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ABSTRACT

We propose topology-aware feature partitioning into k disjoint partitions for given
scene features as a method for object-centric representation learning. To this
end, we propose to use minimum s-¢ graph cuts as a partitioning method which
is represented as a linear program. The method is topologically aware since it
explicitly encodes neighborhood relationships in the image graph. To solve the
graph cuts our solution relies on an efficient, scalable, and differentiable quadratic
programming approximation. Optimizations specific to cut problems allow us
to solve the quadratic programs and compute their gradients significantly more
efficiently compared with the general quadratic programming approach. Our results
show that our approach is scalable and outperforms existing methods on object
discovery tasks with textured scenes and objects

1 INTRODUCTION

Object-centric representation learning aims to learn representations of individual objects in scenes
given as static images or video. Object-centric representations can potentially generalize across a
range of computer vision tasks by embracing the compositionality inherent in visual scenes arising
from the interaction of mostly independent entites. (Burgess et al.| [2019} [Locatello et al.l [2020;
Elsayed et al.,[2022). One way to formalize object-centric representation learning is to consider it
as an input partitioning problem. Here we are given a set of spatial scene features, and we want to
partition the given features into k per-object features, or slots, for some given number of objects k. A
useful requirement for a partitioning scheme is that it should be fopology-aware. For example, the
partitioning scheme should be aware that points close together in space are often related and may
form part of the same object. A related problem is to match object representations in two closely
related scenes, such as frames in video, to learn object permanence across space and time.

In this paper we focus on differentiable solutions for the partitioning and matching problems that
are also efficient and scalable for object-centric learning. We formulate the topology-aware k-part
partitioning problem as the problem of solving k minimum s-t cuts in the image graph (see Figure|l)
and the problem of matching as a bipartite matching problem.

An interesting feature of the minimum s-t cut and bipartite matching problems is that they can both
be formulated as linear programs. We can include such programs as layers in a neural network by
parameterizing the coefficients of the objective function of the linear program with neural networks.
However, linear programs by themselves are not continuously differentiable with respect to the
objective function coefficients (Wilder et al., 2019). A greater problem is that batch solution of
linear programs using existing solvers is too inefficient for neural network models, especially when
the programs have a large number of variables and constraints. We solve these problems by 1)
approximating linear programs by regularized equality constrained quadratic programs, and 2) pre-
computing the optimality condition (KKT matrix) factorizations so that optimality equations can be
quickly solved during training.

The advantage of using equality constrained quadratic programs is that they can be solved simply
from the optimality conditions. Combined with the appropriate precomputed factorizations for the
task of object-centric learning, the optimality conditions can be solved very efficiently during training.
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Algorithm 1 Feature k-Part Partitioning

Require: Input features = of dimension C' H W with C channels, height H and width W
1: Compute quadratic program parameters y; = fy (x), fori 2 f1,... kg where fq are CNNGs.
2: Optionally transform spatial features x¢f = fx(z), where fx is an MLP transform acting on the
channel dimension. x¢ has dimension D H W.
3: Solve regularized quadratic programs for minimum s-¢ cut and extract vertex variables z; =
gsolve(y;i) for each yj. Each zj has dimension H W,
4: Normalize zj across cuts ¢ = 1, ..., k for each pixel with a temperature-scaled softmax.
Multiply z; with z¢ along H, W for each ¢ to obtain K masked features maps rj.
6: Return rj as the k-partition.

bl

A second advantage of using quadratic programming approximations is that quadratic programs can
be differentiated relative to program parameters using the implicit function theorem as shown in prior
literature (Barratt, 2018} |/Amos and Kolter, [2017).

To learn the objective coefficients of the cut problem by a neural network, the linear program needs to
be solved differentiably, like a hidden layer. For this, we can relax the linear program to a quadratic
program and employ techniques from differentiable mathematical programming (Wilder et al.,[2019;
Barratt, 2018) to obtain gradients. This amounts to solving the KKT optimality conditions which then
result in the gradients relative to the parameters of the quadratic program (Amos and Kolter, 2017
Barratt, |2018)). However, with a naive relaxation, the required computations for both the forward and
backward pass are still too expensive for use in object-centric representation learning applications.

Given that the techniques generally employed for differentiably solving quadratic programs are
limited to smaller program sizes (Amos and Kolter, 2017)), we introduce optimizations in the gradient
computation specific to the problem of solving graph cuts for image data. For instance, we note that the
underlying s-t flow graph remains unchanged across equally-sized images, allowing us to pre-compute
large matrix factorization. Furthermore, we replace the forward pass by a regularized equality
constrained quadratic program constructed from the linear programming formulation of the minimum
s-t cut problem. When combined with these task specific optimizations, equality constrained quadratic
programs can be solved significantly more efficiently than general quadratic programs with mixed
equality and inequality constraints (Wright and Nocedal,[1999). The regularization of slack variables
ensures that the output of the new quadratic program can still be interpreted as an s-t cut solution.
The use of sparse matrix computations in the forward and backward passes ensures that time and
memory usage is significantly reduced.

To summarize, we make the following contributions in this paper.

1. We formulate object-centric representation learning in terms of partitioning and matching.
2. We propose s-t cuts in graphs for topology-aware partitioning with neural networks.

3. We propose to use regularized equality constrained quadratic programs as a differentiable,
general, efficient and scalable scheme for solving partitioning and matching problems with
neural networks.

2  MINIMUM S-t CUTS FOR TOPOLOGY-AWARE PARTITIONING

We first describe the general formulations of the graph partitioning problem specialized for images
and then describe limitations when considering graph partitioning in image settings. With these
limitations in mind, we describe the proposed neural s-t cut and matching algorithms, which allow
for efficient and scalable solving of graph partitioning and matching. Last, we describe how to learn
end-to-end object-centric representations for static and moving objects with the proposed methods.

2.1 MINIMUM s-t GRAPH CUTS

The problem of finding minimum s-¢ cuts in graphs is a well-known combinatorial optimization
problem closely related to the max-flow problem (Kleinberg and Tardos| [2005). We are given a
directed graph G = (V, E) with weights for edge (u, v) denoted by wy., and two special vertices
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s andt. The minimums-t cut problem is to nd a partition of the vertex sétinto subsetd/; and

Vo, Vi \ Vo = 5, suchthas 2 Vi, t 2 V, and the sum of the weights of the edges going across the
partition fromV; to V, is minimized. In classical computer vision, the minimum cut problem has
been used extensively for image segmentation (Boykov and Jolly, 2001; Shi and Malik, 2000). The
problem of image segmentation into foreground and background can be reduced to msiincuin

by representing the image as a weighted grid graph with the vertices representing pixels (Figure 1)
where the weights on the edges represent the similarity of neighbouring pixels. Next, the vertices
s andt are introduced and for each pixel vertexve include edgeés;v) and(v;t). The weights

on edgesvs., , Wi,y represent the relative background and foreground weight respectively for the
pixel vertexv. For examplews., > w+, may indicate thav is more likely to be in the foreground
rather than the background. At the same time, the neighbouring edge weightsdicate that
similar pixels should go in the same patrtition. Solving the min-cut problem on this graph leads to a
segmentation of the image into foreground and background. Note that this procedure encodes the
underlying image topology in the graph structure.

Solving Cut Problems. Given a directed grapts = (V;E) with edge
weightsw,., and two special verticesandt, we can formulate the min-cut
problem as a linear program (Dantzig and Fulkerson, 1955). To do so, we
introduce a variabl@, for each vertexu in the linear program. Similarly,

for each edgéu; v), we introduce a variable denotdgd, . The edge weights
W,y act as objective function parameters in the linear program.

X
minimize Wyy duy
subject to dv Pu Pv (u;v) 2 E;
Ps Pt L @)
du;v 0 (U;V) 2 E;

pp O uzvVv

The program can then be fed to a linear programming solver for the solution.
Although there are other more ef cient methods of solving min-cut problems,
we resort to the linear programming formulation because of its exibility and
that it can be approximated with differentiable proxies.

2.2 TOPOLOGYAWARE PARTITIONING WITH GRAPH CUTS

Figure 1: (Top) Im-
We propose nding minimuns-t cuts in the image graph with weights paranage graph for 2-
eterized by neural networkey,, = f (x) with imagex, for partitioning im- partition with ans-t
age feature mapg?®= g(x), intok disjoint partitions. Solving the standarctut and 3 parallel
minimums-t cut problem can divide the vertex set of an input graph into twpaphs for 3-partition
partitions. We generalize the minimws¥t cut problem to partition a given(Below).
graph into any xedk number of partitions by solvinig parallel min-cut prob-
lems and subsequently normalizing the vertex (or edge) variables to sum to 1 actosspies of the
graph. We note that 2-partition can also be formulated as a subset selection problem (Xie and Ermon,
2019). The advantage of using minimwt cuts for partitioning is that the method then depends on
the underlying topology and neighbourhood relations of image data represented in the image graph.

Partitioning Generalization. We generalize the minimurs-t cut method for 2-partition td
partitions by solvingk parallel 2-partition problems and normalizing the vertex variap|gs
denoting partition index, from the optimum solution of equation 1 with a softmaxiow#e also
experimented with solving thk-part partitioning problem with a single graph cut formulation.
However, we found such a formulation to have high memory usage with incrdasing limited
ourselves to the parallel cut formulation which worked well for our experiments.

Obstacles.There are some obstacles in the way of including linear programs as hidden layers in neural
networks in a way that scales to solving large computer vision problems. The rst of these is that linear

programs are not continuously differentiable with respect to their parameters. One solution to this is
to use the quadratic programming relaxation suggested by Wilder et al. (2019). However, the gradient
computation for general large quadratic programs requires performing large matrix factorization

which is infeasible in terms of computing time and memory when working with image-scale data.
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A second obstacle is that established quadratic programming solvers such as OSQP (Stellato et al.,
2020) and Gurobi (Gurobi Optimization, LLC, 2022) run on CPU and cannot solve programs in large
batches essential for fast neural network optimization. There have been attempts to solve general
guadratic programs with GPU acceleration (Amos and Kolter, 2017). However, in practice, these
attempts do not scale well to quadratic program solving in batch settings with the tens of thousands
of variables and constraints that arise when working with image data.

3 DIFFERENTIABLE MATHEMATICAL PROGRAMMING FORNEURAL s-t CUT

We describe our proposed method and optimizations to differentiably solve approximations of the
s-t cut problems as quadratic programs. Our method depends on the fact that 1) quadratic program
solutions, unlike linear programs, can be differentiated relative to the objective function parameters
(Amos and Kolter, 2017; Wilder et al., 2019) and 2) that quadratic programs with equality constraints
only can be solved signi cantly more quickly than general quadratic programs (Wright and Nocedal,
1999). Combining the method with speci ¢ optimizations allows to solve large batches of quadratic
programs on GPU allowing us to scale to image data.

3.1 REGULARIZED EQUALITY CONSTRAINED QUADRATIC PROGRAMS

We use the fact that quadratic programs with equality constraints only can be solved much more
quickly and easily than programs with mixed equality and inequality constraints. Given an equality
constrained quadratic programming, we can directly solve it by computing the KKT matrix factoriza-
tion and solving the resulting triangular system (Wright and Nocedal, 1999).

In general, linear or quadratic programs (such as thosg-faut) have non-negativity constraints for
variables which cannot be represented in equality constrained quadratic programs. Instead, we use
regularization terms in the objective function which ensure that variables remain within a reasonable
range. After solving the regularized equality constrained program, the solutions can be transformed,
for example by a sigmoid or softmax, to bring them within the required range.

We approximate the minimumst cut linear program (equation 1) by the following quadratic program
with equality constraints only.

X X
minimize Wyy Dy + (dfy +rd)+ 37
uv v (2)
subject to dwv fw =pu Pv (u;v) 2 E;
Ps Pt rst =1;

where the variables,, are slack variables andis a regularization coef cient. We achieve this by

rst adding one slack variable,, per inequality constraint to convert them into equality constraints
plus any non-negativity constraints. Next, we add a diagonal quadratic regularization term for all
variables, including slack variables in the objective function. Finally, we remove any non-negativity
constraints to obtain a quadratic program with equality constraints only.

Parameterization. Given input featurex, we can include regularized equality constrained programs
for s-t cut in neural networks by parameterizing the edge weights by a ConvNef asw = f (x).
Assuming the image graph in Figure 1 has helgh&nd widthW , we can parameterize the weights
for the partition by using a ConvNétwith output dimensiong6k; H; W ) giving the weights for 6
edges (4 neighbor edges andndt edges) per pixel per partition. Our experiments show that the
output of the regularized equality-constrained quadratic program for minigauout can easily be
interpreted as a cut after a softmax and works well for image-scale data.

Forward and backward pass computations.We now describe the computations required for solving

regularized equality constrained quadratic programs and their gradients relative to the objective

function parameters. A general equality constrained quadratic program has the following form.
minimize }z'Gz + z'c 3)

subjectto Az = b;

whereA 2 R' " is the constraint matrix with constraintspb2 R', G 2 R" " andc 2 R". For

our case of quadratic program proxies for linear progrags a multiple of identity,G = 1,
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and corresponds to the regularization term. For our particular applicaticsthe only learnable
parameter and andb are xed and encode the image graph constraints converted to equality
constraints by use of slack variables. Any non-negativity constraints are removed.

X
minimize Cuv Ouy
subjectto p, + dyy =1; (4)
py + dyv =1 fu;vg 2 E;
diwwv Ofu;vg2 E

Figure 2: Linear program for matching Figure 3: Schematic of partitioning module

The quadratic program can be solved directly by solving the following KKT optimality conditions for
some dual vector (Wright and Nocedal, 1999),

G At z C
A O = %)

where the matrix on the left is the KKT matrix. We can write the inverse of the KKT matrix using
Gaussian elimination (the Schur complement method, (Wright and Nocedal, 1999)§ witH |, as

I At ' C E

A 0 T E'F ©)

whereC = 1(I  AY(AAY) A), E = AY(AAY) landF = (AAY) 1. We note that only

(AAY) ! appears in inverted form in equation 6 which does not change and can be pre-computed.
We can pre-compute once using a Cholesky factorization to fagidérasAA! = LL ' in terms of a
triangular factoiL . Then during training whenever we need to solve the KKT system by computing
Cz%or Ez° (equation 6) for some®, we can do this ef ciently by using forward and backward
substitution with the triangular factdr.

Once we have the KKT matrix factorization equation 6 we can reuse it for the gradient computation.
The gradient relative to parameters obtained by computing ¢I(c) = Cr ,I(z), wherel(:) is a

loss function ana is a solution of the quadratic program (see Amos and Kolter (2017) for details).
We can reuse the Cholesky factoffor the gradient making the gradient computation very ef cient.

Sparse Matrices.The nal dif culty is that the constraint matrixA can be very large for object-centric
applications since the image graph scales quadratically with the image resolution. For 64x64 images
we gets-t cut quadratic programs with over 52,000 variables and over 23,000 constraints (resulting
in a constraint matrix of size over 4GB) which have to solved in batch for each training example.
Since the constraints matrices are highly sparse (about 6% non-zero elements for 64x64 images)
we use sparse matrices and a sparse Cholesky factorization (Chen et al., 2008). During training we
use batched sparse triangular solves for the backward and forward substitution to solve a batch of
quadratic programs with different right hand sides in equation 5. Assuming a graph Bizeolving

the quadratic program directly (with dense Cholesky factorization) has complexity @)

and is even greater for general quadratic programs. With our optimizations this red@@éng),
wheren, is the number of nonzero elements, which is the time required for a sparse triangular solve.

3.2 EBEXTENSION TOMATCHING

We can extend the regularized quadratic programming framework to the problem of matching. Given
two sets ok-part partitionsP; andP, we want to be able to match partitionska andP,. We can

treat this as a bipartite matching problem which can be speci ed using linear program 4. We denote
nodes variables gs, for nodeu, edge variables for eddes; vg asd,., and the edge cost &g, .

Unlike thes-t cut problems, the matching problems that we use in this paper are quite small with
the bipartite graph containing no more than 12 = 24 nodes. For such small problems one could
conceivably employ (after suitable relaxation (Wilder et al., 2019)) one of the CPU-based solvers or
the parallel batched solution proposed by Amos and Kolter (2017). However, in this paper, we use
the same scheme of approximating the regularized equality constrained quadratic programs that we
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use for graph cut problems for the matching problem and leave the more exact solutions to further
work. See Appendix C for details of the formulation of regularized quadratic programs for matching.

4 APPLICATION TOOBJECTCENTRIC REPRESENTATIONLEARNING

We now discuss how to use the speckepart partitioning formulation described above for object-
centric learning. Given scene featurgsof dimensionC  H W as input, we transform the
features intdk vectors orslotswhere each slot corresponds to and represents a speci ¢ object in the
scene. The objective is that, by means of graph cuts that preserve topological properties of the pixel
space, the neural network can learn to spatially group objects together in a coherent fashion, and not
assign far-off regions to the same slot arbitrarily.

We use a §imilar encoder-decoder structure &orithm 2 Siots Computation

Slot Attention (Locatello et al., 2029). Crumally,Require: Input featurex of dimensionC H W
however, we replace the slot attention module by~ \yith ¢ channels, heighti and widthw

our min-cut layer. Speci cally, based on scene . add position encoding to featuras

features that are extracted by an CNN backbone: Partitionx using Algorithm 1 to obtairk partitions

we computek minimums-t cut quadratic pro- ri ofdimensiond H W.

gram parameters using a small CNN. We solve3: Averager; acrossH; W . _

thek quadratic programs and softmax-normalize4: Transform each; to gets; = f (ri) with MLP f.

the vertex variables. This gives us (soft) spatial® Retum slotsS = fs;; Q.

masksz; normalized acrosis We multiply the

masksz; with the (optionally transformed) scene featuxesroadcasting across the channel dimen-
sion. This gives us masked feature®f dimension® H W that form a partition. The proce-

dure is described in Algorithm 2. To obtain slot object representations, we add position encoding to
the scene featuresbefore partitioning. After partitioning, we average each partitioaf dimension

D H W across the spatial dimensions to obtaivectors of dimensio® which are then trans-
formed by MLPs to obtain the slots. Finally, each slot is separately decoded with a separate output
channel to combine the individual slot images. This combined image is then trained to reconstruct the
original scenex. We make no changes to the reconstruction loss function in (Locatello et al., 2020)

Background slot. The basic object-centric framework described in Algorithms 1 and 2 can easily
be extended to work with a specialized background slot. We do this by computing one set of masks
for a 2-partition and one fdt  1-part partition, denotethask_fg , mask_bg, mask_object ,

and multiplying the foreground and object masksrassk_fg * mask_object . In experiments,

we nd that computing slots in this way specializes a slot for the background.

Matching and motion. We extend the model Ajgorithm 3 Matching siots for scene pairs

for learning representations of moving objects IR equire: Input features(; x, of dimensionC_H
video by combining the model with the match-"""\y \yith C channels, heighti and widthw

ing procedure described in Algorithm 3. We 1. compute slotsS; T for x1; x> respectively using
work with pairs of frames. For each frame, we  Algorithm 2.

computek per-frame slot representations as be2: Compute a cost for each pair of slss2 S and
fore. Next using the matching procedure we ti 2 T by computing inner products ag =
match the two sets of slots to get new sints hs;yi. _ ) .
as in Algorithm 3, and transform the new slots 3: Solve matching using method in 3.2 to obtain

; . matching matrixM; .
by MLP transformations. The new slot is used,. Apply softmax with temperature td; along di-

in the decoder to reconstruct the ingatir of " mension .
frames by optimizing the sum of the reconstrucs. compute paired slat, = M i T
tion error for the two frames. 6: Returnk slots pairgsi;r;).

5 RELATED WORK

Partitioning. The problem of partitioning input data frequently appears in computing tasks. One
commonly used approach casts the problem as one of selecting subsets. An (apgctor or
sequence) is treated as a set where each element of the set is assigned a weight. Next, onelcan select
elements with the largest weight using one of the available relaxation of thk dpprator (Pl6tz and

Roth, 2018; Grover et al., 2018). If a stochastic sample is desired then the weights might be treated
as unnormalized probabilities and the Tiopelaxation combined with a ranking distribution such as
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