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Abstract

In this paper, we study the Tiered Reinforcement Learning setting, a parallel
transfer learning framework, where the goal is to transfer knowledge from the
low-tier (source) task to the high-tier (target) task to reduce the exploration risk
of the latter while solving the two tasks in parallel. Unlike previous work, we do
not assume the low-tier and high-tier tasks share the same dynamics or reward
functions, and focus on robust knowledge transfer without prior knowledge on the
task similarity. We identify a natural and necessary condition called the “Optimal
Value Dominance” for our objective. Under this condition, we propose novel
online learning algorithms such that, for the high-tier task, it can achieve constant
regret on partial states depending on the task similarity and retain near-optimal
regret when the two tasks are dissimilar, while for the low-tier task, it can keep
near-optimal without making sacrifice. Moreover, we further study the setting with
multiple low-tier tasks, and propose a novel transfer source selection mechanism,
which can ensemble the information from all low-tier tasks and allow provable
benefits on a much larger state-action space.

1 Introduction

Comparing with individual learning from scratch, transferring knowledge from other similar tasks or
side information has been proven to be an effective way to reduce the exploration risk and improve
sample efficiency in Reinforcement Learning (RL). Multi-Task RL. (MT-RL) [29]] and Transfer
RL [26) 118}, 137] are two mainstream knowledge transfer frameworks; however, both are subject
to limitations when dealing with real-world scenarios. MT-RL studies the setting where a set of
similar tasks are solved concurrently, and the main objective is to accelerate the learning by sharing
information of all tasks together. However, in practice, in many MT-RL scenarios, the tasks are not
equally important and we are more interested in the performance of certain tasks. For example, in
robot learning, a few robots are more valuable and hard to fix, while the others are cheaper or just
simulators. Most existing works on MT-RL treat all tasks equally and focus primarily on the reduction
of the total regret of all tasks as a whole [3 18,36} [11]], with no guarantee of improving a particular
task. In contrast, transfer RL distinguishes the priority of different tasks by categorizing them into
source and target tasks and aims at transferring the knowledge from source tasks (or some side
information like value predictors) to facilitate the learning of target tasks [21} 27, 9, [10]. However, a
key assumption in transfer RL is that the source task is completely solved before the learning of the
target task, and this is not always practical. For example, in some sim-to-real domain, the source task
simulator may require a long time to solve [5], and in some user-interaction scenarios [13]], the source
and target tasks refer to different user groups and they have to be served simultaneously. In these
cases, it’s more reasonable to solve the source and target tasks in parallel and transfer the information
immediately once available.

Recently, [[13] proposed a new “parallel knowledge transfer” framework, called Tiered RL, which
is promising to fill the gap. Tiered RL considers the case when a source task M, and a target task
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Myy; are learned in parallel, by two separate algorithms Alg"® and Alg™, and its goal is to reduce
the exploration risk and regret in learning My; by leveraging knowledge transfer from M, to My;.
[13]] showed that under the strong assumption that M;, = My;, it’s possible to achieve constant
regret in learning My; while keeping regret in M|, optimal in gap-dependent setting. Yet, their
algorithm based on Pessimistic Value Iteration (PVI) [16] can be hardly applied when the assumption
My, = My; breaks, given its pure exploitation nature, making their result very restrictive.

In this paper, we study the general Tiered RL setting without prior knowledge about how similar
the tasks are[ﬂ The key question we would like to address is: Can we design algorithms s.t.: (1)
Regret in M, keeps near-optimal; (2) Regret in My; achieves provable benefits when 1/;,, and
My; are similar while retaining near-optimal otherwise? Note for Alg™®, we expect it to achieve
near-optimal regret bounds, which is reasonable since the source task is often important and our
results still hold if relaxing it. As for Alg™, we expect it to be robust, i.e., it can adaptively exploit
from M, if it is close to Mpy;, while avoiding negative transfer in other cases. Notably, our setting
strictly generalizes [[13] and is much more challenging, for balancing the exploitation from M, and
exploration from My; without prior knowledge of task similarity. We give positive answers to the
above question in this paper and demonstrate provable benefits with robust knowledge transfer for
Tiered RL framework. Below, we summarize our main contributions in three aspects.

Our first contribution is to identify essential conditions and notions about when and how our
objective is achievable. We first provide a mild condition called Optimal Value Dominance (OVD),
and in Sec. [3| we justify its necessity to our objective by a lower bound result. Our lower bound
holds even if My, is fully known to the learner, and therefore, it also justifies the necessity of
similar assumptions in previous transfer RL literatures [9}[10]. Besides, we introduce the notion of
transferable states to characterize states on which My; is expected to achieve benefits by transferring
knowledge from M ,. We believe those findings also provide useful insights for further works.

As our second contribution, in Sec.[d] we propose novel algorithms for Tiered Multi-Armed Bandit
(MAB) and Tiered RL, which can achieve robust parallel transfer by balancing between pessimism-
based exploitation from M, and optimism-based online learning in My;. Depending on the similarity
between M, and My;, our algorithms can enjoy constant regret on a proportion of state-action pairs
or even on the entire My; by leveraging information from M ,, while timely interrupting negative
transfer and retaining near-optimal regret on states dissimilar between two tasks. Moreover, in the
bandit setting, our result implies a strictly improved regret bound when My; = M} ,,, compared with
previous results under the same setting [22} [13]].

Beyond the single low-tier task setting, in many real-world scenarios, it’s reasonable to assume there
are multiple different low-tier tasks My, = {MLo }uvfl:l available. As our third contribution, in
Sec. 5] we extend our algorithm to this setting with a new source task selection mechanism. By novel
techniques, we show that, even if each M, ., may only share similarity with M on a small portion
of states, we are able to ensemble the information from each source task together to achieve constant
regret on a much larger state-action space “stitched” from the transferable state-action set in each
individual M, ., at the expense of an additional log W factor in regret. Besides, our algorithm is
still robust to model difference and retains near-optimal regret in general. Although we only study
the Tiered RL setting in this paper, we believe our task selection strategy can be applied to standard
transfer RL setting [9, [10] when multiple (partially correct) side information or value predictors are
provided, which is an interesting direction for future work. Finally, we conduct experiments in toy
examples to verify our theoretical results.

1.1 Closely Related Work

For the lack of space, we only discuss closely related work here and defer the rest to Appx. [A.2]
The most related to us is the Tiered RL framework [13]], which was originally motivated by Tiered
structure in user-oriented applications. However, they only studied the case when My; = M, which
limits the practicability of their algorithms. Although there is a sequence of work studying parallel
transfer learning in multi-agent system [25} [19], but they mainly focused on heuristic empirical
algorithms and did not have theoretical guarantees.

Transfer RL [37]], compared to learning from scratch, can reduces exploration risk of target task by
leveraging information in similar source tasks or side information [21} 27,9, [10]. Comparing with
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transfer RL setting, our parallel transfer setting has some additional challenges. Firstly, My; can only
leverage estimated value/model/optimal policy from M, with uncertainty, which implies we need
additional efforts to control failure events with non-zero probability comparing with normal transfer
RL setting. Secondly, the constraints on the optimality of Regret, (M), although reasonable,
restrict the transferable information because in M|, estimation uncertainty can only be controlled
on those states frequently visited. Moreover, none of these previous work studies how to leverage
multiple partially correct side information like what we did in Sec.[5} In MT-RL setting, the benefits
of leveraging information gathered from other tasks has been observed from both empirical and
theoretical works [31} 1318} 24, 36, 1 1]. But MTRL treats each task equally, and the reduction of total
regret over all tasks does not directly imply benefits achieved in a particular task.

2 Preliminary and Problem Formulation

Tiered Stochastic MAB and Tiered Episodic Tabular RL In Tiered MAB setting, we consider a
low-tier task M, and a high-tier task My; sharing the arm/action space A = {1,2, ..., A}. By pulling
the arm ¢ € [A] in My, or My, the agent can observe a random variable r,(¢) or i (2) € [0,1]. We
will use p1o(7) = E[rLo(7)] and ppi(i) = E[ryi(¢)] to denote the expected return of the i-th arm in
M, and My;, respectively, and note that it’s possible that pyo(7) # pmi (7).

For Tiered RL, we assume that two tasks My, = {S, A, H,PL,, L0} and My; = {S, A, H, Py, r; }
share the finite state S and action space A across episode length H (i.e. S, = S, 4, = A
for any h € [H]), but may have different time-dependent transition and reward functions P, =
{PLO’h}thl,rLo = {rLo,h}ﬁI:l and Py; = {PHi,h}thl,THi = {THLh}}If:l. W.l.o.g., we assume the
initial state s; is fixed, and the reward functions 7, and ry; are deterministic and bounded by
[0, 1]. In episodic MDPs, we study the time-dependent policy specified as 7 := {7y, ..., 7y } with
7h + S — A(Ap) for all h € [H]|, where A(Ay) denotes the probability simplex over the action
space. With a slight abuse of notation, when 7, is a deterministic policy, we use 7y, : Sp, — Ay, to
denote the deterministic mapping. Besides, we use Q7 (s,a) = E[Zgzh rh(Spryap )|sn = s,ap =
a,m], ViT(s) = Equur[QF (s, a)] to denote the value function for 7 at step h € [H], and denote
dp(-) == Pr(sp = |m)and d} (-,-) := Pr(sp, = -, as, = -|m) as the state and state-action occupancy
w.r.t. policy m. We use 7* to denote the optimal policy, and V}*, Q} , d as a short note when m = 7*.
To avoid confusion, we will specify the policy and value functions in My, and My; by Lo and Hi in
subscription, respectively. For example, in My, we have 7o := {701, -..; TLo, 1 }» QE(L):‘,L / VLE;L and
Qfon/Vions disn, dio > and similarly for My;.

Gap-Dependent Setting Throughout, we focus on gap-dependent setting [17, 23} 34} [7]]. Below we
introduce the notion of gap for M, as an example, and those for My; follows similarly. In MAB case,
the gap in My, w.r.t. arm 4 is defined as Ar (@) := max;e[a] fiLo(J) —firo(), Vi € [A], and for tabular
RL setting, we have Ar,(sp, ap) := VL*o,h(Sh) — Qﬁo’h(sh, ap),Yh € [H|, sp € Sh,ap € Ap. We
use Apo min to refer to the minimal gap such that A(sp, ap) > Apo min for all non-optimal actions
ap, and use A, = min{ALo’min, Ammin} to denote the minimal gap over two tasks. In the
gap-dependent setting, we assume Ap;n > 0.

Knowledge Transfer from Multiple Low-Tier Tasks In this case, we assume there are W >
1 different source tasks My, = { Mo}V, and all the tasks share the same state and action
spaces but may have different transition and reward function. We defer the extended framework
for this setting to Appx. [Al We specify the task index w € [W] in sub-scription to distinguish
the notation for different source tasks (e.g. Pro w,h, Ql("o)’w’ ). Moreover, we define Ay, =
min{Aro 1.min; ---» ALo,W,min, AHi,min }- FOr convenience, in the rest of the paper, we use TRL-MST
(Tiered RL with Multiple Source Task) as a short abbreviation for this setting.

Performance Measure We use Pseudo-Regret as performance measure: Regrety (My,) :=

k k

E S, Vi(s1) —Vf“(sl)}; Regrety (Myi) = E [0 Vi(s1) — V™ (s1) |, where K is
the number of iterations, {7f } X | and {nf;,} /< are generated by the algorithms.

Frequently Used Notations We denote [n] = {1, 2, ...,n}. Given a transition matrix P : § x A —
A(S), and a function V' : S — R, we use PV (sp,, a) as a short note of By p(.|s,0)[V (5")]. We will
use 4;, /ify; to denote the optimal arm in bandit setting, and 7", /7};; denotes the optimal policy in RL
setting. In TRL-MST setting, we use i}, ,, /7, ,, to distinguish different source tasks.



2.1 Assumptions and Characterization of Transferable States

Throughout the paper, we make several assumptions. The first one is the uniqueness of the optimal
policy, which is common in the literature [22} 4].

Assumption A. Both M, (or {MLO,M}ZI,/: 1) and My; have unique optimal arms/policies.

Next, we introduce a new concept called “Optimal Value Dominance” (OVD for short), which says
that for each state (or at least those states reachable by optimal policy in Mj,), the optimal value of
M, is an approximate overestimation for the optimal value of My;. In Sec. E], we will use a lower
bound to show such a condition is necessary to attain the robust transfer objective.

Assumption B. In single source task setting, we assume M, has Optimal Value Dominance (OVD)
over My, s.t., VYh € [H], for all s, € Sy (or only for those s;, with dy,, n(sn) > 0), we have:

L*o,h(sh) > Vﬁ"hh(sh) 2(1?3—“1) In TRL-MST setting, we assume each M, ., has OVD over ]\JH1

We remark that Assump. [B|is a rather mild condition that naturally holds with reward shaping. Note
that since Vi3, ;,(-) < H — h, by shifting the reward function of My, to 7, ,(-,-) = TLon(", ) + 1,
we immediately obtain the OVD property. Even though, such a reward shift may impair the set
of transferable states as we will introduce in Def.[2.2] We provide several reasonable settings in
Appx. @] including identical model [13]], small model difference, and known model difference,
where Assump. [BJis satisfied and there exists a non-empty set of transferable states. We also point
out that several existing work on transfer RL assumed something similar or even stronger [9, [10]],
which we defer a thorough discussion to Appx.

Assumption C. The learner has access to a quantity ﬁmin satisfying 0 < ﬁmin < Anin-

The final one is about the knowledge of a lower bound of A;;,, which can always be satisfied by
choosing Amm = 0. Nevertheless, it would be more beneficial if the learner has access to some

quantity Amm closer to Ap;, than 0. As we introduce below, the magnitude of Amm is related to
how we quantify the similarity between My, and My; and which states we expect to benefit from
knowledge transfer. Below we focus on the single source task setting and defer the discussion for
TRL-MST setting to Sec. [5

Definition 2.1 (¢-Close). Task My; is e-close to task My, on s, at step h for some ¢ > 0, if
Vion(sn) = Vigin(sn) < e and miy(sn) = 7o (sn)-
Definition 2.2 (\-Transferable States). State sp, is A-transferable for some A > 0, if df',(sn) > A

and Mpy; is i ﬁrl) -close to My, on sp,. The set of A-transferable states at h € [H| is denoted as Z,’L\.

We regard sj, in My, has transferable knowledge to My;, if it can be reached by optimal policy in
M;, and the optimal value and action at s, for two tasks are similar. Here the condition d} (sp) > 0
is necessary since in M, only the states reachable by 7|, can be explored sufficiently by Alg™ due
to its near optimal regret. Combining with Assump. [B} one can observe that the value difference on

transferable states are controlled by |Vi*, 1, (sn) — Vi 5 (1) = O( "“") <04 Smin) . As we will
show in Thm.[3.2)in Sec. [3] the term O(A ;) is indeed unimprovable if we expect robustness.

3 Lower Bound Results: Necessary Condition for Robust Transfer

Now we establish lower bounds that show Assump. [B]is necessary and how the magnitude of Ay
restricts the robust transfer objective. The results in this section are based on two-armed Bernoulli
bandits for simplicity, and the proofs are deferred to Appx. Bl By extending these hard instances to
RL case, there is a gap caused by the add1t10na1 in Assump. [Bland Def.|2.2f which comes from the
requirement of our algorithm design, and we leave it to the future work.

Justification for Assump. [B|We show that if Assump. [Blis violated, it is impossible to have algorithms
(AlgLO, AlgHi) to simultaneously achieve constant regret when My, = My;, while retaining sub-linear
regret for all the cases regardless of the similarity between M|, and My;. Here we require constant
regret on My, = Mpy; since we believe it is a minimal expectation to achieve benefits in transfer when

2For convenience, we include the bandit setting as a special case with H = 0; see also Def. and



the two tasks are identical. Intuitively, without Assump. [B] even if we know pyo(if,) = pmi(if,), we
cannot ensure %[, is the optimal arm in My;. Then, if (Alg™°, Alg"") can achieve constant regret on
My, = Mpy;, the algorithm must stop exploration on the arm 4 # i;  after finite steps, and thus, it
suffers from linear regret in another instance of My; where ], # ify;.

Moreover, Thm. holds even if the learner has full information of Mj,, where the setting de-
generates to normal transfer RL since there is no need to explore Mj,. This explains why similar
assumptions to Assump. [Bfare considered in previous transfer RL works [9}[10]].

Theorem 3.1. Under the violation of Assump. E] even regardless of the optimality of Alg™, for each
algorithm pair (AlgLo,AlgH'), it cannot simultaneously (1) achieve constant regret for the case when
My, = Mpy; and (2) ensure sub-linear regret in all the other cases.

A i in Tolerance Error is Inevitable Next, we show that, if My; and M, are A-close for some
A > AT, in general we cannot expect to achieve constant regret on My; by leveraging M , without
other loss. Similar to Thm. the main idea is to construct different instances for My; with different
optimal arms and cannot be distinguished within finite number of trials.

Theorem 3.2. [Transferable States are Restricted by A,y ] Under Assump. [B} regardless of the
optimality of Alg™, given arbitrary A, and arbitrary A € [A‘é‘“‘ , Amin), for each algorithm pair
(AlgL”,AlgHi), it cannot simultaneously (1) achieve constant regret for the case when My, and Mpy;

with minimal gap Anin are A-close, and (2) ensure sub-linear regret in all other cases.

4 Robust Tiered MAB/RL with Single Source Task

In this section, we study Tiered MAB and Tiered RL when a single low-tier task My, is available.
The key challenge compared with [13]] is that we do not have knowledge about whether M|, and
My are similar or not so the pure exploitation will not work. Instead, the algorithm should be able
to identify whether M, and My; are close enough to transfer by data collected so far, and balance
between the exploration by itself and the exploitation from M, at the same time.

To overcome the challenge, we identify a state-wise checking event, such that, under Assump. [B]
if sy, is transferable, the event is true almost all the time, and otherwise, every mistake will reduce
the uncertainty so the chance the event holds is limited. By utilizing it, our algorithm can wisely
switch between optimistic exploration and pessimistic exploitation and achieve robust transfer. In
Sec. we start with the MAB setting and illustrate the main idea, and in Sec. we generalize
our techniques to RL setting, and discuss how to overcome the challenges brought by state transition.

4.1 Robust Transfer in Tiered Multi-Armed Bandits

The algorithm is provided in Alg. |1l We choose Alg™ as UCB, and Alg™" as an exploitation-or-UCB
style algorithm branched by a checking event in line[7] which is the key step to avoid negative transfer.

Algorithm 1: Robust Tiered MAB

1 Imitilize: o > 2; N (i), Nk (i), it (i), ff; (i) < 0, Vi € A; f(k) := 1+ 16A4%(k +1)2
2 Pull each arm at the beginning A iterations
fork=A+1,A+2,..,K do

— . -~ . 2al (k — — . —

Ao () 4 Ato(i) + /2 argmaxi it (1), ity ¢
. N 2alog [ (k ,

b (6) = (1) — /P I ke argman k(i)

ko ks 2alog J(F) — ks
iy (1) < ifs; (4) + \/ %7 Ty < arg max; i (i).

if H]lio (Ellio) S ﬁllfh (E]]fo) +e€ and Nllfo (E]Ifo) > k/2 then 7TI]-CIi A Ellio else 7TI]—CIi A ﬁfﬁ’

+1 /~k+1
0 /:u‘Hi .

Interact Myy; / My, by 7k, /nf,; Update NJ5M /NEFL and empirical mean fif
end

Key Insights: Separation between Transferable and Non-Transferable Cases To understand our
checking event, we consider the following two cases: (1) M, and Myy; are e-close, and (2) 1}, # i},



(in the rest cases we have ify; = if, but po(if,) > pmi(if,) + €, so exploiting from My, is harmless).
Recall Assump. l in Case 1, we have pro (41 ,) < pmi(if,) + €, while in Case 2, with an appropriate

choice of ¢ (e.g. € = ;f‘“ < 34“’“ ), we have ppo (i) > pm(ify;) — ”““ > um(if,) +e+ M,

which reveals the separation between two cases. As a result, if we can construct an uncertalnty based
upper bound 7z, (i) for pui(if ), we should expect the event £ := ,uLo(lLo) < ik (iF,) + € almost
always be true in Case 1, while in Case 2, everytime & occurs and Alg™" takes i 1] - the “self-correction”
is triggered: the uncertainty is reduced so the estimation 7z, (i7", ) gets closer to pu (i}, ), and because
of the separation between p,(4f,) and i (i), ), the number of times that £ is true is limited. The
remaining issue is that we do not know py1,(7f,) and i}, and we approximate them with LCB value
¥ () and its greedy policy. The additional checking event Ny, (xf,) > k/2 is used to increase the

confidence that 7, = i}, once transfer, which also contributes to reducing the regret. Finally, to

achieve constant regret, we use « to control the total failure rate to be Zfi k=9(@) = O for some
constant C. We summarize the main result in Thm. and defer the proof to Appx.

Theorem 4.1. [Tiered MAB with Single Source Tasks] Under Assump. [A] [Bland[Q] by running Alg. [I]
with e = AZ‘“‘ and o > 2, we always have Regret j.(My;) = (ZAH,»(z‘)>O ﬁ(i) log K). Moreover,

if My; and M, are Lwin win-close, we have: Regrety(Mpi) = O3, (i)>0 ﬁ_(i) log Aﬁm ).

Comparison with [22,/13] As we can see, our algorithm can automatically achieve constant regret
if tasks are similar while retaining near-optimal otherwise. Notably, even when My; = My, our

regret bound 6(ZAHI(1)>0 AHl( )) is strictly better than O( \/AA \/ZAm(i)>0 ﬁm) in [22]] and

5(2Am(i)>0(’4 — z)(m — Af(“li‘g)z)) in [13]] under the same setting.

4.2 Robust Transfer in Tiered Tabular RL

In this section, we focus on RL setting. We provide the algorithm in Alg. [2] where we defer the
details of ModelLearning function and the requirements for Bonus function to Appx. In the
following, we first highlight our main result.

Theorem 4.2. [Tiered RL with Single Source Tasks| Under Assump. E] @and @ Cond. for Alg™

and Cond. for Bonus function, by running Alg. 2|with ¢ = 461}“4"1), a > 2, an arbitrary A > 0,
we have
Regret . (Mp;) = (SH Z Z ( il A ! ) log(SAHK)).
Amin AHi(sha ah)

h=1 (sh,ah)GSh XAh\Ci\

Here the set C; C Sj, x Aj, captures the benefitable state-action pairs to be introduced later. For
simplicity, in Thm. |4.2|above, we omit all constant terms independent with K that may include A~!,
A, orlogl/d; (- ) The complete version of Thm. can be found in Thm. As we can

serélmcomparing with pure online learning algorithms [23} |34} [7]], in our setting, My; only suffers

non-constant regret on a subset of the state-action space. The S H factor may be further improved by
choosing better Bonus functions than our Example given in Appx.

Different from the bandit setting, the state transition causes more challenges. In the following, we
first explain the algorithm design to highlight how we overcome the difficulties, and then provide the
analysis and proof sketch. Detailed proofs can be found in Appx.|[D}

Technical Challenges and Algorithm Design Similar to MAB setting, for M, we choose an
arbitrary near-optimal algorithm, and for My; we set up a state-wise checking event Z{lf(), R() <
éfﬁ, (s w]’fO, ) + € in line[15|to determine whether to exploit from M, or not. Here K,’fm 5, and @]’fn h
serve as lower and upper bounds for V{* and Qyy;, and V’fo 5, and w’fo ;, are constructed by Pessimistic
Value Iteration [16], which can be shown to converge to V[* Lo.h and 7rL0 1> Tespectively. Similar to [13],
for the choice of Alg™ and the bonus term used to construct lower/upper confidence estimation, we
consider general algorithm framework under Cond. and Cond. in Appx.

To overcome challenges resulting from state transition, we make two major modifications when
moving from MAB to RL setting. First of all, because of the constraint on the optimality of Alg"°



Algorithm 2: Robust Tiered RL
1 Input: Ratio A € (0,1); @ > 2; Auxiliary functions Bonus and ModelLearning; Sequence of
confidence level (Jy)x>1 with 6, = 1/SAH]§CY €= Amm/él(H + 1) for some Anin < Amin
2 Initialize: DY /DY < {}; Vk, V()HH,Q H+1’Vl‘];1 H+17QH1 a1 < 0.
sfork=1,2,...do

4 TLo < Alg™*(DF1);
s | {Pf,,}iL, < ModelLearning(Df; "), {bf, ,}/_, « Bonus(Df ", 6;).
6 forh=H, H—1...,1do
7 leo,h(.’ ) — InaX{O, 7nLO,h('a ) + IPILCO,hKEO,h-&-l('v ) - bfo,h(" )}
Kijo,h(') = InaXg Qlkjo,h(.7 a’)7 Eﬁo,h(') < argmaxg Ql]io,h(.7 Cl).
9 end
0 | {Pk Lhthey ModelLearnlng(Dfﬁ_l); {bfi; w1, < Bonus(Dj ', 6;).
11 forh=H,H—1...,1do
k. ™
1 Q. () maX{Q P () + Pl Vi () = b ()}
13 Qﬁi,h('v ) — min{H, rHiJl('v ) + I[DII?ILhVI-IICi,thl( ’ ) + le h( ) >}
14 for s;, € Sp, do
15 if VLO n(sn) < Qm n(8n, 7L, ) + € and max, Nf, , (sp, a) > 2k then
16 ‘ Wﬁl(sh) <+ arg max, Nfoﬁh(sh, a). // “Trust and Exploit” Branch
17 end
18 else 7. (-) < argmax, QH1 1 (-, a). // “Explore by itself” Branch ;
~ . ok
19 Vf’fi,h(sh) < min{H, QHi,h(ShaWﬁi) + %(Qﬁi,h(shaﬂﬁi) - QH?:h(Sha )}
k. xk
20 Viion(sn) = Qi (sn, )
21 end
22 end
23 Deploy mio/mhi to Mi,/My; and get 1%, /7k:; and update DF, | DE..
24 end

we cannot expect My, to provide useful information on those (s, ap) with df (sn,ar) = 0 since
they will not be explored sufficiently. Therefore, in the checking event in line we include
max, NfO’ n(8n,a) > ©(Ak) as a criterion, where X is a hyper-parameter chosen and input to the
algorithm. Intuitively, for all s, ap,, we should expect Nfo n(sn,an) =~ 6(dfo(5h, ap) - k) when k is
large enough. Therefore, by comparing [V, 0 5, With Ak, we can filter out those s, with df (s5) < A
to avoid harm from inaccurate estimation.

Secondly and more importantly, different from MAB setting, besides the error occurred at a par-
ticular step, we also need to handle the error accumulated during the back-propagation process of
value iteration. In our case, this is reflected by the loss of overestimation when we incorporate
selective exploitation into the optimism-based exploration framework. To see this, suppose at some
sh, we have an overestimation on optimal value Qyj; ;, denoted as QF; ,. When the checking cri-
terion is satisfied, if we mimic the MAB setting, i.e., assign 7 , to 7. , and update value by
Vik  (sn) < QE., (sn,mk ), when @it (sn) # mfy , (sn)» Vi, (s5) is no longer guaranteed to be
an overestimation for Vi%, , (s). As Vik, (s;,) involves in back-propagation, it will pull down the
estimation value for its ancestor states, thus reducing the chance to visit s; and slowing down the
“self-correction process” which works well in MAB setting.

The key insight to overcome such difficulty is that, if the checking event holds yet 7" (sp) #

i h Esh) the gap between @I]fh 1 (8hs o) and Qfy; 4, (sn, 7f,) should not be small, and we can show
that Qﬁi’h(sh,g’fo) ~ Qﬁi’h(sh, ) > Q;jn’h(sh, 7o) + @(—Hﬁl Awi(sn, ) with the choice of



& = O(Amin/H). Therefore, revising Q% , (s, mf,,) by adding 1/H of the gap Qf; ,, (sn,7F,) —
Qi n (5h, o) (line is enough to guarantee the overestimation. Lastly, since Qfy; ;, (sn, 77, in
unknown, we construct an underestimation Qg?h(sh, 7r,,) and use it instead. As a result, we have
the following theorem, where the clip function is defined by Clip[z|w] := x - I[z > w].

Theorem 4.3. There exists k,s; = Poly(S, A, H, A7, A;nm) such that, for all k > k., on some
event E with P(Ey,) < 30k, we have Qfy; 1,(sh, an) < QH,’ (8hyan), Vigin(sn) < Vlf,-,h(Sh),Vh €

[H], sn € Sh, an € Ayp, and

H
. . Amjn A i\Sh,Q
Vigia(s1) — VH i(51) < 2eE, x lz Clip [mln{H, b (snoan)}| i v H(4Z h)” - (D

Benefits of Knowledge Transfer We first take a look at k& > k. As implied from Eq. (I)), we can
upper bound the regret on each sy, a, by summing over the RHS of Eq. (T). Note that by Cond.

b p (sn,an) = O(%) and E[N, . (sn, an)] = ],2;11 d”lﬁi(sh, ay), we can establish the
Hi,h »@h

near-optimal regret bound with similar techniques in [23]] regardless of the similarity between My; and
My ,. Moreover, because of the knowledge transfer from M ,, we can achieve better regret bounds

for My;. In the following, we characterize three subclasses of state-action pairs, on which Alg only
suffers constant regret. First of all, for those s, € Z ,i‘ we can expect the checking event almost
always hold for arbitrary k. Hence, when k is large enough, Wﬁi’h(sh) = E’fo)h(sh) ~ T (Sh)s
implying Alg™ will almost never take sub-optimal actions at s;, since then. We denote this first
subclass as C',ll”\ = {(sh,an)|sn € 2, an # T n(Sn)}. Secondly, note that, given a state sy,

if all possible trajectories starting from s; to s; have overlap with Ci;A for some h' € [h — 1],
when F is large enough, 7y, will almost have no chance to reach s and will not suffer the regret
at s,. For convenience, we define function Block({C,; by A 17, sn) which takes True for those
states described above, and takes False for the others. Then, we define the second subclass by
cr A= = {(sn,an)[Block({C}; }h, 1»8n) = True, s, € Z;, a € Ap}. Finally, for those s, ay,
with dl*{l(sh,ah) > 0, we can show Ny, (sn,an) = dij;(sn,an)k. Therefore, bfy , (s, an) o

log k/ 4 /N{ji’ 1 (8n,an) in Eq. (I) will decay and the clipping operator will take effect, which leads to

constant regret. This third subclass is denoted by C; := {(sp,an)|df;;(sh, an) > 0}. Based on the
above discussion, we define Cﬁ = C;"l U C,)L"2 U C;; to be the benefitable states set in Thm.

For k < k¢, for the lack of overestimation, we simply use H to upper bound the value gap V* — Vi,
This results in a Poly(S, A, H,A~! Amm) burn-in term, which was omitted in Thm. since it
is independent with K. Bemdes by the definition of k,4; in Thm. we can see the trade-off of
choosing A: a smaller A can enlarge C 2 so we have constant regret on more state-action pairs, while
it also results in the delay of overestimation by the larger &, ;.

Constant Regret in the Entire MDP We may expect constant regret in the entire My; in some
special cases. Note that, if Vh € [H], Vs, with djy;(sn) > 0, s, € 27, we have Cp = S), x Ay,
Regret ;. (My;) will be independent w.r.t. K. From this perspective, if A is chosen appropriately, e.g.
A < ming, djy;(sn), we can recover the constant regret under the setting My, = My; in [13].

Choice of \ In this paper, we do not treat A as a parameter to optimize. In practice, without
prior knowledge about max,, df,(sp), one may choose A = O(1/5) to ensure some chance that
transferable states exist, since there exists at least some states satisfying dj (sn) > 1/S.

5 Robust Tiered MAB/RL with Multiple Low-Tier Tasks

Now, we focus on the case when a source task set My, := { ML, w}w 1 is available (see Frw Im
Appx.|A). Our objective is to achieve benefits on those states s, as long as there exists some task
w E [W] such that M, ., and My; are close on sy, while retaining near-optimal regret in other cases
under Assump. @ The key challenge comparing with single task case is that, Alg™ has to identify for
each state which task in M|, is the appropriate one to leverage. The main novelty and contribution
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in this section is a task selection mechanism we call “Trust till Failure”, which can automatically
adapt to the similar task if it exists. We first highlight the main results for MAB and RL setting.

Theorem 5.1. [Tiered MAB with Multiple Source Tasks] Under Assump. [A] [B| and [C] by run-
ning Alg. |3| with My, = {M&w,}}f:l and Mj,, with ¢ = % and o« > 2, we always have:
Regret ;. (My;) = O(ZAm(i)>o ﬁ(b) log(WK)). Moreover, if at least one task in My, is A‘Z‘“ -

close to Mpy;, we further have: Regret,(Mp;) = O(ZAH;(i)>O ﬁ(i) log X‘W ).

Theorem 5.2. [Tiered RL with Multiple Source Tasks] Under Assump. [A} [B| [ and Cond.

by running Alg. Elin Appx. with €= 4(%;1"1), a > 2 and any X > 0, we have
u H 1
Regret . (Mpy; :O(SH A 1 SAHWK).
egre K( H) Z Z (Amin AH{'(S}“ah)) Og( )

h=1 (sp,an)esSn x An\Cp T

Algorithm 3: Robust Tiered MAB with Multiple Source Tasks
Initilize: v > 2; N (i), N (3), L, (i), fig: (i) <= 0, Vi € A; f(k) :== 1+ 16T A%(k + 1)?
Pull each arm at the beginning A iterations. Set w* < Null.

fork=A+1,2,..,K do

forw=1,2....,W do
k(N ok (s 2alog f(K)  ~k k(s ! —k
/J‘Lo,w(l) — MLo,w(Z) + %7 7TLo,w < arg max; MLo,w(Z)v 71—Lo,w A 7rLo,w'

E N 2alog f(k k k-

HLO,’w(Z) — :uLo,w(Z) - %f(g))a ELo,w < argmax; HLo,w(Z).

end

k. PR 2alog f(k — ko

Ml’fn(l) — M’Ifn(l) + 7(11\25({)( )7 771]?11 < argmax; Mﬁi(l)-

k k k —k (. k k k

1% {w € [W] |HLo,w (ELo,u)) < /J’Hi(lLo,w) + ¢ and NLo,w(lLo,w) > k/Z}

if 78 = () then w* < Null, =f « 75

else
if wh~! #£ Null and wk=! € IF then w" + wk1!, Wfﬁ — Ellfo,wk ;
else if w* ! # Null and 3w € I* such that 7h; ' = arg max; NP, ., (i) then

\ wk —w, wfy —xf,,

end
else w* ~ Unif(Z%), = < zf .:

end

Interact with My; /{ My, }}V_, by ﬂ'ﬁi/{ﬂ'{foyw W

Update {ij AW N[ and empirical mean {ﬁ]’f;r}u W, [k for each arm.

end

For the lack of space, in the following, we only analyze the bandit setting to explain the key idea of
our task selection strategy. For the RL setting, we defer to Appx. [ the aithm Alg.[7] detailed

version of Thm. (Thm. , defintion of transferable set C;)’[W (Def.

Algorithm Design and Proof Sketch for Bandit Setting The algorithm is provided in Alg.
Comparing with Alg. [T]in single task setting, the main difference is the task selection strategy from
line [9] to line We first examine each source task with a checking event similar to single task
setting, and collect those feasible tasks passing the test to Z¥. Intuitively, for those My, .~ close
to My, we expect My ., € 7% holds almostly for arbitrary £ > 0, while for the other My, if it
takes the position of wk, following My, ,+ Will reduce the uncertainty and it will be ruled out from
T*, eventually. So we expect w* can “escape” from dissimilar source tasks but be absorbed to the
similar task if exists. Therefore, if Z* is empty, Alg" will do exploration by itself. Otherwise, we
choose one from Z* to transfer the action until it fails on the checking event. However, for any ¢ the
algorithm chosen, those “marginally similar” source tasks (denoted as My, ), which are £’-close to
My; for some €’ only slightly larger than €, may cause some trouble. Because the checking event

2), and technical details.



will finally eliminate M, g since they are not e-close, but it may occupy the position wk for a long
time before elimination, especially when ¢’ is extremely close to €. After eliminating M, z, Alght
needs to re-select one from Z%. Now since other sub-optimal arms in My; haven’t been chosen for
a long time and the confidence level §;, = O(1/k®) is decreasing, Z* will include those dissimilar
tasks again, which causes difficulty to identify the true similar task. To solve this issue, once the
previous trusted task fails, we give priority to the task recommending the same action as the previous
one (line. Asa result since My, i and My, .~ share the optimal action, after the elimination of
My, ., we can expect w” to only switch among those tasks My, ., with 7TL0 w = Thi- We highlight
this technical novelty to Lem. [5.3]below, and defer all the proofs to Appx.|E]

Lemma 5.3. [Absorbing to Similar Task] Under Assump. E] [Bland|C] there exists a constant c*, s.t.,

if there exists at least one w* € [W] such that My, .+ is "“" -close to My;, by running Alg. |3 wnh

€= % and a > 2, for any k > k* .= ¢* AO‘ZA log ZAW. e have Pr(nfy; # ify;) = O(12=2).

min

6 Experiments

In this section, we evaluate our most representative algorithm, Alg. 7, in multiple source tasks setting.

Experiments Settin We set S = A = 3 and H = 5. The details for construction of source and
target tasks are defered to Appx.|Gl We adapt StrongEuler in [23]] as online learning algorithm to
solve source tasks, and use the bonus function in [23] as the bonus function in our Alg. 7. We
evaluate our algorithm when W = 0, 1, 2, 5, where W = 0 means the high-tier task My; is simply
solved by normal online learning method (StrongEuler) without any parallel knowledge transfer. We
choose A = 0.3 ~ 1/S in Alg. 7, and in the MDP instance we test, across all S - H = 15 states, for
W =1, 2,5, the number of transferable states would be 6, 9 and 13, respectively.

We choose iteration number K = le7, where we start the transfer since k& = 5eb to avoid large
“burn-in” terms. As we can see, after the transfer starts, the regret in target task will suddenly increase
for a while, because the target task has to make some mistakes and learn from it as a result of the
model uncertainty. However, because of our algorithm design, the negative transfer will terminate
after a very short period. As predicted by our theory, by adding more and more source tasks which
can introduce new transferable states, the target task will suffer less and less regret.

6100

6000

5800

Regret

5700

===
o

VN RO

5600

4 6 8

o
o

0.5
(transfer starts)
Iterations (1e6)
Figure 1: Regret in the Target Task given Multiple Source Tasks We report the result when W
source tasks are available with W = 0, 1, 2, 5. The shadows indicate 96% confidence interval.

7 Conclusion and Future Work

In this paper, we study how to do robust parallel transfer RL when single or multiple source tasks are
avilable, without knowledge on models’ similarity. The possible future directions include relaxing
assumptions, better strategies to leveraging multiple source tasks, and identifying mild structural
assumptions allowing for more aggressive transfer, and we defer to Appx. [A.4]for more details.

3Code is available atlhttps: //github.com/jiaweihhuang/Robust-Tiered-RL
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