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WIDE NEURAL NETWORKS TRAINED WITH WEIGHT
DECAY PROVABLY EXHIBIT NEURAL COLLAPSE

Arthur Jacot; Peter Stikenik] Zihan Wang! and Marco Mondelli$

ABSTRACT

Deep neural networks (DNN5s) at convergence consistently represent the training
data in the last layer via a geometric structure referred to as neural collapse. This
empirical evidence has spurred a line of theoretical research aimed at proving
the emergence of neural collapse, mostly focusing on the unconstrained features
model. Here, the features of the penultimate layer are free variables, which makes
the model data-agnostic and puts into question its ability to capture DNN train-
ing. Our work addresses the issue, moving away from unconstrained features and
studying DNNs that end with at least two linear layers. We first prove generic
guarantees on neural collapse that assume (i) low training error and balancedness
of linear layers (for within-class variability collapse), and (ii) bounded condition-
ing of the features before the linear part (for orthogonality of class-means, and
their alignment with weight matrices). The balancedness refers to the fact that
WJHW@H ~ WgWeT for any pair of consecutive weight matrices of the linear
part, and the bounded conditioning requires a well-behaved ratio between largest
and smallest non-zero singular values of the features. We then show that such as-
sumptions hold for gradient descent training with weight decay: (i) for networks
with a wide first layer, we prove low training error and balancedness, and (i) for
solutions that are either nearly optimal or stable under large learning rates, we ad-
ditionally prove the bounded conditioning. Taken together, our results are the first
to show neural collapse in the end-to-end training of DNNSs.

1 INTRODUCTION

Among the many possible interpolators that a deep neural network (DNN) can find, Papyan et al.
(2020) showed a strong bias of gradient-based training towards representations with a highly sym-
metric structure in the penultimate layer, which was dubbed neural collapse (NC). In particular,
the feature vectors of the training data in the penultimate layer collapse to a single vector per class
(NC1); these vectors form orthogonal or simplex equiangular tight frames (NC2), and they are
aligned with the last layer’s row weight vectors (NC3). The question of why and how neural col-
lapse emerges has been considered by a popular line of research, see e.g.[Lu & Steinerberger|(2022);
E & Wojtowytsch|(2022) and the discussion in Section Many of these works focus on a simplified
mathematical framework: the unconstrained features model (UFM) (Mixon et al., [2020; Han et al.|
2022; Zhou et al.| 2022a)), corresponding to the joint optimization over the last layer’s weights and
the penultimate layer’s feature representations, which are treated as free variables. To account for
the existence of the training data and of all the layers before the penultimate (i.e., the backbone of
the network), some form of regularization on the free features is usually added. A number of papers
has proved the optimality of NC in this model (Lu & Steinerberger, 2022; |[E & Wojtowytsch,|2022),
its emergence with gradient-based methods (Mixon et al.,|2020; Han et al.,[2022) and a benign loss
landscape (Zhou et al.,|2022a; [Zhu et al.| 2021)). However, the major drawback of the UFM lies in
its data-agnostic nature: it only acknowledges the presence of training data and backbone through
a simple form of regularization (e.g., Frobenius norm or sphere constraint), which is far from being
equivalent to end-to-end training. Moving beyond UFM, existing results are either only applicable to
rather shallow networks (of at most three layers) (Kothapalli & Tirer, [2024} [Hong & Ling, [2024) or
hold under strong assumptions, such as symmetric quasi-interpolation (Xu et al., 2023} |Rangamani
& Banburski-Faheyl, [2022)), block-structured empirical NTK throughout training (Seleznova et al.,
2023)), or geodesic structure of the features across all layers (Wang et al., [2024)).
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In this paper, we provide the first end-to-end proof of within-class variability collapse (NC1) for a
class of networks that end with at least two linear layers. Furthermore, we give rather weak sufficient
conditions — either near-optimality or stability under large learning rates — for solutions to exhibit
the orthogonality of class-means (NC2) and the alignment of class means with the last weight matrix
(NC3). More precisely, our contributions can be summarized as follows:

* First, we show that within-class variability collapse (i.e., NC1) occurs, as long as the training
error is low and the linear layers are approximately balanced, i.e., WZTHWgH — Wy W[ H s
small, where W, 1, W, are two consecutive weight matrices of the linear head. If, additionally,
the conditioning of the linear head mapping is bounded, we bound the conditioning of the matrix
of class means in the last layer, as well as that of the last weight matrix. This implies that, as
the number of linear layers grows, class means become orthogonal and, furthermore, they align
with the last layer’s row vectors, which proves both NC2 and NC3.

* Next, we show that the sufficient conditions above for NC1 are satisfied by a class of deep net-
works with a wide first layer, smooth activations and pyramidal topology, after gradient training
with weight decay. This provides the first guarantee of the emergence of NC1 for a deep network
trained end-to-end via gradient descent.

e We present two sufficient conditions under which the linear head is well-conditioned, hence
NC1, NC2 and NC3 hold: either the network approaches a global optimum of the ¢5-regularized
square loss, or it nearly interpolates the data while being stable under large learning rates.

* Our numerical experiments on various architectures (fully connected, ResNet) and datasets
(MNIST, CIFAR) confirm the insights coming from the theory: (i) NC2 is more prominent
as the depth of the linear head increases, and (ii) the final linear layers are balanced at con-
vergence. Furthermore, we show that, as the non-linear part of the network gets deeper, the
non-negative layers become less non-linear and more balanced.

2 RELATED WORK

Neural collapse. Since its introduction by |Papyan et al.| (2020), neural collapse has been inten-
sively studied, both from a theoretical and practical viewpoint. Practitioners use the NC for a num-
ber of applications, including transfer learning, OOD detection and generalization bounds (Galanti
et al., 2022a;|Haas et al.| [2022; Ben-Shaul & Dekel, [2022; |Li et al., [2023aib; |Zhang et al., 2024). On
the theoretical front, the most widely adopted framework to study the emergence of NC is the un-
constrained features model (UFM) (Mixon et al., 2020; [Fang et al., 2021). Under the UFM, the NC
has been proved to be optimal with cross-entropy loss (E & Wojtowytsch, 2022} [Lu & Steinerberger,
2022; Kunin et al.,2022), MSE loss (Zhou et al.,|2022a) and other losses (Zhou et al., 2022b). Op-
timality guarantees for the generalization of NC to the class-imbalanced setting have been provided
by [Fang et al.| (2021); Thrampoulidis et al.| (2022)); Hong & Ling (2023); |Dang et al.| (2024). Be-
sides global optimality, a benign loss landscape around NC solutions has been proved in|Zhu et al.
(2021)); Ji et al.|(2022); Zhou et al.| (2022a)), and the emergence of NC with gradient-based optimiza-
tion under UFM has been studied by [Mixon et al.| (2020); Han et al.[(2022); Ji et al.| (2022); Wang
et al.| (2022). Jiang et al.| (2023) extend the analysis to large number of classes, [Kothapalli et al.
(2023)) to graph neural networks, Tirer et al.|(2023) generalize UFM with a perturbation to account
for its imperfections, while |Andriopoulos et al.| (2024) generalize UFM and NC to regression prob-
lems. A deep neural collapse is theoretically analyzed with deep UFM for the linear case in [Dang
et al.| (2023); |Garrod & Keating|(2024)), for linear case with data-specific assumptions in|Wang et al.
(2023)), for the non-linear case with two layers in|Tirer & Brunal(2022), and for the deep non-linear
case in |Sukenik et al.| (2023;2024), where, notably, the latter work provides the first negative result
on deep NC with deep UFM.

A line of recent work aims at circumventing the data-agnostic nature of UFM, showing the emer-
gence of neural collapse in settings closer to practice. Specifically, |Seleznova et al.| (2023) assume
a block structure in the empirical NTK matrix. Kernels are used by [Kothapalli & Tirer| (2024) to
analyze NC in wide two-layer networks, showing mostly negative results in the NTK regime. Bea-
glehole et al.| (2024) prove the emergence of deep neural collapse using kernel-based layer-wise
training, and they show that NC is an optimal solution of adaptive kernel ridge regression in an
over-parametrized regime. Sufficient (but rather strong) conditions for the emergence of NC beyond
UFM are provided by |[Pan & Cao| (2023). Hong & Ling| (2024) analyze two and three layer net-
works end-to-end, but only provide conditions under which the UFM optimal solutions are feasible.
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Wang et al.| (2024) consider the NC formation in residual networks, and the model is similar to the
perturbed UFM in [Tirer et al.| (2023). However, the results crucially assume that the features lie on
a geodesic in euclidean space, and proving that this is the case after training the ResNet is an open
problem. Rangamani & Banburski-Fahey| (2022); [ Xu et al.[(2023) focus on homogeneous networks
trained via gradient-based methods, making the strong assumption of symmetric quasi-interpolation.
Then, Rangamani & Banburski-Fahey|(2022)) do not prove this assumption, and the argument of | Xu
et al.| (2023) requires a regularization different from the one used in practice as well as interpolators
with a given norm (whose existence is an open question). We also note that the quasi-interpolation
property does not hold in practice exactly, which points to the need of a perturbation analysis.

Implicit bias. Our approach leverages the (approximate) balancedness of the weights, which plays
a central role in the analysis of the training dynamics of linear networks (Arora et al.,|2018b) and
leads to a bias towards low-rank matrices (Arora et al. 2019} [Tu et al. 2024)). In the presence of
weight decay, the low-rank bias can be made even more explicit (Dai et al.l 2021), and it is rein-
forced by stochastic gradient descent (Wang & Jacot, |2024). Moving towards nonlinear models,
shallow networks with weight decay exhibit low-rank bias, as described by the variational norm
(Bachl, 2017), or Barron norm (E et al.,|2019), and this bias provably emerges under (modified) GD
dynamics (Abbe et al.| 2022} Bietti et al.| 2022} [Lee et al., |2024). However, a single hidden layer
appears to be insufficient to exhibit NC for most datasets. Moving towards deep nonlinear models,
networks with weight decay are also known to exhibit low-rank bias (Galanti et al., 2022b; [Jacot
et al., [2022), which can be related to neural collapse (Zangrando et al.,[2024). The dimensionality
and rank of the weights/representations varies between layers, exhibiting a bottleneck structure (Ja-
cot,|2023azb; Wen & Jacot, 2024). We remark that existing results apply to the global minima of the
{5-regularized loss. In contrast, our paper provides rather general sufficient conditions that are then
provably satisfied by GD, thus showing that the training algorithm is responsible for neural collapse.

3 BALANCEDNESS AND INTERPOLATION IMPLY NEURAL COLLAPSE

Notation and problem setup. Given a matrix A of rank k, we denote by A;. its i-th row, by A.; its
i-th column, by s1(A) > --- > si(A) its singular values in non-increasing order, and by «(A) the

ratio ‘:;E‘gg between its largest and smallest non-zero singular values. We denote by ||A|| 7, || Al|op

and o (A) its Frobenius norm, its operator norm and its smallest singular value, respectively.

We consider a neural network with L; non-linear layers with activation function o : R — R fol-
lowed by Lo linear layers. Let L := L; + Lo be the total number of layers, W, € R™¢*"™-1 the
weight matrix at layer £, X € R?*" the training data and Y € R¥*¥ the labels (for consistency,
we set ng = d and ny;, = K), where the output dimension K corresponds to the number of classes
and N is the number of samples. We consider a one-hot encoding, i.e., the rows of Y are elements
of the canonical basis. Let Z, € R™*" be the output of layer ¢, given by

X (=0,

Zy = o(WeZy—r) (€ [Ly], (1
WeZo_y te{li+1,...,L1 + Lo},

where the activation function o is applied componentwise and, given an integer n, we use the
shorthand [n] := {1,...,n}. We write § for the vector obtained by concatenating all param-
eters {Wi}ie[L] and W,,., for the partial products of the weight matrices W,, - -- W,, so that
Zm = WusrZe forallm > ¢ € {L1 +1,...,Ly + Lo}. We index individual samples in a
feature matrix Z as z.;, meaning the ¢-th sample of the c-th class, sometimes adding an upper-index
to denote the layer or matrix to which the sample belongs. Let 1. denote the mean of all samples
from class c and p the global mean. Let Z be the matrix of class-means stacked into columns. The

NC1 metric on a feature matrix 7 is given by ttrr(é"[‘:)) , where Xy = % Y oeilZei = pre) (zei — pe) "

gnd Y= %2511 (pte— ) (te—pc) . The NC2 metric on a feature matrix' Z is defined as /{(Z'),
i.e., the conditioning number of the class-mean matrix of Z. The NC3 metric on a feature matrix
Z and a weight matrix W is defined as % Zc ;€08(2¢;, We,), i.e., the average cosine similarity of
features and weight vectors corresponding to the features’ class.

At this point, we state our result giving a set of sufficient conditions for NC1, NC2 and NC3.
Theorem 3.1. If the network satisfies
ZL - Y” F S €1,

* approximate interpolation, i.e.,
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* approximate balancedness, i.e.,

fiWesr = WW/ || < e forl € {Li+1,...,L—1},
* bounded representations and weights, i.e., || Zr—2l|,, , | ZL-1ll,, , [[Well,, < 7. for £ € {L1 +

1,...,L},

op —

then if e < min <5K (Y), (KUPN),
NCI(Z-1) = O ((e1 +/e2)?) - 2

If we additionally assume that the linear part of the network is not too ill-conditioned, i.e.,
K(Wr.n,41) < cs3, then

K(Wr) < 03 + O(e2), 3)
NC2(Zp_1) < 03L2 + O(e1 ++V/e2), 4)
NC3(Zy_1,Wr) > % (61 + <f+c3 - 1) ) . 5)

The restrictions €; < sx(Y) and ¢; < (K;I?N are mild, and we are interested in the regime

in which €; is small. In words, shows that, when €1, €5 =~ 0 (i.e., the network approximately
interpolates the data in a balanced way), the within-class variability (which captures NC1) vanishes.
If in addition the depth of the linear part of the network grows, the RHS of (3) approaches 1, i.e., the
last weight matrix W7, is close to orthogonal. This implies that (i) Z1,_ is also close to orthogonal
(which captures NC2), and (ii) the weights in the last layer align with Z;_; (which captures NC3).
In fact, when €1, €5 = 0 and k(W) = 1, the RHS of @) and (5) is close to 1. Below we give a proof
sketch. The complete argument is deferred to Appendix [B] where we state a more precise version of
the result (see Theorem tracking the dependence of the bounds on r, N, K and sk (V).

Proof sketch. We start with NC1. If Z; is already well-collapsed (which is guaranteed by the
approximate interpolation) and W, is well-conditioned, then the only source of within-class vari-
ability in Z,_; is within the null space of Wy,. However, if Wy, and W _; are balanced, the image
of Z;_1 must be approximately in a subspace of the row space of W, and, hence, Z;_; has little
freedom within the kernel of ;. More formally, consider first the case of perfect balancedness
(i.e., €2 = 0), and denote by W; the pseudo-inverse of Wy,. Then, Irn(ZL,l) C Im(W,") and

[WiWezs s~ WiV = 1201 - o

—_— 6
SK(WL) (6)

As si(Wp,) can be lower bounded by using the assumptions on appr0x1mate interpolation and
boundedness of representations, the RHS of (6)) is small and, therefore, Z,_; is close to a matrix
with zero within-class varlablhty Moving to the case e # 0, we need to show that WL WirZi_11is
close to Z;,_1. As WL W, projects onto the row-space of W, only the part of Z7_; in the kernel
of W, has to be considered. This part is controlled after writing Zy,_1 = Wp_1Z1_o, using the
boundedness of Z;,_5 and the approximate balancedness between Wy, and Wp,_4. Finally, as Z;, _
is close to WZF Y, a direct computation yields the bound on NCI.

Next, to bound x (W), we notice that (W W, )22 — (Wy.p, 11 W/, ) has small operator norm,
since the weights of linear layers are approximately balanced. This allows to upper bound (W7, )%
in terms of x(Wr.r,+1) (plus a small perturbation), which gives (3). To lower bound the NC3
metric, we rescale Zy_1 and W, to Z ’L71 and Wi, so that their columns and rows, respectively,

have roughly equal size. Then, we reformulate the problem to proving that <Z 1 W£Y> is close
to its theoretical maximum. We proceed to show this by arguing that, in this scaling and given that
W is sufficiently well-conditioned, WL can be replaced by (W] ). As Z,_ is close to W+Y we
obtain (). Flnally, the bound on NC2 in (@) follows by combining (3) with the closeness between
Zr—1 and W Y already obtained in the proof of NC1.

4 GRADIENT DESCENT LEADS TO NO WITHIN-CLASS VARIABILITY (NC1)

In this section, we show that NC1 holds for networks with one wide layer followed by a pyramidal
topology, as considered in|Nguyen & Mondelli| (2020). To do so, we show that the balancedness and
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interpolation conditions of Theorem [3.1]hold. We consider the neural network in () and minimize
the A-regularized square loss C(0) = 1 ||z.(6) — yl2 + 3 10112, where z;, and y are obtained by
vectorizing Zj, and Y, and 6 collects all the network parameters. To do so, we consider the gradient
descent (GD) update 011 = 6 — nVCx(0)), where 7 is the step size and 0y, = (Wek)lL:1 contains
all parameters at step k. We also denote by Z} the output of layer / after k steps of GD. We make
the following assumption on the pyramidal topology of the network, noting that this requirement is
also common in prior work on the loss landscape (Nguyen & Hein, 2017} 2018]).

Assumption 4.1. (Pyramidal network topology) Let ny > N andng > n3 > ... > nr.

We make the following assumptions on the activation function ¢ of the non-linear layers.
Assumption 4.2. (Activation function) Fix v € (0,1) and 8 > 1. Let o satisfy that: (i) o’'(x) €
[v,1], (ii) |o(x)| < |z| for every x € R, and (iii) o’ is B-Lipschitz.

This includes smooth leaky ReLUs, the same assumption was employed by Nguyen & Mondelli
(2020); [Frei et al.| (2022) and a similar one by |Chatterjee| (2022)). In principle, o can change at all
layers, as long as it satisfies the above requirement. Next, let us introduce some notation| | for the
singular values of the weight matrices at initialization 6y = (W)L,

J

J
Ae = omin (W)), Ae= ||Wz0||op +mingegz . ny Ao, Aisj = H/\e, iy = H;\e~ (N
=i =i

We also define A\p = omin (J(WIOX )) as the smallest singular value of the output of the first hidden
layer at initialization. Finally, we make the following assumption on the initialization.

Assumption 4.3. (Initial conditions)

L
. . 2
AFA3—p min(Ap, mingegs . ry Ae) > 8y <’y) Co(bo)- 8)

We note that (8) can be satisfied by choosing a sufficiently small initialization for the second layer
and a sufficiently large one for the remaining layers. In fact, the LHS of (8) depends on all the
layer weights except the second, so this quantity can be made arbitrarily large. Next, by taking a

sufficiently small second layer, the term 1/2Cy(0) = || Zr, — Y| r can be upper bounded by 2||Y|| r.

As a consequence, the RHS of (§) is at most 8v/2||Y || F”y(%) 72 As the LHS of (8) can be arbitrarily
large, the inequality holds for a suitable initialization.

Theorem 4.4. Let the network satisfy Assumption o satisfy Assumption and the initial

(K—1)N
K

conditions satisfy Assumption 4.3 Fix 0 < €1 < % , € > 0, and run k steps of A-

regularized GD with step size 1, where A = O(e2), n = O(eq) and k = Q ( L log é) Then,

NCI(Z;_y) = O ((e1 + Ve2)?). €)

In words, if regularization and learning rate are small enough and we run GD for sufficiently long,
then the within-class variability vanishes. Below we provide a proof sketch. The complete argument
is deferred to Appendix [B] where we state a more precise version of the result (see Theorem [B.2))
tracking the dependence of A, 7, k and NC1(Z¥_,) on N, K, the data X, the network architecture
and the initial conditions.

Proof sketch. We show that the network trained via A-regularized GD fulfills the three sufficient
conditions for NC1 given by Theorem[3.1] i.e., approximate interpolation, approximate balancedness
and bounded representations/weights. To do so, we distinguish two phases in the training dynamics.

The first phase lasts for logarithmic time in 1/ (or, equivalently, 1/€;) and, here, the loss decreases
exponentially fast to a value of at most 2\m < €2. As the learning rate is small enough, the loss
cannot increase during the GD dynamics, which already gives approximate interpolation. To show
the exponential convergence, we proceed in two steps. First, Lemma 4.1 in (Nguyen & Mondelli,
2020) gives that the unregularized loss Cy(9) satisfies the Polyak-Lojasiewicz (PL) inequality

IVCo®)3 > 5Co(6). (10)

To avoid confusion, we note that this notation is different from the one used in (Nguyen & Mondelli,|[2020).
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for all € in a ball centered at initialization 6, and with sufficiently large radius (captured by 7).
Next, we show that, if Cy(6) satisfies the a-PL inequality in (T0), then the regularized loss C', (0) =

Co(0) + 3 ||9||§ satisfies a shifted «-PL inequality, which implies exponential convergence. This
second step is formalized by the proposition below proved in Appendix

Proposition 4.5. Ler Cy(0) satisfy the a-PL inequality in the ball B(0o,r0). Then, in the same
ball, Cy(0) satisfies the inequality

IVCAO)]5 = T (Cr(0) = Ama). an

where my = (1 + /4 /a)? (||0o]l, + r0)>. Furthermore, assume that v > 81/Cx(00) /o and
VCo(0) is B1-Lipschitz in B(0y, o). Then, for any n < 1/(281), there exists

log _Ama
b S | o (12)
log(1—-n%g)
such that the k1 -th iterate of GD satisfies
Cx(6
C(0r,) < 23, 165, — 0l < 8/ 2 < (13)

The second phase lasts for linear time in 1/ (or, equivalently in 1/€?) and logarithmic time in 1/e;
and, here, the weight matrices in the linear part of the network become balanced. More precisely,
we adapt the analysis of (Du et al., 2018)) to show that, if W, is a weight matrix of the linear part,
W,y Wegr — WeW,T ||op decreases exponentially and the exponent scales with 1/, which gives
approximate balancedness. Finally, as the regularization term in the loss is at most €7, the operator
norm of representations and weight matrices is bounded by r as in (29), and the proof is completed
by an application of Theorem [3.1

5 ORTHOGONALITY OF CLASS MEANS (NC2) AND ALIGNMENT WITH LAST
WEIGHT MATRIX (NC3)

To guarantee the orthogonality of class means and their alignment with the last weight matrix, the
crux is to show that the condition number x(W7,) of the last weight matrix W, is close to one. In
fact, as Z;,_1 ~ W,'Y, this implies that the last hidden representation Z;,_ is approximately a
rotation and rescaling of Y, which gives NC2, and a bound on NC3 of the form in @) also follows.

The fact that <(Wy) = 1 is a consequence of the presence of many balanced linear layers.
1

Indeed, balancedness implies W W, = (Wr.L,11 W/, )%=, which gives that k(W) =

m(WL;L1+1)Tl2. Thus, if the conditioning of the product of the linear layers Wiy, 11 can be

bounded independently of L, one can guarantee that the conditioning of Wy, approaches 1 as

Ly — o0. As this is difficult to obtain in full generality (in particular the assumptions of Theo-

rem may not be sufficient), we show that the conditioning can be controlled (i) at any global
minimizer, and (ii) when the parameters are ‘stable’ under large learning rates.

5.1 GLOBAL MINIMIZERS

We first show that any set of parameters that approximately interpolate with small norm has bounded
condition number. We will then show that with the right choice of widths and ridge, all global
minimizers satisfy these two assumptions.

Proposition 5.1. Let o satisfy Assumption Then, for any network that satisfies

* approximate interpolation, i.e., || Z;, =Y ||z < €1,

* bounded parameters, i.e., ||0 Hg <LK +¢

the linear part Wy.r,, +1 satisfies

1 Y) —
K(Wrip,11) < exp <2 <c+ LK log K — 2K log S’KH(XM)) . (14)
op
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Theorem 5.2. Let o satisfy Assumption Assume there exist parameters of the nonlinear part
Orontin = (Wg)lel such that Zr,, =Y and ||0,on1inl|3 = c. Then, at any global minimizer of the

regularized loss L£(0) = 3 ||Y — ZL||§,1 +3 ||9||§ with A < Kfﬂ, we have

X0, \* 1

kKWrp,+1) < | ———— exp|=(c—LiK+L1KlogK) |,
SK(Y) — €1 2

(15)

sg(Y) —e 2L

This implies that the bounds on NC1, NC2 and NC3 in @), @) and @), respectively, hold with
k(W) upper bounded as above and e¢3 = 0.

XMy "2 1
k(W) < | ——=F— exp| — (c—I1WK+LiKlogK) | .

The assumption that the parameters of the nonlinear part can be chosen to fit the labels Y is guar-
anteed for large enough width (i) by relying on any traditional approximation result (Hornik et al.,
1989; [Leshno et al., 1993 |Arora et al., 2018a; He et al., 2018), or (ii) by taking the infinite time
limit of any convergence results (Nguyen & Mondelli, [2020), or (iii) by taking the limit A \, O in
Proposition[4.5] A sketch of the arguments is below, with full proofs deferred to Appendix [B]

Proof sketch. To prove Proposition we write the norm of the linear and nonlinear parts of the
network in terms of the conditioning of Wz, 1: for the linear part, this is a direct computation;
for the nonlinear part, we use Theorem 1 of Dai et al.| (2021)), which lower bounds the norm of the
parameters in terms of the product of the singular values, and manipulate the latter quantity to obtain
again the desired conditioning. Next, to prove Theorem[5.2] we pick the parameters of the nonlinear
part O,oniin St Zr, =Y and ||0noniin||3 = ¢, and set the linear layers to the identity. This leads to
a total parameter norm of K Ly + c and a regularized cost of %(K Lo + ¢), and it forces the global

minimizer to satisfy the assumptions of Proposition which gives the claim on x(Wp.r, 1)
1
Then, as all local minimizers have balanced linear layers, x(Wp) = x(Wr.r,4+1) %t which gives

(T3). Finally, the claim on NC1, NC2 and NC3 follows from an application of Theorem 3.1]

5.2 LARGE LEARNING RATES

Previous works have observed that the learning rates used in practice are typically ‘too large’, i.e. the
loss may not always be strictly decreasing and GD diverges from gradient flow (Cohen et al.,[2021]).
Thankfully, instead of simply diverging, for large 1 (but not too large) the parameters naturally end
up at the ‘edge of stability’: the top eigenvalue of the Hessian HC) is close to %, i.e., the threshold
below which GD is stable (Cohen et al., [2021} |[Lewkowycz et al.l 2020). One can thus interpret
GD with learning rate 7) as minimizing the cost C’y amongst parameters 6 such that [|HCy ||, < %
These observations are supported by strong empirical evidence and have been also proved theoret-
ically for simple models (Damian et al., 2022)), although a general result remains difficult to prove
due to the chaotic behavior of GD for large 1. Specifically, the Hessian has the form

HONO) = (VoZr) 99Zp, + Tx [(Y — ZL)V3ZL] + Mp, (16)

with Vg Z;, € RPXNK and P the number of parameters. The first term is the Fisher information

matrix: this is dual to the NTK © = VyZr, (VQZL)T € RNEXNK (Jacot et al.[2018). Therefore,
at approximately interpolating points, we have [|[HCx(0)||,,, = [©]|,, + O(e1) + O(A), where €1 is
the interpolation error and A the regularization parameter. We can thus interpret large learning rates
as forcing a bound on the operator norm of the NTK. For networks that approximately interpolate
the data with bounded NTK and bounded weights, the following proposition (proved in Appendix
guarantees good conditioning of the weights in the linear part (and therefore NC2-3):

Proposition 5.3. For any network that satisfies

2

HVSTY[ZLAT] Hz < CLy,

e bounded NTK, i.e., 5
1A%

O, = maxa

* approximate interpolation, i.e., | Z;, — Y| p < €1,

* bounded weights, i.e., [|[Wel|,,,, <1,
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forany M < Lo, thereis ¢ € {L1 +1,..., L1 + M} such that k(W) < FV(SCKL&gr —

Furthermore, any network that satisfies approximate interpolation and bounded weights is such that

S Gx() —a)”

||®||Op > 72,2 Lo. 17)
As an example, by choosing M = =2, we guarantee that there is at least one layer / in the first half
of the linear layers s.t. x(Wp.e) < S;/(QT%K ”_. Now, assuming the ‘edge of stability’ phenomenon, a

learning rate of 7 = 72 implies abound [|©||,,, < [HCA|,,+O(e1) +O(N) < QLZ +0(e1)+0(N),
and thus Proposition @]1 plies that there is a linear layer w1th bounded condmomng The issue is
that the proof of Theorem |4.4] re ulres an extremely small learning rate for large depths (77 ~c
see Theorem [B.2|in Appendix [B), whereas Proposition is only useful when n ~ L~". Note
that the first phase of training (where the dynamics is analogous to the NTK regime) is stable when
n ~ L~1; it is the second phase that appears to require 7 ~ ¢~ to ensure GD remains close to
gradient flow (we have much less control of the dynamics in this second phase and so we cannot rule
out the possibility that GD approaches highly unstable regions). We are hopeful that a more careful
analysis could show that a learning rate of n ~ L~! would push GD away from ill-conditioned and
unstable regions (possibly deviating from gradient flow), so that at the end of the second phase the
network would be interpolating, balanced, and have well-conditioned linear part thus guaranteeing
NC1-3.

6 NUMERICAL RESULTS

In all experiments, we consider MSE loss and standard weight decay regularization. We train an
MLP and a ResNet20 with an added MLP head on standard datasets (MNIST, CIFAR10), consider-
ing as backbone the first two layers for the MLP and the whole architecture before the linear head
for the ResNet. We evaluate the following metrics related to neural collapse: for NC1, we compute
tr(Xw ) /tr(X ), where Xy, ¥ are the within- and between-class variability matrices of the feature
matrices, respectively; for NC2, we display the conditioning number of the class-mean matrix; for
NC3, we use the average cosine angle between the rows of a weight matrix and the columns of the
||W[T+1W[+17W£W[T ||Op

preceding class-mean matrix. Finally, for balancedness we use = and
min{ W, Ween ], [wewi T, §
.. Zy—o(Zo)ll, . .
for negativity we use % We measure such metrics (and also index the layers) starting
op

from the output of the backbone. Our findings can be summarized as follows (see Appendix [A] for
additional complementary experiments).

The deeper the linear head, the more clear NC occurs. We first test whether the models with
deep linear heads exhibit NC and if that’s the case, whether it gets better as we deepen the linear
head. In Figure[I] we show the NC metrics and the gram matrices of the class-mean matrices of
the last layers for the training on CIFAR10 of ResNet20 with 6 extra layers of which the first three
have a ReLU activation. We use weight decay of 0.001 and learning rate of 0.001, training for 5000
epochs (the learning rate drops ten-fold after 80% of the epochs in all our experiments). The plot
clearly shows that the collapse is reached throughout the training. We also see that the NC2 metric
improves progressively with each layer of the linear head, as predicted by our theory. This effect
is also clearly visible from the gram matrices of the class-means (bottom row of Figure [I)), which
rapidly converge towards the identity. We note that these findings are remarkably consistent across a
wide variety of hyperparameter settings and architectures. Wang et al.|(2023)) present similar results.

In Figure 2] we plot the dependence of the NC metrics on the number of layers in the linear head.
We train an MLP on MNIST with 5 non-linear layers and a number of linear layers ranging from 1
to 5. We average over 5 runs per each combination of weight decay (0.001, 0.004) and with learning
rate of 0.001. We also train the ResNet20 on CIFAR10 with one non-linear layer head and 1 to 6
linear layers on top. We use the same weight decay and learning rate. The relatively high variance
of the results is due to averaging over rather strongly different weight decay values used per each
depth. The plots clearly show that the NC2 significantly improves in the last layer as the depth of
the linear head increases, while it gets slightly worse in the input layer to the linear head. This is
consistent with our theory. The NC1 does not have a strong dependence with the number of layers.
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Figure 1: Last 7 layers of a 9-layer MLP trained on MNIST with weight decay 0.0018 and learning
rate 0.001. Top: NCls, NC2s, balancednesses and negativities, from left to right. Results are
averaged over 5 runs, and the confidence band at 1 standard deviation is displayed. Bottom: Class-
mean matrices of the last three layers (i.e., the linear head), the first before the last ReLU.
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Figure 2: Upper/Lower row: MLP/ResNet20 with a deep linear head. Left to right: NC1 in the
last layer; NCI1 in the first layer of the linear head; NC2 in the last layer; NC2 in the first layer
of the linear head. All plots are a function of the number of layers in the linear head. Results are
averaged over 50 runs (5 runs for each of the 10 hyperparameter setups), and the confidence band at
1 standard deviation is displayed.
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Figure 3: Left to right: Minimum balancedness; mean balancedness; minimum negativity; mean
negativity across non-linear layers of the head as a function of the number of non-linear layers. Re-
sults are averaged over 10 runs (5 runs for each of the 2 hyperparameter setups), and the confidence
band at 1 standard deviation is displayed.

Linear layers are increasingly balanced throughout training. Figure [T] shows that the metric
capturing the balancedness exponentially decreases until it plateaus at a rather small value (due to
the large learning rate) and then again it exponentially decreases at a smaller rate after reducing the
learning rate. The balancedness of non-linear layers instead plateaus at a significantly larger value.

Non-linear layers are increasingly balanced and linear, as the depth of the non-linear part
increases. In Figure [3] we show the dependence of balancedness and non-linearity of the non-
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linear layers as a function of the depth of the non-linear part. We plot minimum balancedness and
non-linearity across all layers, as well as mean balancedness and non-linearity. The depth of the non-
linear part ranges from 4 to 12 (the first two layers are considered as backbone and not measured),
the learning rate is either 0.001 or 0.002 (5 runs each), and the weight decay is 0.016 divided by the
total number of layers. Balancedness clearly improves with depth, both on average per layer and in
the most balanced layer. Similarly, the non-negativity of the layer that least uses the ReLU clearly
decreases, and a decrease in the mean negativity is also reported (although less pronounced). Thus,
these results suggest that the network tends to use non-linearities less as the depth increases and,
in addition, it becomes more balanced. We also note that, in order to fit the data, regardless of the
depth, the last non-linear layer(s) always exhibit significant negativity, heavily relying on the ReLU.

7 DISCUSSION AND CONCLUDING REMARKS

Our paper presents a framework to provably obtain neural collapse, which leads to the first result for
the end-to-end training of deep networks. We now discuss our assumptions, compare with earlier
work by Nguyen & Mondelli| (2020) and with the NTK regime, concluding a future direction.

Assumptions. Theorem [3.1] provides a connection between neural collapse and properties of well-
trained networks, i.e., approximate interpolation, approximate balancedness, bounded representa-
tions/weights and good conditioning of the features. As such, the result is rather general and requires
no assumptions beyond the aforementioned properties. Theorem[d.4]then instantiates our framework
for proving neural collapse to a class of networks with pyramidal topology (Assumption[d.T)), smooth
activations (Assumption[.2) and for a class of initializations (Assumption[4.3). These assumptions
are used only for the analysis of the first phase of the training dynamics, where the network achieves
approximate interpolation. Thus, they could be replaced by any other set of assumptions guarantee-
ing that gradient descent reaches small training loss. Specifically, such guarantees are obtained by
Zou & Gu|(2019) for deep ReLU networks (with stronger requirements on over-parameterization
but no assumptions on the topology) and by |Bombari et al.| (2022) for networks with minimum over-
parameterization (under a requirement on the topology milder than Assumption .1)). As concerns
Assumption [4.3] on the initialization, we discuss in page [5] a setting where it holds. In addition,
by following the argument in Appendix C of [Nguyen & Mondelli| (2020), one readily obtains that
Assumption also holds for the widely used LeCun’s initialization, i.e., W? has i.i.d. Gaussian
entries with variance 1/n,_; for all £ € [L], as long as nq = (V).

Comparison with Nguyen & Mondelli/ (2020). The condition n; = Q(N) mentioned above pro-
vides a strict improvement upon n; = (IN) required in Section 3.2 of (Nguyen & Mondelli, 2020)
for LeCun’s initialization. This is due to Assumption 4.3|being weaker than the corresponding con-
dition on initialization in[Nguyen & Mondelli|(2020), see Assumption 3.1 therein. We now elaborate
on similarities and differences between the proof of Theorem#.4]and the analysis in[Nguyen & Mon-
delli| (2020). The strategy to handle the first phase of the dynamics in Theorem is similar: the
weights of the network reach an arbitrarily small loss without leaving a suitable ball centered at ini-
tialization. However, the implementation of this strategy is significantly different and our approach
relies on Proposition f.5] More precisely, the improvement comes from upper bounding the gradi-
ent as in in Appendix (B} which uses again the PL inequality. In contrast, [Nguyen & Mondelli
(2020) use the loose bound in (18) of their work. We also note that the analysis of the second phase
of the dynamics is entirely new, as balancedness was not needed in Nguyen & Mondelli| (2020).

NTK regime and beyond. Our analysis of the training dynamics in Theorem {.4] is split into two
phases. While the first phase uses typical NTK tools, the second phase is governed by the effects of
weight decay, leading to a fundamentally different behavior. In fact, at the end of the second phase,
we observe low-rank weight matrices and feature learning, which could not appear with pure NTK
dynamics. The two-phase behavior arises thanks to a separation of timescales as A\ gets smaller: the
NTK phase lasts roughly ©(n~1) steps, but the effect of weight decay is only observable over the
longer timescale of the second phase, which lasts roughly ©(n~1A\~1) steps. This strategy gives us
the best of both worlds: interpolation from the NTK regime, and balancedness from weight decay.

One important assumption in our work is that there is a linear head in the network, containing at
least two layers. However, experimental evidence suggests that two linear layers are not necessary
for collapse to happen. Thus, an exciting future direction is to use the approach developed here, e.g.,
the NTK analysis and the separation of timescales, to prove collapse without two linear layers.
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Figure 4: Last 7 layers of a 9-layer MLP trained on MNIST with weight decay 0.0018 and learning
rate 0.001. Top: NCls, NC2s, balancednesses and negativities, from left to right. Results are
averaged over 5 runs, and the confidence band at 1 standard deviation is displayed. Bottom: Class-
mean matrices of the last four layers (i.e., the linear head).
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Figure 5: ResNet20 trained on MNIST with a deep linear head. Left to right: NC1 in the last layer;
NCl1 in the first layer of the linear head; NC2 in the last layer; NC2 in the first layer of the linear
head. All plots are a function of the number of layers in the linear head. Results are based on 50 runs
(5 runs for each of the 10 hyperparameter setups), and the confidence band at 1 standard deviation
is displayed.

A ADDITIONAL EXPERIMENTS

We complement the experiments from Section [6] with additional numerical findings. We start by
showing an analog of Figure T|for MLP trained on MNIST to show that the behavior is robust with
respect to the backbone and dataset. The results are shown in Figure [ The architecture is an MLP
with 5 non-linear layers followed by 4 linear layers. We use weight decay of 0.0018 and learning rate
of 0.001, training for 10000 epochs. The plot fully agrees with the one in Figure [T] with ResNet20
training on CIFAR10 in every qualitative aspect, and it only differs in the numerical values attained
by the NC metrics. Therefore, the conclusion is that the NC is attained across different architectures
and NC2 progressively improves as we get closer to the last layer of the DNN.

Next, we extend Figure 2] with experiments on ResNet20 trained on MNIST, which are shown in
Figure[5] As above, the results match the interpretations discussed in Section [] which proves the
robustness of our findings across different achitectures, datasets and hyperparameter settings.

B DEFERRED PROOFS

Theorem B.1 (More precise version of Theorem [3.1). If the network satisfies

* approximate interpolation, i.e.,

ZL *Y”F S €1,

* approximate balancedness, i.e.,

WL Wt — WZWZTHOP <eyfort € {Li+1,...,L—1},
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* bounded representations and weights, i.e., || Zr—2l|,, , | ZL-1ll,, , [[Well,, < 7, for £ € {L1 +
1,....L},

then if e; < min <5K(Y)a (K4Ii)N)’
(\IJ(61762’T))2
K—1 2

( K T ﬁel)

where U(ey, e, 1) =7 (671 + /TLL_1€2). If we additionally assume that the linear part of

(18)

=%

NCI(Zy 1) <

sk (Y)—er
the network is not too ill-conditioned, i.e., K(Wp.r,+1) < cs, then

1 1 1 _q
k(WL) <eg?(1+€)T2 +¢3° e (19)

2
L —
2 p2(La- D,

with e = PTG E T JT— . Finally,
||X”(2)p7_2L1 3 2
1% Y)W (ey, e,
Ne2(z, ) < SR o) 0 2 7) (20)

1—sg(Y)"r¥ (e, eq,r)

(VN — )2+ N(s(W5)) 2 — (r¥(er, ,7) + VE(s(W)? ~ 1))’
QNK(WL)(I + 61) '

NC3(Zp_1,Wp) >
2D
By performing Taylor expansions and some algebraic manipulations, one readily obtains (), (3),
@), (@) from (18), (19), 20, 1), respectively.
Proof of Theorem|B.I} NC1: We start by proving the claim (I8) on NC1. We have
sg(Y)—e <sg(Y+(ZL —Y)) =sk(ZL) =sxk(WrZp 1) < sg(Wg)r, (22)

where the first inequality is the application of Weyl’s inequality for singular values and the last one
uses s;(A)s1(B) > s1(AB). Denote W, the pseudoinverse of W;,. Then, we have that W, W},
equals the projection P on the row space of W,. We can now write

71 =PZ, 1 +(I—=P)Z, 1 =W;Y +W}(Z,=Y)+ (I — P)Wy_1Z1_».

Note that
€er

SK(Y) — €1 ’
since s (W) > (sx(Y) — €1)/r by 22). Furthermore,

Wi (Ze = Y)[ <

(T = PYWs 1 Z1 |5 < (T = PYWo il 1 Z02lls, < r’u((T — PYWy W,/ _))
= 72e((I — PY (W W, _, =W W) <7np_ie.
Putting these together, we have:

€1

_ +
|2 - Wi e < (o=

—|-\/TLL_162) :\11(61,62,7“). (23)

From now on, we will drop the index L — 1 and treat everything without layer label as belonging to
that layer (the membership to any other layer will be indexed). We have that

1 1 9
r(Xw) =tr N Z(Zei — pe)(zei — NC)T =N Z [2¢i — prell

c,t c,i

1 2 1 2
<5 Z e = W)e:lly = 5 1201 = WEY |

16
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Furthermore,

1 & K
tl‘(ZB) =1r (K Z(MC_MG)(MC ) ?EHMC_NGHE
K 2
leuc pells > Zuuﬁ — el -

Now we proceed by lower-bounding the last term:
1 & 0 (1 & ’
}Zl = néll, = (KZI = uéHz)
c= c=
1 & 1 & ’
> (e 2ol =l e 2ol =l = o )

where (1Y, Hé are the class and global means of the label matrix Y. A direct computation yields that

% Zf:l ‘ py - Mé“ = \/g Next we have:

1
It bl = | St~ 5 S _Nznzu—z 1,

|WL||

€1

2
N§||ZCZ’IL_ZZ;||2 = ﬁ”ZL_Y”F < ﬁ

Finally, for any fixed ¢ we have

1 Y 1 L
- Rej =™ Zei
n “ n

i %

e = well, =

1
< IS en -2kl
2 %

Therefore we get:

K
1 L 1 €1
72”:“’0 7#0”2— ZHZCZ7Zci||2§7/*HZL7YHF§7/*'
K c=1 N N N
Upper bounding these terms in the above computation and dividing tr(Xy ) by tr(X ) yields (T8).

Conditioning of W: We now prove the claim on the conditioning of W;. We rely first on
Lemma to relate the singular values of W, to the Lo-th root of those of Wr.r,, 1. We therefore
obtain that

L2 _
Sl(WL)2L2 < Sl(WL?L1+1)2+72’I“2(L2 1)62
s (Wp)2kz — sxk(Wr.p,41)% — %érg(L2_1)€2
L2 _ 2 B
s1Wieer,11)? | sk (Wioani11)* 5252 Ve + 51 (Wrin41)* 322 Ve

SK(WL:L1+1)2 <5K(WL:L1+1)2 — %grz(L2—1)€2) SK(WL:L1+1)2

We have that
K (Z1) < skWrini1) 121l < 55 (Wriny1) |1 X ], 5

and therefore
SK(ZL) > SK(Y) — €1

sk(Wr.p,41) > >
' [ X op 72 = 11X,
This gives that
s1(Wp)?H < 51 Wrer, 1) L+ w(Wrp,41)° L3 2(La=1),
2Ly = 2 : o 2 9 2
SK(WL) 2 SK(WL:L1+1) ((i;;((‘EZT2L1)2 _ %TQ(L2—1)62) 2

17
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Thus, the following chain of inequalities gives (T9):

K(W1) < (5(Wpep,11)2(1 +e>+e)ﬁ

< k(Wiiz,s1) 2 (14 €)% + w(Wrp,41)%2 (14 €)% te

< R(Wiapy41)2 (14 €77 4+ m(Wipy 1) 72 e,

using the concavity of the 2 Lo-th root.
NC(2+3): We start with the proof of the claim (21)) on NC3, as the derivations will be used in the

proof of the claim (20) on NC2 later. Since the cosine similarity does not depend on the scale of the

involved matrices, we perform the following rescaling: denoting o = ||W||, %

and Z}_, = aZ,_1. Similarly to before we denote (2’ )ﬁf‘” the ¢-th sample of the c-th class in the
matrix Z; _,. Then, we write

5 (W),
NC3(Z,_,,W,) = Zcos NEY W) NZ< = 1>H mi' >

Je:l2
L—1
2 <(z )oY (W) > 2(Z, _,(W)TY)
Ne(WL)(1+€1) - 2NK(WL)(1+ )
2
Nzl v TY |l — 121~ )Y
ANk(Wpr)(1+ €1) '
Here, the first inequality follows from upper bounding ||(W7} ).||, trivially by 1 and

) ‘2 < k(W) ( Ye HZ) < k(W)L +e1).

(L)

H(z H < k(W) ||z -z

12015 2 1225 = (Y e = 120 = YII)° = (VN — ).
Furthermore, we readily have that H W) TYH 52 5(‘@) Finally, we have:
1221 = WD) Y || < (12020 = (W)Y [ + | V2) 7Y = (W) 'Y
From (23)), we obtain that
||Z£_1 - (Wi)JrYHF <r? (SK(;;—Q + \/nL_lég) =1rU(eq,€,T). (24)

Finally, we proceed with upper bounding H (W)Y — (W}) -» Which can be done via a sand-
wich bound on the singular values using the conditioning number. This gives

/ / 1
WY = (W0 ¥ < VR (W2~ s ) < V(W) = 1)

Putting all the obtained bounds together, we get the desired bound 1) on NC3.

Finally, to pass from the bound (I9) on (W) to the bound (20) on NC2, we use the inequality
in (Z4) obtained in the proof of NC3. Note that obtaining a bound on x(Z}_,) is equivalent to

obtaining a bound on x(Zz,_1) since multiplying by a scalar does not change the condition number.
Using (24) we get:
122 = W) T = 1220 Y ™ = (W) TYY |, < Y7
(€1, €2,7)
sk (Y)
As ||(W] ) lop = k(W) and s ((W])") = 1, we conclude that
K(Zifl) < K(WL) + ’I"\I/(El, €2, T)(SK(Y))_l

1—rU(er, e, r)(sk(Y)) 1
which gives the desired bound in (20).

1221 = W)Y

op
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Proposition 4.5. Let Cy(0) satisfy the a-PL inequality (T0) in the ball B(6y,10). Then, in the same
ball, C\(0) satisfies the inequality

IVCA@)I3 = T (Ca(6) = dma) (an

where my = (1 + /4 /a)? (||0o]], + r0)>. Furthermore, assume that ro > 81/Cx(00)/ and
VCo(0) is B1-Lipschitz in B(6y, ro). Then, for any T&< 1/(281), there exists

log Cx(00)—Amy

k< a
log(1 —ng)

(12)

such that the k1 -th iterate of GD satisfies

C(6
Cx(Ok,) < 2Xmy, 10k, — Boll, < 8 % <

(13)

Proof. Let 0 € B(6p,ro). Then, the following chain of inequalities holds:
IVCo(0) + Mll5 = (IVCo(0)]l, = A110],)°

> ({/5cu0 - A||e||2)2

_ <\/ e (6) - 22 o) - A||e||2>2

( gc,u(a) - <>\+ \/O@ ||9|2>2 =
%@(9) —A (ﬁJr ﬁ)z 16

o (a(a) —>\ <1 . \/@ (1601l +ro>2) ~

Here, in the second line we use that \/5Co(0) > A||0||,, which follows from Cy(0) > Amy
(otherwise, the claim is trivial); in the fourth line we use that va — b > \/a — Vb for a > b; in the
fifth line we use that (a — b)2 > % — b2 for all @, b; and in the sixth line we use that 6 is in the ball
B(6y,70). As the LHS of (Z3) equals ||[VC\(6))||2, this proves (TT).

Next, let (6x)xen be the GD trajectory. Pick & s.t. 6, € B(6p,70). Then,

\%

v

1
Cr(Brsn) — Ca(6r) = —n / (VO (65 — stV C(64)), VO (61))ds
= VGBI + 7 /0 (VO (B — sV CA(0)) — VC(B1), VO (0} ds

1
< —n|[VCA(OR)|3 + 77/ IVCX(Or) 5 [VOX(Or — snVCX (k) — VCX(O)]], ds
0

—n|[VOAB1)|3 + 7281 [VCA(80) 13
—n(1—nB1) [VCr(6)|3
<~ VA6 3

< fn% (Cr(05) — Aimy) -

Here, in the fourth line we use that the gradient is 5;-Lipschitz in B(fy, r); in the sixth line we use
that < 1/(26); and in the last line we use (TT). Thus, as long as §; € B(6y, 7o) for all j € [k],
by iterating the argument above, we have

o

k
Cx(0r) — Amy < (C)\(G()) — )\m)\) (1 — ng) .
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This readily implies that, by letting k1 be the first index & s.t. C\(6x) < 2Am,, (I2) holds. Finally,
the distance |6k, — 0o]|, is upper bounded by

kll k)ll

IVCx(8x) 113
N IVOX(Or) |l =
kzo 2 Z IVCA(Or) Il
< A RS 000 - CaBi)
o C)\(Gk) — )\m)\

T
l\DO

Cx(0k) = Cx(Ok+1) | 4 Ca(Ok,—1) — Cx(0k,)
\/ Gk )\m)\ \/a \/C)\(le_l) 7>\m)\

C,\(Ok)—CA(HkH) 8 C)\(ekl_l) 7>\m>\

\/C,\(9k+1)—/\m)\—|-\/C)\(ek)—/\m)\ Ma\/OA(le_l)—AmA

» 5= H= 5e 3
] M

ko

(=)

&
[ V)

1—

>
Il

C

e
=

1

IIM

8
(\/CA tgk —A\my — \/C)\ 9k+1) — )\m,\) + ﬁ\/C,\(le_l) — Amy

:7\/CA 00 /\m)\<7\/0)\ 90
(26)
which concludes the proof. O

Theorem B.2 (More precise version of Theorem [4.4). Let the network satisfy Assumption o
satisfy Assumption 4.2\ and the initial conditions satisfy Assumption Fix0<e < % (K ;{DN,

€2 > 0, letb > 1be s.t. || X.;||2 < bforall i, and run k steps of A-regularized GD with step size ),
where

. 7\ L2 2Co(0o) €
A<min (2(= AFA , , ,
= < (2) P20 10012 18(][60]l, + A /2)2

< . 1 1 1 ( A >L1+L € (27)
7 <min | —, — = —— 1,
261 5 855 max (17 (2;%)%/2) 52 2N\ 26 41 X113,

Am Ae
Lo | Tm |, [ lgad
~ | log(1-ng) log(l—nk) ’
_ \3
with 1 = 5NGb3 (Hlemax(l,)\g)> L2 my = (1+ VA2 ([6olly +70)% 10 =
%min()\p,minge{g’”_’L} Ae), anda—2_(L_3) vE=2XpXs_ 1. Then, we have that

2 (Y(av?2,e,1))?

N( K-1_ 2v2, )27
K~ UN

NC](ZL 1) §

(28)

with \11(61,62,7"):7’<5K(Y + \/Nr_1€2 )
L—-1

L—
2 2 2
r = max 61\/:, (61\/:> 1 X | op <€1\/:> 1 X op | - (29)

Since the terms (1, my, 7o, @ do not depend on €1, €2 (but just on the network architecture and
initialization), taking A = O(e?) and 7 = O(e2) (as in the statement of Theorem satisfies the
first two requirements in (27), also giving that r in is of constant order. Finally, as log(1 — z) ~
—z for small z, the quantity nk — which quantifies the time of the dynamics, since it is the product
of learning rate and number of GD steps — is of order log(1/)) + log(1/e2)/A. Thus, after some

manipulations, one obtains that £ = (2 ( 62162
1

(as in the statement of Theorem .
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Proof of Theorem|B.2] By Lemma 4.1 in (Nguyen & Mondelli, 2020), the loss C(f) satisfies the -

PL inequality with o = 4y~ 20, (Z1) H§=3 Omin (Wp), where we have also used that o’ is lower

bounded by by Assumption Thus, by taking rg = % min(Ap, mingers, . 1y Ar), we have that,

for all @ € B(fg,70), Co(f) satisfies the a-PL inequality with o = 2= (F=3)yL=2xp A5 ;.

2Co(0o)
160113

that 7o > 84/C\(0y)/c. Furthermore, by Lemm we have that VC () is 51-Lipschitz for all

6 € B(0y,ro). Hence, we can apply Proposition 4.5] which gives that, for some k; upper bounded
in (12),

By using Assumption and that A is upper bounded by in (27), one can readily verify

Ca(0r,) < 2dmy < €,
where the last inequality uses again the upper bound on X in (27).

With gradient flow, the regularized loss would only decrease further after k£, steps. Since we are
working with gradient descent, we simply need to assume that the learning rate is small enough to
guarantee a decreasing loss. If the gradient VC\ (0) is S2-Lipschitz, then

Cx(O+1) — Cx(0k) = C\(0k — nVCO\(Ok)) — Cx(0k)
= —7]/0 (VOO — snVCx(0k)), VC\(0r)) ds

< —n | VCx(08)]3

+ 1 |VCA (k) ||, maxepo17 VO (k) — VCOX(Or — snVC(01)) ],
< = IVCABW)|I5 + n*B2 [[VCA (0I5
= (1 —nB) [IVCr(8K)|3

which is non-positive as long as n < 1/f,. Furthermore, as long as the regularized loss is de-
creasing, the parameter norm is bounded by €1+/2/A. Lemma then implies that the gradient is

By = 5N b3 max (1, el (%)SL/Q) L°/?Lipschitz and, therefore, 7 < 1/83» holds by (7). This

allows us to conclude that, for all k satisfying the lower bound in 27), Cy(0x) < €3, hence the
network achieves approximate interpolation, i.e.,

|28 —Y|r < eV2. (30)

Next, we show approximate balancedness. To do so, for £ € {L; + 2,..., L — 1}, we define
Ty o= WE) W) (28 =Y)ZE) T Wi ) T (W) T
Then, we have
W/,kH(WekH)T = ((1- U)\)Wek - WTek)((l - U)\)Wek - WTek)T
= =nAPWFWE) T = (L=n\(WF(TH) T +Tr W) + 0 Tr(TF) "
Similarly,
(W) Tt
=(1- U)\)Q(Welzﬂ)TWzkﬂ - (1- 77)\)77((Wek+1)TTek+1 + (thk+1)TWek+1) + 772(Tek+1)TTzk+1-
Let us define i . -
Dy = (We+1) We+1 - W, (Wz) .
Since Tj (W) T = (WE ) TTF and WE(TF)T = (Tf,,) "W, |, we have
Dyt = (1= n\)?Df + 0> (TF) " T — TH(T)) ).
Recall that, for all k lower bounded in @7), | ZF —Y||r < e1v/2and [|[W}|r < [0F||l2 < e14/2/,
L
which also implies that || Zz, || < (61\/2//\) 11X [lop. Thus,
1Dy lop < (1= A2 DE Nlop + 0 (ITF 12, + 1T 112,)

< (1 =nN21DENlop + 1252028 =Y 12,(LTIWF 12, + 1T 1W712,)
J#L J#AL+1

262 Li+L—-1
< (- mPIDHl + 2 (BL) X,

21



Published as a conference paper at ICLR 2025

A
26%

)LlJrL

By using the upper bounds < ;- and < ( < in (27), we have that:

41X13Z,

e if HDéfHOP > €, then ||D?+1||0p <(1- n)‘)HD?HOP;

[ Dllop < €on then [ DFF oy < (1 - qA)ez < €.

s - log r3e)2xmy
This implies that, for all £ > 0 and k; > Toa(i—nz) |’
8

HD?H_kHOP < max((1 - W)\)kllDfl ||0p7 €2).

Note that
k1 k1 12 k1112 46%
1Dg lop < IWEL N2, + W52, < <
which allows us to conclude that, for all k& lower bounded in 27)),

IDF 2 < €.

Finally, we have the following bounds on the representations and weights at step k:

L—-2
125l < (ﬂ) X

L—1
|wgmw<&1§> 1X o

2
W, < 61\/:, for¢ € {Li+1,...,L}.
Hence, an application of Theorem [3.1] proves the desired result.

Proposition 5.1. Let o satisfy Assumption Then, for any network that satisfies

* approximate interpolation, i.e., || Zr, — Y || p < €1,
* bounded parameters, i.e., ||9H§ <LK +¢

the linear part Wr,.r,, +1 satisfies

1 V) —
K(Wr.p,41) < exp <2 <c+ L1Klog K — 2K log SK||(X)€1>> )
op

(14)

Proof. Let us split the parameter norm into the contribution from the nonlinear and linear layers:

2 2 2
H9||2 = Hononlin||2 + ||9linH2'

We first lower bound both parts in terms of the product of the linear part Wp,.r,, +1. This then allows

us to bound the conditioning of W,.r,, +1. We start with the nonlinear part:

Ly L

1 2\ 2

EANPETET ) (L FEYEN M CoA T
(=1

2 2
||ZL1||F . ||ZL1||0p 1
||9nonlinH2 > Ll > L1 —_— .
2 HX”op ”XHop

Since [|Y — Wr.r, 4121, || p < €1, we have

sk(Y) <sk(Wrin,+121,) + €1 < sk(Wr.n,+1) 124 |, + €1,

which implies that
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so that || Zr, ||, > SKS(KVE};i)LJrl) and thus

2

Y)—e "
Onontinlly > L i ' v
| tinlly = In (SK(WL:L1+1) HX”op (

Next, for the linear part, we know from Theorem 1 of |Dai et al.| (2021) that

L Rank(A)
2

A=Wr.p,+1 Z ||W£||% = (L - Ll) Z SZ(A) Eh )

{=L,+1 i=1

min PTE

so that
Rank(WL;Ll+1) )
10uinlly > (L= L) > si(Wpip41)T 5 > (L= L)K +2log W, 11l (32)

i=1
2
where we used the fact that z7=21 > 1 + L%Ll log .

We also have following bound on the condition number x(Wp.1, 11):

$1(WriL,+1) 5i(Wr:L,+1) Wrezaly
k(Wp. — < = ’ (33)
(Weiri41) sk (Wr., 1) H sk(Wriny41)  sk(Wran, 1)

By combining (31)), (32), and (33) (after applying the log on both sides of (33)), we obtain
2

Y)—El b
0> > L 2l +(L— LK +2log | Wiz,

2

Y) — “
> I sx(Y) —a + (L= LK + 2log k(W1 41) + 2K log s (Wi, 1+1)-
k(Wr.L,+1) X1,

The above is lower bounded by the minimum over all possible choices of sy (Wpr.r,+1). This
minimum would be attained at s (Wr.p,+1) = K~ =2 % thus leading to the lower bound

SK(Y) — 61.

10]12 > LK + 2log k(Wr.,+1) — L1 K log K + 2K log X
op

This implies

Y)—
2IOgH(WL:L1+1) S Heng — LK + LlKlOgK — 2K10g81(|()()”€1
op
Y)—
< c+L1KlogK—2K1ogsK|(X)”€{
op

O

Theorem 5.2. Let o satisfy Assumption .2} Assume there exist parameters of the nonlinear part
Onontin = (Wz) L such that Z1,, =Y and ||0poniinl|3 = c. Then, at any global minimizer of the

regularized loss L£(0) = 3 ||Y — ZL||F 2 ||6’||2 with \ <
K (15)

K(Wrin,4+1) < (sK()}f)”(fq> '

Ry P2 1
< TP _
K(Wy) < (sK(Y)—€1> eXp(2L2 (c— LK + L KlogK))

This implies that the bounds on NC1, NC2 and NC3 in @), @) and @), respectively, hold with
k(W) upper bounded as above and €5 = 0.

KL+ , we have

1
P (2 (c—L1K+L1K10gK)> ,
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Proof. By assumption, there are parameters of the nonlinear part 6,,,,,1;,, such that the representation
at the end of the nonlinear layers already matches the outputs Z;, = Y with finite parameter

norm ||9nonlin||§ = c. We can now build a deeper network by simply setting all the linear layers
to be the K-dimensional identity, so that ||91m|\§ = KLy, leading to a total parameter norm of
H9||§ = ¢+ K L. Since the outputs matches the labels exactly, we have that the regularized loss is
bounded by A(K Ly + ¢)/2. This implies that any global minimizer 6* satisfies

IY = Z1||7 < ME Lz + o),

16%]12 < KLy + c.

Choosing A < ﬁ, we obtain that the global minimizer 6* must satisfy the assumptions of
Proposition [5.1] which readily gives the desired upper bound on x(Wr.r,, +1).
To finish the proof, we show that all critical points of the regularized loss have balanced linear layers,

so that we may relate the conditioning of W7, to that of the product Wp,.r,, +1. At any critical point,
the gradient w.r.t. to any weight matrix amongst the linear layers must be zero, that is

0=Vw,Cx(0) = W;:Z—H(ZL - Y)ZLT1 WZT—l:Ll-H + AW
This implies that W, = —%W;Hl(ZL - Y)Zz—1 Wetl:Ll-H for all linear layers ¢. Balancedness
then follows directly
1
A
Finally, the balancedness implies that

WIZWF,T = WZ@+1(ZL - Y)ZLT1 WETL1+1 = WF,:-lWE—&-l-

K
A X1l b2 1
= : L < | = — (c— LK+ LiKlogK) ).
(W) H(WL.L1+1)2<SK(Y)_61> e><p(2L2 (c— L1K + LK log ))

O

Proposition 5.3. For any network that satisfies

[veTe[ze ]

 bounded NTK, i.e., 3 2 < CLs,
ANl

Oll,, = maxa

* approximate interpolation, i.e., | Zr, — Y| p < e,

* bounded weights, i.e., ||Wg||op <,
Sforany M < Lo, thereis ¢ € {L; +1 Ly + M} such that K(Wp.e) < _VOIL:Kr
-7 = VM sk (Y)—en)
Furthermore, any network that satisfies approximate interpolation and bounded weights is such that

ol > Ex)=ar

o2 L. (17)

Proof. As the NTK is a sum over all layers, we can lower bound it by the contribution of the linear
layers only. Formally, we have

[90Tel2, AT, > Voo, T2 AT

L
2
= Z (We-1.2, 4120, A" Wil
(=L1+1
Let v1,...,vx € RY be K orthonormal vectors that span the preimage of Zj, (7 is rank K as
long as €1 < sg(Y)),and e,...,ex € RX be the standard basis of R . We can then sum over
K? possible choices of matrices A = eiva to obtain
K ) K L )
2 T 20T
K2Ollop > > |[Volel Zevp)l; = D0 Y IWemri+1 20,515 ef Wreera |l -
ij=1 ij=16=L1+1
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We know use the fact that Pryr We1.r,+171, = Wi WraWii.0,4121, = Wi ,Z1 to
obtain the lower bound '
K L

2 2
K2Ollop > > > [WioZeos; [lef Wreenl
i,j=10=L1+1
L 2
2
= 2 Wizl IWeenll;
(=L1+1
L 2
2 [Wr.ll
>z 30 Wil el
(=L1+1 Wellp
1
L
(sx(Y) =€)’
= 7"72 Z K(WL:€)2'
f=L,+1
This then implies that
(sx(Y) —e)’ 2
CLQ Z H@Hop Z TT‘Q Z H(WL;[) .
{=L1,+1
Let us now assume by contradiction that for all the layers £ € {Ly + 1,..., Ly + M} we have
2 CLyK?r?
w(Wee)* > 7085 e then
L
(s (V) —e1)’
W Z H(WL;[)Q > OLQ,
(=L1+1

which yields a contradiction. Therefore, there must be a layer within the layers ¢ € {L; +
2 CLyK?r?
1,...,L1+M} such that H(WL:() S m
Furthermore, since x(Wp.¢) > 1, we know that
2
||®|| > (SK<Y)_€1) L

op = K272 2-

C TECHNICAL RESULTS

Lemma C.1. Let b > 1 be s.t. || X.||l2 < b for all i. Then, inside the set of parameters with
bounded weights ||We|,, < r¢ for all £ € [L] and r; > 1, the gradient of the loss VCo(0) is

3
5N 3b3 (Hle rj) L5/ Lipschitz.

Proof. Consider two parameters § = (W;)E_,,60' = (W/)E_,, and let Z,,,, Z/, be the corresponding
outputs at layer m. Then, we obtain the following telescopic sum:

L
(Zn)i = (Z)i = 3 (Wi Wi ogoWeoo o Wiy o WH(X) )
0=1
— (W Wegr000WyoaoWy_q o0 W) (X.),
so that
m m—1
1(Zm)i: = (Zn)ills <> T v 1We = Wil g (1 Xl
=1 j=1
(€R)

L—1 m L—1
<b[[rivm | D> IWe= Wiz <b[] rivmllio -0,
j=1

=1 j=1
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Now, the gradient equals

-
N £-1 L

VCo(0) = | S_ T DsaWi XY — (Z0)a)" [[ WiDj.
i=1 j=1 Jj=t+1 0=1,....L

where D ; is a diagonal matrix with diagonal entries given equal to the vector o "((Zj).;) for j € [Lq]
and it is equal to the identity otherwise. Similarly, we define D’ ; as a diagonal matrix with diagonal

entries given equal to the vector o’ ((Z}).;) for j € [L1] and equal to the identity otherwise. Since
o' is B-Lipschitz, we have

L—1
|Dji — Dj,|| » < Bb H rivm |0 — 6,

Furthermore since o/ < 1 ,we have that || D, ;|
changed, we obtain

o § 1. By summing over all terms that need to be
P

L N
IVCo(6) — VC(9)], < ZZ|X;Z-||2HKZ-—<ZL>:Z-||QZ I wWe—Whips
=1 1i=1 m#L jZ{m,L}
L N L4 L—-1 2
A I Xl 1Y = (Zo)ally, D | ] i | BVmllo =01, 1 Xall,
(=1 i=1 m=1 \ j=1

2
L N
+ 3 Xl HT; VL0 =6, Xl »
(=1 i=1

where the three terms correspond to the effect of changing the W,’s, the D,’s and the Z,’s respec-
tively. This can then be simplified to

L L—1
IVCo(8) = VCo(O)ll, < No* | 1+ [ 7y | T] riL*? 116~ 0l

=1 ) j=1

2
+ N L[ ) | T s | 2Eis10 -0,
2

L—-1
+ N ] L2200 -0,

3

L
<HNBY | [Lrs | L2010 -0'll5,
j=1
where we use the fact that ||(Z7)., < bezl T O

Lemma C.2. [f the network satisfies
* approximate balancedness ||W4T+1W€+1 - W[WZTHOP <eforte{li+1,---L-1}

* bounded weights |We||,,, < fort € {L1 +1,--- L},

then we have

Lo L2 _
(WLwo)™ — WL;L1+1WZL1+1HOP < Z2exr?L2=Y where Ly = L — L.

Proof. We denote Dy := W,W,” — W, W1 and
¢

Eo= Y (WhaWe) "7 D (W)
i=L1+1
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‘We have that

(WZWZULLI =Dy (WZWET)LLrl + W Wi (WZWJ)LLPI
l—Li—1

L ) ‘
= (WZTHWHI)FLI + Z (W511We+1)27L171 D, (W£WeT)Zﬂ

i=L1+1
= (W411W€+1)€_L1 + By
Then,
Wer e iWip o =Wo W W, - W)
=W Wiipo (Wl oWiio + By ) Wi g W,
=Wy Wigs (W oWiga) W e W 460

L—1
L
= (W) + > &,
i=Lq,+1
where & = W, - - Wi+1E¢Wi11 . WE— As a result, we have

L-1
> &

i=L1+1

L—1
< > &,

op =L+l

L
[wew)™ - WL:Ll“W;Ll“Hop -

Since ||[Wi|lop < r forall k = {L; + 1,--- L}, we have ||Ey|lop < (£ — Ly)ear?*=L1=1) and
E€ellop < T2 L0 — Ly)ear?=E1=Y) = (£ — Ly)ear?F2=1) Thus, we have

L L2 B
| W)™ — Wi Wis, | < D),
op
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