then formalize the training process.

To model the constraint of finite model size or limited feature extraction, we adopt the setup
from [9] and introduce a sketching operator S € RYV*?, In this work, we focus on the spectral
truncation sketch, which projects the input data onto the subspace spanned by the top-/NV eigenvec-
tors of H. Let r; denote the number of eigenvalues of H that are greater than uZT Hu;.

1 ri=:1
Si,j:{ ! (8)

0 otherwise

Intuition of S By eigende decomposition, H = > (u, Hu;)u;u, , where (u; Hu;) can be seen
as the frequency of skill 7. As discussed in [5], model with capacity N will learn the Top-/V frequent
skills.
The learner does not observe the full input x. Instead, at each step, the learner receives the
sketched feature vector:
X := Sx. ©

We train a parameter vector # € R using SGD with cosine learning rate decay [13] on the
sketched inputs. We initialize the model at 63 = 0. At step k, the algorithm samples a data pair
(X%, Yk ), constructs the observation X = Sxy, and performs a gradient descent update on the
squared loss £(0) = (X 0 — yi)*:

Or+1 = Ok — Vol (Or; X, Yi)
= O — mXn (X, Ok — ur), (10)

where 7, = 1o (1 4 cos(wk/D)).
We assume that the training loss is always bounded.
We also impose an assumption on the parameter size N and data size D:
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Assumption 8 There is an absolute constant ¢ > 0 such that N® > D¢ forall i € [K).

Assumption 8 is a remarkably mild condition that is naturally satisfied in standard large-scale train-
ing regimes. Following empirical scaling laws [8], compute-optimal models typically scale the
parameter size /N linearly with the dataset size D (e.g., D ~ 20N). Under this linear scaling
relationship (N o D), the left-hand side of our inequality scales as O(D%?). Since «; > 1 by defi-
nition, there strictly exists a sufficiently small constant € > 0 such that 1 4+ ¢ < «;. Consequently,
the polynomial growth of N will trivially dominate D' for large-scale D. Therefore, rather
than imposing a restrictive capacity requirement, this assumption merely formalizes the standard
overparameterized operational regime of modern language models, while simultaneously providing
the necessary analytical bounds for our subsequent theoretical proofs.

C.2. SDE Approximation

Following previous work [9, 16], we use continuous time approximation of one pass SGD, which
simplify the analysis.

Since
Ok i1 — Ok = —nk (E[Vol(0k)] + Vol(0r) — E[Vel(0k)]) , (1D
we have
D—1 D—1
O0p — 00 =— > mE[Vol(0x)] = Y (Vol(0r) — E[Vel(61)]) - (12)
k=0 k=0
We generalize the discrete sequence {6, . .., 0p} to a continuous function 6(-), and similarly extend
M o n(:).
Now we compute (6,) := (Vol(0x) — E[Val(6;)]) %2
Since
Vol (0)) = Sxix;, (sTek - 9*) — xSxp, (13)
we have

X (0k) = B [(Vol(0i) — B[Vl (6:)])]%2 = [s (ka; . H> (sTe - e)} %L o2sHST. (14)

Using Euler-Maclaurin equation, we have

D D
Op — 0o ~ 6(D) — 0(0) = /0 —n(k)SH (STG(k) - e*) dk +/0 n(k)/S(0(k))dBg, (15)

where B, € RY is a N-dimensional Brownian motion. Following [9], we define intrinsic time

t
7(t) ::/0 n(k)dk.

We can rewrite equation 15 as

6(D) — 0(0) = /0 Y —SH(ST0(k) — 6")dr(k) + /(&) S (0(k))dB.. (16)

Taking the derivative of Equation 16, we have the following lemma.
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Lemma 9
Define w(t) := STO(r7(t)) — 6%, 7(t) := n(t7(t)), we have

dw = —STSHwdt + ST\/v(t)X(8(r—1(t))SdB;, (17)
where B, € R? is a d-dimensional Brownian motion.

Assumption 10
The train loss over the training process has a finite upper bound L. Formally, for allt, E [((Sx, 0(t)) — y)2] <
L.

C.3. Test Loss

In the following discussion, we will compute the test loss on a certain domain 7 € [K] given mixture
he AR-L
Direct computation yield:

Ly = Exop, [((Sx,0) — (x,0%))%] + 0° (18)
=w' (H)A,w(t) + o2 (19)
Theorem 11

Consider the projected linear regression model defined in Section C.1, let A = diag(ay,as .. .aq)
be domain T’s data covariance, then the expected test loss on domain T, denoted by L., satisfies

Bias + Approx + Vary < L, — o2 < Bias + Approx + Vars, (20)
where
Bias := Z exp(—2ApDno)ay. 20
re<N
Approx := Z ar. (22)
ri>N
Do
Vary := Z azak)\k/ exp(—2Ag(Dno — t))y(t)dt. (23)
re<N 0
b g, Co_\T
Vary := > ak)\k/ exp(—2A,(Dno — 1))7(t) (a + Wit Hw(t)> dt. (24
<N 0 =

Proof By It6’s Lemma, for any diagonal matrix A (not necessarily A;), we have
1
dw' (t)Aw(t) =E {2WT(t)Adw(t) + gt [2A - (dw(t))@]] (25)
—E [—2WT(t)ASTSdet Fytw! (xx| —H)STAS(xx" — H)wdt + 7(t)o u[ASHS T]dt] .

(26)
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We first take expectation over x with the help of Assumption 5 and Assumption 4, for termw ' (xx ' —
H)STAS(xx" — H)w, we have
Ex~p(h) [WT(XXT —H)STAS(xx' — H)W} =w'E [XXTSTASXXT - HSTASH] w
(27
—w' Y hEep, [xszTAsxxT _ AZ-STASAZ} w
(28)
<w' ) hiCou[STASAAw (29)
C
TCo T
S > u[STASA AW (30)
= %tr[sTASH]w(t)THw(t). (31)
Set A as Ey i, let y(t) = E[w?(t)], we can get the two side bound with respect to yy:
e Forrp < N,
C
=20y () + () 02 N < () < =26k () + (H) Mg (02 + how(t)THw(t)) :
B (32)
* Forri, > N,y.(t) =0.
Solving the differential equation, for all £ such that r, < N, we have
Do
Y (Do) = exp(—2A,Dno)yk(0) + 02)%/ exp(—2XAg (Do — t))(t)dt, (33)
0

Do C
D) < exp(-22 D))+ 3 [ exp(-20(D — O (0) (o + Pl Hw(t)) at
: (34)
By E[w ' (t)Aw(t)] = 3. yr(t)ay and E[w?(0)] = 1(by Assumption 6) we complete the proof. H

In the following sections, we estimate each term in the bounds separately.

C.4. The Approximation Error Term

Consider an arbitrary domain 7, we first provide a bound for the approximation error term Approx :=

>~ ag. We show that this term is actually equivalent to the domain loss L;(h) = c;x}(h)~% in
re>N
our Extended Quantization Model, with a gap due to discretization.

Theorem 12 Consider the projected linear regression model defined in Section C.1. Let x* be the
solution to the Problem 3 with parameter c; = ﬁ, b; = a; — 1. Then for any domain T, the term
Approx in Theorem 11 satisfies

—b, < Qr

Approx — ¢, (z7) < NortT

for sufficiently large N.
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T oar—1

N a7
indicates that Approx = %(1 + on (1)), which means the gap due to discretization can be
ignored.

Remark: By Lemma 13, as 22 = Q (Nag%) (zf)ter = O <1a> Theorem 12

C.4.1. PROOF OF THEOREM 12

Lemma 13 Consider the Extended Quantization Model in Section B.2 (Problem 3):

K
min L(x) = Z hicixi—bi
X
=1

K (35)
st. Y (zi—H)<N-H,

=1

> H, Vie{l,... K},

where h;, c;,b; > 0 for all i. Let byin = mini<;<x b;. As N — 00, the optimal solution x* satisfies
the asymptotic lower bound:
bmint1
x::Q<N br+1 >

Proof Let A; = hjc; > Oforalli € {1,...,K}. Since A; > 0 and b; > 0, the objective
function L(x) is strictly monotonically decreasing with respect to each variable x;. Consequently,
to minimize the objective function, the variables x; must take the largest possible values permitted
by the feasible region. This implies that the sum constraint must be active at the optimal solution,
yielding the equality Efi 12; = N + (K — 1)H. Furthermore, as the total available resource N
approaches infinity, the optimal values ] will also approach infinity. Thus, for sufficiently large IV,
the lower bound constraints z; > H become strictly inactive and can be omitted from the asymptotic
analysis.

We proceed by applying the method of Lagrange multipliers. The Lagrangian associated with
the equality constraint is given by

K K
LlxA) =3 A%+ X (Z zi— N — (K — 1)H> :
=1 =1

where A > 0 is the Lagrange multiplier. Taking the partial derivative of £ with respect to x; and
equating it to zero yields the first-order necessary conditions for optimality:
oL
8:@

Rearranging this expression, we obtain a relationship between the optimal variable z; and the mul-
tiplier \:

= —bAz; "y x=0, Vie{l,... K}

A= b Az Bt

Since A is a global constant across all dimensions, we can equate the expressions for an arbitrary
index 7 and the specific index 7, yielding

biAim;(bi+1) _ bTATx;(bT+1)'
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Solving this equation for x; in terms of x., we find

1

b4l

o biA; \ bit1 Fﬁﬂ

;= .
b A, 1

Substituting this relationship back into the active resource constraint gives

K i b1
Z (biAi > b1 25T = N4 (K — 1) H.
l:1 b’TAT
We now analyze the asymptotic behavior of this equation as N — oo. On the right-hand side, the
constant term (K — 1)H becomes negligible, so the right-hand side is asymptotically equivalent
to N. On the left-hand side, we have a sum of fractional powers of x1. As N — oo implies
x1 — 00, the behavior of the sum is completely dominated by the term with the highest exponent.
The exponent of x; for the -th term is ll: Ill This exponent is maximized when its denominator,
b; + 1, is minimized, which occurs exactly when b; = byin = minj<j<g b;.

Let Ziyin = {7 | b; = bmin} be the index set of all terms achieving this minimum exponent.
Extracting these dominant terms, we establish the asymptotic equivalence

1
b+l
bminAi bmin+1 bH;n-H
T, ~ N.
2 b A,

1€ min

1
Letting €' = Zielmin (%) Pmin ™! which is a strictly positive constant, the relation simplifies
to

br+1

Crimin™ ~ N,

Solving this asymptotic equivalence for x, yields

bmin+1
1 br+1 bmin+1
Ty ~ 6 N br+1l |

bmint1
This demonstrates that the growth rate of x7 is proportional to NV b-+1 . Therefore, we conclude that
bmint1!

the optimal solution 2 satisfies the strict asymptotic lower bound x> = (2 (N br+1 ) , completing

the proof.

Recall that Problem 3 can be written as

K 1
1

i oy — 11.Z
K
st. Y (zi—H)<N-H,
=1
T; > H, Vi.

22



EXPLAINING DATA MIXING SCALING LAWS

By KKT condition, the optimal solution x* satisfies:

Y @i =N+ (K-1H, (36)
i€[K]

h;

o +,ul-:)\, 37
x;
pi(y — H) = 0. (38)

Define

S(\) == 'Z (Z)a (39)

For sufficiently large N such that

1
N>, (h) CH - (K- ), (40)
€[K] N
we have
h
S(Hamx) <N+ (K—-1)H. 41)

Therefore, S ( h’,ﬁii ) < N + (K — 1)H. Let \g be the solution to the equation

S(A\) =N+ (K —1)H. (42)

Therefore, A\g < h},ﬁii for any ¢ € [K]. We claim that there is an optimal solution satisfying . = 0.

We choose \* = )g. Since \* < }?‘ii , we have x7 > H, which satisfies the KKT condition. Define

xio = |a} |, xiq = [x}]. Since ) xf = N — (K — 1)H, we have

D wio SN—(K—1H<Y . (43)
Therefore,
Z k™% < Approx < Z k=, (44)
kE>xr0 k>ar1
which means . .
‘Approx — OZ; — < Na:+1'

C.5. The Bias Term

In this section, we bound the bias term in the expected test loss for an arbitrary domain 7.
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Theorem 14 Consider the projected linear regression model defined in Section C.1. For any N, D,
and any h €, any domain T € K|, when the model is trained with mixture h, the bias term in the
expected loss for domain T in Theorem 11 has

1
r(i-21) )

. . + £,
ar(2n0)" o7 (Dhy) " ar

Bias =

where the error & is strictly bounded by
C C
g),l n 10,2 —
Namin (17 E)

where C'.1 and C1g 2 are constants that only depend on o and h, but not h, N, D.

€] <

Proof By definition, we have

T*

H T
Bias = Z k™% exp | —2Dnqg Z hj/\,(j) + Z exp(—2h1A,(€1)Dn0)A,gl) 45)
k=1 JE[K] k=H+1

*
T

< Hl=> exp(—2DnoH ™) + Z exp(—2h1A;gl)D770))‘1(gl)‘ (46)
k=H+1

T

We simplify the notation by defining

A= H'7%7 exp(—2DngH ), (47)
z}
B:= Y exp(—2hsk™ Do)k o7, (48)
k=H-+1
and then by definition,
B < Bias < A+ B. (49)

We now estimate B by converting the discrete sum into a continuous integral. Define a con-

tinuous version of B as f(x) := exp(—2h;z~ % Dng)x~*. Since f(x) first increases and then
a1 L

decreases, achieving its absolute maximum at kg = (2h, Do) 2~ , the approximation error between

the discrete summation and the continuous integral is bounded by the total variation of f(z) across
the interval:

o7 o7 2 1
B—/ z)dx §/ "(2)|dx < 2f (ko) = = . (50)
Next, we evaluate the continuous integral. Applying the change of variable p = %ﬂ, we

have dp = —a., 225" d, which yields:

1

z7 1 Pmax 1
/ f(z)dae = 1_1/ p o7 exp(—p)dp, Q)]
H Ot (QhTDnO) ar Pmin
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where the integration limits are pyi, = Q(ZI;JJZO and pmax = 2}}}%. The integral can be decom-
T,

posed into the complete Gamma function minus the two truncation tails:

Pmax 1 1 Pmin _ 1 o0 _ 1
/ p erexp(-p)dp=T(1-— —/ p~ o exp(—p)dp —/ p o exp(—p)dp.
O max

o

Pmin

We bound the two truncation tails as follows. For the lower tail, since exp(—p) < 1, we have:

1
Pmin 1 Pmin 1 o 1_% « 2h DT]() 1ia
/ par eXp(—p)dpS/ perdp =~ - Pmin = a ( a ) . (52)
0 0 -

T ar — 1\ ()

1

1 —
For the upper tail, since pmax > 1, p o7 < pmax for all p > ppax, leading to:

o4 _1 oo 1 H 2h, D
/ p~ o7 exp(—p)dp < pmax / exp(—p)dp = pmal exp(—Pmax) = —————— €xp <—;Ian> -
max max (2hTD'I70) T
(53)

1 —, the overall error

Multiplying these two tail bounds by the integral’s prefactor ———————
ar(2h:Dng)” o7

. . . . 1 1 H 2h Do
from the continuous integral truncations are strictly bounded by —— @Eyer=T and 550 exp (— W) ,
respectively.

By setting the principal order as the main term:

r(i-21) )
M = —n —, (54)
ar(2n9)" er (Dhy) ~ar

and combining all sources of discrepancies |Bias— M| < |Bias—B|+|B— [ f|+(Integral Truncation Errors),
we obtain the final explicit bound for the total error £ = Bias — M:

1 1 1 2h, Do
El<A 4l 55
| ’ B i 6h7'D?70 " Qr — 1 (‘T;(')a‘r_l * QOérhTDT]O P ( Hor ) ( )
H]-"!‘Oémax_OlT C H
+ (56)
2e Dy 2ar — 1) Namin(l—i) 20-hy D
T
C C
< g,l I 10,2 . 57
Namin(lfﬁ)

where C1p,1 and Cjg2 only depends on o. The second < is by exp(z) > ez for all z € R and
Lemma 13. [ ]

C.6. The Variance Term

In this section, we analyze the variance terms Vary, Vary for an arbitrary domain 7. We provide a
bound as follows.
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Theorem 15 Consider the projected linear regression model defined in Section C.1. For any N, D,
any mixture h €, and for an arbitrary domain T, the terms Vary, Varg in Theorem 11 satisfy

Var) = 02Co, Iy " (Dhe )Y/ 1 4 & (58)
Var) < Vary < Vary + (C12 + C14.1)(Dhy) "3 + Crya DN'7297 4 C15(Dh)Y 1 D71 (59)

where
1] < C12(Dhy)72/3 4+ Cy3DN207, (60)

and Co., I,,C12,C132,C14,1,C142, C15 are constants that depend only on 1y, o, H but not on
mixture h.

C.6.1. PROOF OF THEOREM 15

Recall that

Do
Var := Z azak)\k/ exp(—2\g(Dno — t))y(t)dt.
0

re<N
Do Co
Vary := Z Clk)\k/ exp(—2Ag(Dno — t))v(t) (02 + hw(twa(t)) dt.
<N 0 =

We start with analyzing ~y(¢).

Lemma 16 Let G : R — R be the inverse of the map y — y + siny. We have

N <1+COSG (5;0)) .

Proof Since 7(x) = 1o (1 + cos (%%)) , we have

T(z) = /I n(a)da 61)
0
D /m . T

= (Fa+sin(5a)). (62)

When 7(x) = t, we have

D tm
Therefore
t

~v(t) =no <1 + cos G (D77;()>> . (64)
|

Note that the difference between Var; and Vars is only w ' (t)Hw (¢) term. Note that w ' (t)Hw ()4
o2 is exactly the train loss. In the following discussion, we first show that train loss satisfies the

following theorem.
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Lemma 17 o o
w! (t)yHw(t) < — + —
o (P 1) ()
where
L= max w | (t)Hw(t) (Assumption 10 ensures that L is a finite constant) (65)

Proof We can upper bound the train loss w ' (t)Hw (t) as:

K
wl(OHW() <D ) hik™ exp(—2hkt) (66)
i=1 k>1
K t
+ Z Z hik™* / exp(—2k~% (Dng — 5))v(s)o"*ds (67)
i=1 k>1 0
K l’*l_ai
+ d , (68)
where 02 = 62 + S0 L. Following similar steps in Theorem 14, we have
ik~ 2hk~it) < b <1 _ "‘ii) 1 Croa Cro.2 6
Z i exp(— t) < —L e n T Nomin(1-1/as)’ ©9)
k>1 ;2 @ (hgt)

Let v1(s) := 1+ cos G (Z2) . Since

t ¢
Z hik™ / exp(—2k~%(Dny — 5))y(s)o"*ds < Z hik™< / exp(—2k~%(t — 5))y1(s)o"ds,
k>1 0 E>1 0
(70)
using Lemma 18, substituting Dy as ¢, we have
3 hik t (—2k= (D Ny(s)o"ds < 0"2Cin Ly (hit)/ 1 + Ciza1_ | __ Chsat
Pt ? 0 eXp o 770 -8 ’Y s)o $>0 Qs ’Y/ 4 (hlt)2/3 Namin(Qfl/aT) '
. (71)
For the last part, by Lemma 13, we have
K sl-o
T; < K 1 . 72)
i=1 oy — 1 Omin Namin (1_O<rn1ax>
Adding these three terms up, we complete our proof. |

Lemma 18 is used in the proof of Lemma 17 and closely related to Var;, Vars.
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Lemma 18 Let h, o, 19,0 > 0 be constants such that 1 < o < 2. For an integer N € NT and a
continuous variable D > 0, consider the sum.:
N Do
S=> hk > / exp (—2hk™*(Dno — 1)) y(t)o?dt,
k=1 0
where G : R — R is the inverse function of y — y + siny, and v(t) = ng (1 + cosG (5—77;0))
We have

S = a*Colyny “ (D)1 1 €,

91/a—2

where Cp, = I'e—-1/a)and I, = fol [1 4 cos G(m(1 — v))] v"/*2dv are finite absolute

(e
constants. The approximation error £ is strictly bounded by

€] < Ci31(Dh)~2/3 4+ Cy3,DN2
where C13 1, C13,2 only depends on o, o, 1.

Proof LetI' = D and let s = T' — t. Define the function
T
f(z):= h:):_%‘/ exp (—2ha~%s) (T — s)o’ds.
0

The target summation can be written as S = ) | ;CV:1 f(k).
First, we need to bound the schedule function (7" — s) near s = 0. By definition, v(T' — s) =
no(1 — cos ) where z, — sinz, = 5. For 2, € [0, 7], the function (z, — sinz,) /2 achieves its

minimum 1/72 at 4 = 7. Thus, z, — sinz, > =3 /72, which implies =, < 7(s/T)'/3. Utilizing
1 — coszs < 22/2, we obtain a strict global bound:
2 2/3
T /s
T-s)<m (%) 73
VT =s)=m75 (7 (73)

Now we bound the sum-to-integral gap |S — || 1N f(z)dz| < | 1N |f/(z)|dx. Taking the derivative
of f(x) with respect to x:

T
If'(z)] < /0 ha—?*Lexp (—2ha™*s) (2a + 2ahsz ™) (T — s)o?ds.

Integrating this bound over z € [1, 00) and applying the change of variable v = =% gives

00 1
a 1
/ Qahx 20 e 2he™ s gy — 2h/ ve 2y < min | h, —— | ,
1 0 2h$2

and similarly the second term yields min (%hQS, ﬁ) Thus, the total variation is bounded by:
N s [T 1 2.5, 1
/1 |f/ (z)|dz < o /0 (T —s) [min (h, 2h32) + min (3h s, 2h52>} ds.
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Splitting the integral at s = 1/h and substituting the bound (73), we get:

N 1/h 2 2/3 T 2 /s5\2/3 1
’d<2/ = (%) On) / 5 (%) 5
[ <o [T (1) (Gr) et [ w (5) s
572 5 g, |3 (1\2] A2 ol 1\ 3
=2 T |2 (= —otneT - |3 ( -
6 7 5 (h) A h
= 2%202170(hT)_2/3 = 2%20217(1)/3(Dh)_2/3.
Next, we evaluate the continuous continuous integral over z € (0,00) and extract the main
order M. Swapping the integration order yields:

2 h
o0 B 02 T B < o0 on (e Y >
/0 flx)dx = /0 y(T - s) /0 ha™** exp(—2hz~%s)dx | ds

T
= 20 ht/ o1 / (T — 3)51/0‘72d3.
0

Using the dimensionless variable v = s/7', we factor out 7" to match the stated integral I.:

/ f(z)da = o2CoLmy/*(DR)Y o1 = M. (74)
To formalize the full sum S = M + &, we decompose the error as £ = (S fl dm) —
x)dx — x)dx. We bound the upper and lower truncation tails individually. For the upper

0 N

1ntegra1 tail z € [0 1] we substitute (73) into f(x) and evaluate the s-integral exactly:
2

f(z) < o? /000 ha 2% exp(—2hz~%s) [7}07; (;)2/3} ds

2 r(5/3
_ %JQnOhx—QaT—2/3F(5/3)(th—a)—5/3 _ 7T2§/3/)02770T_2/3h_2/3x_0‘/3.

Integrating this bounding function over = € [0, 1] directly gives:

211(5/3) —2/3 ! —a/3 37°0(5/3) 2,1/3 -2/3

For the lower integral tail = € [N, 00), we use the trivial bound (7 — s) < 27q:

/NOO f(x)dr < o? /NOO </OT ha—2® eXp(_2h$_a5)(2770)ds> de

<o / ™ ha 2 (2neT)de = 20T iz _ 20607 Dh o
N 2a0 —1 2a0 —1
Combining all error sources yields
£ < 22t} (D)3 287;2;(5/52) o2l DRy 4 2727(iaiD1hN1_2a (75)
< C13.1(Dh) "3 4 C132DN' 2, (76)
where C13,1, C13,2 only depends on o, o, 1. [ |
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Lemma 19 Let h, o, ag,m9, C > 0 be positive constants. For an integer N € N, and a continu-
ous scale parameter D > 0, consider the sum:

N Do
S = Z hk 2« /0 exp (—2hk™*(Dno — t)) v(t) min(C, t~*2)dt,

where G : R — R is the inverse function of y — y + siny, and y(t) = 1o ( + cosG (Dno>)
The summation S is strictly bounded by:

S < 01471(Dh)_2/3 + 01472DN1_206 + 015(Dh)1/a_1D_1,
where Ci5 only depends on o, C which are all constant.

Proof Let T' = Drj. Define the function
T
f(z) = hxzo‘/ exp (—2hz~*(T — t)) v(t) min(C, t~*?)dt.
0

The target summation can be exactly written as S = Sn_, f(k).
Applying the change of variable s = T' — t, we rewrite f(z) as

T
f(z) = hx_zo‘/o exp (—2hz™%s) (T — s) min(C, (T — s)~*2)ds.

Since min(C, (T — s)7*2) < C for all s € [0, T, the function f(x) is uniformly bounded by the
kernel analyzed in Lemma 18 by setting 0> = C. Namely:

T
flz) < hx%‘/ exp (—2hz~%s) v(T — s)Cds.
0

We define the continuous principal integral as 7 = f0°° )dx The total sumis S = 7 + €&,
where the approximation error decomposes as £ = (Z v f(E fl ) fo x)dr —

f v f(x)dz. By directly substituting 0% = C into the estabhshed derlvatlve bounds and integral
tails of Lemma 18, we strictly bound the error magnitudes:

e1< [ W@ [ s [T

_ 3121 (5/3 _
< 27T20"7(1)/3(Dh) 23+ M(_/OB)CU(I)/?’(Dh) 23+

= 014,1(Dh)_2/3 + 01472DN1_20‘.

2770C'h
-1

DN1—204

Next, we evaluate the continuous principal integral Z. Swapping the order of integration yields:

7= /OT (T — s) min(C, (T — s)~22) (/OOO ha 2 eXp(—th_o‘s)d:U) ds.
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Applying the substitution v = 2~ with dv = —1v71/%"1dy, the inner integral evaluates to
C,h'/@=1s1/a=2  Reversing the initial temporal substitution (¢ = 7" — s), the principal integral
becomes exactly:

T
T = C,ht/o ! / (T — t)"/*=2(t) min(C, t~2)dt. (77)
0

To rigorously bound this, we split the integration domain at ¢ = 7'/2 such that Z = 7; + Ts.
For the first half-domain ¢ € [0,7/2], the term (T" — ¢) > T'/2. Since 1/a — 2 < 0, we have
(T —t)Y/*=2 < (T/2)"/*=2. Furthermore, v(t) < 279. Bounding the integral of the cutoff function
over this local domain by its global integral over (0, co) yields:

T/2 o-1/az . o
/ min(C,t~*?)dt < / Cdt +/ o2t = 22 _ol-1/az,
0 0 C—1/ag a9y — 1

Multiplying these individual maximum bounds, we obtain:

T 1/a—2
Il S Cahl/a—l <2> (2170) ( OJQ Ol—l/o&g)

_ 23—1/040[200477(1)/01*1 lel/az (Dh)l/a—l

ag — 1 D

For the second half-domain ¢ € [T'/2,T], the variable is bounded away from zero. Conse-
quently, the minimum function is strictly bounded by its algebraic tail: min(C,¢7%2) < ¢7%2 <
(T'/2)~%2 = 2*2T~2_ Factoring out this upper bound allows us to conservatively extend the re-
maining integral to the full domain [0, T

T
I, < 20‘2T_°‘2Cah1/“_1/ (T — )2~ (t)dt
T/2

T
< 20202 pl/al / (T — t)Y/ "2 (t)dt.
0

Applying the dimensionless change of variable v = 1 — t/T sets dt = T'dv and T' — t = T'v, fully
recovering the constant I:

T 1
/ (T — )2 ()t = T~y / Vo2 1 4 cos Glr(1 — v))] dv = T oI
0 0

Substituting this back and recalling 7" = D1, we obtain:

@ a- o= o a—as (Dh 1/a-1
T, < 292(Drp) 2Cah1/ 1 ((Dno)l/ 1770[7) -9 QCaI'yné/ 2¥'

Daz
Summing the evaluated components gives
93—1/a N l/a—1 Dh)/a—1 oo (DR)V1
S S 01471(Dh)72/3 4 01472DN17204 + QQC 770 lel/ag ( ) + 2(12004[777(1)/ 2 ( )
a9 — 1 Doz
(78)
< 01471(Dh)72/3 + 01472DN172O‘ + 015(Dh)1/a71D71, (79)
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where C15 only depends on «, C' which are all constant. |

Now, we are ready to proof Theorem 15.
By Lemma 18, Val; satisfies

Val; = 02Cyy, It/ *" (Dh,) Yo =1 4 &, (80)

where C,, and I, are the absolute constants defined in Lemma 18 and & satisfies
Dno
|51‘ < C1371(Dh7—)72/3 + C1372DN1720‘T + / exp(—2H “m>(Dngy — t))’y(t)o‘lzdt 81
0

2
< Ci3.1(Dhy) "3 4 C139DN207 4 %?(l)no)—2/3p(5/3)(ghT}{—anmx)—5/3 82)
< ClQ(Dhr)72/3 + C1372DN172QT. (83)

fODnO exp(—2H ~%max(Dng — t))y(t)o’?dt is induced by the error of the shared head and Cyo =
Ci31 + %27]0_2/3F(5/3)H50‘/3 which does not depend on h.

By Lemma 17, we have

Do Co o4 c”
Val; < Valy < Val; + Zak)\k/ exp(—2Ag(Dno — t))'y(t)ﬁ - + - dt
0 max (t Amax 5 LC’) Namin (1_ amax )
(84)

By Lemma 19, we have

Do Co C’ c” -2
> aphn exp(—2Xk(Dio — £))¥(t) -~ — + - dt < (C12C14.1)(Dh,) ™%

0 — max <t max , LC’) ]\fOémin <17 Dtmax)

+ Chg2 DN 207
+ Cm(Dh)UaT_lD_l
Therefore,

Val; < Val; + (01201471)(Dh7-)_2/3 + 014,2DN1_2067 + 015(Dh)1/a7_1D_1. (85)

C.7. Proof of the Main Theorem
Combining Theorem 12, Theorem 14 and Theorem 15, we have our final main theorem:

Theorem 20 (Formal Statement of Theorem 2) Consider the projected linear regression model
defined in Section C.1 and consider an arbitrary domain T € [K|. Let x* be the solution to Prob-
lem 3 with parameters c¢; = ﬁ, b; = a; — 1. Then for any ¢ > 0, there exist Ny and Dg such

that for all N > Ny, D > Dy, and h satisfying Assumption 4, the expected test loss on domain T is
bounded by:

A
L(h,N,D) > er(z*(N, b))~ (1 — €) + W(l —€) +0o,
A
Ly(h,N,D) < cr(z*(N,h);) " (1 4+ €) + oh )1_¢ (1+¢€) +0°
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r(1--=
where A := (7‘1”2 + U2CaJvné/O”.
ar(2m0) o7
Proof By Theorem 12, we have
*\1—ar
‘Approx - (‘T;) T _ar
T ar+1
@ S (86)

ar—1 ar—1

ar(ar —1) &7)
= Na.,.—‘,—l—agiin(aq——l)

ar(ar —1) (88)

- Na‘l'_&mit\+1+ ar

By Theorem 14,

r(i—--L
( ?7)1 11 T C1o0,2
a‘r(2770) Tor (DhT) Toar Namin(lfi)
< (89)
ri-s) ri-d)
[ 1— L 1— L 11— L
ar(2no)” @t (Dhy) ot ar(2no)’ @t (Dh:) —or
< Cloa D717+ Cpp g D00, (90)

C10,1

Bias —
D +

F(l—i)

-1
where Cio 1= 010,1 N\ T .
’ ar(2m0) o7
By Theorem 15,

1/0{-,— —1/ar
Var — 62Cq, Iy " (Dh)1 =Y _ (Cua1 +2C13 + C15)(Dhy) =3 + (Cuap + Crgg) DN 72

UzcaTIwé/aT(DhT)lfl/af - UQCaJwé/aT(DhT)kl/aT

oD
S 01771D—1/O¢7—+1/3 4 01772D—2(1+8)(1—1/Oﬁ—)’ (92)

where C7,1, C17,2 do not depend on h, €.
For all h satisfying Assumption 4, since o — aupin + 1 + O‘QLT”‘ >0,—1/a;+1/3 >0, wecan

select Dg, Ny such that

2ar(ar =) 93)
a‘r_o‘min'i'l'i'w
N, r
CloaDy " + CloaDy® < e 94)
Ciza Dy o3 4 Cy7 oD < . (95)
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For all N > Ny, D > Dy satisfying Assumption 8, we have

¥ 1—ar T* 1—ar
(a:)— I (1—e), (oz:)— 1 (1+ 6):| ,

r(1—i) L F(l—i)

Approx € [

Bias €

1_i l—i 6)7
ar(2n9)" er (Dhy) ~ar

1—-L 1—-L
ar(2nmo)  or (Dhy)  er

(96)

(1+¢)|, 97

Var € [020%17175/‘”‘7(DhT)l—l/aTu—e),aQCaTIwé/aT(Dh7)1—1/07(1+e) . (98)

By Theorem 11, adding up these three terms, we complete the proof.
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