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ABSTRACT

Finding the optimal configuration of parameters in ResNet is a nonconvex mini-
mization problem, but first order methods nevertheless find the global optimum
in the overparameterized regime. We study this phenomenon with mean-field
analysis, by translating the training process of ResNet to a gradient-flow partial
differential equation (PDE) and examining the convergence properties of this limit-
ing process. The activation function is assumed to be 2-homogeneous or partially
1-homogeneous; the regularized ReLU satisfies the latter condition. We show that
if the ResNet is sufficiently large, with depth and width depending algebraically
on the accuracy and confidence levels, first order optimization methods can find
global minimizers that fit the training data.

1 INTRODUCTION

Training of multi-layer neural networks (NN) requires us to find weights in the network such that its
outputs perfectly match the prescribed outputs for a given set of training data. The usual approach
is to formulate this problem as a nonconvex minimization problem and solve it with a first-order
optimization method based on gradient descent (GD). Extensive computational experience shows
that in the overparametrized regime (where the total number of parameters in the NN far exceeds the
minimum number required to fit the training data), GD methods run for sufficiently many iterations
consistently find a global minimum achieving the zero-loss property, that is, a perfect fit to the training
data.

What is the mechanism that allows GD to perform so well on this large-scale nonconvex problem?

Part of the explanation is that in the overparametrized case, the parameter space contains many
global minima, and some evidence suggests that they are distributed throughout the space, making
it easier for the optimization process to find one such solution. Many approaches have been taken
to characterize this phenomenon more rigorously, including landscape analysis, the neural tangent
kernel approach, and mean-field analysis. All such viewpoints aim to give an idea of the structure
and size of the NN required to ensure global convergence.

Our approach in this paper is based on mean-field analysis and gradient-flow analysis, the latter being
the continuous and mean-field limit of GD. We will examine residual neural networks (ResNets),
and study how deep and wide a ResNet needs to be to match the data with high accuracy and high
confidence. To relax the assumptions on the activation function as far as possible, we follow the
setup in (Chizat & Bachl 2018), which requires this function to be either 2-homogeneous or partially
1-homogeneous. We show that both depth and width of the NN depend algebraically on € and 7,
which are the accuracy and confidence levels, respectively.

Mean-field analysis translates the training process of the ResNet to a gradient-flow partial differential
equation (PDE). The training process evolves weights on connections between neurons. When dealing
with wide neural networks, instead of tracing the evolution of each weight individually, one can
record the evolution of the full distribution of the weight configuration. This perspective translates
the coupled ordinary differential equation system (ODE) that characterizes evolution of individual
weights into a PDE (the gradient-flow equation) characterizing the evolution of the distribution. The
parameters in the PDE naturally depend on the properties of the activation functions. Gradient-flow
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analysis is used to show that the PDE drives the solution to a point where the loss function becomes
zero. We obtain our results on zero-loss training of ResNet with GD by translating the zero-loss
property of the gradient-flow PDE back to the discrete-step setting.

This strategy of the proof was taken in an earlier paper (Ding et al., 2021)) where multi-layer ResNets
were also analyzed. The main difference in this current paper is that the assumptions on the activation
function and the initial training state for obtaining the global convergence are both much relaxed. This
paper adopts the setup from (Chizat & Bachl[2018) of minimal Lipschitz continuity requirements on
the activation function. Furthermore, the paper (Ding et al.l 2021) required a dense support condition
to be satisfied on the final parameter configuration has a support condition. This condition is hard
to justify in any realistic setting, and is discared from current paper. Further details on these issues
appear in Section

We discuss the setup of the problem and formally derive the continuous and mean-field limits in
Section @ In Section E} we discuss related work, identify our contribution and present the main
theorem in its general terms. After precise definitions and assumptions are specified in Section 4] we
present the two main ingredients in the proof strategy. The mean-field limit is obtained by connecting
the training process of the ResNet to a gradient-flow PDE in Section [5] and the zero-loss property of
the limiting PDE is verified in Section[6] The main theorem is a direct corollary of Theorem [5.1]and
Theorem [6.1] (or Theorem [6.2).

2 RESNET AND GRADIENT DESCENT

The ResNet can be specified as follows:

1 M
a41(2) = 21(2) + 377 > fla@),0nm), 1=0,1,...,L-1, (1)
m=1

where M and L are the width and depth, respectively; zo(z) = = € R? is the input data; and

zr(x) is the output from the last layer. The configuration of the NN is encoded in parameters
OLm = {Gl’m}lL;()l;yzl, where each parameter 6, ,, is a vector in R* and f: R4 x R — R% is the
activation function. The formulation @) covers‘‘conventional” ResNets, which have the specific form

M
1
a1 (@) = z(2) + 5 > UmoW,21(x) + bim), 1=0,1,...,L—1,

m=1
where W, ., Ui € R%, b, € R, and o is the ReLU activation function. In this example, we have
917m = (Wl,m, Ul,ma bl,m) € Rk, with k = 2d + 1.

Denote by Zg, ,, (I; x) the output of the ResNet defined by (I). (This quantity is the same as zr,(x)
defined above, but we use this alternative notation to emphasize the dependece on parameters O, 57.)
The goal of training ResNet is to seek parameters Oy, s that minimize the following mismatch or

loss function: .
E(QL,M) = EII/’NM 5 (g(Z@L,M(L; .%')) - y(x))2 5 (2)

where g(x) : R? — R is a given measuring function, y(z) € R is the label corresponding to x, and 1
is the probability from which the data x is drawn.
Classical gradient descent updates the parameters according to the formula

@Eﬁ& = 7LL,M - hv@E(GrLL,M> )

where £ is the step length. In the limit as » — 0, the updating process can be characterized by the
following ODE (Chizat & Bach, 2018} Def 2.2) (rescaled by L, M):

d@LJV[(S)
ds

where s represents pseudo-time, the continuous analog of the discrete stepping process.

= 7MLV@E(@L7M) 5 for s Z 0, (3)
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2.1 THE CONTINUOUS LIMIT AND THE MEAN-FIELD LIMIT

The continuous limit of is obtained when the ResNet is infinitely deep, with L. — oco. By
reparametrizing the indices [ = [0, - - - , L — 1] with the continuous variable ¢ € [0, 1], we can view z
in () as a function in ¢ that satisfies a coupled ODE, with 1/L being the stepsize in ¢. Accordingly,
0).m can be recast as 0, (t = /L), and denoting O(t) = {6,,(¢)}21_,, we can write the continuous
limit of (I)) as

dz(t; x)
dt

M
_ % Z f(z(t;2), 0 (), te[0,1], withz(0;2) =z. @

m=1

Extending @, we define the cost functional E as
1
B(©) = Euny |3 0(Z0(152) ()] ®)

where Zg(t; x) solves @) for a given collection ©(¢) of the M functions {6,,(¢)}. Similar to (3)),
we can use GD to find the configuration of O(¢) that minimizes () by making O(¢) flow in the
descending direction of E(©). Denote s the pseudo-time of the training process, and O(s;t) the
collection of functions at the training time s:

00  _4E

O(s;")

where g—g is the functional derivative of E with respect to O, and thus a list of M functions of ¢ for
every fixed s.

The mean-field limit is obtained by making the ResNet infinitely wide, that is, M — co. Considering
that the right hand side of (@) has the form of an expectation, it approaches an integral in the limit,
with respect to a certain probability density. Denoting this PDF by p(6,¢) € C([0, 1]; PQ)[H, and
assuming that the 6,,, are drawn from it, the ODE for 2 translates to the following:

dz(t; x) _

g f(z(t;x),0)dp(0,t), te]0,1] withz(0;2)==x. (7)
Rk
Mimicking (), we define the following cost function in the mean-field setting:
1
B(p) = Eany | (0(Zy(1:0) ~ y(@))] ®

where Z,(t;x) is the solution to (7) for a given p. Then, similar to the gradient flow for O, »
and ©(t), the probability distribution p that encodes the configuration of 6 flows in the descending
direction of E'(p) in pseudo-time s. Since p(0, t, s) needs to be a probability density for all s and ¢,
its evolution in s is characterized by a gradient flow in the Wasserstein metric (Chizat & Bach, 2018},
Lu et al., [2020; |Ding et al., 202 1)):

dp oF
E =Vp- (Pve g

> , §>0,t€l0,1] with p(6,t,0) = pini(0,t),  (9)
p(+58)

where ‘;—f is the functional derivative with respect to p, and thus a function of (6, t) for every fixed s.
Using the classical calculus-of-variations method, this functional derivative can be computed as:

o

op

(0,t) = Eonp (p) (t2) f(Z,(t:2),0)) (10)

where p,(; z), parameterized by z, maps [0, 1] — R?, and is a vector solution to the following ODE:

dp, _
dt

Py /R 0:1(Z,.0)p(0,1)d0. (11)

'A collection of probability distribution that is continuous in ¢ and has bounded second moment in 6 for all ¢.
The definition is to be made rigorous in Def[d.1}
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with p,(t = 1;2) = (9(Z,(1;2)) — y(z)) Vg(Z,(1;2)). In the later sections, to emphasize the s

JE(O(s))
dependence, we use 50

SE(p(s)) SE SE :
and 5y to denote & ‘@(S;.) and o s respectively. As a
summary, to update p(6,t, s) to p(6,t, s + ds) with an infinitesimal ds, we solve (7) for Z,(t; x),
using the given p(6, ¢, s), and compute p, using (TT). This then allows us to compute %pp(s)) 0,t)

which, in turn, yields p(6,¢,s + ds) from (). In (TI), 9, f is a d x d matrix that stands for the
Jacobian of f with respect to its z argument.

3 RELATED WORK AND CONTRIBUTION

There is a vast literature addressing the overparameterization of DNN. Many perspectives have been
taken to justify the success of the application of the first order (gradient descent) optimization methods,
in this overparameterized regime. We briefly review related works, and identify our contribution.

The earliest approach to understanding overparametrization was landscape analysis, in which the
countours of the nonconvex objective function were studied to find which properties make it possible
for a first order method to converge to the optimizer. Different NN structures are then analyzed to see
which have these properties (Jin et al., 2017;|Ge et al., 2015; Du et al.l 2017; |Ge et al.| 2018; Nguyen
& Heinl [2018; Du & Leel [2018; Soltanolkotabi et al.,[2019; [Nguyen & Heinl 2017} [Kawaguchil 2016}
Yun et al., [2018]). This approach naturally limits the types of DNN that can be “explained,” since
most DNN structures do not satisfy the required properties.

Another approach taken in the literature is related to the Neural Tangent Kernel (NTK) regime,
which is the regime in which the nonlinear problem is reduced to a nearly linear model due to the
confinement of the iterates to a small region around the initial values. Insensitivity of the so-called
Gram matrix is evaluated in the limit of the number of weights (Allen-Zhu et al., 2019} Du et al.,
2019a; Zhang et al.| 2019; |Chatterji et al., 2021} |Du et al., |2019b; Jacot et al., 2018 Liu et al., 2020;
Frei et al., 2019). The argument is that zero-loss solutions are close to every point in the space,
and one can find an optimal point within a small region of the initial guess. The NTK arguments
are shown to work well in several real application problems, such as the classification problem (Li
& Liang| 2018 [Zou et al) |2019). However, as pointed out by (Ba et al., [2020; |Wei et al.l 2019
Fang et al.,|2019), NTK approximately views nonlinear DNN as a linear kernel model, a rather
limited description, so the estimates obtained through NTK might not be sharp. Indeed, the empirical
observation in (Allen-Zhu & Li, |2019; |Arora et al.,|2019) have suggested that the kernel models are
not as general as NN, and certain (nonlinear) features of NN are not captured.

Finally, there is the mean-field limit perspective that we adopt in this paper. The term “mean-field"
indicates that in a system with a large ensemble of particles, the field formed by averaging across
all samples exerts a force on each sample. Instead of tracing the trajectory of each sample, one can
characterize the evolution of the full distribution function that represents the field. This idea originated
in statistical physics, and is made rigorous under the framework of kinetic theory. In training an
overparametrized ResNet context, a large number of weights evolve to decrease the cost function.
In the mean-field limit, the training process evolves the distribution function of these weights. A
significant advantage of the mean-field approach is that once we derive a formula for the gradient flow,
standard PDE techniques can be adopted to describe the convergence behavior. This approach was
taken in (Araujo et al.|[2019; |[Fang et al.,[2019} Nguyen, |2019; Du et al., 2019a} |Chatterji et al.| [2021;
Chizat & Bachl 2018} Mei et al., [2018; Wojtowytschl 20205 [Lu et al., 2020} Sirignano & Spiliopoulos,
20215 2020). The case of a single hidden layer NN in the regime as A — oo is studied by (Chizat
& Bach|(2018)); Mei et al.| (2018)); [Wojtowytsch! (2020), who justified the mean-field approach and
demonstrated convergence of the gradient flow process to a zero objective. In the multi-layer case,
Lu et al.[(2020) showed the convergence of a PDE that can be viewed as a modified version of the
true gradient flow, hinting at convergence of the real mean-field limit. Nguyen & Phaml (2021) also
gave the global convergence of the mean-field limit of DNN for a certain class of NN structures, but
their work excludes such important practical NN structures as ResNet. The work most closely related
to ours is (Ding et al.,[2021)), but this paper makes technical assumptions on p., and f that restrict
the usefulness of the results, as we discuss below following the statement of Theorem@

We note that in certain parameter regimes, the mean-field and NTK perspectives can sometimes be
unified; see (Chen et al.| [2020).
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We follow the roadmap of |Chizat & Bach|(2018)); Ding et al.|(2021), which shows that the PDE @])
achieves the global minimum for which E(p(f,t, s = c0)) = 0, and that the gradient flow in the dis-
crete setting (3] can be closely approximated by the PDE, so that (O 1 p(s)) = E(p(:,-,s)). These
two results together show that E(Or, 5r(s)) ~ 0 for pseudo-time s sufficiently large. Specifically,
the two main tasks of the paper are as follows.

— Task 1: We need to give a rigorous proof of the continuous and mean-field limit. This
will be stated in Theorem [5.1] to justify that for every fixed s < oo, when M, L — oo,
E©r.Mm(s)) = E(O(s;-)) = E(p(-,-,s)). The dependence of these approximations on L
and M are made precise.

— Task 2: We need to demonstrate the convergence to global minimum. This is stated
in Theorem and for two different cases. In both theorems, we obtain the global
convergence for the gradient flow, assuming certain homogeneity and the Sard-type regularity
for f. A weak assumption of the initialization of p;,; is also imposed.

By combining these two, we obtain the main result of the paper.

Theorem 3.1 Let the conditions in Theorem[5.1|and[6.1)(or[6.2) hold. Then for any positive € and 1,
there exist positive constants Cy depending on pin;(0,t), € and C depending on pin;(0,t), s such that

when Clpsni(0 Clpini(0
(pini(2 7t)78) , L > (pini( at)75)
€2n €

)

s> CO(pini(eat)ae)a M >

we have
P(IE®OLMm(s))] <€) =1 -,
where E is defined in ) and ©, pr solves ().

This theorem gives quantitative bounds for M and L. The number of weights required to reduce
the cost function below € is O(ML) = O(1/€%). The theorem also suggests that L and M are
independent parameters.

The results resonate with those obtained in (Chizat & Bachl 2018)) for the 2-layer NN, and extend
those in (Ding et al., [2021)) greatly. Specifically, compared with the results in (Chizat & Bach, [2018)),
where p(6, s) follows a typical gradient flow in the probability space on 6 in time s (Ambrosio et al.,
2008), we have, at each training time s, a “list” of probability measures p(6,t) on 6, for all ¢. The
members of this list are coupled, flowing together in s in the descending direction of the cost function
E. New analytical estimates are developed to deal with this non-traditional gradient flow.

Ding et al.| (2021)) takes a similar approach to ours, but their assumptions on the support of p(6, t, s =
o0) are quite strong: The limiting probability measure p(6,¢,s = o0) is assumed to have the
full support over . The assumption greatly reduces the technical difficulty of the proof, but it
is impractical and hard to justify, thus preventing the results from being of practical use. In the
current paper, this support condition is replaced by the well-accepted homogeneity condition adopted
by (Chizat & Bach,[2018)). As a consequence, the structure of the gradient flow must be examined
closely to demonstrate convergence, requiring considerable technical complications. |[Lu et al.| (2020)
also investigates gradient flow for training multi-layer neural network, but the gradient flow structure
is modified for mathematical convenience. All blocks are integrated together, making p a probability
measure over the full (0, ¢)-space. This design is inconsistent with the structure of the ResNet design
that we investigate in this paper.

4 NOTATIONS, ASSUMPTIONS, AND DEFINITIONS

Throughout the paper we denote the collection of probability distributions with bounded second
moments as P%(R¥), that is, P?(R*) = {p : [5 [6]> dp(f) < co}. We assume certain regularity
properties for the activation function f, the measuring function g, the data y, and the input measure
1, as follows.

Assumption 4.1 (Assumptions on f) Let f : R? x R* — RY be a C? function.

1. (linear growth) For all x € R?, 0 € R, there is a constant Cy such that
1fl < (0P + 1) (] +1). (12)



Under review as a conference paper at ICLR 2022

2. (locally Lipschitz) For all v > 0, and || < r,0 € R¥, we have for Cy(r) monotonically
increasing with respect to r that the following bounds hold:

102 f| < Ca(r) (101" +1), |00 f] < Ca(r)(10] +1). (13)

3. (local smoothness) There exists k1 € (0, k] with the following property: Denoting 6 =
(01,02, 7 = max{|z|, 0|}, where 0y € R, 05 € RF1, we have for Cs(r)
monotonically increasing with respect to r that the following bounds hold:

0104 (0,0)| < Co(r), i+ =2,0j20. (14)

When k1 < k, we have in addition that

max{|0, f|, |} < Cs(r) (10| +1),

Opy f| < Calla)) 1yl +1) . (15)

4. (universal kernel) The function set {h|h = [\ f(x,0)dp(6), p € P*(R*)} is dense in
C (|z| < R;R?) forall R > 0.

Assumption 4.2 (Assumptions on data) Let g,y : R — R be C? functions, and let 1 be the
probability distribution of x. We assume the following.

5. w(z) is compactly supported, meaning that there is R,, > 0 such t@at the support of | is
within a ball of size R, around the origin, that is, supp(u) C Bgr, (0).

6. y(z) € LS. (R?), that is, Sup|g<g |Y(@)] < oo

7. g(x) and NV g(z) are Lipschitz continuous. Moreover, |V g(x)| has a positive lower bound,
that is, inf ,cpa |[Vg(x)| > 0.

We note that Assumption @.T]admits many commonly used activation functions (E et al.,[2020). One
example of a function satisfying this assumption is f(z,6) = f(z, 011, 02, 0j3)) = 0310 (0112 +0)9),
where 0;) € R¥>4 gy € RY, 0(3) € R and o is a component-wise regularized ReL.U activation
function, see Remark

We now build the metric on the function space for our solutions. Note that the solution p(6, t, s)
to (9) is expected to be a continuous function in (¢, s), and a distribution of 6 for each (¢, s). For this
non-standard probability space, we first introduce the following metric.

Definition 4.1 E]C ([0,1]; P?) is a collection of continuous paths of probability distribution v(0,t)
(6 € Rt € [0,1]) where 1. v(-,t) € P?(RF) for every fixed t € [0,1]; 2. For any ty € [0,1],
limy—y¢g Wo (v(+, 1), v(-, to)) = 0, where Wy is the classical Wasserstein-2 distance. The space
C([0,1]; P?) is equipped with the following metric dy (v1,v2) = sup, Wa(v1 (-, 1), va(-, t)).

Accordingly, C([0,00); C([0,1]; P?)) is a collection of continuous paths of probability distribution
v(0,t,s) (with® € R, t € 0,1], s € [0,00)), where 1. v(-,-,s) € C([0,1];P?) for every fixed
s € [0,00). 2. Forany sy € [0,00), limg_,5, d1 (v(+,-,8), v (-, S0)) = O (where dy is defined above).
The metric in C([0,00); C([0,1]; P?)) is defined by da (11, v2) = sup, , Wa(vi (-, t,8),v2(:, L, 5)).

Since P? is complete in W5, distance, C([0, 1]; P?) and C([0, o0); C([0, 1]; P?)) are complete metric
spaces under d; and ds respectively also. To give a rigorous justification of the mean-field limit,
we use the particle representation of p(6, ¢, s). Thus, at least we need to assume that we can find a
stochastic process that is drawn from the initial condition p;,;(6,t). We call such initial conditions
admissible.

Definition 4.2 We call a continuous path of probability distribution v(0,t) € C([0,1]; P?) ad-
missible if it has a particle representation, namely there exists a continuous stochastic process
() : [0,1] — R* and r > 0 such that for any to € [0, 1], we have

0(to) ~v(0,t0),  Jim B (|0(£) = 0(to)|”) =0, [0(to)] <7 (16)

2C([0,T); A) is defined to be the set of functions f(a, ) such that for any ¢ € [0,T7], f(-,t) € Aand f(-,1)
is continuous with respect to ¢ under the metric defined on A. In Deﬁnition weset T = 1 and A = P?,
where the natural metric on A is W.
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Furthermore, v(0,1t) is called limit-admissible if its M -averaged trajectory is bounded and Lipschitz
with high probability. (See the rigorous definition in Definition[E-1})

We note that without the dependence on ¢, probability distributions are “admissible", in the sense that
one can draw a sample from a given distribution. In Appendix[A] we show that if the initial condition
pini(0,t) is admissible, (9) has a unique solution p(6, ¢, s) that is admissible for each s.

The global convergence result depends on Sard-type regularity, defined as follows.

Definition 4.3 Given a metric space ©, a differentiable function h : © — R, and a subset 0ce,
we say h satlsﬁes Sard-type regularity in 5 lf the set of regular value of h|g is dense in its range,
where hlg : © > Risa confinement of h in o.

Remark 4.1 This regularity assumption is not a common one; we have adopted it from|Chizat &
Bach|(2018). This property is essentially that most of the points in the range of h lie in an open set
and h is locally monotonic. The assumption is rather mild and can be satisfied by most commonly
seen regular functions, unless the function oscillates wildly.

5 MEAN-FIELD AND CONTINUOUS LIMIT

In this section, we focus on the justification of mean-field and continuous-limit result. This is to prove
that E(p(-,-,s)), E(©(s;)), and E(O p(s)) are asymptotically close to each other for every s. In
the next section, we prove convergence of E(p(+,-, s)) as s — co.

To show the asymptotic equivalence of the three quantities, we need to compare (3)), (6), and (), and
take the measurement in F according to (@), (8) and ().

Theorem 5.1 Suppose that Assumptions and are satisfied. Assume that pin;(0,1) is limit-
admissible and suppy(pini(0,t)) C {0]/0p| < with some R > 0 for all t € [0,1]. Let

{0,m.(0;)YM_ in (6) be i.i.d. drawn from pi; (6, t) Let

* Opm(s) = {01m(s)} be the solution to with initial condition 0 ,,(s = 0) =
Om (0 1)
* O (s;t) be the solution to (6) with the initial condition 0,,,(0;t);

* p(0,t,s) be the solution to () with initial condition pin; (0, t).

Then for any positive €, ), and S, there exists a constant C' > 0 that depends on pin;(0,t) and S such

that when o 0 g o 4 g
ini(0,1), ini(0, 1),
as Cow®0.8)  Clom®0.8) g
€2n €
we have:

min{P (|[E(Or,a(s)) — E(O(s; )| < ¢/2) ,P(IE(O(s;-)) — E(p(-, - 9))| < €/2)} > 1 - 31.
It follows that
P(BOum(5) — E(p(rs)| <€) 21—, Vs<S.
Here E(©p p(s)), E(O(s;+)), and E(p(-,-,s)) are defined in @), (3), and ®)), respectively.

The proof of this result appears in Appendix [E] This theorem suggests that for every fixed S > 0, the
gradient descent of Oy, »s is approximately the same as the gradient flow of p(¢,¢), in the sense that
the two costs are close to each other with high probability, when L and M are sufficiently large. The
size of the ResNet depends negative-algebraically on e (the desired accuracy) and 7 (the confidence
of success). The result translates the evolution (gradient descent) of O, s to the evolution (gradient
flow) of p(0,t), and thus matches the zero-loss property of the parameter configuration of a finite
sized ResNet to its limiting PDE, whose analysis can be performed with standard PDE tools.

3For a function 7 : © — R, a regular value is a real number « in the range of A such that A" () is included
in an open set where £ is differentiable and where dh does not vanish.
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The proof of Theorem [5.1] divides naturally into two components. We show that for all s < S,
E(p(-,-,s)) = E(O(s;-)) and E(O(s;-)) ~ E(Or am(s)) with high probability. The former is
obtained from mean-field limit theory, justifying that the particle trajectory 6,, (¢, s) follows p(6, t, s)
for all ¢ in pseudo-time s € [0, S]. The latter makes use of continuity in ¢ and traces the differences
between Qm(%) and 6 ,,,. These two components of the proof are summarized in Theorems and
[E-2] respectively. According to the formula of the Fréchet derivatives (T0) and (TT)), the estimates in
these theorems naturally route through the boundedness of p,, pe, pe, ,,, and similarly Z, o o, ,,-
It is technically demanding to derive these bounds, but they are not surprising. We dedicate a large
portion of the appendix to addressing the well-posedness of these systems. See Appendices
where we show these equations have unique solutions with proper initial conditions, along with the
required bounds. Naturally, these estimates depend on regularity of f, g, y, and p.

To gain some intuition for the equivalence between () and (9), we test them on the same smooth
function h(6). To test (O), we multiply both sides by h and perform integration by parts to ob-

tain % S hdp(8) = — [on Vgth%;fs)) dp. This is to say %E(h) =F (Vghv(,)%;fs)))

Testing h on (@) also gives the same formula. Supposing that p = ﬁ Zﬁle dp,,, we have
AER) = L5M  Veh(0) L0, = -XN_ Voh(0m)g5=. The right hand side is also
E (VohVo 2 ) if and only if MEEGED — v, 250 (g, 1), This will be shown to hold
true in Appendix [F]

6 CONVERGENCE TO GLOBAL MINIMIZER

After translating the study of © 1, 5/ to the study of p(6, t), this section presents results on when and
how E(p) converges to zero loss by examining the conditions for the global convergence of (9). We
first identify the property of global minimum.

Proposition 6.1 Suppose that p € C([0,1]; P?) has E(p) > 0. Then for any to € [0, 1], there exists
a measure v(0) of R¥ such that [5, dv(#) = 0and

[
rE 0P

See Appendixfor the proof of this result. At the stationary point of the cost function, %—f (0,t0) =
0, then there is no v satisfying (T7)), so E(p) is necessarily trivial. Our task now becomes to check
under what conditions on f we can have ‘;—f becoming 0 as s — co. We give two possibilities, both
requiring a separation initialization and certain homogeneities. In the first case, we require f to be
2-homogeneous, and the result is collected in Section[6.1] In the second case, we require f to be
partially 1-homogeneous; see Section [6.2}

(6, t0) dv(8) < 0. (17)
P

6.1 THE 2-HOMOGENEOUS CASE

The results in this section are obtained under the following assumption on f. (Functions can be
designed to satisfy this assumption easily; see Remark [H.T])

Assumption 6.1 The function f(x,0) : R? x R¥ is 2-homogeneous, meaning that f(x,\0) =
X2 f(x,0) forall (x,0,)\) € R? x R¥ x R.

Theorem 6.1 Let Assumptionand conditions of Theoremhold true with ky = k. Let poo (6,1)
be the long-time limit of (), that is, p(0,t, s) converges to ps.(0,t) in C([0,1]; P?) as s — oo. Then
E(poo) = 0 if the following hold:

* Separation initialization: There exists to € [0, 1] such that pini (0, to) separate the spheres
roSE=1 and r,SFL, for some 0 < 14 < 1.

*We say that a set C' separates the sets A and B if any continuous path in with endpoints in A and B
intersects C.
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* Sard-type regularity: %—f (0,t0) satisfies the Sard-type regularity condition in S¥~1.

Poo

A proof appears in Appendix A corollary of this theorem, when combined with Theorem [5.1]
with k1 = k, gives Theorem 3.1} the main result of our paper.

6.2 THE PARTIALLY 1-HOMOGENEOUS CASE

The following assumption is used in this section. (Functions that satisfy this assumption include
regularized ReLU; see Remark [H.2])

Assumption 6.2 Let 0 = (9[1], 9[2]) with 9[1] € R and 9[2] € RF-1:

1. (partially 1-homogeneous in 0) f can be written as f(z,0) = f(x,0n],0;) =

9[1]?(1‘, 02))»

~

2. (locally bounded and smooth) For any r > 0, f(x,0)9)) is bounded and Lipschitz with
Lipschitz continuous differential for (x,09)) € BT(G) x RF-1,

When Assumption [6.2] holds true, Assumption . 1] part 3 can be satisfied with k1 = 1. Then, we
introduce the main result in this section.:

Theorem 6.2 Let Assumptionand conditions of Theoremhold true with k1 = 1. Let poo (6, 1)
be the limit of ©O) as s — oo. Then E(pso) = 0 if the following hold:

* Separation initialization: There exists to € [0, 1] such that pini(0]1, 0}, to) separates the
spheres {—ro} x RE=L and {ry} x R*= for some ro > 0, where 011), 0j2) are defined by
Assumption[d_1|item 3 with ki = 1.

» Sard-type regularity: %—5
p

‘ [eS)

((1,0)9)), to) : R*=! — R satisfies the Sard-type regularity

condition.

e Forany p € C([0,1],P?), define H, ; (5[2]) = ‘”f;;p) ’ i (1,r§[2],t0> where 09 = ’)"é[g]
. h

with r = |02| and 63 € S*~2. Suppose that H,. ; converges in C*(S¥=2) asr — oo 1o a

Sunction H, 5. Furthermore, assume that H, ,_ satisfies the Sard-type regularity condi-

tion in S*~2 and that the intersection of regular values of Hw, ,. and 5%—?‘ (1,02, o)
Pos

is also dense in the intersection of their range.

The proof is found in Appendix [H.3] This result, combined with Theorem [5.1]in the case of k; = 1,
gives the main result in Theorem [3.1] The assumptions in Theorem [6.2] are rather technical and
seemingly tedious. However, we note that only the first two assumptions — 1-homogeneous and
the separation assumption — are crucial. The third and fourth assumptions concern the regularity
of the Fréchet derivative of p; they are rather mild and serve to exclude wildly oscillating functions;
see Remark 4.1 Most commonly seen functions are regular enough that these two assumptions are
satisfied.

7 ETHICS STATEMENT

This work does not present any foreseeable societal consequence.

8 REPRODUCIBILITY STATEMENT

The notations, assumptions and definitions are clarified in Section[d, And all proofs appear in the
Appendix.
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APPENDIX: INTRODUCTION

The appendix contains proofs and supporting analysis for the theorems in the main text. We start by
proving well-posedness of the ResNet ODE and the gradient flow. We then justify the continuous and
mean-field limit. Finally, we prove the global convergence of the gradient-flow PDE. The sections
are organized as follows.

Appendix [A} Well-posedness. We summarize the well-posedness of the continuous limit ODE (@),
the mean-field limit ODE (7), and the associated gradient flows (@), (6), and (9). The results are
collected in Theorem [A.1]

Appendix [Bf This section collects the detailed proof for the well-posedness of the ResNet ODE in
its continuous limit (4)), and the mean-field limit (7)), and finalizes the proof of Theorem [A.2]

Appendix[C} This section prepares some a-priori estimates for showing the well-posedness of the
gradient flow equations.

Appendix[D} This section contains a detailed proof for the well-posedness of gradient flow equa-
tions (3) and (9) and finalizes the proofs of Theorem [A:3]and [A-4]

Appendix [EfGt Proof of Theorem [5.1] the continuous and mean-field limit. Section[E]lays out the
structure of the proof, Section E shows the continuous limit, and Section |§| shows the mean-field
limit.

Appendix [H} Proof of Theorem [6.T]and [6.2} Global convergence of the gradient flow.

The analytical core of the paper lies in Appendices [H]and [E] which describe properties of the gradient
flow PDEs and explain why the gradient descent method for ResNet can be explained by these
equations. The technical results of Appendix can be skipped by readers who are interested to
proofs of the main results.

Throughout, we denote by C|(-) a generic constant whose value depends only on its arguments. The
precise value of this constant may change each time it is invoked. Throughout Appendices [AHG] we
assume that Assumption {.1]holds for some 0 < k; < k.

A WELL-POSEDNESS RESULT

In this section, we show the well-posedness of ODEs (@), (7) and gradient flows (@), (6), and (©).
Theorem A.1 The following claims hold.

— Well-posedness of ODE:

o If {0 (t)}M_, is continuous, then @) has a unique C*solution.

* If p € C([0,1]; P?), then (7) has a unique C* solution.
— Well-posedness of gradient flow:

* (@) has a unique solution.

o If{0:,(0;4)}M_, is continuous, then (6) has a unique solution {0,,(s; )} _, that is continuous
in (s,t).

* If pini(0,t) is admissible and suppy(pini(0,t)) C {0]|0y| < R} with some R > 0 for allt €
[0, 1], then ©) has a unique solution p(0,t, s) in C([0, 00); C([0, 1]; P?)) with initial condition
pini (0, t). Furthermore, for each s, p(0,t, s) is admissible.

Note that the well-posedness of (@) and (6) are direct corollaries of that of (7), (3), and (9) (the
corresponding continuous versions), according to Remark Thus, we merely prove well-
posedness on the continuous level, in Theorems[A.2][A.3] and Specifically,

* Theorem [A.2] (Appendix [A.T) shows the well-posedness of the dynamical system for z;

* Theorems[A.3]and [A.4] (Appendix [A.2) justify the well-posedness of the gradient flow of
the parameter configuration.

12
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A.1 'WELL-POSEDNESS OF THE OID (7)

As L and M approach oo, z satisfies the ordinary-integral equation (7). We justify that this differential
equation is well-posed, in the sense that the solution is unique and stable.

Theorem A.2 Suppose that Assumption 1| holds with and that x is in the support of p, then (7) has
a unique C* solution. Specifically, for py, pz € C([O 1]; P2 ) we have

and for all t € [0, 1]:
|Zp, () — Zp, (t;2)| < C(L1, L2)d1(p1, p2), (19)
where L; are the second moments of p;, that is,
1
L;= / / 10]2dp;(0,t)dt, i=1,2. (20)
0o JRrk

We leave the proof to Appendix [B} Besides the well-posedness result, the theorem also suggests
that a small perturbation to p is reflected linearly in Z,,, the solution to (7). This means that a small
perturbation in the parameterization of the ResNet leads to only a small perturbation to the ResNet
output.

Remark A.1 Although we do not directly show the well-posedness of @), it follow immediately from
Theorem[A.2] One way to make this connection is to reformulate the discrete probability distribution

as
dlS 9 t Z 60 (t

where ©(t) = {0, (t)}_, is the list of tm]ectorles. Since 0,,,(t) is continuous in t, we have
1];P%)

m=1
pdis(0,t) € C([0,1]; P?). Since

17 D JEt2). 0m () = L SEE), 0) dp(0,1)
using Theorem @ has a unique C* solution when ©(t) is continuous.

A.2 WELL-POSEDNESS OF THE GRADIENT FLOW

The gradient flow of the parameterization is also well-posed, both in the discrete setting and the
continuous mean-field limit. In the discrete setting, we have the following result.

Theorem A.3 (3) has a unique solution.

Further, (9) characterizes the dynamics of the continuous mean-field limit of the parameter configura-
tion, and is also well-posed.

Theorem A.4 If pini(0, ) is admissible and suppy (pini (0,1)) C {0]|011)| < R} with some R > 0 for
all t € [0,1]. Then Q) has a unique solution p(0,t, s) in C([0, 00); C([0, 1]; P?)) that is admissible
for each s. Further, we have
dE(p(-, ) S))
ds
The proofs of these two theorems can be found in Appendix [D]

<0. 2

Remark A.2 Using the same argument as in Remark@ calling

po(0,t, s Z 0.0 (s5t) (0 (22)

the well-posedness of (6) follows immediately from Theorem Furthermore, according to the
definition (3) and (8), we have

E (pdls('a ) S)) =F (9(85 )) .
As a consequence, if ©(s;t) satisfies (6), then 4 satisfies ©), and vice versa. The well-posedness
result in Theorem[A A4 for (9) then can be extended to justify well-posedness of (6).

13
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B PROOF OF THEOREM

This section contains the proof of Theorem[A.2] We rewrite (7)) as follows:
dZ,(t;x)
dt

where for a given p € C([0, 1]; P?) we use the notation:

=F(Z,t), Vtel0,1] with z(0;2) ==, (23)

F(z,t) = f(z,0)dp(0,t) .

Rk

The proof of Theorem [A2]relies on the classical Lipschitz condition for the well-posedness of an
ODE.
Proof [Proof of Theorem|A.2]] Since p € C([0, 1]; P?), we have a constant C' such that
sup / 1) dp(6,t) < C < 0.
0<t<1JRk

For any ¢ € [0, 1], using (T2) from Assumption[4.1]equation, we have

Pl [ 17600 dpe) < Culel+1) [ (0 +Ddp0). )
To show the boundedness result (I8)), we multiply (23) by Z,, (¢; 2) and use ([24) to obtain
d|Zp, (t;2)]?

i <202 12, [ (6 + D (0.0

<40y /Rk<|e|2 +1)dp1(0,t) (12, (t;2)]> + 1) .

Using Gronwall’s inequality, we have

|Z,, (t;2)| < exp (201 (/01 /Rk 10)% dpy dt + 1)) (Jz] +1)

<exp (201 (L1 + 1)) (Jz[ + 1),

where L1 = fol Jgr 1012 dpy dt. Since & € supp 11 (so that || < R), we have (I8). This gives us an
a-priori estimate of (23).

Next, using (T3) from Assumption[4.I] we have
£ (21, 0) = f(z2,0)] < Callaa] + |22]) (101 +1) |21 — 22| . (25)

Then, using boundedness of the second moment of 6, we have

|F(21,t) — F(22,t)] <

/Rk (f(21,0) — f(22,0)) dp(@,t)’

k

< Co(|z] + \Zg|)/ (16]* + 1) dp(6,t)|21 — 22|
R
< Co(fz1] + [22)(C + 1)[z1 — 2],

which implies that F'(z, t) is locally Lipschitz in z for all ¢ € [0, 1]. Combining this with the a-priori
estimate in (T8), classical ODE theory implies that (23) has a unique C' solution.

To prove the stability result (T9), we define Z,,, as in (23) parameterized by p; € C([0, 1]; P?), and

denote
Atyz) = Zp, (L) — Zp, (1) -

14
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Then by subtracting the two equations, we obtain
dA(t;2)[?
dt

—2(aa), [ 12 ta.00am 0.0 - [ (26000 amm(0.0))

—2 <A<t;w>, [ 10 52,0400, = [ 1(Z,u(050).0) dp1<e,t>> 6)
M)
+2<A(t;x),/w f(sz(t;x),Q)dpl(O,t)—/Rk F(Zp, (t:7),0) dp2(97t)> .

(1m)
We now bound (I) and (II). For (I), we have using (T3) and (23) that

(D] <2C (12, (8 2)[ + [ Z,, (£ 2)]) IA(t;w)I/w(IGI2 +1)dpi(6,1)

27
<c(erLola)] [ (67 +1)dpi(6.0),
R c
where the second inequality comes from (I8). For (II), we denote the particle representation
01(t) ~ p(0,t) and Oa(t) ~ pa(6, ) such that (E (|0; — 02]2)) " = Wa(ps(-, ), p2(-,t)). Then

(D] <E ([f(Zp, (), 01) = f(Zp, (£ 2),02)])
< Co(Zp, (t52))E ((101] + [62] 4 1)|01 — 62])
S C(L2)E((01] + |02] 4 1)[601 — 02])

< (L) (B (1022 + 1022 + 1)) 2 (E (|62 — 62]2)) " (28)
< C(‘CQ) (E (|91|2 + |92‘2 + 1))1/2 W2(p1('7t)’p2('7t))

1/2
< (L) ( [ oran@.0+ [ 10apo.0+ 1) d(prsp).
R Rk

where we use mean-value theorem and (T3) in the first inequality to obtain
|f(Zpy (), 01) = [(Zp, (t;3),02)| <10 (Zp, (t; ), 01 + A02) |01 — 02
<Co(Zp, (t;2))(|01] + [02] 4 1)|01 — b2],
for some \ € [0, 1]. We use (I8) in the second inequality of (28).
Plugging (27)-(28) into (26) and using Holder’s inequality, we obtain that

d|A(t; z)|?
% SC(£1752)|A(t;x)|2/ 101> dp1 (6, t)
Rk

1/2
rolaa)l ([ ane.0+ [ Rane.0+1) i)

<C(er,La) ([ 10Pdp 0.0+ [ 10Pdpal6.0) 1) (A(00)? + i pa)

where we used Young’s inequality in the last line. Since |A(0; )| = 0, we complete the proof of (T9)
using Gronwall’s inequality. |

C A-PRIORI ESTIMATION OF THE COST FUNCTION

Some a-priori estimates are necessary in the proof for the main theorems. We first consider the case
when f satisfies only Assumption[d.1|with 0 < k; < k. (Better a-priori estimates can be obtained
when f also satisfies the homogeneity properties of Sections|[6.1)or[6.2])

15
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C.1 A-PRIORI ESTIMATE FOR GENERAL f

According to (]'I;GI), the Fréchet derivative can be computed, similarly to (Lu et al., 2020), as follows:

OF
where p), (t; ) is the solution to the following ODE:
p, T
e 7 (¢
o= v} [ 0-0(Z,6:2).0)dp(0.1). 50

po(L;2) = (9(Z,(1;2)) — y(2)) Vg(Z,(1;2)) -
We now show that p,, is Lipschitz continuous with respect to p.

Lemma C.1 Suppose that x is in the support of ji. Suppose that p1, p2 € C([0,1]; P?) and Dp1» Dps
are the corresponding solutions of (B0). Denote L1 and Lo as in 20) and

R = m}n {r|supp(p1) Usupp(p2) C {6]|0p)] <r}} -
Then the following two bounds are satisfied:

and
Py (t;) = pp, ()| < C(R, L) di(p1, p2) , (32)
where £ = max{Ly, L2}

Proof From (T3] in Assumption[4.1]

\ [ 05260 dm(e,w\ <C(Zy,(t:2) [ (08 +1) (0.0
Rk R

k

(33)
<C(L1) / (6% + 1) dp1 (6,1).
]Rk

where we use (T8) in the second inequality. It follows from the initial condition of (30) that
oy (L) < C(|Z, (1L, 2)[ +1) < C(Ly),

where we use Assumption[4.1]in the first inequality and (T8) in the second inequality. Noting that (30)
is a linear equation, (31 follows naturally when we combine (33)) with the inequality above.

To prove (32), we define
A(t; ) = pp, () — ppy (t57) -
For t = 1, with x € supp p, we have

[A;2)] = [Py (1;2) = ppa (15.2))
= (9(Zp, (1;2)) = y(2)) Vg(Z,,(1;2)) = (9(Zp, (1;2)) = y(2)) V9(Z,, (15 7))
< C(L0)|Zp, (L) = Zp, (1)
< C(L)d1(p1,p2)
where we use Assumption (18), and |z| < R, in the first inequality and (I9) in the second
inequality. The following ODE is satisfied by A:
OAT (t; )
ot

(34)

— _AT(t;2) / 02 (Zp, (:2),0) dpy (0.1) + pl, (5:2) Dy, py(t:2) . (35)
Rk
where

Dy (i) = /R 0. f(Z,(1:2),6) dpa(6.1) /R 0 f(Z, (12). ) dpr(6,1) . (30

16
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To show the boundedness of D, ,,(t; ), we follow the same strategy as that for (26). By splitting
into two terms, we obtain

|Dpy s (5 )| < ’/}Rk 0:f(Zp,(t;%),0) dpa(0,t) — /Rk 0. f(Z,,(t; ), 0) dpl(a,t)’
)
+ ‘/Rk 0.f(Zy,(t;x),0)dp1(0,1) — /Rk 0.f(Z,, (t;x),0) dp1(97t)‘ .

(IT)

The bound of (II) relies on part 3 of Assumption Because the supports of p1, po are contained in
{6]|6)| < R} and Z is bounded by (T8), we have

(I} < C(R, L) | Zp, (t;2) = Zp, (t;2)| < C(R, L)dr(p1, p2) , (38)

where we use (I9) in the second inequality.

(37

To bound (I), we use the particle representation 6; ~ p1(6,t) and 62 ~ po(6,t) such that
(E (|01 — 02]2)) "% = Wa(p1 (-, £), pa(-,1)). We then have
M <E(10:f(Zp, (t;2),01) — 0:f(Z,,(t;2), 62)])
< C(R,L)E (|01 — b2])
< C(R, L) (E (16; — 02]2)) """
< C(R, L)d1(p1, p2),

where we use the mean-value theorem, part 3 of Assumption{4.1|with |61 ;1| < R and [0y 1)| < R,
(T8) in the second inequality. Substituting (38) and (39) into (37), we obtain

[Dpy 0 (8 2)] < C(R, L)di(p1, p2) -
By substituting this bound into (33)) and using (33), we have
d|A(t; )|

(39)

G S CR.L) (AL ) + dilpr, o)) (40)
The result follows from the initial condition (34) and Gronwall’s inequality. u

The second lemma concerns the continuity of Vg 5E(p ),

Lemma C.2 Suppose that p, p1, p2 € C([0,1]; P?). Define

= max// 10)% dpi(0,t)dt, L5P = max Sup/ 10]% dpi(6,1),
Rk

1<i<3 1<i<3 4e(0,1]
and
R = min {r[supp(p) Usupp(p1) Usupp(p2) C {0]|0y| <r}} .
Then for any (0,t), (61,t1), (02,t2) € R* x [0,1] and s > 0, the following properties hold.

e Boundedness:

w022 0.0 < cle)ol + 1),

JE
o, ") ( )

. t)\ o) +1) @

e Lipschitz continuity in 0 and t: There exists QQ : R?> — R™T that depends increasingly on
both arguments such that
5E( )

5E dE(p)

(5p (623 tQ)

(42)
<@ (ﬁ,g%(lﬂi,mD) |01 — 02 4+ Q1 (Csup,g%(@i,[ll)) (|02] + 1)[t1 — taf

17
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s Lipschitz continuity in p. There exists Q : R? — R that increasingly depends on both
arguments such that

SE(p1) 6E(p2)
Vo 5 (0,t) — Vo 3

where dy is defined in Definition[4.1}

Proof To prove the first bound of (@T), we restate (29) as follows

0F
vedf)p)(at) =Eonp () (t2)00 f (Z,(t;2),0))
from which it follows that

0E(p)
op

where we use (13), (I8), and (31)) in the second inequality. To prove the second bound in (@T)), we
use the bound of |9y, f (z, 9)‘ according to Assumptionpart 3 to obtain

) (9715)‘ < Eonpu (100f (2, (8 2), 0)] |pp (8 2)[) < CL)(10] + 1),

oF
00, 222 0.0)] < By (00,1 (2,(050).0) I 1:0)) < CL(01] + 1),

To prove (@2)), we assume ¢1 > to without loss of generality, and use the triangle inequality to obtain

dE(p) dE(p)

‘Ve(sp(el,tl) -V 5 (02,12)

< |Eanp (p) (t132)00 f (Z,(t152),01) — p) (t1; )09 f(Zp(tr; ), 02)) |
(I
+ |Earp (p) (t1:2)00 f (Z,(t15%),02) — p, (t1:2)00 f (Z,(t2; ), 62)) |
(I
+ [Banp (P, (t1;2)00 f (Zp(ta; ), 02) — p' (t2;2)09 f(Z,(t2;7),602)) | -

(I11)

(44)

To bound (I), we use the mean-value theorem, Assumption [4.1] (T4), and (I8) to obtain
100 f(Zp(t132).61) — Do f(Z,(tr;2),02)| < |05 f(Z,(tr;2), (1 — N1 + N82)||61 — 65

<C (Lg%(lﬂ[ul)) |61 — 0]
For (IT), we note first that

|Z,,(t1;x) - Zp(t2§ r)| <

/ /R F(Zy(t:2),0) dp(0, 1) dt’

ty
/ / (|9|2 + 1) dp(6,1) dt‘
ta JRE
S CL)(L™ +1)[ty —to
S O(L™)[tr — taf
where we use Assumption [4.1] (I2) together with (I8) and £ < £5"P. This bound implies that
(1) < By (Ip) (t1:2)| 100 f (Zp(t15 %), 02) — Do f(Zy(t2; ), 62)])
< C(L)Exnp (100f(Zp(t1;3),02) — O f (Zp(t2: ), 62)])
< C(ﬁsqu ‘92,[1]|)Ex~u (|Zp(t1§ 33) - Zp(tZWU)D
< C(L™MP, 02,1t — ta]
where we use (31) in the first inequality, Assumption [d.1|(T4) for f, and (I8) in the second inequality.

<C(L)

18
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To bound term (III), we again use boundedness of Z,, p, and the Lipschitz condition of f to obtain

|pp(t1§x) - pp(t2§$)| <

pI (t;2)0. f(Z,(t;x),0) dp(6, 1) dt’

ty
/ / (162 +1dp9t)dt’
ta

< C [,qup +1 Itl — t2|
< C(,Csup)|t1 — taf,

<C(L

so that
(1) < Egnp (100 f(Zp(t2;2), 02) P (t152) — pp(tas 2)]) < C(L™P)(|02] + 1)[t1 — tof

where we use Assumption .| (I3) in the second inequality. By substituting these bounds into (@4)),
we complete the proof of

Finally, to prove @), we recall the definition of the Fréchet derivative, to obtain

515;5(51) 0.1) -V, 5155(52) (e’t)‘
SEorp (100.f(Zp, (8 2),0)pp, () — 09 f(Z), (t; 1),
SEqrpu (106 f(Zp, (t2),0) = 0o f (Zp, (t2), 0)] [Py, (
+ Eany (100 f (Zp (5 ), )\Ippl(t ) = Ppa (t2)])
<SC(L 01 By (12 (85:2) = Zp, (8.2)]) + CL)(|0] + DExrps (I, (6 2) = pps (£ 2)])
<C(L, 101, R)(1 + [0])d1(p1, p2) 5
where we use Assumption[d.1|for f with (I8) and (3T) in the third inequality. In the last inequality,

we use (19), (32). [ ]

Vy

0)pp, (t; 2)|)
t;x)])

C.2 A-PRIORI ESTIMATE UNDER THE HOMOGENEOUS ASSUMPTION

In Theorem[6.T]and[6.2] 2-homogeneity or partial 1-homogeneity are assumed. When these properties
hold, we can sharpen the estimates obtained in the previous section. We summarize our results here.

Lemma C.3 Suppose that Assumption - 4.1| holds, then there exists a constant C3(r) depending
increasingly on r such that for any r > 0 with |x| < r and 0 € R¥, we have the following.
o If [ is 2-homogeneous (Assumption[6.1)), then
02f] < Cs(r) (1617 + 1), 10:00f] < Cs(r) (101 +1), |5 f] < Cs(r). (45

* If f is partially 1-homogeneous (Assumption[6.2)), then
|02 f| < Cs(r) (0] + 1), 10200 f] < C5(r)(|0] + 1), [95F| < C3(r)(10] +1), (46)

where | - | denotes the Frobenius norm.

Proof When f satisfies Assumption [4.1] and Assumption [6.2] (#6) can be obtained from direct
calculation. When f is 2-homogeneous in 6, we have

f(@,0) =101 f (,0/16]) = f1(0) f2(x,0),
where f1(0) = |0|%, fo(x,0) = f(x,0/|6]). Naturally, with product rule, the derivatives of f
becomes the products of derivatives of f; and fo. We then obtain @), noting that when |0] > 1, we
have
|83f1| :07 |aw89f1| Soa |azf1| :Oa |89f1| §2‘0|7 ‘3gf1| §2k,

and

C(r)

ey

C(r)
61>

cir)

0282] =€), |0u00fa] < o

|0z fa| = C(r), [Oof2] < |05 f2| <

19
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The estimates above allow us to improve the stability results in Lemmas|[C.1|and [C:2}

Lemma C.4 Suppose that Assumptlonnholds and let py, p2 € C([0,1]; P?). Define L1 and L as

in 20) and
2w = swp [ JoPdp(0.).
te[0,1] JRE
Then we have the following results.
o If f either satisfies Assumption[6.1|or Assumption we have the following properties.

1. Stability of p,:

[Pps (5 2) — pp, ()| < C (L1, L2)di(p1, p2) - 47)
2. Lipschitz continuity in p:
oF oF
Vo 5(51)(9,t) — Vg 6(52)(9,t)‘ < O(Ly, L2)dy(p1,p2) (10| +1),  (48)

where d is defined in @1).
e Lipschitz continuity in 0 and t: If f satisfies Assumption then for any (61,t1), (02,t2) €
R* x [0, 1], we have

dE(p1)
op

5E(P1)
op

‘Ve (01,t1) — Vo (02, t2)

< C(L4)01 =02+ C(LTP) (02| +1)[t1 —t2] -
(49)
* Lipschitz continuity in 0 and t: If f satisfies Assumption[6.2] then for any (61,t1), (62,t2) €
R* x [0, 1], we have
5E(p1) 5E(p1)
0

op

(01,t1) — Vo

(02,t2)| < C(LYP)(|01]+102]+1) (101 =02+ [t1 —t2]) ,

(50)

Remark C.1 We note that in comparing (32) with @7) and @2)-@3) with @8)-(50), the main
differences are the dependence of the bounds on 0. The new estimates have explicit (and mild)

dependence on 6.

-

Proof First, to prove @7), we let A(t;x) = pp, (t; ) — py, (t; ), and recall (33) and (36). Using
the boundedness of Z,, in (I8) and (19), and calling (@3) (or {6))), we have from (36)) that

D gelt:0)] < O, 0) ([ 10Pdon 0.0+ [ 10Pdpa(6.)41) (o).
R R¥
By substituting into (33)), and using (1)), (33), and Holder’s inequality, we have

d|A(t )
%30(51752) (/ |9|2dp1(0,t)+/ |0|2dp2(9,t)+1> At )2
RF Rk

(e a) ([ Pane.0+ [ 1m0, 1) & (or.pm).
RF R

The result (7)) follows from the initial condition (34) together with Gronwall’s inequality.

Next, to prove @8], we have

0E(p1)
Vo é

0E(ps
——=(0,t) =V 3p

P g.1)
<Eorp (100 f(Zp, (t;2),0)pp, (t;2) — Do f(Zy, (t; ),
<Eyrnp (100 f(Zp, (t;2),0) — Op f(Zp, (t; 1), 0)| [Py, (
+ Eunp (100 f(Zy, (t;2),0) |pp1(t z) — pp, (L 7))
C(L, L2) (0] + 1) (B (125, (6 2) — Zp, (652)]) + Eropu [Py (852) — ppy (£ 2)]))
C(Ly,L2)d1(p1,p2) (10| +1),

0)pp (£ )|)
t;x)|)

<
<

20
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where we also use (T3), (I8), (31), @3) (or @6)) in the second inequality and (T9) and @7)) in the

final inequality.
Finally, to prove (@9) and (50), we have as in (@4) that

SE(p1) SE(p1)

VGT(&JH) - VGT(%,M)

< |Eamp (py, (t152)09 f(Zp, (t153),01) — p,, (t152)00 f (Zp, (t15),62))|
o)
+ |Eonp (P;l (t1;2)0 f(Z,, (t1;7),02) — PpTl (t1;2)00 f (Zp, (t232),602))|
(ID)
+ [Ban (p), (t132) 00 f (Z,, (t23 ), 02) — p,, (t2: )00 f (Z,, (t2; ), 02))] -
(111)

The boundedness of the three terms above relies on Assumption[d.T]and @3)) (or (@6)).

61y

To bound (I), if f is 2-homogeneous, we have
(D] < C(£4)|01 = b2]
where we use (T8), (1), and 93 f < C(]z]). If f satisfies Assumption 6.2} we have
(D] < C(L)(101] + [62] + 1)|61 — b2],
where we use (T8), (B1), and 83 f(z,0) < C(|z|)(|0] + 1).

The bounds of (II) and (II) are same for both homogeneity assumptions and similar to the proof of
Lemma[C.2] For (II), we have

100.f (Zp, (t152),02) = Do [ (Zp, (t2; ), 02)| < C(L1)(|02] + 1)[ 2y, (152) = Zp, (t2;7)]

and
| Zpy (t152) = Zp, (t2;2)| < C(L1) (LT + D]t — ta].

For (III), we also use
|00 f (Zp, (t25), 02)| < C(L1)(102] + 1)
and
[Ppn (t152) = Py (25 )| < C(L1)(L7™7 + D)ltr — to] -
These estimates, together with £; < £3"" and (Z1)), prove the claims @9) and (30). [ ]

D WELL POSEDNESS OF GRADIENT FLOW

Theorem is about well-posedness of the gradient flow equation (9) in the mean-field limit, while
Theorem shows the corresponding result in the discrete setting. The proof for the two are similar.
We first show the mean-field limit well-posedness, Theorem [A-4]

D.1 PROOF OF THEOREM [A 4]

We use the fixed-point argument. To do so, we first define a subset of C([0, S]; C([0, 1]; P?)) with
compact support measures, as follows:

Qg = {(b(@,t, s) € C([o, S];C(]o, 1];792))|37" > 0, supp(¢) C {001y <7}, V(t,s) €[0,1] x [O,S]}
N{¢(0,t,s) € C([0,5];C([0,1}; P*))|$(6,t,0) = pini(0,1) }
For any ¢(0,t, s) € Qg with ¢(60,¢,0) = pini (0, t), we define a map
o ="Ts(¢): Qs — Qs (52)
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where ¢ solves
9p(0,1, ) < IE(¢(s)) >
——=Vpy- 0,t,s)Vo———=(0,t) | ,
P 0| #(0,t,5)Vo 5 (6,1) (53)
@(03 i, 0) = pini(ev t) .
The strategy is to show this map is a contraction map, so that there is a fixed point in the set Qg,
which is then the solution to equation (9).

The proof of Theorem[A4]is divided into three steps:

Step 1: We show Tg is well-defined map from Qg to g.

Step 2: We give a bound of da(Ts(é1), Ts(p2)) in terms of da(p1 , ¢2). One can then tune S to
ensure 7T is a contraction map, meaning there is a unique fixed point ¢* so that ¢* = Tg(¢*),
and thus ¢* solves (33) for s < S.

Step 3: We extend the local solution to a global solution.

Step 1. According to the definition of (33), for a fixed ¢(6, ¢, s), let

db,(s; § s
{ifs i I CICDDR

9¢(0; t) ~ pini(ﬁ, t) .
Then 64 ~ ¢ = Ts(¢). To show the existence of ¢ amounts to showing the wellposedness of (54).

According to Lemma (@T) and ([@2), the force Vg%(', t) has a linear growth and is locally

Lipschitz. Classical ODE theory then suggests there is a unique solution for s € [0, S], which
depends continuously on the initial value 6(0; t).

(54)

Denoting

1
ES,(Jﬁ = Sup / / |0|2 d¢(07 tv 5) dta
0 JRF

0<s<S

£ = sup / 1612 dpuna (6, 1),
Rk

0<t<1
55
L5g= _ sup /\9|2d¢<0,t,s> )
7 N

0<t<1,0<s<8
Rini = inf {supp(pini(0,1)) C {6][0py| < r}, vt € [0,1]},
R, = inf {supp(6(0,t,5)) C {0l <7}, V(t,5) € [0,1] x [0, 5]},

we have the following proposition.

Proposition D.1 Suppose that 04(s;t) solves (54) and ¢ € Qg. Then for any (t1,s1), (t2, s2) €
[0,1] x [0, S], we have

E <|9¢(81;t1)\2> < exp(SC(Ls,p)) (Lo’ + 1), 10,111 (s1581)]
< exp(SC(Ls,¢)) (Rini + 1) (56)

and
E <|9¢(81;t1) - 9¢(82;t2)\2)

< C (235, Rinis S) (B (106(0511) = 05(0: 1)) + |11 — 122 + |31 — 52/?) . 7

Proof To prove the first bound in (56), we multiply (54) on both sides by 6, and use boundedness of
the forcing term (#T)) to obtain

d 6,53 t1)|”

ds < CO(Lsg)(|0s(s;t1)[> +1).
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Using Gronwall’s inquality together with IE (|05(0;¢1)[?) < Li.P, we obtain the first bound in (56).

ini °

To prove the second bound in (36), we use the bound of ‘89[1] 85(p) (0, t)‘ according to Lemma

@ ’

2
d|e it
ot < g )0 st + ).

Using Gronwall’s inquality together with [0 (1)(0;1)| < Rini, we obtain the second bound in 6).
To show (57), we first write

E (|8 (s1311) — (s ) )
S 2K (\9¢(sl;t1) — 9¢(81;t2)|2) —I—QE (|6¢(81;t2) — 9¢(Sg;t2)|2) s (58)

(W) n
then bound the two terms (I) and (II) separately. For (I), we use (34), the second bound of (56)), and

Lemmal[C.2] @2)
d[0(s; 1) — O (s3 82)|”
ds
<C(Ls.g Rini) [0p(s:t1) — O5(s5t2)|* + CLED, Rini) (106 (515 t1)[> + 05 (s1:12) [ + 1)[t1 — t2?,

Using the first bound in (56) and Gronwall’s inequality, this implies that

E (10s(s1t1) = Op(s1382)") < C (£33, Riwi, ) (E (106(0511) = 0503 12)%) + 12 = £2]2) .
(59)
For (II), we obtain an estimate by integrating (54) from s; to sy and using the boundedness of

Vo 6%—;’)) in @I). From the Gronwall inequality, we have

0s(5132) — (23 12)] < C (Ls.) ( [ ot tls + 11 - 82|) |

S1

Using first bound in (36) and Holder’s inequality, this implies
E|0s(s1:t2) — O(s2:t2)[> < C (Lsg, Lo, S) |51 — 50/ (60)

ini

and thus combining with (39) and substituting in (38)), we complete the proof. [ ]

An immediate corollary of Proposition is that the map Tg(-) is well defined.

Corollary D.1 For every fixed S > 0, the map Tg is well defined. That is, for any ¢ € Qg, one can
find o = Ts(¢) € Qg as the unique solution of (3). In particular, for any (t,s) € [0,1] x [0, 5],
we have

[ 107 dp(6.8.) < exp(SQu(Ls0)) (€537 + 1)
]Rk

suppy(p(0,t,s)) C {9“9[1” <exp(SQ1(Ls,¢)) (Rini + 1)} ,
where Q1 : Ry — R is depends only on Ls 4 and is an increasing function of its argument.

(61)

Proof For fixed (¢, s) € [0,1] x [0, 5], define ¢ (6, ¢, s) as the distribution of 4(s; ). Using classical
stochastic theory (Ambrosio et al., 2008| Prop 8.1.8), ¢ (0, t, s) is a solution to @) The estimate of
the support is a consequence of (56). Finally, using (T6) and (57), we obtain that

. . 9 1/2
tim  Wale(-,t,5), @l o, 50)) < Tim (E (16a(5:1) ~ Balsosto)[*)) =0,

(t,s)—)(to,SQ)

which proves the continuity in s and ¢, so that ¢ € C([0, S];C([0, 1]; P?)). By combining all the
factors above, we conclude that ¢ € 2g. [ |
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Step 2. We show now that 7g is a contraction map for .S sufficiently small.

Proposition D.2 For any ¢, 9o € (g, we have

da(Ts(#1), Ts(p2)) < SQ2(Ls, Rs, S)da (1, d2), (62)
where Q2 : R® — R, is an increasing function and Ls = max{Ls e ,Ls4,}, Rs =
max{Rs ¢, ,Rs,¢,} With Ls 4, Rs,e defined in (53).

Proof Denote by 6, (s;t) the solutions to (54) with ¢ = ¢, using the same initial data, that is,
04, (0;t) = 04,(0;t) .
As in the previous subsection, we translate the study of ¢; to the study of 6,,. Defining
Adls) = 00, (5:8) — O (s51)]
we have according to the definition of Wasserstein distance that

da(Ts(91), Ts(2)) < sup  E(AX(s)) .

(t,s)€[0,1]x[0,S5]
Using (54), we obtain

d(A(s))? SE SE 2
( (;iS)) < 4(At(8))2 +4 ‘V@ (?;(5)) (9¢>1’t) ~ Y (?;(3)) (9¢2,t)
2
<4(Ai(s)* +8 ‘VgéE(?;(s))(%l,t) - VQCSE(:;S/@(9¢2, t) (63)
E E 2
#8[v 220 g, v, 222 g
The second term on the right hand side involves the continuity addressed in Lemma [C.2] (42)
2
v 2 g, 1) - 9, 22D g, ) < (s, RSB

where we use the second bound in (56) to substitute the constant in (@2). Then the last term of (63)
involves the continuity discussed in (43). In particular, we have

S5 JE g,

SC(Rs; 0,111 (L + [0p,1)d1(h1, 92) < C(Ls, Rs, S)(1 +[04,])da(d1, ¢2)

where d5 is defined in Definition[4.1]and in the second inequality we use the second bound in (56) to
substitute the constant in (@3).

‘v (9¢27t)7v

By substituting in (63), we obtain

LI < 025, R ) ()7 + 1+ 160 2161, 60)]
which implies
A (E(A()7)
ds

where we use the first inequality in (56). From the Gronwall inequality, there exists Qo : R3 — R
is an increasing function such that

E ((Ai(s))?) < SQa(Ls, Rs, S)d3(¢1, ¢2) ,
completing the proof. |

< C(Ls,Rs,S) [(E(A(s))?) + d3(¢1,62)]

To apply the contraction mapping theorem, we need to verify two conditions in order to show that
there exists a fixed point ¢* = Tg(¢*):

24



Under review as a conference paper at ICLR 2022

* There is a closed subset in )¢ such that Tg maps this set to itself.
» 7Ts is a contraction map in this subset.

For the closed subset, we define
By, ={¢ € Qs|supp(s(t,5)) C {0]1011)] < 4(Rini + 1)}, V(t,5) € [0,1] x [0, 5]}

N {qs € Qg /Rk 0] dp(0,t,s) <4 (L +1), V(t,s)€0,1] x [0, S]} :

We now claim that for small enough S, 7 is a contraction map in B,,.

(64)

Proposition D.3 Suppose that S is small enough that

exp(SQ1 (4(L55 + 1) (Lif +1) < 4L + 1,
exp(SQu(4(Ln +1))) (Rini +1) < 4(Rini + 1),
1

SQa(4(LLP +1),4(Rini +1),9) < 5,

where Q1 and Q2 are defined in Corollary[D 1| and Proposition|D.2} respectively. Then we have the
following.

» If ¢ € B,,, then Tg(¢) € B,,, that is, for any (t, s) € [0,1] x [0, S], we have
supp(7s(9)(t, s)) C{0]|01] < 4(Rini + 1)}, (65)

and

mi

/ 012 dTs(9)(0,t,8) < 4(L5P +1) . (66)
]Rk
* Ts is a contraction map in this subset, meaning that for any ¢1, ¢p2 € B, we have

0 (Ts(01), Ts(62)) < 3da(61,02). ©7)

Proof First, using Corollary [D.1] (61)) and noticing Lg,, < 4 (L5 + 1), we prove (63), (66). Then,

using (62)) with (63) and (66), we have "

(T (61), To(2)) < SQa(ALEP +1),4(Ruai +1),5) < 5o (1, 62),
which proves (67). [ ]

Using the contraction mapping theorem, we can obtain directly that 75(¢) has a fixed point in B,
when S is small enough.

Corollary D.2 If S satisfies conditions in Proposition|D.3| - then there exists a unique ¢*(0,t,s) €
B,, C Qg such that $*(0,t, s) is a solution to Q) with initial condition piy;(6, ).

This is a direct consequence of the application of contraction mapping theorem.

Finally, we prove that the cost function decreases along the flow.

Lemma D.1 Suppose that ¢*(0,t,s) € C([0,5];C([0,1];P?)) solves @) with initial condition
pini(0,1). Then for 0 < s < S, we have

dE(qu* (0,1, 5) / /Rk

Proof Denote by 6*(s;t) the associated path, meaning that 6*(s; t) solves (34) with ¢ = ¢*, then
6* ~ ¢*, meaning the distribution of 6* is ¢*. According to (9), we obtain using a change of variable

that (¢ 0. / /
* s)
Rk}

which proves the result We note that the derlvatlon in (]@I) is formal. A rigorous proof can be found
in (Ding et al.|[2021, Appendix I). [ |

)) 0.1) ’

de*(0,t,s)dt < 0. (68)

2
SEG ) g | ag 0.t s)dt <0, (69)

25



Under review as a conference paper at ICLR 2022

Step 3. In this final step of the proof, we extend the local solution from Corollary to a global
solution. Lemma shows that the formula of %, so we can then use this formula to improve
the bound for the support of the solution (61). This improvement will be shown in the following
corollary. This improved estimate helps in extending the local solution to the global solution.

Corollary D.3 For fixed S satisfying the condition in Proposition denote by ¢*(0,t,s) €
C([0, S];C([0,1]; P?)) the solution to ©) with initial condition pini(0,t). Then for any (t,s) €
[0,1] x [0,S], we have

012 do*(0,t,s) < C(S, Rini, LP) ,
/]Rk' | | (z) ( ) - ( ini ) (70)
supp(¢” (¢, 5)) € {0]lfy| < C(S, Riws, L33}

ini

sup)

ini /*

where the quantity C' depends only on S, Rini, and L

Proof According to (61)), it suffices to prove
1
L4+ = sup / 61> dg* (0,1, 5) dt < C(S, Rini, Lint) -
0<s<sJo JR*k

Denote by 6*(s; t) the particle representation of ¢*, meaning that 6*(s; ) solves (34) with ¢ = ¢*.
Since 6*(s;t) ~ ¢*(s;t),

1 1
Lg 4= = sup / / |9|2d¢)*(9,t,s) dt = sup / E(|9*(s;t)|2) dt.
0<s<SJo JRF 0<s<S Jo

Using (54), we obtain that
d|o*(s; t)|?

ds

SE(¢"(s))

" ol
<|0*(s;t)| |[Vg———
o sl [0 2

(9*<s;t>,t>| |

which gives

d [y E (|67 (s;1)]?) dt
ds

< (/E (16° (s:)P2) dt)w (/E (

- ( /O (05 0P) dt)1/2 AB(¢"(8,1,5))

OE(¢(s))

Vo,

(67 (s:1), 1)

b

)

where we use the Holder inequality and (68) from Lemma[D:T]in the last equality. Since

1
| e ©0R) d < 2.
0

AB(" (0.1,5)

ini

S
/0

\ ds < B(pu(6,1)) — E(6" (8,1, 5)) < C(L3),

ds
we obtain )
Lo = sup / E (16 (us0)[2) dt < O(S, £3)
0<u<s Jo
by Gronwall’s inequality. This proves (70). [ |

By contrast with (61), this estimate removes the dependence of the bound on Lg 4. This improvement
is important because it relaxes the fixed-point argument from the dependence on the initial guess ¢.

We are now ready to prove Theorem[A.4]

Proof [Proof of Theorem[A-4]] From Corollary[D.2] let Sy be a constant satisfying the conditions in
Proposition[D.3] Then there is a local solution ¢* € C([0, S1];C([0, 1); P2)) to ©).
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We now denote by S* the largest time within which the solution exists, where we denote this solution
by ¢* € C ([0,5%);C([0,1];P?)). We aim to show that $* = co. According to Corollary@),
forany s < S*and t € [0, 1], we have

/ 02 dg™ (0,1, 5) < C(S™, Rinis L£5,F)
RF
supp(¢”(t, 5)) < {0]10| < C(S™, Riws, L)}

ini

Define R* = Rg 4+, L* = EZ“}?W according to (33). Since R*, L* < oo, let us choose A g+ small
enough to satisfy

exp(Ag-Q1(4(L7+1))) (L7 +1) <4(L7+1), exp(As-Q1(4(L7+1))) (R* +1) < 4(R*+1),
and
Ag-Qo(4(L* 4+ 1),4(R* +1),Ag+) < % ;

If S* is finite, then, using Proposition[D.3]and Corollary[D.2] we can further extend ¢* to be supported
on C ([0, S* + Ag~); C([0, 1]; P?)), giving a contradiction. If follows that 5* = oo, as desired.

Finally, (1) is a direct result of Lemma[D.1] [ ]

D.2 PROOF OF THEOREM [A.3]

This section is dedicated to Theorem [A.3]— we show the well posedness of the gradient flow in the
finite-layer case. We rewrite the gradient of (2)) as follows

OE(©r m)
00;.m

where pe, ,, (I; ) solves:

1
= mEﬂﬂN# (00f(Zey, r (L), 01,m)PoL 2 (L 2)) (71)

M
1
ngyM(Z;l‘) = ngM (l + I;x) <I + m Z 8Zf (Z@LﬁM(l + 1;1‘),914_171'))
m=1

Por u (L -1 JJ) = (g(ZeL,M (L7 CE)) - y(x)) Vg(Z@L,JVI (va))v
for 0 < 1 < L — 2. We unify the space in a similar fashion to Definition [4.1]

o (72)

L—1,M

Definition D.1 ©1 rs = {01.m}, o e

€ L7y if and only if

sup |0;,m| < 00.
l,m

The metric in L, is defined as

| 1/2
di,n,m (@L,M, @L,M) = max (M Z_:l 01,m — 91,m|2> .

L—1,M

Definition D.2 For s > 0, we have Or, p1(s) = {01,m ()}, 25 i1

€ C([0,00); LEy,) if and only if
1. For fixed s € [0,00), O, r(s) € LE .

2. Forany sy € [0,00),

SILHSIO di,p,m (©r,m(5),0r,m(50)) =0,
where d 1, 1 is defined in DeﬁnitiOn@

The metric in C([0, 00); L3 ),) is defined by

do,r M (eL,Ma(:)L,JVI) = sup d1,L,M(9L,M(8),(:)L,M(S)).
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Theorem[A.3]is to say that the solution to (3) is unique in C([0, 00); L7, if ©1,a(0) € L3

Before proving the theorem, prepare some a-priori estimates of Zg, ,, and pe, ,,.

Lemma D.2 Suppose that Assumption .1 holds and that x is in the support of ji. Let

~ ~ NL-1,M
Orar = {0} omey » and Orpr={fm}
and denote
=
LeL,M = L Z ‘01,m|2a
=0 m=1
] Lot
~ - a2
EGL,M T LM Z ‘el,m| )
=0 m=1
RL,M = sup {|0l,m|a ‘@,m’} .
l,m
Then for 0 < 1 < L — 1, we have the following properties:
* Boundedness in Zg,, -
|Z@L,IVI (l + 1;33)’ < C(["’@L,IW) ) (73)

e Lipschitzin Zg, ,,:

Zoy (I +1;2) — -7 (I+1 a:)‘ <C (»C@L,M,»C(:)LM) dv,p,m (@L,M, (:)L,M) )

(74)
* Boundedness in pe,, ,,:
|p9L,M (l; Z‘)‘ < C(EGL,M) 3 (75)
* Lipschitz inpe,, -
‘P@L,M(Z;x) —P(:)L,M(l;fﬂ)‘ < C(Rpm)dipm <@L,M7(:)L,M) : (76)

Proof From (T)) and (T2) we obtain

1

(|Ze, (1 + L) +1) <O <1 7

(|9z,m|2 + 1)) (1Zoya ()| +1)

1
< Ciexp (

Mi &Mi

I (‘al,m‘Q + 1)) (‘ZeL,AI (l,x)| + 1)

3
l

which proves (73) by iteration on [.
From (T3) and (73) we obtain

1 M EGL M -
m Z ‘azf (ZGL,M(Z + 1;$)79l,m) | s Z |9lm| + 1

m=1 m=1
which by (72) implies
M
[P, a (L 2)] < ( eL ) > (100m]* + 1) ) por (I + 1;2)].

m=1

From this bound, together with |pe, ,,(z,L —1)| < C|Ze, ,,(L;z)| < C(Le, ,, ), we prove ([73)
by iteration on [.
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To prove (74), we subtract the two updating formulas and split the estimate to obtain

‘Z@m (I+L2)—Zs,  (+1; a:)‘

< (1 C(L@L,M) - 0 2 1 7 I: 7 -
< (14 =5 X0l + 1)) [ e (0) ~ Zs, (1)

m=1

C(ﬁeL,AIvEéLW[) ( 1 M

+ 7 M Z (16m|* + 101, |* + 1)> di,p,m (eL,MaéL,JVI) ;

m=1
where we use (T) together with the bounds (T3], and (73). Noting that |Ze, ,, (0;2)~Zg
0, we prove (74) by iteration on [.

Finally, for (76), we subtract two equations in the form of (72)), and use (72))-(73) together with
Lipschitz continuity to obtain

(0;2)] =

‘peL,AI () — b5, (4 x)‘

<

M
1
o, +12)—pg, | (+ L)' <I + 3T mzz:lazf (Zop 1+ 152), 91+1,m)> ‘

+

m=1

M
ps, 0+ 1) (MlL S (0-f (Zowa 1+ 1), 0111) = 0-f (Zs, (14 152), @H,m))) ‘

C(Rr) §-
L,M . .
< (1 =0 2 (Ol + 1)) [PoLa (14 152) = pg, (14 152)|

m=1

C(R ~
+ %dl,LM (eL,M7®L,M) .
a7
The initial data is also controlled, as follows:
|p@L,M(L -5 1‘) TRy (L -1 'T)| < C‘ZGL,]\I (L; .13) - ZéL,M (L; $)|
<C(Rr,m)diL.m <@L,M7éL,M> .
By combining this with (77), we prove by iteration on /. [ ]

Lemma [D.2]resembles Theorem[A.2]and Lemma|C.1] These estimates allow us to prove Theorem[A.3]
Since the proof strategy is exactly the same, we omit details. Essentially we define a map

6(s) = Tg""(8/(5)) : C([0,00); LFas) =, C([0,00): LFny)

where O(s) solves:
dO(s)
ds
where © defines the forcing term. The estimates above provide all the ingredients to show the map is
well-defined, and for a small enough S, the map is also contracting, leading to the uniqueness of the
solution to (B). Similar to Lemma|D.1} one can also show £ = —ML|VeE(O, 1/)|?, improving
the estimates and removing the constants’ dependence on the initial guess. This extends the local

solution to the global one, as done in Step 3 for the continuous case.

= -MLVeE(©'(s)), fors>0,

E PROOF OF THEOREM[3.1

Theorem|5.1]links the cost defined by © 1, 57 (s) with that defined by p(6, t, s) for all s. The continuous
and mean-field limits are obtained, with both L and M sent to infinity. We decompose this result into
two parts, discussing mean-field and continuous limits separately.

We start with the full definition of "limit-admissible" for a distribution p.
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Definition E.1 For an admissible p(0,1), we say p(6,t) is limit-admissible if the average of a large
number of particle presentations is bounded and Lipschitz with high probability. That is, for an
admissible p(6,t), there are two constants C and Cy, both greater than sup,co 1] [gr 10|°dp(6, 1)

such that, for any M stochastic process presentation {0, (t)}M_,

the following properties are satisfied for any n > 0 and M > %

that are i.i.d. drawn from p(6,1),

1. Second moment boundedness in time:

M
1
P(sup]MZ|9m<t>|2§c4> >1-1. (78)
m=1

te[0,1
2. Forall L > 0, we have

(LS8

=0 m=1"YT

00 (1)

We now state the two theorems that play complementary parts in Theorem [5.1} The first theorem
addresses the limit in M under the assumption that L = oo. This is the mean-field part of the analysis.

2
C
dt§L§>z1n. (79)

Theorem E.1 Let Assumptionsand hold with some 0 < k1 < k. Assume that pin;(0,t) is
limit-admissible and suppy (pini(0,t)) C {0]|01)] < R} with some R > 0 for all t € [0, 1]. Suppose
that {0,,(0;)YM_, are i.i.d drawn from p;n;(0,t). Suppose in addition that

* p(0,t,s) solves O) with the initial condition piy;i(0,t), and

* O (s;t) solves (6) with the initial condition 6,,,(0;t).

Then for any €,n,S > 0, there exists a constant C(pin;(6,1),.S) > 0 depending on pini(0,1), S such

that when M > %ﬁyt)s) we have

P(IE(O(si-) — E(p(-,s)| <) > 1—n, Vs<S.

Proof See Appendix [F [ |

The conclusion of this result suggests that for a 1 — 1 confidence of an € accuracy, M grows
polynomially with respect to 1/¢ and 1/7.

The second result considers the convergence of the parameter configuration for the discrete ResNet
(T to that for the continuous ResNet (@) as L — oc. This is the continuous-limit part of the analysis.

Theorem E.2 Let Assumptions and .2\ hold with some 0 < k1 < k. Assume that pin;(0,t) is
limit-admissible and suppg(pini(0,t)) C {0]|0p)| < R} with some R > 0 for all t € [0, 1]. Suppose

that {0,,(0;4)}M_, are i.i.d drawn from p;;(0,t). Suppose in addition that

* O (s;t) solves (0) with initial condition 6,,(0; 1),

* O1,m(s) solves @) with initial condition 0,,, (0; £ ).
Then for any €,n, S > 0, there exists a constant C(pini(0,1),S) > 0 depending on pini(0,t),.S such
that when M > W and L > M we have for all s < S that

P(IE(O(s;-) — EOLm(s))| <€) = 1—1.

Proof See Appendix [ |

This theorem shows that when the width is large enough, then with high probability, in the whole
training process with s < S, the difference between the loss functions defined by the discrete ResNet
and its continuous counterpart decreases to 0 as L — oco.
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F CONVERGENCE TO THE MEAN-FIELD PDE
This section is dedicated to mean-field analysis and the proof of Theorem[E.I} The intuition of this
theorem is largely aligned with many other mean-field results, as demonstrated in (Ding et al., 2021).

As argued in Section 5] to show “equivalence" between (6) and (9), we can test them on the same
smooth function /(6). Testing (9) on amounts to multiplying / on both sides of the equation by h.
From integration by parts we have

d oE
- hdp(@) = - V@hV@M dp,
ds Rk Rk 5p

that is,

d SE(p(s))
E() = (Vehv(,ép) .

To test (@) on h, we let p = - S°M_ 5, and obtain

d Z Veh m - = Z Veh

We see that (9) and (6)) are equivalent when tested by A, if and only if the right hand sides of the two
equations above are the same, that is,

oE dE(p)
M——=Vy———=(0,,,1t). 80
50, *5p ( ) (80)
This claim can be established from the definitions of the Fréchet derivatives for 2 5 d 5E ; see

(Ding et al., |2021, Lemma 33).

To give a quantitative estimate on how quickly (6) converges to of (9), we utilize the particle
method, a classical strategy for the mean-field limit. We sketch the proof here and will it more
rigorous in the following subsections. We make use of two particle systems. In one system, the
particles evolve themselves, while in the second, the particles are moved forward according to the
underlying field constructed by the limit. In our situation, the former particle system consists of the
M stochastic processes {0, (s;t)} that descend according to E(©(s; -)). The latter particle system

will be termed O(s;t) = {f,,(s;¢)} M. m—1; it descends according to E(p(-, -, s)), the limiting cost
function. Essentially, we prove

B(O(s;-) ~ B (8(si1)) ~ E(p(-,-,5)).

The latter approximation arises roughly from the law of large numbers, but the former needs to be
proved rigorously by tracing the two different evolving ODEs.

To be more specific, let p(, ¢, s) be the solution to (9) with admissible initial conditions piy;i(6,t),
and let 0,,,(s; t) be the solution to () with initial conditions {6,,(¢,0)}}_; that are i.i.d drawn from
pini(0,t). Using the definition of E in (8), we have

[E(p(-,-,5)) — E(O(s;))]
2
] (Ig(Zp(s)(l;fv)) +9(Zo(s)(1;2))| + |y(x)]))
)

IA

o || 5 020 (15) ~ 3(2)

) -
Eunn (|9(Zp(s) (1;2)) — 9(Zes)(
C(‘Cs) ’g(Zp(s)(la :L‘)) - g(ZQ(s)(
C(Lb) ’Zp(s)(l; 33) - Z@(s)(l; l‘)

where £, = max {fol Jer 1012 dp(6,t,s)dt, 57 fol SN 10 (s )] dt}. In this derivation, we

used the Lipschitz property of g, the boundedness of y (required in Assumptions 4.2), and the
boundedness of Z, and Zg,). Boundedness of Z, was shown in Theorem@, while the bound for
Zg(s) Will be addressed in Lemma@ The constant C' depends on the support of p;,;, as well as on

81

ININ A
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s and the Lipschitz constant of g. It follows from (8T) that to control E(p(-,-,s)) — E(O(s;")), we
need to control

To do so, we employ the particle method and invent a new particle system.

According to (80), we can reformulate the original particle system as

demd—(j“_ D g, ), DX D00, @

where we denote

p(0,t, 5) Z 89, (s:1) (0 (84)

We invent a new system that follows the underlying flow governed by the limit. Define é(s) =
{0 (s;t)}M_,, where 6,, solves

(wmdi(;;t) - —vg(m%pp(s)) <§m(s;t)) . Y(t,s) € ]0,1] % [0,00), (85)

with initial condition _
em (07 t) = H'm (07 t) . (86)

As a consequence, we have 0,,,(s;t) ~ p(6,t, s) for all (¢, s). The corresponding ensemble distribu-
tion is

(0,t,5) = < Z PN (87)

Now we have available particle system ©(s) = {6,,(s)}, a newly invented particle system O (s) =
{gm(s)} and the mean-field flow p. Accordingly, there are three versions of Z: Z,,,) that solves (7))
using p(s) and Zg(,) and 25 ) that solve (@) using O(s) and O(s), respectively. We use the
following relabelling for convenience:

dis
Zo=Zpty, 28 =Zowy, 78 =1, (88)

Similarly, there are three sets of p: p(s), Ppais(s)> and pjais (5 that solve (TT) using p(s), pdis(s), and
pdis (), respectively. We relabel similarly to (88)) and write

DPs = Dp(s) » pfis = ppdis(s) ) 5218 = pﬁdis(s) . (89)

Since é(s) serves as a bridge, we translate the control of (82) to:

Zo(ti2) = Z8(t50)| < |Zu(tsw) = Z85(t0)| + | 205 (0) - 28 ()| 00)

Bounding ‘Z (t;z) — Zdis(t'x)’ can be done using the law of large numbers. Bounding

‘Zd‘s (t; ) — Z38s(t; .Z’)‘ translates to controlling >, | fo |0 (5:) — B (s3)| dt, for which we will
evaluate the difference between equations (83) and (83). Since these two equations have the same

initial data, the difference between 6,,, and 6,,, can then be controlled when the right-hand side forcing
terms are close.

This approach divides the proof naturally into two components. In Section[FI} we give the rigorous
bound of (90), while in Section we trace the evolution of the difference ), fol |0, (551) —
O, (s;t)| dt in s, thus finalizing the proof for Theorem
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F.1 STABILITY IN THE MEAN-FIELD REGIME

Here we discuss control of the two terms on the right-hand side of (90). Recall that O(s) and ©(s)
satisfy (83) and (83)), and the two corresponding ensemble distribution are defined in (84) and (§7),
respectively. For any S > 0, define

L5 = sup {/ 1012 dp(0, ¢, s), Zw s;t)] Zw s;t)] }

0<t<1,0<s<S

o1
Rs = ;2% {Supp(p(G,t,s)) U {Hm(at)}m:l C {QHG[I]‘ < T}v V(t,s) [07 1] X [O’S]} )

We have the following lemma:

Lemma F.1 For every fixed s, let Z; and Z3 be as defined in (88). Then there exists a constant
C(L3"P) such that for all t € [0,1], s € [0, 00), we have

|Zs(t; ) — Z85(t; )|
1 " ) N ) 1/2

1 2 1/2
o) ( / dT) |
0

Proof Since the statement holds for a fixed s, we eliminate all s dependence in all calculations in the
proof, for conciseness.

f (ZS(T;.%‘), 9) d(p(@,ﬂ s) — bﬂis(evTv S))

Rk

Recalling the definitions in @) we denote
Altiw) = Zy(tw) = Z8*(t;2),  Alt;x) = Z8(t;2) — Z95(t52).
It follows from the triangle inequality that
|Z,(6:2) - 285 0)] < |B(t2)| + 1A ).

We now bound these two terms. We first apply the same argument as in the proof of Theorem[A-2)]
(see (26) in Appendix [B] to obtain

~ 2

a|At; )| 2

< sup
i C(L3™)

’ 2

At;z)

[ F(Zu(1:2),0) A(p(0,1.5) = 7(6.1,9))

Using the Gronwall inequality and the fact that ‘K(O; x)’ =0, we have

[Ats0)| < ez ( A

for all ¢ € [0, 1]. Similarly, to bound A(¢; x), we have

f(Zs(t;2),0) d(p(8,t,5) — 75(0, 1, 5))

Rk

9 1/2
d7> . (93)

d|A(t2)|” ’

GOE <crematal +| [ £(Z8500.0) A0.1.5) - 570.1.9)

From Assumption and the fact that Zdis is bounded in Theorem we have

< (L) ( Z’a s;t)DQ.

similar to the proof of Theorem[A-2](see (28) in Appendix [B).

[ 1 (780).0) 40,09 - 70,1,
o
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Using A(0; ) = 0, we apply Gronwall’s inequality to obtain

1/2
|A(t;z)| < C(LP) ( Z/ ’9 (s;7) )‘2 dT) . 94)

The result is obtained from adding (93) and (94). |

The difference in p, and pdis:

Lemma F.2 For every fixed s € [0,00), let ps and pl® be defined in (89). There exists a constant
C(Rs) with R, L3P defined in O1)) such that for all t € [0, 1]:

|ps(t; ) — pg® (t; )|
. o . - ) 1/2
< O(Rg, L3P (Mmg/o ‘0m(s;7)—9m<s;7)] dT)

1 2\ /2 (95)
+C(Ry, £3) ( / dT>
0

. 5 N 1/2
+ O(Ry, £5) ( / dT> |
0

Proof As in the previous proof, we eliminate dependence on s in some notation, for conciseness.
Denoting A, (t; ) = ps(t;z) — pdis(¢; x), we recall (TT) to have:

d|Ap(t z)|?
dt

0:f(Zs(t;2),0) dp(0, 1, s)
Rk

- f (ZS(T; 33), 9) d(p(e, 7, S) - ﬁdis(ea Ty S))

0. f (Zs(r;2),0) d(p(0,7,5) — p1°(0, 7, 9))

RF

<2 |Ap(t; )

+ 2|8, ()] [pd]

/3zf(Zs(t;93)79)dP(97t75)—/ 0. [(Z5(t;x),0) dp™(6,1, 5)

< C(LTP)|Ap(t )|
2

+2) | 0:f(Zs(t;),0) dp(0,1, ) — 0. f(Z{™(t:x),0) dp™™(0, 1, 5)

RE

<C(L3™) \Ap(t, x)[?
2

+6 0.f(Zs(t;2),0)dp(0,t,5) — .f(Zs(t;x),0)dphs(8,t, s)
RF RF

2

+6 Rk3zf(Zs(t;w),9)dﬁdis(9,t,8) 3f( s(t;2),0)dp™ (0,1, 5)

@
2

+6 8f( s(t;2),0) dp®™(0,t,5) — | 0. f(Z85(t;2),0) dp™™(6,1,9)

Rk
an

where we use (I3) from Assumption [.T|together with (I8) and (3T) in the second inequality. To
bound (I) on the right-hand side, we recall the definition (84) and (87), and use Assumption [4.1] (14)

9
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along with the boundedness of Z (as shown in (T8)) to obtain

1 & :

M 2
Z @n) (96)
=

<C(R., L3') ( Z] En )

where we use Holder’s inequality in the last inequality. For (II), we have

<Cmmﬁw<

<II>§<A14mZ_:1\8Zf(ZS(t;x),9( 1) = 0 f (2t >9m<s;t))!> ©7)

< C(Ra, LIP)| Zs(ty2) — Z$™(t52)
By substituting (96) and (97) into the bound above, we obtain

d|A, (t; )|
dt

M
1 ~ 2 )
ZO(,CZUP)‘Ap(t;I)F + C (R, L3™P) (M Z ‘am(3§t) - om(5§t)‘ +|Zs(t;2) — Zsls(t§x)2>
m=1

2

+6| [ 0:f(Zs(t;2),0)dp(0.t,5) — | 0:f(Z(t;2),0)dp™ (0,1, )
RE Rk ©8)
The “initial condition" for p, and pd® yields
|Ap (15 2)| < (LY Zs(130) — Z§(1 ) -
The result is obtained when we substitute (92)) into (98) and use the Gronwall’s inequality. |

F.2 PROOF OF THEOREM[E.TI

With the quantitative description of presented in Lemma[FI] we complete the proof for Theo-
rem [E-T]in this section. Recall from (53) that

Rini = 1nf {supp (pini (¢ {9||9 | < 7"} vt € [0, 1]} . LoFP = sup / 10)% dpini (6, 1)
0<t<1.JRrk

and note that Rin; > |0, 17(0; )| for all m, t. Define

M
1
Edlb SUP _ i — 0 0;t 2 ,
ini O<t121 M Z ‘ m( )‘
m=1
We note that when M is large, £ is close to £i"P (which has no randomness) with high

probability. We have the following lemma:

Lemma F.3 For a given S > 0, there exists a constant C (S, Rin;i) such that for any t € [0,1], s €
[0, S], we have

M
1
— O (5:1)|2 < C(S, Ring, LISSUP
MgJ (s;1)] ( mi 0, ©9)

{0 ()M, € {0]10p] < C(S, Rini, Lo ™)},

mi1
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Furthermore, for any x with |x| < R, (as in Assumption item 4), and any s € [0,5] and
t € [0,1], the ODE solution is bounded as follows:

1235 (t;2)| < O(S, Rinis L ™) (100)

mi

while the following bound holds on pds:
[pd=(t;2)| < O(S, Rinis Liny ™) . (101)

mi1

The bound (99) is a result of Corollary[D.3] The bounds (I00) and (TOT)) are obtained using the same
arguments as in Theorem [A.2]and Lemma|[C.T}

The next lemma bounds the support and second moment of 54%(6, ¢, 5).

Lemma F.4 Under conditions of Theorem forany S > 0, there is a constant C(S, Rini, Eif P
depending only on Rini, LIPS such that for any t € [0,1], s € [0, S], we have

mi

M
1 ~
Hm S,t 2 <C SalR/imedls sup 5
37 20 Bl O < C(S. Ruws L17) o

{0 ()21 € {0]10p] < C(S, Rinis Lo ™)},

mi1

Proof Similar to the proof of Proposition we multiply (83) by O,, (s;t) on both sides and utilize

the bound (#I) from Lemma where £ in @) is replaced by C(S, Rini, L="P) according to
Corollary We thus obtain

O (s5:0)] < C(S, Rams, £05°) (100 (0:0)] +1) |

and

mi

which implies (T02) by (86). [ ]

G155 )] < CCS, Roinis Ly ™) (10,10 0:0)] +1)

Denote £5'™ = max{L{*%P £} According to Definition [E. 1] (78), £5"® should be bound by

mi 1

Cy with hlgh probability. We are now ready for the main proof of this section.

Proof [Proof of Theorem First, using Lemmas - m there 1s a constant C(S, Rini, L")
depending only on Rini, £ *, S such that for any ¢ €

max{/ 6|2 dp(6, t, 5) Z \9 sit)| , — Z 10 (55 1) |2 }< C (S, Rini, L),

nz 1 m:l

M .
supp(p(0,t,8)) U {0 (s )12y U {Om(sit) | € {8]161)] < C(S, Runss £5™)}
(103)
Recalling (8T), we have £, < C(S, Rini, L£5'") and
[E(p(-++, ) = B(O(s:-))| < C(S, Rinis £3') | Z5(L;2) — Z8=(L;2)] - (104)
Furthermore, according to Lemma[F.1](©92), from (T03))
|Zs(t; ) — 2% (t ) |

1/2
, 1 1 ~ 2
< .. psup Y .
< C(S, Rins, L3 )(M S :/ ‘9m(m) em(s,T)‘ d7> 105

1 2 1/2
-+ C(S, Rini; E%up) (/ dT) .
0

The second term in this bound can be treated using the law of large numbers. We focus on controlling
the first term.

f(ZS(T;Q:),Q) d(p(@,’r, 5) - ﬁdis(oﬂ’ra 5))

Rk
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. 2
Step 1: Estimating = S0, fol ‘Hm(s; t) — O (s; t)‘ dt. Defining

At,m(s) = Om(s;t) — am(sﬂf) )

we note that |A; ,,,(0)| = 0. By taking the difference of (83)) and (83) and multiplying both sides by
Ay (), we obtain

d|At,m(5) |2
ds

= = 2(B0n(8), Ears (00 (Z,(t:2), 0 )ps(t:) = o f (28 (t:2), 0, ) (:2)) )
-2 <At,m(5)7Ew~u (aGf(Zs(t§ JJ), gm)ps(t; x) - 89f(Zs(t; x)vg ) dls(t .Z‘)>> (106)
@

—2 <At,m(s>,Em~u (90 (Zu(t:). 0 )P (t:2) = D f (25 (t:2), 0, )™ (8 x>)> :

an

For (I), we have from the bounds of Z; in (I8), respectively, that
(O] < O, Ranss £5) (18] +1) Eares ([ps(t:2) = p3°(1:2)]) .
which can be controlled using Lemma|F2|@3). For (II), we have
(AD] <C(S, Rinis £3) B (|00 F(Zs(t50), 60) = 00 F (25 (82, 61m) )
<C(S, Rinis £5) [Eamps (| Z6(652) = Z85(6:0)]) + 0 — Ol |

where the first term can be controlled using Lemma[F1] (92). In both estimates, we used the property
of fin Assumptionand bounds on Z, p, 0, (11, and 0,,, [1). By substituting these estimates into

(TO6), we obtain

d[Arm(s)[?

ds S O(Sa Riniaﬁ?)up)‘At,m(S)|2

+ C(S, Rini L) Aty () Eanys (| Zs (1 2) — Z85(t; 2)))
+ C(8, Rinis £3™) Bt (5)] (10m] + 1) Ean (|ps(ti2) = 0 (:2)])

which implies that
d|At m(
i Z
| M
< C(S> Riniv‘c(s)up) (M Z |At’m(8)2>
1 & .
+C(S, Rini» £5™) (M > IAt,m<s>> B (|Zs(t2) — Z85(8; )] )
| M
(S Ruag, £3) ( S 180 (s)] (16l + 1)) By ([pot:2) = (1))
1 & 2
< C(S, Rini, L3'™) (M > |At,m(s)2> +C(S, Rini, L5 ")y (Ips(t;x — 5" ()| )

+ C(S, Rinis L) By (| 2 (3 7) — Zgis(t;x)|2) ,
(107)
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where in the last inequality we use Holder’s inequality

M
(LZAt,m«s)(|5m|+1)>Em~u<!ps<t;w> P (t)])

) m];1 1/2 M 1/2
- <M§_1A“m‘s)2> ( 3= (1l +1) ) o (ps(6:2) - p2°(6:2))
M 1/2 ’
C(S Rlnuﬁsup (M Z |Atm )| ) E:cNu (|ps(t;x) p(‘;hs(t;x)’)
m=1

SC(Sv Rinb ﬁgup)

1 M 2
(M > lAt,m<s>|2> + Eam ([pti0) = (1) )]
m=1

Noting the estimate in Lemma [F.1HF.2] we obtain

A M [ A m(s)?dt
ds

M 1
1
< C(S, Rini, £3') (M E /0 |Atm(3)|2dt>
m=1

1
+ C(S, Rinia E?)up)EwNu (/
0

1
+ O(S, Ring, L3°P)E, o ( /
0

which implies, using Gronwall’s inequality, that

1 M 1
= Z/O g (s)[2 dt
m=1
S 1
< O(S, Rung, LP)E, -, / /
0 0
S 1
+ C(S, Riniwcgup)Ezwu (/ /
0 0

where we use |A,,,(0)| = 0.

- f(Zs(T;x)va) d(_ﬁdis(G’T’ 3))

2

dT)
2

dT) ,

azf (ZS(T;.I),Q) d(_ﬁdis(e’T’ 3))

RE

- f(Zs<t;.’E),9) d(p(e,T,S) - ﬁdis(e’T’s))

2
dr ds)

2
0.f (Zs(t;2),0) d(p(0. 7, 5) — p*™(0,7,5))| drds |,
Rk

(108)
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Step 2: Completing the proof. By substituting (I08)) into (92)), noticing Rs < C(Rini, S), we obtain

2
dr ds)
2
dr ds)

| Z(t; ) — Z35 (8 2) |

S rl
SC(Sv Rinivﬁf)up) ]Exw,u </ /
0 0

1/2

[ £ (Zu(7i0).0) lp(6. 7, 5) = 76,7, 5)

]

S 1
+ C(S7 Rinb Eaup) Ezwp, (/ /
0 0

N 0:f (Zs(r;2),0) d(p(0, 7, 5) — 5°(0,7,5))

D
1/2
2

0. f (Zs(r52),0) d(p(8,7,5) — p*(0,7,9))| dr

1
+ C(S, Rini, £y'7) /
0

Rk

(I
(109)
All three terms in (109) can be controlled in expectation. Here we take the expectation with respect
to the randomness initial drawing of {6,,,(0;t)}}_,. For (I), we have
2
dr ds) >

E@:E@M ( /0 [
Sc(SRE,CTL‘F B (/ / /R )2dp(9”)d7ds>

(8 Run, £30)
— M )

where we use gm(s; t) ~ p(6,t, s) in the first inequality. In second inequality, if k1 < k, we use ﬁrst

inequality of Assumption@]) with |9[1]] < O(S, Rini, £52P) and | Z4| < C(S, Rini, LinF). T

- f (ZS(T;CC)?H) d(p(a,T, 5) - ﬁdis(e’T’ S))

(Z8(7—§ .%')7 6) d(p(e, 7, S) - ﬁdis(ea T, S))

ki =k, we use (12) and |6 = |0p;| < C(S, Rini, Elslp) and | Zs| < C(S, Rini, £557) in the second
inequality. By similar reasoning, we obtam

C(S, Rini, L3P) C(S, Rinis L3}
E(Ql) < ————m2 0 E(II) < —————m o
(I < == () <
. . . C(Rini, S, L5P)
From Markov’s inequality, these bounds imply that when M > M, we have
P{M<e}n{an<e}n{dm<e})>1-n/2. (110)
Finally, using DeﬁnmonE , when M > 2C3
P (L3P < 04) >1-1/2. (111)

By substituting (T10) and (TT1) into (I09), we see that there exists a constant C'(Rini, C3, Cy, S)

such that for any €, > 0, when M > %;C“S) we obtain that
P(|Zs(1;2) - Z&8 (L) <€) >1—1.

By using this result and (ITI)) in conjunction with (I04), we complete the proof.
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G CONVERGENCE TO THE CONTINUOUS LIMIT
This section is dedicated to the continuous limit and, in particular, the proof of Theorem@

G.1 STABILITY WITH DISCRETIZATION

Before proving Theorem[E.2] and similarly to Appendix [F.1] we first consider the stability of Z and p

under discretization. Defining the path of parameters ©(t) = {Qm(t)}]\m/le and the set of parameters
L—1,M .

O©r.m ={01.m}_y . _,, we have the following lemma.

1=0,m=1’
Lemma G.1 Suppose that Assumption .1\ holds and that x is in the support of ji. Denoting

1 U 1 U
L5UP — sup {Mzwl’mz’MZem(t)z}
i=1 i=1

0<t<1,l (112)

= inf {{Om it im U 10O}, € {0l16] < 7}, W€ 0,1]}

there exists a constant C (R, L3"P) depending only on R, L3P such that for any 0 <1 < L — 1, we
have

sup {|Z@(t,1‘) ZeL M l T | |Z® t 1‘) Z@)L,M(l + 1,JU)|}

TSttt
L-1 M 141 1/2 ) (113)
C(R, L3vP
< C(R, L) ( gmzl/ 101.0m — Hm(7)|2d7> + %
and
sup |p® t .23) Por,m (l,m)|
TSttt
L-1 M 1/2 . (114)
C(R, L3vP
< C(R, L) ( >N / 101.m —em(T)FdT) + %
=0 m=1
Proof Define
Z(t;z) = Zo(t;z), p(tz) =pe(t;z),
and
L—1
z) = Z Zoy (el gy, Bltiz) = Z;p@L,M(z;x)lidél# , (115)
with ~
Z(Lz) = ZGL,I\/I(L;I)7 p(0;2) :peLJM(O;‘T)' (116)
Using (), (72), Assumption[d.1} and Lemma[D.2](73) and (73], we obtain foralll = 0,1,...,L —1
that
C(Lsve
{ZeL,J\l (l + 1;9:) - Z@L,M (la ‘T)| < gﬂ
L (117)
C(Esup)
‘p@)L,IVI (l +1 l‘) —Poer u (l§ Z‘)‘ < L
Now define A; by B
Ay =Z(tz) — Z(t;x) .
Fort € [+, "], we have from (@) that
1 M t
[Ad <AL+ 57 > | (@), 0m (7)) dr
m=1"T
[:SUP 118
<|Ag+ Z/ (0 (r)P + 1) dr (118)
sup
S AL + % ,
f L
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where we use (12), (I8), and (TT12) in the last two inequalities. From (I)) and (@), we obtain further
that

1Mt B
a|= (8] 45 X [T H2E.0n) - £ (Zrin) ) ar
T
<|ap]+ | X 7 #2000 - (20, 00m) 4
m=1"T
e f:/HLlf(Z(T'a:)O )~ 1 (Z(ri0).00m) dr
T ) sUim) — ) s Ulm
Mm:l %
D) 1 &L T
S AL +C(£Sup) < (|0m( )‘+|0 ,m|+1)|9m( )_6,m|d >
’ . Mn;/i T ! 7) = O | dT

L) Al (MlL > (0l + 1))

an C(Ls) 1 M
s(1+ ( )\Al s (MZ (9m(r>|+9l,m+1)|9m<7)_91,m|d7>
+ 12 R

where ¢ € [£, 1], and we used the mean-value theorem with (T3), (T8), in (I) and (112), (T18)
in (IT). By applying this bound iteratively, we obtain

-1 M C(Low)
ey dgf+ (e [ L3S / (18 (7)] +16tm] + Dl () = Oumldr |+,

‘ AL

JOml

where |Ag| = 0. By combining this bound with (TT8)) and using H6lder’s inequality with (T12), we
obtain that

L—1 M Lt 1/2
supy L L 5 C(L31P)
|A:] < C(L%P) (M E E /L 101, — O (T)] d7'> + A (119)

=0 m=1"T
By combining (TT9) with (T17), we prove (T13).
To prove (T14), we define

Ap(t;x) = p(t;x) — plt; x) -
Similarly to (34), we obtain

1A, (152)| < CL™) |Z(1;2) - Z(152)

L-1 M 1/2
C(lelp)
su 2
ﬁ P (MZZ/ |Hlm_ )l dT) + 7 .

0 m=1

(120)

Fort € (L, 4] and using (TT)), we obtain that

M
Aoy < |, (St )[40 X [ 0 0 k) ar

m=1"1t

[+1 ES“P
Ap (L; ) Z / |0m |2 + 1) (121)

m=1

C(ﬁsup)
L I

IN

+

IN
P
S
R
=+
—_
8
~
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where we use (13), (I8), and (1) in the second inequality and the definition of £5"P from (T12)) in
the last line.

From (TT)), we obtain that

()= () 2 | T ()01 (ri2), B

while (72) implies that
l I+1 1 [T (141
T . — T .
p <L7m>_p (L7$>+MZ/Z p ( L )8f(Z@L1\l(l 3?) Hlm)
where p is defined in (TT13)), (TT6).

By bounding differences of these two expressions, we have

1
o () <o ()

Ll

I+1

+ T (7). 42l 0 a7 57 (i) 0.2 (5, b)) ar

3
ﬂ‘

[~
B
hN\J

@

(lzl )6 F(Z(732),0m (7)) —P" (HLl x) 0.1 (Zoy, (s ), Gm(T))’ ar

-

3
l

_l_
=l -
B
h~\‘
“@s

an

-

C (B ) 0o 15000 =57 (i) 0.1 52, 01,0)

_l_
NS
B

3
l
e~

(I
(122)
‘We bound (I), (II), and (III) in turn.

(I): Using (13), (I8), and (I12)), we obtain that
C (Esup)

M < |Ap(t; )|

(II): Using Assumption {.1](T4) together with @D, (3, [73), and (T12), we obtain that
Esup
an < =L Z / — Zey w (o)l dT

’ 1/2
sup) L-1 M U4
- C(R c (

M Z Z / ‘91’ m m( )|2 dT) +% 5

=0m=1

where we make use of (T13)) in the last inequality.
(IT): Using Assumption[d.1]item 3 together with (73), (73)), and (T12)), we obtain that

sup +
(1) < < Ok, L77) L Z / — Oy | dT
+1
L

1/2
su 2
< O(R, L5) /L (M Zw el,m|> dr

L



Under review as a conference paper at ICLR 2022

By substituting these three bounds and (121)) into (I22)), we obtain

sup
o ()= (=552 | ()
1/2

C(R.L Lol Mot 1
s ( 35 [, em—talar) g

=0m=1

L+1 1/2
C(R, L3P
+ C(R, L5P) / < Z |0 ( alm,,|2> dr + % :

By applying this bound iteratively, and using (120) and (121, we obtain

L-1 M l+

1/2
. 1
A, (t;2)] < C(R, L) ( >N / |01,m — 9m(7>|2d7> . 23

=0 m=1

where we also use Holder’s inequality to write

— M 1/2
su 3 1 2
R, L5P) Z/ (M > |9m(7)91,m|> dr
=0 m=1
L-1 M

141 1/2
< O(R, L") (M > Z/ |9l7m0m(7)|2d7> :

=0 m=1

We obtain (TT4) by combining (I23) with (IZ1). [ ]

G.2 PROOF OF THEOREM[E.2|

We denote by 0,,(s;t) the solution to (6) with initial {6,,(0;¢)}}_, that are i.i.d drawn from
pini(0,1) . Further, 6, ,,(s) is a solution to (3) with initial value 6 ,,(0) = 6,, ( ) for) <1<
L —1and1 <i < M. Define

M
Edls Sup sup i Z |9m (0 t)|2
ini M P ’

0<t<1

and recall R;p; defined in (33). According to Deﬁnition | L3550 5 bounded with high probability.
Then, we have the following lemma:

Lemma G.2 For fixed S > 0 and any s € [0, 5], there exists a constant C(S, Rin;, LI25P)

ini
dis,sup

depending only on S, Rini, Ly, such that
M
— D 10m(5)] < O, Rimsy L ™)
M Tg‘l (124)

{Gz,m(s)}%ﬁl . C {0’|0[1]| < C(S, Rm“qinl? Sup)} 7

Furthermore, the ODE solution and pe, ,,(s) are bounded as follows, for any x in the support of i
andl=0,1,...,L —1:
mi1

1 Zoy, s+ 1) < C (S Liissup le) , (125)

and

m1

|p@LYM(S)(l;CL')| <C (S [ dis,sup le) ) (126)

43



Under review as a conference paper at ICLR 2022

The proof is quite similar to that of Lemma[F.3] so we omit the details.
We are now ready to prove Theorem [E.2]
Proof [Proof of Theorem [E-2]| From (99) and (T24) we obtain for all ¢ € [0,1], s € [0, 5],

M M
1 2 1 . 2 dis,su
maX{Mmz_:l 101, (5)] i z_:l [0 (831)] } < C(S, Rini, Li37) ,

(O ()it U {00 (D015 1y € {8]161)] < CCS. Ruws, £ }

(127)

where C(S, Rini, £ #1P) is a constant depending on S, Ry, and Ldissup,

mi1 mi1

From a similar derivation to (81]), we obtain

[B(O(s5-)) = BE(O1,(5))] < O, Runis Lin: ™) [ Zoo) (L 2) = Zoy y(0)(Liw)] - (128)

mi

Thus, to prove the theorem, it suffices to prove that | Zg, (s )(L; ) — Zg(s)(1; )| is small. For this
purpose, according to (]T_B'[) we need to bound the quantity

L-1 M l+

MZZ/ A ()] dt, (129)

=0 m=1
where Ay, (s) = 0;.,(s) — 01, (s;t). The next part of the proof contains the required bound.
First, using (3) and (6), we obtain that
A Ay (s)?
ds
= —2(Atm(8), Banp (80 (Zoy i (5)(12), 00 (5))Po 11 (5) () — Do f (Ze(s) (£ ), O (5:1) )po(s) (t: 2)) )

-2 <At,m(8);Ew~u (00 (Zoy ri(s)(152), 01 (8))D0 4 as(5) () — Baf (Zos) (t5), Om (53 8)) Do, 1r(s) (15 $))>
)

-2 <At,m(5)7Ex~u (00 f(Zo(s)(t; @), O (55 8))P0, 1 (s) (L 2) — B f (Zo(s) (t; ), Om (53 t))pe(s) (t; I))> .
a

(130)
To bound (I), we use (I26) to obtain
D] < C(S, Rinis L ™ VB (|06 (Zo, 105 (1:2), Orm(5)) —39f(Ze<s (t:2), Om(s:1))])

< O(S, Rini, L ™) [Bans (|Z01 1100) (1:2) = Zoo) (82)| + 8, (8) — Om(s:)])]
(131)
where we use Assumption 1] (T4), (T00), (123)), and (I127) in the second inequality. To bound (II),

we use (13), (100), and to obtain

D] < C(S, Rini, Ligi ™) (00 (5:6)] + DErs ([P0 006 (12) = ooy (E2)]) - (132)

By substituting (I32) and (I31)) into (T30), we obtain
d|A¢,m(s)[?
ds
< C(S Ran Edls Sup)|At,m (S)|2

mi

+ C(S 7?‘11117 L?I:? gup)|A75,’m(S)UEQ«'NM (|Z@L,M(S) (l’ x) - Z@(S) (t7 $)|)
+ (S, Rinis L ™) At ()] (10m (53 )] + DEipe ([P0 ar () (5 2) = Pos) (t:2)]) -
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Using Holder’s inequality similar to (I07)), we obtain

A Sy [Arn(s)]?
ds

M
is,su 1
< C(S, Rinis L35 ™) (M > At,m<s)|2>
m=1

(133)
dis,sup . . 2
=+ C(Sa Rinia‘cini )Eftw,u (|p®L,M(s)(t7I) — Po(s) (t,I)| )

i 2
+ C(S, Rini, Loy ™) By (|Z@L,M<s> (t;x) = Zo(s) (1 7)) ) :

By substituting (TT3) and (TT4) into (T33)), we obtain

_ 1
Aoz $iZg St J47 1Bem(s)[? dt
ds

) 1 L-1 M % 1
< C(S, Rani, L3 ™) <M > [ ARt
l

which implies, from Gronwall’s inequality, that

L-1 M

g L-1 M 1+1
1 v is,su 1 L 1
7o X [ e dt < OGS Ru £ (M > [T B0 de+ L) .

=0 m=1"T

(134)
We have thus established the bound (T29). We also have
| Lora | Lot l )
i > /l |A¢m (0)]*dt = i 3 /l O, <O;L> — 0, (0;8)| dt.  (135)
=0 m=1"17 =0 m=1"T
To complete the proof, we use (79) and take M > % to obtain
L-1 M
1 L ) o n
P<MZZ/l B 0) dt§L2> >1-1.
=0 m=1"1
According to (78), when M > %,
PP <ci)=1- 1. (136)

141 .
By using these expressions to substitute 7 ZIL:_Ol Z%Zl L5 At (0)]% and LI into (T33),
L
we find that there exists a constant C’'(Cy, Rini, S) depending on Cy, Rini, and S such that if

/ . .
MZ %, LZ 0(04772111175)’
n €
then we have
= (£5) "
- A< >1-2.
P (M ;mz_:l/L |Apm(s)>dt < e ) >1-7 (137)

Using (137), (I36), and (I2Z7) to bound the right hand side of (T13), we find that there exists another
constant C”(Cy, Rini, S) depending on C4, Rini, and S such that if

" -
M2%7 LZ C (C’47,R/1r1135)7
n €
then we have

P (| Zoge)(1;2) = Zoy y(oy(Liz)| <€) > 1 — g

By using this result and (I36)) in conjunction with (I28)), we complete the proof. [ ]
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H PROOF OF GLOBAL CONVERGENCE RESULT

Intuitively, if the equation (9] converges to a stationary point, denote by poo, s0 that 9spe = 0, then
oE
Vo — (0,t) =0, poo(f,t)-ae. 0 €R* ae.tec[0,1].
0P oo
poo(v57)
The rest of the analysis shows that E(p.,) = 0 when this happens. However, it is not direct because

the condition above only suggests the fact that % oo is a piecewise constant function. We need

a stronger result that shows this constant has to be zero. This is achieved by Proposition [6.1] To
show this proposition, we follow the proof in (Lu et al.,|2020) that explores the expressive power
of f(z,0), particularly the universal kernel property of Assumption It is this proposition that
identifies stationary points with the global minimizer.

We should mention that the zero loss was demonstrated by |Chizat & Bach| (2018) for the 2-layer
problem where the stability equates to zero-loss due to convexity. The extension to the multi-layer
case is more difficult since convexity is not present.

H.1 PROOF OF PROPOSITION[G. ]

We first prove a lower bound for p, in the following lemma.

Lemma H.1 Suppose that p € C([0, 1]; P?) and that p,, is a solution to (T1). Denoting
1
co= [ [ 16Pdne.t),
o Jrw
then for any t € [0, 1] we have that

Eaon (Ipo(t;2)%) = Q(L,)E(p) | (138)

where @) : Ry — Ry is a decreasing function.

Proof Recall that the initial condition for p,, in (TT) is:
po(L;2) = (9(Z,(1; %)) — y(2)) Vg(Z,(1; 7)),
so from Assumption 4.1} we have
2
Ean (rp(5)) 2 (8 [V9(0)]) E(p).

Further, since the equation is linear, we have

s _ _pr / 0. (Z,.0)dp(0.1).
ot P re - ’

According to equation (I3) in Assumption .1 we obtain

[ 0:12,050.0)a00.0) <z, 00 [ (07 +1)dpt0.1)

Rk
<ce,) [ (68 + D dp(e.o).
R
where we use (I8) in the second inequality. By combining the last two bounds in the usual way, we

obtain )
d|p,(t; z)|

Bl < <QC(£p)/Rk(9|2+1)dp(€,t)> Ipy ()2,

By solving the equation, we have

) = () Pexp (<20(6,) [ [ (024 0dot6.0) = Ot
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The proof is finalized by taking expectation on both sides, and note that monotonicity comes from the
format of the exponential term. |

We are now ready to prove Proposition
Proof [Proof of Proposition [6.1]] Denote

1
.cpz// 1012 dp(6, 1) dt .
0 RF

According to existence and uniqueness of the solution to (7), for any ¢ € [0, 1], we can construct a
map Z; such that
Zi(x) = Z, (k) -

Since the trajectory can be computed backwards in time, Z; ! is well defined. Further, we denote
pi = (Z¢) to be the pushforward of ;¢ under map Z; and let
pi(tx) =p, (627 (@) -

By Assumptionand classical ODE theory, Z; and Z; ! are both continuous maps in x, and so are
Pp(t; ) and p*(t; ). With the change of variables, we have for all ¢ € [0, 1] that

SE(P) (5 o , _ “(r. "
20,0~ [ i@ @0 di= [ @) 0. 139

For a fixed ¢y € [0, 1], we have boundedness of the Jacobian from Lemma [C.1] meaning that
dpp (2 ()
du()

As a consequence, /i () has a compact support since (z) does. We denote the size of the support
by R*, defined to be a real number such that supp (u}, (z)) C {z : [z] < R*}.

sup
xEsupp(p)

c(L,).

We now derive a general formula for [ Mg—(pp) (6,t) dv. Recalling (139), we have

SE(p) _ sip o WT *
[ BP0t a0 = [ e ([ 10 a®) a@)

= [ ([ 0 0) + 5 (ote)) dig(a) - 140
= [ ) T ko) i o).

Noticing that according to Lemma if E(p) # 0, the second term above is strictly negative (less
than —Q(L,)E(p)), the goal then is to find v for which [ dv = 0 that makes the first term small, so
that the right-hand side in (140) is negative. Defining the continuous function % to be

h(z) = p* (to: 2) + / F(z,0)dp(0, 1),
-
then according to Assumption for arbitrarily small €, there is a 7 so that [ © = 0 and

) = [ f0)d000)

<e.

oo
L\m\<R*

Setting v = p — ¥ and substituting into the first term of (T40), we obtain

/]Rd(p*(toﬁﬂ))T (/Rk f(z,0)dv(0) +p*(x,t0)> Ay, (2)
S/Rd p*(to;l‘”’h(x)—/m f(z,0) dﬁ(@)‘ g, (x) a41)

< llp" (to; @)l 1

|o|< R*

) = [ F(o.0)a5(6)

oo
L <r*
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By choosing € small enough that (T41) is less than 1Q(L,)E(p), we have from (T40)

J SE(SE)’)) (0,t0) dv(#) < 0, completing the proof. |

H.2 2-HOMOGENEOUS CASE: PROOF OF THEOREM[6.1]
We first give an example of 2-homogeneous activation function that satisfy Assumption and

Remark H.1 A function that satisfies Assumption and the 2-homogeneous property of Assump-
tionis f(z,0) = f(x, 9[1], 9[2]) = 0(9[1]x + 9[2]) exp(f|x|2), where 9[1] € Rixd 9[2] € RY,
and o(x) = | max{x, 0}|? applied componentwise.

Before proving the Theorem [6.1] we first introduce the following lemma, which shows that the
separation property is preserved in the training process. Our proof of this result is adapted from
(Chizat & Bachl,|2018)).

Lemma H.2 Let Assumptionsand hold, and suppose that pin; (0, t) is admissible with compact
support. Let p(0,t,s) € C([0,00);C(]0,1]; P?)) solve ). If there exists ty € [0,1], so that the
initial condition piy;(0,to) separates the spheres r,S*~! and r,S¥~* for some 0 < r, < 3, then for
any sq € [0,00), p(0,to, so) separates the spheres r',S¥~1 and rySF=1 for some 0 < r!, < 1},

Proof For every fixed 0 < sp < S < oo, we note that the particle representation 6,(s;tg) of
p(0,to, s) updates the following equation:
Wy (s510) _ o, SB(pls)
AN RV v b Vid 224
ds op
0,,(0; to) =0.

Define the map P, () to be the solution map that solves the equation above for given initial condition
0 up to time s. Our proof amounts to showing that this map preserves the separation property.
According to (Chizat & Bachl 2018, Proposition C.11), we need only show that the inverse map of
P, () is stable near 0 for any fixed 0 < s < S. That is, for any € > 0, we need to identify > 0
such that

(GP(S;tO)vtO)a ERS (OvS) (142)

P;1(0) C B.(0), Y0€B,(0), (143)
where 13,,(0) is the k-dimensional ball around original 0 with radius 7.
Since f is 2-homogeneous in 6, we have that |9y f(z,0)| = 0 for all z. Thus, from (I0),
SE(p(s))
0
op
Using estimate (49) from Lemma[C.4] we obtain

‘v (0, t0)| = 0.

op

where L5 = supy< < se(0.1] Jzr 101> dp(6, t, 5) dt. This upper bound on the velocity implies in
particular that o

VLD .| < crzgo

[PSHO)] < 6] exp(C(LGT)s)
which establishes (T43)) when we choose 7 to satisfy 7 < e exp(—C/(L5")s), concluding the proof. H

We are now ready to prove Theorem [6.1]

Proof [Proof of Theorem Since p(6,, s) converges to po (6, t) in C([0, 1]; P?), we have for any
to that

sup/ 16> dp(6, g, s) < o (144)
s>0 JRF
According to Proposition [6.1] it suffices to prove that

0E (poo

gf))(e,to) —0, V0cRF. (145)
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We use a contradiction argument: We will assume that (I43) is not satisfied and show that
Jzr 1012 dp(6,tg, s) blows up to infinity as s — oo, contradicting (144). In particular, we will
use homogeneity to construct a set in which the second moment blows up.

Define the functions h, and hg as follows:

el0) = 2 0.0), 1a(0) = “EE D 0,10,
Recall from that
OBL0) (9, 40) = B, (n] (o, ) (Z (k03 2),6)) (146)

dp
Since (T43) is not satisfied, there exists a 6* such that %’;“ﬂ(&*, to) # 0. From (T46), by Holder’s

inequality,

§E(poo)
dp

< (Eamp (IPp (b0 2)12) " (Bameps (1£(Z(t0; ),6%)2)) 2,

0 < \ (0" to)

which implies

Eynp (|ppm(t0§x)|2) >0.
Then, Since f is a universal kernel according to Assumption A.I] we can find v such that
| f(Z(to; z),0) dv approximates —p,,__ (to, z). leading to

[ @) av0) = [ EE0.00)a0(6) < e (e (052)) <0.

As a consequence, there exists at least one point §; € R¥ such that ho.(6y) < 0. Since f is
2-homogeneous, by @I), h is also 2-homogeneous, so that

heo(60/160]) < 0.

Because of continuity, there is a small neighborhood around 6y/|fo| in S¥=1 where A is strictly
negative. Moreover, since h is Sard-type regular, there exist € > 0 and 77 > 0 such that

a={fe Skfl‘hm@fl () < —¢} #0,

V5hoo i1 (9) ng>n, VOEOA,

where hoo|gk-1 is the confinement of A, on S*=1, and ng is the outer normal vector to 0A.

This statement of /., can be extended to h for sufficiently larger s as well. Using estimate (48] from
Lemma [C.4] we obtain that

he(0) = hoo(8) in CL.(RF), ass— oo,

meaning there exists S > 0 such that for any s > .S, we have

h|sh—1 (5) < —€/2, Ve A,
V5h5|gk—1 (5) “Ng > %’17, Vge 0A.
Extending this patch on the unit sphere to the whole domain, we define the cone:
A={0€R"|0]>0,0/|0] € A} .

Using the 2-homogeneous property of i, we have for s > S that

_dep?
{h5(9)< i Voe A, 147

Vohs(0) - g >0, V8 € 0AN{|0] > 0},

where 71y is the outer normal vector to 0.A.
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We now define a new system that follows the gradient flow corresponding to p,. Denote by 0 (s;)
the solution to the following ODE:

dé Eiz a) _ v, 5E(6pp(s)) (5
é\(S j) =«

where o € R¥. According to (T47), when 6 € AN {|0] > 0}, Vyh(0) points outwards, away from

A. We also notice that § (s; 6) = (. Thus if the ODE starts with from some « € A, then for any

s > S, the particle stays within .4, that is,

(s; ) ,to) = —Vohs (5(8;0‘)) SRR TS

é\(s; a)e A. (149)
As a consequence, we have
d ’5(8'04)‘2 2
di; = -2 <§(s;a) ,Vohs (§(S;Q)>> = —4h; (@(s;a)) > 2e @(s;a)‘ ,  (150)

where we use the 2-homogeneous property of h in the second equality and (T47) in the final
inequality.

According to Lemma there exist two spheres separated by p(0, to, S), meaning that there exist
B > 0and v > 0 relatively small (for example, with 3 < r/) such that

/ dp(6,10,5) > 7. (1s1)
An(Bg(0))°

By tracing the trajectory of (I48), we have

dp(0,to, s) / (50 edp(a, tg, S
/Anwﬁw» ’ ean(s,())” 4P to, 5)
/ O[to,S)>'}/, SZSa
B[g

where in the first inequality we also use % > 0 when o € A. Further, we have

~ ’ 2

0 (s;a)

dem(BB(ﬁ))C lé\(s;oz)GAﬁ(Bﬁ((j))c dp(a, to, S)

ds
~ 2
0(s0)| doasto,S)
ds
~ 2
0(s50)|

4 Jan(5,(0))°

= /Anw(a))ﬂ

> 2ey8?
where we use (T30) in the second inequality and (T31)) in the final inequality. It follows that

dp(avt()v S)

~ 2
1oy sty o] ot s) = oo

It follows from this result that

lim 10| dp(8,to,s) = o0,
k

Lo el
contradicting (T44). Therefore, we must have

IE(pso)
op
which completes the proof. ]

(0,t5) =0, VO ecR",
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H.3 PARTIALLY 1-HOMOGENEOUS CASE: PROOF OF THEOREM [6.2]

We first give an example of partially 1-homogeneous activation function that satisfy Assumption[.1]

and

Remark H.2 The following function satisfies Assumptions and (6.2} Let 0 = (0,02, 0}3))
with 9 S Rd, 9[2] S RdXd, 9[3] e R% Define f(x, 9) = f(x, 9[1],9[2], 9[3]) =
)0 ( ;(2|]9‘ Dy + [B]T;gﬁm‘)), where o(z) is a regularized ReLU activation function, and
o9,09(x)/x : Ry — Ry are bounded, Lipschitz, and differentiable with Lipschitz differential. One
way (of many) to define a regularized ReLU activation function is o(z) = (x +1)?/(4n)1 ye[—n,y +
Tl ¢ (n,00), Jor some small ).

As in the previous theorem, we prove a lemma, adapted from (Chizat & Bach| [2018, Lemma C.13),
that asserts preservation of the separation property.

Lemma H.3 Let Assumptions 4. 1| and 4.2\ with k1 = 1. Suppose that pin;i(0,t) is admissible
and suppy(pini(0,t)) < {0]|0] wzth some R > 0 forallt € [0,1]. Let p(0,t,s) €

C([0,00);C(]0,1]; 732) solve (9). Suppose in addition that

* [ satisfies the partial 1-homogeneous condition (see Assumption[6.2)),

o The initial conditions satisfy the separation condition, that is, there exists ty € [0, 1] such
that pini (011, 0}9). to) separates the spheres {—ro} x R¥"1 and {ro} x R¥~1 for some
rg > 0

Then for any sq € [0,00), p(0[1], 02, to, S0) separates {—r'} x R¥"1 and {r'} x R¥~! for some
' > 0.

Proof Note that the particle representation 6, (s; to) of p(0, s, to) satisfies

{ Belsite) = v, 2B (g (s5t0), 1) ,

152
6,(0:t0) =0. (1>2)

Define a continuous map P : R* x [0,00) — R* as the solution to (I52), that is, P (6, s) is the
solution to (T32)) with initial condition 6,(0;ty) = 6, where { is fixed. Define a diffeomorphism

¥R x RFL — R x By (0) as follows:

b0, ) = 4 (O O/ 101) - tamh ([Bpzy])) - Oz # 0
- (0711, 0), 2 =0,

where 0[1; € R is the first component of ¢ and 0 € R*~1 contains the remaining components. This
map keeps the first component of 6 intact and shrinks [y to push its amplitude below 1. This
diffeomorphism preserves the connection/separation property.

Define the continuous map Q as follows:
Q(8,s) =y oP(p~1(0),s) : R x By (0) x [0,00) = R x By (0) .

Since 1) preserves the connection property, the lemma is proved if we can show 1 o P(supp(pini), S)
separates {—7'} x By (0) and {r'} x B (0) for some 7" > 0. Since ¥ o P(supp(pini),s) =
Q1 (supp(pini)), ), we trace the evolution of Q(6, s) for § € R x B;1(0). According to (Chizat &
Bachl [2018| Proposition C.14), this translates to showing Q(#, s) can be continuously extended to

R x By (0) x [0,S5] = R x By (0), with the extension satisfying

0(0,s) € R x 9B, (6) , VOERx B (6) . sef0,00), (153)

meaning that the extension Q(-, s) maps R x 9B (0) to itself for all s € [0, 00).
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Denoting Q4(0) = Q(0, s), we consider the velocity field of this flow (similar to the proof of (Chizat
& Bach, 2018, Lemma C.13)):

19 _ (Wov (Prow ) L2t
= (o (oo 0) (V™20 (P 0) 1)

== (Vov (v7(Q,))) (VG(SE((;;(S)) (1/J_1(Qs)7t0)> =V(Qs,5).

From the fourth condition of Theorem the velocity field V' (6, s) can be continuously extended to
R x 9B (0) as follows:

(Vou (10))) (Vo 242 (1 0),0) ), 1l < 1
(—Hoc,p(5)(0121), 0) 102y =1,

o(s) is the limit of 22D (1 761y #) as r — oco. Within this velocity field, Q, can be

continuously extended to R x B3 (0) x [0,00) — R x Bj (0) with the extension satisfying (T33).
This completes the proof. n

V(G, S) = V(@[l], 9[2], 8) = {

where H

We are now ready to prove Theorem[6.2}

Proof [Proof of Theorem[6.2]] The techmque of proof is similar to the 2-homogeneous case. Since
p(0,t,s) converges to ps(f,t) in C([0, 1]; P?), we have

sup/ 102dp(0, to, s) < 0o . (154)
s>0
According to Proposition|[6.1] it suffices to prove that

dp dp

In the following, we will show that [, |0|*dp(0, to, s) blows up as s — oo if (I53) fails to hold, in
contradiction to (T54).

0F(poo
(97150) = (9[1], 9 to) = 9[ ég )(1, 9[2],t0) =0, VOc R*. (155)

Denote 5E(pos) SE(p(s))
Poo pLs
heo(0)) = 1,09, he(ffg) = ———=(1,0
oo (02)) 5 (1,012, t0), hs(Op2)) 5 (1,0
Then if (I53)) is not satisfied, without loss of generality, we can assume that there exists 62 such that
hoo(0127) < 0. Since hq, satisfies Sard-type regularity, there exist ¢ > 0 and 1 > 0 such that

to). (156)

A= {0[2] € Rk_1|hoo (9[2]) < —6} 75 (Z); VQ[Q] hoo(e[g]) . ﬁg[z] >n, V@[Q] S 8A,
where ng,, is the outer normal vector on 9 A.

Using the definition of % as in (I0), we have

OE(p(s OF (poo
(2] E;p( ) ((5'; )(1,9[2],16)’

= ]EINM 89[2]f s) t x) 9[2] )p,n s)( ) 89[2] f(Zpoo (t§ x)7 9[2])pp:>o (t; x))

(
<Eznp (‘50[2 o(s) (@), 012) — Doy f(Zp. (t;x)ﬁm)‘ Ipp<s>(t;x)l)

+ E’I‘N,u, (‘80[2 poo (t§ SC), 9[2] )' |pp(s) (t; I) — Ppoo (t; x) |)

<C ( Tp (|Zp(3) (tix) = Zp, (t;x)]) + Eonp (|pp(s)(t;x) ~ Po (t;x)]))
< Cdi(p(s), poc) s

‘Ve (179[2]7t) - VG[Q]
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where we have used the Lipschitz continuity of f and its derivatives as in Assumption[6.2]and the

estimates (I8), (31)), and @7). We thus have

hs(0127) = hoo(f2) in CHR*1), ass — . (157)
As a consequence, there exists S > 0 such that for any s > S
{hs (0[2]) < 76/2, VG[Q] €A, (158)
Vg[,_,] hs(g[z]) 'T_igm > %77, VQ[Q] € 0A.

Extending this set to the whole space, we define
A= {(9[1],9[2]) S (0,00) X A} .

Since A = {(0}1),0p2)) € (0,00) x DA} U {0 = 0,05 € A}, from (T38) and the definition of
hs, we have
dE(p(s))
g7
op
where iy is the outer normal direction on 0.4, and ﬁg[z] is the outer normal vector on 0A. When
0 € {9[1] = 0,9[2] € Z},

VGCSE((;(S))(@’ to)}

\% (97150) STy = 9[1] (V9[2] hs(e[g]) . 7_7:9[2]) >0, V60e/(0, OO) x 0A, (159)

SE(p(s))
dp

?

= hy(fy) < O, |:V9 (e,to)] =0, i=2,....k, (160)

1

SE(p(s))
é

where [-]; means the i-component of the vector. This implies that Vg o

downward when § € {0};) = 0,0y € A}.

(0, o) points strictly

As in the 2-homogeneous case, we consider the gradient flow corresponding to p,. Denote by 0 (s;)
the solution to the following ODE:

-~

{jagss;a) = —Ve%f;(s)) (5(3;04) 7to) = Vo (O1hs (012))) (9 (s;a)) , s>8 (161)

0(S;a) =a,
where o € R¥. Since the minus gradient is pointing inward to A, as stated in (T39) and (T60), 8 (s; o)
stays in A if 0 (s’; ) € A for some " € [S, s]. Moreover, using (I61), if 6 (s; ) € A, we have
d|f; (s;00) 2
ds
where the last inequality uses (I58).

— sy (s ) (T (s0) > Bl (550) 162

Similar to (Chizat & Bachl 2018} Proposition C.4), we claim that there exists 51 > S, 8 > 0, and
7 > 0 such that (see detailed proof in Appendix [H:3:T)

/ dp(6,to,S1) > 7. (163)
(B,00)x A
Then 2

dek 15(51;a)6(6,oo)x,4 ‘9[1] (5, Oé)’ dp(Ol,t()’ S)

ds

> 1; ) o) dp(a. to, S

= 6\/Rk 0(S1;a)E€(B,00) X A 1] (S a) p(a 0 ) (164)

=< /Rk 1551500 €(8,00) x4 AP(@: 10, 5)

= 6/8 dp(97t07 Sl) 2 667 .

(B,00)x A

Since

—~ 2
1111’1 / |0[1]|2dp(0at0a S) > lim 15(31'!1)6(13 o) x A ’0[1] (S;Oé)‘ dp(a,to,S) = 00,
TS (B,00)x A ’ ’

s—00 Jpk
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we finally obtain, using (T64), that

lim 0] dp(6, to,s) > lim / 011> dp(, to, s) = 00
Rk §—00 (5,00))(14

§—00

This limit contradicts (154), implying that (T33) must hold, as claimed. [ ]

H.3.1 CLAIM IN THE PROOF OF THEOREM[6.2]

In this section, we prove the statement in (T63)), meaning that we need to find S; > S, 8 > 0, and
~ > 0 such that

[ ey >, (165)
(B,00)x A

Supposing that [, dp(6,t0,S) > 0, then by making 3 and v small enough, (I63) is satisfied
naturally.

If fA dp(6, 9, S) = 0, then it suffices to show that there exists S; > S such that
/ dp(8,t9,S51) > 0. (166)
A

Define h(6)9)) and hoo (6)2)) as in (T56). Because of the fourth condition in Theorem|6.2] there exists

a function 1/(6) on C* (S¥72) such that

hoo (r0) =222 1/(6), in C*(SF2.

Combining this with (I57), there exists h* > €/2 such that ||| L < h*. Further, for any § > 0,
we can find GE‘Q] € A and S’ large enough such that

Voo, ha(Oin)l < €, Vs> S (167)

According to Lemma there exists rs» > 0 such that p(0[1}, 0}, 0, S’) separates {—rg/} x
R*~! and {rs:} x R¥~L. Considering the set [—7g/,75/] x {9?‘2]}, it must intersect the support of
p(011, 0121, to, S") due to the separation property. Thus, any open set that contains [—rgs/, 7s/] X {0["2]}
must have a positive measure in p(6y), 02], to, S’). Because fA dp(0,t9,5") = 0 and (—rg —
1,00) x Ais a open set that covers [—7g, 7g/] x {63 }. there exists a open set U C (—rg/ —1,0] x A
such that

/ dp(em,e[g],to,S/) >0.
U

Thus, we can find a point 0 < r* < rg, + 1 and an arbitrary small ¢ > 0 such that

Boy(—r",0%) C (~rsr —1— 0,0) x 4, and / dp(6,0,5') > 0.
Bg(fr*,G[’;])

Recalling the system (T61)), we claim the following:

When £, o are small enough, there exists S1 > S’ such that 5(51; a) € A for any
o € By (=17, 0y).

If this claim is true, then

[ w050 = [ ap(0,t0,S') > 0.
A By (—r*.07,)

which proves (T66) and the lemma.
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Now, we prove the claim. Because f satisfies Assumption [6.2] and the second moment of p is
uniformly bounded in s, for all s > 0, we have

E(p(s))

OE(p(s
((Sp())(l’ 9[2],t0) — ((sp(]_ 9[2],t0) S L|9[2] - 9{2” 5
(168)
0FE(p(s 0FE(p(s
VQM(].,Q[Q]’tO) — VQM(:[ 9[2],t0) < L|9[2] — 9{2” ,
op op
for some constant L. According to (T6T)), we have
dgm (s; ) ~
T = _hs (9[2] (8,0[)) I
‘ . s> 8 (169)
0191 (s; )
[2] [2]’ —~
o <2 ‘9[2] s;Q) ‘ ‘9[1] s; ’ ‘Vﬁ’[z (9[2] (3;@))’
where R R
—r* —0o < fy)(S;a) <o, and ‘9[2] (S a) — 9{*2]’ <o. (170)
To prove the claim, it suffices to show that there exists S; > S’ such that
é\[ll (S1;0) >1 and 5[2] (S1;) € A (171)

We first show that 5[1] increases and the right hand-side of (T69) is bounded. Since A is a open set,
there exists an arbitrary small 3 > 0 such that By, (9{2]) C A. We first choose o < min{¥, 2}. When

2’[“ ’ —|— 2 % ~ *
B (si0)| < 520 2, B (si0) — 0y < (172)
we have from (138), (167), and (T68) that
d@m (s; ) ~ . dé\m (s;) ~
— = —hs (9[2](3,04)) < h*, — 0 - —hs (9[2] (s,a)) > €/2 (173)
and )
d ‘9[2] (s;0) — 03
ds
2rgr +2 "
<2 <S€h + 2) 81 (53 0) = 01y | (L |Baa(53.0) = 03| +€) (174)

e + 2 . 2 g + 2
< 2L (mh* + 2) ‘9[2](8;04) - ef;]’ +2 (Mh + 2) N
€

When s = S’ and o € B, (—1*,0y)), we have from (I70) that
27“5 +2

03)(S" ;)| <rer +1+0 < h 42, |0(S50) — Oyl <o <X

Thus, for s slightly larger than S’, we still have that

2rgr + 2
€

‘5[1] (s;a)’ < h*4+2 and ’5[2](5;04) - 9[*2]‘ <.

Denote by S* the first time that
~ " 2rgr + 2
‘9[1](5 504)‘ 2

Then we show that there exists Sy € [S’, S*] such that (T71) is satisfied when o, 3, and £ are small
enough. From (T70), we have for s € (S’, S*) that

5[1] (s;a) <o+ (s—S)h*
5[1] (s;a) > —rgr — o+ (s — S")e/2,

~ g + 2 g + 2 1z
O (s;0) — 9[*2]‘ < exp (L (rse—i_h* + 2) (s — S’)) (02 +2(s = 5') (rse_kh* + 2) Zf)
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where the first two inequlaties come from (T73) and last inequality comes from (I74) via Gronwall’s
inequality. Defining

. 2rgr + 2
B €

we can choose the positive values o, 3, and ¢ small enough that

S1 + 9,

5[1](51795/) > —rg +(S1—5)e/2=1,
and for s € [S’, 5]

~ Orcr + 92 ~
‘9[1](5;04)‘ < &h* +2,  |O(s;0) — 9?‘2] <X. (175)

€

According to (I73)), the bounds (I72) are satisfied for s € [S’, S1], which implies that S; < S*

and 5[2](51,95/) € A. Further, we have 5[1](51,95/) > 1. By combining these two results,
we conclude that (I71) is satisfied with the chosen values of o, %, &, and S;. Thus, we have

-~

0 (S1;a) € (1,00) x A C Aforany o € B, (—r*, HE‘Q]), which proves the claim.
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