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ABSTRACT

Masked discrete diffusion models (MDMs) are a promising new approach to gen-
erative modelling, offering the ability for parallel token generation and therefore
greater efficiency than autoregressive counterparts. However, achieving an op-
timal balance between parallel generation and sample quality remains an open
problem. Current approaches primarily address this issue through fixed, heuristic
parallel sampling methods. There exist some recent learning based approaches
to this problem, but its formulation from the perspective of variational inference
remains underexplored. In this work, we propose a variational inference frame-
work for learning parallel generation orders for MDMs. As part of our method,
we propose a parameterisation for the approximate posterior of generation orders
which facilitates parallelism and efficient sampling during training. Using this
method, we conduct preliminary experiments on the GSMS8K dataset, where our
method performs competitively against heuristic sampling strategies in the regime
of highly parallel generation. For example, our method achieves 33.1% accuracy
with an average of only 4 generation steps, compared to 23.7-29.0% accuracy
achieved by standard competitor methods in the same number of steps. We be-
lieve further experiments and analysis of the method will yield valuable insights
into the problem of parallel generation with MDMs.

1 INTRODUCTION

Discrete Diffusion Models (DDMs) |Austin et al.| (2021)) have recently emerged as a promising al-
ternative to autoregressive generative models for various tasks such as text|Song et al.| (2025), code
Khanna et al.| (2025)) and biological sequence generation |Vignac et al.|(2022)), offering the ability to
parallelise token generation for increased efficiency Hu et al.| (2025) and utilise bi-directional con-
text during generation which has shown to be beneficial in certain tasks where a strict left-to-right
dependency is not present in the data|Nie et al.| (2025b). Masked Diffusion Models (MDMs) |Austin
et al.| (2021) in particular have established themselves as the most performant class of DDMs, due to
their comparatively efficient paramaterisation and conceptually simple set-up |Shi et al.| (2024); [Sa-
hoo et al.|(2024)), as well as their similarity with Autoregressive Models (ARMs), making it possible
to initialise training from strong autoregressive baselines |Ye et al.[(2025)).

*Corresponding author.
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Despite the conceptual benefits and recent empirical progress of DDMs [Nie et al.| (2025a)), a con-
sistent barrier to realising their full potential has been optimally balancing efficiency and sample
quality by choosing generation orders which use parallelization without violating statistical depen-
dence among token positions [Kang et al.|(2025).

Current approaches attempt to overcome this issue by using heuristic sampling strategies, or by aug-
menting the generative model with a learned component which chooses token positions to unmask
at each step. Heuristic approaches typically use model predicted logits to select tokens based on cri-
teria such as top-k or top probability margin|Kim et al.|(2025). Learned approaches usually augment
the generative model to include a component for selecting token indices which is then trained with
a separate loss function Zhangzhi Peng et al.| (2025)), or via reinforcement learning by formulating
the generative model as a Markov Decision Process with a policy that chooses token positions to
unmask [Hong et al.| (2025)).

While these methods have made progress toward achieving the optimal trade-off between generation
efficiency and model output quality, we believe there is room for improvement. While heuristic
approaches provide good performance at minimal cost, they are potentially too rigid and overly
reliant on logit based model confidence estimates, which my be poorly calibrated for this purpose
when trained using only binary cross-entropy. Of the learned approaches, the formulation of learned
parallel generation orders within the variational inference framework remains underexplored.

Hence, the goal of the present work is to investigate a variational inference framework for training
an MDM which explicitly factorises the model into components for choosing which token positions
to unmask, and which token value to sample given a position. We believe this formulation offers
the following benefits which may lead to a method that allows training of an improved unmasking
position model which scales to large datasets. Our main contributions are as follows:

* We present a probabilistic formulation of a discrete diffusion generative model using varia-
tional inference, which explicitly factorises the model into components for choosing which
token positions to unmask, and which token value to sample given a position.

* We derive the associated ELBO objective, which leverages this model structure to decrease
variance of the objective function through Rao-Blackwellisation.

* We investigate the use of a paramaterised family of distributions for the approximate pos-
terior generation order which is designed to allow efficient, low variance training.

The remainder of this document is structured as follows: In section [2| we discuss necessary back-
ground information on masked DDMs, the issue of accurately sampling in parallel, and some current
approaches to overcoming this issue. In section [3] we discuss our method, which is motivated by
these concerns, and a plan for experiments to test it, which are reported in section 4{ and discussed
in section[3

2 BACKGROUND

2.1 MASKED DISCRETE DIFFUSION MODELS

To construct an MDM [Shi et al.|(2024)) for a single dimension, we define a forward Markov process
{%t}+e[0,1)> taking values in a discrete set 2; € {1,...,m — 1,m}, where m represents a special
’mask’ token. Letting 1 denote a vector of ones and X, the one hot encoding of z, the forward
process transition probabilities between times s < ¢ are defined as

qus(ze|zs) = Cat(zy; Q(s, 1) xy),
_ 1
Q(s,t) = iy (1 - at) 1le” M

g Qg

and the initial distribution at ¢ = 0 is the data distribution. The generative model is then defined
as an approximation of the time reversal of the forward process. Paramaterising this requires the
reverse time transition probability conditional on a clean data sample x,
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q$|t,0($s‘xt7 xO) = Cat(ms; R(t7 S)Txt)7
2)

5 Qg — O T
R™(t =1 m —Cm) >
(t.9) =T+ T en (30— en)

which is combined with a learned approximation fig of ggj¢ to give the reverse transition probability,

po (Ts|ze) = qs|t,0 (ws|xe, po (e, 1)) . 3

To extend to the multi-dimensional case x; = x} ...z} without sacrificing computational tractability,
we use the following conditional independence assumptions,

Qs (@e|zs) = HQt\ xi'|xy)

Gsit,0 (Ts|Te, 20) = H Gsje,0 (25 |t 25) » “4)

xs‘xt H qs\t () |$?7/J3(17t7t)) )

where ju (¢, t) is trained to approximate qo|.(z(|z¢). The model weights 6 are trained by minimis-
ing the ELBO for the model likelihood, using the forward model @ as a fixed variational posterior.

We can generate samples from the model via ancestral sampling using py at discrete time points.
Specifically, we discretise [0, 1] uniformly into 7' points, {t/T}L_,, initialise x; = m...m, and
iteratively sample the x;’s according to pg (xs|x¢)

N
Xt ~ HQ(x?|‘r?+17:ug(xt+17t))a t:T_1770

n=1

x7 = (m...m)

2.2 REPARAMATERISED DISCRETE DIFFUSION

As noted in previous work [Zheng et al.|(2023), this time discretised model can be reparamaterised
to explicitly include i.i.d binary token selection variables 7, in a way that preserves the marginals
of xqg.7, as follows

T-1

PH(XOTerT 1)_5(7n .m) XT H

=

=

H rix) ] (5)

Po(xi'|ry', Xe41) ]

where

O — Q41
P(’I”;L|Xt) = Bern (]_()ét“lw?Jrl_m) 5

Py(@f|ry, xeq1) = 6ap, (L —17") + g (Xe1, )1

This paramaterisation is useful as the explicit separation between components allows us to better
understand the importance of the method we choose to select token positions to unmask. Notably,
the authors of [Ben-Hamu et al.| (2025)) use this form to show that the error between the ground truth

"We use the shorthand z; = Ti/T
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and generative model distributions can be decomposed into a term for error in the denoising network
and the mutual information between simultaneously generated token position distributions.

Furthermore, this decomposition provides a template for more generally paramaterising a learnable
token selection component. Indeed, given that DDMs are already trained via ELBO optimisation by
considering x;.7 as latent variable models, a natural extension is to follow the same procedure, but
considering ry.r—; as additional latent variables. Similar approaches have been applied successfully
to learning generation orders for any-order autoregressive models|Wang et al.| (2025).

3 LEARNING GENERATION ORDERS FOR DISCRETE DIFFUSION MODELS

We formulate training an MDM with a learned token selection component as variational inference
of a latent variable model through ELBO optimisation.

3.1 GENERATIVE MODEL & APPROXIMATE POSTERIOR

The generative model has a similar structure to equation [5

N

H mxt], 6)

Py(x0:7,T0:7-1) = S(m...m) (XT) H

N
n n
H o (i |ri' Xeq1)

but with a learned distribution for the unmasking variables 7} incorporated,

Py (r}'|x1+1) = Bern <p;’n(Xt+1)1m?+1:f,n) : (7)

The approximate posterior used for variational inference has a similar form to that of the generative
model,

=z

’,:]z

T-1
Q¢ (X0.1,T0:1) = S(m...m) (XT) H l
t=1

Q@[ @iy 1, 7y 1 lH Q¢(7’?Xt+1axo)] NG

n=1

where

Qe |ri, a1, 25) = bap, (1 —71") + Oaprf’, ©

Qg (rf'|X¢+1,%0) = Bern (qgn(XterxO)lI;L_H:m) . (10)

We choose to parameterize ry|X;41,Xo and r¢|x;y; as vectors of iid Bernoulli random variables
as this will allow us to analytically compute certain expectations in the ELBO, leading to a lower
variance objective. This can be seen more clearly in the next section.

3.2 Loss FUNCTION

We train the model by maximising the ELBO, which for a single data point X is defined as

Py (%0, X1.7, To:T)
Q¢(X1:T7 ro.T |XO>

lnPG,l/;(XO) Z EQd,(xl;T,rg:T\xo) |:10g ( ):| = ‘C(X()a 0; 1/}; QS) (11)

Using the properties of conditional independence across timesteps and data dimensions, as well as
the forms of the distributions in equations[6and[8] we can write the ELBO as

L(x0,0,9,0) = (T = DE @, (xzr11x0) L] (12)
t~Unif(0,7—1)
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where

N
t,
L, = EQ¢(x2t+17r2t+1 [x0) Z Q¢n(xt+17 XO) log ,ug (Xt+1)x3
n=1
sty =m (13)

= D (Qp(ry'[xe+1, %0)|| Py (17 [Xe+1))

See appendix A for a derivation of this result. The loss function reveals the multiple purposes
fulfilled by the posterior probabilities qg". It determines the partially masked sequences that the
denoiser and token position selector see during training, as well as weight the denoiser cross-entropy
loss at each masked token position in proportion to its probability of being unmasked at the current
timestep, and provide unmasking probabilities for the token selector to match.

In terms of the effect the denoiser and token selector have on q;’", we can see the first term in the

expectation of equation (10) encourages () to learn unmasking orders which maximise the denoiser
confidence in the ground truth tokens, by leveraging information about xy. The KL-divergence term
encourages () to maintain an unmasking schedule which can be replicated by the token selector P,
used during inference, so that there is no mismatch between generation orders seen during training
and inference.

Due to the presence of learned parameters 1 in the distribution ), we use REINFORCE to obtain an
unbiased estimate of gradients of the loss. In order to reduce excessive variance of this estimator, we
use REINFORCE-Leave-One-Out (RLOO) control variates Kool et al.| (2019). Details of gradient
estimation are in appendix B.

3.3 VARIATIONAL POSTERIOR DESIGN

Up until this point, the form of the posterior unmasking probabilities ¢*" has remained abstract. In
this section, we describe the design choices explored in this work. First, we state some desirable
properties that we want the posterior to satisfy:

1. Sampling up to a given time ¢ € {0, ..., T — 1} should be computationally efficient (i.e., not
scale significantly with t), so that we can easily compute unbiased Monte Carlo estimates
of the loss at a randomly sampled time point during training,

2. The posterior should be capable of parallel generation,

3. The posterior should encode a notion of generation order i.e., that certain tokens should be
generated before others.

4. The posterior should unmask at least one token in each sampling step, in order to avoid
wasted computation during training and inference

To satisfy these properties, we compute the posterior unmasking probabilities q;’" (X¢+1,X0) through
a sequence of lightweight re-normalisation steps, based on an initial sequence of scores computed
by a neural network a : VN — [0,1]" with learnable paramaters ¢,

q;’”(XtH,Xo) — e(a(xo)n—Max{(x(xo)n|n s.t. x'{’f+1=m,})/7'. (14)

Note that this design choice satisfies property 1 as sampling requires a single pass through a neural
network, followed by a sequence of ¢ updates of negligible cost. It satisfies property 2 as indices
with similar « values have a high probability of being generated in the same step. Property 3 is
satisfied by assigning higher « scores to tokens which should be unmasked earlier. Finally, property
4 is satisfied by the Max normalisation ensuring that at least one token is unmasked with probability
1 in each step. Empirically, we have found the inclusion of the temperature scaling parameter to be
beneficial, typically setting it between 0.1 and 0.05 in our experiments. We hypothesise this may
be due to one or both of the following reasons; 1) the temperature scaling prevents the randomly
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Table 1: GSMS8K Performance. Comparison of our learned unmasking order against the baseline
at equivalent average and maximum step costs. Since for 7" = 10 our method’s average number of
steps rounds up to its maximum number of steps, we report the performance of baselines at the floor
of this average. Bold values in the final column represent maximum accuracy at the average number

of steps that our method took after being trained with a given budget.

Budget (1)) Method Sampling Cost Avg. Steps Range Acc. (%)
1D ID @ Avg. 4.0 (4, 4] 29.0
IID IID @ Max Used 5.0 [5, 5] 29.9
Top Prob Top Prob @ Avg. 4.0 [4, 4] 23.7
5 Top Prob Top Prob @ Max Used 5.0 [5, 5] 26.6
Top Prob Marg. Top Prob Marg. @ Avg. 4.0 [4,4] 24.0
Top Prob Marg. Top Prob Marg. @ Max Used 5.0 [5, 5] 27.0
Ours Learned Order 4.01 [2, 5] 33.1
11D ID @ |Avg.| 9.0 [9,9] 342
11D IID @ Max Used 10.0 [10, 10] 36.0
Top Prob Top Prob @ | Avg. | 9.0 [9, 9] 35.9
10 Top Prob Top Prob @ Max Used 10.0 [10, 10] 37.8
Top Prob Marg.  Top Prob Marg. @ | Avg. | 9.0 [9, 9] 36.9
Top Prob Marg. Top Prob Marg. @ Max Used 10.0 [10, 10] 39.5
Ours Learned Order 9.57 [7,10] 37.8
11D ID @ Avg. 9.0 [9, 9] 34.2
11D IID @ Max Used 12.0 [12,12] 37.0
Top Prob Top Prob @ Avg. 9.0 [9.9] 359
15 Top Prob Top Prob @ Max Used 12.0 [12, 12] 41.1
Top Prob Marg. Top Prob Marg. @ Avg. 9.0 [9,9] 36.9
Top Prob Marg. Top Prob Marg. @ Max Used 12.0 [12, 12] 42.3
Ours Learned Order 943 [5,12] 39.0

initialised « scores used at the start of training from unmasking in too few steps, leading to the
majority of samples in a batch containing no training signal, 2) temperature scaling decreases the
stochasticity in the unmasking orders generated by @), leading to lower variance training and faster
convergence.

4 EXPERIMENTS

We conduct experiments on the GSM8k dataset, initially following the same supervised finetuning
method as Shin et. al. Nie et al.| (2025a) on a 170M parameter MDM for 45,000 steps with batch
size 256, before carrying out further training with our algorithm using this pre-trained denoiser, and
randomly initialised networks for o and pff'. Specifically, we train according to the method laid out
in Section [3|for an additional 15,000 steps using a batch size of 32 and drawing 8 RLOO generations
per dataset sample. As a baseline for comparison, we continue finetuning the vanilla 170M MDM
(without o and pf/;" networks) on GSM8Kk, but with a batch size of 256 for 15,000 steps. This results
in both our model and the baseline model seeing a batchsize of 256 samples, however, the baseline
does get to see more diverse batches.

To decode on the baseline model, we use a linear unmasking schedule to control the number of
decoding steps and consider three standard sampling strategies, the first being the simplest approach
from Nie et al.[(2025a), with the second and third suggested by |[Kim et al.[(2025).

* IID: Every masked token is unmasked independently with the same probability, determined
by the linear unmasking schedule.

* Top Probability: At each decoding step, the number of tokens to be unmasked, K, is
determined by the linear unmasking schedule. Then we unmask at the K indices for which
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our denoiser has maximal confidence about which token in the vocabulary, V), to predict.
That is, we unmask indices 7 in

Top-k(max il (Xeq1,1)).

* Top Probability Margin: Similarly to Top Probability, we unmask K masked tokens,
but instead of choosing those with the highest confidence, we choose those with the largest
difference between the probability assigned to the most likely token, j; € V), and the second
most likely token, jo € V. That is, we unmask at indices ¢ in

Top-k (g (Xe11,1)5, — t1p(Xe+1,t)5) -
K3

This method attempts to improve upon Top Probability by not unmasking a token until
there is a single most likely value for it to take, avoiding situations where multiple token-
values have high-probability.

We compare the results of our method for multiple training budgets of 7' (the maximum number of
decoding steps). Since our method performs adaptive unmasking, in the sense that it does not always
use the same number of decoding steps for every prompt, we report the mean, min and max number
of decoding steps on the GSM8Kk test set, and compare against the baseline methods evaluated at the
mean and max values.

5 DISCUSSION

As can be seen in Table |1} our method successfully learns generation strategies that outperform
the baseline generation methods at comparable or higher numbers of steps. This suggests that our
method is indeed performing parallel generation in a manner that better avoids the pitfalls of over-
parallelisation, especially when we consider the extremely low-budget T=5 setting.

One exception is the case where our model trained with a budget of 7' = 10 ends up using an average
of 9.57 steps and achieves slightly worse performance than top probability margin sampling with 10
steps (but better than the baselines with 9 steps). Clearly the extra 0.43 steps give the top probability
margin method a slight advantage, and so a direct comparison is difficult, but this does line up with
the observation that the gap in performance between our method and the non-IID baselines closes
as the decoding budget increases and the risk of over-parallelisation error decreases.

Whilst our results in Table [I| demonstrate a valid proof-of-concept for our method, a full analysis
would require many more experiments in future work. For example, we would like to analyse the
performance of our method on more datasets and with MDMs of varying sizes. In the development
of this paper, we experimented with a variety of approximate posterior forms before ending up with
Eq.|14} which seems to perform well. Further experimentation of approximate posterior forms could
be a fruitful direction for future work.

6 CONCLUSION

In this work, we present a method by which discrete diffusion models can decide the generation
order of tokens at inference time, using a small learned auxiliary network. This allows the model to
adaptively adjust its degree of parallelism based on the task at hand: whilst parallel generation is one
of the main advantages of DDMs compared to standard ARMs, generation schemes which lead to too
much parallelism can hurt downstream task performance (Kang et al.| [2025). We explore a strategy
for learning this auxiliary network via variational inference, wherein we treat the generation order
as a latent variable to be inferred, and show that this method achieves competitive results against
standard baseline MDM generation schemes on GSM8k. We anticipate that further analysis and
development of this method would be very helpful towards improving the performance of discrete
diffusion models at large.
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A APPENDIX

A.1 MASKED DIFFUSION L0SS FUNCTION DERIVATION

The generative model is trained using the ELBO of Py, using amortised posterior Q) 4,

Py w(XO;XI:Ter:T)>:|
L(x0,0,%,0) =Eg, (x1.7.ro.r|x) |10 : . 15
( 0,0,v ¢) Q4 (x1.7,r0.7|%0) |: g( Q¢(X1:T,TO:T|XO) (15)

In what follows we use the notation x>; = x..7_1.

Applying conditional independence over timesteps ¢ gives,

T—1
Pew(Xt,I‘t‘XHl)
L(x0,0,0,0) =Eo, (xe: ron.1x0) 108 Py (X0, T0|%X1)] + Eo , (xo: ronixg) |10 2
(x0,0,%,0) Qg (x>1,r>0: 0)[ 3 ,w( 0, Lol 1)] Qo (x>1,r>0(x0) [ gtzl_[l Q¢(Xt,rt|xt+1yxo)

T—1
= Eng(xzhrzolafu) [IOg Pe.,w (X07r0|xl)} + Z EQd:(xzmrzf,\xo) {IOg
t=1

Pe,d)(xtv I't|Xt+1) ]
Qqﬁ(xta l“t|Xt+1, Xo)

Applying the factorization over x, r; in P and @ to the L; terms gives

PQ(Xt|rt7Xt+1) ]

Q(x¢|re, X¢41,%0)
Py (ry]x141) H

Qo (re|xe+1,%0)

- EQ¢(xzt+1,!‘2t+1\xo) [7EQ¢(rt‘xt+l,x0) [DKL (Q(thrta Xt41, XO)HP@(Xt‘rta Xt—H))]

—Drr (Qg(re[xs41,%0) || Py (relxi11))] -

Ly = EQ¢(th+l1th+1‘x0) |:EQ(xtI‘tyxt+1yxo)Q¢>(rtXt+1-,Xo) |:10g

—HEQ(Xf, \l‘t X1 VXO)Q¢ (1‘1, \Xt+1 ,XO) |:10g

Applying conditional independence over dimensions of x; given r; gives,

S Dicr (QUapr oy af) | P e 2 )
1

—Drr (Qg(re|xey1,%0)|| Py (relxe41))] -

N
Ly = EQ¢(th+1,th+1|x0) [_EQ¢(rt|Xt+1yxo) [

n

For @ and Py given by
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Qi |r’ w1, 20) = 0ap, (1 —1¢) + dapr,
P9($?|T?5Xt+1) = Oz (1 - TZL) + Mg(xt+17t)7a?7

Tty

the KL divergences are given in closed form by

Dip (QarIr, 21, ) | Po(a?Irf', %e41)) = Dicr, (Oag [ 1 (Ke1,1)) 77

= —r¢ log g (Te+1,1)ap,

subbing this into L; gives

N

Ly = EQ¢(X2t+1,r2f,+1|xo) [EQ¢(rnxt+1,xo) [Z Ty IOg:“g(XtJrl,t)x{; (16)
n=1

—Dirr (Qg(re|xe1,%0)|| Py (re[xs41))] (17)

We assume conditionally independent 77, as this leads to a lower variance final expression for L,
where expectations with respect to all 7} are computed in closed form. The conditional distributions
for r; are therefore paramaterised as follows,

N
Qo (relxir1,x0) = [ Qu(rfIxit1,%0),
n=1
N
Py(refxces1) = [T Po(rf'xe41),
n=1

where

Q¢(r¢ [Xt+1,%0) = Bern (q;‘”(xt+1,x0)1m?+1:m> ,
Py(r{|x¢+1) = Bern (pfﬁ,n(xt-"-l)lw;’grl:'rrL) .

The probabilities pfl;" and q;’" are implemented using neural networks. We can now simplify each
term in the outer expectation of equation [I8]

N N
EQ, (relxis1,%0) er log u}}(xtﬂ,t)mg} = Z]Eng’zl%(rmxm,xo) [T? logﬂg(xtﬂvt)xa‘]

n=1 n=1

N
= D @ (%ep1,%0) 1og g (Xe 1) -

N N
Dk (Qo(rexer1,%0) || Po(re[xe11)) = D (H Qs (rilxe1,%0) || I PO(T?|Xt+1)> ;

n=1 n=1
N
= S Drr (Qurlxers,xo) || Po(r?Ixes))

n=1,
sty =m

10
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Where in the last line we’ve used the fact that the KL divergences in the sum are 0 if x}" # m.

Subbing these expressions into equation (13) then gives,

N
Ly = EQ(x2t+1J‘2t+1 [x0) Z qtm(XtJrlv XO) IOg Mg (Xt+1)m’8 (18)

n=1,
T j—
s.tx, =m

—Drer (Q(ry'[xes1, Xo) || Py (77 [%e41))] - (19)

The finial total loss function is then

B MASKED DIFFUSION GRADIENT ESTIMATION

We first introduce some notations for the sake of brevity,

N
Fl(xip:%0,5) = Y a4y (xe41,%0) log g (xe11)ag,
N
F2(xip1,d5P) == Y Drr (Qu(rf1xes1, xo)|| Py (r} [xe41))
=1

i
stxy =m

F(Xt+1,X0,Qf¢a pfp) =F! (Xt+17X07qzﬁ) + F2(Xt+1a ngapfp),

where we suppress dependence of pfb’" and pz;" on x;41 and X¢ for notational simplicity. We addi-
tionally denote the vector of unmasking probabilities over token indices using bold typeface.

The gradients of the loss are computed as follows,

nl/ﬂ(x()awa (b) = Vwﬁ(x()awa ¢)7

T-1
= Z EQq(xz 041 x0) [V¢F2(Xt+1’qf¢’pfb)] J

t=1

= (T = DEQ, (xz s 1x0) [V F?(Xe11,d5,Py)]
t~Unif(0,7—1)

77¢(X071/)7 ¢) = v¢£(m0a wa ¢)7

= (T = DE Qu(x514:11%0) [V¢F(Xt+17X07q;7pfﬁ)] )
t~Unif(0,7—1)

+ (T = DEq, (xs1111x0) [F(Xt41,%0,d}, Ply) Vlog Qg (x>141%0)]
t~Unif(0,7—1)

= n(})(x(%w? (b) + nZ(XO7¢7 (b)

where we’ve used the log-derivative trick / REINFORCE to compute 4. 7, and né are expectations
of gradients, and can be estimated using naive monte carlo.

11
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k
_ T-1 i
T]i (X07 wv ¢) = T Z V'Q/JF2(Xt+17 qzba pf/))7
i=1
t ~ Unif(0,...,T — 1),
(f‘izt+1vf'izt+1> ~ Qp(X>t41,T>e41|%0), =1, k.
In ni, the gradient in the expectation is scaled by the sum of F’s, which typically leads to exces-

sively high variance in a naive monte carlo estimate. Overcoming this requires variance reduction
techniques. For simplicity, we use REINFORCE Leave-One-Out (RLOO) |[Kool et al.[(2019).

k
T-1 ’
2.k .
;" = == D [F(Xip, X0, a5, Py)
=1
k
1 R N
Y Z F(Xiﬂ,xo,qg,pfb) Vlog Qp (X% 1 41[%0)
1=1,l#j=i

t ~ Unif(0,...,T — 1),

(’A‘Zztﬂvf'lzt-s-l) ~ Q¢(X2t+1a r2t+1|X0)a i=1,..k

12
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