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Abstract

Recent methods for aligning large language mod-
els (LLMs) with human feedback predominantly
rely on a single reference model, which limits di-
versity, model overfitting, and underutilizes the
wide range of available pre-trained models. In-
corporating multiple reference models has the
potential to address these limitations by broad-
ening perspectives, reducing bias, and leverag-
ing the strengths of diverse open-source LLMs.
However, integrating multiple reference models
into reinforcement learning with human feedback
(RLHF) frameworks poses significant theoretical
challenges, where achieving exact solutions has
remained an open problem. This paper presents
the first exact solution to the multiple reference
model problem in reverse KL-regularized RLHF.
We introduce a comprehensive theoretical frame-
work that includes rigorous statistical analysis
and provides sample complexity guarantees. Ad-
ditionally, we extend our analysis to forward KL-
regularized RLHEF, offering new insights into sam-
ple complexity requirements in multiple reference
scenarios. Our contributions lay the foundation
for more advanced and adaptable LLM alignment
techniques, enabling the effective use of multiple
reference models. This work paves the way for
developing alignment frameworks that are both
theoretically sound and better suited to the chal-
lenges of modern Al ecosystems.

1. Introduction

Large language models (LLMs) have revolutionized natu-
ral language processing (NLP) by demonstrating remark-
able capabilities in understanding and generating human
language. Powered by vast datasets and advanced neural
architectures, these models have set new benchmarks across

'The Alan Turing Institute, London, UK, Statistical Labo-
ratory, University of Cambridge, UK, *Massachusetts Institute
of Technology, USA, “IBM Research, USA. Correspondence to:
Gholamali Aminian <gaminian@turing.ac.uk>.

ICML 2025 Workshop on Models of Human Feedback for Al Align-
ment., Vancouver, Canada. Copyright 2025 by the author(s).

various NLP tasks, including machine translation and con-
versational agents. Despite these advancements, aligning
LLMs with human values and preferences remains a critical
challenge. Such misalignment can lead to undesirable be-
haviors, including the generation of biased or inappropriate
content, which undermines the reliability and safety of these
models (Gehman et al., 2020).

Reinforcement Learning from Human Feedback (RLHF)
has emerged as a pivotal framework for addressing align-
ment challenges in LLMs. By fine-tuning LL.Ms based on
human feedback, RLHF steers models towards more human-
aligned behaviors, enhancing truthfulness, helpfulness, and
harmlessness while maintaining their ability to generate
accurate and high-probability outputs (Wirth et al., 2017;
Christiano et al., 2017). In RLHEF, reward-based methods
use a trained reward model to evaluate (prompt, response)
pairs. These methods treat the language model as a policy
that takes a prompt = and generates a response y conditioned
on x, optimizing this policy to generate responses with max-
imum reward. Typically, a reference policy (usually the
pretrained model before fine-tuning) is used as a baseline to
regularize training, preventing excessive deviation from the
original behavior.

An inherent limitation of most works on LLM alignment
is their reliance on a single reference model (Wang et al.,
2024b). First, this restricts the diversity of linguistic pat-
terns and inductive biases available during training. In that,
it is over restrictive - potentially leading to a model that
inherits the limitations or cultural biases of a single pre-
trained source. Second, such an approach is inefficient in
utilizing the wealth of pre-trained models available in mod-
ern Al ecosystems, which excel in different domains and
capture unique nuances, leaving valuable collective intelli-
gence untapped. Therefore, incorporating multiple LLMs
as reference models produces a model that reflects the char-
acteristics of all reference models while satisfying human
preferences. This approach is particularly relevant as the
open-source community continues to release diverse pre-
trained and fine-tuned LLMs of varying scales, trained on
a wide range of datasets (Jiang et al., 2023; Penedo et al.,
2023).

A solution is to extend the RLHF training to utilize multi-
ple reference models. While RLHF with multiple reference
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models has demonstrated practical utility (Le et al., 2024),
its theoretical underpinnings remain largely unexplored. A
critical gap in current understanding is the lack of an exact
solution for reverse KL-regularized RLHF when incorporat-
ing multiple reference models. This theoretical limitation
has prevented the study of sample complexity of bounds on
both optimality and sub-optimality gaps in the reverse KL-
regularized framework. Addressing this problem is crucial
for advancing the alignment of LLMs with human prefer-
ences in increasingly complex and diverse settings.

In this work, we provide the solutions for RLHF with mul-
tiple reference models when regularized via Reverse KL
divergence (RKL) or forward KL divergence (FKL). In ad-
dition, we provide a statistical analysis of these scenarios.
Our main contributions are as follows:

* We propose a comprehensive mathematical framework
for reverse KL-regularized RLHF with multiple ref-
erence models and provide the exact solution for this
problem and calculate the maximum objective value.

* We provide theoretical guarantees for the proposed
multiple reference models scenario under reverse KL-
regularization. In particular, we study the sample com-
plexity' of reverse KL-regularized RLHF under multi-
ple reference models.

* We also study the multiple reference models scenario
under forward KL-regularized RLHF and analyze its
sample complexity.

2. Related Works

Multiple References: Inspired by model soups (Wortsman
et al., 2022), Chegini et al. (2024) propose a reference soup
policy, achieved by averaging two independently trained su-
pervised fine-tuned models, including the reference model.
However, their approach lacks theoretical guarantees, partic-
ularly regarding its applicability to alignment tasks. More
recently, Le et al. (2024) introduced the concept of multiple
reference models for alignment. Due to the challenges in
deriving a closed-form solution for the RLHF objective un-
der multiple referencing constraints, the authors proposed a
lower-bound approximation. In this work, we address this
gap by deriving the closed-form solution for the multiple
reference model scenario under reverse KL-regularization.

Theoretical Foundation of RLHF: Several works have
studied the theoretical underpinnings of reverse KL-
regularized RLHEF, particularly in terms of sample complex-
ity (Zhao et al., 2024; Xiong et al., 2024; Song et al., 2024,
Zhan et al., 2023; Ye et al., 2024). Among these, Zhao et al.

'The sample complexity provides insight into how quickly
bounds converge as the dataset size increases.

(2024) analyze reverse KL-regularized RLHF, demonstrat-
ing the effect of reverse KL-regularization and establishing
an upper bound on sub-optimality gap with O(1/n) sample
complexity (convergence rate) where n represents the size
of preference dataset. More detailed comparison with these
works is provided in Section 7. However, to the best of our
knowledge, the RLHF framework incorporating multiple
reference models has not yet been studied.

Forward KL-regularization and Alignment: The for-
ward KL-regularization for Direct Preference Optimization
(DPO) proposed by Wang et al. (2024a). The application
of forward KL-regularization for alignment from demon-
strations is shown in (Sun and van der Schaar, 2024). The
forward KL-regularization in stochastic decision problems
is also studied by Cohen (2017). To the best of our knowl-
edge, the forward KL-regularized RLHF is not studied from
a theoretical perspective.

3. Preliminaries

Notations: Upper-case letters denote random variables
(e.g., Z), lower-case letters denote the realizations of ran-
dom variables (e.g., z), and calligraphic letters denote sets
(e.g., Z). All logarithms are in the natural base. The set
of probability distributions (measures) over a space X with
finite variance is denoted by P(X’). The KL-divergence
between two probability distributions on R¢ with densi-
ties p(z) and ¢(x), so that ¢(z) > 0 when p(z) > 0, is
KL(pllg) == Jga p(x)log(p(x)/q(x))dx (with 0/0 := 0).
The entropy of a distribution p(x) is denoted by H (p) =
= Jga p() log(p(z)).

We define the Escort and Generalized Escort distributions
(Bercher, 2012) (a.k.a. normalized geometric transforma-
tion).

Definition 3.1 (Escort and Generalized Escort Distributions).
Given a discrete probability measure P defined on a set A,
and any \ > 0, we define the escort distribution (P) for
alla € Aas

(P@)*
2zeaP (@)
Given two discrete probability measures P and Q) defined on

a set A, and any \ € [0, 1], we define the generalized escort
distribution (P, Q)* as the following tilted distribution:

P*(a)Q'*(a)
Yeea PA)QA ()

(P))a) ==

(P.Q)*a) =

Next, we introduce the functional derivative,

see (Cardaliaguet et al., 2019).

Definition 3.2. (Cardaliaguet et al., 2019) A functional
U : P(R™) — R admits a functional derivative if there is a
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map g—% : P(R™) x R™ — R which is continuous on P(R™)
and, for all m, m' € P(R™), it holds that

Ulm') — U(m) :/0 / S—Z(mA,a) (m — m)(da) d\,

where my = m + A(m' — m).

We also define the sensitivity of a policy 7, (y|z), which is
a function of reward function r(z, y), with respect to the
reward function as

p) , —

l("") = i Ty (y‘x) 7TT+A7'(y|m) (1)

. 1m
or Ar—0 Ar

4. Problem Formulation

Following prior works (Ye et al., 2024; Zhao et al., 2024),
we consider the problem of aligning a policy 7 with human
preferences. Given an input (prompt) x € X which is
samples from p(z), is the finite space of input texts, the
policy m € II, where II is the set of policies, models a
conditional probability distribution 7(y|x) over the finite
space of output texts y € ). From a given 7 and x, we can
sample an output (response) y ~ 7(+|z).

Preference Dataset: Preference data is generated by sam-
pling two outputs (y, 3’ )|x from 7. as the reference policy
(model), and presenting them to an agent, typically a human,
for rating to indicate which one is preferred. For exam-
ple, y > ¢’ denotes that y is preferred to y’ A preference
dataset is then denoted as D = {y¥,y!, z*}™ |, where n is
the number of data points, y,, and y; denote the preferred
(chosen) and dispreferred (rejected) outputs, respectively.

We assume that there exists a true model of the agent’s
preference p*(y > y’|x), which assigns the probability of
y being preferred to ' given x based on the latent reward
model which is unknown.

4.1. RLHF from One Reference Model

Using the dataset D, our goal is to find a policy 7 that
maximizes the expected preference while being close to a
reference policy 7. In this approach, Bradley-Terry model
(Bradley and Terry, 1952) is employed as the preference
model, p(y = v/'|z) = o (ro(z,y) —ro(z,y')),

where ¢ denotes the sigmoid functionand ryp : X x Y — R
is a reward model parameterized by 6, which assigns a scalar
score to indicate the suitability of output y for input z. In
(Christiano et al., 2017), the reward model is trained on D
to maximize the log-likelihood (MLE) estimator:

1

9 D :Zf OgO' To xzayw) To (x“ylz>) (2)

3

Given a trained reward model r;(x,y) where b =
arg maxycq Lr(0, D), we can consider the regularized op-

timization objective which is regularized via reverse KL-
regularized or forward KL-regularized.

Reverse KL-regularized RLHF: A crucial component of
RLHEF is the use of a reference model to compute a Reverse
Kullback-Leibler (KL) divergence penalty. This penalty en-
sures that the process does not deviate excessively from the
original model, mitigating the risk of generating nonsensical
responses (Ziegler et al., 2019). The reverse KL-regularized
optimization objective for (y > 0) can represented as:

ATy ) [75(2.Y)] = KL (o) e (o),

3
Note that the solution of (3) is,
. _ et (ylz) exp(yrg(, ) 4
where Z(7) = Ey v, (., [exp(y75(2, Y))] is the normal-

ization factor. Similarly, we can define 7. (y|z) using
rg+(x,y) instead of 75(x,y) in (4). This RLHF objective
is employed to train LLMs such as Instruct-GPT (Ouyang
et al., 2022) using PPO (Schulman et al., 2017).

We define J(mg«(-[7)) = Eyrpeja)[re-(z,Y)] (akea.
value function’) and provide an upper bound on optimal
gap,

T (mg. (|a), 75 (x)) = J (mg. (-|2)) = J (75 (). (5)

Furthermore, inspired by (Song et al., 2024; Zhao et al.,
2024), we consider the following RLHF objective function
based on the true reward function,

Iy (Tver (+[), o (-]2)) :=

6
By iy [ (V)] = ZKL(o (o) (o). ©

As studied by Zhao et al. (2024); Song et al. (2024); Zhan
et al. (2023), we also aim to study the following sub-
optimality gap,

T (5. (o), |z)) =

0 (7
Ty (et (), 5. () = Ty (Mret (-|2), w5 |2)).

Forward KL-regularized RLHF: Inspired by (Wang et al.,
2024a), we can consider the forward KL-regularized opti-
mization objective as,

maxEy (o) [rp (2. V)] = ZKL (mer (o)l (o).
(®)

*We can also consider E x () [J(7(:|X))]. All of our results
also holds for expected version of value function.
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As discussed in (Wang et al., 2024a), this optimization prob-
lem has an implicit solution given by:

ﬁ'z z) = _ 7Tref(l/|x) 9
s W) = ) — ra(an ) ®

where Za(:r:) is normalization constant ensuring that
Jy 74 (ylv)dy = 1. Some properties of Z;(x) are discussed
in App. D.

Similar to (5) and (7), for forward KL-regularized RLHF,
we can define,

Ty (Tret (-] ), T (-] )) :=
By lro: (V)] = ZKL(mt(2) 7o),
T (7 (), 71 () ==

Ty (et (), g (-|2)) = Jo (et (1), 73(-|2)).

(10)

(11)

4.2. Assumptions

For our analysis, the following assumptions are needed.

Assumption 4.1 (Bounded Reward). We assume that the
true and parametrized reward functions, rg«(x,y) and
r5(,y), are non-negative functions and bounded by Rp,x.

Assumption 4.2 (Finite Class). We assume that the reward
Sunction class, R, is finite, |R| < oo.

The assumption of bounded rewards (Assumption 4.1) and
Finite class (Assumption 4.2) are common in the literature
(Song et al., 2024; Zhan et al., 2023; Zhao et al., 2024;
Chang et al., 2024; Xiong et al., 2024). More discussion
regarding these assumptions are provided in App. B.

Coverage conditions play a fundamental role in understand-
ing the theoretical guarantees of RLHF algorithms. We first
introduce the most stringent coverage requirement, known
as global coverage (Munos and Szepesvari, 2008):

Assumption 4.3 (Global Coverage). For all policies m, we

require MaxX, y.,(z)>0 % < Cac, where Tyt denotes

the reference model and Cac € R is a finite constant.

A key implication of Assumption 4.3 is that it requires sub-

stantial coverage: specifically, for any prompt = and token

sequence y in the support of p, we must have T,ef (y|x) >
1

Cac”

While global coverage has been extensively studied in the
offline RL literature (Uehara and Sun, 2021; Zhan et al.,
2022), it imposes strong requirements that may be unneces-
sarily restrictive for RLHF. A key insight from recent work
(Zhao et al., 2024; Song et al., 2024) is that RLHF algo-
rithms inherently employ reverse KL-regularization, which
ensures learned policies remain within a neighborhood of

the reference model. This observation motivates a more
refined coverage condition:

Assumption 4.4 (Local Reverse KL-ball Coverage).
Consider €, < oo and any policy w satisfy-
ing Epp[KL(m(-|2)|| et (-]2))] < era, we require
maxx7y:p($)>0% < C.,.,, where C.,, € R de-
pends on the KL threshold € .y.

Similar to Assumption 4.4, we consider the forward KL-ball
coverage assumption.

Assumption 4.5 (Local Forward KL-ball Coverage).
Consider epqg < 00 and any policy 7 satisfy-
ing Eomp[KL(Tret (-|2)||7(-|2))] < epa, we require
MaXy 4 p(2)>0 7{;&%51 < C.,,, where C.,, € R de-
pends on the KL threshold eqy.

The local reverse or forward KL-ball coverage condi-
tion offers several advantages. Focusing only on policies
within a reverse KL-ball of the reference model provides
sharper theoretical guarantees while imposing weaker re-
quirements. This localization aligns naturally with RLHF
algorithms, which explicitly constrain the learned policy’s
divergence from the reference model. For any fixed refer-
ence model m..¢, the reverse or forward KL local coverage
constant is always bounded by the global coverage con-
stant: max(Cs,,,, Ceq,) < Cac. This follows from the fact
that KL-constrained policies form a subset of all possible
policies.

5. RLHF from Multiple Reference Models via
Reverse KL divergence

In this section, inspired by (Le et al., 2024), we are focused
K
on situations involving K reference policies {Wrefvi}

=1

where the latent reward model among all reference policies
is the same. All proof details are deferred to Appendix C.

5.1. Exact Solution of RLHF under multiple reference
models via RKL

Inspired by (Le et al., 2024), our objective can be formulated
as a multiple reference models RLHF objective,

max [E
T Yrm(|z)

K
1
[r(z,Y)] - ( 3 aKL(n(-|x) ||7rref,i(-|x))) ,
i=1

(12)
where «; are weighting coefficients for each reference policy
and Zfil «; = 1. This objective was explored in previous
studies, leading to enhancements in pure RL problems (Le

et al., 2022).

However, addressing this optimization problem in LLMs
through reward learning and RL finetuning pose similar
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challenges to (3). Our goal is to derive a closed-form solu-
tion for the multi-reference RLHF objective in (12). Note
that in (Le et al., 2024, Proposition 1), a lower bound on
RLHF objective in (12) is proposed, and the solution for
this surrogate objective function is derived as follows,

L (y|x) = %rer\f(y;)x) exp (77“ (x,y)), (13)

K o -1 5
(Zi:l 7rref77,zy|a:)> and Z]({E) =

>y Tret (ylz) exp (yr(z,y)).

In contrast, in the following theorem, we provide the exact
solution of the objective function for the multiple reference
model (12).

Theorem 5.1. Consider the following objective function for
RLHF with multiple reference models,

where Tef(ylz) =

mad | £ o (03)]-

PR
Z o KL (7(-|z) ||7vet,i () ) ¢

where Zfil a; = land a; € (0,1) fori € [K]. Then,
the exact solution of the multiple reference model objective
function for RLHF is,

%a,ref (y|§6)

T (yl7) = —=

S o (re@n). b

where

K i
~ [Tizs erf,i(ykﬂ)
Taref(Y|7) = —F—5——

Fu(z) ’
K (15)
Fa(w) =Y [ [ mii(l),
yeyi=1
and Z(@) = 5, Faslylr)exp (yro- (2.1)).
The maximum objective value is

Liog (32, TS ik, (wl) exp (7w, 9) ) -

Note that this result does not rely on the assumptions stated
in Subsection 4.2 and in fact holds in greater generality. Us-
ing Theorem 5.1, we can consider the following optimiza-
tion problem for the multiple reference models scenario.

1 ~
Eyon(a) [ro+(,y)] — ;KL(W('|$)||7Ta,rcf('|fC)), (16)
where T ref (y|x) is defined in (15) as generalized escort

reference policy. The reverse KL-regularized RLHF algo-
rithm with two reference models is shown in Algorithm 1.

Algorithm 1 Reverse KL-regularized RLHF with Two Ref-
erence Models
Require: v, o, Mref,1, Tref,2 ©
1: fori=1,...,mdo
2: Sample prompt Z; ~ p and 2 responses
with their preference 7,7 ~ Taret(]z) o
72 ) (10T S (1),
3: end for
4: Compute the MLE estimator of the reward function
based on D,, = {(&;, 7%, §4)}7_y:

0 « arg meax/j(ﬁ, D,),

5: Compute the RLHF output based on (16): Wg(|) x
Taret(|7) exp(yrg(-, ).

5.2. Main Results for RLHF via RKL

In this section, we provide our main theoretical results for
the RLHF algorithm with multiple reference models based
on reverse KL-regularization. Using the convexity of re-
verse KL divergence, we can provide an upper bound on the
sub-optimality gap. Furthermore, we assume that Assump-
tion 4.4 holds under 7 ve(-|2) as reference policy with
Ca,e, - First, we can derive the following upper bound on
the sub-optimality gap of the RLHF algorithm with multiple
reference models.

Theorem 5.2. Under Assumption 4.1, 4.2 and 4.4, the fol-
lowing upper bound holds on the sub-optimality gap with
probability at least (1 — 6) for § € (0,1/2),

T (mg (o), mi (o)) <

log(|R|/6 (17)
’yca’grkl 12864Rmax anax M .
n

Using Theorem 5.2, we can provide the upper bound on the
optimal gap under the RLHF algorithm.

Theorem 5.3. Under Assumption 4.1, 4.2 and 4.4, there
exists constant C' > 0 such that the following upper bound
holds on optimality gap of reverse KL-regularized RLHF
with probability at least (1 — §) for § € (0,1/2),

T (. (o) 7] (fe)) <

log(|R|/d
Cop 1256 g, BRSO |

max

Y I L T

n

Remark 5.4 (Sample Complexity). We can observe sam-
ple complexity of O(1/n) for the sub-optimality gap and
O(1/+/n) for the optimality gap from Theorem 5.2 and The-
orem 5.3, respectively.
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Table 1: Comparison of Various Works in Theoretical Foundation of RLHF: Key features include support for RKL sub-
optimality gap, RKL optimality gap, FKL sub-optimality gap, and FKL optimality gap and their Sample Complexities for

each scenario.

Work

RKL Sub-optimality Gap RKL Optimality Gap FKL Sub-optimality Gap FKL Optimality Gap

(Sample Complexity) (Sample Complexity) (Sample Complexity) (Sample Complexity)
Song et al. (2024) 0(1\//\/5) X X X
Zhao et al. (2024) O({/n) X X X
v
Chang et al. (2024) X 0(1/v/R) X X
. v
o < 2

Xiong et al. (2024) O(1/y/n) X X X

v v v v

Our Work O(1/n) O(1/y/n) O(1/y/n) O(1/y/n)

6. RLHF from Multiple Reference Models via
Forward KL Divergence

In this section, inspired by (Wang et al., 2024a), we ex-
tend the RLHF from multiple reference models based on
reverse KL-regularization (Le et al., 2024) to forward KL-

regularization. Similar, to Section 5, we are focused on sit-
K

where
i=1

the latent reward model among all reference policies is the
same. All proof details are deferred to Appendix D.

uations involving K reference policies {ﬂ'ref’i}

6.1. Solution of RLHF under multiple reference models
via FKL

Inspired by (Le et al., 2024; Wang et al., 2024a), our objec-
tive can be formulated as a multiple reference models RLHF
objective,

max [E
T Yeor(|z)

K

[r(2,Y)] —% (D2 BKL(mreraCla) 7)) ),

i=1 (18)
where ; are weighting coefficients for each reference policy
and Zfil B; = 1. This objective was explored in previous
studies, leading to enhancements in pure RL problems (Le
etal.,2022). However, addressing this optimization problem
in LLMs through reward learning and RL finetuning poses
similar challenges to (3). Our goal is to derive a closed-form

solution for the multi-reference RLHF objective in (18).

We now provide the exact solution of the RLHF with multi-
ple references.

Theorem 6.1. Consider the following objective function for

RLHF with multiple reference models,
1K
max E [r-(2,Y)] =~ (3 BKL (meri (o) |m(2)) ),
T yer(-lz) TN

where Zszl Bi =1and B; € (0,1) fori € [K]. Then, the
implicit solution of the multiple reference models objective
function for RLHF is,

TR ref <y|m)
(Z(x) = ro+(z,y))

where Tg rer(y|x) = Zfil BiTvet i (y|x), and Z(x) is the
solution to fyey g (y|a:) = 1foragivenx € X.

g (ylz) = , (19)

Using Theorem 6.1, we can consider the following opti-
mization problem for forward KL-regularized RLHF under
multiple reference model scenario,

B, . (3 [0 @3] = ZKL(Rpclo)lw( o), 0

where 7g rer(y|2) is defined in Theorem 6.1 as weighted
reference policy. The forward KL-regularized RLHF algo-
rithm with two reference models is shown in Algorithm 2.

6.2. Main Results for RLHF with FKL

This section presents our core theoretical analysis of forward
KL-regularized RLHF under the multiple reference model
setting. We begin by leveraging KL divergence’s convex
properties to establish an upper bound on the sub-optimality
gap. Throughout this section, we consider ﬁg(y|x) =

~7Trﬂ,ref(y|aj) g, ret (Y]T)

v(Zg(@)—rz(w,y)) V(Zox (z)—Tox (z,y))
thermore, we assume that Assumption 4.5 holds under

and 7). (y|z) = . Fur-
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Algorithm 2 Forward KL-regularized RLHF with Two Ref-
erence Models

Require: v, 3, Tyef,1, Mref,2 O

1: fori=1,...,mdo

2: Sample prompt Z; ~ p and 2 responses with their
preference
gzuv gf ~ 77—[‘3,ref('|$) = ﬂwref,l('l‘%i) + (1 -
6>7Tref,2('|-i'i)~

3: end for

4: Compute the MLE estimator of the reward function
based on D,, = {(Z;, 7%, §})}7;:

0« arg max L£(9,D,,)

5: Compute the RLHF output based on (20).

7 ref (y|) as reference policy with Cg ., . First, we derive
an upper bound for the sub-optimality gap in the multiple
reference forward KL-regularized RLHF setting.

Theorem 6.2. Under Assumption 4.1, 4.2 and 4.4, the fol-
lowing upper bound holds on the sub-optimality gap with
probability at least (1 — §) for 6 € (0,1),

J (. (a) 72 (Je)) <

21)
log(IR|/5 (
106G ey [RECRITS)

n

Using Theorem 6.2, we can provide the upper bound on
the optimal gap under the multiple reference forward KL-
regularized RLHF setting.

Theorem 6.3. Under Assumption 4.1, 4.2 and 4.4, the fol-
lowing upper bound holds on optimality gap of the multiple
reference forward KL-regularized RLHF algorithm with
probability at least (1 — §) for § € (0,1),

F (@ (o), 7Y Jo)) <

log(|R[/3
160 o, 2 Ry | EURIO)
n
max (|10g(Cp epa); 108(7 Rimax +1))

gl
Remark 6.4 (Sample Complexity). Choosing v = n, we
have sample complexity O(1/+/n) on optimality gap from
Theorem 6.3. We can also observe the sample complexity of

O(1/+/n) for the sub-optimality gap.

7. Discussion

Theoretical Comparison with Single-Reference Models:
Our theoretical results extend to the single-reference model
setting, enabling comparison with existing work in this do-
main. The RKL-regularized RLHF framework and its sub-
optimality gap have been investigated by Song et al. (2024)

and Zhao et al. (2024), who established sample complexity
bounds. Song et al. (2024) derived a sub-optimality gap
sample complexity of O(1/4/n), which Zhao et al. (2024)
later improved to O(1/n), demonstrating the effectiveness
of RKL regularization. Note that, in (Zhao et al., 2024), it is
shown that when the error tolerance ¢ is sufficiently small,
the sample complexity follows an O(1/¢) relationship. This
corresponds to O(1/n), where n represents the dataset size.
In comparison with (Zhao et al., 2024), we proposed an
approach based on functional derivative and convexity of
KL divergence. Our approach is more general and can be
applied to the forward KL-regularized RLHF framework.
There are also some works on similar algorithms to RLHF.
Additionally, Chang et al. (2024) proposed an algorithm
integrating offline and online preference datasets in RLHF,
analyzing its optimality gap sample complexity under RKL
regularization. The general reverse KL-regularized RLHF
framework under general preference models is studied by
Xiong et al. (2024) and a sample complexity of O(1/y/n)
for sub-optimality gap is derived. To the best of our knowl-
edge, the sample complexity of the optimality gap and sub-
optimality gap for forward KL-regularization have not been
studied in the literature. Furthermore, in (Huang et al.,
2024), KL-divergence and y-divergence are considered as
regularizers, and the sample complexity on optimality gap
for x2-DPO are studied. We summarized our comparison
with different works related to the theoretical study of RLHF
in Table 1.

Coverage Assumption Discussion: The coverage assump-
tions for multiple references can differ from the single ref-
erence scenario. For the reverse KL-regularized case with
reference policy T ref(-|), we have:

m(ylz) S
) = Fa(x) £[1 (

%a,ref('|m

7(ylz)
7rref,i(ykr)

)@

where F,(z) is defined in (15). Therefore, we have
Hfil Cfé’f , as the global coverage assumption, where
Cref,i < 00 is the global coverage with respect to the i-
th reference. Note that, using Holder’s inequality, we can
show that F,(z) < 1. A similar discussion applies to the
forward KL-regularization scenario with reference policy
7B ref (y|7). Regarding the local reverse KL-ball coverage
assumptions (Assumption 4.4), as Ty ref (-|z) is defined on
common support among all reference models, then the set
of policies with bounded

B p [KL(7 () [T, ret (7)) < aias - (23)

is smaller than each reference model separately. Simi-

larly to global coverage, we can assume that Cy ., =
K i
ITiz: Cre

ref,i,erm”

Comparison of RKL with FKL: The RKL and FKL exhibit
fundamentally different characteristics in their optimization
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Figure 1: In both online and offline RL, our analytical RKL objective outperforms both the MRPO approximation and single

reference objective (a = 0).

behavior. RKL between the reference model and target
policy, defined as E,, [log(mg+ /7yt )], demonstrates mode-
seeking behavior during optimization. When 7y« represents
the output policy of RLHF for language model alignment,
it may assign zero probability to regions where 7. is pos-
itive. Conversely, FKL, expressed as E.__, [log(7yer /Tg+ )],
exhibits mass-covering properties. Its mathematical formu-
lation requires 7y« to maintain non-zero probability wher-
ever Tyef 18 positive. This constraint naturally leads FKL
to produce distributions that cover the full support of the
reference model, thereby promoting diverse outputs.

Reference policy in multiple reference model scenario
under FKL and RKL: In the multiple reference model
setting, the generalized escort distribution under reverse
KL-regularization covers the intersection of the supports of
all reference models. Specifically, responses receive zero
probability if they lack positive probability in any single
reference model. This leads the generalized escort distri-
bution to assign non-zero probabilities only to responses
supported by all reference models simultaneously. In con-
trast, when using the average distribution as the reference
model in the forward KL scenario, the resulting distribution
covers the union of supports across all reference models,
encompassing a broader range of possible responses.

Comparison in terms of other parameters: In Table 1,
we compared different methods in terms of their sample
complexity bounds. Regarding the dependency on R ax,
we observe that all existing bounds for RLHF with RKL reg-
ularization scale as O(exp(Rmax)) (Song et al., 2024; Zhao
et al., 2024; Chang et al., 2024; Xiong et al., 2024). This
exponential dependency arises directly from Lemma A.1,
reflecting the inherent non-linearity introduced by the sig-
moid function in the Bradley—Terry model. Additionally,
concerning the coverage constant, the upper bounds under
RKL regularization scale as O(Cg.,,, ), highlighting the
significant impact of coverage parameters on optimal and

suboptimal regret bounds.

Furthermore, we discuss the extension of multiple reference
models scenario to DPO, where we propose the DPO ob-
jective function for reverse and forward KL-regularization
under multiple reference models and derive optimality gap
under bounded implicit reward assumptions App. E.

8. Experiments

To support our theoretical findings, we conducted two sets of
experiments: one using an online policy gradient algorithm,
and another using an offline RLHF algorithm. Together,
these experiments are designed to cover the primary use
cases of KL-constrained RL optimization in the LLM post-
training setting. Our experiments address two goals:

1. Evaluating the benefits of using multiple reference models
versus a single reference.

2. Comparing our exact analytical solution to the approxi-
mation proposed by Le et al. (2024).

Online RL. Since our theory applies to general KL-
constrained RL - not only to settings with learned reward
models, as in standard RLHF - we ran an experiment on the
GSMSK dataset (Cobbe et al., 2021) using GRPO (Shao
et al., 2024), a policy gradient method. This setup uses a
solution verifier as the reward model, avoiding complica-
tions from learned rewards and letting us focus on the effect
of multiple reference models during training. We trained
the instruction-tuned 0.5B model from the Qwen 2.5 fam-
ily (Yang et al., 2024), and used the 1.5B math-specialized
model from the same family as a second reference. For
each value of @ € {0.0,0.3,0.5,0.7,1.0}, for FKL we
consider 5 = «, we trained models using the following
regularization: (1) Normalized geometric mean as in our
multi-reference RKL objective, (2) Arithmetic mean as an
approximation of our multi-reference FKL objective, and
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(3) MRPO approximation (Le et al., 2024) of the multi-
reference RKL objective.

Offline RL. This experiment compares our exact analyti-
cal solution to MRPO (Le et al., 2024) in an offline RLHF
setting. We trained the instruction-tuned 0.5B Qwen 2.5
model using the UltraFeedback dataset (Cui et al., 2023),
with the 1.5B Qwen 2.5 model as the second reference. This
can be seen as a combination of knowledge distillation (Gu
et al., 2023) and RLHF. Evaluation was performed using the
Skywork-Reward-Llama-3.1-8B-v0.2 reward model (Liu
et al., 2024). Here again we compared three training algo-
rithms: (1) DPO (Rafailov et al., 2023) using the normalized
geometric mean of reference policies, (2) DPO based on
FKL divergence as proposed by (Wang et al., 2024a) using
the arithmetic mean, and (3) MRPO version of DPO (Le
et al., 2024).

For more details on the experimental setting and discussion
on the computational aspects of using multi-reference, see
Appendix F.

9. Conclusion and Future Works

This work develops theoretical foundations for two Rein-
forcement Learning from Human Feedback (RLHF) frame-
works: reverse KL-regularized and forward KL-regularized
RLHF. We derive solutions for both frameworks under mul-
tiple reference scenarios and establish their sample complex-
ity bounds. Our analysis reveals that while both algorithms
share identical sample complexity for the optimality gap,
the reverse KL-regularized RLHF achieves superior sample
complexity for the sub-optimality gap.

The main limitation of our work lies in the assumption of
bounded reward functions where some solutions are pro-
posed to solve this limitation in App B. Two promising
directions for future research emerge:(a) Extending our anal-
ysis to multiple-reference KL-regularized RLHF with un-
bounded reward or sub-Gaussian functions, (b) following
(Wang et al., 2024a), investigating multiple-reference RLHF
regularized by general f-divergences, (c) following (Sharif-
nassab et al., 2024), we can extend our analysis to general
preference models beyond Bradley-Terry (BT) model.
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A. Technical Tools

In this section, we introduce the following technical tools and Lemmata.

Lemma A.1 (Lemma C.2 from (Chang et al., 2024)). Under Assumptions 4.1 and 4.2, we have with probability at least
1 —6 that

2
EYZ YW AT ef et [(TG* (CE, Yl) — To~ ({L‘7 Yw) - Ta(xv Yl) + r@\(xa Yw)) }
(24)

128RIQnax exp(4Rmax) log(|R|/9)
f— n .
Lemma A.2 ((Boucheron et al., 2013)). Assume that function f(z) € [0, B] is bounded. Then, we have,
KL(p(X X
By LF00)] — By ()] < 5y SEENE), es)
Lemma A.3. Assume that 7. (y|x) o meet (y|z) exp(yr(x, y)). Then, 7.1 (ylz) = 7. (y|x), where A is constant.
Proof.
- Tref (Y]|2) €x r(z,y) + A
Foa(y]7) = t(ylz) exp(y(r(z,y) + A))
]EYNﬂ'ref(YlI) [exp(y(r(m, y) + A))}
(26)
_ Tyef (y|l‘) exp(fyr(:c, y))
Ey omer(via) [ exp(v7 (2, )]
O

B. Assumption 4.1 and Assumption 4.2 Discussion

These Assumptions are common literature are common in the literature (Song et al., 2024; Zhan et al., 2023; Zhao et al.,
2024; Chang et al., 2024; Xiong et al., 2024). In particular, Assumption 4.1 is primarily to enable the use of concentration
inequalities like Freedman’s inequality (Boucheron et al., 2013), which require bounded differences (as in Lemma A.1).
However, this assumption can be relaxed under certain growth conditions, as discussed in (Freedman, 1975). Moreover, even
when the original reward function is unbounded or sub-Gaussian—as is often the case in human preference modeling—it is
possible to apply a monotonic, bounded transformation to the rewards. For instance, one can use the cumulative distribution
function (CDF) of the reward under a reference model to normalize the rewards into a bounded range, as proposed in
(Balashankar et al., 2025). This approach also retains the essential ordering of preferences and supports handling sub-
Gaussian behavior in the transformed space. Regarding finite class, we can apply covering number and relax this assumption
as utilized in (Zhao et al., 2024)

C. Proofs and Details of Section 5

Lemma C.1. Let o; € [0, 1] for all i € [k] and Zle a; = 1. For any distributions Q; for all i € [k] and P over
the space X, such that P < Q;, we have

k
> aiKL(P|Q:) = KL(PI({Q:H))*) - 1og<2n Qe )

i=1 zeA

12
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Proof. We have

k
> aKL(P|Q;) = Z ; <

- 2, Ple)log (ci(é))))

zeA

_ ZZP log( ﬁ;)

zeA i=1 (
= Z P(z)log <()>
vy [T @ ()
= KL (P[|({Qi}i=1)*) — log (Z I, Q5 (:C)> -
x€A

Lemma C.2. Let A be an arbitrary set and function f : A — R be such that

/a:eA exp (—f(/\x)> Qx(x)dz < co.

Then for any Px defined on A such that X ~ Px, we have

E[f(X)] + NKL(Px ||Qx) = AKL (Px || PZ"™*) — Alog </ P <f(;)> QX(x)dx) ,

where
eXp ( fT>

fxeAeXp( e )) ()d

Pgibbs(x) = reA,

is the Gibbs—Boltzmann distribution.

Proof. We have

E[£(X)] + AKL(Px||Qx) :/f(x)PX(x)dx+>\/PX(m) log (Px(x)>

Qx ()
= )\/Px(x)log ( (
exp

)

2)e
= AKL (Px || PZ™") — Alog < / exp( M) Qx(x )dx)

13
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Theorem 5.1. Consider the following objective function for RLHF with multiple reference models,

K
maxd B[ (0.7)] = (Y aKL(rCfo) (o)) o
=1

Y~ |z

where Zfil a; =1and a; € (0,1) fori € [K]. Then, the exact solution of the multiple reference models objective
function for RLHF is,
;T\a,ref <y|$)

mg. (ylz) = “‘zga;y“*exp (WTG*(may)), (27)
where K ‘
~ ITi=: ngf,i(ylx)
7Ta,ref(y|95) = F—(x)’
(3
Z H’n—ref ) y|(E
ye)Y i=1
and

Z(@) = Y Fases(yle) exp (yr(z,9) ).

Y

The maximum objective value is

log <ZH%“ (yz) exp (yr(z, y)))

y =1

Proof. We can write

E(. )[7‘9* (x,Y)] - %(Z%KL(W(\@H?ﬁoh(lfﬂ)))
~ E( )[7‘9* T, Y (ZO&ZKL (|2) 17vet,i |x)))
7 B [ro(2,Y)] - KL ([o)]|farer (yle) + log Fa(e)

(KL ()77 (912)) +log Z(x) + log Fa(x))

K
<—KL(7T(-|37) 173 (ylz)) + log (Z [ 7% (ylz) exp (yr(z, y))) > :

y i=1

L= Q= Q=

(28)

(29)

(30)

€1y

where (29) follows from Lemma C.1 and (30) follows from Lemma C.2. Clearly, the right side of (31) is maximized when
the KL divergence is set to zero. Thus, the maximizing distribution 7(-|z) is identical to ). (y|2), and the maximum

objective value is - log (Ey [T, 7% (ylx) exp (yr(a, y)))

14
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Corollary C.3. Weighted multiple single reverse KL-regularized RLHF problem is an upper bound on multiple
references reverse KL-regularized RLHF problem, i.e.,

K
1
max E [ro«(zY)] - 7(ZOéiKL(ﬂ'(-ll‘)||7Tref7i<~|$)))
i Y~rl-|z =
1 (32)
s 1
< Zaimax E [ro«(z,Y)] - *(KL(TF('|JJ)H7Tref,Z‘('|$)))
i=1 4 Y~ (|a:) v
Proof. Tt can be shown that the maximum of objective function in Theorem 5.1 is,
1, K
max E [ro«(z,Y)] - 7(2()[iKL(F(~|$)||7Tref,i(-|ﬂf)))
T YNﬂ(-Ix TN
1 1
=2 log (EyNﬁa’ref(y|$) lexp (yros (z, Y))]) + S log Fy ()
1 K (33)
= ; log ( Z H ﬂg‘fﬂ(yu) exp (Oéi’)/T’g* (m, y)))
y 1=1
L
< 32 T og (3 meri(wle) exp (370 (+.9)) ).
=1 Yy
where the last inequality follows from Holder’s inequality. Note that,
1
max{  E g (0,Y)] = = (KL(a([o) e o))
4 Y~7r(-|x v
1
= 5 log ( Z Tret,i (Y|T) €xp ("Y?"g* (x, Y))) . (34)
Yy
Then, we have,
1, K
max ¢ E - [ro-(2,Y)] = = (3 aiKL(r(|e) meri(-fo) )
Y~rl-|z i=
1 (35)
us 1
< Zaimax E [ro«(z,Y)] - *(KL(T{'("I)H7Tref7i('|l'))).
i=1 " YNW('\I) v
Therefore, multiple single RLHF problem is an upper bound on multiple reference models RLHF problem. O

Remark C.4 (Choosing «). The optimum « for a given x, can be derived from the following optimization problem,

K
max % log ( Z H ﬂz;fﬂ(yu) exp (ozi'yrg* (m, y))) . (36)

y 1=1

Proposition C.5. For a given response, x € X, the following upper bound holds,

T (wgs (|2), w5 (]a)) < /y(?‘e* (@, y) = rg(z, ) (mg. (y|7) — 75 (y]2)) (dy)-

15
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Proof. Note that KL(7(-|x)||Ta,ret (-|2)) is a convex function with respect to 7 (-|z). Therefore, J, (Ta re (:|2), 7(-|x)) is a
concave function with respect to 7(-|). First, we compute the functional derivative of J., (Ta ref (-|2), 7(-|z)) with respect
to w(-|x),
0y (Taret (|2), 7(-|7))
om

= 19+ (@.1) = 108w ([o)/ oy (1) + @)
Therefore, we have,

T (3. (), w3 () =

Iy (Faret (+|2), 74 (7)) = Ty (Ra et (+]2), 75 (-]2))

57, (R (), 72 y1)
</ T (- k) — 3 (k) ()

(1o ) = > 08(3 (0l e )+ = ) . (9l) = 73 s1)) ) G8)

(1o @.9) = rala) + = lox(Z(2))) (5. () = 3 () ()

I
T~

(ror (@) = gl w) ) (3. () = 7 (vl (dy)-

It completes the proof. O

Lemma C.6. Consider the softmax policy, ) (y|x) X T ret (y|2) exp(yr(x,y)). Then, the sensitivity of the policy
with respect to reward function is,

onyY
5 (r) = ym) (ylz)(1 — ) (y|z)).
Proof. We have 7 (y|x) = Ej”‘fef(y(‘T))C[’ézg(z(:ayy))] . Using Chain rule, we have,
~Toref (T ’
om)  Taret(ylz) exp(yr(z,y)) Vo ret (y]2)? exp(2vyr(x,y))
(r) = -
or Ey gl [exp(y7(2, Y))] By ozg (o) [exp(yr(z, Y))]? (39)
=yl (ylo) (1 — 7] (y[z)).
O

Theorem 5.2. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on the sub-optimality gap with
probability at least (1 — 0) for § € (0,1/2),

*77(773*('|37),7Tg(-\x))
< 7Cac,,, 1284 msx B2 log(|R|/6)

max .
n

Proof. Using Proposition C.5, we have,

T (. (), 72 ()

(40)
< /y(re* (@,y) = rg(, y)(mg. (ylx) — 75 (y[x))(dy).
Note that, as the integral in (40) is over ), therefore, we have,
T (m. (), 72 (J2))
(41

< /y (ro-(2,9) — r3(y9) — h(@)) (). (yle) — w2 (yla))(dy),
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where h(x) is an arbitrary function over X'. Note that 7. (y|z) and Wg(y\x) are function of r¢-(z,y) and rz(x,y),
respectively. Furthermore, softmax policies are shift invariant, Lemma A.3, i.e., 7). (y|2) X T et (-|2) exp(y(rj(z,y) —
h(z))) where h(z) is a function dependent on . Therefore, we can apply the mean-value theorem to (. (y|x) —
wg(y|x)) (dy) with respect to reward function r(x, y). Therefore, we have for a given h(x),

(3 0le) ~ 2012)) = 20D 1) e ) — . 9) — h2)

(42)
=y, (|2) (1 = 70, (J2) (rox (2, ) — r5(x, y) — h(x)),

where 7\ = A(ro+ (x,y) —h(z))+ (1 —=A)rg(z,y) forsome X € [0, 1] and 7, (+|2) o T ret (-|7) exp(yra(z,y)). Applying
(42) in (41), we have,

T (mgs (-|2), w3 ()
<7 /y(re*(ax y) = rg(@,y))*m, (1) (1 = 7, (f2))(dy)

9 (43)
<7 y(?’e*(w,y) — g, y)) mr, (-|2)(dy)
< Caca? [ (50 (0:9) = 73(2.9) — (@) PR s (o) ).
Yy
Choosing h(z) = Eyiz, (o) [T0 (7, V') — r5(x,Y")], applying Jensen inequality and Lemma A.1, we have,
T (5. (o), w2 ()
< Caena? | (ro-(z,y") =15z, y") — 1o+ (2,9") + 15(2. y"))*Farer (12) (AY") Farer (-|2) (dy™)
v (44)
log(|R|/0
< YOl e 1286 Rim%.
This completes the proof. O

Theorem 5.3. Under Assumption 4.1, 4.2 and 4.4, there exists constant C' > 0 such that the following upper bound
holds on the optimality gap of the reverse KL-regularized RLHF with probability at least (1 — §) for 6 € (0,1/2),

log(|R[/9)

n

max

j(ﬂg* (|IE), 71—'91(|x)) < 70&,5rk112864RmaxR2

+ CSR 62Rmax \/2Ca,frk1 log(|R|/5) .

n

Proof. We have the following decomposition of the optimality gap,

KL(mg. (|2) e et (-|)) — KL(7 (- |2) [T et (-|))
S .

T (g, (o), w5 (x)) = T (mg. (+J), w5 (-])) + (45)

Now, we provide an upper bound on the second term using Lemma C.6 and a similar approach for choosing h(x) in the
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proof of Theorem 5.2, we have for some A € [0, 1],
KL (g, (-[2) | Tee rer (+|)) — KL(w5 (-]2) [T, et (-]2))

= [ Grten (108 (20 4 1) (2.9) = rya.0) — )

)+
B Ty (] ) o 3
= [ moa ()0 = o) (o (220050 + 1) 0 (.0) = vl ) = )y

Wa’ref |£C
o [0 o2

X \//y ey (+[2)2(ro- (2, y) — r5(, y) — h(z))*(dy),

(46)

where, in the last inequality, we applied the Cauchy—Schwarz inequality. Using the fact that m,, & Tq rer(:|) exp(y7))
and Lemma A.1, we have,

KL(5 () [|Teu ver (+]2)) = KL(g. (-|2) [T, ret (-]2))

2Ca.-.., log(|R]/9) “7)
: .

<18 (ZVRmax + 1) Rinax exp(2Rmax)\/
The final result holds by applying the union bound. O
In the following, we compare the RLHF objective function under the multiple reference model policy, g ref (¢|2), With -th

reference model, 7y ;(+|2). For this purpose, we bound the difference between these two RLHF objective functions in
different scenarios.

Proposition C.7. Under Assumption 4.1, the following upper bound holds,

= < exp(YRmax) — 1
J a,ref, * J ref,iy A/*‘ < ——— KL a.ref (| T ref,il"|T))-
(Tt ) = (o ) < P B KL e (o) e )

Proof. Note that, for a policy 7.t We have,

1
Iy (et Mg ) = 5 log [Emef [exp(yro+ (x, y))]} : (48)

Therefore, using the functional derivative, we have,

J’y(’/Ta rcfa’/Tg*) j (Wrcf,ivﬂ_g*’i)

108 [Br o lexp(rmoe (2.9)]] = ~ 108 [Ery lexplrroe (. 9)]

/ / exp(yres (z,y)) ol (Wa,ref _ Wref,i) (dy)dX

Eryer s [exp(yro- (2, y (49)
el
== exp(17o+ (2, Y)) (Taret — Mref,i) (dy)dA
’Y/O Emef,x[exp(’y're* (xay))] y ( e ¢ )
< exp(yRmax) — 1 \/KL(Wa,ref('|x)||7Tref,i('|x))
> ’y 2 9
where Tref,x = Tref,i + A(Ta,ref — Mref,i) and the last inequality holds due to Lemma A.2. O
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D. Proofs and Details of Section 6

s ~

Lemma D.1. Let 3; € [0,1] forall i € [k] and Zle B: = 1. For any distributions Q; for all i € [k] and R such
that Q; < P, we have

Z@KLQIIP (Zﬂz z)—fj@H(QiHKL(fj&QZ—HP).

=1 =1 g=i

Proof. We have,

k
> BKL(Qi||P) (50)

i=1

k
Zﬂ Qi log(Q;) — B;Qi log(P)

k k k k k k
=- ZﬁiH(Qi) + (ZBiQi) log (Zﬁz‘@i) - (Zﬁi@i) log (ZBiQi) - (Zﬁi@i) log(P) (5D
=1 ’ i=1 i=1 i i—1

k k k

=1 (Y 5@ - ZBZ Qi) +(Z&-Qi)log(2@ ) Z@ ) log(P (52)
i—1 ; ;
k

—H(> Qi) - ZBZ +KL(Z&Q IP). (53)
i—1

Theorem 6.1. Consider the following objective function for RLHF with multiple reference models,

K
max E [ (,)] = = (3 BKL(ret (o) 1) ).

T Yer |

where Zf; Bi = land B; € (0,1) for i € [K]. Then, the implicit solution of the multiple reference models
objective function for RLHF is,
7T—ﬂ,ref (y|1’)

'7(29* () — ro(x, y)) ’

g (ylz) =
where

g, ref y|$ Zﬁz'frref i y|$

and Zg« (x:) is the solution to fyey g (yl@) = 1foragivenx € X.

Proof. Using Lemma D.1, the objective function of forward KL-regularization under multiple reference model can be
represented as,

T

max E [m(w)]—%m(&mref(-muwux)),

Yr~ml-|z

where g yef (y|2) = Zz[(:l Bimret,i (y|z). As the function is a concave function with respect to 7(-|z), we can compute the
derivative with respect to 7(-|«). Therefore, using the functional derivative under the constraint that 7 (-|z) is a probability
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measure with Lagrange multiplier, Zo+ (z), we have at optimal solution that,

1 7gret(ylz) -

T~ (l‘,y) + y ,]':‘_g* (y|$) - Z@* (.27) =0. (54)

Solving (54) results in the final solution, 7). (y|x). O

Corollary D.2. Weighted multiple single forward KL-regularized RLHF problem is an upper bound on multiple references
forward KL-regularized RLHF problem, i.e.,

K
maxd B [roe(2.¥)] = - (30 AKL (et (o)l ([2))

T

Yor ||z i=1
(35)
i 1
<D pmax s E g (V)] = (KL (mei (o)l 1))
i=1 T Yo |z
Proof. Tt holds due to maximum function property. O

Assuming,

ﬁ-/3,ref <y|93>

Zg- () =19+ (2,y))

we can provide the following property of Zos (2), inspired by (Cohen, 2017).

ﬁ-g* (y|x) = ’Y(

Lemma D.3. The following property holds for Zg- (),
* For any x € X where p(x) > 0, we have sup, ¢y, 7¢+ (z,y) < Zo~ ().

* Under Assumption 4.1, we have sup,,¢ y Zgs ()< Rinax + %

Proof. Using the following representation,

77, (y]a) = ﬁﬂ’ref<y|x>
o= WIT) = 7(29*(13) — ro (x,y)) ’

we can conclude that for a given z € X, sup, ¢y, 79+ (2, y) < Zg- (). Otherwise, 7], (y|z) will be negative.

For the second part, let’s proceed by contradiction. Suppose there exists some x € X such that: Z 0*(x) >
supy € Vro- (z,y) + =
Under this assumption, we can show that:
[ # o)) < 1.
y
This contradicts the fundamental requirement that
7g. (ylz),
must be a probability distribution. Therefore, our initial assumption must be false. Consequently, for all z € X, we must
have:

~ 1
Z0*(x) < suprgs (z,y) + —.
yey Y

Taking the supremum of both sides with respect to x completes the proof. O
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Proposition D.4. For a given response, x € X, the following upper bound holds,
T (), 7)) <
/y(?“a*(% y) — gz, y)) (73 (ylx) — 73 (yl2)) (dy).

Proof. The proof is similar to Proposition C.5. Note that KL(7g yef(-|z)||7(-|2)) is a convex function with respect 7(-|z).

Therefore, J, (g et (|), 7(-|)) is a concave function with respect to 7(-|x). First, we compute the functional derivative
of J (7 et (-|z), m(+-|x)) with respect to 7 (-|x),

5j T8 ref (" ) : 1 re
Eplr)nCle) _ 1 ) 56
o Y ()
Therefore, we have,
Zo . 1 7gret (y]2) Y -~ .
K ’Y* : ) (- < A\ T N7 N ’Y* — 7 d )
P ) 70 < [ (ron(o) 42 ey ) 0l ~ R wle ) (57)
. ~ _ _ Tprer(yl?)
Using the fact that 7r§(y|:v) = S ) e’
T (73 (), 72 ) < /y (ror (,9) = 7502 9) + Z(2) ) (7. (o) — 72 (yl=))(dy)
(58)
= [ (o) = 73t ) B3 o) — 750l ),
where the last equality follows from the fact that Z (z) is just dependent on x. O

Theorem 6.2. Under Assumption 4.1, 4.2 and 4.4, the following upper bound holds on the sub-optimality gap with
probability at least (1 — 0) for 6 € (0,1),

S0 - log(|R|/d
T (0. (o), FUCN)) < 160 e 620 By | B,

n

.

Proof. From Proposition D.4, we have,
T (7 (), 7)) < /y (ro- (2,9 = 7502, ) ) (7. (91) — 72 (91 (cly)

(o) = ) = 0@)) B o) 73 o) )

(g (ylo) — 75 (yl2))
7Tﬂ ref y|$)

(73 (yl) — 73 (w2 (59)
# /y (o 2:) = rgl,) = @) (T s wl)) () \/ / @)

7o (ylx) — 73 (y|x))?
< \//y (rﬁ* (m,y) _T@\(x’y) ( )) 7T,3 ref y|x dy \// 7Tﬁ ” y|x)) (dy)

1
< 16Cﬂa5fkl e Fimax Rinax M )

n

= [ (o) = ) = 1)) k) (dy)

where the first, second, and last inequalities follow from the Cauchy—Schwarz inequality, (7 ref(y|7))? < 7g ret(y|x) and
using Assumption 4.5 and Lemma A.1, respectively. O
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Theorem 6.3. Under Assumption 4.1, 4.2 and 4.4, there exists constant D > 0 such that the following upper bound
holds on optimality gap of the multiple reference forward KL-regularized RLHF algorithm with probability at least

(1 =29)ford e (0,1),
J (@3 (1a), 73 (|z))
log(|R|/) , max (|10g(Cp.ena)l; 108(YRmax + 1))

2Rtnax
< 1601375&16 Rimax n ~

Proof. We have the following decomposition of the optimality gap,
J (7. (l2), 72 (-|2)) = T (7p. (-|2), T2 (|)
N KL(7g et () |75 (-|2)) — KL(Tg ret (-]2) |75 (-|2))
5 .

: ~ — _ﬁﬂ,ref(ylx) =~ — _ 7Tl—B,ref(y‘m)
For second term, using the fact that, 7 (y|) o)) and 7. (y|z) TG ey Ve have,

KL(ﬁ-ﬁ,rcf('Ix) Hﬁ'g(h‘)) - KL(ﬁ-ﬂ,rcf("x) Hﬁ-g* (|$))

ot
 Byrong i log(v(Z5(2) — r5(2,9)] — Ey a1y 108(Y(Zo+ () — 10+ (2,)))]
¥
- By g ooy 108(V(Z5(x) — (2, )| + | By arg ror (o) l08(V(Zos () — 7 (2,)))]|
B v

< max (l log(ce,fkl)|7 log('yRmax + 1))
a ¥
where the last inequality follows from Lemma D.3. The final result holds by combining Theorem 6.2 with (61)

9
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E. Extension to DPO

Our current results for reverse KL-regularized RLHF and forward KL-regularized RLHF can be extended to the DPO
framework (Rafailov et al., 2023). In particular, we can derive the following DPO function for reverse KL-regularized under
multiple reference models scenario using Theorem 5.1,

- 1 o (i’ |wi) 1 WD)
RKL o\Y; 7 o\Y; | T
T ~ = arg max E log [0<flog — ) — —log(——F—— )} (62)
DPO,§ mo€ll T Y (Wa,ref(yi |$z)) Y (Wa,ref(yﬁlxi))

For forward KL-regularized DPO, we can combine Theorem 6.1 with the approach outlined in (Wang et al., 2024a), to
derive the DPO function,

i KL — arg maxf:log {a(iﬂﬁ’mf(yﬂxi) - lﬂﬂ’mf(yﬂxi))} (63)
brog = MBI 2 Lok |0\ S T T )

However, as discussed in (Song et al., 2024), DPO can not guarantee any performance under some conditions. In particular,
The reverse KL-regularized case can fail under partial coverage conditions, necessitating the Global Coverage Assumption
(Assumption 4.3). The forward KL-regularized case requires an even stronger condition: the ratio of reference to policy must
be bounded from below away from zero. Specifically, we should have 0 < inf(, ) »(2)>0 Tp.ret (Yl2)

o (U12) which is a stronger
assumption. For this purpose, we consider the implicit bounded reward assumptions.

Our theoretical results for reverse KL-regularized RLHF and forward KL-regularized RLHF can be applied DPO problems
(62) and (63) under the following assumptions.

Assumption E.1 ((Bounded implicit RKL reward). For all y*,y' € Y and x € X, there exists a constant B, .y such that,
mo(y" |z) 1 7o (y'|7)

1
—lo ——lo ‘ < Brax- (64)
S osl 2 i)~ 5 98y

Assumption E.2 ((Bounded implicit FKL reward). For all y*,y' € Y and x € X, there exists a constant D, such that,

lﬁﬁmef(y“xi) L mgret (y3]2i)

< Diax- (65)
Y We(yﬂxi) Y 7T9(3/§”|»’Cz‘)

Lemma E.3 (Lemma E.5 from (Huang et al., 2024)). Under Assumptions 4.1, E.I and 4.2, we have with probability at
least 1 — 0 that
w w 2
Byt y s e e | (702 (2, Y") = s (2,Y) = (2, Y1) + g, Y™))’
< 128B2 . exp(4Rumax) log(|R|/6)

(66)

n

The same results also holds under Assumption E.2.

Theorem E.4. Under Assumptions E.1, 4.1, 4.2 and 4.4, there exists constant C' > 0 such that the following upper
bound holds on the optimality gap of DPO based on reverse KL-regularization with probability at least (1 — 0) for
d€(0,1/2),

log(|R|/9)

2Ca,e0q log(|R|/5)

n

j(ﬂg*(lx)’ﬂg(lx)) S ’7007€rk112864RmaxBIQnax

Proof. The proof is similar to Theorem 5.3 using Lemma E.3. O
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Theorem E.S5. Under Assumptions E.2, 4.1, 4.2 and 4.4, the following upper bound holds on optimality gap of DPO
based on forward KL-regularization with probability at least (1 — §) for § € (0,1),

. - log(|R|/
T (@3 (), FLC12)) < 160,120 Dy B
+ max (| log(CE,ﬂ(l)‘7 log(’yRmax ar 1))
v
Proof. The proof is similar to Theorem 6.3 by using Lemma E.3. O

F. Experiment Details

Implementation code is provided at https://anonymous.4open.science/r/multi_ref-AB25/README.
md.

To ensure fair comparison across algorithms, we began by conducting an independent hyperparameter search for each
method. For the GRPO experiment, we explored learning rates of {1e-3, le-4, le-5} and KL coefficients of {0.05,0.1,0.2}.
For the DPO experiments, we explored learning rates of {1e-6, le-7, 1e-8}. We also tried different -y values but found that
the default one works the best in all cases. After selecting the best configuration for each algorithm, we trained each setup
three times with different random seeds to estimate variability and compute confidence intervals.

In the case of GRPO, using the full FKL objective would require sampling from the reference model, which roughly doubles
training time. To reduce this cost, we instead approximated the FKL term by sampling from the trained model and computing
a per-token objective—striking a balance between efficiency and fidelity to the theoretical objective.

Our data splits were chosen to reflect standard practice where possible. For GSM8K, we used the official train-test split.
Since UltraFeedback does not provide an official split, we randomly withheld 10% of the dataset and used the corresponding
prompts for evaluation.

All experiments were conducted on A100 GPUs. Offline RLHF training used a single GPU, while online training required
two. Although multi-reference RL introduces some additional computational requirements—specifically, evaluating logits
from another policy—the cost is modest. In offline settings such as DPO, reference model logits can be precomputed
and stored, avoiding memory overhead during training. In online settings like GRPO, the reference policy must reside in
memory, but placing it on a separate GPU resulted in only a 10% slowdown.
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