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ABSTRACT

Physics-Informed Neural Networks (PINNs) have enabled significant improvements in modelling
physical processes described by partial differential equations (PDEs). PINNs are based on sim-
ple architectures, and learn the behavior of complex physical systems by optimizing the network
parameters to minimize the residual of the underlying PDE. Current network architectures share
some of the limitations of classical numerical discretization schemes when applied to non-linear
differential equations in continuum mechanics. A paradigmatic example is the solution of hyperbolic
conservation laws that develop highly localized nonlinear shock waves. Learning solutions of PDEs
with dominant hyperbolic character is a challenge for current PINN approaches, which rely, like most
grid-based numerical schemes, on adding artificial dissipation. Here, we address the fundamental
question of which network architectures are best suited to learn the complex behavior of non-linear
PDEs. We focus on network architecture rather than on residual regularization. Our new methodology,
called Physics-Informed Attention-based Neural Networks, (PIANNs), is a combination of recurrent
neural networks and attention mechanisms. The attention mechanism adapts the behavior of the deep
neural network to the non-linear features of the solution, and break the current limitations of PINNs.
We find that PIANNs effectively capture the shock front in a hyperbolic model problem, and are
capable of providing high-quality solutions inside and beyond the training set.

Keywords Physics-informed neural network · attention mechanism · partial differential equations · deep learning

1 Introduction

Deep neural networks (DNNs) have achieved enormous success in recent years because they have significantly expanded
the scope of possible tasks that they can perform, given sufficiently large datasets [1]. The range of applications is
extraordinary, from natural language processing [2, 3], image analysis [4] and autonomous driving [5], to earthquake
forecasting [6], playing videogames [7, 8] and, more recently, numerical differentiation [9].

Neural networks can approximate the solution of differential equations [10, 11], in particular high-dimensional partial
differential equations (PDEs) [12, 13]. One of the most remarkable approaches to solve non-linear PDEs is physics-
informed neural networks (PINNs) [14, 15]. PINNs are trained to solve supervised learning tasks constrained by
PDEs, such as the conservation laws in continuum theories of fluid and solid mechanics [16, 17, 18, 11, 19]. The idea
behind PINNs is to train the network using automatic differentiation (AD) by calculating and minimizing the residual,
usually constrained by initial and boundary conditions, and possibly observed data [14]. PINNs have the potential
to serve as on-demand, efficient simulators for physical processes described by differential equations (the forward
problem) [14, 20, 18]. If trained accurately, PINNs can work faster and more accurately than numerical simulators of
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complex real-world phenomena. PINNs may also be used to assimilate data and observations into numerical models, or
be used in parameter identification (the inverse problem) [14, 21] and uncertainty quantification [22, 23, 24, 25].

Learning solutions of nonlinear PDEs using current network architectures presents some of the same limitations of
classical numerical discretization schemes. A paradigmatic example is the solution of hyperbolic PDEs. Hyperbolic
conservation laws describe a plethora of physical systems in gas dynamics, acoustics, elastodynamics, optics, geophysics,
and biomechanics [26]. Hyperbolic PDEs are challenging to solve numerically using classical discretization schemes,
because they tend to form self-sharpening, highly-localized, nonlinear shock waves that require specific approximation
strategies and fine meshes [27]. On the other hand, the ability of current PINNs to learn PDEs with a dominant
hyperbolic character relies on adding artificial dissipation [28, 29, 30, 31], or on using a priori knowledge to increase
the number of training points along the shock trajectories [22].

In this work, we propose a new perspective on solving nonlinear PDEs using deep learning, by focusing on network
architectures rather than on residual regularization. We explore two core ideas: 1) A modified PINN architecture can
provide a more general method for solving hyperbolic conservation law problems without a priori knowledge or residual
regularization. 2) Relating network architecture with the physics encapsulated in a given PDE is possible and has a
beneficial impact. Our hypothesis is that sophisticated, physics-specific network architectures (e.g. networks whose
internal hierarchy is related to the physical processes being learned) may be more effectively trained and understood
than standard feed-forward multilayer perceptrons.

The proposed new architecture, inspired by recent advances in deep learning for language processing and translation [32,
33], is a combination of general recurrent units (GRUs) and attention mechanisms; we call this a physics-informed
attention-based neural network (PIANN). The combination of both elements in the architecture allows for determination
of the most relevant information (recurrent neural network with memory) to adapt the behavior of the deep neural
network to approximate sharp shocks without the necessity of residual regularization or a priori knowledge (attention
mechanism). We use a classical hyperbolic model problem (the Buckley-Leverett equation [34, 27]) as a benchmark for
hyperbolic conservation laws to test our methodology, and find that PIANNs effectively capture the shock front and are
capable of providing high quality solutions inside and beyond the training set.

2 Problem formulation

The problem of interest is that of two immiscible fluids (oil and water) flowing through a porous medium (sand). The
Buckley-Leverett (BL) equation [34] describes the evolution in time and space of the wetting-phase (water) saturation.
Let uM : R+

0 × R+
0 → [0, 1] be the solution of the BL equation

∂uM

∂t
(x, t) +

∂fM
∂x

(x, t) = 0, (1)

uM (x, 0) = 0,∀x > 0, Initial condition (2)
uM (0, t) = 1,∀t ≥ 0, Boundary condition (3)

where uM usually represents the wetting-phase saturation, fM is the fractional flow function and M is the mobility
ratio of the two fluid phases.

This first-order hyperbolic equation is of interest as its solution can display both smooth solutions (rarefactions) and
sharp fronts (shocks). Although the solution to this problem can be calculated analytically, the precise and stable
resolution of these shocks poses well-known challenges for numerical methods [27].

Physics-Informed Neural Networks (PINNs) have been tested on this problem by Fuks and Tchelepi [28] who report
good performance for concave fractional flow functions. The solution of the problem in the case of a non-concave
fractional flow function is, however, much more challenging and remains an open problem. We take fM to be the
non-concave flux function

fM (x, t) =
uM (x, t)2

uM (x, t)2 + 1
M (1− uM (x, t))

2 , (4)

for which we can obtain the analytical solution of the problem:

uM (x, t) =


0, x

t > f ′M (u∗),
u(x/t), f ′M (u∗) ≥ x

t ≥ f ′M (u = 1),

1, f ′M (u = 1) ≥ x
t ,

(5)

where u∗ represents the shock location defined by the Rankine-Hugoniot condition [27].
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3 Methodology

Let G :=
{

(xi, tj) ∈ R+
0 × R+

0 : i = 0, . . . , N, j = 0, . . . , T
}

be a discrete version of the domain of uM . We define
our PIANN as a vector function uθ : R+

0 × R+ → [0, 1]N+1, where θ are the weights of the network to be estimated
during training. The inputs for the proposed architecture are pairs of (t,M) and the output is a vector where the i-th
component is the solution evaluated in xi. Notice the different treatment applied to spatial and temporal coordinates.
Whereas t is a variable of the vector function uθ , the locations where we calculated the solution x0, . . . , xN are fixed in
advance. The output is a saturation map and therefore its values have to be in the interval [0, 1].

For the sake of readability, we introduce the architecture of uθ in section 4. However, we advance that in order to enforce
the boundary condition, we let our PIANN learn only the components uθ(t,M)1, . . . ,uθ(t,M)N ,∀t 6= 0 and then we
concatenate the component uθ(t,M)0 = 1. To enforce the initial conditions, we set uθ(0,M)i = 0, i = 1, . . . , N . To
enforce that the solution be in the interval [0, 1], a sigmoid activation function is applied to each component of the last
layer of our PIANN.

The parameters of the PIANN are estimated according to the physics-informed learning approach, which states that θ
can be estimated from the BL equation eq. (1), the initial conditions eq. (2) and boundary conditions eq. (3), or in other
words, no examples of the solution are needed to train a PINN.

After utilizing the information provided by the initial and boundary conditions enforcing uθ(0,M)i = 0, i = 1, . . . , N
and uθ(t,M)0 = 1, respectively, we now define a loss function based on the information provided by eq. (1). To
calculate the first term we propose two options. The first option is a central finite difference approximation, that is,

R1(θ,M)i,j =
uθ(tj+1,M)i − uθ(tj ,M)i

tj+1 − tj
,

i=1,...,N−1
j=1,...,T−1 . (6)

Alternatively, we can calculate the derivative of our PIANN with respect to t since we know the functional form of
uθ. It can be calculated using the automatic differentiation tools included in many machine learning libraries, such as
Pytorch. Thus, we propose a second option to calculate this term asR1(θ,M)i,j = ∂uθ(t,M)i/∂t|t=tj .

The second term of eq. (1), the derivative of the flux with respect to the spatial coordinate, is approximated using central
finite difference as

R2(θ,M)i,j =
f(tj ,M)i+1 − f(tj ,M)i−1

xi+1 − xi−1
,

i=1,...,N−1
j=1,...,T−1 , (7)

where the vector of fluxes at the i-th location xi is calculated as

fθ(t,M)i =
uθ(t,M)2i

uθ(t,M)2i −
(1−uθ(t,M)i)

2

M

, i = 0, . . . N. (8)

The spatial coordinate x is included as a fixed parameter in our architecture.

The loss function to estimate the parameters of the PINN is given as

L(θ) =
∑
M

‖R1(θ,M) +R2(θ,M)‖2F , (9)

where ‖ · ‖F is the Fröbenius norm.

It should be noted that unlike all previous physics-informed learning works in the literature (recall section 1), the initial
and boundary conditions are not included in the loss function; they are already enforced in the architecture. This has
three direct consequences. First, we are enforcing a stronger constraint that does not allow any error on the initial
and boundary conditions. Second, the PIANN does not need to learn these conditions by itself, and it can concentrate
only on learning the parameters that minimize the residuals of the BL equation. Third, since we only have the term of
the residuals, there are no weights to be tuned to control the effect of the initial and boundary conditions in the final
solution.

Finally, the parameters of the PIANN are estimated using ADAM optimizer [35] to minimize eq. (9) with respect to θ.

4 PIANN architecture

Although it has been demonstrated that neural networks are universal function approximators, certain challenging
problems (e.g. solving non-linear PDEs) may require more specific architectures to capture all their properties. For that
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reason, we have proposed a new architecture, inspired by [32], to solve non-linear PDEs with discontinuities under two
assumptions.

First, to automatically detect discontinuities we need an architecture that can exploit the correlations between the
values of the solution for all spatial locations x1, . . . , xN . Second, the architecture has to be flexible enough to capture
different behaviors of the solution at different regions of the domain. To this end, we propose the use of encoder-decoder
GRUs [2] for predicting the solution at all locations at once, with the use of a recent machine learning tool known as
attention mechanisms [33].

Our approach presents several advantages compared to traditional simulators: i) Instead of using just neighboring cells’
information to calculate u as in numerical methods, our architecture uses the complete encoded sequence input of the
grid to obtain ui, allowing us to capture non-local relationships that numerical methods struggle to identify. ii) the
computer time for the forward pass of neural networks models is linear with respect to the number of cells in our grid.
In other words, our method is a faster alternative with respect to traditional methods of solving PDEs.

Figure 1 shows an outline of the proposed architecture. We start feeding the input pair (t,M) to a single fully connected
layer. Thus, we obtain h0 the initial hidden state of a sequence of N GRU blocks (yellow). Each of them corresponds
to a spatial coordinate xi which is combined with the previous hidden state hi−1 inside the block.

This generates a set of vectors y1, . . . ,yN which can be understood as a representation of the input in a latent space.
The definitive solution u (we omit the subindex θ for simplicity) is reached after a new sequence of GRU blocks (blue)
whose initial hidden state d0 is initialized as hN to preserve the memory of the system.

In addition to the hidden state di, the i-th block gi is fed with a concatenation of the solution at the previous location
and a context vector, that is

ui = gi([ui−1, c
i],di−1). (10)

How the context vector is obtained is one of the key aspects of our architecture, since it will provide the PINN with
enough flexibility to fit to the different behaviors of the solution depending on the region of the domain. Inspired
by [32], we introduce an attention mechanism between both GRU block sequences. Our attention mechanism is a single
fully connected layer, a, that learns the relationship between each component of yj and the hidden states of the (blue)
GRU sequence,

Ei,j = a(di−1,yj). (11)

Then, the rows of matrix E are normalized using a softmax function as

αi,j =
exp (Ei,j)∑N
j=1 exp (Ei,j)

, (12)

and the context vectors are calculated as

ci =

N∑
j=1

αi,jy
j , i = 1, . . . , N. (13)

The coefficients αi,j can be understood as the degree of influence of the component yj in the output ui. This is one
of the main innovations of our work to solve hyperbolic equations with discontinuities. The attention mechanism
automatically determines the most relevant encoded information of the full sequence of the input data to predict the
ui. In other words, attention mechanism is a new method that allows one to determine the location of the shock
automatically and provide more accurate behavior of the PIANN model around this location. This new methodology
breaks the limitations explored by other authors [36] [28] [29] since is is able to capture the discontinuity without
specific prior information or the regularization term of the residual.

This is the first paper to use attention mechanisms to solve non-linear PDEs for hyperbolic problems with discontinuity.

5 Results

In this section we perform a set of experiments that support the proposed methodology. The goal of our experiments is
to demonstrate that our PIANN is indeed able to approximate the analytical solution given in eq. (5).
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y2
<latexit sha1_base64="gUXzsLZ6dtv9GWx0oCHeBvvbVEA=">AAAB7XicbZDNSsNAFIVv6l+tf1WXboJFcFUSEe2y4MZlBfsDTSyT6U07dJIJMxMhhDyGrkTd+TK+gG/jtGahrWf1zT1n4J4bJJwp7ThfVmVtfWNzq7pd29nd2z+oHx71lEglxS4VXMhBQBRyFmNXM81xkEgkUcCxH8xu5n7/EaViIr7XWYJ+RCYxCxkl2ow8LxB8nGfFQ+4Wo3rDaToL2avgltCAUp1R/dMbC5pGGGvKiVJD10m0nxOpGeVY1LxUYULojExwaDAmESo/X+xc2GehkLaeor14/87mJFIqiwKTiYieqmVvPvzPG6Y6bPk5i5NUY0xNxHhhym0t7Hl1e8wkUs0zA4RKZra06ZRIQrU5UM3Ud5fLrkLvouleNd27y0a7VR6iCidwCufgwjW04RY60AUKCTzDG7xbwnqyXqzXn2jFKv8cwx9ZH98+c494</latexit>

y1

<latexit sha1_base64="X307opXX/8ffV7iO4cNQSOFojRA=">AAAB63icbZDLSgMxFIYzXmu9VV26CRbBVZkR0S4LblxWsBdsx5LJnGlDcxmSjFCGPoWuRN35Nr6Ab2NaZ6Gt/+rL+f/A+U+Ucmas7395K6tr6xubpa3y9s7u3n7l4LBtVKYptKjiSncjYoAzCS3LLIduqoGIiEMnGl/P/M4jaMOUvLOTFEJBhpIljBLrRvf9SPE4j6cP/qBS9Wv+XHgZggKqqFBzUPnsx4pmAqSlnBjTC/zUhjnRllEO03I/M5ASOiZD6DmURIAJ8/nGU3yaKI3tCPD8/TubE2HMREQuI4gdmUVvNvzP62U2qYc5k2lmQVIXcV6ScWwVnhXHMdNALZ84IFQztyWmI6IJte48ZVc/WCy7DO3zWnBZC24vqo16cYgSOkYn6AwF6Ao10A1qohaiSKJn9IbePeE9eS/e6090xSv+HKE/8j6+AViRjlY=</latexit>

d0

<latexit sha1_base64="EZHuakmPeJQ6edrrtAtL8gHIkYI=">AAAB63icbZDLSgMxFIYzXmu9VV26CRbBVZkR0S4LblxWsBdsx5LJnGlDcxmSjFCGPoWuRN35Nr6Ab2NaZ6Gt/+rL+f/A+U+Ucmas7395K6tr6xubpa3y9s7u3n7l4LBtVKYptKjiSncjYoAzCS3LLIduqoGIiEMnGl/P/M4jaMOUvLOTFEJBhpIljBLrRvf9SPE4j6cPwaBS9Wv+XHgZggKqqFBzUPnsx4pmAqSlnBjTC/zUhjnRllEO03I/M5ASOiZD6DmURIAJ8/nGU3yaKI3tCPD8/TubE2HMREQuI4gdmUVvNvzP62U2qYc5k2lmQVIXcV6ScWwVnhXHMdNALZ84IFQztyWmI6IJte48ZVc/WCy7DO3zWnBZC24vqo16cYgSOkYn6AwF6Ao10A1qohaiSKJn9IbePeE9eS/e6090xSv+HKE/8j6+AVoPjlc=</latexit>

d1
<latexit sha1_base64="M5oMqVtMop57EqfS5dG1iFuPEq0=">AAAB63icbZDLTgIxFIY7eEO8oS7dNBITV2SGGGVJ4sYlJnKJMJJO5wANvUzajgmZ8BS6MurOt/EFfBsLzkLBf/X1/H+T858o4cxY3//yCmvrG5tbxe3Szu7e/kH58KhtVKoptKjiSncjYoAzCS3LLIduooGIiEMnmlzP/c4jaMOUvLPTBEJBRpINGSXWje77keJxFs8eaoNyxa/6C+FVCHKooFzNQfmzHyuaCpCWcmJML/ATG2ZEW0Y5zEr91EBC6ISMoOdQEgEmzBYbz/DZUGlsx4AX79/ZjAhjpiJyGUHs2Cx78+F/Xi+1w3qYMZmkFiR1EecNU46twvPiOGYaqOVTB4Rq5rbEdEw0odadp+TqB8tlV6FdqwaX1eD2otKo54coohN0is5RgK5QA92gJmohiiR6Rm/o3RPek/fivf5EC17+5xj9kffxDVuNjlg=</latexit>

d2
<latexit sha1_base64="BCeLWXo12kxVLWbcLPhYgYt8XIk=">AAAB73icbZDLSsNAFIZP6q3WW9Wlm8EiuLEkItplwY0rqWAv0KZlMj1ph04uzkyEEvIcuhJ157v4Ar6N05qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHLRUlkmGTRSKSHY8qFDzEpuZaYCeWSANPYNubXM/89iNKxaPwXk9jdAM6CrnPGdVm1O95kRimw6yf3p452aBcsav2XGQZnBwqkKsxKH/2hhFLAgw1E1SprmPH2k2p1JwJzEq9RGFM2YSOsGswpAEqN51vnZETP5JEj5HM37+zKQ2UmgaeyQRUj9WiNxv+53UT7dfclIdxojFkJmI8PxFER2RWngy5RKbF1ABlkpstCRtTSZk2JyqZ+s5i2WVonVedy6pzd1Gp1/JDFOEIjuEUHLiCOtxAA5rAQMIzvMG79WA9WS/W60+0YOV/DuGPrI9vKd+P8g==</latexit>

dN�1
<latexit sha1_base64="1wcUHx2mCj4FQGo7sF4heXglAlQ=">AAAB7XicbZDNSsNAFIVv/K31r+rSTbAIrkoiol0W3LiSCvYHmlgmk5t26CQTZiZCCXkMXYm682V8Ad/Gac1CW8/qm3vOwD03SDlT2nG+rJXVtfWNzcpWdXtnd2+/dnDYVSKTFDtUcCH7AVHIWYIdzTTHfiqRxAHHXjC5nvm9R5SKieReT1P0YzJKWMQo0WbkeYHgYR4WD/ltMazVnYYzl70Mbgl1KNUe1j69UNAsxkRTTpQauE6q/ZxIzSjHouplClNCJ2SEA4MJiVH5+Xznwj6NhLT1GO35+3c2J7FS0zgwmZjosVr0ZsP/vEGmo6afsyTNNCbURIwXZdzWwp5Vt0MmkWo+NUCoZGZLm46JJFSbA1VNfXex7DJ0zxvuZcO9u6i3muUhKnAMJ3AGLlxBC26gDR2gkMIzvMG7Jawn68V6/YmuWOWfI/gj6+MbShePgA==</latexit>

dN
<latexit sha1_base64="jZVXsIH+ADGokjt1c1ZUsoeD2tA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEN5akiHZZcONKKtgLtGmZTE/aoZOLMxOhhDyHrkTd+S6+gG/jtGahrf/qm/P/A+c/Xiy40rb9Za2srq1vbBa2its7u3v7pYPDlooSybDJIhHJjkcVCh5iU3MtsBNLpIEnsO1Nrmd++xGl4lF4r6cxugEdhdznjGoz6ve8SAzTYdZPb8+r2aBUtiv2XGQZnBzKkKsxKH32hhFLAgw1E1SprmPH2k2p1JwJzIq9RGFM2YSOsGswpAEqN51vnZFTP5JEj5HM37+zKQ2UmgaeyQRUj9WiNxv+53UT7dfclIdxojFkJmI8PxFER2RWngy5RKbF1ABlkpstCRtTSZk2Jyqa+s5i2WVoVSvOZcW5uyjXa/khCnAMJ3AGDlxBHW6gAU1gIOEZ3uDderCerBfr9Se6YuV/juCPrI9vK16P8w==</latexit>

dN�2

<latexit sha1_base64="XpXhgRrE4ys45mwnxYTObILpyKc=">AAAB7XicbZDNSsNAFIVv6l+tf1WXboJFcFUSEe2y4MZlBfsDTSyT6U0zdJIJMxOhhDyGrkTd+TK+gG/jtGahrWf1zT1n4J4bpJwp7ThfVmVtfWNzq7pd29nd2z+oHx71lMgkxS4VXMhBQBRylmBXM81xkEokccCxH0xv5n7/EaViIrnXsxT9mEwSFjJKtBl5XiD4OI+Kh9wpRvWG03QWslfBLaEBpTqj+qc3FjSLMdGUE6WGrpNqPydSM8qxqHmZwpTQKZng0GBCYlR+vti5sM9CIW0dob14/87mJFZqFgcmExMdqWVvPvzPG2Y6bPk5S9JMY0JNxHhhxm0t7Hl1e8wkUs1nBgiVzGxp04hIQrU5UM3Ud5fLrkLvouleNd27y0a7VR6iCidwCufgwjW04RY60AUKKTzDG7xbwnqyXqzXn2jFKv8cwx9ZH98jQY9m</latexit>

h0

<latexit sha1_base64="9IZR2d67v4OglBE4ceF088DF/n8=">AAAB7XicbZDNSsNAFIVv6l+tf1WXboJFcFUSEe2y4MZlBfsDTSyT6U0zdJIJMxOhhDyGrkTd+TK+gG/jtGahrWf1zT1n4J4bpJwp7ThfVmVtfWNzq7pd29nd2z+oHx71lMgkxS4VXMhBQBRylmBXM81xkEokccCxH0xv5n7/EaViIrnXsxT9mEwSFjJKtBl5XiD4OI+Kh9wtRvWG03QWslfBLaEBpTqj+qc3FjSLMdGUE6WGrpNqPydSM8qxqHmZwpTQKZng0GBCYlR+vti5sM9CIW0dob14/87mJFZqFgcmExMdqWVvPvzPG2Y6bPk5S9JMY0JNxHhhxm0t7Hl1e8wkUs1nBgiVzGxp04hIQrU5UM3Ud5fLrkLvouleNd27y0a7VR6iCidwCufgwjW04RY60AUKKTzDG7xbwnqyXqzXn2jFKv8cwx9ZH98kwI9n</latexit>

h1
<latexit sha1_base64="qVKxN/8Dqkev9PyA6/Yz3gT+siA=">AAAB7XicbZDNSsNAFIVv/K31r+rSTbAIrkpSRLssuHFZwf5AE8tketMMnWTCzEQoIY+hK1F3vowv4Ns4rVlo61l9c88ZuOcGKWdKO86Xtba+sbm1Xdmp7u7tHxzWjo57SmSSYpcKLuQgIAo5S7CrmeY4SCWSOODYD6Y3c7//iFIxkdzrWYp+TCYJCxkl2ow8LxB8nEfFQ94sRrW603AWslfBLaEOpTqj2qc3FjSLMdGUE6WGrpNqPydSM8qxqHqZwpTQKZng0GBCYlR+vti5sM9DIW0dob14/87mJFZqFgcmExMdqWVvPvzPG2Y6bPk5S9JMY0JNxHhhxm0t7Hl1e8wkUs1nBgiVzGxp04hIQrU5UNXUd5fLrkKv2XCvGu7dZb3dKg9RgVM4gwtw4RracAsd6AKFFJ7hDd4tYT1ZL9brT3TNKv+cwB9ZH98mP49o</latexit>

h2
<latexit sha1_base64="PaAGyFfVvLLusQEbkzKEIPxA6Lw=">AAAB73icbZDLSsNAFIZP6q3WW9Wlm8EiuLEkItplwY0rqWAv0KZlMj1ph04uzkyEEvIcuhJ157v4Ar6N05qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHLRUlkmGTRSKSHY8qFDzEpuZaYCeWSANPYNubXM/89iNKxaPwXk9jdAM6CrnPGdVm1O95kRim46yf3p452aBcsav2XGQZnBwqkKsxKH/2hhFLAgw1E1SprmPH2k2p1JwJzEq9RGFM2YSOsGswpAEqN51vnZETP5JEj5HM37+zKQ2UmgaeyQRUj9WiNxv+53UT7dfclIdxojFkJmI8PxFER2RWngy5RKbF1ABlkpstCRtTSZk2JyqZ+s5i2WVonVedy6pzd1Gp1/JDFOEIjuEUHLiCOtxAA5rAQMIzvMG79WA9WS/W60+0YOV/DuGPrI9vL/OP9g==</latexit>

hN�1
<latexit sha1_base64="fOwuokO6yogVjD15+Zx/cIMLRuo=">AAAB7XicbZDNSsNAFIVv/K31r+rSTbAIrkoiol0W3LiSCvYHmlgm05tm6CQTZiZCCXkMXYm682V8Ad/Gac1CW8/qm3vOwD03SDlT2nG+rJXVtfWNzcpWdXtnd2+/dnDYVSKTFDtUcCH7AVHIWYIdzTTHfiqRxAHHXjC5nvm9R5SKieReT1P0YzJOWMgo0WbkeYHgozwqHvLbYlirOw1nLnsZ3BLqUKo9rH16I0GzGBNNOVFq4Dqp9nMiNaMci6qXKUwJnZAxDgwmJEbl5/OdC/s0FNLWEdrz9+9sTmKlpnFgMjHRkVr0ZsP/vEGmw6afsyTNNCbURIwXZtzWwp5Vt0dMItV8aoBQycyWNo2IJFSbA1VNfXex7DJ0zxvuZcO9u6i3muUhKnAMJ3AGLlxBC26gDR2gkMIzvMG7Jawn68V6/YmuWOWfI/gj6+MbUCOPhA==</latexit>

hN

<latexit sha1_base64="SywMxfVOxKWyIUtN4ySc3za0sHg=">AAAB7XicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuqy6MZlBfsDTSiT6U07dJIJMxOhhDyGrkTd+TK+gG/jtGah1bP65p4zcM8NU8G1cd1Pp7Kyura+Ud2sbW3v7O7V9w+6WmaKYYdJIVU/pBoFT7BjuBHYTxXSOBTYC6c3c7/3gEpzmdybWYpBTMcJjzijxo58P5RilGfFMPeKYb3hNt2FyF/wSmhAqfaw/uGPJMtiTAwTVOuB56YmyKkynAksan6mMaVsSsc4sJjQGHWQL3YuyEkkFTETJIv3z2xOY61ncWgzMTUTvezNh/95g8xEV0HOkzQzmDAbsV6UCWIkmVcnI66QGTGzQJnidkvCJlRRZuyBara+t1z2L3TPmt5F07s7b7Suy0NU4QiO4RQ8uIQW3EIbOsAghSd4hTdHOo/Os/PyHa045Z9D+CXn/Qs86o9/</latexit>u1
<latexit sha1_base64="3aVoFY02yN7+xXHUIINN2GeZwlA=">AAAB7XicbZDNSsNAFIVv6l+tf1WXbgaL4KokRdRl0Y3LCvYHmlAm09t26CQTZiZCCXkMXYm682V8Ad/Gac1CW8/qm3vOwD03TATXxnW/nNLa+sbmVnm7srO7t39QPTzqaJkqhm0mhVS9kGoUPMa24UZgL1FIo1BgN5zezv3uIyrNZfxgZgkGER3HfMQZNXbk+6EUwyzNB1kjH1Rrbt1diKyCV0ANCrUG1U9/KFkaYWyYoFr3PTcxQUaV4UxgXvFTjQllUzrGvsWYRqiDbLFzTs5GUhEzQbJ4/85mNNJ6FoU2E1Ez0cvefPif10/N6DrIeJykBmNmI9YbpYIYSebVyZArZEbMLFCmuN2SsAlVlBl7oIqt7y2XXYVOo+5d1r37i1rzpjhEGU7gFM7Bgytowh20oA0MEniGN3h3pPPkvDivP9GSU/w5hj9yPr4BPmmPgA==</latexit>u2

<latexit sha1_base64="dXRFspkCL/tTAK5ojVPHF/0YYf0=">AAAB73icbZC9TsMwFIVv+C3lr8DIYlEhsVAlCAFjBQsTKhL9kdpQOe5Na9WJg+0gVVGeAyYEbLwLL8Db4JYO0HKmz/ccS/fcIBFcG9f9chYWl5ZXVgtrxfWNza3t0s5uQ8tUMawzKaRqBVSj4DHWDTcCW4lCGgUCm8Hwauw3H1FpLuM7M0rQj2g/5iFn1NjRfSeQopeleTe7OfbybqnsVtyJyDx4UyjDVLVu6bPTkyyNMDZMUK3bnpsYP6PKcCYwL3ZSjQllQ9rHtsWYRqj9bLJ1Tg5DqYgZIJm8f2czGmk9igKbiagZ6FlvPPzPa6cmvPAzHiepwZjZiPXCVBAjybg86XGFzIiRBcoUt1sSNqCKMmNPVLT1vdmy89A4qXhnFe/2tFy9nB6iAPtwAEfgwTlU4RpqUAcGCp7hDd6dB+fJeXFef6ILzvTPHvyR8/ENSDmQDg==</latexit>uN�1
<latexit sha1_base64="7rkwq0rK0sF4UAElC/LTWRQsjDQ=">AAAB7XicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuqy6MaVVLA/0IQymd60QyeZMDMRSuhj6ErUnS/jC/g2TmsW2npW39xzBu65YSq4Nq775ZRWVtfWN8qbla3tnd296v5BW8tMMWwxKaTqhlSj4Am2DDcCu6lCGocCO+H4ZuZ3HlFpLpMHM0kxiOkw4RFn1NiR74dSDPJs2s/vpv1qza27c5Fl8AqoQaFmv/rpDyTLYkwME1TrnuemJsipMpwJnFb8TGNK2ZgOsWcxoTHqIJ/vPCUnkVTEjJDM37+zOY21nsShzcTUjPSiNxv+5/UyE10FOU/SzGDCbMR6USaIkWRWnQy4QmbExAJlitstCRtRRZmxB6rY+t5i2WVon9W9i7p3f15rXBeHKMMRHMMpeHAJDbiFJrSAQQrP8AbvjnSenBfn9Sdacoo/h/BHzsc3aE2PnA==</latexit>uN

<latexit sha1_base64="wFLKm/LMu43HbaE8GwzagGGfSZo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0h6UI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkobm1vbO+Xdyt7+weFR9fikrZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLJ3dzvPKHSPJGPZppiENOR5BFn1Fip4y4xqNY811uArBO/IDUo0BxUv/rDhGUxSsME1brne6kJcqoMZwJnlX6mMaVsQkfYs1TSGHWQL86dkQurDEmUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8XmaimyDnMs0MSrZcFGWCmITMfydDrpAZMbWEMsXtrYSNqaLM2IQqNgR/9eV10q67/pXrP9RrjdsijjKcwTlcgg/X0IB7aEILGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AfsTjgY=</latexit>.......

ATTENTION WEIGHTS

<latexit sha1_base64="bFEUFcL5sVAcOmkoa6bf9BXLgpI=">AAAB7XicbZDNSsNAFIVv/K31r+rSzWARXJWkiHZZcOOygv2BJpbJ9KYdOsmEmYlQQh9DV6LufBlfwLdxWrPQ1rP65p4zcM8NU8G1cd0vZ219Y3Nru7RT3t3bPzisHB13tMwUwzaTQqpeSDUKnmDbcCOwlyqkcSiwG05u5n73EZXmMrk30xSDmI4SHnFGjR35fijFMGezh7w+G1Sqbs1diKyCV0AVCrUGlU9/KFkWY2KYoFr3PTc1QU6V4UzgrOxnGlPKJnSEfYsJjVEH+WLnGTmPpCJmjGTx/p3Naaz1NA5tJqZmrJe9+fA/r5+ZqBHkPEkzgwmzEetFmSBGknl1MuQKmRFTC5QpbrckbEwVZcYeqGzre8tlV6FTr3lXNe/ustpsFIcowSmcwQV4cA1NuIUWtIFBCs/wBu+OdJ6cF+f1J7rmFH9O4I+cj28esI9j</latexit>

c2

<latexit sha1_base64="GgDhS9/xB3chKHg+uvvcZUX3srs=">AAAB/HicbVDLSsNAFL2pr1pfUVfiZrAILqQkRbTLghuXFewDmhAm00kzdPJgZiKUUP0ZXYm68yv8Af/GSc1CW89mztxzLtxz/JQzqSzry6isrK6tb1Q3a1vbO7t75v5BTyaZILRLEp6IgY8l5SymXcUUp4NUUBz5nPb9yXWh9++pkCyJ79Q0pW6ExzELGMFKjzzzyPETPpLTSD+5g3ka4pmXN8+bM8+sWw1rDrRM7JLUoUTHMz+dUUKyiMaKcCzl0LZS5eZYKEY4ndWcTNIUkwke06GmMY6odPN5hBk6DRKBVEjR/P/bm+NIFvdpT4RVKBe1YvifNsxU0HJzFqeZojHRFq0FGUcqQUUTaMQEJYpPNcFEMH0lIiEWmCjdV03HtxfDLpNes2FfNuzbi3q7VRZRhWM4gTOw4QracAMd6AKBR3iGN3g3Hown48V4/bFWjHLnEP7A+PgGPNCVCg==</latexit>↵2,2
<latexit sha1_base64="kVMCo7uXKk4/0DmHribjfcj5/BY=">AAAB/nicbVDLSsNAFJ3UV62vqMtuBovgQktSRLssuHElFewDmhAm00kzdJIJMxOhhID+jK5E3fkR/oB/46Rmoa1nM2fuORfuOX7CqFSW9WVUVlbX1jeqm7Wt7Z3dPXP/oC95KjDpYc64GPpIEkZj0lNUMTJMBEGRz8jAn14V+uCeCEl5fKdmCXEjNIlpQDFSeuSZdcfnbCxnkX4yB7EkRLmXtU5vzuzcMxtW05oDLhO7JA1QouuZn86Y4zQiscIMSTmyrUS5GRKKYkbympNKkiA8RRMy0jRGEZFuNg+Rw+OAC6hCAuf/394MRbK4UHsipEK5qBXD/7RRqoK2m9E4SRWJsbZoLUgZVBwWXcAxFQQrNtMEYUH1lRCHSCCsdGM1Hd9eDLtM+q2mfdG0b88bnXZZRBXUwRE4ATa4BB1wDbqgBzB4BM/gDbwbD8aT8WK8/lgrRrlzCP7A+PgGUNSVmA==</latexit>↵2,N�1

<latexit sha1_base64="ejGkGPtLXxEVwCNLuXKppPNkrhY=">AAAB/HicbVDLSsNAFJ34rPUVdSVugkVwISUpol0W3LiSCvYBTQg300k7dJIJMxOhhOjP6ErUnV/hD/g3TmoW2no2c+aec+GeEySMSmXbX8bS8srq2nplo7q5tb2za+7tdyVPBSYdzBkX/QAkYTQmHUUVI/1EEIgCRnrB5KrQe/dESMrjOzVNiBfBKKYhxaD0yDcP3YCzoZxG+slcYMkYcj9rnN3kvlmz6/YM1iJxSlJDJdq++ekOOU4jEivMQMqBYyfKy0AoihnJq24qSQJ4AiMy0DSGiEgvm0XIrZOQC0uNiTX7//ZmEMniPu2JQI3lvFYM/9MGqQqbXkbjJFUkxtqitTBlluJW0YQ1pIJgxaaaABZUX2nhMQjASvdV1fGd+bCLpNuoOxd15/a81mqWRVTQETpGp8hBl6iFrlEbdRBGj+gZvaF348F4Ml6M1x/rklHuHKA/MD6+AWa0lSY=</latexit>↵2,N

Figure 1: Architecture of physical attention neural network for the prediction of the variable u2
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Figure 2: Residual values for each epoch for M = 4.5 values in a semilog scale.

The training set is given by a grid G = {(xi, tj) ∈ R+
0 × R+

0 : xi ∈ {0, 0.01, . . . , 0.99, 1}, tj ∈
{0, 0.01, . . . , 0.49, 0.5}}, and a set of values of M ∈ {2, 4, 6, . . . , 100}, which produces N = 101, T = 51, and a total
of 257,550 points. We want to emphasize that no examples of the solution are known at these points, and therefore
no expensive and slow simulators are required to build the training set. To estimate the parameters of the PIANN we
minimize eq. (9) by running ADAM optimizer for 200 epochs with a learning rate of 0.001.

Figure 2 shows the residual value for the testing dataset for the different epoch for M = 4.5. We can observe a
fast convergence of the method and a cumulative value of the residual smaller than 10−4 after a few epochs. This
demonstrates that we are minimizing the residuals in eq. (1) and subsequently solving the the equation that governs BL.

Figure 3 shows the comparison between the analytical solution (red) and the solution obtained by our PIANN (blue)
for different M used during training. Top, middle and bottom rows correspond to M = 2, M = 48 and M = 98,
respectively, and the columns from left to right, correspond to different time steps t = 0.04, t = 0.20, and t = 0.40,
respectively. We can distinguish three regions of interest in the solution. Following increasing x coordinates, the first
region on the left is one where the water saturation varies smoothly following the rarefaction part of the solution. The
second region is a sharp saturation change that corresponds to the shock in the solution and the third region is ahead
of the shock, with undisturbed water saturation values that are still at zero. For all cases, we observe that the PIANN
properly learns the correct rarefaction behavior of the first region and approximates the analytical solution extremely
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well. In the third region, the PIANN also fits to the analytical solution perfectly and displays an undisturbed water
saturation at zero. As for any classical numerical methods, the shock region is the most challenging to resolve.

Around the shock, the PIANN seems unable to perfectly resolve a sharp front, and the represented behavior is a shock
that is smoothed over and displays non-monotonic artifacts upstream and downstream of the front. The location of
the shock is, however, well captured. Such a behavior is reminiscent of the behavior observed in higher-order finite
difference methods, where slope-limiters are often used to correct for the non-physical oscillations.

Importantly, it means the PIANN needs to learn where the shock is located in order to fit differently to both sides of it.
This is the role of the attention mechanism of our architecture. On top of each figure we have visualized the attention
map introduced by [32] for every timestep. These maps visualize the attention weight αi,j to predict the variable ui. We
observe that in all cases the attention mechanism identifies the discontinuity, water front, and subsequently modifies the
behavior of the network in the three different regions described above. This shows that attention mechanism provides
all the necessary information to capture discontinuities automatically without the necessity of training data or a prior
knowledge. Finally, it is important to note that attention weights of the attention mechanism are constant when the
shock/discontinuity disappears.

In addition, we test the behavior of our methodology to provide solutions for BL at points within the training range
of M : M = 4.5 and M = 71. In other words, we want to check the capability of our PIANN model to interpolate
solutions. Figure 5 shows that our PIANNs provide solutions that correctly detect the shock.

We also test the PIANN to extrapolate solutions out of the range of the training set: M = 140, M = 250 and M = 500.
Figure 6 shows a degradation of the results when M is far from the original training set. We observe that our method
predicts the behavior of the shock for M = 140. However, the shock is totally missed for M = 500 and as such,
retraining the model is recommended with higher values of M . It is important to note that the results show that our
method is stable and converges for the different cases.

We test how the neural residual error progresses based on different ∆t and ∆x resolutions. Results are shown in table 1,
and demonstrate that our PIANN obtains smaller residuals when the resolution of the training set increases. However, we
observe that changes in the residual are not highly significant. This is an advantage with respect to traditional numerical
methods such as CFD, where smaller values of ∆t are necessary to capture the shock and guarantee convergence and
stability.

Finally, we have compared the results with central and upwind finite difference schemes for the term of the vector of
fluxes. The first-order upwind difference introduces a dissipation error when applied to the residual of the Buckley-
Leverett equation, which is equivalent to regularizing the problem via artificial diffusion. Figure 4 shows that both
approaches present similar results respect to the analytical solution. The fact that both central and upwind differences
yield similar predictions is important, because it suggests that the proposed PIANN approach does not rely on artificial
dissipation for shock capturing.

6 Discussion

In this work, we have introduced a new method to solve hyperbolic PDEs. We propose a new perspective by focusing on
network architectures rather than on residual regularization. We call our new architecture a physics informed attention
neural network (PIANN).

PIANN’s novel architecture is based on two assumptions. First, correlations between values of the solution at all the
spatial locations must be exploited, and second, the architecture has to be flexible enough to identify the shock and
capture different behaviors of the solution at different regions of the domain. We have proposed an encoder-decoder
GRU-based network to use the most relevant information of the fully encoded information, combined with the use of
an attention mechanism. The attention mechanism is responsible for identifying the shock location and adapting the
behavior of the PIANN model.

Unlike previous methods in the literature, the loss function of PIANNs is based solely on the residuals of the PDE,
and the initial and boundary conditions are introduced in the architecture. These are stronger constraints than the ones
enforced by previous methods, since we do not allow room for learning error on the initial or boundary conditions. As a
result, PIANN’s training aims only at minimizing the residual of the PDE; no hyperparameters are needed to control the
effect of initial and boundary conditions on the solution.

We have applied the proposed methodology to the non-concave flux Buckley-Leverett problem, which has hitherto been
an open problem for PINNs. The experimental results support the validity of the proposed methodology and conclude
that: i) during training, the residuals of the equation decrease quickly to values smaller than 10−4, which means that our
methodology is indeed solving the differential equation, ii) the attention mechanism automatically detects shock waves
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Figure 3: Top and bottom rows correspond to M = 2 and M = 48 and M = 98 for attention weights map and
comparison of the predicted by the neural network and the exact solutions of the PDE, respectively. The columns from
left to right, correspond to different time steps t = 0.04, t = 0.20 and t = 0.40
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Figure 4: Comparison between solutions obtained with residuals evaluated using central and upwind finite differences,
for M = 4.5.
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Figure 5: Top and bottom rows correspond to M = 4.5 and M = 71 for comparison of the predicted by the neural
network and the exact solutions of the PDE, respectively. The columns from left to right, correspond to different time
steps t = 0.04, t = 0.20 and t = 0.40

of the solution and allows the PIANN to fit to the different behaviors of the analytical solution, and iii) the PIANN is
able to interpolate solutions for values of the mobility ratio M inside the range of training set, as well as to extrapolate
when the value of M is outside the range. However, we observe that if M is too far away from range of the training set,
the quality of the solution decreases. In that case, a retraining of the network is recommended. iv) We observe that the
residuals decrease when the resolution of the training set increases. However, the change in the residuals is not highly
significant. This is advantageous with respect to traditional numerical methods where small values of ∆t are needed to
capture the shock and guarantee convergence and stability.

In conclusion, the proposed methodology is not confined by the current limitations of deep learning for solving
hyperbolic PDEs with shock waves, and opens the door to applying these techniques to real-world problems, such as
challenging reservoir simulations or carbon sequestration. It is plausible that this method could be applied to model
many processes in other domains which are described by non-linear PDEs with shock waves.

8



A PREPRINT

0 20 40 60 80 100
X coordinates

0.0

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 140.0. Timestep 0.04

0 20 40 60 80 100
X coordinates

0.0

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 140.0. Timestep 0.08

0 20 40 60 80 100
X coordinates

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 140.0. Timestep 0.3

0 20 40 60 80 100
X coordinates

0.0

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 250.0. Timestep 0.04

0 20 40 60 80 100
X coordinates

0.0

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 250.0. Timestep 0.08

0 20 40 60 80 100
X coordinates

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 250.0. Timestep 0.3

0 20 40 60 80 100
X coordinates

0.0

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 500.0. Timestep 0.04

0 20 40 60 80 100
X coordinates

0.0

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 500.0. Timestep 0.08

0 20 40 60 80 100
X coordinates

0.2

0.4

0.6

0.8

1.0

W
at

er
 S

at
ur

at
io

n

PIANN
Analytical Solution M 500.0. Timestep 0.3

Figure 6: Top and bottom rows correspond to M = 140 and M = 250 and M = 500 comparison of the predicted by
the neural network and the exact solutions of the PDE, respectively. The columns from left to right, correspond to
different time steps t = 0.04, t = 0.08 and t = 0.30

Table 1: Residual calculation for different resolution of ∆t and ∆x for M = 4.5

Resolution Residual Error

∆x = 1 ∗ 10−2 ∆t = 1 ∗ 10−2 1 ∗ 10−4

∆x = 5 ∗ 10−3 ∆t = 5 ∗ 10−3 9 ∗ 10−5

∆x = 1 ∗ 10−3 ∆t = 1 ∗ 10−3 8.7 ∗ 10−5
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