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Abstract

Fair clustering has traditionally focused on
ensuring equitable group representation or
equalizing group-specific clustering costs. How-
ever, Dickerson et al.| (2025)) recently showed
that these fairness notions may yield undesir-
able or unintuitive clustering outcomes and
advocated for a welfare-centric clustering ap-
proach that models the utilities of the groups.
In this work, we model group utilities based on
both distances and proportional representa-
tion and formalize two optimization objectives
based on welfare-centric clustering: the Rawl-
sian (Egalitarian) objective and the Utilitar-
ian objective. We introduce novel algorithms
for both objectives and prove theoretical guar-
antees for them. Empirical evaluations on
multiple real-world datasets demonstrate that
our methods significantly outperform existing
fair clustering baselines.

1 INTRODUCTION

Algorithmic decision making has proliferated across
various domains, from personalized advertising, recom-
mender systems, and hiring to even more consequential
and critical applications such as recidivism predic-
tion, loan approval, and kidney exchange |Tejaswini
et al.| (2020); Arun et al.| (2016]); [Purohit et al.| (2019);
Berk et al. (2021); [Liu et al.| (2011); Berk and Ble-
ich (2013)); |/Awasthi and Sandholm| (2009); |Aziz et al.
(2021)); McElfresh et al.|(2019); Raghavan et al.| (2020).
This widespread use has led to many documented ex-
amples where intuitive and agreed upon notions of
fairness have been violated [Kearns and Roth| (2019));
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O’neil (2017). As a result fairness has become a ma-
jor consideration in machine learning and algorithm
design.

Clustering, a fundamental and classical problem in both
machine learning and operations research, has received
significant attention as a case study for operationalizing
various notions of fairness |Chierichetti et al.| (2017));
Bercea et al.| (2018]); |Bera et al.| (2019); |Ahmadian
et al| (2019); |Ghadiri et al.| (2021)); |Abbasi et al.
(2021)); [Makarychev and Vakilian| (2021); |Jung et al.
(2019); |Chen et al.| (2019)). These works consider
standard clustering objectives (e.g., k-means or k-
median) and solve them subject to a constraint on
an operationalization of some fairness notion. For
example, the most prominent notion in fair clustering
is that of proportional mizring where the standard
clustering objective is minimized subject to each cluster
having equitable representation of each demographic

group[]

While proportional mixing as well as other fairness
notions in clustering are Well-motivatecﬂ it has recently
been shown that the application of these notions can
lead to clustering outcomes which are unintuitive and
result in poor solutions both globally and for each
group separately |Dickerson et al.| (2025)). Take as an
example the clustering instance in Figure [1| where the
red and blue colors denote two different demographic
groups. In this instance, the top two groupings of
points are far from each other relative to the other
points: clustering them with any points outside those
groupings leads to high distance costs for those points.
So, any proportionally mixed clustering will lead to
large distances for all of the points in those top two

*For example, if the dataset consists of demographic
groups A, B, and C' with proportions 50%, 30%, and 20%,
respectively, then for each cluster the percentage of points
from groups A, B, and C should be around 50%, 30%, and
20%, respectively.

tSpecifically, for proportional mixing, since each group is
proportionally represented in each cluster, this would ensure
that any outcome assigned purely by cluster assignment
will affect each group proportionally.
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Figure 1: Instance and its welfare optimal clustering.

groupingsﬂ As noted in Dickerson et al.| (2025) and
shown in Figure [} a welfare-centric clustering which
quantifies the utilities of the red points and blue
points separately and optimizes for them jointly would
overcome these issues and produce clusterings where
the upper groupings would be clustered separately and
the lower groupings would cluster together. While
the instance presented in the figure is simplified, it
is representative of many settings where balancing
the proportional mixing and the distances should
be handled more carefully and where utility-aware
clusterings are much more preferable. In this paper,
we give a formalization of welfare-centric clustering
and introduce algorithms with provable guarantees for
it.

Our Contributions and Outline. In Section [2} we
review the related works and demonstrate the need for
a clustering notion based on utilities and welfare. In
Section [3] we formalize the notions for group utility and
introduce two formal notions of welfare. Specifically, we
introduce the Rawlsian (Egalitarian) objective as well
as the Utilitarian objective. In Section [4] we introduce
our novel algorithms for both objectives. Interestingly,
although our algorithms for both objectives share a
similar format, the details of each have to be carefully
adjusted to optimize its own objective. In Section
we implement our algorithms and show superior
performance over a collection of baselines on real world
datasets. Due to space limits all of the proofs are
pushed to the Appendix.

2 RELATED WORK

As mentioned the most prominent notion in fair cluster-
ing is that of proportional color mixing where each clus-

In general, shorter distances to centers are more favor-
able. This holds if the application was a machine learning
or an operations research application. In the former, shorter
distances correspond to better representation by the center
and in the latter they correspond to shorter travel distance
to the center.

ter is constrained to have proportional representations
of the groups. This notion was originally introduced
in |Chierichetti et al| (2017) and was then generalized
to satisfy arbitrary lower and upper bounds as well as
various clustering objectives Bercea et al.| (2018)); Bera
et al.| (2019)); Kleindessner et al. (2019); Knittel et al.
(2023). [Esmaeili et al.|(2021) noted that satisfying pro-
portional color mixing might come at an unbounded
increase to the clustering cost and therefore introduced
the Fair Clustering under a Bounded Cost (FCBC)
problem where an upper bound on the clustering cost is
given and then proportional color mixing is essentially
maximized across the clusters. Although, this notion
could mix the bottom clusters in Figure [I] it still leads
to inequitable solutions where one group may unrea-
sonably have a strictly lower utility than the other.
This happens since FCBC is only using the clustering
cost instead of formulating a welfare function based on
clear utility assignments. See Appendix [F]for a detailed
discussion. Additionally, Hakim et al|(2024) extends
Esmaeili et al.| (2021)) by finding the Pareto frontier
of the clustering cost vs the proportional violations.
However, similar to [Esmaeili et al.| (2021)) it has the
same issues since it only considers the clustering cost
instead of the welfare. Further, the algorithm of
(2024) has a run-time of Q(n*) where n is the
number points and k is the number of clusters, making
it highly impractical.

Another important notion is that of socially fair clus-
tering |Abbasi et al| (2021); |Ghadiri et al. (2021);
Makarychev and Vakilian| (2021) where the average
clustering cost for each group is found and then the
maximum average across all groups is minimized.
While this notion is well-motivated, it completely ig-
nores the proportional representation of the groups
within the formed clustering. For example, in the in-
stance of Figure |1} the optimal socially fair clustering
would not form clusters where the groups are mixed.
This is a shortcoming that our framework overcomes
since the average clustering cost of a group as well
as its proportional representation are optimized for
simultaneously by including them in the utility.

A related line of work studies probabilistic fair clus-
tering, where group memberships are uncertain and
represented probabilistically rather than determinis-
tically [Esmaeili et al| (2020). While this changes the
modeling of protected attributes, it does not by itself
address the issue that motivates our welfare-centric ap-
proach: a clustering can satisfy a probabilistic version
of proportional mixing and still allocate distance costs
inequitably across groups. In that sense, probabilis-
tic fair clustering and our framework are orthogonal:
the former changes the representation of group mem-
bership, whereas the latter changes the objective to




explicitly optimize welfare.

Another complementary line of work studies individual-
fairness in clustering, inspired by the principle that
similar individuals should be treated similarly |Dwork
et al.| (2012). For example, [Jung et al.| (2019) and
Mahabadi and Vakilian| (2020) define fairness at the
level of points by requiring each point to have access
to a center within an appropriate radius, or more gen-
erally by comparing the service quality received by
similar individuals. These formulations typically do
not use group labels and do not directly model trade-
offs between different groups’ outcomes. In contrast,
our framework aggregates group-level disutilities, com-
bining distance and proportional-representation terms
through a social-welfare objective. This makes our
approach more suitable for settings where the goal is
to reason explicitly about distributional equity across
protected groups rather than similarity-based fairness
across individuals.

Finally, there has been significant work in supervised
learning that emphasized the importance of formalizing
utility /welfare and having them as the main objective
to optimize for instead of imposing simple constraints
such as demographic parity Heidari et al.| (2018)); |Chen
and Hooker| (2021)); |Chohlas-Wood et al.| (2024)); Mlade-
nov et al.[(2020); Hu and Chen| (2020); |Cousins| (2021));
Heidari et al.| (2019); Rosenfeld and Xu| (2025)). De-
spite the significant attention welfare-based formula-
tions have received in supervised learning, they have
been largely ignored in clustering. The exception being
the recent work of|Dickerson et al.| (2025). In particular,
Dickerson et al.| (2025]) actually introduced an example
similar to Figure [1| and proved that proportional mix-
ing and socially fair clustering would in fact produce
strictly less welfare in comparison to a welfare-centric
approach. In this paper, we formulate welfare in a
manner largely similar to |Dickerson et al.| (2025) with
the main difference being that we formulate utility at
the level of the group instead of the individual and that
we define a specific form to calculate the proportional
mixing (or violation of proportional mixing). Addition-
ally, we note that while Dickerson et al.| (2025) pointed
out the importance of considering welfare in clustering,
it gave no algorithms or even heuristics for obtaining
welfare-centric clusterings.

3 PROBLEM STATEMENT

We are given a set of points C representing individuals
to be clustered with |C| = n. Each point j € C has
a color h € H where each color is associated with a
specific demographic group. We assume that each point
belongs to exactly one group. We therefore, define the
color assignment function x : C — H that assigns
points to colors, i.e., x(j) is the color of point j. The
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subset of individuals with color h is denoted by C",
and the total number of such individuals is nj, = |C"|.
Accordingly, the proportion of color h in the dataset
is rp, = 7. Additionally, we have a distance function
d(.,.) which defines a metric over the space.

A clustering solution is represented by the pair (.5, ¢),
where S is the set of selected centers and ¢ : C — S
is an assignment function that maps each point to a
center, thereby forming the clusters. The distance be-
tween a point j and its assigned center is d(j, ¢(j)). Of
particular interest to us are the k-median and k-means
clustering objectives which can be formally written as:

mandp] o(1)) (1)

¢ jec

Where in the above we set p = 1 and p = 2 for the
k-median and k-means objectives, respectively. Note
that the assignment function ¢ is trivial in the above
objectives since one would simply assign each point
to its closest center to achieve a minimum clustering
cost. However, that is not the case when constraints
are imposed on the clustering objectivesﬁ

Additionally, we use C; to denote the set of points
assigned to center i € S, i.e., C; is the i*" cluster.
Further, C' = C;NC", i.e., the subset of those points
with color h in C;. With this notation, we may instead
write the clustering cost as >, .¢ > dP(j,1).

Before introducing our problem we formally introduce
the following two clustering objectives which will be
relevant to us. The first is socially fair clustering (Ab-
basi et al., [2021; |Ghadiri et al. 2021} Makarychev and
Vakilian), 2021]) which is defined as:

jeC;

Socially Fair Clustering:

>,

jech

min max —— 7
S,¢ heH |c |

(2)
This objective amounts to minimizing the maximum
average clustering cost across the groups. The second
clustering objective is weighted clustering (Har-Peled
and Mazumdar, 2004; Charikar et al.,[1999) where each
point j € C has a specific weight w; € Ry associated

with it, formally we have:
. e
min ; w; d(5,6(5))
J

(3)
Note that unlike socially fair clustering, weighted clus-

tering is well-defined even if the points have no color
assignments.

Weighted Clustering:

$For example, if we constraint each cluster to have a
maximum number of points |Li| (2017); |Chuzhoy and Rabani
(2005)), then some points maybe assigned to further away
centers if their closest center has too many points assigned
to it.



Our approach is focused on optimizing welfare (op-
timizing an aggregate of the average group utilities).
First, clearly in a clustering solution, the distance be-
tween a point and its assigned center will have a great
effect on the disutilityﬂ with shorter distances leading
to smaller disutilities. Therefore, for a given solution
(S, ¢) and a given group h € H, we define D}, as follows:

= 37 @(.6())

jech

(4)

Additionally, since the proportional representation of a
group in a given clustering has a significant impact on
the disutility as Welﬂl7 we define Vj (S, ¢) as follows:

S,¢) =Y _|Ci| - v(h,i

€S

()

Where v(h,i) is the amount of proportional violation
color h experiences in cluster ¢. Formally, v : H xS —
R>o and is defined as follows:

[CF

7

| Ci|

— (rn +an), (rn —Bn) — , 0}

(6)

where ap, and S are upper and lower proportional
violations respectively. To understand @, note that
if color h is proportionally represented, i.e., rp + ap >

¢ Br, then v(h,i) = 0. On the other hand,

c; \
if the h is over-represented, i.e., |I%i || > 1, 4+ ap, then
h
would have v(h,i) = “gii || — (rn + ag). Similarly,
Keifl

v(h,i) = (rn — Bn) — o7 when there is an under-
representation. Note that ay, and 3, are there to relax
the violation values for the upper and lower proportions
desired for color h, respectively. For example, if we
set ap, > 1 — 1y and B, = 73, then we only obtain
positive violations if color h is under-represented and

never when it is over-represented.

It is also important to note that in the amount
of violation a group (color) experiences in cluster i
is weighted by the cluster size |C;|. This choice is
well-motivated, since one would expect that a group
would not be affected significantly by an dispropor-
tional representation in a cluster if the cluster size is
not significant.

ISince smaller distance leads to better utility, we find it
more natural to use disutilities instead of utilities. Therefore
we will minimize an aggregate of the disutilities instead of
maximizing it.

I As noted earlier, this is the main motivation in the
notion of proportional mixing.
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Based on the above, we define the average disutility of
a group Dy, as:

ct |

Dh(Sa¢): A)Vh(5’¢)

(7)

where we have A € [0, 1]. Equation (7)) is a very natural
assignment for a group’s disutility, simply stating that
distance and proportional violation should be mini-
mized simultaneously. The role of X is to decide the
weighting between the distance and the proportional
violation.

All we have left is to set an objective that mini-
mizes an aggregate of the disutilities. The two most
standard objectives from welfare economics |[Brandt
et al| (2016) are the Rawlsian (egalitarian) objec-
tive R = max Dy(S, ¢) and the Utilitarian objective

U(S,9) = > hen Dr(S, ¢), therefore we will focus on
minimizing one of the following two objectives:

Rawlsian: in R(S, ¢) = mi Dy(S

awlsian min (S, 9) min max n(S, )
(8)

Utilitarian: mmU S,¢) = mm Z Dy (S

hEH

(9)

Clearly, for the case where A = 1 the Rawlsian objective
R is equal to the socially fair objective . Further, for
A =1 it is not difficult to see that the the Utilitarian
objective U would be a special instance of weighted
clustering where for each point j € C we would
have w; = m where x(j) is the color of point j.

Other aggregators of the group disutilities are also
possible. For example, after mapping disutilities to
utilities, one could define a Nash-social-welfare-type
objective using the product of group utilities. We leave
the algorithmic study of such variants to future work.

As a final notional note, we will use OPTgr and OPTy
for the optimal values of the Rawlsian and Utilitarian
objectives, respectively.

4 ALGORITHMS AND
THEORETICAL GUARANTEES

It is not difficult to see that ordinary clustering is a
special case of both the Rawlsian and the Utilitarian
objectives. Therefore, since both the k-median and
k-means problems are NP-hard |[Bhattacharya et al.
(2020)); |Charikar et al.| (1999); Awasthi et al.| (2015), it
follows immediately that both the Rawlsian and Util-
itarian objectives are NP-hard as well. We therefore
design approximation algorithms for them that would



be guaranteed to run in polynomial instead of expo-
nential time. Our approach is modular and is similar
for both objectives. Specifically, for both objectives
we start by running an algorithm to find the set of
centers and then having fixed the set of centers we
find an assignment from points to centers. Although
such a “two stage” approach of choosing centers and
then solving for the assignment was followed before in
fair clustering Bercea et al.| (2018); Bera et al.| (2019);
Esmaeili et al.[ (2020, |2021)), the center selection is done
using a vanilla clustering algorithm and the rounding
can be done mostly through a standard structure of a
min-cost max-flow network. In our case, this approach
has to be significantly adjusted. Specifically, as will be
shown in the next two subsections, center selection has
to be done using socially fair and weighted clustering
algorithms for the Rawlsian and Utilitarian objectives,
respectively. Further, the min-cost max-flow round-
ing has to be adjusted significantly for the Rawlsian
objective. For a more clear presentation, we will set
vp = 2P71(2P71 £ 1) and ~,/ = 22— 1),

4.1 Algorithm for the Rawlsian Objective:
RawlsianAlg

Algorithm 1 RAWLSIANALG

Input: Set of points C, number of centers & .
SsF = SOCIALLYFAIRALG(C, k).

Solve LP to obtain the solution xfac.

Set x'"¢8 = RAWLSIAN-ROUNDING(x7¢) and
form the assignment ¢ using x'mtes,

5: Return (Ssr, ¢).

Algorithm [1| shows the pseudo-code of RAWLSIANALG
which is our approximation algorithm for the Rawl-
sian objective. The set of centers Sgr is set to the
output of a SOCIALLYFAIRALG which can be any a-
approximation algorithm for the socially fair objective.
The intuition behind this choice lies in the fact that
the Rawlsian objective is minpcy Dy = %,
which ignoring the term (1 — )V}, is identical to a
A multiple of the socially fair objective . In fact a
formal connection can be proved. Specifically, if Sgp
is the set of centers chosen by an a-approximation
algorithm for the socially fair objective then there ex-
ists an assignment ¢’ that leads to a solution with a
bounded increase to the approximation factor « for the
Rawlsian objective. The lemma below gives the formal
statement.

Lemma 4.1. Using the set of centers Sgp chosen by an
a-approzimation algorithm for the socially fair objec-
tive, there exists an assignment ¢’ such that (Ssp, ¢’)
leads to a (yp+7,a)-approrimate solution for the Rawl-
stan objective.
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Note that the above lemma leads to an approximation
factor of (24 @) and (6 + 4a) for p =1 and p = 2,
respectively.

It is important to note that the above lemma is non-
constructive, i.e., although it establishes the existence
of such an assignment ¢’ it does not give a procedure
for finding it. Nevertheless, the lemma will be essential
to constructing the assignment algorithm and proving
guarantees for it.

It is actually still NP-hard to optimize the Rawlsian
objective even with the fixed set of centers Sgr (see
Appendix [C| for details). Our approach to finding the
assignment function ¢ starts by solving the following
linear program (LP):

min z (10a)
subject to
VheH: @ [ADS Y i)y
jECh iESsF
+(1 =) Z ti,h) <z (10b)
1€SsF
Vi € SSF,Vh eEH: (Th —ﬁh) . inj — Z Tij = Uik
jec jech
(10c)
Vi € SSF,Vh eH: Z Tij — (T’h +Olh) . Zl’ij = 0;,h
jech jec
(10d)
Vi€ Ssp,Vh € H:uyp <tin, 0in <tin, 0<tip
(10e)
VieC: Y wy=1, ay;€l0,1] (10f)

1€ESsF

The LP is more easily interpreted by considering inte-
gral values (in {0, 1}) of the variables z;; instead of the
fractional values (in [0,1]). In particular, z;; decides
if point j € C is assigned to center ¢ € Ssg and since
each point must be assigned to exactly one center, the
constraints of must hold. Further, when there
is an under-representation of color h in cluster i, the
variable u; j, in would equal the amount of under-
representation (i.e., |C;| v(h,4)). On the other hand, if
there is no under-representation of color h in cluster ¢
then we would have u; 5, < 0. A similar comment can
be made about o; 5 for the over-representation
of color h in cluster ¢. Therefore, the variable ¢; j is
introduced and in constraint we have t; ;, lower
bounded by 0, u;; and o, ensuring that it is equal
to the value of |C;| v(h, ) under all possible scenarios.
Moreover, the left hand side of constraint equals
the disutility Dy, of group h and we have the variable
z lower bounded by the disutilities of all groups. This



ensures that the objective min z is minimizing the max-
imum disutility, i.e., the Rawlsian objective. In fact,
the LP is exactly a relaxation of of the integer program
that would find the optimal Rawlsian assignment given
the centers Ssg. Based on the above the following
lemma must hold.

Lemma 4.2. Denoting the optimal value of LP
by OPTE” then OPTEY < (v, +7,a) OPT.

The essential point behind the above lemma is that the
LP includes all possible assignments to the centers Sgg
and would thus include the assignment ¢’ from Lemma,
leading to a cost of at most (v, + v,a) OPTR.

Although we can obtain the optimal LP solution (as-
signment) x8° the values in the entries mlf;ac would in
general be fractional instead of integral and therefore
cannot be used directly. One of the standard rounding
methods used in fair clustering is based on constructing
a min-cost max-flow network Bercea et al.| (2018); [Es-
maeili et al.[(2021]); Dickerson et al.| (2024). Essentially,
in this constructed network lower and upper bounds on
arcs are set to ensure that the total amount of points
from each group in each cluster do not vary from the
fractional LP solution. Further, the costs on the arcs
are set to the distance values between the points and the
centers, ensuring that an assignment that minimizes the
total distance aggregated across points from different
colors is found. However, since the Rawlsian objective
minimizes the maximum disutility across the colors
instead of aggregating them as a sum, we modify the
min-cost max-flow scheme. Figure [2 shows a schematic
of our rounding which we call RAWLSIAN-ROUNDING.
In particular, the rounding is done | H | many times,
each time over the points of one color in isolation from
the rest of the points in the dataset. The full details
of the network and RAWLSIAN-ROUNDING are given in
Appendix[D.1] Denoting the quantities associated with
the LP solution with the superscript #2¢ and those of
the integral solution with **, the following lemma
can be established for RAWLSIAN-ROUNDING.

Lemma 4.3. Let xnteg =
RAWLSIAN-ROUNDING (x/™¢)  then the following
holds.

Yh e H : D8 < pirac (11)
Vi € Sgr, Vh € H :
[ 30wl < ST el < [ ST ate] (12)

jech jech jech

In the above, Inequality ensures that the value of
Dy, does not increase in the rounded integral solution
for any color. Further, Inequality ensures that the
change in the total amount of color assigned to each

cluster cannot vary by more than 1 (since it is between
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Figure 2: RAWLSIAN-ROUNDING for the case with two
centers S = {i1,i2}. For any color h and center i we
set flow lower and upper bound on the arcs between

the centers and the sink to A" = {Zjech x%acJ, Bl =

[E jech acfg"‘“-‘, respectively. Other arcs, have a flow

upper bound of 1 and a lower bound of 0. See Appendix
[D-1] for full details.

the floor and the ceiling). Based on the above, the
following lemma can be established.

Lemma 4.4. The rounded Rawlsian solution has a
cost of at most OPTEP + c, where

< | H|+1 ) k
CR: —_— -
minpey Tp n

From Lemmas and [£.4] we can establish the the
main guarantee for RAWLSIANALG.

Theorem 4.5. RAWLSIANALG (Algorithm
returns a solution of Rawlsian cost at most
('Yp +’Yp/0é) OPTpRr +ck.

Remark 4.6. Since the number of colors | H | and the
ratio ry of each color h is also a constant. Our final
guarantee is (7, + 7,/ &) OPTR +O(£).

Although our final solution incurs an additional ad-
ditive approximation of O(%) we note that it is not
significant since in most applications we would have
n > k, thus % would be very small. Empirically, we do
not observe any significant violations because of this
additive factor.

4.2 Algorithm for the Utilitarian Objective:
UtilitarianAlg

Our algorithm for the Utilitarian Objective is
UTILITARIANALG whose pseudo-code is shown in
Algorithm [2]  Interestingly, although the details
of UTILITARIANALG are significantly different from
RAWLSIANALG, the format remains very similar. In
particular, UTILITARIANALG begins by assigning a
weight of w; ! for each point j € C and then it

‘CX(J')|



runs WIGHTEDCLUSTERINGALG which is an « approx-
imation for the weighted clustering cost to find a set of
centers Sw. The rationale behind doing so is similar
to the Rawlsian objective. Specifically, the Utilitarian
C e . ADy+(1-N)V .

objective is Y,y Dn = > pen W, which
ignoring the (1 — A) V), term would equal a A weighted
multiple of the weighted clustering cost of with
the weight of each point j set to chil(])‘ Similar, to
Lemma [£.1] we can establish the following lemma.

Lemma 4.7. Using the set of centers Sw chosen by an
a-approximation algorithm for the weighted clustering
objective with w; = % Vj € C, there exists an
assignment ¢ such that (Sw, ¢') leads to a (v, + yp! )-
approximate solution for the Utilitarian objective.

Lemma [£.7] shares significant similarities with Lemma
despite the fact that they address different ob-
jectives and are built using a different set of cen-
ters (socially fair vs weighted). In particular, the
proof techniques are similar and both lemmas are non-
constructive, i.e., the existence of assignment ¢’ is
proved but without an algorithm for finding it. Fur-
thermore, the increase in the approximation factor is
identical and equal to (2 4+ «) and (6 + 4a) for p =1
and p = 2, respectively.

Having found the set of centers Sw we proceed to find
the assignment. We follow a similar approach to that
in the Rawlsian objective. In particular, we setup LP
(13) below. The interpretation of the variables in LP
are similar to those in LP . Note however, we
do not have a variable z and directly minimizes the
sum of the disutilities in the objective.

min Z )\ Z Z |’LC'}]L Tij

heM  jech i€Sw

HO-N 3 )

i€Sw

(13a)
subject to
Vi € Sw,Vh € H: (rp —ﬂh) . Zmij - Z Tij = Ui,h
jec jech
(13b)
Vi € Sw,Vh € H : Z xij — (rh + an) - Z-Tij = 0i,n
jeCh' jec
(13c¢)
Vie Sw,Vh € H:uin <tin, 0in <tin, 0<tin
(134d)
Vi€C: Y my=1, zy€[0,1] (13e)

i€Sw

Based on similar reasoning we can establish a similar
guarantee for the optimal value of LP to Lemma
as shown below.

Lemma 4.8. Denoting the optimal value of LP
by OPTY” then OPTY < (7, +v,a) OPTy.

Having found the optimal LP solution x™¢ we round

it using the UTILITARIAN-ROUNDING min-cost max-
flow network. Unlike RAWLSIAN-ROUNDING, the
UTILITARIAN-ROUNDING is very similar to the stan-
dard min-cost max-flow rounding done in [Bercea et al.
(2018); [Esmaeili et al.| (2021); [Dickerson et al.| (2024)
with the difference being that we set the cost of an
arc between the vertex for a point j and a vertex for
a center 7 to ‘dcpi{]’.?l instead of just dP(j,7) as usually
done. See Appendix for the full details. Based
on the construction of the the network, the following
lemma can be proved.

Lemma 4.9. Let xinteg =
UTILITARIAN-ROUNDING (x%¢)  then the follow-
ing holds.
1 integ 1 frac
> DS Y e D (14)
hew 1€ her 1€
Vi e Sw,Vh € H :
:Efrac < Z znteg < zzf;ac (15)
Ljech jech jecr
Vi€ Sw:
forac < sznteg < merac (16)
LieC Jjece jec

Inequality guarantees that >, .5, ﬁ D), does not
increase in the rounding. Further, Inequality is
identical to Inequality from RAWLSIAN-ROUNDING
and guarantees that the amount of points from any
color assigned to each cluster in the integral solution
does not vary from the fractional amount by more
than 1. Interestingly, UTILITARIAN-ROUNDING has an
additional inequality which is Inequality that also
guarantees that the integral cluster size (total number
of points in the cluster) also does not vary by more
than 1 from the fractional cluster size. We can now
establish the following lemma.

Lemma 4.10. The rounded Utilitarian solution has
a cost of at most OPT%]PJch where cy = (2—]“ .

n
1
Zhe?—[ ﬁ)

Based on Lemma [£.§ and Lemma [£.10] the main guar-
antee for UTILITARIANALG follows.

Theorem 4.11. UTILITARIANALG (Algorithm [3)
returns a solution of Utilitarian cost at most
('Yp + ’Yp/Oé) OPTy+cy.

Remark 4.12. Similar to the guarantee of Theorem
the number of colors | H | and the ratio r of each color
h is also a constant. Therefore, ¢y is a constant and
our final guarantee is (v, +7,/ @) OPTr +O(£).



It is worthwhile to note that RAWLSIAN-ROUNDING
could have been applied instead of UTILITARIAN-
ROUNDING. However, since RAWLSIAN-ROUNDING
lacks the guarantee of Inequality the constant
cy would have increased. Specifically, it would instead

be cy = <(|’H\ +1)E S %h) where 2 has been
replaced by (|#H |+ 1). Finally, we also see empirically

that the final O(£) term does not have a significant
effect.

Algorithm 2 UTILITARIANALG

1: Input: Set of points C, number of centers k .
1 .
2: Set w]:WVj GC.

3: Sw = WIGHTEDCLUSTERINGALG(C, k, {w; }ecc).

4: Solve LP to obtain the solution xfac.
5: Set x'"°8 = UTILITARIAN-ROUNDING(x™¢) and
form the assignment ¢ using x"tes.

6: Return (Sw, ¢).

Running time and dependence on subroutines.
The approximation factors in our guarantees are param-
eterized by the factor « of the center-selection subrou-
tine, namely a socially fair clustering algorithm for the
Rawlsian objective and a weighted clustering algorithm
for the Utilitarian objective. Both types of subrou-
tines admit polynomial-time approximation algorithms
in the literature. Once the centers are fixed, the re-
maining steps in our algorithms consist of solving the
corresponding LP and performing min-cost-flow-based
rounding, which are also polynomial-time. We report
empirical wall-clock running times in Appendix

5 EXPERIMENTS

We evaluate the performance of RAWLSIANALG
and UTILITARIANALG across multiple datasets.
Empirically, we observe that RAWLSIANALG and
UTILITARIANALG find solutions that significantly out-
perform the baselines in the Rawlsian and Utilitarian
objectives. In the main paper, we include comparisons
on three datasets for the two group setting. Additional
experiments and results including those for multiple
groups (| H | > 2) are in Appendix

Algorithms. We compare RAWLSIANALG with three
other baselines: (1) VANILLA k-means; (2) SOCIALLY
Fair: for the socially fair k-means objective; (3)
FCBC-RAWL: the egalitarian variant in [Esmaeili
et al| (2021) which minimizes the maximum group
fairness violation under bounded clustering cost. For
UTILITARIANALG, we compare with: (1) VANILLA k-
means; (2) WEIGHT CLUSTERING: weighted version of
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ety Vi € C; (3) FOBC-UTIL:
the utilitarian variant in |[Esmaeili et al| (2021]) which
minimizes the sum of group fairness violation under
bounded clustering distance. The distance measure is
always the Euclidean distance. We set ay, = By, = drp,
where § = 0.01. This ensures a fair comparison with
FCBC algorithms which take parameter . Since FCBC
algorithms are not designed to solve Rawlsian and Util-
itarian objectives, for a fixed A and for each number of
center k, we run FCBC algorithms with a set of cluster-
ing cost upper bound parameter {1.05,1.5,2,2.5,3} and
report the minimum Rawlsian and Utilitarian objective
value achieved. This extensive tuning effort makes the
FCBC baselines competitive on some datasets as shown
in Figure[3] See more details of the tuning procedure
in Appendix [H]

k-means with w; =

Hardware and Software. All experiments were
conducted on a MacBook Pro (2.3GHz 2-core Intel i5,
8GB RAM) using Python 3.10. We use KMeans and
its weighted option from Scikit-learn (Pedregosa
et al.l |2011)) to find initial centers. Linear programs are
solved using the CPLEX package (Nickel et al., [2022)).
Network-flow rounding is done via NetworkX (Hag-
berg et al., [2013). More details about hardware and
implementation details can be found in Appendix [H]

Datasets. We conduct experiments on four UCI
datasets (Frank, |2010): Adult, CreditCard, Cen-
sus19907] and Bank. We form the feature vectors by
choosing a set of columns as features in each dataset.
We also choose a specific column for group mem-
bership assignment. For Adult, CreditCard, and
Census1990 the features and group memberships are
selected following |Bera et al.| (2019); |[Esmaeili et al.
(2020) whereas for Bank we follow Backurs et al.
(2019). Adult, CreditCard, and Census1990 are
sub-sampled such that the final ratio between the two
group is 90% vs 10% and the total number of points
is around 24,000, 17,000, and 11,000 for each respec-
tively.

Results. In Figure|3| we compare the Rawlsian and
Utilitarian objective values for A = 0.7. In each plot,
the number of centers k is varied from 6 to 15. All
curves in Figure [3] report mean objective value over
multiple random seeds with 95% confidence intervals.
For A = 0.7 on sub-sampled data, we used 10 runs; for
full-data experiments and all other A values on sub-
sampled data, we used 5 runs. The variance is small
and the ranking of methods is stable across runs.

**Since two census datasets are included in the UCI
repository, we include a link to the specific census dataset
we used: https://archive.ics.uci.edu/dataset/116/
us+census+data+1990


https://archive.ics.uci.edu/dataset/116/us+census+data+1990
https://archive.ics.uci.edu/dataset/116/us+census+data+1990
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Figure 3: Comparison at A = 0.7 across three datasets.

both RAWLSIANALG and
UTILITARIANALG outperform their correspond-
ing baselines on all three datasets. In fact, in the
Adult dataset our algorithms outperform the other
baselines by significant margins. In Appendix [H] we
show plots for the full range of A\ as well as settings
with different ratios between the groups. There we
observe our algorithms consistently find solutions that
outperform the baselines. We also include additional
plots that show in detail the clustering cost and
representation violation for each group individually.

We observe that
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Supplementary Materials: Welfare-Centric Clustering

A Useful Facts

Fact A.1. For p € {1,2} and any three arbitrary points a,b, and ¢ with a distance measure satisfying the triangle
inequality we have

@(a,b) <27 (d(a,0) + d”(c,)) (17)

Proof. For p =1 we have 2°~! = 1 and the proof follows by the triangle inequality. For p = 2 we have by squaring
both sides of the triangle inequality:
d*(a,b) < d*(a,c) + d*(c,b) + 2d(a, c)d(b, c)
< 2(d*(a,c) + d*(c, b))

where in the above we used the fact that d(a, c)d(b,c) < w by the AM-GM inequality. O

B Omitted Proofs

We restate our first lemma and give its proof.

Lemma 4.1. Using the set of centers Sgg chosen by an a-approrimation algorithm for the socially fair objective,
there exists an assignment ¢' such that (Sgr, ¢’) leads to a (v, + vl’)a)-appm:vimate solution for the Rawlsian
objective.

Proof. We denote by (S*, ¢*) an optimal solution for the Rawlsian objective. (Ssr, ¢sr) denote the solution of
the a-approximation solution for the socially fair objective. We construct the assignment ¢’ as follows: for every
i* € S*, define nrst(¢*) = argmin;ege, d(é,4*). For every j € C, define ¢'(j) = nrst(¢*(5)).

Before we delve into the details of the proof, we will denote by Dj, DFF, and D), the values of D, (S*, ¢*),
Di(Ssr, ¢sr), and Dp(Ssr, ¢'), respectively. Similarly, for V;, VSF, and V},. Moreover, as noted earlier OPTg
is the optimal value of the Rawlsian objective. Further, we let OPTsr be the optimal value of the socially fair
objective when evaluated for the socially fair objective.

We start with the following claim.
Claim B.1.
DyF

1
< .
max A a s OPTg (18)

Proof. Let (Ssp*, ¢sp*) denote an optimal SFsolution and let DS¥ = D, (Ssr*, ¢sr*). We start by showing
that OPTgp < § OPTg.
Suppose that was not true, i.e., %OPTR < OPTgp. This implies that we have
1 1-X 1 1 x
max | —— D +————— V*) < max —— DSF
h <|ch| A et "

Now note that %ﬁ V; > 0. This means that



But this implies that by using (S*, ¢*) we would achieve a strictly more optimal solution for the socially fair
objective which is a contradiction since (Ssy”, ¢sp”) is an optimal solution for the SF objective. Therefore, we
must have OPTgp < + OPTg.

Now, using the above and since (Ssr,¢sr) results from an « approximation algorithm for the socially fair

) < aOPTgp < - L OPT. O

objective we must have (max | C,L |

We will now prove the following claim.
Claim B.2. Vh € H we have

D;L <Y Dj, + ’Yp"DifF (19)

Proof. We focus on a point j and let i* = ¢*(j), the following must hold:

d’(j,¢'(j)) = d”(j, nrst(i"))
< 2p_1(dp(j7i*) +dP(i*,nrst(¢*))) (By Fact
< 2P7Y(dP(4,4%) + dP(i*, sk (5)))  (Since nrst(i*) is the closest center to i in Ssr)
< 2P7NdP(5,07) + 207 H(dP (5, dsw(5)) + dP(5.07)))  (By Fact [A])
= 207127+ 1)dP(j,i%) + 2071 (4, dsw (4))
=207H((2PH + 1)dP (5, 9" (5)) + 27 AP (4, ¢sw (4)))
=7 d’(j, 9" (7)) + ! d" (4, ¢s¥ (5)))

From the above, we get

DoGEG) S Y A6 0) ! Y AP dse(i

jech jech jech
Which is equivalent to
D), < Yo Dp, + ! D}SzF (20)
O
Now we introduce the second claim for the violation.
Claim B.3. Vh € H we have
Vi < Vi (21)

Proof. First, note that Vj, = 3. cg. [Cix|v(h,i*) and V), = 37, g |Civ(h, i) where the cluster Cj is formed
using the new assignment functio ¢’. If the assignment assignment function ¢’ routes to center i € Sgg one
cluster from a center ¢* € S*, then it follows immediately that |C}|v(h,i) = |Cy«|v(h,i*).

We will therefore, consider the case where center ¢ € Sgf recieves a collection of clusters from S$*. In particular,
let M denote the set of clusters routed to 7 by ¢’. Let O denote the subsets of clusters in M in which color h is
over-represented (strictly greater than ap+7y,), U denotes the subsets of clusters in M where h is under-represented
(strictly less than ayp, + 1), and E denotes the subsets of clusters in M that have no proportional violations. If
the resulting proportion in cluster ¢ is between r, —8 and 7, + ap, then it follows that v(h,i) = 0 and therefore

CH V() < Pieeps [Cir (1,1 u




Therefore, we consider the case where the resulting cluster has an over-representation. The following must be
true.

Cilv(h,i) = Ci» == (rmta
i (1*621\4 > <Zi*eM|Ci* rn + o)
—(rn+an) Y |C

i*eM i*eM
= > (CE| = (rn+ an)|Cix])

ireM
= > (Ck = (ra+an)[Ci ) + Y (ICE] = (ra+an)|Cis ) + Y (O] = (ra + an)|Ci-])
e = i*€E

< lick

i*€0

< > 1GH v i)

*eM

— (rn 4+ an)|C]|

Now if we assume that cluster i has under-representation, then the following is true.

Cilv(h,i) = ((Thﬂh) Z |Ci| — Z |C¢h*|>

*eM *eM

=Y ((rn = Bw)ICi| = |CL))
i*eM
= > ((rn = Bu)ICix| = [CED + Y ((rn = B)ICix| = ICED) + Y |(rn = Bn)|Ci| — |CE:
i*eU i*€0 )
< > |(rn = Bu)lCir| = |C:
*eU
< Y Ci-|v(h,i%)
ireM
Since each center in S* maps to one center in Ssr, it follows that >, ¢ |Ci|v(h,i) < 3 g [Cis[v(h,i7).
Therefore, it follows that V), < Vj. O
The following claim must then hold.
Claim B.4. Vh € H we have
DSF
D}, <, Dj, +’yp/)\—| C};L | (22)
Proof.
AD), <y, AD; +7,/ ADFF  (By Claim[B.2)
— AD, +(1 =NV}, < ADE+9/ADSF +(1 - \)V;,  (By Claim [B.3)
<% ()‘DZ+(1 - )‘)V;;) +'Yp/)‘D2F
by multiplying both sides with ﬁ we get the inequality. O

Now we are ready to prove the lemma. Let A € argmax D}, the following is true
heH 15



max D), = D},

heH
DSF
<, D +%/Aﬁ (By Claim [B.4)

DY
< p max (D) + 7/ A - max ]

1
< OPTR + /A - <oz)\ OPTR> (By Claim

We restate the next lemma and give its proof.
Lemma 4.2. Denoting the optimal value of LP by OPTEP then OPTLY < (v, + Yp) OPTR.

Proof. Consider some assignment ¢ : C — Ssp. For a point j € C set x5 = Lif #(j) = i and zero otherwise. It
follows that such an assignment satisfies constraint (I0f). Further, it is not difficult to see that ¢;, = |C;| v(h, 1)
for assignment ¢. Moreover, the left hand side of constraint equals Dj,(Ssg, ¢). Therefore, since constraint
has z > Dy (Ssr,®) Vh € H, it follows that minz = zxgﬁ Dy (Ssr,¢). This proves that any integral

assignment is feasible in LP ([10)) and that it evaluates to the same value.

Since Lemma establishes the existence of an assignment whose value is at most (7, + 7,/ @) OPTR. It follows
that OPTEP < (v, +7,/a) OPTrg. O

We restate the next lemma and give its proof.

Lemma 4.3. Let x"™* = RAWLSIAN-ROUNDING (x/™¢) then the following holds.

Vh e H: D8 < pirac (11)
Vi € Sgr, Vh € H :

[ Y el < Y aler < [ Y ali] (12)

jech jech jech

Proof. We denote by xﬁfac the the fractional solution restricted to the entries of points of color h, i.e., j € C". It
follows by construction of the network flow from Appendix that for the network associated with each color h
that X;{ac is a feasible assignment.

Since we minimize the min-cost max-flow for each color separately and since all of the capacities and demands are
set to integral values, by standard network flow guarantees we can find an integral assignment that is optimal.
Therefore, Inequality follows.

Further, by the demand values of {Z jecn x%‘“J set at each vertex v and the capacity of 1 on arc (vl t")
Inequality follows. O

We restate the next lemma and give its proof.

Lemma 4.4. The rounded Rawlsian solution has a cost of at most OPT§P+CR, where

( |H|+1 >k
CR=\ ———— | —-
minpey Tp n

Proof. We begin with the following claim which can be1 é)roved based on Inequality .



Claim B.5.

VieS: fomc H| < meteg < forac + ||

jec jec jec
Proof. First, by Inequality we have

Vi € S, VYheH: Z xfrac Z xmteg < Z mfrac

jech jeCh jech

Since |z] > z—1 and [z] < z+ 1 we have

VieSVheH: Y aftc—1< Yy e <y gy

jech jech jECh

By summing over the colors we get

VYie S : Z Z :L,frac ‘H‘ < Z Z mtcg < Z Z l,frac |H|

heH jech heH jech heH jech

‘Which is

ViesS: szrac |H| < Z 1ntcg < szrac + |H|

jec jec jec

The following claim must then be true.

Claim B.6.

ViGSSF,VhGHI
Z 2" < (rn + meteg+ (ru - an)IH] + fi 41

jech jec
D@ (ra = Bu) Y = (rn = Bp)|H| — tin — 1
jeeh jec

Proof. We start with the first Inequality

Z integ < Z xfrac (By Inequality )

jech jech

< Z l,frac

jech

< (rp+ ap forac +tipn+1 (By LP constraints (10d)) and (10e]))

jec

(rn+an) | Y25 8+ |H| | +tin+1 (By Claim (B5))

jec

(rn+an) > @ 4 (rn + o) [H| +tipn + 1

jec
17



Similarly, for the second Inequality we have

Z xmteg > Z xfrdc (By Inequality )

jech jech

> Z xirac _

jech
(rn — Bn) forac —t;n —1 (By LP constraints and (10€))
jec
mteg :
> (rp, — Bn) Z —|H| | —tin—1 (By Claim[B.5)
jec
(rn = Br) Y _ a8 = (rn — Bu)[H| = tin — 1

jec

O

We denote by |Ci™°8| and |Cf2¢| the size of the i*" cluster according to the integral and fractional solutions,
respectively. The following claim can be derived.

Claim B.7. Vi € Sgp,Vh € H we have |C™)| vintes(p, i) < |G| virae(h i) + (| H | + 1).

Proof. First, note that by LP constraints (10d), (T0d)), and (T0e)) it follows that |Cfa¢|vfrac(h i) = ¢, ;.

Now suppose that color h in cluster i is over-represented, then it follows that

t 2 : t 2 : t
|Cln egl 1ntcg ]’L Z Q]‘m eg Th _|_ ap me eg
jech jec

(rn+apn) meteg + (rn + ap)|H| + tin+1— (rn + an) meteg (By Inequality )
jec jec

=tin+ (rn +ap)|H| +1
= [CFae| i 5) + ((rp, + an)|[H| + 1)
< |Cfrae|yfrac(p 4) + (M| + 1) (Since rp + ap < 1)

Similarly, if color A in cluster ¢ is instead under-represented, then it follows that

(LB M () < (= B) D s — 3wl

jec jech
(rn = Bn) D> w58 = (rn — Bn) D_ 25" B+ (rn — Bu)[H| + tin +1  (By Inequality (26))
jec jec

= ti,h + (Th — 5h)|7'[‘ +1
= || V™ (h, i) + ((rn — Bn) M|+ 1)
< |Cfae| yfrac(p 4y 4 (M| + 1) (Since rj, — B, < 1)

O
Now we can easily prove the following claim.
Claim B.8. Vh € H we have:
Vznteg Vfrac Hl+1 k
hy = hh +(| | )'*' (27)
1" | 1C" | 18 Th n



Proof.

VIE By O848 1

c"| c"|
icser (G B2 (hyd) + (| H |+ 1)
< - ( ra ) (By Claim [B.7))
viae I H |+ 1
pry ~k
| ( | )
VR (IR K el —
_|ch|+( - >'E (Since |C"| = ryn)

O

Now we ready to prove the lemma. Specifically, for any color h € H by Inequality 11| we have Dihnmg < Dﬁfac.
integ frac
Further, by Claimwe have Y, < Yol 4 (IH ‘H) . % Therefore we have

[ch | [ch | Th

. ADPCE (1= N) V' ADE™ (1 — \) Ve 1\ k
D;lntcg: h +(h )Vh S h +(h )Vh 4>(17>\)<‘f}-[|+ )7 (28)

" 17 "h n

H|+1\ k
= pfere 17/\-(7| ).f 29
er1-n) (B 2) (29)
Since the above follows for each color it immediately follows that the cost is at most OPTH + cgr where
CR=('$JE’§)~ =
heH

We restate the next theorem and give its proof.

Theorem 4.5. RAWLSIANALG (Algorithm returns a solution of Rawlsian cost at most (v, +vp/ o) OPT R + cpg.

Proof. Lemma guarantees that we can find a fractional solution whose cost is at most (7, + v,/ a) OPTg.
Further, once this solution is rounded the cost would at most be (v, + 7,/ &) OPTg +cr by Lemma 0

We restate the next lemma and give its proof.

Lemma 4.7. Using the set of centers Sw chosen by an a-approximation algorithm for the weighted clustering
objective with w; = W Vj € C, there exists an assignment ¢’ such that (Sw,¢’) leads to a (v, +yp a)-
approximate solution for the Utilitarian objective.

Proof. The proof is similar to the proof of Lemma We will denote by (5*, ¢*) an optimal solution for the
Utilitarian objective. (Sw, ¢w) denote the solution of the a-approximation solution for the weighted clustering
objective. We construct the assignment ¢’ as follows: for every i* € S*, define nrst(i*) = arg min;c sy, d(i,¢*).
For every j € C, define ¢'(j) = nrst(¢*(j)).

Similar to the proof of Lemmawe define the values D}, DV, and D), as the values of Dy, (S*, ¢*), D (Sw, dw),
and Dy (Sw, @), respectively. To avoid confusion, note that Dj,(Sw, @’) evaluates the distances without any
weighting, i.e., Dp(Sw, ¢') = > ccn d(j, dw(j)). Similar notion follow for Vi, VW and V},. Moreover, as noted
earlier OPTy is the optimal value of the Utilitarian objective. Further, we let OPTw be the optimal value of the
weighted clustering objective when evaluated on the weighted clustering objective.

We start with the following claim which is similar to Claim
Claim B.9.

1 1
heH ‘ | 19



Proof. Let (Sw™, ¢w™) denote an optimal solution for weighted clustering and let ’D};V* =Dn(Sw", ow™). We
start by showing that OPTw < % OPTy.

Suppose that was not true, i.e., %OPTU < OPTw. This implies that we have

1, 1-x 1 _, 1w
Z(w’wD” X |chV’1)<Z R

heH heH

Since 3, o5 52 | clh| V; > 0, this means that
1, R
> WDh <> WDh = OPTw
heH heH

But this implies that by using (S*, ¢*) we would achieve a strictly more optimal solution for the weighted clustering
objective which is a contradiction by optimality of (Sw*, ¢w ") for weighted clustering. Thus, OPTw < 1 OPTy.

Moreover, since (Sw, #w) is an a-approximation for weighted clustering, it follows that » ;, .4, ICil"l Dn(Sw,ow) <

aYpen o P < a5 OPTu. O

Following proofs similar to the proofs of Claims and with the socially fair solution replaced with the
weighted clustering solution. The following three claims can be proved.

Claim B.10. Vh € H we have

D}, < Y Dp, + 'Yp/DI‘;V (31)

Claim B.11. Vh € H we have
Vi, < Vi (32)

Claim B.12. Vi € H we have
D} <2y Dy ok (33

Now we are ready to prove the lemma.

W
S D4 <o (X Di) + A (X k) (By Claim BT

h
heH heH heH ¢ |
Dy
=7 OPTy + 3,/ A( Y W)
heH

1
< v, OPTy + 7/ )\(ax OPTy ) (By Claim
= (yp +p! ) OPTy

We restate the next lemma and give its proof.
Lemma 4.8. Denoting the optimal value of LP by OPTEP then OPTEP < (v, + vp) OPTy.

Proof. Similar to the proof of Lemma we can consider an assignment ¢ : C — Sw and set z;; = 1 only if
#(j) = i and zero otherwise. It follows that this assignment would be feasible and that ¢; 5 equals the violation
|Ci|v(h,i) resulting from ¢. Further, the objective in equals Y, 4, Dn(Sw, ¢). This proves that any
integral assignment in feasible in LP and that the LP objective value equals the Utilitarian objective of that
assignment.

Now, since Lemma establishes the existence of an assignment of cost at most (7, + 7,/ @) OPTy it follows
that OPTEP < (v, +7,/a) OPTy

20 =



We restate the next lemma and give its proof.
Lemma 4.9. Let x™* = UTILITARIAN-ROUNDING(x/%¢) then the following holds.

1 o 1
pinteg < Dfrac 14
Z |Ch| h Z |Ch| ( )

heH heH
Vie Sw,Vhe H :
Z zfrac < Z Iznteg < Z xfrac (15)
Ljech jech jecr
Vie Sw:
f i f
l‘ Tac < Z zn eg S xi;ac (16)
EEY jec jec

Proof. Similar to the proof of Lemma one can see that in the network constructed in Appendix the
fractional solution x'T¢ is feasible.

Since the capacities and demand values in the network are integral it follows that there exists an optimal integral
solution. Hence, Inequality follows.

Furthermore, by the demand and capacity values set inequalities and immediately follow. O

Lemma 4.10. The rounded Utilitarian solution has a cost of at most OPT%]P—Q—CU where cy = (zn—k . Zhe% %)

Proof. We begin with the following claim holds immediately by Inequality since for any number z we have
|z] >z—1and [2] <z+41.

Claim B.13.
Vi e S - fo'rac 1 < Z znteg < forac+1 (34)
jec jec jec
The following claim can be proved.
Claim B.14.
Vi€ Sw,Yh € H :
Z a:mfeg < (rp+apn meteg +tin+2 (35)
jech jec
S (B0 Y a2 36)
jech jec

Proof. We start with the first Inequality

Z integ < Z xfrac (By Inequality )

jecr jecr
< Z l,frac
jech
< (rp+ ap forac +tipn+1 (By LP constraints (13c) and (13d]))

jec

(rn+an) | Y 258 +1] +tin+1 (By Claim (B.13))

jec

(rn + ap) meteg +tin+2 (Since rp, + ap < 1)

jec
21



Similarly, for the second Inequality we have

Z 11]1teg > LZ Ifrac

jech jech
> 2 :xfmc _
jech
>
jec
integ
> (Th - ﬁh) E Lij ~ — 1
jec
mte
= (rn — Bn) E N
jec
Th _ﬂh meteg —t h— 2
jec

—tin—1

(By Inequality (T5))

(rn — Br) Zxﬁ?ac —t;n —1 (By LP constraints ) and -

(By Claim [B.5))
tin—1
(Since rp, + ap < 1)

O

We denote by |CI™°8| and |Cf2¢| the size of the it cluster according to the integral and fractional solutions,

respectively. The following claim can be derived.

Claim B.15. Vi € Sw,Vh € H we have |C/"| vintes(h, i) < |CI| vfrac(h, i) 4 2

Proof. First, note that by LP constraints (I3b)), (I3, and (I3d) it follows that |C&a¢| vfac(h i) =t 4.

Now suppose that color A in cluster ¢ is over-represented, then it follows that

‘Clntcg| Vlnteg h Z

t
E : Iln eg

jech jec

(rn + ap) meteg—l—tlh—&—Q— rn + ap Za:mteg

jec
=tn+2
— |Cifrac| Vfrac(h7 Z) +2

t
TthOéh E :zmcg

(By Inequality (35))
jec

Similarly, if color A in cluster 7 is instead under-represented, then it follows that

|C;nteg| Vinteg(h7 Z) < (rh _ Bh) Z xix]}_teg _

integ
Z Lij

jec jech
< (rp — Br) Z :z:ir;tcg (rn — Br) metcg +tin+2 (By Inequality )
jec jec
=tip++2
— |Cz_frac| mec(h7 Z) +2
O
Now we can easily prove the following claim.
Claim B.16.
vinteg vfrac 2k 1
DR S L @
nen 1€ G 16 hen "



Proof.

integ C%nteg integ h.i
Z V . Z ZZ€S| 7 }jy ( ’Z> (38)
heH ¢ her C*
) Cfrac frac h.i 2
.y 2ies (O D T i [BTH) (39)
= €
Vfrac 1
_ 2% — (40)
h h
her 1€ ( hen € |)
e ok 1 h
=Y (5> )  (Sice|Ct[=mun) (41)
h
= C | (TL hert ’/‘h)
O

Now we ready to prove the lemma.

integ __
E D, =

heH

3 ADPE (1 — A) Ves

h
heH ‘C I

Dfdrc ( )\) Vl};rac 2%
< 1= —-
Z |l +( )( n

Z i) (By Inequality and Claim

heH her ' h
2k 1
— Dfrac 1 _ (7 . 7)
AN S
M heH
<D Dty
heH

Where ¢y = (% . Zhe?—t i)

We restate the next theorem and give its proof.

Theorem 4.11. UTILITARIANALG (Algorithm @ returns a solution of Utilitarian cost at most
('Yp‘f"}/p/Oé)OPTU—‘rCU.

Proof. The LP will return a fractional solution of cost at most (7, + v,/ ) OPTy by Lemma Further, Lemma
implies that the rounded solution from the LP will have a cost of at most (v, + v,/ o) OPTy + ¢y O

C NP-Hardness of the Assignment Problem

Here we show that finding the optimal Rawlsian or Utilitarian assignment ¢ given a set of centers S is NP-hard.

Following the same reduction from Exact Cover by 3-Sets as that of [Esmaeili et al. (2021)). See also Theorem
5.1 and Figure 4 in Esmaeili et al.| (2021). Our instance will be identical. In particular, we would have
Tred = % and rpue = %. Using our notation we would set a, = 8, = 0 ,Vh € {red, blue}. We use the same
set of vertices .7-" for the set of given centers. Is it immediate that the minimum disutility for the red color is

AL 1 1€ (100 AL €PMe )4 (1-1)-0
Dieq > ‘Cxed‘ @] ‘cb‘lzne‘( X = A

We assume A > 0. It follows straightforwardly that we have a Rawlsian objective of A and a Utilitarian objective
of %/\ if and only if Exact Cover by 3-Sets has a solution. This is proves that the assignment problem is NP-hard
for both the Rawlsian and Utilitarian objectives. 93

= %)\. Similarly, for the blue color, we have Dyjye >



D The Network Flow Rounding Scheme

Our rounding schemes build upon standard network flow rounding procedure introduced in |Bercea et al.| (2018)).
We first introduce the standard version as appeared in [Bercea et al|(2018) and will then introduce our variants
in their subsections.

The input to network rounding scheme is fractional solution to Linear Program, x'™°¢ and center set S and

distances d(i,7), Vi € S,j € C. In standard rounding, one network is constructed. Denote the network as
G = (V, E) where V is the set of vertices and E the set of arcs. Components of graph G are listed below.

1.V ={v;|j € CYU{vl|h e H,ie S}U{vili € S}U{t}

2. E= {(vj7vf”)|x£§ac >0} U {(vlv)h € Hyie STU{(vi,t)|i € S}
Specifically, we create one vertex v; for each point j € C with demand —1. For each center i € .S we define a set
of vertices vl for each color h € H, and a separate vertex v;. Let each v? has demand |} jecn ®ij], and v; has a

demand (szec Tij) = pen D ecn x”J) We create a set of arcs (v, v;) for each i and h. Let these arcs have

cost 0. For each x> 0, we create an arc (v;,v}") for the h such that j € C". For this arc (v;,v]") we set its
cost to be d?(i, j). We define a sink vertex ¢ with demand (|C | —3 ;g ;¢ #ij]) and connect ¢ with v; for
each i € S with an arc. Arcs {(v;,t)|i € S} have costs 0. We let all arcs have unit capacity.

Because all capacities and demands in this network are integral, an integral solution can be found in polynomial
time. It is not difficult to see that x2¢ is feasible and therefore the cost of the integral solution cannot exceed
that of the fractional solution. By construction, we have the two inequalities shown in Lemma and .

D.1 Details of the Rawlsian Rounding

We construct the Rawlsian Rounding min-cost flow instance on fractional solution x™¢ from LP (10). The
network instance contains unconnected independent networks, one for each color h € H as illustrated in Figure [2]
We denote G" as network of color h. G" = (V", E"). Components of G" are listed below.

1. Vh={v;lj e Chyu{vt|i e Sgp}uUth

2. B" = {(v;,v})]j € C",i € Ssp} U{(v]',t")]i € SsF}

For each fixed color h € H, for each center i € Ssg we define a set of vertices v!'. Each of v} has demand
> jech mgacj for the corresponding center i. Note xgac are elements of solution x™¢. For each point j € C", we
create a vertex v;, with demand —1. Between v; and v, we create arc (v, v}) if z;; > 0. We let arcs (vj,v})

each has capacity 1. We include a sink vertex t" which has demands (|C"| -}, Sep [2_jecn zf2¢]). We connect

each of v for i € Ssp with the sink " with an arc (v?,#"). These arcs have capacity 1 as well. On the set of
arcs (vj,vl') we assign cost Ic—lh‘dp(i,j). For other arcs in this network, we assign cost 0.

On each color specific network constructed as described above, given the capacity, demands are integers, there
exist an integral optimal min-cost flow solution. Note the fractional assignment from LP solution constrained
to only entries of color h, xi¢ = {.’,Cg;ac}jech constitutes a feasible fractional flow solution to the min-cost flow
problem.

D.2 Details of the Utilitarian Rounding

For Utilitarian Rounding, we take fractional solution of Linear Program , centers Sy, and distances d(i, j),
Vi € S,j € C as input. We set up one network whose the components G = (V, E) are the same as described as
h d® (i,5
;') to ‘c&a{)y
Network structure remain the same. Costs of other arcs, demands of vertices, capacities of all arcs remain the
same. 24

standard network setup at beginning of this section. The only difference is we set costs of arcs (v, v



E Necessity of Solving the Assignment Problem

Here we start by showing that the value of the average violation V), for any color h € H cannot exceed 2, (see Fact
below). Further, Lemmas [4.1] and [4.7] establish the existence of an assignment with a bounded approximation
ratio for the Rawlsian and Utilitarian objectives, respectively. Based on the above, one might wonder if optimizing
for the assignment as done in the LP and rounding steps of RAWLSIANALG and UTILITARIANALG is even
necessary, perhaps due to the boundedness of the average violation we would never incur a large degradation in
the approximation. We show in Theorem that optimizing for the assignment is in fact necessary as otherwise
the approximation ratio would be unbounded while the additive approximation would be a constant unlike our
additive approximation which is on the order of O(ﬁ) which converges to zero as n — oo.

Fact E.1. For any color h the normalized violation is upper bounded by 2. More specifically, |V’L| <2(1l—mp) <2

Proof. We set o, = B, = 0 ,Vh € H. Note that by definition of v(h, ) in Eq. @ setting oy, = B, = 0 would only
lead to a higher value for V), in comparison to any other values for oy, and f3y.

Kol
IC'L [
assigned to cluster 7 in the given clustering. By definition ), ¢ p; = 1. Denote number of points in cluster C;

Now, consider a fixed color h. For a center i € S set p; = That is, p; is the proportion of color h points

having colors in H other than color A by CZE. Accordingly, we have

|0h| cwz'c'

€S
|Ch|Z“Clrh_ Ch”
€S
=3 [,
i€S
:Z \ z‘|7p4
s Icl
-y CHltplCtl_
p=d BN
CF (1]
= + -1 Di
> 177 * (et 1)
_ CH| .
_Z ‘ |+<rh 1)pz
€S
=X ‘éﬂ_(l—rh)Pi
s ]
|CE|
1 — 42
( rh); |C|(1—’rh) p ( )

When maximizing over assignment ¢, we essentially maximize over p; and |C§ | over i € S because other quantities
in the objective are fixed. That is

Z|C\ —max(l—r)z |CZE|
Ch' ! " ic

_led
pir|CP| <|IClA—r)

. 3
Note consider the assignment of points of colors in H %her than h, i.e., |C!| over i € S. Define ¢; = %



By definition Zle q; = 1. With this notation, can be written as

CH
max (1 —rp) T —pi| =1 —rp)max } g — pi
POl L ; [Cl(1—7n) ; 2 o
= (1 —rn)max|lq - pl:
:(].—T’h)
<9

where the third equality uses maxp, o ||g — p||1 = 2 for probability vectors p and q, and the final inequality follows
from (1 —r,) < 1. O

Now we present that theorem which implies that optimizing the assignment is necessary.

Theorem E.2. Denote by (Sgr", psr”) the optimal socially fair solution and by (Sw™,¢pw") the optimal weighted
clustering solution with w; = ﬁ ,Vj € C. Then there exists an instance where (Sgr*, psr") has a Rawlsian
objective that is an unbounded multiple of the optimal Rawlsian objective plus an additive constant. Similarly,
(Sw*,ow") has a Utilitarian objective that is an unbounded multiple of the optimal Utilitarian objective plus an

additive constant. Specifically, we have

R(Ssr", ¢sr") > p1 OPTR +po (43)
USw™, ow") > p1 OPTy+p2 (44)

where p1 is an arbitrarily large positive value and ps is a positive constant.

(1—-r)n .<7R >. ™

Figure 4: Instance on which socially fair solution has unbounded Rawlsian and Utilitarian objective value.

Proof. We start with the proof for the socially fair solution and the Rawlsian objective.

Consider the instance in Figure In this instance, there are (1 — r)n blue points and rn red points where

€ (0,1). All blue points coincide with one another and all red points coincide with one another with both colors
being separated by a distance of R. Further, we set ap, = 8, = 0 ,Vh € H. For this instance, with k = 2, the
optimal socially fair solution will have two centers Ssg™ with one center at the blue points and another center at
the red points. Clearly, ¢sp” will assign each point to its closest center. The disutilities for the blue and red
groups would be:

|[(1=r)(1—=r)n—(1—=r)n|+|(1—7r)rn—0
(I=r)n

[r(1—7)n—0[+|r-rn—rn|

Ditue(Ssr™, dsr”™) = A -0+ (1= )) - =2(1-N)r

Diea(Ssr™, ¢sF™) = A- 0+ (1= X) - =2(1-M(1~-r)

rn

For simplicity, we set 7 = 1, thus R(Ssr", #sr*) = Dpiue(SsF*, ¢sr”) = Dica(Ssr*, ¢sr™) = (1 — A).

Consider a solution (Ssg*, @'), i.e., using the same centers as the optimal socially fair solution but with a different
assignment ¢’. Specifically, ¢’ assigns half the blue points to the right center and half the red points to the left
center. It is clear that assignment ¢’ would lead to no proportional violations. The disutilities would thus be

(1—r)an
P
(I=r)n

™ pp

A
* / = . 2 — . = —_RP
Direa (SSF , @ ) A o + (1 )\) 0 5 R

A
Dyiue(Ssg™, ¢') = (=X 0=k

Thus for this solution we would have R(Ssp”, ¢') = Dplue(Ssr™, @) = Diea(Ssp™, ¢') = %R”.
Now we set RP =2 - -0 where 6 € (0,1). This leads to R(Ssr™,¢') <O(1—X) < (1 —X) = R(Ssr", ¢sr").



Based on the above, using v € [0, 1] we can write R(Ssr”, ¢sr”) in terms of R(Ssg”,¢’) as follows:

(Ssr™,¢)

R(Ssr” dsr) =7+ 20y (1) (12

Which is equivalent to
R(Ss¥™,¢sk™) = p1- R(Ssr™, ¢') + p2 (45)

Where p; = 7 and po = (1 —7) - (1 — A). It is clear that for v € (0,1), ps is a positive constant and p; is a
constant that can be made arbitrarily large by choosing an instance with sufficiently small 6.

Since (Ssr™, ¢') is a feasible solution for Rawlsian clustering it follows that R(Ssg™, ¢’) > OPTg. Based on
this leads to

R(Ssr™, ¢sr™) > p1 - OPTR +po

For the weighted clustering solution and the Utilitarian objective. Simply note that (Sw™, dw”) = (Ssr™, ¢s¥”),
i.e., the weighted clustering solution is equal to the socially fair solution. We would have U(Sw™, pw™) = 2(1— ).
Following a the same assignment ¢’ we would have U(Sw*, ¢') = ARP. Further, we still have R? = 215260 where
6 € (0,1) we have U(Sw™,¢') < U(Sw", pw"). Therefore, we can similarly establish the following:

USw",ow’) = ;- UlSw’, @) +2(1 = 7)(1 = )

Since OPTy < U(Sw™, ¢’) then we have the final guarantee.
U(Sw",¢w") > p1 - OPTy +pa

With p1 = 7 and ps =2(1 —7)(1 = A) . O

F Comparing Welfare-Centric Clustering to FCBC

The FCBC formulation unlike ours is framed in terms of clustering cost not disutilities and welfare. This causes
FCBC to find solutions that are acceptable in terms of the clustering cost but clearly when one considers the
disutilities and welfare. To more easily demonstrate how clustering cost, i.e., > jec d? (4, 0(4)) would different
from the Rawlsian and Utilitarian objectives, we will assume that A = 1, so that (1 — A\) = 0 and proportional
violations would not incur a cost.

Consider the simple example shown in Figure |5/ In that example we have ry,e = % and 7red = Tgreen = %.

There are 4 special locations in the space {a,b, c,0}. All red, blue, and green points are at locations a,b, and ¢,

respectively. For ease of discussion we consider the k-median problem and the Hamming distance. This implies
that d(a,0) = d(b,0) = d(c,0) =1 and that d(a,b) = d(a,c) = d(b,c) = 2.

Counsider the solution (S,¢) where S = {0} and ¢ assigns all points to center 0. Then we would have
Dyed = Dgreen = Dpiye = 1. This also leads to R(S,¢) = 1 and U(S,¢) = 3. The clustering cost would

be 3 jcc d(G,(4)) =1-n=mn.

Now, consider a less equitable solution (S’,¢’) where S’ = {b} and all points are assigned to center b. This would
lead to Dyeq = Dgreen = 2 while Dyjye = 0. The Rawlsian and Utilitarian objectives would become clearly higher.
Specifically, we would have R(S’,¢') =2 and U(S’,¢') = 2-2 = 4. On the other hand, the clustering cost would

drop since - cc dP(j,¢' () =2+ 5 n=in <n =30 d”(j, ¢(5))-

Since FCBC uses the clustering costs as an upper bound it would favor such solutions which are clearly inequitable.
This highlights the importance of formulating the problem in terms of welfare instead of naive view of simple
clustering costs.
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c

Figure 5: Clustering instance.
G Proof of Intermediate Non-Monotonicity

In Section [5] and [H.7, we discussed the tuning of POF for FCBC algorithms to make them output clustering
results with completitive (small) rawlsian and utilitarian objective values. We show in this section that the
utilitarian objective is not monotonic POF values. Thus the tuning for FCBC algorithms cannot be done with an
efficient search algorithm such as bisection.

Proposition G.1. There exist clustering instances where the Utilitarian objective value of the solution returned
by the FCBC algorithm is a non-monotonic function of its Price of Fairness (PoF ) parameter. Specifically, there
can be clustering solutions with clustering distance costs By < By < Bg such that the corresponding welfare values
Uo,Ul,UQ satisfy Uy > Uy and Uy < Us.

Proof. We show on the instance shown in Figure [0 the Utilitarian objective value is not monotonic in clus-
_ Clustering Cost of Solution ¢

ter'lng cost of solutions. Coln.s1de.r the d.eﬁn}tlon.of PoF as PoF(c ) = Clustoring Cost of Optimal Agnostic Solution

this suffices to show Utilitarian objective is not monotonic in PoF because the denominator

Clustering Cost of Optimal Agnostic Solution is a fixed constant for any instance.

~(1 — €) blue points = red points =€ blue points

. D, _ _ D, . .

Figure 6: Clustering instance.

Recall the Utilitarian objective definition and on this instance we have U = ()\ Dr+(1-A)Vr)+;- L (ADp+(1-

A) V), where D and V are calculated for the two groups red and blue. Suppose AD; < 2(1—X),and ADy > 2(1—X)
for the given fixed A\ used in utilitarian objective, and allowed violation slack ag = Br = ap = g = 0. We show
there exist three solutions with distance cost By < B < By such that their corresponding Utilitarian objective
value satisfy Uy > Uy and Uy < Us.

Consider a solution denoted as ”Solution 0” with clustering distance cost By = 0. FCBC’s only option is to form
three pure clusters at the initial locations. For this solution the two distances costs are 0: D =0, Dp = 0. The
two violation costs are Vg = 0.5-ng +0.5-n51 +0.5-ng2 = 0.5 (ng +np1 +np2). Since n = ng +np1 + npa,
this simplifies to:Vr = 0.5-n = n/2. The calculation for Vp is symmetric and also yields n/2. Combining these
values, we get the Utilitarian objective value Uy for Solution 0 is

(=N + (- NF)

nL/Q ((1 —~ A)”) + ni/Q ((1 - A)g) =2(1-2).

Now consider another solution denoted ”Solution 1” Suppose FCBC algorithm is run with distance upper bound
set as B; = np1D;. With this distance budget, FCBC Jaerges the nearby Red group and small Blue sub-group.

U



Distance costs for the two groups are Dr = 0 and Dy = npg1 D respectively. We sum the violation contributions
from each cluster for the Red group.

|G | [Cis |
‘Cll| ’ 1 _ThR +|C’LQ| |022| —ThR
nr 0
= (nr+np1) - |—— —0.5| + npy- |— — 0.5
nr +npi1 np2

=|ng —0.5(ng +np1)| +np2 - | —0.5]

= 10.5ng — 0.5np1| + 0.5n 52

=0.5(ng —np1) +0.5nps (since ng > np1)

=0.5((np1 + np2) —np1) +0.5nps  (substituting ng = np1 + np2)
=0.5(np2) + 0.5np52

=np2

Similarly, we sum the contributions for the Blue group.

| |Chy |
r=1Ci |- |G — C. 21 _
B=1Ci1| Cor ] Thp|+|Ciz |- Cos | ThB
n
= (ng+np) - |[—— — 0.5+ nps - 7—05
nR+Np1

=|npg1 —0.5(ng + np1)|+np2 - |1 —0.5]|

= |0.5np51 — 0.5ng| + 0.5np2

=0.5(ng —np1) +0.5nps (since ng > npy)

=0.5(np2) + 0.5np2 (again substituting ng — np1 = np2)

=np2

Thus Utilitarian objective value of this solution is

1 1
U= —((1=XNnp2) + —(Anp1D1 + (1 — Nnp2)
nRr npg
1
= w2 [Mp1D1+2(1 — M)npgs).

Given our condition AD; < 2(1 — A), it follows that U; < Uy.

Now consider another solution which we denote as ”Solution 2”. When given clustering distance budget
By = np1 D1 + mDs > By, FCBC algorithm must start moving a few (m) Red points the long distance Dy to
improve fairness further. In this case, distance costs are Dg = mDy, D = np1D1. Let the new violations be V’}%
and V. We calculate the new violation for the Red group, V%:

m

|C ‘ +‘C12|

— TR

Vi —|C,

|Cz2|

ng—m
=(ng—m+np1)

— 05‘ + (m + nBQ)

_ - 0.5
nRr —Mm-+np1 m + npgo

=|(ng —m)—0.5(ng —m+np1)|+|m—0.5(m + nps)|

= |0.5(ng — m) — 0.5np1| + [0.5m — 0.5n 53]

=0.5(ng —np1 —m)+0.5(ngz —m) (since ng —np; =npa >m)
=0.5(nga —m)+0.5(nps — m) =nps —m

A symmetric calculation for the Blue group shows Vi = nps —m

The reduction in violation for each group when movin% 5rom Solution 1 to Solution 2 is:



AVR:V/RfV'}%:nBQf(nBQfm)

=m
AVBZV/B—V/];:nBQ—(nBQ—m):m

Utilitarian objective value of Solution 2 is: Us = %R()\ng +(1=AN)V5) + %()\anl + (1= A)V5).
We show Uy > U; given ADy > 2(1 — \). From ADs > 2(1 — X), and m > 0 we have

AmD 2
m2>(1_A)m:(1_A><m+m)
nR nR nr ngr

Now, we substitute the violation reductions we calculated (AVgr = AVp = m) and the fact that ng = np, we
have

AmDy (1= NV =Vg) (A=MNVp-Vp) _,
nR nr np

Since D, =0, D}, = mDs, and Dy = D = np1D1, we obtain

D+ (L= NVE | ADE + (L= VE  ADR + (1= AV | AP + (1= )V
nR npg nr np .

Therefore, Uy > Uj.

H Additional Experiments and Results
In this section, we give details of the experiments and show additional experiment results.

H.1 Details for Datasets Used in Experiments

Number of Points Number of Points
Dataset Dimension (Full) Subsampled: Group Label | ap,08:
10% vs. 90%
Adult 5 32561 24211 gender 0.017ry,
Credit card 14 29623 17737 marital-status | 0.01r,
Census II (subsampled) 67 20,000 11400 gender 0.01rp,

Table 1: Description of the four datasets used in two group empirical evaluations.

We select the same group labels and features for Adult, CreditCard, and Census1990 as done in Bera et al.
(2019)); [Esmaeili et al.| (2020). On Adult, attributes ”age”, ”final-weight”, ”education-num”, ”capital-gain”,
"hours-per-week” are used as features. On CreditCard and Census1990, all attributes except group label are
used as features. Gender is used as the group label in Adult and Census1990. On CreditCard, we use marital
status.

’ Dataset ‘ Dimension ‘ Number of points ‘ Group Label ‘ QhyBh ‘

| Bank | 3 \ 4521 | marital-status (| H| = 3)[0.01r4 ]

Table 2: Description of dataset used in our multi-group empirical evaluation.

On Bank, attributes chosen to represent point in space are ”"age”, "balance” and ”duration-of-account”, the
same as in [Backurs et al.| (2019). 30



H.2 Implementation Details

Existing Implementation of Socially Fair and FCBC We use existing implementation of socially fair
k-means from |Ghadiri et al.| (2021)) E' which accommodates groups with two colors but not multiple colors. Note
existing code for socially fair is in written Matlab, we translate to equivalent Python implementation. We use
existing code for FCBC implementation E

Randomness in Center Selection Both our algorithms and FCBC variants uses some form of k-means to
select initial centers (socially fair can be setup to runs k-means to select initial centers instead of randomly select).
Thus randomness in the experimental pipeline lies in the initial centers selected by each algorithm. To minimizes
the effects of selecting bad centers, we let all algorithms being compared each run k-means++ to initialize centers
and select the best out of 10 sets of centers.

Translation of Parameters «, § between Our Algorithms and FCBC As mentioned in Section [5] we set
ap = By = 0ry, where § = 0.01. Note the same symbol «j, and §j refer to different concepts in paper Esmaeili
et al.| (2021) where FCBC algorithms were originally introduced. Denote the upper and lower bounds in |[Esmaeili
et al.| (2021) as ay,, By. To fairly compare with FCBC algorithms, we set &y, = 1, + an, By = 71 + Br, where ay,,
Bp, are parameters for our formulation.

H.3 Data Normalization

We normalize the data so that the average clustering distance under vanilla k-means is on the same order as
its proportional violation. This ensures that the distance and violation terms are comparable in magnitude and
therefore avoids extreme values for the trade-off parameter \. We now introduce details of normalization factor
calculation. Denote a normalization factor for each k as Ff, ; and Ff . We calculate Ff, | as

|C|dec (5, 90(5))

Vi (S,¢)
2hen o]

FRawl

where (5, ¢) is vanilla k-means’ solution with p = 2, |S| = k. To run algorithm for intended k range [K], we
normalize once with Fraw = mean(F%, ), where mean is taken over the range [K]. Denote each data point j’s
feature vector from as x;. Data is then normalized as

Xj = Xj/\/ FRawl'

We calculate 5, as

Zhe?—t ﬁ Zjech dp(j7 ¢(]))

Vi(S,¢)
Dohen hch

FUtil =

where (S, ¢) is k-means’ solution with p = 2, |S| = k. Fysy is similarly calculated as a mean when k is selected to
be a range. Data for Utilitarian comparison are normalized as

Xj = Xj/\/ FUtil-

H.4 Experimental Results in Setting with Multiple Groups

In this section, we present comparison of Utilitarian algorithm UTILITARIANALG with three other algorithms on
settings with multiple groups. Below are plots for Bank dataset, where marital status is chosen as group label
forming three groups with proportions about 12%, 62% and 26%. See Table [2 for more details about dataset
size. For FCBC-UTIL algorithm, we set its upper bound on clustering distance cost as 1.5 times k-means vanilla
distance cost. Parameter ¢ is set as 0.01.

TThttps://github.com/samirasamadi/SociallyFairK Means
Hhttps://github.com/Seyed2357/ Fair—Clustering—Under—lg(iunded—Cost
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Figure 7: Bank Data Utilitarian Value Comparison |H | = 3

We do not include Rawlsian comparisons in the multiple-group setting, as the existing implementation of the
k-means socially fair algorithm—which we use as the first step in RAWLSIANALG—is designed for two groups
and only provides theoretical guarantees in that setting; its extension to multiple groups relies on a heuristic
without formal guarantees.

H.5 More Experimental Results in Setting with Two Groups

In the Experiment section in the main body Section[5} we presented experimental results and plots for A = 0.7 for
three subsampled datasets Adult, Credit Card and Census. In this section, we present plots for all other A\ values
in {0.1,0.2,...,0.9} for the subsampled dataset, as well as on full dataset. The proportion of groups on full
Adult data is about 33% vs. 67%, on full CreditCard data is about 46% vs. 54%, and on full Census1990 data
is about 49% vs. 51%. We omit A = 0 since it is equivalent to balancing proportions. We also omit A = 1.0 since
it is equivalent with running socially fair or weighted clustering. We observe that for all A values, our proposed
algorithm RAWLSIANALG and UTILITARIANALG find clustering solutions that dominate the other algorithms’
solutions on the two objectives.

Below we first present a set of plots (Figure [8] Figure [9) and Figure [10) for Rawlsian objective for A €
{0.1,0.2,. ,0.9}, and a set of plots (Figure |11} Figure 12| and Figure [13) for Utilitarian objective for A €
{0.1,0.2,...,0.9} on the subsampled data (with propogtdon 10% vs. 90%).
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Figure 8: Rawlsian Value comparison for A = 0.1 to 0.4 on subsampled data (10% vs. 90%).
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Figure 9: Rawlsian Value comparison for A = 0.5 to 0.7 on subsampled data (10% vs. 90%).

34




Adult Subsampled

Rawlsian Value Comparison (A=0.8)

0.32

Rawlsian Value

0.16 1

—%— Rawlsian

~&— Vanilla KMeans
%~ Socially Fair
~f— FCBC-EGA

0.350

0.325

0.300

0.275

0.250

Rawlsian Value

0.225

0.200

0175

7 8 9 10 11 12 13 14 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.9)

—%— Rawilsian

~&— Vanilla KMeans
%~ Socially Fair
~#— FCBC-EGA

7 8 10

9 1 12 13 14 15
Number of Clusters (k)

Rawlsian Value

Rawlsian Value

Credit Subsampled

Rawlsian Value Comparison (A=0.8)

—%— Rawlsian
&~ Vanilla KMeans
—$— socially Fair

~#— FCBC-EGA

6 7 8 9 0 11 12 13 14 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.9)

—%— Rawlsian
&~ Vanilla KMeans
—$— socially Fair
~#— FCBC-EGA

6 7 8 9 0 11 12 13 14 15
Number of Clusters (k)

Rawlsian Value

Rawlsian Value

0.475

0.450

0.425

0.400

0375

0.350

0.325

0.300

0.275

0.500

0.475

0.450

0.425

0.400

0.375

0.350

0.325

0.300

Census Subsampled

Rawlsian Value Comparison (A=0.8)

—— Rawlisian
8- Vanilla KMeans
—$— Socially Fair
—#i— FCBC-EGA
6 7 8 9 10 11 12 13 14 15
Number of Clusters (k)
Rawlsian Value Comparison (A=0.9)
—&— Rawisian

8- Vanilla KMeans
—§— socially Fair
—#i— FCBC-EGA

6 7 8 10 11 12 13 14 15

9
Number of Clusters (k)

Figure 10: Rawlsian Value comparison for A = 0.8 to 0.9 on subsampled data (10% vs. 90%).
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Figure 11: Utilitarian Value comparison for A = 0.1 to 0.4 on subsampled data (10% vs. 90%).
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Figure 12: Utilitarian Value comparison for A = 0.5 to 0.7 on subsampled data (10% vs. 90%).
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Figure 13: Utilitarian Value comparison for A = 0.8 to 0.9 on subsampled data (10% vs. 90%).

Below we present a set of plots (Figure Figure and Figure for Rawlsian objective for A\ €
{0.1,0.2,...,0.9}, and a set of plots (Figure Figure and Figure for Utilitarian objective for
A €{0.1,0.2,...,0.9} on the full data.

38




Rawlsian Value

Rawlsian Value

Rawlsian Value

Rawlsian Value

0.175

0.150

°
o
IS}
&

0.100

0.075

0.050

0.025

0.000

Adult (full)

Rawlsian Value Comparison (A=0.1)

—4— Rawlsian

~&— Vanilla KMeans
8~ Socially Fair
—#— FCBC-EGA

T r r A T T T
Number of Clusters (k)

Rawlsian Value Comparison (A=0.2)

0.16 1

°© o o o o o o
S 5 © o & & =
8 ® 8 8 5 & &

&~ Rawisian
—&— Vanilla KMeans
& socially Fair

——~ FCBC-EGA
kS : H b 4 3

5 1 11 12 13 11 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.3)

o o o o o o o o
= o =3 ° ° o o o
3 N ? & @ S o IS

—&— Rawlsian

—$— Vanilla KMeans
% Socially Fair
—#~ FCBC-EGA

':;:I:;:::::::;:;:I

6 7 8 1 12 13 14 15

9
Number of Clusters (k)

Rawlsian Value Comparison (A=0.4)

0.124

0.10

e
o
2

o
o
=

o
°
g

0.02

0.001

—J— Rawlisian

—&— Vanilla KMeans
=&~ Socially Fair
~#~ FCBC-EGA

=31

6 7 8 10 11 12 13 14 15

9
Number of Clusters (k)

Rawlsian Value Rawlsian Value Rawlsian Value

5

Rawlsian Value

5

0.4

Figure 14: Rawlsian

Credit Card (full)

Rawlsian Value Comparison (A=0.1)

—— Rawisian

—$— Vanilla KMeans
—&— socially Fair
—§— FCBCEGA

9 o 11 12 13 14 15
Number of Clusters (k)

m;
<
©

Rawlsian Value Comparison (A=0.2)

—&— Rawisian

—$— Vanilla KMeans
8~ Socially Fair
—§—~ FCBC-EGA

6 7 8 9 o 11 12 13 14 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.3)

—&— Rawlsian

—$— Vanilla KMeans
—&— Socially Fair
—f— FCBCEGA

o
<
®

9 10 11 12 13 14 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.4)

—&— Rawlsian

—&— Vanilla KMeans
—$— Socially Fair
~#— FCBC-EGA

o
~
®

9 10 11 12 13 14 15
Number of Clusters (k)

Rawlsian Value

Rawlsian Value

Rawlsian Value

Rawlsian Value

Census (full)

Rawlsian Value Comparison (A=0.1)

0.404

0.354

© © © o o o o
° o B B N N W
8 & 5 & 8 & 8

—&— Rawlsian
—&— Vanilla KMeans
—&— socially Fair

—#— FCBCEGA

-

5 1 11 12 13 11 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.2)

0.354

o
w
8

° o ° ° o °
° o o = N i
3 & S el S &

| —#- FcBCEGA

—&— Rawisian
—&— Vanilla KMeans
—&— socially Fair

6 7 8 5 1 11 12 13 11 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.3)

0.30

0.25

o
N
S

°
o
&

o
"
S

0.054

0.00 1

—&— Rawisian
—&— Vanilla KMeans
—&— Socially Fair

—#— FCBC-EGA

9 1 12 13 14 15
Number of Clusters (k)

Rawlsian Value Comparison (A=0.4)

0.259

o
N
S

o
e}

o
"
S

0.05

0.001

—&— Rawisian
—&— Vanilla KMeans
—&— Socially Fair

—fi— FCBCEGA

9 10 11 12 13 14 15
Number of Clusters (k)

Value comparison for A = 0.1 to 0.4 on full data.
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Figure 15: Rawlsian Value comparison for A = 0.5 to 0.7 on full data.
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Figure 16: Rawlsian Value comparison for A = 0.8 to 0.9 on full data.
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Figure 17: Utilitarian Value comparison for A = 0.1 to 0.4 on full data.
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Figure 18: Utilitarian Value comparison for A = 0.5 to 0.7 on full data.
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Figure 19: Utilitarian Value comparison for A = 0.8 to 0.9 on full data.

H.6 Per-group Distance Cost and Representation Violation

In this section, we present plots comparing per group distance cost and representation violation, to highlight the
differences in clustering solutions found by the algorithms being compared. We observe from plots in Figure
that our Rawlsian algorithm arrives at a solution with two groups having close distance costs and representation
violation cost. Clustering solutions solved by Vanilla KMeans and Socially Fair have similar distance costs for
both groups as our Rawlsian algorithm, but with significant disparate representation violation between the two
groups. Solution solved by FCBC-Ega on the other hand has similar representation violation cost for the two
groups, but disparate distance costs. We observe similar differences between the four algorithms compared for
the Utilitarian objective from Figure

H.7 Comparison with FCBC with other Cost Upper Bounds

In this section, we provide details of the tuning done for FCBC-RAwWL and FCBC-UTIL. The two variants of
FCBC algorithms solve constrained minimization problems where their objectives are variants of proportional
representation violation, and constraint is an upper bound on allowed distance cost. To run the FCBC algorithms
on any given problem instance, a user has to provide an upper bound on clustering distance cost which function
as the constraint. In paper [Esmaeili et al.| (2021)) and their implementation, this upper bound is calculated by
first calculating cost of optimal vanilla (agnostic) clustering distance cost, and multiply by a constant which is
denoted POF. Note POF has to be greater than 1 to allow for fair clustering solution Esmaeili et al.| (2021));
[Dickerson et al.| (2025)).

As mentioned in the main text, since FCBC-RAwL and FCBC-UTIL do not optimize Welfare and Utilitarian
objectives directly, one has to run the FCBC algorithms multiple times for each problem instance for one fixed
weight parameter A and number of centers k choice. That is, each FCBC algorithm run will have a different
distance cost constraint upper bound (corresponding to a different POF value), forcing the FCBC algorithms to
make trade-offs between proportional violation and distances costs this way. As shown in Section [G] the objective
values are not monotone with increase of distance upper bound so efficient searching algorithm such as bisection
cannot be used. Note this makes FCBC algorithms noE1 Euitable for solving our objectives.
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Figure 20: Per-group costs comparison. Rawlsian solution is found with A = 0.7.

To compare the best Rawlsian value and Utilitarian value achievable by FCBC algorithms, on each data set
and each A, k choice, we run FCBC algorithms with POF = {1.05, 1.50, 2.00, 2.50, 3.00}. We show results of one
such tuning effort for A = 0.7 in Figure Best Rawlsian and Utilitarian value (minimum) from those runs,
represented by the red curve, are saved and compared with our algorithms Rawlsian and Utilitarian.

H.8 Performance Gap between FCBC Algorithms and Welfare Clustering Algorithms Proposed

In this section, we show how the performance gap between our algorithms RAWLSIANALG and UTILITARIANALG
with their FCBC counterparts being compared vary with proportion of the minority group, in a two group
dataset Adult. Recall FCBC-Util algorithm minimizes maximum proportional violation over clusters and groups,
under a given distance cost upper bound. However, unlike our formulation Rawlsian and Utilitarian, neither
the proportional violation and distance cost is normalized by group’s size. Given this main difference, FCBC
algorithms when solving for fair solutions, will put less weights on minority groups, if the groups takes up small
proportion in the whole dataset. While our formulation Rawlsian and Utilitarian always treats smaller minority
group and majority group’s loss equally by normalizing by their group size. Empirically we show that the smaller
the minority group is, the better our algorithms RAWLSIANALG and UTILITARIANALG outperform FCBC-EGA
and FCBC-Util algorithms as shown in Figure We show two plots measuring absolute gap in loss difference
between two algorithms compared, and relative improvement. The confidence interval come from taking mean
over number of centers k values ranging form 6 to 15. 45
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Figure 21: Per-group costs comparison. Utilitarian solution is found with A = 0.7.

H.9 Effect of Rounding on the Rawlsian and Utilitarian

In this section, we empirically show that rounding does not change LP objective value too much for both Rawlsian
and Utilitarian objectives. Here we are referring to the constants cg and cy that appear in Lemmas and
respectively. Interestingly, as shown in the plots below, the change is quite small never exceeding 8 x 1073.

For Rawlsian, we plot difference of program evaluated at x™**& and evaluated at x™2¢ on Census1990 data.
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Figure 22: Rawlsiand and Utilitarian values for FCBC algorithms with different POF value on Adult, CreditCard
and Census1990.
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Figure 23: Performance gap between our proposed algorithms RAWLSIANALG and UTILITARIANALG with FCBC
algorithms vs proportion of minority group.
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Figure 24: Integral Solution
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frac

Similarly for Utilitarian, we plot the difference of program evaluated at x'™°¢ and evaluated at x™° on
Census1990 data.
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Figure 25: Integral Solution Utilitarian Value - Fractional Solution Utilitarian Value

H.10 Run Time of RawlsianAlg and UtilitarianAlg

In this section, we report the actual execution time of RAWLSIANALG and UTILITARIANALG. We measure
end-to-end runtime for each algorithm on sub-sampled versions of the Census1990 dataset, with sizes ranging
from 10,000 to 20,000 in increments of 1,000. Each run solves the respective objective using k = 4 clusters.
Reported times are averaged over 5 independent runs, with standard deviation shown. All experiments were
conducted on a MacBook Pro (2.3GHz 2-core Intel i5, 8GB RAM) using Python 3.10.

Figure [26| and Table [3| display the recorded runtimes. Across all sample sizes, execution times range roughly from
15 to 55 seconds, with increasing sample size generally leading to longer runtimes. The shaded regions in the plot
indicate the variability across runs.

Execution Time: Rawlsian and Utilitarian (k=4)
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Figure 26: Runtime of RAWLSIANALG and UTILITARIANALG on Census1990 with k = 4 for different dataset
sizes.
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Size | Rawlsian Time (s) | Utilitarian Time (s)
10k 15.05 £ 4.81 17.58 £+ 2.67
11k 17.23 £ 2.26 22.18 + 1.83
12k 29.50 £ 15.90 38.83 + 10.04
13k 25.04 + 1.97 36.95 + 3.78
14k 34.07 + 6.69 43.37 £ 6.99
15k 35.88 £ 6.24 37.53 £ 3.31
16k 33.22 + 2.25 46.27 £ 14.94
17k 39.44 + 18.85 46.10 £ 3.93
18k 37.63 £+ 7.32 54.76 + 2.82
19k 44.97 + 10.02 37.55 + 13.11
20k 45.98 + 2.20 34.78 £+ 3.75

Table 3: Runtime of RAWLSIANALG and UTILITARIANALG on Census1990 with £ = 4 for different dataset
sizes.

I Limitations and Impacts

While our proposed welfare formulations provide flexible frameworks for balancing disutilities from distance and
proportional representation, we emphasize that fairness is inherently a context-dependent and value-laden concept.
The deployment of the proposed formulation and algorithms in practice should involve careful deliberation
with relevant stakeholders to determine appropriate fairness goals and trade-offs. In particular, the choice of
parameter A, which governs the trade-off between distance and proportional representation must be guided by
domain-specific considerations and the priorities of affected communities. Further, should the Rawlsian objective,
which is mainly an egalitarian objective, be optimized or should the Utilitarian be optimized instead? Moreover,
our formulation currently quantifies disutility primarily in terms of clustering distance and proportional group
representation. In real-world settings, disutility may depend on additional factors such as downstream impacts of
clustering outcomes as hinted in [Dickerson et al| (2025)). Additionally, even when it is clear and agreed upon that
proportional group representation is important, the exact values of the proportion relaxation parameters «j and
Br, should be carefully done. It is possible that for a given application only group under-representation would
matter and as a result one may set «p, > 1 — 7y, for all colors h € H.

We believe that our proposed framework and algorithms can lead to better welfare and societal impacts if
such considerations are carefully taken into account. On the other hand, a superficial approach that does not
incorporate the full considerations and does carefully tune parameters such as A, ap, and 85, may lead to
clustering outcomes that are less preferable.
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