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ABSTRACT

Chain of Thought (CoT) prompting has been shown to significantly improve the
performance of large language models (LLMs), particularly in arithmetic and rea-
soning tasks, by instructing the model to produce intermediate reasoning steps.
Despite the remarkable empirical success of CoT and its theoretical advantages in
enhancing expressivity, the mechanisms underlying CoT training remain largely
unexplored. In this paper, we study the training dynamics of transformers over a
CoT objective on an in-context weight prediction task for linear regression. We
prove that while a one-layer linear transformer without CoT can only implement
a single step of gradient descent (GD) and fails to recover the ground-truth weight
vector, a transformer with CoT prompting can learn to perform multi-step GD
autoregressively, achieving near-exact recovery. Furthermore, we show that the
trained transformer effectively generalizes on the unseen data. Empirically, we
demonstrate that CoT prompting yields substantial performance improvements.

1 INTRODUCTION

Transformer-based Large Language Models (LLMs) have demonstrated significant success across
various language modeling tasks, achieving state-of-the-art performance in numerous domains
(OpenAl 2023). Remarkably, these models have also unlocked complex reasoning abilities, par-
ticularly in mathematical problem-solving and coding tasks (Chowdhery et al., |2023} |Anil et al.,
2022;|Achiam et al.| |2023). A key method driving this advancement is the Chain of Thought (CoT),
which enables LLMs to generate intermediate reasoning steps autoregressively rather than providing
a direct answer. This process effectively improves the model’s capacity to solve complex problems.
In practice, CoT reasoning can be elicited either by providing few-shot CoT examples or by append-
ing prompts like “let’s think step by step” to bootstrap the model’s response (Kojima et al., 2022;
‘Wei et al.l 2022; Suzgun et al., 2022; Nye et al., [ 2021)).

Theoretically, CoT enables LLMs to perform multi-step sequential computations by generating in-
termediate results, thereby significantly improving the expressive power of transformers (L1 et al.,
2024b; |Feng et al., 2024} [Merrill & Sabharwall 2023a)) compared to standard decoder transformers
that generate direct outputs without intermediate reasoning (Liu et al., [2022; [Merrill & Sabharwal,
2023b)). Despite these theoretical insights, it remains unclear how transformers are trained on CoT
data to effectively execute multi-step reasoning. Furthermore, it is unknown whether a transformer
trained specifically with an auto-regressive objective with multi-step CoT can substantially outper-
form one trained to directly output answers without CoT.

This paper takes an initial step beyond expressiveness to study the training dynamics of transformers
when trained on CoT data. Specifically, following the modified in-context learning (ICL) setting on
linear regression proposed by|Ahn et al.| (2023); Zhang et al.|(2023), we use it as a testbed to analyze
the training process with the CoT framework implemented. We name the task in-context weight
prediction where the goal is to predict the linear weight vector from the sequence of input prompts.
Instead of performing direct ICL and outputting a prediction, the transformer with CoT prompting is
allowed to generate multiple intermediate steps before arriving at the final answer. We theoretically
investigate the transformer’s training trajectory on the CoT objective and show the expressiveness
gap between transformers trained with CoT and those without. Our main results show this separation
is learnable: gradient-based algorithm can learn the constructed transformer with CoT.

We summarize our contributions as follows:
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* Expressiveness Gap. We characterize the global optimum of the population loss for the in-
context weight prediction task on linear regression using a one-layer transformer without CoT
prompting. Our results show that, without CoT, the transformer at the global minimizer effec-
tlvely performs a single step of gradient descent (GD)(Theorem@ leading to significant errors
in predicting the d-dimensional weight vector w* € R? when the number of examples for ICL

isn =0(d) (Corollary . In contrast, we demonstrate that a one-layer transformer with CoT
prompting can achieve near-exact recovery by executing multi-step GD (Theorem [3.2)).

* Global convergence. We prove the convergence results of running gradient flow on the popu-
lation CoT loss under mild assumptions (Theorem [4.I). Our analysis uses a novel stage-wise
approach combining dynamics analysis and landscape properties: the parameters initially ap-
proach the global minimizer, followed by local convergence toward the final solution. Our proof
technique involves a novel characterization of the complicated population gradient. Furthermore,
we prove that the trained transformer can exhibit both in-distribution and out-of-distribution gen-
eralization (Theorem[4.2) at inference time. We are the first to establish the learnable separation
between transformers with and without CoT under the in-context linear regression setting. We
empirically validate that the trained transformer converges to the minimizer predicted by our the-
ory, with a distinct performance gap between models trained with and without CoT prompting.

Outline. In Section [2] we formalize the problem setting including the data model, the one-layer
transformer architecture, and the CoT prompting format. In Section [3] we theoretically show the
performance gap between the transformer with and without CoT. Section |4 consists of our main
results, including our dynamics analysis and out-of-distribution (OOD) generalization result. Sec-
tion [5|empirically validates the advantage of CoT.

1.1 RELATED WORKS

Training dynamics of transformers. Several works have studied the training process of spe-
cific transformer architectures. Jelassi et al.| (2022); [Li et al.|(2023)) examined the training process
and sample complexity of Vision Transformer (Dosovitskiy et al., 2020). Tarzanagh et al.| (2023);
Ataee Tarzanagh et al.| (2023)); [Li et al.| (2024a) explored the connection between the optimiza-
tion landscape of self-attention mechanisms and the Support Vector Machine problem. [Tian et al.
(2023ajc) provided insights into the training dynamics of the self-attention and MLP layers during
the training process respectively.

A related line of research focuses on Markov-like data models. Bietti et al.| (2024) studied the in-
duction head mechanism from the perspective of associative memory. |[Nichani et al.[(2024) demon-
strated that a simplified two-layer transformer provably learns a generalized induction head on latent
causal graphs. |Chen et al.| (2024b)) further proved that a modified two-layer multi-head transformer
can learn in-context generalized n-gram. Edelman et al.| (2024) investigated the multi-stage phase
transitions during training on bigram and n-gram (n > 3). Additionally, [Makkuva et al| (2024)
studied the loss landscape of transformers trained on sequences from a Markov Chain.

Another growing body of literature aims to understand the training dynamics of in-context learning
(ICL).|Garg et al.| (2022) first empirically studied the ICL capabilities of transformers over a variety
of function classes. |Akytirek et al.| (2022); |Von Oswald et al.[ (2023) investigated the behavior of
transformers on random ICL instances of linear regression. Several works have also established the
existence of deep transformers capable of implementing multi-step gradient descent (GD) across dif-
ferent domains (Fu et al., 2023 Bai et al., 2023} |Giannou et al.,[2023)). Mahankali et al. (2023)); Ahn
et al.| (2024)) analyzed the loss landscape of the linear regression ICL task and [Zhang et al.|(2023)
proved global convergence on a one-layer linear self-attention layer using gradient flow. (Gatmiry
et al. (2024) demonstrated that a linear looped transformer with specific update procedures can learn
to implement multi-step GD for linear regression. Further analyses of training dynamics under more
realistic assumptions about data models and architectures have been conducted by Huang et al.
(2023); Kim & Suzukil (2024); Chen et al.| (2024a). For a detailed discussion see Appendix

Compared to prior works, our study and [Huang et al.|(2023);|Ahn et al.|(2024)); Zhang et al.|(2023);
Tarzanagh et al.|(2023); Nichani et al.[(2024); Kim & Suzuki|(2024); Wang et al.|(2024); /Chen et al.
(2024b) all use similar reparameterizations that combine key and query matrices to simplify the
training dynamics. Moreover, many previous studies (Tian et al., 2023a; Zhang et al., |2023; Huang
et al.} 2023; [Nichani et al., 2024} Kim & Suzukil 2024; |Chen et al., [2024a} |Gatmiry et al.| [2024])
adopted the population loss to facilitate the analysis of these dynamics.
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A closely related work is |Gatmiry et al.[(2024), which shows that a looped transformer can imple-
ment multi-step GD on the ICL linear regression task to directly predict the query answer in context.
In comparison, the goal of our setting is to predict the weight vector from the input examples using a
realistic CoT autoregressive generation process. Theoretically, we also establish a performance gap
between transformers with CoT and those without. See Appendix[A.2]for a more detailed discussion.

Chain of Thought and Scratchpad The CoT prompting method was first introduced by [Wei et al.
(2022) to enhance the multi-step reasoning capability of LLMs. Before the formalization of CoT,
Nye et al.| (2021) demonstrated that allowing language models to generate intermediate results
on “scratchpads” dramatically boosts the multi-step computation ability of LLMs. Wang et al.
(2022b)); [Yao et al.| (2024);|Creswell et al.[(2022); Zhou et al.[(2022) further proposed variants of the
CoT/scratchpad method to improve the efficiency and reliability of generation.

Recently, several works have attempted to understand CoT from both experimental and theoreti-
cal perspectives. Wang et al.[ (2022a)); |Saparov & He| (2022); Shi et al.| (2022); |[Paul et al.| (2023))
empirically studied the capability of CoT, providing valuable insights on its reasoning processes.
Meanwhile, Wu et al.| (2023)); Tutunov et al.[|(2023)); Hou et al.|(2023)); |Cabannes et al. (2024) inves-
tigated CoT through the lens of mechanistic interpretability. On the theoretical side, Liu et al.[(2022));
Merrill & Sabharwal| (2023a)); L1 et al.[(2024b)); Feng et al.[(2024) explored the expressive power of
transformers with CoT, showing that CoT can significantly extend the expressivity of transformers
in the context of circuit complexity. [Hu et al.|(2024)) investigated the statistical foundations of CoT.
However, the training dynamics of CoT remain largely unexplored. To the best of our knowledge,
this work is among the first theoretical analyses of training dynamics on CoT/scratchpad objectives.

2 PRELIMINARIES

In this section, we describe the modified in-context learning linear regression task, i.e. in-context
weight prediction, the one-layer linear self-attention architecture, and the Chain of Thought (CoT)
prompting formulation.

Notation We use [T] to denote the set {1,2,...,T}. Scalars are in lower-case unbolded letters
(y, a, etc.). Matrices and vectors are denoted in upper-case bold letters (W, V, etc.) and lower-case
bold letters (x, w, etc.), respectively. W, j1, Wi, 1, W], ;) tespectively denotes the (i, 7)-th entry,
i-th row, and j-th column of the matrix W. W[, _;; means the last column of the matrix W. The
notation W;; denotes block matrices/vectors on the i-th row and j-th column according to context.
For norm, ||-|| denotes ¢ norm and || - || denotes the Frobenius norm. We use 1{-} to denote the

indicator function. We use O(-) to hide logarithmic factors in the asymptotic notations.

2.1 IN-CONTEXT WEIGHT PREDICTION

Previous works (Zhang et al.| 2023 |Ahn et al., 2023} 2024; |Akytirek et al., 2022} [Mahankali et al.,
2023)) focus on the in-context learning (ICL) task on linear regression. We suppose the data sequence
is sampled from a linear regression task where the ground-truth

w* ~ N(0,I;) @ ~N(0,I;) 3 =w* x;forallic [n]. (1)

The goal of in-context learning is to predict the correct label w*T:cquery given a query Tauery and
the previous example pairs (z;,y;). Most previous works (Zhang et al.l [2023; |Ahn et al. 2024}
Mahankali et al., 2023)) show the transformer predicts the query label yquery by implicitly doing a
one-step gradient descent without predicting the linear classifier w*.

In this work, we go one step further: instead of directly outputting the query label, we require the
transformers to implement gradient descent to learn the ground-truth weight vector w*. We call this
task in-context weight prediction for linear regression. Specifically, the data sequence is in the
following format:

zy -+ x, O X 0
. 0 y 0
70 = 1 Yn = Rdﬁx(n+1) 2
0 0 -+ 0 w Odxn wo| © ’ @
o --- 0 1 O1xn, 1
where X := [xq,--- ,x,] is the data matrix and wy is the initialization of the linear parameter .

We assume wy = 04 for simplicity, and define d. = 2d + 2. Our setting is similar to the setting in
Bai et al.| (2023)) where multi-layer transformers are constructed to do explicit multi-step GD on the
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weight vector w. We separate the input example space and the weight vector space as in Bai et al.
(2023) (the {p; }ie[n+1)) in order to facilitate training. Moreover, we add a dummy token (an extra
I) at the end of each token similar to what|Bai et al.|(2023) did in their input sequence format.

2.2 LINEAR SELF-ATTENTION LAYER

We consider a one-layer linear self-attention (LSA) module with residual connection, following the
setting in [Zhang et al.| (2023); |Ahn et al.| (2023); Gatmiry et al. (2024): we remove the softmax(-)
non-linearity, consolidate the projection and value matrix into a single matrix V' € R% > and
merge the key and query matrices into W € R *dcWe denote

Z'WZ
fisa(Z;V.W)=Z+VZ —— 3)
The prediction of the transformer will be the last token of the output sequence, namely
ZTWZ[:V,”
fusa(Z; VW), =2, _n+VZ- — “4)

Since the first (d+1) entries of the full weight tokens (0, 0, w, 1) are zero, only part of the W and
V affect the prediction. We can rewrite the parameter V', W into block matrices

‘/11 ‘/12 ‘/13 ‘/14 Wll Wl2 W13 W14

vo [Yar vz Vaz v (War wan Wiy W | ped2)x(2d+2)
Vi Vi Vi3 Vayu|’ W31 Wiy Wiz Wiy
Vi v Viz vy Wi waa Wiz wayy

where the block matrices are in the following shape (¢, j € {1,2}):
dxd T T dx1
Vai1,2j-1, Waic12j-1 € R Vo1 05, Wai 195, Voi 051, Woy 051 € R7 V509, 95, wa; 95 € R.

In the following sections, we will show only V31, Wi3, and wsy affects the prediction. We will
further prove that all other entries are always zero along the training trajectory if initialized at zero.

2.3 CHAIN-OF-THOUGHT PROMPTING

In language modeling tasks, transformers have been proven to be versatile in various downstream
tasks. However, transformers struggle to solve mathematical or scientific problems with one single
generation, where several reasoning steps are required. CoT was then proposed to make transformers
learn to generate intermediate results auto-regressively before reaching the answer.

With CoT, we allow the transformer to generate k steps before it outputs the final prediction wy,
for the ground-truth w*. Specifically, given the generated input sequence Z; at the i-th step of
generation, we have frg A(Zi)[:,,l] as the prediction of the next token ((i+1)-th token), and append

it to the end of the current sequence s.t. Zi+1 = Zi, fus A(ZA,»)[;’,” . After k generation steps, the

CoT process induces k intermediate sequences {ZZ}le in the following form:

x, - x, 0 * e *

ZAi _ Y1 e Un, 0 ;)( ‘e z( c Rdex(”—i_i-i_l),i c [k] (Inference)
0 . 0 wy w; - W;
o -~ 0 1 1 - 1

Here, we define w; := fig A(Zi_l)[d+2:2d+1,_1] as the i-th step prediction for the weight vector.
The other entries in the same column are irrelevant and we denote them as *. Finally, the transformer

inputs the last generated sequence Z;, back to the transformer once again to generate the final output
Wy y1 = fLsa(Zk)[d4+2:2d+1,—1] as the prediction of the weight vector w*.
Different from the inference time generation, the training process is similar to pre-training on the

ground-truth sequence to predict the next token. Specifically, we input the transformer with CoT
ground-truth sequences Z;:

x, - x, O 0 -~ 0
ey, 00 e 0 et , .
Zi= %1 yO wy w; -+ w; GRdEX(++1)7Z€[k] (Training)
O -~ 0 1 1 - 1
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where w; = w;_1 — 1 - M is the ground-truth intermediate weight vector after i

gradient steps on the linear regressmn objective. Each gradient step adopts a fixed learning rate n
for all possible training instances { X , w} when generating the ground-truth sequence Z;. Note that

Z; is the corresponding ground-truth sequence of Z;.

In the training objective for the i-th step, the transformer is required to predict the next token
Zz‘+1[;,71] := (04,0, w; 41, 1) given the i-th ground-truth intermediate sequence Z;. Finally, we
predict the final ground-truth weight vector w* with the final intermediate sequence Zj. The CoT
training objective given a sample prompt X, y then becomes:

(CT( X, w*; V, W) ZHfLSA [—1] — (Od,O,wwhl)Hz )

Here we denote wy4; := w* for clarity. Following Zhang et al.|(2023); Nichani et al.| (2024); |Kim
& Suzukil (2024); [Tian et al.| (2023b); (Chen et al.| (2024a); Gatmiry et al.|(2024), we consider the
gradient flow dynamics over the population loss of the CoT objective:

LTV, W) = Egon(0.1) w0~ (0,1) [LC°T (X, w0 V, W)] (6)
For clarity, we write the expectation as Ex .,+[-]. The following differential equation gives the
gradient flow dynamics of the parameters:
de
dt
When measuring the performance after training, we apply the CoT inference procedure to generate
k intermediate sequences {Z;}*_, and consider the final output token f(Z, %)[:,—1] by inputting the

vLet @), 6:.=(v,w).

last generated sequence Zy,. The performance evaluation is measured on the error between the final
output f(Z%)[.,—1) and the ground-truth w*:

1
[:EV&I(V, W) = iEX’w* |:

[ fisa(Zi)g. - = (04,0,00", 1)H2] ™

When CoT prompting is not used (k = 0), the evaluation loss £LFV?! is equivalent to L.

3 EXPRESSIVENESS IMPROVEMENT WITH CHAIN OF THOUGHT

In this section, we theoretically explore the performance gap on our data model between transform-
ers with CoT and those without. We first prove that a one-layer transformer without CoT can only
implement a one-step GD and cannot recover the ground-truth, while it can near-exactly predict the
ground-truth parameter with CoT by implementing multi-step GD.

3.1 ONE-LAYER TRANSFORMER CANNOT RECOVER GROUND-TRUTH

For the ICL linear regression task, the optimal prediction given by a one-layer linear transformer is
equivalent to a single step of GD on the MSE objective of linear regression (Mahankali et al., [2023)).
What about our task on predicting the ground-truth weight vector w* in context? The following
theorem proves that the optimal solution is still a one-step GD solution.

Theorem 3.1 (Lower bound without CoT). If the global minimizer of LEV (VW) is (V*, W*),
the corresponding one-layer transformer frsa(Zo)|.,—1) implements one step GD on a linear model

with some learning rate n* =

n+2+1 and the transformer outputs (04, 0, %Xy—r, 1).

We briefly present the high-level intuitions in the proof and the detailed proof is deferred to Ap-
pendix We use a similar technique in [Mahankali et al. (2023) when proving the optimality
of one-step GD in the ICL task. The key strategy of the proof is to replace (04,0, w*, 1) in the

evaluation loss £L2V3(V W) (Equation ) with (04,0, Z-Xy ", 1) in the following form.

’n
2
+C

Jusa(Zo)p,—1) — <0d7 0, %XyT, 1)

1
LNV, W) = 2EU
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In order to prove this equation above, we show the gradient of the original loss Equation and
this formula are identical. We first obtain the closed-form formula of the expected gradient for both
sides with regard to X, w*. Then we use the symmetric property of the distribution of X, w* to
simplify the gradient expressions, and eventually prove them equal.

The equivalent form of loss indicates that the evaluation loss only depends on the ¢y distance

between the output of the linear self-attention module and (()d, 0, Xy, 1). Therefore, any

’n

(V,W) is a global minimizer of this loss function if and only if the output of fLsa(Zy)[.,—1] is
(04,0, %XyT, 1). Meanwhile, one can assign

0 000 001 0

.. | o o000 4. 000 -1
Vi=lpr oo o'" =]oo0o0 o ®)

0O 00 0 000 0

and the one-layer transformer achieves the optimal solution, which concludes the proof.

Is a one-step gradient solution good enough? Most of the previous ICL work [Zhang et al.[(2023);
Ahn et al.| (2023); |Gatmiry et al.| (2024) consider the number of examples n — +oo when d is
fixed. In this case, the one-step GD solution can perfectly find the ground-truth weight vector w*.
However, a simple corollary of this theorem indicates that the one-step solution has a non-negligible
error when there are limited samples, e.g. n = ©(d). This number of examples n is required to
guarantee the reconstruction of w* € R

Corollary 3.1. For any parameters (V, W) in the one-layer transformer, LEY* (V. W) > © (%) .
Moreover; ifn = ©(d), L2 (V, W) = O(d) =% foc.

Proof. By Theorem[3.1] we directly calculate the evaluation loss on the global optimum:

2

1 - 1 ’ ’
Z:Eval(V7w) > §EX,’LU* ZXXTU)* —w*|| = §IEX tr (I - nXXT)
n n

since By |ww " | = I Apply E[X X ] = nTand E[(XX7)?] = n(n + d+ )L,
*2

1 * S | d2
2]EXtr<I—ZLXXT) :2(d—2n*d+” (n+d+1)d>:®<)

n n

and we finish the proof by substituting n with ©(d). O

3.2 ONE-LAYER TRANSFORMER WITH COT CAN IMPLEMENT MULTI-STEP GD

The previous subsection shows that the one-step solution by the one-layer transformer without CoT
is not the endgame. Nevertheless, CoT can become the savior for this simple transformer because it
enables the transformer to generate several intermediate computation steps to improve the final per-
formance. The following theorem shows that with the reinforcement of CoT, there exists a one-layer
transformer that can perform multi-step GD using intermediate generations. We show that O (log d)
steps of CoT can remarkably improve the performance, reducing the error from @(W‘ﬁogd) to
O(1/ poly d). With constant learning rate, ©(log d) steps of GD is also necessary to reconstruct w*
accurately. The proof is deferred to Appendix

Theorem 3.2 (Informal). There exists V* and W* s.t. fusa(Zy)(:,—1) outputs (04,0, wy, 1) where
wy = (I — (I — 2X X T)*)w* is the k-step GD solution with learning rate 1 on a linear regres-

sion model. Moreover, if n = Q(d), k = Q(logd), n € (0.1,1), then the evaluation loss

Jeolaa) @

With the one-step GD solution in Theorem he proof is straightforward: we assign the param-
(8

1
£Eva1(v*’ W*) _ 7EX,w*

k+1
H (I _ ﬁXXT) w*
2 n

eters (V, W) in the same form of Equation (8), with the n* replaced by 1. However, now the
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transformer is allowed to generate k steps before reaching the final output. We can inductively
calculate the i-th step of generation, showing that the output is exactly the i-th gradient step:

fLSA(Zifl)[:,—l] = (0d707wi71)a 1= 17277k+1
After k+1 steps, we have the final output (I — (I — 2X X ")**1)w* by induction and the evalu-
ation loss becomes Equation (9). By Lemma [D.4] the final loss is upper bounded by O(po1y( d))
This is strictly better than a one-step GD solution by comparing with Corollary [3.1]
Now we theoretically display the expressivity improvement of transformers brought by CoT. In the
following sections, we will further prove that this separation is learnable simply by gradient flow.
4 GRADIENT DYNAMICS OVER CHAIN OF THOUGHT

In this section, we go beyond the construction and prove our convergence result on the CoT objec-
tive. We show that the final solution found by gradient flow is approximately our construction in
Theorem [3.2] which is significantly better than the one-step gradient descent solution without CoT.

4.1 MAIN RESULTS

According to our construction in Theorem [3.2] we use the following specific initialization to zero
out the irrelevant blocks while keeping the essential blocks W73, V31, and way.

Assumption 4.1 (Initialization). Let ¢ > 0 be a parameter. We assume the initialization of the
parameters satisfies that

0 00 0 0 Wi3(0) 0
o 00 0 oo 0wy
V=1vi0 000/ "=loo o 0
0 0 0 O 0 0 0 0
Here Wy3(0) = Zj 1)\Wulu and Vi (0) = 4 N u;u] are symmetric and simultaneously

=1

diagonalizable, \Y < —o, )\Z € [o, % Further, we fix woq = —1 forall t > 0.

This initialization follows |Chen et al.| (2024a) by assuming V3; and W3 share the same set of
eigenvectors. It is close to the particular symmetric random initialization schemes discussed in
Zhang et al.|(2023) with a scaling factor o. We use this specific initialization to zero out the irrelevant
blocks along the training trajectory and facilitate the analysis in the early stages. To simplify the
analysis of the complex dynamical system, we fix wyy = —1 to break the homogeneity of the model
and avoid the occurrence of multiple global minimizers.

Now we prove that under appropriate initialization, gradient flow will nearly converge to the global
minimizer. We provide a proof sketch in the next subsection. See Appendix for details.

Theorem 4.1 (Informal, Global Convergence). Suppose n = Q(d), n € (0.1,0.9), k = ©(log d).
UnderAssumptionwith o = O(1), if we run gradient flow on the population loss in Equation ()

then after time t = O (log d + log 1), we have LT (t) < ¢ for any € € (m, 1

4.2 PROOF IDEAS
In this subsection, we briefly outline the proof of Theorem

Before analyzing the training dynamics, we will first prove that under Assumption 4.} the gradient
dynamics will only depend on the parameter blocks Wi3(t), Vi1 (t), waq, while other blocks stay
zero (Lemma|C.2)). This is because our Gaussian data assumption makes sure the gradients on all the
blocks are zero once they are initialized at zero, except for Wi3(t), Vi1 (t), wo4. By this lemma, we
can simplify the lmear self-attention formula and consider the following equivalent yet simplified

loss (we denote W Wis, V= V31, and woy is fixed as —1.):

k—1 2
1 1, ~ ~ 1 ~
L°T(0) = Exw- Y |[-(VXXTW + XX w; — —(V + D) XX Tw
2 ’ = n n 9
1 1~ —~ 1~ 2
+ —Ex 1w+ (I + VXXTW) wy, — (VXXT + I)w
2 n n )




Under review as a conference paper at ICLR 2025

For ease of presentation, we denote S := %X X T. To analyze the gradient dynamics, we first
need to compute the exact closed-form gradient instead of keeping the expectation. However, there
exists difficulty calculating the closed form of the gradient: the formula involves the i-th step weight

vector w; = (I — (I —-nS )Z)w* involving the higher order moments of the Wishart matrix

whose closed form is hard to obtain. Here, we provide a tighter estimate compared to previous work
(Gatmiry et al.l 2024) using the concentration of the Wishart matrix S (Vershynin, [2018) when
n = O(d poly log d) to estimate the expectation. In particular, we use the exponential decaying tail
probability bound for the operator norm of the error §.S := S — I. For example, when estimating the

expectation E[(I — nS)], we can decompose the expectation into two cases: when ||68 [, is small,

(I —1S)" ~ (1—n)TI; when ||6S]| is larger than a threshold, the rest part of the expectation can be
controlled by integrating the exponential decaying tail probabilityE] The concentration lemmas are
provided in Appendix

The motivation behind a better concentration estimation is to ensure nearly independent dynamics
along different eigenspaces {u;}%_, of W and V. As an extreme case we consider n — oo and S
converges to I almost surely. Now the gradlent component on the u;u; subspace is only dependent

on )\V and /\W without any other )\V )\W, j # i involved. That means there is no interaction be-
tween two dlfferent subspaces, i.e. the dynamlcs are 1ndependent However, some interactions are
introduced since the concentration error 6.5 # 0 when n is finite. Therefore, the improved charac-
terization of the expected gradient is essential to upper bound the interaction between the dynamics
of different eigenspaces {u; }¢_,, leading to a nearly independent evolution at initialization.

This independence property motivates us to conduct a stage-wise analysis. We first analyze the

dynamics in Stage 1 when the distance between the parameters V', W and the ground-truth is larger
than O(1/ poly log d). In this stage, the bounded error can be dominated by the signal terms in the
gradient, maintaining the nearly independent dynamics along each direction u;. After this stage, we
enter Stage 2 as a local convergence phase. We describe the dynamics below in detail.

Stage 1: W, 1% converges to near-optimal. In this stage, the dynamics along each direction w;

stay nearly independent. Speciﬁcally, we can expand the gradient flow dynamics for V, W and
prOJect them into the eigenspaces u;u,; to get the dynamics of the eigenvalues )\V = u; Vu,,
)\W =u, WuZ The dynamics of ei gcnvalues are characterized by the following Lcmma 1{where

we can prove that the interaction terms between different subspaces are bounded by O(1/ log? d).

Lemma 4.1 (Informal version of Lemma . The dynamics of )\f/ and )\Zw are given by the
Jfollowing equations with ‘6]‘/‘ < O(log%d), 5W‘ < O(logZd)

d\Y a2 2w = AV 1-

o AW AW (W) Y L=mw 4 v
S |+ 1)(1-2F) oA (1= )+n(2—n) A + 5= )\ 1+ 4]
AW

A 1 ~2 —~ 1_77 ~2 1_77 - P
A P B 5V 4 (I—AW) TN \VIW L STV W
dt { * n} J i) aam g N Ty T

This nearly independent evolution along each eigenvector u; enables us to analyze the individual
dynamics of AY and )\W at the beginning of training. Under Assumptlon >\V AW are initialized

O(1). By Lemma we prove by induction that the eigenvalues will go through two phases: (1) )\Y

increases yet stay smaller than —O m , while )\?V increases to 1—o(1). (2) /\}’NV stays o(1)-

close to 1, and )\}7 also converges to o(1)-close to —n. Here all o(1) terms are some O(1/log®d)

'To deal with the similar problem, |Gatmiry et al.|(2024) proposed a simple combinatorial method to estimate
the expectation. We use the same technique to get a certain form of the expectation (see Appendix [D), but the
bound is not tight enough to get the desired results. See discussion in Appendlx[@

2This method can keep the (1—n)" factor to prevent introducing unwanted estimation errors when 7 is large.
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terms for some constant ¢ > 0. That indicates that the distance between the eigenvalues and the
target ‘)\]V + 77’, AW — 1‘ converge to O(1/log” d) for all j € [d] at the end of Stage 1.

Stage 2: Local convergence. One may expect that after Stage 1, the transformer can approximate
gradient steps quite accurately since the parameter V', W' are both o(1)-close to ground-truth along
each direction u,. Unfortunately, the sum of error in d directions can still be ©(d) since we can only

reduce the error to O(1/ poly log d) in each direction. Therefore, the solution still cannot recover
the weight vector w™* at this stage. To address this issue, we further look into the exact form of the

interaction terms 6JW, 5]‘»/ and analyze the local convergence. By fine-grained expansion of the error

terms, we notice that 5JW and 5}7 are always coupled with some individual residual like (1 — /\?V),

(n+ )\}/), or some weighted average or those individual residuals. Meanwhile, the coefficient of
the residual in the interaction terms is still upper bounded by O(1/ poly log d). That enables us to
derive some gradient lower bound similar to PL-conditions (Lemma|C.12)) when ‘7, W are close to
the ground-truth, leading to local convergence to near-optimal at a linear rate.

The final training error is some O(W), which depends on the inference step £ and ground-truth

7. Note that the optimal loss value is also at least polynomially small in d given © (log d) CoT steps.
Therefore, now we can conclude that the transformer can learn to implement multi-step GD when
given intermediate ground-truth states after optimizing the CoT loss with gradient flow.

4.3 QOUT-OF-DISTRIBUTION GENERALIZATION AT INFERENCE

In this section, we prove that after training, the transformer not only correctly predicts the weight
vector in context with CoT generation, but also can generalize out-of-distribution (OOD). The fol-
lowing theorem shows that the trained transformer obtained from Theorem . T|with CoT generalizes
over other problem instances when the input example sequence has an OOD covariance, as long as
the covariance is not too ill-conditioned. Here £5?! is defined as the OOD evaluation loss in eq.
with the in-context examples x; ~ N (0, X) and weight vector w* ~ N (0, I):

1 7 * ?
LYV, W) = 3B (0,30 [ ’fLSA(Zk)[:ﬁl] —(04,0,w ’1)H ]

Theorem 4.2 (Informal, Theorem|C.2). Suppose n = Q(d), n € (0.1,0.9), k' = O(log d). Assume
the out-of-distribution covariance is well-conditioned.: % < Amin(B) < Anax(B) < 2%6 for some

constant § > 0. Then after training in Theorem we have £%"al(t) < eforanye € (m, 1).

Note that this theorem covers both in-distribution (when 7 = §) and OOD tasks at evaluation,
indicating that the transformer is trained to implement a general iterative optimization algorithm.
Moreover, the inference step number &’ in this theorem can go beyond the training CoT steps k,
achieving better estimation for w*.

One may think once the next-token-prediction training loss £°°T converges to the global minimizer
based on ground-truth CoT data, the transformer naturally learns to do multi-step reasoning at infer-
ence, i.e. £Eval is small. However, at the i-th generation step, the transformer is predicting the next
weight token w; 1 based on the previous generation w; instead of the ground-truth intermediate step
w;. It is possible that prediction error for each step accumulates or even increases exponentially.

Fortunately, the trained transformer guarantees a converging series of errors throughout the inference
process, and we can expand and upper bound the sum of all the prediction errors at each step. That
also ensures we can achieve any O(m)-small evaluation loss when we have k£’ = O(logd)

reasoning steps. The detailed proof is provided in Appendix [C.4]

5 EXPERIMENTS

In this section, we introduce our experimental setup on our in-context weight vector prediction
task to numerically validate our theoretical results. Specifically, we show that parameters of the
transformer match the prediction of our theory when optimized over the CoT loss. Furthermore, we
present the gap of evaluation loss £V2! in Equation (7) between transformers with and without CoT.
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Experimental Setup We train the transformer architecture in Equation (3 on the synthetic data.
The data distribution follows our in-context weight prediction task in Equation (I). In particular, we
choose the token dimensions d = 10, number of in-context examples n = 20, and GD learning rate
1 = 0.4 for generating the ground-truth intermediate states. We use a batch size B = 1000 and run
Adam with learning rate a = 0.001 for 7 = 750 iterations. More details refer to Appendix[E]

Global convergence Our experiments show that the structure that weights of the full model exhibit
is consistent with Theorem [3.2] At final convergence, all of the entries of W converge to zero
except the elements on the diagonal in the top-right corner block (the red box in the heatmap of W,
Figure[T), while all the entries of V' are near zero except elements on the diagonal in the bottom-left
corner (the red box in the heatmap of V', Figure[l). Also, the pattern shows W13 = al, woy = —a,
and V3; = —1TI with some scaling factor o’| which is equivalent to the construction stated in
Theorem[3.2]and Theorem[d.1] That means the transformer implements one step of gradient descent
(Od, 0,— %X X T (w; — w*), O) before the residual connection, and the autoregressive CoT process
enables model to perform multi-step GD.

Performance improvement We empirically verify the evaluation loss gap between transformers
with and without CoT shown by Theorem[3.Tand Theorem[3.2] Our experiments in Figure[2]demon-
strate that the evaluation loss of transformers with CoT converges to near zero even when k£ = 10.
In comparison, the optimal expected loss that the one-layer linear transformer can achieve (the
dashed line, from Corollary [3.I) is much larger than any of the model that applies multiple steps
of computation. We also observe that evaluation loss at convergence keeps decreasing when the
number of reasoning steps & increases from 10 to 40, which is consistent with Theorem [C.1] where
larger £ allows for smaller error e.

57 k=10
— k=20
4 k=30
2 — k=40
,S 37 without CoT
=
221
11 \
07 T T T T T T T
0 100 200 300 400 500 600 700
Heatmap of V Heatmap of W iteration

Figure 1: Model weights: We present the  Figure 2: k-step v.s. 1-step: We plot the

heatmap of the weights of the trained transformer. evaluation loss LBV when n = 20, d =
We initialize V', W randomly at ¢ = 0, where 10. We randomly initialize the transformer.
n = 20, d = 10 and k = 20. After training, For transformers with CoT, loss converges
all entries of V' and W converge to zero except to near zero while transformers without CoT
the two blocks hlghhghted in the red box. More- cannot. Moreover, the loss at convergence
over, the pattern matches the theoretical results. decreases when k increases.

6 CONCLUSION

This paper investigates the training dynamics of transformers when the Chain of Thought (CoT)
prompting is introduced. By focusing on the in-context weight prediction task, our theoretical results
demonstrate that transformers can learn to implement iterative algorithms like multi-step GD with
the enhancement of CoT, highlighting the essential role of CoT in multi-step reasoning tasks. Our
empirical findings corroborate these theoretical insights, indicating that CoT prompting provides
significant performance benefits.

There are still many open problems. Can we move beyond population loss on the in-context weight
prediction task and show a sample complexity guarantee? Can CoT empower the transformer to
acquire compositional reasoning capability instead of doing the same iterative steps?

In Figure o > 0 while all a # 0 works for the construction. Empirically, the sign of o depends on the
random initialization, and both positive and negative solutions exist.

10
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A DISCUSSION AND LIMITATION

A.1 RELATED WORKS ON EXPRESSIVENESS

Our work is closely related to the previous works in multi-step GD using multi-layer attention layers,
including [Bai et al.| (2023); |Fu et al.| (2023)); Ding et al. (2023); |Ahn et al.| (2024); Giannou et al.
(2023); |Gatmiry et al.[(2024). These works guarantee that transformers are expressive enough to do
in-context learning by implementing gradient descent, and they serve as the foundation of our work
which focuses on optimization. Most of them focus on the in-context learning setup as the testbed
so we naturally follow the setup to understand the advantage of CoT.

Most of the above works on expressiveness focus on those iterative algorithms, e.g. (pre-
conditioned) gradient descent on various objectives (Bai et al., 2023; |Ahn et al., [2024; Ding et al.,
2023)), Newton methods/matrix inverse (Giannou et al.| 2023)), etc. Those papers have similar con-
structive proof techniques using multi-layer transformers: they construct a basic block(s) to rep-
resent one step of some iterative algorithm and stack them up to do multi-steps of that algorithm.
Sometimes the blocks can be even the same, which means a “looped” transformer, i.e. implementing
the same transformer blocks several times as a loop, can express those algorithms. In our warm-up
construction for a better understanding of the setup, we use similar techniques to construct the linear
transformer that allows auto-regressive generation to iteratively implement the block. However, we
require the practical auto-regressive setting, which is novel in the literature.

Most importantly, despite the close relation between our work and those previous expressiveness
papers, our work mainly focuses on the optimization perspective. It is a big step beyond expres-
siveness because there is no guarantee that one can algorithmically find the constructed solutions
in the previous work. |Ahn et al| (2024)); |Gatmiry et al.| (2024) are the only two papers related to
optimization of multi-layer transformers over in-context linear regression setup. |Ahn et al.|(2024)
analyzed the global optimizer/critical points for multi-layer transformers, but they didn’t prove that
any gradient-based algorithm can reach those solutions. Compared to all the works above, our proof
techniques for the main theorems are completely orthogonal and not straightforward extensions of
the previous papers like Bai et al.|(2023).

Gatmiry et al|(2024) is the most related work to us. They also proved some results on learning to
implement multi-step GD by looped transformer. We will highlight the differences and our novel
contributions of our work in the next section.

A.2 DISCUSSION ON|GATMIRY ET AL.|(2024)

In this section, we compare our work with Gatmiry et al.| (2024). We begin by outlining the simi-
larities and connections between the two works before highlighting our theoretical contributions in
contrast to|Gatmiry et al.[(2024).

Both |Gatmiry et al.| (2024) and our study analyze the dynamics of a one-layer linear transformer
in the context of a linear regression task, demonstrating that transformers can implement multi-step
gradient descent. We adopt similar architectural frameworks to those in |Zhang et al.| (2023); |/Ahn
et al.| (2024; 2023)); Mahankali et al.| (2023), as well as several other works. The key connection
between our work and |Gatmiry et al.| (2024) lies in the observation that both looped transformers
and transformers with CoT prompting through autoregressive generation are capable of naturally
implementing iterative algorithms like gradient descent.

However, our data model and training objective are intrinsically different from those in|Gatmiry et al.
(2024), leading to distinct insights. While |Gatmiry et al.|(2024) focuses on an ICL setting for linear
regression tasks involving examples and a query, our task is centered on predicting the ground-truth
weight vector w* within context, i.e. in-context weight prediction. The final converging solutions
are totally different, even though they both are equivalent to some type of GD. From the perspective
of the training objective, Gatmiry et al.|(2024) uses a standard squared loss over the ICL objective. In
contrast, we use a sum of squared losses across all intermediate steps, corresponding to the CoT loss
defined in Equation (6). Therefore, we highlight the effectiveness in improving the performance
of the CoT prompting on a shallow transformer, while |Gatmiry et al.| (2024) stress a multi-layer
transformer with shared weights (looped transformer) can do multi-step GD through the layers.
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From a technical perspective, |Gatmiry et al.| (2024) fix the outer layer and train only the matrix A,
which is analogous to our matrix W. In contrast, our work allows for training both layers of the
transformer, providing a stronger analysis of training dynamics. Our proof strategy is also novel,
given that our training dynamics are more complicated: obtaining our final solution requires solving
a challenging d-dimensional dynamical system, whereas prior work in ICL reduces the outer layer
to a scalar.

As a more profound theoretical contribution, we rigorously establish a clear performance
gap between the one-layer transformer without CoT and the ones with CoT. Specifically,
the one-layer transformer without CoT is restricted to a single step of GD, with the final error
©(d/ polylog d), while a one-layer transformer with CoT can achieve a O(1/ poly d) loss with
only O(log d) steps. On the other hand, Gatmiry et al.[(2024) do not show their transformer imple-
menting the multi-step GD can outperform the transformer with one-step GD. According to their

d5/2L_4L

Theorem 4.2, their looped transformer can only provably get the final loss down to , where

L is the number of the loops. However, a one-layer transformer can achieve ©(d?/n) loss by imple-
menting one-step of GD, which is asymptotically better than the multi-step solution in Gatmiry
et al. (2024).

We conjecture the gap between our analysis lies in our different methods of calculating the terms
in the gradient concerning Wishart matrices. For intuition, we introduce the novel expectation cal-
culation method in Section A which asymptotically improves the estimation of higher moments of
Wishart matrices in (Gatmiry et al|(2024). We adopt the combinatorial technique in Gatmiry et al.

(2024) to compute the form of E {S ASFTS k/] , but when we calculate the expected gradient we use

the concentration tail bound technique to calculate the expectation. That enables us to better approx-
imate the expectation. We hypothesize that applying our techniques could potentially demonstrate
that their looped transformers outperform those without loops in the ICL setting.

A.3 LIMITATION AND FUTURE DIRECTIONS

Architecture and parameterization In this work, we use the single-layer linear transformer to
analyze the training dynamics. Moreover, we adopt the same reparameterization and similar initial-
ization in previous works (Zhang et al., 2023} Tian et al., |2023a}|/Chen et al., 2024a; Mahankali et al.,
2023} |Ahn et al.l[2024). It deviates from the practical softmax attention with Q, K, V' parameteri-
zation and random initialization, which is a limitation of this work.

However, analyzing the linear counterpart of the model before targeting the more difficult practical
models is common in the development of learning theory. As for linear attention, the connection
between linear attention and softmax attention is also partially justified by the empirical observations
in |Ahn et al,| (2023). Analyzing the dynamics using more practical architectures will be a very
important and fundamental future direction.

Population loss and sample complexity Following most of the previous work, we use population
loss when analyzing the training trajectory instead of using finite sample loss. This modification is
to simplify the analysis and focus on the population dynamics without noise. A possible future step
is to generalize this analysis to a finite sample setting and train the model with online SGD.

CoT on iterative tasks In this work, we mainly focus on iterative tasks, one of the simplest forms
where multi-step CoT can help yield better performance. That serves as the initial step towards
understanding why CoT helps reasoning following the first principle. As a limitation, though CoT
can empower the transformer to acquire compositional reasoning capability instead of doing the
same iterative step, it is a much harder question beyond our paper’s scope. It is a very important
future direction and definitely worth further exploring.

B PROOFS OF THEOREMS IN SECTION 3]

In this section, we prove the expressiveness results of the linear transformers with and without CoT.
In Appendix [B.T] we prove that a one-layer linear transformer without CoT can only obtain the
one-step gradient descent solution. In Appendix we prove that there exists a one-layer linear
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transformer that implements multi-step gradient descent with the CoT prompting. As corollaries,
there exists a separation between the one-step and multi-step solutions.

B.1 PROOF OF THEOREM[3.1]

We first restate the theorem:

Theorem B.1 (Lower bound without CoT). If the global minimizer of LEV(V W) is (V*, W*),
the corresponding one-layer transformer frsa(Zo)[.,—1) implements one step GD on a linear model
with some learning rate ) = —"— and the transformer outputs 1X y'.

Proof. Recall the loss expression in Equation (5) when k = 0,

1 N 2
LV, W) = SEx w- || fusa(Zo)p.—1 = (04, 0,w", 1))
2
1 ZJW Zy. _
= SExwr |VZo- 20 T AL (0,,0,w*,0)7 (since wo = 04.)

The key insight of the proof is to replace the w* with the one-step GD solution - X y',

2

1

Zy W Zy,. _
LV.W)=E bl

n T
(od,o, ﬁXyT,O) e

|vz0.

After proving this property, we can conclude that the optimal solution without CoT is exactly the
one-step solution 7 X y . We prove this result by showing the gradient of those two loss functions
are the same.

First, before calculating the gradient, we extract the identical parts of the loss. Notice that the
ground-truth entries are all zero ini = 1,2,--- ,d,d + 1,2d + 2 positions in both expressions.
Therefore, that part of error is the norm of the output fr.ga (Zo) [;,—1] in those corresponding entries:

2

1
-E
2

Zg W Zo[1.q41,1]
n

Zi W Zoagi2,-1)
n

VZ,-

1
“E
T3

‘vzo.

which is the same for both expressions. Therefore, we just need to consider

ZJW Zop, )
fLSA(ZO)[d+2:2d+1,71] = Viat2:2d+1,9 %0 - -
which corresponds to the ground-truth signals. Here V[d+2:2d+17:] = [V31, V32, Va3, Vaa]. We only

need to prove that

2 n «||?
E || fLsa(Zo)iat2:2d+1,-1) — w*||" =E HfLSA(ZO)[dJFQ:QdJrl,fl] - EXXTUJ +C

for some constant C.

We show the gradients of both sides are the same, and equivalently the differential of both sides
should be the same. The differential of L.H.S. is

d(E ||fLSA(ZO)[d+2:2d+1,—1] —w* ||2>

= 2E[(fusa(Zo)a+2:2a11,-1) — w*) " dfLsa(Zo)g+2:2d+1,-1)

and the differential of R.H.S. is
)

= QE{(fLSA(ZO)[d-&-Z:Qd—&-l,—l] - %XXTU’*)TdeSA(Z())[d+2:2d+1,—1]]

d <]E HfLSA(Zo)[d+2:24+1,—1] - %XXTIU*

17
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Therefore, we only need to prove that
-
E[W*TdeSA(ZO)[d+2:2d+1,71}} = E{(ZXXTW*) deSA(ZO)[d+2:2d+1,1]:| (10)

We expand this expression fr.sa (Zo){d42:24+1,—1] (Note that now we don’t have the assumption of
initialization):

ZiW Zy., 4
Vid+2:2a41,9%0 %[’]
r X 0 0
1 y 0| [XT y" 0,4 O 0
n[ 81 32 33 34} Ogxn wo |:01><d 0 wg— 1 wy
_01><n 1
) 'XXTT XyTT O4xa 04] [Wis
_ yX yy' Oixqg 0| | wos - _
= [Va1 Vi2 Va3 Va4 O 0, Oney 0y | Wi (since wgy = 0y)
[ O1x4q 0 O1xqg 1 Wyq
1 -XXIWML + 11]24)('%:r
=—[Va1 Viz Va3 Vi yX Wi+ wauyy
n Od
L W44
1 «T T o | V3aWaq T
= — (Vo + Vaow™ ) XX (Wi + wpqw”) + =224 (y=X"w")

and the differential of frsa(Z0)[d+2:2d+1,—1) i

dfLsa(Zo)(d+2:2d41,-1)

1 V;
- d(n (‘/31 + ngw*T)XXT(WM n w24,w*)> + dLUm

n

1 1
— (Va1 + aVapw' T ) XX T (Wi + waaw”) + - (dVs - was + Vaaduwas)

1
= (Vs + Vigw' ') XX T (AW + duggw?)

Now, to prove Equation (I0), we compare the differential for each parameter on both sides. For all
parameter, we start from the left side and prove it equal to the right.

V31: The V3, term of differential in d frsa (Zo){a+2:2d+1,—1] 18 %d‘/},lXXT(WM + wasw™),
[ 1
E|w*" dVngXT(WM + w24w*)]

n

[ 1
=E|tr <w*T . —dV?ﬂXXT(WM + w24w*)>} (It is a scalar in the trace.)
n

=E|tr <idV31XXT(W14 + w24w*)w*T>}

= E[tr (dV31wa4)] (E[XXT] = nly,Ew*] = 0,Ew*w* '] = I,.)
= E[tr (-5 - dVarws XX XX )| E[(XXT)*) = n(n+d+1)Isn = =2

- E[tr (% XX TV XX T (Why + wm*)w”ﬂ (E[w*] = 0, Ejw*w* ] = I,.)

1
=R [(”XXTw*)T C—dVs XX T(Why + w24'w*)}
n n
So those two dV3; terms are identical.
V3a: The Vi, term of differential in d frsa (Zo){a+2:2d+1,—1] 18 dv%w*TXXT(WM + waqw™),

B |:w*T dVap

o ’w*TXXT(Wp; + ’LU24’UJ*):|

18
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= —tr (w*T . %w*TXXT(WM + w24'w*))] (It is a scalar in the trace.)
=K -t (d‘fzw*TXXT(WM + w24w*)w*T)]

=E -tr (d:w w*TXXTWMw*Tﬂ (E[w*] = 0 and w* ' X X Tw*w* " is odd)
=K _tr (d‘;w leXXTw*'w*T)} (W, X X Tw* is a scalar.)
= Eftr (V5 W1))] E[XXT] =nly,Ew*w* '] = I,.)
—F [tr (% : d‘ggWIQXXTXXT)} E(XXT) ] =n(n+d+ DIsn= 7%
- E[tr (% XX TdVipw* T XX T (Wi + wmw*)w”)} E[w*] = 0, Elw*w* ] = I,.)

1
= |:(ZXXT’LU*)T . ng?;gw*TXXT(WM + 1U24w*):|

So those two d V35 terms are identical.

V34: The V34 term of differential in d frsa (Zo)(a+2:2d+1,—1] 18 %dVg,4w44,
* 1 1 n T 0%\ T 1
E|lw Ed‘/}’4w44 =0=E (EXX w ) ﬁdV34w44

since E[w*] = 04. Therefore those two are equal.

W4t The Wiy term of differential in d frsa (Z0) ja+2:24+1,-1] 18 = (V31 + ngw*T> XX TdWyy,

i 1
E|w -~ (V31 + Vggw*T)XXTdWM]

n
1
=E|tr <'w*T C— <V31 + V32w*T>XXTdW14ﬂ (It is a scalar in the trace.)
n
[ 1
—E|tr (n( *TVggw*T>XXTdW14ﬂ (E[w*] = 0,.)
i 1
=E|tr ( (Vg—gw*w*T)XXTdWM)] (Vahw* is a scalar.)
n
=E[tr (V3,dWi4)] E[XXT] = nly, Ew*w* ] = I,.)
- 7 , .
~E|tr (ﬁ : XXTV;XXTdWM)} E[(XXT)’] = n(n+d+ )Ly = )
[ 1
-E (ZXXTw*)T = <V31 n VSQw*T)XXTdWM}
Thus the two dW74 terms are the same.
W4 The W24 term in deSA(ZO)[d_i_Q:Qd_A'_l’_l] iS %(‘/231 —+ ‘/232w*T)XXwa24w*’
[ 1
E 'UJ*T . E (‘/31 —+ V32w*T)XXTw*dw24}
r 1
=E|tr (w*T - — (V31 + Vggw*T)XXTw*dw24>] (It is a scalar in the trace.)
n
[ 1
=E|tr (( *T‘/gl)XXT’U)*d’LUQ4>:| (E[’u}*] = Od)
n
= E[tr (Va1dway)] E[XXT] =nly,Ew*w* '] =1,.)
Ui 2 n
= ]E[tr <ﬁ . XXTV;),lXXwa24>] (E[(XXT) ] =n(n+d+ 1)Id777 = m,)
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1
=R [(UXXTw*)T = <V31 + Vggw*T>XXTw*dw24]
n n
Therefore the differential for wy4 are the same.

wy4: The wyy term of differential in d fr.sa (Zo)[d+2:2d+1,—1] 18 Vfg4dw44,
E {w*TV34dw44] —0=E {(”XXTw*)dewM}
n n n

since E[w*] = 04. Therefore those two are also equal.

In conclusion, Equation holds since all the differential terms are equal. Therefore, 3C'

2
* +C

oy n
=E HfLSA(ZO)[dJFQ:QdJrl,fl] - EXXTw

which finishes our proof. O

E || fLsa(Zo)iat2:2d+1,-1) —

B.2 PROOF OF THEOREM[3.2]

Here we restate the Theorem [3.2] and provide the detailed proof.
Theorem B.2. Suppose n = O(dlog® d), k > Clogd, n € (0.1,0.9). There exists V* and W* s.t.

Jusa(Zy)p:,—1) outputs (04,0, wy11,1) where w; := (I - I - 7’XXT) ) * is the k-step GD
solution with learning rate 1 on a linear regression model. Moreover, the evaluation loss

1 | 1
LEA (VS W) = “Ex e (I — QXXT) w | < ———— (11)
27 n dCloe(5)
Proof. We construct V* and W* in the following way,
0O 0 0O 0 0I O
«_ |1 0 0 0 O «_ 10 0 0 -1
V= -nI 0 0 O W™= 0O 0 0 O (12)
0O 0 0O 0 00 O

Now the transformer is allowed to generate & steps before reaching the final output. We can induc-
tively calculate the i-th step of generation, showing that the output is exactly the parameter after ¢-th
gradient step (2 = 1,2, ...,k + 1):

Z]W Zi,

fLSA(Z’L)[:,—l] = (0d707wi7 ]-) + VZZ : n

1
(0d70 wi, ) 7(0d707 ‘/31 (t)XXT(WIS(t)w’L - w*)70)
= (04,0, w;,1) + (04,0, —fXXT( i —w"),0)
= (0d,0,’UJi+17 ]-)

After k+1 steps, we have the final output (I (I-1XX T)k“)w* by induction and the evalua-
tion loss becomes Equation (9). By Lemma|D.4] the final loss is

1 k+1 2
“Ex e U‘ I—”XXT) w* ]
2
1 2k+2
= —Ex ur {tr (1-21xx7) ] (Efw*w* ] = L)
2 ’ n

1 2k+2
= 2 trEx o {(I— QXXT) ]
2 ’ n

:% (1= m)* (1 + 6)I) (By Lemma|D4)

d( ) < d*Clog(ﬁ).
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C PROOF OF THEOREM

C.1 GRADIENT COMPUTATION OF THE FULL MODEL OVER THE COT OBJECTIVE

In this appendix, we compute the gradient of the full model given the Assumption and prove
the equivalence between the dynamics of the full model and a simplified model. Throughout the
appendix, we denote the § = L X X " for simplicity. And recall the i-th step of the linear classifier

isw; = (I — (I —nS)")w

In Section2.2] we have the full attention model

ZTWZ[:V_l]
Jusa(Z; VW) =2, _y+VZ- —
and the Chain of Thought (CoT) objective
2
KCOT(Va W ]EX w* Z HfLSA (0d7 0 wz+17 H

We define the error for the ¢-th step

1
L= §EX’"’* fusa(Zi)p,—1 — (04,0, w1, 1)H2

By linearity of expectation we know the gradient of the CoT objective is the sum of gradients of all

CoT steps: VLT = ZZ 1 VL;. Now we can calculate the gradients of V', W based on the loss
of each CoT step:

Lemma C.1 (Gradients of the full model). The gradient of V., W are given by the following equa-
tions:

k W
1 2 : Z; Wz, T T T T
VV£ = EEX’w* 2 (sz . " — (Od,o,wi+1 — ’U.JHO) Zi[;7_1] W ZiZi

k T
1 Ty T Zi W2,y T T
VWE = EEX,w* ; ZiZi % (VZl . T — (Od, 0,wi+1 — Wi, 0) Zi[;,—l]

Proof. The loss is given by eq. (6):

k
LTV, W) =Ex w*[ ZHfLSA -1y — (04,0, w2+1,1)||21 =>"r
i=1
Take differential of the loss for the i-th step £; and we have
dL; = Ex w+ (fLsa(Zi)},—1) — (04,0, wit1, 1))TdeSA(Zi)[:,71]
= Ex e (fisa(Zi)s 1) — (04,0, wi41,1)) " d (VZZ- . ZTWHZ[1J>
= B (fsa (201 — (0,0, wi41,1)) d(V)Z; - ZTWTLZ[‘”
+ Ex we (fusa(Zi)p,—1) — (04,0, w1, 1))TVZi : Z;du;Zl[_l]

Then the gradients of W,V of the £, are:

1
VvL; = ﬁ]EX’w* (fusa(Zi)p,—1) — (04,0, w;y1, 1))Zi[T;,71]WTZiZ;
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1 ZTWZ,, _
“Ex (VZi V2T 04,0, w140 — wy, 0)T> zZ[_ \W'Zz2z]
n n ’

1

VwZLi E]Ex,w*ZiZiTVT (fusa(Zi)j,—1 — (04,0, wig1, 1)) Zif

1

Z"WZ;. _
—Ex w+ ZiZiTVT (VZZ- Al et}
n

— (Oda O, Wi41 — Wy, O)T> Zl[—l]
Take the sum of the two equations above from ¢ = 0 to &, and we finish the proof. [

Now we consider the gradient flow (GF) trajectory (note that wo4 is fixed under Assumption [@.T)):

dé

o = VETNO), 0:=(V,W\{wa}).
Recall the block matrix form of V', W:
Vii Viz Vi Vi Wi Wi Wiz Wy
v |V ve2 Vg ovaa| g |Wor wan Wi wy
Vi1 Via Viz V|’ Wi Wi Wiz Wiy
Vi vz Viz vy Wy wie Wiz wy

According to the construction in Theorem @ the blocks W3, V31, woy are the only relevant pa-
rameter blocks, while the others should be zeroed out. Next, we prove that if we initialize those
irrelevant blocks to 0, then they will stay at O along the gradient descent trajectory.

Lemma C.2. Under the Assumption[d.1| when the linear transformer is trained under GF, we have
Sorall t > 0, the parameters V (t), W (t) have the following form:

0 00 0 0 0 Wis(t) 0

|l o 000 oo 0 -1
VO=lvye) o 0o of"OD=lo 0 o o
0 00 0 00 0 0

Proof. To prove this lemma, we prove that when the irrelevant blocks are O, the gradients
Vv L;,VwL,; for those blocks are always 0 and they never update the corresponding parameter
block. Also, note that woy = —1 for all £ > 0.

. . . Z]WZi., _y
First, we calculate the output of the linear self-attention V' Z; - —————":
ZIWZ;.
vz, ol
n
0 0 0 O X 0 o --- 0 0
1 0 0 0 0 Yy 0 o --- 0 T 0
N E Vél(t) 0 0O Ogxn wo wy; -+ w; Zi w w;
| 0 0 0 0] [O1x, 1 1 - 1 1
i Oan Od Od_ X 0 0 07 T W13 (t)w,»
R 0 0 Y 0 0 0 -1
T | Vai(H) X 04 04| |0dxn wo wi w; 04
| Oixn 0 0] [O1xn 1 1 1 0
[ Oaxn  Og 041 I 04
_ 1] O O 0 [X T Wityw, —y"| _ 1 0
n | Va1(t)X 04 0q| | 041 n | V() X X T (Wis(t)w; — w*)
L Oixn 0 0 | L 0

The last line is because y—r = X Tw*. Now, we consider the gradient for V':

.
Z; WZ.

1
VvLi=—Exw-
n n

(m .

— (Od, O,'w,;_H — ’LUi,O)T> Z7E_1]WTZILZZT
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0g
_ L 0 z1 wTz.zT
B n2 Vg,l(t)XXT(ng(t)wl — w*) — n(wiﬂ — wz) o[-1] v
0
— - - T T T
04 w; Wis(t)
— iE 0 —1 A
B n2 Xw ‘/},1(t)XXT(W13(t)’U)L — ’UJ*) — n(w,-_,_l — wi) Od v
L 0 11 0
r 04 1wl W) XXT —yX™"
S 0 w W)Xy —yy”
n2 X.w Vg,l(t)XXT(ng(t)wi — 'w*) — n(wi_H — wi) Od
L 0 1L 0
0 0 0 0
B 0 0 0 0
T | Vv Lit) Vw,Li(t) 0 0
0 0 0 0

Therefore, we know all blocks of the gradient are zero except the positions of V3; and V3s.

Now look at Vv, £;:
Vv, Li = %Exm [(Vai() XX T (Wis(t)w; — w*) — n(wis1 — w;))
(W WXy —yy")]
= %Ex,w* (Va1 () X X T (Wis(t)w; — w*) — nwipy — w;))
(ijg(t)XXTw* - w*TXXTw*ﬂ

Note that w; = (I — (I —nS)")w* for all i € [k], and wy41 = w*. Therefore, for all i €
{0,1,--- , k+1} the formula inside the expectation is an odd function of w*. Since w* ~ N (0, I;),
the expectation should be 0.

Similarly, we calculate the gradient of the W:

1 ZWZ;. _
Vwi;= EEX;w* [ZiZiTVT (VZi : %[1] — (04,0, w;q1 — wz‘,O)T> Zz‘[Tz,l]l
0q4
ey lzzTVT 0 Z;!
T 2 o Xwr | Ll Vi () XX T (Wis(t)w; — w*) — n(wipq —w;) | 71
0
O4xd 0 XXT‘/gl(t)T 0 Od
_lp o |O0axa 0 yXTVm(®)" 0 0 A
n2 X" 10gxq 0 Odxa 0| [Vai() XX T (Wis(t)w; — w*) — n(wiyy —w;) | ~'F1
Odxa O 0dxd 0 0
XXV (1) Var ()X X T (Wis(t)w; — w*) — n(wi1 —w;)] [04]
_ i]E X TV () TV () X X T (Wi (tw; — w*) — n(wip1 — w;) 0
2 X 0, w;
0 1
0 0 VW13£1(t) VW14£’L(t)
{0 0 Vwlilt) Vi, Lill)
0 0 0 0
0 0 0 0

Since we fix wsy, we only consider the remaining three blocks. First, we consider the gradient of
the vector block W1 ,4:

1
VWMﬁi(t) = E]EX”UJ* [XXT‘/E),l(ﬁ)T‘/gl (t)XXT(ng(t)wi — w*) — n('le — 'wl)]
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Notice that the X X T V31 (¢) T Vi1 (1) X X T (Wy3(t)w; — w*)—n(w; 1 —w;) is odd in w*. There-
fore the expectation is 04. Similarly, we consider the other block Ws:

1 *
VW%,CZ(t) = E]Ex’w* [(yXTV},l(t)TVgl(t)XXT(WB(t)wZ —w ) — n(wH_l - wz))wﬂ

1
= —Ex ur {(w*TXXTVg,l(t)TV31(t)XXT(W13(t)w,; —w*) — n(wisy — w,;))wj }

= led-

In conclusion, all the blocks have zero gradient except V3, W3 given that they are all zero matrices.
Under Assumption all the irrelevant blocks remain zero matrices for all £ > 0. O

By LemmalC.2] we prove that along the gradient flow trajectory under Assumption[4.1] the objective
of the linear self-attention model with residual connection can be equivalently transform to the
following simplified form.

Lemma C.3. Under Assumption[d.1| we have the training objective

k
1
LOTWV, W) = SEx [Z [Var (SWigw; — Sw") - Aw”'ﬂ
i=0

where S = %XXT and Aw; = w;p1 — w;, i = 0, 1..., k is the residual for each step i.

Proof. Given the following CoT objective,

k
1
LTV, W) = §EX,w* lg | frsa(Zi)g,—1) — (04,0, wis1, 1)“21
=0

By Lemma|[C.2] we plug in the V', W expressions and get:
ZiTWZi[ —1]

Jusa(Zi)p,—1) — (04,0, w;11,1) =V Z; — (04,0, w11 —w;,0)"

n

1
= (005,07 E‘/gl (XXTW13'wi - XyT) - Awi,O)

Since yT = X Tw*, we have

.
Jsa(Zi)p,—1 — (04,0,wip1,1) = (04,0, Va1 (ST Wizw; — Sw*) — Aw;,0)

Put it back to the loss expression and we complete the proof. O

Now the chain of thought loss can be rewritten into the form by Lemmal|C.3] we can directly calculate

the gradient update using the simplified loss for clarity. We denote the only relevant blocks W :=
% xx"

Wis and V := V3;. Moreover, we can further expand the CoT loss with Aw; = —n - - (w; —
w*) fori € {0,1,--- ,k — 1}, and Awy, = w* — wy. That leads to the following expression of the
CoT loss:
1 k—1 o 5
£COT(0) = *EX,w* Z H’U)Z -+ VS(W'UJZ — w*) — ’U)H_lH
2 P 2 (13)

2

1
“Ex -
+ 5 X,

wy, + VS(ka — w*) — w*

2

Observe that the final loss only depends on the (d + 2) to (2d + 2) entries of the transformer’s
output, indicating we can simplify the model a bit and prune out the irrelevant part. We can define
a simplified one-layer transformer to get the loss form above, where the dynamics of the equivalent
model is exactly the same with the original dynamics of W73 and V3;. Accordingly, the last token
input of the transformer for ¢-th step becomes w; and the label becomes w,; since the other entries
in the original input/label (0,0, w;, 1) do not affect prediction.
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Definition C.1 (Reduced transformer). Let 6 = (V, W) Define

fo(X,Z;) = w; + ‘73(‘7[7101- — w*)
10 be the reduced model of the one-layer transformer in Equation (3)). For ease of presentation, we
denote fo(w;) = fo(X, Z).
In the following sections, we will consider the equivalent form of transformer. Here we present the
gradient with regard to the reduced model. For clarification, throughout this section we will denote
Wy = (I — (I - nS)k+1>w* as the (k + 1)-th update, and w* is the ground-truth.

Lemma C.4. The gradient of V and W are given by the following expectations:
k
oL - TxxrT «T * Tyxr T «T
e E_O:E[(fg(wi) fwlﬂ)(wi W —w )s] +E[(wk+1 —w )(wk W —w )S]

k
88‘,;‘6/ = ZE[S‘A}T(fg(wi) - wi+1)w;r] +E[S‘7T(wk+1 - w*)wT].
i=0

Proof. Given the equivalent CoT loss in Equation , we take the gradient with regard to V of the
loss and we have

g—é = gﬂi[(fg(wi) - wi+1)<wJW/T - w*T>S} —i—E[(fg(wk) - 111*)(11),—€r‘7[7'—r - 'w*T)S}
i=0

= iE[(fe(wi) — Wit1) (w;rﬁ}‘r - w*T) S} + ]E[(wkH - w*)(w;WT - w*T) S}
=0

The second step is because we subtract E {(fg(wk) — Wk1) (wZWT - w*T) S} from the second

term and put it into the summation. Similarly, the partial derivative of W should be:
k-1

oL ~ ~
2 = N R[SV (fo(wi) — wis)w] | + B[SV (fo(w) — w' |
ow 3
k ~ ~
= ZE{SVT(fg(wi) - wi+1)wﬂ + E{SVT(wkH - w*)wﬂ
i=0
Therefore we complete the proof. O

C.2 GRADIENT CHARACTERIZATION OVER THE COT OBJECTIVE

In this section, we compute the exact gradient for the reduced model parameters to facilitate
analysis on the dynamics. For clarification, throughout this section we will denote w4 :=

(I - (I - nS)kH)'w* as the (k + 1)-th update, and w* is the ground-truth.

We first compute our gradients for the simplfied model defined in Deﬁnition which is equivalent
to the full model’s dynamics. Recall that under assumption we have V| W are simultaneously
diagonalizable, with the orthonormal basis {u;}% ;. We denote the orthogonal matrix formed by
the basis as U. We will observe that u; are always the eigenvector of V', W, so we denote V' =

UAVU T, W = UAWUT. For clarity, we ignore the timestamp when calculating the gradients
and dynamics.

We present an accurate estimate of the gradient in the following Lemma[C.5] We intensively use
the concentration lemma in Appendix D] to separate the main terms dominating the gradient flow
dynamics, and some bounded error terms that may complicate the analysis. We also call the error
terms as ‘interaction terms’, since they contain the interactions between two subspaces w;u; and

u;ju, . The structure of the interaction terms AV, AW are further characterized in this lemma,
which is essential for the final local convergence analysis.
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Lemma C.5. Suppose n = O(dlog®d), n € (0.1,0.9), k = [clogd]. Under Assumption if

we run gradient flow on the population loss in Equation (0), then the gradient of V. and W are
characterized by the following equations:
2 1 2 1 W v
UTa—f :Kkﬂ— +>AW —2(k+1— )AW+(k+1)I]AV
ov no n2-mn) U
1— — ~
— AW LT+ AV,
2-n
T 0L 2 1 ViAW INAv2_1=n,v \w
U —U=(k+1——+— A" A" —kE4+1—-——-|AY ——AY + A"
oW no n2-mn) U 2-1
where the error terms (interaction terms) HAV < O(log%d), AW < O(log%d).
op op

Moreover, there exist diagonal matrices AV ,BY, AW BW with O(log%d)-opemtor norm,

CV,DV,CW ,DW ,EW with o(

ﬁgzd)-operator norm and EV,FVNV with O((l - n)k)-

operator norm s.t. the error terms A‘N/, AW can be written as
AV — <A‘7 + nI)AV + (I - AVNV)B‘N’ Ftr ((I - AVN")AVN")CV Ftr (I - A"T’)D‘N’ +EY,
AV — (A‘7 + nI)AW + (I - AW)BVV ttr (I - AW)CVT/ Ftr ((A‘7 + nI)AV)DVT’

—~ ~2 —~ —
+ tr ((I — A")AY )EW +F%.

Proof. Recall the gradients formula of V and W by Lemma

% = iE[(fg(wi) - wiﬂ)(w;ﬁ/—r - w*T) S} —|—E[(wk+1 - w*)(w;WT - w*T) S}
i=0

881547 = 3 E{SV/T(fg(wi) - wiﬂ)wﬂ +]E|:S‘7T(wk+1 - w*)wﬂ
i=0

We expand the reduced model fy(w;) in Definition|[C.1] and get the residual term
folw;) —w;t1 = w; + ‘75(‘7‘7101» — w*) — w1
= 1~/'S<W/'wi — w*) +nS(w; —w*)
= (‘N/SW + nS)wi — (17 + nI) Sw*
Substitute fy(w;) — w;41 term in the dynamics by the equation above, we have
% - iE[(f/SW + ns) (I - nS)i)QWTS} - iE[(f/SW/ + ns) (I - nsy’)s}
CSR[(V e at)S (1 198y ) W TS| 4 S B[(V 4 n1) 7]
i=0 1=0

- E[(I — 8kt ((I g - nS)k> wT - I)}

_ = ¥ = _ B i 2~_|_
- (V—H;I)]E{SWO (I-38)) W S] (Term 1)
k - N - - ) 2~_|_ :|
+77;E{S<I W) (I (I 775)) w's (Term 2)
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S (7 n)E[sW (1 (- 18))s] (Term3)
=0

—nzk:E[S(I— ﬁ?) (I— (I—nS)i)S] (Term 4)
=0
k

_ vV (I - awT rm
; (V v nI)E [s (I (I —1S) )W s} (Term 5)

+ zk: (V+n1)E[s?] (Term 6)
=0

—E[(I—nS)kH((I— (I—nS)k)W/T —I)]. (Term 7)

To get an accurate estimate of the gradient, we apply Lemma [C.14] Lemma respectively to
each of the terms (Term 1 to Term 7) and separate the interaction terms introduced by the moments

of Wishart matrix, which is bounded by O (bg%d .

Consider Term 7 and the i-th term in the summation of Term 1 to Term 6. By Lemma |C.14{ and
< O( ) such that

_1
op — log3 d

(1 —(1- n)’C)ZAVV2 + 51] U’

Lemma|C.15| there exist diagonal matrices &;, j € [6] satisfying |||

E[SW/(I (- nS)i)QW/TS- _vul
E {S(I - VT/> (I - nS)i>2ﬁ7TS_ -

E[SW(I-(I-18))s]| =

E[s(1-W)(1-(1-18))s]| =

By Lemma there exists diagonal matrix &7 satisfying ||&7]|,, < O ((1 - n)k> such that

E [(I —pS)Ftt ((I (- nS)k)WT - I)] —U&UT.

. 1 1
Moreover, there exist oy, g < O(log—Sd>, asg, 0y, a5 < O(m> such that

& = (alAW + a2I> (I — Aﬁf) +tr (I — AW) (ongW + a4I) +as tr ((I — AVA[;)AW)I7

and exist 8; < O(log%d), By < O(dlolggd) such that
&4 251(I—AVNV) + Ba tr (I—AVNV)I.

We define Af’ as the sum of all the interaction terms (A‘7 + nI) (&1 —& — &+ &)+n(&2 —&4)

for the ¢-th term in the summation of dynamics of V. From the analysis above, there exist diagonal

matrices AY, BY, CY, DY with their operator norm O (log%d), such that (note every matrix is

diagonal, so they commute)

AV = (Avmz)Amo(;) w((1-A%)AW)BY

+ (I—AW)C? +O((11> tr (I—AW)D?.
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We define AV, as the interaction term brought by Term 7 since there is no summation in Term 7. It

< O((l - n)k)

is obvious that HAYl

op

Now we denote .
AV 1% 1%
AV =3 AY - AY,
=0
to be the sum of all interaction term of the dynamics of AY. From the definition of AY and AY,;

above, there exist diagonal matrices AV, BY, CV, DV and EY

O(log2d> ( Tiog™d ) and HEXH < O((l -n) ) such that (because k =
O(log d))

AV = (AY 1) A+t (1= AW)AW)BY + (1 - A%)CV +tr (1 - AW ) DV + EY

Sum up all the seven terms together and we have

IA

2(1—(1—n)ftt o ek
9L _ullk+1- ( )+1 (L =) AW(AVAW—HyI) v
ov U n(2—mn)
I 1 k1 o
U <k+1—1(1")>(AVAW+nI) U’
n

[ . k1 ~ ~
U <k+11(1”)>AW(AV+nI) U’

n

+U :(k +1) (Af’ + nI)] UT +UAVUT

Denote Ef/ to be the sum of all O ((1 - n)k) terms in the dynamics of V:

k+1 2k+2 k+1
v (20— 1- T T T 1- G W 7
EY = ( A-n _(-n >AW (AVAW 4 n1) - (/)i 7’77) (207 AW 4 yAW 1)

n n(2—n)

Denote EV E(Y + EY and denote AV AV + EV, we have

Kk+1 2}+M)AWQ—Q(IHJ—;>AW+(k+1)I]AV

-3 nAW+I+AV

Moreover, AV has the form
AV — (A‘7 + nI)AV Ftr ((I - A‘/T])AW)BV + (I - AW)CV +tr (I - AVV)D‘7 +EV

Similar to the calculation of the dynamics of ‘7, we can also have

k
oL oT ‘ _ T oT N
o i_OE[SV (folw;) — wip1)w; ] +E[SV (Wiy1 —w )wk}

E

:ZE-S‘N/T(V/SW—an)( (I —nS) )} zk:E[svT(VMI)S(I—(I—nsyﬂ

i=0 =0

—E[sVT(I - 58" (I (- T;S)’“)}

Il

@
I
=

E|sVT (f/s(va - I) +(V+ nI)S) (I (- nsyﬂ
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- Xk:E[SVT (17 + nI) 5(1 (- nsy’)} - E[SW(I —pS)Ft (I (- nS)’“)}

=0

_ z’“:E[S(,T‘;S(ﬁ;_I)( (I —-1S) ) ]+ZE[SVT(V+771)S(I—(I—ns)i)z]

=0 =0

k
_ o e e N — il o .
i_OE[SV (V+n1)S(1—(1-n8))| —E[sVT(I -8 (1 - (1-189)")]

We apply Lemma and Lemma to each term, similarly define AZW for i € [k] U {0} as
the sum of all interaction terms for the i-th term in the smmation of dynamics of W. There exists

diagonal matrics AW, BY . CW DW EW with their operator norm O ( log%d), such that
—~ —~ 1 — —~
W _ (AV W (1 AW\BW 1 AW\ W
AV = (AV +91)A¥ + (1-AY)B) +O(d>tr(1 AY)c)
1 v v\ pw ! WAV gW
+0( = tr((A +nI)A )Di +0( =)t ((I-A")AY ) B
We define A‘z as the interaction term brought by the last term
E [SVT(I — 8kt (I —(I- nS)’“)] .

It is clear that ‘

i < O((l - n)k>. Similarly denote

o~ k o~ o~
AW =N AV - AW,

=0

then there exist diagonal matrices AVA‘7 BW, CVT’, DW, E"T/, FO"T/ satisfying H

O(log2d> (dlolg?d>’

AW (AV +nI)AW + (I—AW)BVT’ Ftr (I—AVT’)CVT’

VT/H < O((l - n)k> such that

~ ~ — —~ ~2 —~ —~
+tr ((AV + nI)AV)DW +tr <(I —AW)AY )EW +FW

Denote F1V~V to be the sum of all O ((1 — n)k> terms in the dynamics of W, FW = FO"T’ + F1V~V
and AW = AW 1 FlvT/ Thus we have

k k
- - _ T T
§U<1 (1 ) AV(AVAWJFT]I) ZU( )AV(AV+nI>U L UAPU

210" 1
U] n(2—n)

o EY -,
~U <k+1—1(1nn)>AV(Av+n1)

2 1 52 1 21—
—U[<k+1—+ >AV AW—<k+1—)AV . 7]AV+AW]U
no n2-mn) n 2-
Moreover, AW has the form

AW - (AV + nI) AW (I - AW)BW Ftr (I - AW) cW

=U||k+1-

AV (AVAVN" + nI) UT

UT +UAVUT
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~ —~ —~ ~ ~2 —~ —~
+tr ((AV + nI)AV)DW +tr ((I —AW)AV )EW +FW.

Since |[A + B||,, < [|A]

+ ||Bll,, and [[AB|,, < [[Al,,[Bll,, it is obvious that

op’
1
gO( ; ) |
7 log™ d

1
<0li3)
op log™d

After obtaining the estimation of the gradient by lemmal|C.3] we can decompose the gradient updates
into the dynamics along each eigenspace w;, which can be characterized by the following lemma.

Lemma C.6. Suppose V = Z )\Vuj u; T W= Z uJ . The dynamics of the eigen-
values of V and W are given by the following equatlons.

op

O

\%
dry
dt

N2 2 . 1 w2l 1-7.9 .
w \%% w w \4 \%% \4
—[(k+1)(1—xj ) A (1=} )+mxj e R

d)\‘?‘; 1 =2 —~ 1— ~2 ~ 1— - —
J :<k+1—n>>\y (1_AJW)+7”AY AW TV W

dt n@Z-n) 7 0 2-n
6V‘ <O<10g2d) 6;7‘7‘ §O<1°;2d)'

Proof. This is directly obtained from Lemma|[C.5} O

where

C.3 PROOF OF THE MAIN THEOREM [4.1]

In this section, we prove Theorem .1} which characterizes the CoT loss of the trained transformer.
First, we restate the theorem.

Theorem C.1 (Global Convergence). Suppose n = O(dlog®d), n € (0.1,0.9), k = [clogd],

3A-m) 1
2-n) k+1’

ent flow on the population loss in Equation @, then after time t = O(logd + log %), we have
LET(t) < eforany e > O (bgd)z)

. . 1
dz, log ( —7

clog (ﬁ) > 2. Under Assumption with some constant o > if we run gradi-

Proof. According to the previous sections, we can reduce the original optimization problem to Equa-
tion (I3), and consider the equivalent reduced model (Definition [C.I). By Lemma[C.5] we fully

characterized the gradient expression, which decomposes the gradient of V and W into main signal

terms with large norm at 1n1tlallzat10n (terms before AV AW) and interaction terms (AV AW)
with bounded norm O( 5 ) forall ¢ > 0.

The decomposition motivates us to conduct a stage-wise analysis. We first analyze the dynamics
in Stage 1 when the distance between the parameters ‘7, W and the ground-truth is larger than
O(log%d). In this stage, the bounded error can be dominated by the signal terms in the gradient,
leading to nearly independent dynamics along each direction w;. After this stage, we enter Stage 2
as a local convergence phase. We describe the dynamics below in detail.

Stage 1 In the first stage, the dynamics are dominated by the main terms, and the interaction terms

AV AW can be somehow be ignored. Specifically, by Lemma | given the dynamics of )\jV, /\XV.

aY 2 9 _ T _
i N V(1 aW) 4 = W WV T Thw v
= [(k+1)(1 AY) oA (1= )+n<2*n)AJ }AJ L)
AW N F\ 1-7 7
L —(k+1-=)AY (1" )\V )\W —AV W
dt ( + 7;) J ( J ) n(2—mn)"’ +2— J

30



Under review as a conference paper at ICLR 2025

V \W
Amics R
the main term (terms before (5JW, (5}/) are larger than O(log%d), which is within the stage 1. That is,

we can conclude that the dynamics of the eigenvalue A mainly depend on themselves when

the dynamics within the subspace u;u,; for ‘7, W are almost independent with other subspaces. In
this stage, we focus on the analysis of /\}/7 A}’V depending on their own value.

The first stage can be further divided into two phases.

Stage 1, Phase 1. At the beginning of training, we have
v 3(1—n) 1 31—m) 1

\% — _—
A} (0)+2(2—U)(k+1)(1AyT’(0)) <ot Gt <Y

J

=R

then by Lemma we can prove an upper bound of )\J‘? when )\}7‘7 <1—(k+1)"
Y 3(1 — 1
A < _222 — n; W
U (k—s—l)(l—)\j )

1
’

J

W

according to the dynamics for both sides. With this upper bound, we prove di\é > O(%) There-

fore, /\}7‘7 will converge to 1 — (k + 1)_% in t; = O(log d) time (Lemma .

Stage 1, Phase 2. After time ¢;, we have )\}7‘7 very close to the ground-truth value 1. Meanwhile,
the lower bound for )\]V still holds, and it will further decrease. Specifically,

3(1—mn) 1

22=1 (k4 1)(1-AF (1))

AV (t)=1-(k+1)" 72 A (t1) < —

By Lemma , we can prove that /\}7‘7 will stay close to 1 — o(1):

e
2

1=2(k+1)7% < A" (1) < 14 (k+1)77

for any ¢ > t¢;. With this condition, a converging condition for ()\]‘7 + 1) can be deducted from

LemmalC. 1Tt

d()\]‘?-i-n)Q 1 v 2
dt s - 2n(2 —n) (A +77)

Lemma|C.11{shows that ‘)\}7 + 77‘ converges to (k+ 1) 1

Stage 2. Now the eigenvalues are already close to ground-truth:
AVt +t —o((k+1)" =), WV(ty+t) -1 <2k+1)" T
J(titt2)+n=0((k+1) s At t2) <2(k+1) ™.

According to the expansion of the error terms in Lemma we notice that 5]‘-7‘7 and 6]‘-7 are always
coupled with some individual residual like (AY + nI), (AW — I), or some weighted average
Ltr ((AV +nI )AV). Meanwhile, the coefficient of this kind of residual in the interaction terms

is still upper bounded by O(1/ log® d). That helps us to derive the PL-condition like gradient lower

bound (Lemma (C.12)):
dtr [(Af’ v 171)1 dtr {(I - AW)Q]

at + at

tr [(Af’ + 771)2] - %2(k 1)t [(I . AVNV)Q} +a

o1
2n(2 —n)
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where o = O((l - n)k) > 0.

By Lemma [C.12, we know )\J‘? + 77‘ and ‘1 - )\YV‘ converge to § € (@(d% 1°g(1_7’)+%>, 1) in

t3 = O(log 5) time. At this time, there exist diagonal matrices A and B satisfying 1Al,, <©()
and || B||,, < ©(1) such that

AV = yI+6-A AV =I+5 B.

Now we consider the CoT loss given by Lemma|C.3]

k—1
1 o _ 2
£ET(6) = JExu Y H(VSW +pS)wi — (V + nI)Sw*
=0 2

2

1 ~ o~ ~
+ —Ex w+||(I + VSW)w, — (VS + I)w" ,

2
Apply Lemma|C.13] we directly obtain that

L£°T(0) = 0(5°dlogd).

Since § € (6 (d5 log(k")*%), 1), the CoT loss is smaller than € = ©(d°'°¢ (1="+2]og d). The

local convergence takes t3 = O(log §) = O(log 1). Considering all stages, at time ¢ = t; + t +
t3 = O(logd) + O(%), we have

£E°T(9) <e.
O]
C.3.1 TECHNICAL LEMMA IN APPENDIX[C.3|
W - . — v .
Lemma C.7. Assume )\}}V <1—(k+1) 12, zf—gg_zg (k+1)(i—>\;""> < )\]V < 0, it holds that
vV 301-m) 1
d<>\J + 2(2—7]) (k)-‘rl) (1_>\jVTI>>
1 <0 (14)
Proof. Directly consider the derivative
d )\‘7 + 3(1—n) 1 _ ) ~ N
( 3720 (o) (1-017) _ dxy 3(1—n) 1 dxy”
dt dt  2(k+1)(2-1n) w)? dt
(1 Y )
Substitute the derivatives with the equations in Lemma[C.6] we have
A 31— 1Ly
dt  2(k+1)(2—-n) w)? dt
(1 — Al )
F\2 L 2w # 1wl -7 5
= |(k+1 (17AW) f)\W<17/\W) AWV AW7(1 5‘.’>
[(+) o) T 7) T Y Tyt o
3(1—n) 1 A% W l=n v*w_ 1l=-nv_ w
Bl AV (1-a) + LoV aW 4 S 2V )
+ n J J +77(2_77)] J +2_77] J

2(k +1)(2 ) (1- AX»NV)Q

: _3(1=n) 1 < ‘7
Since 5= (k+1)(1—/\f") < A/ <0, we have

A () 1y
dt  2(k+1)(2—-n) (1 B AVT’)Q dt
J
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g[<k+1>(1_xy7)2+§xy“v(l_gv)+ ! W]w—n) !
P - (1)

3(1—n) 1
20k + 1)(2— 1) (1 - A?’)Q

2
(k+1)(§g:Z; (k+1)<11—)\§"7)) (1—/\}7‘/)

2
1-n [3(1-n) 1 W W
+77(277)(2(277)(k+1)(1_)\?7)) )\j 5]

3(1—mn) (1_AW) L3(1—n))\ﬁ7+ 1 3(L—n) \w?

k+1n2—mn)"7 (k+1)<1—/\;7‘7) 2n(2—n)*"’

1—n . % > 31-n1° 1
+2_Z&V-V—(1+5y)+[2(2—7;)} (k_i_l)g(l_)\f‘;)S
+{3(1_")r 1-n W 1 _3(1-n) 1 sW
22=m] n@2=n)" (l-c+1)3(1—A;7’)4 22=n) (k+1)(1- )

1—1 W 1 1 30—n) w
= 1\ — ,
{2(2—17)( A ) 2—n}+k+1 2-1 A

S 2(2-1)

! 3(L=m) \w?_ v, [3(1—7,)]‘3 1
(b )(1=af) 2@ =™ PR g (@)
3(1—77)3 1-1n \w 1 _3(1_77) 1 .
i {2(2—77)} n 70

_ J —\4 _ —
@=m"7 gy D (1-27) 22=m (k11 (1-27)
Put in the assumption on )\}7[7 that )\f[; <1-—(k+ 1)_1772 , we have

Y 31— Ly

dt  2(k+1)(2-1n) (1_)\?;)2 dt

22-n)  k+192-n) (417 22 -1)°
31-n)1° 1-n 3(1—mn)
i {2(2—77)} W2y i 220

1+n 1
= — +0 T
2(2-mn) <log4 d)

B N _ B 3
. Jgun . (L) +’5J,V‘+Bg n)]( 1
1

w
0,

O

Lemma C.8 (Upper bound of AY). Under Assumption[.1} if \W < 1 — (k + 1) %, it holds that

W 3d=m) L 15
j < 2(2—77)(k+1)(1f>\yv> (15)
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Proof. We prove by induction. First, check the initialization )\]‘7(0) < —0,0 < )\}’NV(O) < % If

o> 301 1 then we have

2—n k+1°
AV (0) ¢ 20 =) ! < oSz 1
J 2(2_77)(]{}4—1)(1—)\;}‘,(0)) (2—77)]€+1_
If the inequality holds until some time ¢, that is for any ¢ < ¢;, we have
% 3(1 — 1
M) < - (L =) _
22=m (k+ 1) (1- A7 (1)
but 3(1 1
AV () > — 2L =) -
22=m) (k+ 1) (1-AF (1))
By Lemma|[C.7] we have

vV | 3(1-n) 1
d<)\j + 2= (k+1)(1_Any)>

dt

<0

t=ty
Therefore, there exists some time ¢’ < ¢; such that
i 3(1 — 1
Ay > 3L _
22 -1 (k 4 1)(1 - )\;’V(t/))

which is a contradiction. Hence, the proof is complete. O

Lemma C.9 (/\;}NV converges to near optimal). Under Assumption it takes O(log d) time for )\?V
to converge to 1 — (k + 1)_%.

Proof. Recall the gradient of )\}’T’ in Lemma

AW 1\ o2 = 1-n o299 1—-1n.v —
I (k1= )\Y (1—>\W) T \VI\W TV W
dt ( " 17) 7 7)) Ty N Ty T

Substitute )\}7 with Lemma we have

A (1-n) w
dt Z<k+1—717> Z(;Z)(k—f—l)(ll_)\ff/) (1—)\}}‘/)
2
1—n (31— 1 .
- n(2 —nﬁ) (2(2 - Z) (k+1) (1 _ )\}7’) il
1 (3(1—-n) 1 W
2= \22=m gy (1-a7) )7
> Lkt ) 28:23(“1)(11_@) (1-27)
_1-n[31-n) 1 —‘6‘7’

2=\ 2@ =) (o4 1) (1- A1)
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_3(-n’ 1 ’5?7‘
10 (2 — )? W J
2=n" k+1)(1- A7)
1(1—n)? 1
> 5 5 =
=" (k+1)(1-2W)
2
> 1d —n)2i
502-n)’k+1
In O(log d) time, )\yNV can converge to 1 — (k + 1)—%' 0
Lemma C.10. Assume AW (1) = 1 — (k+1)"72 and AV (t;) < —30=0) 1 for

~202=n) (k1) (1=A7 (1))
any t > t; it holds that

_r W _z
L=2(k+1) 2 <AV () <1+ (k+1) =
Proof. First, it is clear that the inequality holds at time ¢;. If the inequality doesn’t hold, then there
exists ¢’ > t; such that
120+ 1) = <A () <14 (k+1)""  foranyty <t <t
AW () =1-2k+1)"7
or
1=2(k+1)"2 < AW (1) <14 (k+1)"7  foranyt; <t <?
AW =1+ (k+1)"%
j @) =1+ (k+1)

In the first case, it suffices to prove

Vi o 31 —n) 5 3(1-mn) 1
)\j () < 2(2 —n) (k+1) < 2(2—1n) (k+1) (1 _ )\?(ﬂ))
to show -
d)\}’v
ar| 7"

which says there exists t; < ¢’ < t’ such that
W -
AW <1—20k+1)" 7

and leads to a contradiction. Recall the gradient of )\;7 in Lemma

Y 2 2w . 1wl -0 v
i AW LW W) s WV ST W 14
L - [(k+1)(1 AY) A (1= )+n(2_n)AJ }AJ Sp (1+97)
< - [4(k+1)—é +é[(k+1)_% +(k+1)7F] +L[1+2(k+1)—% +(k+1)—5HA;7
n n(2—n)
1 1—n _z v
— 71{ 1 12 k
2—77+2—17( +1) +‘6J’
2 b
T on2=n 7 22-n)

and thus we have 5 )
A (1) < Cemmmm 070 g

If C <0, then

3(1—n) _s5
Viy< T« 207 W gy 1)1
A () <=1 < -30 "Mk )

35



Under review as a conference paper at ICLR 2025

else

Vo 1% _ 3<1_77)

5
RY)

(k+1)

In the second case,

% 3(1—mn) ~5
AW < “a g+

still holds for any ¢; <t < '. Recall the gradient of )\?V in Lemma

w
d)\j
dt

TN RN A W St/ BN 7N N Sell/ BN NS
(kH n)Aj (-x )+n(2*n)Aj My T

1\ 2 _ 1—-n 2 _z 1—n.v W
= (k- WP By Lo P NE] s Lo W
(k+ n)AJ (k4 1) o [ F(k+1) ]+2_nAj 5!

t=t’

(k+1)% 52 1-9
_TA}/+2(2—77)J ‘J
9=’ s 30 -w)°
8(2—n) 42 —n)

(1-mn)?* 3

(2—77)2(k+1)

There exists t; < t” < t’ such that

IN

IN

AV > 14 (k+1)77
which is a contradiction. Hence, the proof is complete. O
Lemma C.11 (/\J‘? converges to near optimal). Assume
e

1=2(k+1)"% < A" (1) < 14 (k+1)77

then it takes O(loglog d) time for

)\]‘7 + 77‘ to converge to (k + 1)_%.

Proof. From Lemma|[C.10] we know

W - () D) s e - ()
< - [4(k+ 1)78 + %[(M 1) 4 (k+ 1)—%} v ﬁ [1 Yok +1) 4 (k+ 1)_5H)\]‘?
—ﬁ+;:—2(k+1)_%+‘6}7’
= - [77(2177)+O((k+1)‘é)} ()\}74-77) +O((kz+1)‘%)
and
B (1) 2 (1) W I (14a)
> - —3[(/@“)*% +(k+1)*ﬂ + ﬁ[l —A(k+ 1)1 +4(k+1)5HA;7
EERE = U
= - _77(21n)+0((k:+1)‘é)} ()\;74-77) +O((kz+1)‘%)
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Therefore,
- 2
- _
a( +) (0¥ )dAY
at N A T

< - [77(2177) + O((k + 1)‘5)] (Af’ + 77)2 + O((k + 1)‘%) (Af’ + n)

v B 1
If ‘)\j + 77‘ converges to € = (k + 1) 12, then

- 2

v

d(AY +n) S A )2
dt - 2p(2-n) K

Thus, there exists ¢ < O(1) such that

~ 2 1
2 _ (\V < 2 4
€ (/\J +77) <c exp( 0@ = 77)t>

In O(log (1)) = O(loglog d) time,

AY + 77‘ can converge to €.

Lemma C.12 (Local convergence). Suppose k = [clogd]. Assume

A @) +n| = 0((k+1)7%),

i
2

’Af‘;(t) - 1‘ <o(k+1)77

then there exists o = O ((1 - n)k) > 0 such that AV and AW comply with

dtr [(AV + nI)Z] . dtr [(I - AWﬂ

- mtr {(Af’ +n1)2] — Lk Dt {(I AVNVﬂ +a,

thus ’)\}7 + n‘ and ‘1 — )\?‘ can converge to € € (dfg 10g(ﬁ)*%7 1) in O(log %) time.

Proof. Consider the error term in Lemma[C.6 more carefully, we have
d)\‘.7 = 2 92 = —~ 1 =2 ~
I~ |(k+1 (1 - /\W) W (1 - >\W> W (/\V )
d {( . AV 7 ) T 5

+n(k+1)(1—/\}7‘7)2+ (32__777’Aj‘7’—1> (1-A7)
+(AY+”)O(10g12d)+(1_A?)O<log12d>
+tr (IAW>O(d1olgzd) +tr ((17 AVT’>AVT’)O(L“01g2d)

+o(-n")

and
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+tr ((I - AW)A‘72> O(dlongd) +o(1-n")

Now we consider the decay rate of the distance between )\}/, /\}}V and their ground truth.

A0 +n)" a(x¥ 1)’
o dt - dt
<[ P () ¢ g0 ) O )

_ L\ +0<1 - d>>(1—xf‘7)(A}7+n)

. _<k+1—727+n(21_n)>)\]‘-’ - (k+1)(>\‘-/+n>+0<m12d)](1—>\}7")2
dlog d) (AY +9) tr((I—AW)AW)0<C“:g2d)
o ) 1 )\W tr((AV+nI>A‘7)O<dIO;2d>
)0 (G) +0(1-0)

+
N
>
<
+
=
:;
7/~ N
N
>

sl
\_/
/\

(
P ) (=)o () + O <o) (14070
(1-A] ) (1- Aw)tr((Avm)Av)o(C“(ngd)

1
log”
) dlog? d)
Utilizing Mean Inequality, we have

(=)0 )| < gy (8 )+ 5 ()

Insert the inequality into the equation and we have

d()\J‘? +n)2 d(AJW _ 1)2
@ T @

< [ 0 i) | OF )" e+ o)) 1)’

A )i (1-a%)0( ke )+ (F ) (1-4%)a%)o 1)
Y (a- W)O(dm}d)+(I_AJVNV)“((AM"I)AV)OQlo;d)

=)o (1= a%)a" Yo (o) o0 w))
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There exist oy, ag, ag, g, a5 = O( > 0and ag = O((l — n)k) > 0 such that

dlog? d)

R I e e
- (@2 : !

dt dt logs d
o))
+a1)>\}7 o tr(I—AWD +a2’)\}7 +77‘ : tr((I—AW’)Aﬁ?)‘

a1 = At (|1 = A% ]) a1 =2 [ ((AY 4 n2) A7)

tr ((I - AVT’)AVZ)

+a5}1—Af‘7‘- + a.

Notice that for diagonal matrices A and B, we have

E aiibi;
i

tr (AB) < |tr (AB)| =

<D laillbisl < Y laisl| Bl = te(|AD|IBI

Plug in the inequality and we have

d()\‘7d+ n) . d()\ﬁf 1)’
_[ <log6d>](&v+n - k+1)+0(k ):|(1_)\;7[7>2
oY + ‘ AW |) + a2 AY 4|t (|- A%]) - A%

(1-
o0 P () |
(r-x%)) |

+C¥5‘1 )\ ’

- L(Ql—n) +O<log1éd> (A +) = e+ 0+ 0 ()] (1= AF)’
+ (o +an[a ) af o ([ - a¥) wada¥] e a3 ([AY 40
Avj).\l_ﬁ -
Take the sum of both sides separately, we have
dtr[(AV—FnI)z} dtr{(I—AW)Q}
de + dt
< - [t o ) o[+ )] - b s o (ut) e[ (r- 4]
AY]) o (A +nt]) o (|1 - A7)
AV >.tr2(1AV~VD+a6

From Jensen’s Inequality with f(x) = 22, we have

2
<Zf1 Ai) < Z?:1 )‘?'

+ ag

+ <043 + a5

I—AW’) + ag

fovsa]a¥] o

+ <043 +Oé5

d - d
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Therefore, it holds for diagonal matrix A € R?* that
tr® (A) < dtr (A?)

Plug in the inequality and we have

dtr [(A‘7 + nIﬂ dtr [(I - Awﬂ

at *
1 2 77 =\ 2
m= | (47 } e+ i | (1-4%) ] e
Because k = [clogd], we have O(d (1-n k) d—cog(75)+1 S0 in O(log 1) time, —I—n‘
and ‘1—)\}7‘ converge to € € (@(dzlog(l ’7)+%) ) O

Lemma C.13. Suppose 6 € (@ (dg log (1_")"’%), 1) and there exist diagonal matrices A and B
satisfying || Al O(1) and || B||,,,, < ©(1) such that

op—
AV = gI+6-A AV =I1+4 B,

then it holds that
£9°T () = O(s%dlog d).

Proof. Now we consider the CoT loss given by Lemma|C.J]

k—1
1 - ~ 2
LT(0) = SExwr Y H(VSW +S)w; — (V + )
=0

+ %Exyw* (I+VSW)wy, — (VS + Dw
Plug in the expression of AV and AVNV, we get
CoT 62 k—1 . 5
£OT(9) = EE; H(AS —1SB +6ASB)(I - (I-7S)') - ASHF (16)

1 = 2
+ QIEHf(I — 8k AVS{f(I — 98 + 5B (I - nS)kﬂ HF (17)
‘We first consider the term in the summation:

. 2
EH(AS ~1SB +3ASB)(I—(1-1S)') - ASHF

EH(—nSB +5ASB) (I - nsy’) —AS(I —3S)’ i

— &rE {(—nSB +5ASB) (I —(I- nS)i)Q(—nBS + 5BSA)]

- 2trE[(—nSB + §ASB) (1 (I- nsy’) (I - nS)iSA} + trE[AS(I - US)QiSA}

N 2
= tr ((—nI +5A)E [SB (1 (- 775)") BS} (=l + 6A)) (Term 1)
P ((nt +5A)E [SB (I - nS)Z) (I - nsy’s] A) (Term 2)
+ tr (AIE {S(I - nS)ZiS} A) (Term 3)

Apple Lemma[C.13]to the expectation in Term 1, we have

E [SB (I - nS)i)QBS]
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=(1-0- n)i)sz + o(log13 d) {BQ + 0(2) tr(B)B + o(ji) tr (BY)I + O(d12> tr2 (B)I} .

It is obvious that

HE [SB(I —(I- 775)1‘)235} <o().

op
Therefore, for Term 1 we have

tr ((—nI +6A)E [SB (I (- 775)") QBS} (—nI + 5,4))

N 2
< d||-nI +§A|7?, - H]E{SB(I (- nsy) BS]

< 0O(d).
op
(all matrices in the inequality are diagonal matrices.)

Similarly, for Term 2 and Term 3, we have

tr (=T + SA)E[SB(T — (T - 8)") (I - 15)'s] 4)| < O(a)
tr (A]E {S(I - nS)QiS} A) < 0(d).

Add Term 1, 2, 3 together and we have

, 2
E|/(AS — 7SB + 5ASB) (I (- nsy) - ASHF < O(d).
We then consider the second term in Equation (I7):

E|—(I —nS)* +A‘75[—(I—775)k +5B(I— (I_”S)k)] HQF

—E _(I n AVS) (I-18)*+5AVSB (1 —(I- nS)k> Hi
_— (E[(I + AVS) (I —S)* (I + SAV)D
—25tr (]E [(I + Af’s) (I-n8)"* (I (- nS)’“)Bs} Af’)
+ 6%t (A‘7E [SB (I (- 775)’“)235] A‘7>
< 0(s%d). (1=n)" <9

Recall the CoT loss in Equation (T6) and Equation (I7). By the analysis above, we directly obtain
that
£9°T () = O(s%dlogd).

Hence, the proof is complete. O

Lemma C.14. Suppose S = 13" xz], n = O(dlog’d),k = O(logd),n = O(1) €
(0.1,0.9), || Allop < O(1), |ITlop < O(1). Then the expectation

E [SA (I —(I- US)’“)FS} - (1 (- n)’“)Ar +A,

where ||Allop = O(%) < O(log%d). Moreover, the error is in the form

A = a1 AT + ag tr(A)T + ag tr(T)A + ayg tr(A) tr(T) I + ap tr(AT)T

2

where o = O(%),ag,ag,c% = O(%),cm = O(%).

Proof. We can directly get the lemma by applying Lemmato E[SATS|,E|SA(I — nS)kI‘S .
O
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Lemma C.15. Suppose S = 13" xx, n = O(dlog’d),k = O(logd),n = O(1) €

(0.1,0.9), || Allop < O(1), |IT]lop < O(1). Then the expectation

S

2 2
E {SA(I (I- nS)k) rs} - (1 (- n)’“) AT + A,
where ||A|op = O(%) < O(log%d) Moreover, the error is in the form
A = a1 AT + as tr(A)T + az tr(T)A + ag tr(A) tr(T) T + a5 tr(AT)T

2

where a; = O(%),OLQ,O&,,O% = O(%),(u = O(%)
Proof. We can directly get the lemma by applying Lemmato E[SATS]|,E [S A(I —nS )kI‘S}
and E [SA(I - nsf’“rs} . O

Lemma C.16. Suppose S = 13" xax] n = O(dlog’d),k = O(logd),n = O(1) €
(0.1,0.9), || Allop < O(1), |IT]lop < O(1). Then the expectation

S|

E [SASF (I (I- nS)’“)] - (1 (- n)’“)Ar +A,

where ||A|op = O(%) < O(log%d) Moreover, the error is in the form
A= a1 AT + as tr(A)T + az tr(T)A + ag tr(A) tr(T) T + a5 tr(AT)T

where o = O(%);OK%QZ%O% = O(%Q)»O“l = O(%)

Proof. We can directly get the lemma by applying Lemmato ]E[SASI‘],E{SASI‘(If nS)k .

O
Lemma C.17. Suppose S = 13" waxl n = O(dlog’d),k = O(logd),n = O(1) €
(0.1,0.9), [|Allop < O), |IT]lop < O(1). Then the expectation

2 2
E {SASI‘ (I (- nS)’“) } - (1 —(1- n)k) AT + A,
where ||Allop = O(%) < O(log%d). Moreover, the error is in the form

A = a1 AT + az tr(A)T + ag tr(T)A + ayg tr(A) tr(T) I + ap tr(AT)T

2

where oy = O(%),ag,ag,% = O(%),% = 0(33)-

Proof. We can directly get the lemma by applying Lemmato E[SAST],E [SASI‘(I — nS)k}
and E [SASI‘(I - nS)Qk] . O

C.4 OUT-OF-DISTRIBUTION GENERALIZATION

We restate the formal theorem here. We still denote S := %X X T for simplicity. Note that the
number of steps k can be different/larger compared to the step number in the previous training
theorem.

Theorem C.2. Suppose n = O(dlog’d), n € (0.1,0.9), k = Clogd. Assume the out-of-
distribution input data x; ~ N(04,%),i € [n] where % < Amin(B) £ Amax(B) < 277;51(0”
some constant § > 0.1, and w* ~ N (0g4, I). Then the trained transformer in Theoremsatisﬁes
that L5 (t) < e for any € € (d_CIOg(“‘i“{ﬁvﬁ})*'l log? d, 1).
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Proof. Recall the definition of the evaluation loss and our reduced transformer (Definition [C.T))

, 1 ; |’
,CEle(V7 W) gEX,w* |: ‘fLSA(Zk)[:,—l] - (0d7 07 w, ].)H ]

= 2B[I o) — ]

where Z & is the generated sequence after k steps and Wy, := fg(wWg—1) is the k-th generated inter-
mediate weight vector. Note that each step the transformer is inputted with the last step prediction.
We define the prediction error at each step i is Aw; := w; — w; = fo(w;—1) — w;. We expand the
term fg (W) — w* and sum up the error accumulation as follows:

fo(wy) —w* < (wi1 —w”) + (fo(Wr) — wiy1)
= (’wk+1 — w*) + wy, + VS(WUAU@ — w*) — Wg41
< (Wpy1 — w*) + (wk +VS(Wwy, — w*) — wkH) + (I + ‘7517[7) Awy,.

After one step of decomposition, we notice that the error Awy,41 can be decomposed into two parts:
(1) The approximation error predicting w1 with ground-truth input wy. We define it

Agff = wy, + VS(W'wk —w"*) — Wiy
(2) The accumulated error from the last inference step: (I + VSW/) Awy,. Therefore, we can
inductively calculate the sum of the error:

fg(’li)k) — w* S (’wk+1 — w*) + (wk + ‘N/S(W’wk — w*) — wk+1) + (I + VSW) Awk
= (wk._;,_l — ’LU*) + Azf? =+ (I =+ vSW)Awk
* pred S QYRS pred ~ oo\
= (w1 —w") + AP+ (T+ VSW) AP 4 (T4 VSW) Awyy
k .
= (wgy1 —w*) + Z (I + ‘N/Sﬁv/) A],zr_efH (Awg = 0 by definition.)
i=0
Then we have our evaluation loss upper bounded:

SE[lfo(wr) — w ] = 5B

k .
(Wi —w')+ > (T+VSW) AP,
1=0

k
< % (E [(whyr — w)|* + ZEH(I + Vsﬁ?mgrefﬂ”?) ()
=0

We first consider the first term: E ||(wg11 — w™) ||2:
Ewyi1 — w*|? = E||(I - (I —nS)" ) w* —w*||” = tr (E(I — nS)*+?)
< 2d(1 — §)2k+2 < 9g—2¢los(r55) +1, (Lemma|D.3)
Then we consider the second summation term. Since the parameters of the reduced model vV =

—nI + A, W = I + B, where | Al|,, | Bl,, < d"#°1°&(=5)+3 for some constant ¢ > 0, we
want to bound the prediction error given the ground-truth input. By Lemma|[D.6| we have

2

k
EY H (I+VSW)APed H2
=0

= Ei H(I +VSW)i(wi—i + VS(Wwy_; — w*) — wk_i+1))H2

i=0
< O(d*mog(ﬁ)ﬂ ) k)
Therefore, plug those back to Equation (), the total evaluation loss should be upper bounded by
LEval(O) <0 (d—C log(min{ﬁ,l—is})-‘rl . k2) _ O(d—Clog(min{l%n,l%d})-i-l 10g2 d)
O
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D SUPPLEMENTARY LEMMAS

D.1 CONCENTRATION LEMMAS

In this appendix, we prove some concentration lemmas to estimate the expected gradient more ac-
curately. Throughout the proof, A,I" are both symmetric matrices with orthonormal eigenbasis

{ui}gzl‘

Lemma D.1. Suppose S = 13" xx], n = O(dlog’d),k = O(logd),n = O(1) €
(0.1,0.9), || Allop < ©(1). Then the expectation

E[SA(I —nS)kS] = (1 —n)F(A+A),
where ||Allop < O(@) = O(@) Moreover, the error is in the form A = a1 A + ag tr(A)I,
where ai; = O(k d) g = O( >

Proof. Denote S := S — I. Then we expand the term SA(I —nS)*S:
SA(I —nS)*sS
= (I +6S)A((1 —n)I —nd68)*(I +4S)

=1 —-n)kI+ 5S)A<I -

n k
= 55) (I+6S)

kn

(l—n)55+<§>< ) 552+Z( )( ) 587

kn

F1 - +dS)A| T - T (’;) <1”> +Z( )( ) 587 |58

Now take expectation to both sides. Note that E[0S] = 0, so all the terms only contain first order
0.8 vanish. We denote

=(1=—n)*I +5S)A| I -

(1—n)kA =SAI —nS)*s —(1—n)* (A +6SA + ASS — f_”nAas),

which denotes all the higher order terms (the degree of 6S > 2.)

Since we have the tail bound for 6.5 in Theorem 4.6.1 [Vershynin| (2018) (In this lemma || - || is
operator norm if without specification):

Pr (H&SH > max ((5, 52)) < 2e)<p{—52}7 where § = C<\/§+ jﬁ) (18)

We can estimate the expectation using this property. First, given s = v/d and ||§S|| < max (6,6%) =
C \/g (since n = O(d log® d)), we can upper bound the operator norm of A:

18y < ||A (’;)( )55”2()(1_”)%51 op
(s Q) ) em S O )|
() S0 s

op

+ ||[0SA| I -
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kn

s () 5 0) () o)

Now upper bound all matrices with their operator norm and combine all terms with the same degree
of §S. We have

s S ()2 o E ) ) () s

+ A -

op

k+2
<3 AN((9k) + 209K + (9)2) 687 (12 <9, () <k1)
j=2
k42 P J
<4 Al - J = < a.
< ;n |- (9k) (0\/;) (58] < €\/4)
81C?%k2d 1 k2d 1
< 4] g <00 ), 1)
no 1 (B2 T log” d

Given this upper bound, we can now upper bound the operator norm of the error term A := E[ﬁ]

— [Au] .
Suppose u := arg MAX ;||| =1 a] > then the operator norm becomes:

INE RN

S SCE ot S {1z C'm})]

2 o0 _
< O’U +/ Pr[nAH > 3} ds
'k2d

When ||A]| > s where s > C£2d k 4 we can first upper bound the ||A|| with ||6S|| using the second
row of eq. (FI): there exists some constant C1 > 0s.t.

k+2
IA1 <437 AL - (9kI6SI) < max ((C1k[6S1)?, (Cikl5S])*2).
=2

Therefore, when || A > s, [|6S]| > min{2 o 27 lgkz )} To apply the tail bound, we need to make

$1/2 1/(k+2)
sure we pick some s such that max (,6%) < min{%—,

o ' 12 1/042)
probability, where § = C(\/% + %) Now since s > Cﬁ d, mi {C e P> C, \ﬁ
. ’ S1/2 g1/ (k+2)
for some constant C\,. Therefore, we just need max{ 5 —} < min{fg, e hoie s <

. s/ BH2) s1/ k) /sn. sV4m
mm{C’g - ,C3 T ,Cy—,Cs e

2———1 to upper bound the integral of

Sl/(k+2)\/ﬁ Cg sl/(2k+4)\/ﬁ 04\/5 CS 51/4\/5
k ’ VEk ) k) Vk
where Cs, C3, Cy, C5 are some constant, we have the error term for the tail expectation,

00 8] g1/2 g1/(k+2)
> < >
/Clk2 Pr[||A|| s}ds /%’2 Pr {HéS mm{c Ok Hds

< 2/ exp{—s"?}ds.

C'k2d
n

Applying the tail bound (18) with ' = min {C,

Now we estimate the upper bound of error with

. §2/(k+2) g1/ (k+2) sn N
3’2:m1n{022- n,Cs - n’C‘%-k?’Cg-k}'

k2 k
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2
For the first term, let z = %52/(“2):

) ) 52/(k+2)
2 _c2.2
/c/m exp{ Cs 12 n}ds

00 k2 k+2)/ Lo
=(k+2) /C%n(c/kzd)kiz (C%n) exp{—z}az*/?dx
Sz T

k)2 e
- (k N 2) ' k2 (k+2)/2 CQ C'k2d y B 02271 C'k2d\ 72 - @
- C3n K\ n P k2 n ~ n

1/(e42)
The second term, let 2 = C5 - &—

) g1/ (k+2)
2/ exp{—C§ . n}ds
C’'k24d k

e} k+2
=2(k+2) L exp{—z}z"dx
ggn (cuzay iz \Cgn

kN2 (o2 fomzay ) C2n [ C'k2d\ 72
= B it S _ 3" <
s (ag) o (G(50) ) e )

2
For the third term, let x = C,‘;S":

o Cisn o k2
2/0%2(1 exp{— 12 ds = Luﬁd,CEn n exp{—x}dx
n n k2

k? C'k*d Cin k%d

n

S AR o (OB [ n 0k kA
“n2Ct TkE\ n P k\ n ~ n

Therefore, we plug this error back to the upper bound of ||A|:

jals oty [7 wrlia) 2 sas
C’k24d

n

k2d oo sl/2 g1/(k+2) k2d
< == >min{—, ——— = — )<
C +/ﬁ2dPr{||(5S|m1n{Clk, N }]ds O( - ) O(

k;d

n

),
log®d )"

Finally, since by Lemma we know the error is in the form A = a3 A + ag tr(A)I for all A.

n

Therefore a; = O(@)’@2 = O(%z)

Lemma D.2. Suppose S = IZ" xzx], n = O(dlog’d),k = O(logd),n

7

(0.1,0.9), || Allop < O(1), ||1"||Op < @( ). Then the expectation
E[SA(I —nS)*T'S] = (1 — n)*(AT + A),
where ||Al|op = ( d) < O(log%d). Moreover, the error is in the form
A = a1 AT + ax tr(A)T + ag tr(T)A + ayg tr(A) tr(T) I + ap tr(AT)T

2

d k? k
where o] = <7 , 2, i3, Qi5 = O(?)’CM4 - O(nid)
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Proof. Denote §S := S — I. Then we expand the term SA (I — nS)*T'S:
SA(I —nS)*rs
= (I+6S)A((1 —n)I —ndS)*T(I +5S)

=1 -nkI+ 5S)A(I

n k
e 55) T(I +6S)

(1n)k(1+5S)A<I( kf )5s+(2>( > 552+Z< >< ) 55ﬂ>
+(1n)k(1+5S)A(I (1’“_”77)5s+ (2>( > 552+Z< >< ) 55ﬂ>r55

Take expectation to both sides. Note that E[§.S] = 0, so all the first order term vanish. We denote

(1—n)*A = SAI —1S)"TS — (1 — n)’“(A +68-AT + AT - 6S — 1]L7A : 55r),
-
which denotes all the higher order terms (the degree of §S > 2.)

We can estimate the expectation using similar technique as in Lemma First, given s = v/d and
[6S]| < max (6,46?%) = C\/g (since n = ©(dlog” d)), we upper bound the operator norm of A:

(OG5 s S0 )]

s () 5) o 5 () o)
; 5SA(I(1@7)5S+(2)( Do e (4)( ))
( as s () () s S () (7 ))

Now upper bound all matrices with their operator norm and combine all terms with the same degree
of §S. We have

[Allop <

op

N ]furnnAn (( VG5 )R ()G ”n)j_2> B

k+2
< D ITHIAL(9F) +2(9%) " + (9%)72) |65 (1% <9,(5) < k)
j=2
k42 _ d J
<4 |TY[A] - (9K (O\/D (|68 < Cy/ )
j=2
81C?%k%d 1 k2d 1
< 4 AT g <0 <05
no 1 (BEE) T log? d
Now upper bound the operator norm of the error term A := E[&] Suppose u =

lAvu]| .
Arg MAX g, (||| =1 g * then the operator norm becomes:

1A = [uT E[A]ul
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RS

2 oo ~
<o’ﬁ+/ Pr[nAH zs}ds

C'k2d
n

~ 11,2 .
When ||A|| > s where s > CS d there exists some constant C; > 0 s.t.

JA] < max ((C1EI8S])?, (CakllS])"?).

N
some constant, we have the error term for the tail expectation

o) - 00 1/2 1/(k+2)
> < >
/C P[] > sds < /C Pr{éSH min{ 7, o }]ds
= 77;0 2
< —s"?}ds.
< 2/Clk2d eXp{ S }ds
Use the exact same argument, 2 [¢7,24 exp{—s'?}ds < % Thus, the upper bound of ||A|| is:

jag <oty b [, P11 = o]
C’'k2d

n

o k2d o P 55 1/2 1/(k+2) d O k2d o 1
< —_— > = — ) < — .
=% +/cfﬁ2 r[” | mm{c kB Cik }] g ( n ) = <log3d)

Finally by Lemma [D.8] we know the error is in the form A = ay AT + s tr(A)T + a3 tr(T)A +

ay tr(A) tr(T)I for all A, T'. Therefore a; = O(k d) g, a3 = O(%),cm = O(E—Z). O

Therefore, when || A > s, [|6S]| > min{ 01/27 I/C(fzz)} Like Lemma | applying the tail bound
with ¢/ < min {02 1/(’:2)\7,03 1/(2“4)\7,04@,65 sli/gf where C5, Cs, Cy, C5 are

Lemma D.3. Suppose S = lzn xzx], n = O(dlog’d),k = O(logd),n = O(1) €

7

(0.1,0.9), || Allop < O(1), ||1"||Op < G)( ). Then the expectation
E[SAST(I —1S)*] = (1 — n)"(AT + A),

where ||Al|op < O(

5 |. Moreover, the error is in the form
log® d

A = a1 AT + az tr(A)T + as tr(T)A + aq tr(A) tr(T) I + as tr(AT)T

2

where oy = O(de) Qa, a3, 05 = O(%Q),OQ; = O(%).

Proof. Denote §S := S — I. Then we expand the term SAST (I — nS)*:
SAST(I —nS)*
k
5.5')

= (1—n)"(I+6S)AT 1—(1’“_” 5s+( (1” )5SQ+§:<)< >5Sﬂ

J=

)
+(1— )T +5S)ASST | T - k" 508+ (g)( ) 552+Z< )( > 587

Take expectation to both sides. Note that E[§.S] = 0, so all the first order term vanish. We denote

=(1L—=n)"I+68)A(I + ST (I

(1-n)*A = SAI —1S)*TS — (1 —n)* (A 4+ 65 AT + AJST — 11“7 AT . 55)
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which denotes all the higher order terms (the degree of §S > 2.)

We can estimate the expectation using similar technique as in Lemma Given s = V/d and

[6S]| < max (6,6%) = C\/% (since n = ©(dlog® d)), we upper bound the operator norm of A.

We directly expand the formula and upper bound all matrices with their operator norm and combine
all terms with the same degree of 6.5. We have

e Ii NN (( VG 2GS () (&)) jasiy

k+2
< Z T AL ((9%) + 2(9K)7 " + (9k)"—2)[|6S|7 (1% <9, (’;) < ki)
j=2
k42 J 9
» d k2d 1
<4 T||||A| - (9k) C\/7 <C’<O( > 58| < C4 /2.
< ;H AL ( )( n) n =g a ([oS] < \/:)

|Au]]
willul =1 T

NE EﬂuTﬁu\ (11{“5|| < Ckzd} {”A” ¢ kzd})]

2 oo ~
< C”M —|—/ Pr[”AH > s} ds
'k2d

then

Now upper bound the operator norm of A := E[A]. Suppose u := arg max

~ 11.2 .
When ||A[| > s where s > %4 there exists some constant C; > 0 s.t.

JA] < max ((C1EI8S])?, (CakllaS])+?).

Therefore, when ||A]| > s, [|0S]| > min{g/z, 1gk22)} Like Lemma . applying the tail bound
e . s1/ 02 SU/ R
with ' < min {Cg s ,C32 7% C4 05 where Cy, C3, Cy, C5 are

some constant, we have

00 0 1/2 1/(k+2) 00
/C . Pr{HAH > s}ds < /%Q Pr[||5S|| > mm{C ey }} ds < 2/ exp{—s?}ds.

'k C’'k2d
n n

2
Use the exact same argument, 2 fﬁﬁzd exp{75/2}d5 < de_ Thus, the upper bound of || A|| is:

k2d 00 1/2  (1/(k+2) k2d 1
Al <c'=— +/ s Pr{||55| > min{sc—k, S}] ds = O() < O( : )
C'k2d 1 n

Cik log® d
Finally by Lemma D.8] we know the error is in the form A = o AT + az tr(A)T + ag tr(T)A +
ay tr(A) tr(T)I for all A, T'. Therefore a; = O(%‘i),ag,ag = O(%),(M = O(fTZ) O

Lemma D4. Suppose S = 13" zxl, n = O(dlog’d),k = O(logd),n = O(1) €

(0.1,0.9), || Allop < ©(1). Then there exists 6 = O(#) < O< ) the expectation is
)

log3d )’

E[A(I —nS)*] = (1 —n)*(1+0)A

Proof. Denote §S := S — I. Then we expand the term A (I —nS)":

k
kE_ k n
AI—-nS)"=(1-n) A(I a 77)55')

=1 -n"A I—(lknn)as+<’;)( )55%2()( >5SJ
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Take expectation to both sides. Note that E[0.S] = 0, so all the first order term vanish. We denote
~ k
(=R = AT =08~ (1= (A= LA as),

which denotes all the higher order terms (the degree of 6.5 > 2.)

We can estimate the expectation using similar technique as in Lemma First, given s = v/d and
[65]] < max (6,6?%) = C’\/% (since n = O(dlog® d)), we upper bound the operator norm of A:

130 < 2 (5)(+2 >552+2<>< )asj

Now upper bound all matrices by operator norm and combine all terms with the same degree of 6.5

_ k k’ k+2 -
131y < Y141 ((j) (ﬂn) 16819 < S IAIORVISSI (L <9, (%) <)
2

op

Jj=2
1C2k? 1 2 1
<A B ~<ctlco (98] < 0\/4)
noo 1 (%) T log® d "

Aull

I
wi|ul|=1 "] °

18] = |u"EE ] - Eﬂumuy <1{£|| < c’“j} " ﬂ{nAn > O’kzd}ﬂ

k2d o ~
SC'7+/ Pr[HAH Zs}ds
n C’k2d

n

Now upper bound the operator norm of the error. Suppose u := arg max we have

~ 1.2 .
When ||A[| > s where s > €24 there exists some constant C; > 0 s.t.

J&] < max ((C1k[S])?, <01k||5sn>’““).

/2 g1/(k+2)

o }. Like Lemma |D. 1| applying the tail bound
. ’ . 51/(k+2)\/ﬁ Sl/(2k+4>\f Vsn n

WlthS < mm{C’g T ,C3 7k ,Cy % ,057 where Cy, C3, Cy, C5 are

some constant, we have the error term for the tail expectation

s1/2 g1/(k+2)

[e%e] > - ) > - [ee) o .
/C’fﬂ PY{HA” S}ds /(&-2 Pr[”65” mm{Ck: Cik }}dS_Q/C/m exp{—s"}ds

n

Use the exact same argument, 2 |. 8‘75% exp{—s2}ds < £24_Thus, the upper bound of || A is:

A C” Kd P 0S| > mi 1/2 1/(k+2) ds=0 kd (0] !
< R > = [ < .
Finally by Lemma we know the error is in the form A = a; A forall A. Soa; = O (—kid) . O

D.2 CONCENTRATION LEMMAS FOR OUT-OF-DISTRIBUTION DATA

For non-isotropic covariance Gaussian data input, we also have the concentration around the covari-
ance X when n = ©(dlog®d) for ¢ > 0. We still denote S = L X X 7. The following lemmas
are involved in the calculation for the evaluation process, for in-distribution and out-of-distribution
input examples X.

Lemma D.5. Suppose S = L LS @iz where x; ~ ./\/(0,1,2) < Amin(X)
T‘Sfor some constant § > 0.1, n = O(dlog” d),k = O(logd),n = @(1) (0.1,
expectation

< Amax(3) <
0.9). Then the

tr (E(I —nS)*) <2d4(1 - )~
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Proof. Denote §S := S — X. Then we expand the term A(I — nS)*:

I —n% n *
_ kE_(1_ sk __n
(I—nS)"=(1-9) < 135 1 665’)

=(-9¢ (Il_—n?)k_ (1]?]5)<I1_—n<52)k 55+Z< )(I nZ) (i;)j55j

Take expectation to both sides. Note that E[§.S] = 0, so all the first order term vanish. We denote

~ I-9=\"  kn [I-n=\"!
(1—5)kA=(I—nS)k—(1—5)k<< s > —(15)( s ) 55),

which denotes all the higher order terms (the degree of 6.S > 2). Note H I - _”62 H <1
op

We can estimate the expectation using similar technique as in Lemma First, given s = v/d and
[6S]| < max (6,46?%) = C\/g (since n = ©(dlog” d)), we upper bound the operator norm of A:

k k—j j
~ K\ (I —nX —n ,
< E J
op

Now upper bound all matrices by operator norm and combine all terms with the same degree of §.5:

|A||ops§j (( (%) >|6S||7 STOPISSE G <0.(5) <k

j=2

8102k2d 1 k2d 1
< : <C'i1=<o — SSIl < O/ 2.

[[Au]
wiul=1 el

18] = [uTB[AJu| = EUUTM) (1{3” < Ck;d} * 1{”“' > Clkzdm

<C’M+/ Pr[HEH Zs}ds
n

C'k2d
n

Now upper bound the operator norm of the error. Suppose u := arg max we have

~ 1.2 .
When ||A[| > s where s > €54 there exists some constant C; > 0 s.t.

|A]| < max ((CrklI8S1)?, (Cakllas])*+).

/2 g1/(k+2)

Therefore, when || A > s, [|6S]| > min{ t% o) Like Lemma | applying the tail bound
with s’ < min {02 51/(’“;2)\/5’ 03 Sl/(zf;;)f, 04 \/E 05 where Cg, 03, 04, 05 are
some constant, we have the error term for the tail expectatlon

s1/2 g1/ (k+2)

- > < - > < > 2 )
/Ci/k2 Pr|:HA|| S:|d8 /’kz Pr|:||6S|| mln{c k Clk }:|ds_ 2/\Clk2d eXp{ s }dS

Use the exact same argument, 2 fg?zzd exp{—s?}ds < %. Thus, the upper bound of || Al is:

k2d [ sl/2 g1/ (kt2) k2d 1 1
Al <C'— Pr(|6S|| > min{—, ——}|ds=0( — | < S
a0 [, 19512 mind i = s =0 ) < 07 <5

Finally, the absolute value of the trace should be upper bounded by

tr <(1 — o)k ((Il—n(?)k + A)) < 2d(1 —6).
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The next lemma deals with the prediction error.

Lemma D.6. Suppose S = 13"  xx] where x; ~ N(04,%), and the covariance matrix
satisfies % < Amin () < Apax () < 2,—;‘5f0r some constant § > 0. Assume n = 6)(dlog5 d), k=
O(logd),n = ©(1) € (0.1,0.9). Denote that A := V +nI,B .= W — I, |Al,,, | BI|,, <
O(d~¢). Then for any i < k,

— . ~ . 2 1—-46 21
]EH(I FVSW)i(wi_s + VS(Wwj_; — w*) — w,HH))H < o((dm)l)

Proof. We will adopt a similar method as we did throughout Lemma|D.1|to Lemma|D.4]
First, we expand the left hand side loss:

EH(I +VSW)i(wj—; + VS(Wwy_; — w*) — wkfm))HQ

= EH(I + VSW)i((VSW +0S)(I — (I —nS)F " yw* — (V + nI)Sw*) ’2

- EH(I + f/sﬁ?)i((ffsﬁf 4+ S)(I — (I —3S)F~%) — (V + nI)S) Hi

<d. IEH(I + f/sfif)i((f/sﬁ? £ S)(I — (I —3S)F1) — (V + nI)S) ’

op

The second equation is due to w; = (I — (I —nS)"), and we arranged to stress the error terms. The
third line is because E[w*w* '] = I. The last line is || - || < V||

Now we expand each term of the expression within the operator norm into A, B, I, and S:
I+VSW =1-nS+ ASB —nSB + AS.

VSW +1S=ASB —nSB+ AS,V +nI = A.
Therefore the formula becomes (consider each term separately)

(1+ 17517[7)1 —(I-1S + ASB — SB + AS)’

((f/sﬁ? +0S)(I — (I —S)F~%) — (V + nz)s)

= (—nSB + ASB)(I — (I —1S)*™%) — AS(I — nS)k*

We still denote 6S = S — 3. We first consider when the concentration holds, ak.a ||[6S] < C \/g :

Since || A||, || B|| < O(d~¢), their error are dominated by C \/g . We reduce this case to the previous
Lemma[D.5| Therefore we can upper bound the expression by

HI + Vsﬁ?Hi —|I-1S+ASB —1SB+ AS|' < 2(1 —5)
|(=nSB + ASB)(I — (I —nS)F~") — AS(I —nS)" || < O(d™°).

That means this part of the expectation is upper bounded by d - 2 (1 — §)%i-O(d~2¢) = O ( S;‘fo )
Then we estimate the tail expectation. We first upper bound the above formula by ||6.S]|:
HI + V/SWH = I - 1S + ASB — SB + AS||' < O(k(1 — §)' min{||5S|, 1}")

|(~nSB + ASB)(I — (I —1S)"") — AS(I —1S)*~*|| < O(kd = min{1, |§S]*~"}).

Use the same argument as in Lemma to calculate the integral of tail bound, the tail expectation

can also be upper bounded by O ((dl;ifff . Combine those two part and we finish the proof.

O
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D.3 THE FORM OF EXPECTATION

Lemma D.7. Suppose S = % Yoy x; ] , then the expectation is in the following form for any k:

E[Susu:Skutu;Sk/} = alusuz + ozgututT + asl for any s # t.

E[Susuzskusuzsk/} = oz4usu;r + asI.

Proof. We notice that by changing the basis to {u,}?_;,

E[Su,u] S*uu] S¥'| = UE[(UTSU)e.e] (UTSU) ere] (UTsU)" [UT.  (19)
Define #; = U " ;. Since gaussian is isotropic, we have E[#;] = U " E[z;] = 0. After we change
the basis, the covariance matrix of &; should also be the same:

Cov(2;) = U Cov(z;)U = I.
Therefore @, has the same distribution as x; and we have

UE[(UTSU)e,e] (UTSU) ere] (UTSU)" [UT = UE[Se,e] S'ere] ¥ |[UT.

Subsequently, we only need to consider the expectation of Se e S*e.e] S*'. Decompose ; into

. d
the sum of basis vectors and we get x; = > _;_, wij€;.

Plug in the decomposition into the expectation and we have

n* 2R [Sesejsketez—sk/}

n k' n
_ E : E e el T E E o el
=E xiojoxlojlejoejl €s€g H x11j21xllj2l+1ej2lej21+1
i0=1 jo,j1€[d] =1 \u=1ja;,ja1+1€[d]
k

n
T T
€t€y H E E xilj21$i1j2l+1ej2lejgl+1

=1 \u=1ja1,j21+1€[d]

=E 2 : § : TiojoLiog " g ns o (rgrr) Vikus Ja(hgr )41

10, st k! €[n] jo, - 7j2(k+k/)+1e[d]

T T

T T T T T
€jo €, €s€s €55€5, " €y, ej2k+1etet €jokto ej2k+3 U e]2(k+k’)ej2(k+k/)+1
= § : z E [miojoxiojl e xik-%—k/jg(k_*_k’)xik+k,’j2(k+k/)+1
0,0 ik €[1] o, 7j2(k+k/)+1€[d]
T T T T T T T
€j0€j,€s€s €2 €5, €21 €11 €L Cliont2€jay 45 632(k+k’) ejz(k+k/)+1'

Note that e e, # 0 only when a = b, so e/ e;e] e, # 0 only when a = b = s. Therefore, we

only need to consider the case where joq_1 = joq for any ¢ € [1, k + k’]. By symmetry, we know

E [Sese;rSkete;rSk/} is a diagonal matrix, so we have jo = jo(k4r)+1. We denote

R T, 2T ... 0. T T, T o T
E] = €j5,€;,€5€5 €;,€5, e]keijrletet e]k+1ejk-+2 e]k+k’ej0

to be one of the standard basis in R%*4 space. It is a non-zero matrix when j; = s and ji41 = t.
By the analysis above, we have

k+2 T Qk TQk'| _ E: 2:
n E[Seses S €ie, S ] = ]E[$iojoxioj1 "'l‘ik+k,jk+k,$ik+k,j0:|EjO.

10,0 i €[1] Jos o Jrqr €[d]
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Let P(2k + 2) be the set of all distinct ways of partitioning {i0Jo, 20J1 - * » tk-+k'Jk+k s Ltk J0 }

into £ + 1 unordered pairs p = ((p1,p2), - , (P2k+1, P2r+2)). From Isserlis’ theorem, we have
k+k
E {xiojoxiojl e xik+k/jk+k/xik+k/jo} = Z H E xpqupm-u]

pEP(2k+2) =0
Plug it in the expectation and we have

k+k’
nk+2E [Sesezsketejsk } = Z Z Z H E[xpzimpzerl]Ejo
i0, yigpp €[0] o, dpqn €[d] PEP(2k+2) =0
k+k'
= 2 2 2 I Elwmena]Ba
PEP(2k+2) io, ik €[n] jo, - ,jr€ld] =0
To make sure the term in the summation is non-zero, paq—1 = P24 should hold forany 1 < ¢ < k+1.
Now consider the graph G, and G, with vertices {0, 1,-- -,k + k"}. If iy, j,, is paired with iy, jy,,
then we put an edge between u; and us into G, and put an edge between v; and v, into g;,, which
means %,, = iy, and j,, = ju,. Therefore, for a cycle C' = (uq,u2,--- ,u,) in G, or g]',, we have
Ty = Gyy =+ = Gy, OF Ju; = Juy = '+ = Ju,.. Note that we have n or d choices for the value
of the circle. Here we use C(-) to denote the set of circles in the graph and use |C(+)]| to denote the
number of circles in the graph. Let ¢* be the cycle in QI’) which includes the vertex jg.

Case 1: s # t. For the partition p where j; € ¢* and ji41 € ¢ # c*, there is only one choice

for ¢ and ¢* to take. So the term in the summation should be n/ C(gpﬂd‘ (G|~ 2ese]. Simi-
larly, for the partltlon p where ji11 € ¢* and j; € ¢ # c¢*, the term in the summation should be

nl €@l gl Cl@ ete . For the partition p where j; € ¢/ # ¢* and ji1 € ¢ # c*, there is only
one choice for ¢ and ¢” to take. Therefore, the expectation should be

nkHE[SeSeISkete:Sk/]

_ 3 OO gIC0G)I2¢ (T 4 3 nl I g1 CG,)~2¢ T

P:j1€c* jrr1Ec* Pijrr1€c j1gc*

=+ Z nl €Gnl4l C(gp)\—2ejoe;_|;
P:j1,dk+1€c*

_ Z nl C(Qp)IdIC(Qp)\—2ese;r + Z nl C(gp)ldlC(gp)\—2ete;r

P:j1€c* jrt1éc* P:jr+1€c*,j1Ec*

+ Z nl GGl gl C(G, \*31
P:j1,k+1Ec*

Recall Equation (19), we prove that

’7
E[Susujskutujsk = alusu: + c)zgututT + asl.

Case 2: s =t. For the partition p where 71, jr+1 € c*, there is only one choice for c* to take. So

the term in the summation should be n! €(9»)1dl (%)=L T For the partition p where j; € ¢* and
Jk+1 € CF c there is only one choice for c and c* to take. So the term in the summation should be

nlCGn1gl €@ 1. Similarly, for the partition p where j.,; € c* and j; € ¢ # c*, the term

in the summation should be nlCG)lgl C(G P)‘ 2eseg . For the partition p where j; € ¢/ # ¢* and

jrs1 € ¢ # ¢, there is only one choice for ¢’ and ¢’ to take. Therefore, the expectation should be
n* TR [Sesejskesezsk/

= Y nl COI G CG)I~1g T S nl I g CG)-2¢ T

P:j1,Jk+1€C* P:jr€c* jry1éc*
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N T nlCEI gl OO 1~2¢ T 4 3 nlC@NIgIC@)I=2¢, T

Pijr+1€c*,j1¢c* P:j1.ikt1€c
_ 3l C(G,)1-1 4 3 nl €G] 41 C(G,)|-2
P:j1,jrk+1€c* 'P:j1€c*,jk+1¢6*

+ Z n|c(gp)d|C(g;)|—2] esel + Z 0l €@ g €G-8

P:jrt1€c*,jiLEc” P:j1,dk+1Ec*

Recall Equation (T9), we prove that
E[SusuZSkusuISk,] = aqusu, +asl.
Hence, the proof is complete. O

Lemma D.8. Suppose S = % Z?zl x;x; , then the expectation is in the following form for any k:
E [SAskrsk’] — BLAT + Bo tr(A)T + B tr(T)A + By tr(A) tr(T)I + s tr(AT)T.

where A = Z AMujul T = z A uju; .

Proof. By lemma|D.7] we have:

E{SAS’“I‘S’“,]

d

ZZAA)\F oquzu +a2u]u +a3I —|—Z)\A/\F U, +a5I)
j=11i#j i=1

The first term here can be expand into the following form:

d d
Z Z )\ZA/\? (aluiu;r + aguju;r + a3I)
Jj=1i#j
= ag tr(T)A + ag tr(A)T + ag tr(A) tr(T)I — (aq + a2) AT — ag tr(ATN)I
Meanwhile, the second term is directly ay AT 4 a5 tr(AT')I. We pick 82 = aq,83 = asg,84 =
as, 1 = g — 1 — g, B5 = as — ag, and we complete the proof.

O

E EXPERIMENTAL DETAILS

For all our experiments, we use pytorch [Paszke et al.|(2019) and models are trained on an NVIDIA
RTX A6000s. Each experiment takes about 1 hour.

Setup In all our experiments, we choose d = 10, n = 20 and n = 0.4. The architecture is

ZTWZ _y

n

fusa(Z V. W)y =2 _3y+VZ-

and data is drawn from the distribution in Equation (I)). The batch size B is 1000 and the learning
rate o is 0.001. The total time is 7 = 750 iterations. In the first experiment, k is chosen as 20 while
k = 10, 20, 30, 40 in the second experiment. The baseline (evaluation loss of transformers without

CoT) is given by Corollarywhere N = g

*2

”n (n+d+ 1)d)

1
LEv W) > 3 (d —2n*d +
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In-distribution Generalization We empirically verify the evaluation loss gap between transform-
ers with and without CoT shown by Theorem [3.1] and Theorem Our experiments in Figure
demonstrate that the evaluation loss of transformers with CoT converges to near zero even when
k = 10. See Section[3lfor details.

Out-of-distribution Generalization In addition, we empirically verify the OOD generalization
result shown by Theorem [4.2] We sample 10 different covariance matrices from the distribution

which complies to

) 2-9

- S )\min(z) S )\max(z) S I

Ui Ui
where 7 = 0.4 and n = 0.4. 10 experiments are taken to show the generality of our results for each
set of experiment. Our experiment in Figure [3]exhibits that the OOD loss of transformers with CoT
converges to near zero when k& = 10, 20, 30, 40 as the training loss/in-distribution loss converges to

zero. The final loss also drops when the number of reasoning steps increases.

51 k=10
— k=20
41 k=30
2 — k=40
237
8
321
1<
OA

0 50 100 150 200 250 300 350
iteration
Figure 3: OOD Generalization: We plot the OOD loss £5*! when n = 20, d = 10. Each set of

experiments sampled 10 different 3. The mean results are presented as line charts, with variance
represented by shaded areas. As shown, OOD loss will converge to near zero.

Given all experiments above, we conclude that transformers with CoT can converge to our construc-
tion (Theorem [4.1)), surpass those without CoT (Corollary Theorem [3.2)) and generalize well to
unseen data (Theorem 4.2).
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