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Abstract

The proximal policy optimization (PPO) algorithm stands as one of the most pros-
perous methods in the field of reinforcement learning (RL). Despite its success,
the theoretical understanding of PPO remains deficient. Specifically, it is unclear
whether PPO or its optimistic variants can effectively solve linear Markov decision
processes (MDPs), which are arguably the simplest models in RL with function
approximation. To bridge this gap, we propose an optimistic variant of PPO for
episodic adversarial linear MDPs with full-information feedback, and establish a

O(d®/*H?K3/*) regret for it. Here d is the ambient dimension of linear MDPs,
H is the length of each episode, and K is the number of episodes. Compared with
existing policy-based algorithms, we achieve the state-of-the-art regret bound in
both stochastic linear MDPs and adversarial linear MDPs with full information.
Additionally, our algorithm design features a novel multi-batched updating mech-
anism and the theoretical analysis utilizes a new covering number argument of
value and policy classes, which might be of independent interest.

1 Introduction

Reinforcement learning (RL) [34] is a prominent approach to solving sequential decision making
problems. Its tremendous successes [19, 32, 33, 5] can be attributed, in large part, to the advent of
deep learning [22] and the development of powerful deep RL algorithms [24, 28, 29, 11]. Among
these algorithms, the proximal policy optimization (PPO) [29] stands out as a particularly signifi-
cant approach. Indeed, it continues to play a pivotal role in recent advancements in large language
models [27].

Motivated by the remarkable empirical success of PPO, numerous studies seek to provide theoretical
justification for its effectiveness. In particular, Cai et al. [6] develop an optimistic variant of the PPO
algorithm in adversarial linear mixture MDPs with full-information feedback [4, 25], where the
transition kernel is a linear combination of several base models. Theoretically, they show that the
optimistic variant of PPO is capable of tackling problems with large state spaces by establishing
a sublinear regret that is independent of the size of the state space. Building upon this work, He
et al. [14] study the same setting and refine the regret bound derived by Cai et al. [6] using the
weighted regression technique [44]. However, the algorithms in Cai et al. [6], He et al. [14] and
other algorithms for linear mixture MDPs [4, 44] are implemented in a model-based manner and
require an integration of the individual base model, which can be computationally expensive or even
intractable in general. Another arguably simplest RL model involving function approximation is
linear MDP [38, 17], which assumes that the reward functions and transition kernel enjoy a low-rank
representation. For this model, several works [17, 15, 3, 13] propose value-based algorithms that
directly approximate the value function and provide regret guarantees. To demonstrate the efficiency
of PPO in linear MDPs from a theoretical perspective, one potential approach is to extend the results
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Table 1: A comparison with closely related works on policy optimization for linear MDPs. Here
“Sto.” and “Adv.” represent stochastic rewards and adversarial rewards, respectively. Additionally,
“Bandit” and “Full-infor.” signify bandit feedback and full-information feedback. We remark that
Zanette et al. [40] do not consider the regret minimization problem and the regret reported in the
table is implied by their sample complexity. We will compare the sample complexity provided in
Zanette et al. [40] and the complexity implied by our regret in Remark 3.2.

Sto. + Bandit | Adv. + Full-infor. | Adv. + Bandit Regret
[40] v X X O(d3/*H3/AK3/4)
[8] Ve Ve v O(d2/3A1/9H20/9K8/9)
[31] v v v O(dH?KS/7)
Our Work v v X O(d*/*H?K3/%)

of Cai et al. [6], He et al. [14] to linear MDPs. However, this extension poses significant challenges
due to certain technical issues that are unique to linear MDPs. See §1.1 for a detailed description.

In this paper, we address this technical challenge and prove that the optimistic variant of PPO is
provably efficient for stochastic linear MDPs and even adversarial linear MDPs with full-information
feedback. Our contributions are summarized below.

* In terms of algorithm design, we propose a new algorithm OPPO+ (Algorithm 1), an optimistic
variant of PPO, for adversarial linear MDPs with full-information feedback. Our algorithm fea-
tures two novel algorithm designs including a multi-batched updating mechanism and a policy
evaluation step via average rewards.

« Theoretically, we establish a O(d3/4 H2K3/4) regret for OPPO+, where d is the ambient dimension
of linear MDPs, H is the horizon, and K is the number of episodes. To achieve this result, we
employ two new techniques. Firstly, we adopt a novel covering number argument for the value
and policy classes, as explicated in §C. Secondly, in Lemma 4.3, we meticulously analyze the drift
between adjacent policies to control the error arising from the policy evaluation step using average
rewards.

» Compared with existing policy optimization algorithms, our algorithm achieves a better regret
guarantee for both stochastic linear MDPs and adversarial linear MDPs with full-information
feedback (to our best knowledge). See Table 1 for a detailed comparison.

In summary, our work provides a new theoretical justification for PPO in linear MDPs. To illustrate
our theory more, we highlight the challenges and our novelties in §1.1.

1.1 Challenges and Our Novelties

Challenge 1: Covering Number of Value Function Class. In the analysis of linear MDPs (see
Lemma B.3 or Lemma B.3 in Jin et al. [17]), we need to calculate the covering number of V}’f, which
is the function class of the estimated value function at the h-th step of the k-th episode and takes the
following form:

Vi = {V () = Q5 (), mh(- | ))abs
where Qlft and 71'2 are estimated Q-function and policy at the h-th step of the k-th episode, respec-

tively. For value-based algorithms (e.g., LSVI-UCB in Jin et al. [17]), 7} is the greedy policy with
respect to QF. Then we have

Vi ={V(-) = max Q};(-,a)}.

Since max, is a contraction map, it suffices to calculate A/ (Qfl), where Qi is the function class of
QY and N (-) denotes the covering number. By a standard covering number argument (Lemma D.4
or Lemma D.6 in Jin et al. [17]), we can show that logN(QlfL) < (5(d2). However, for policy-
based algorithms such as PPO, 7¥ is a stochastic policy, which makes the log-covering number
log N (V,’f) may have a polynomial dependency on the size of action space A (log-covering number
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Figure 1: Algorithm diagram. The entire K episodes are partitioned into L = K/B batches,
with each batch containing B consecutive episodes. The policy/value updating only occurs at the
beginning of each batch. The policy evaluation uses the reward function in the last batch.

of |.A|-dimensional probability distributions is at the order of |A|). We also remark that linear
mixture MDPs are more amenable to theoretical analysis compared to linear MDPs, as they do not
necessitate the calculation of the covering number of V,’f [4, 6]. As a result, the proof presented by
Cai et al. [6] is valid for linear mixture MDPs, but cannot be extended to linear MDPs. See §A for
more elaboration of technical challenges.

Novelty 1: Multi-batched Updating and A New Covering Number Argument. Our key obser-
vation is that if we improve the policy like PPO (see (3.2) or Schulman et al. [29], Cai et al. [6]), 7r,’f
admits a softmax form, i.e.,

Th (-] ) o exp (i@f;m).

Here {k;}!_, is a sequence of episodes, where k; < k for all i € [I], denoting the episodes in
which our algorithm performs policy optimization prior to the k-th episode. By a technical lemma
(Lemma C.3), we can show that

l
log N (class of 7}') < ZlogN(Q’f;‘) <O(1-d?%).
i=1

If we perform the policy optimization in each episode like Cai et al. [6], Shani et al. [30], I may
linear in K and the final regret bound becomes vacuous. Motivated by this, we use a multi-batched
updating scheme. In specific, OPPO+ divides the whole learning process into several batches and
only updates policies at the beginning of each batch. See Figure 1 for visualization. For example,
if the number of batches is K1/2 (i.e., each batch consists of consecutive K 1/2 episodes), we have
I < K'/2 and the final regret is at the order of O(K3/4). Here we assume K /2 is a positive integer
for simplicity. See §C for details.

Challenge 2: Adversarial Rewards. Compared with previous value-based algorithms [e.g., 17],
one superiority of optimistic PPO is that they can learn adversarial MDPs with full-information
feedback [6, 30]. In Cai et al. [6], Shani et al. [30], the policy evaluation step is that

Q’;; = rf + }IADﬁV,fH + bonus function, Vh € [H], fo+1 =0,

where 7% is the adversarial reward function and @j ViF, | is the estimator of the expected next step
value of V,f 1~ This policy evaluation step is invalid if we use the multi-batched updating. Consider
the following case, if the number of batches is K /2 and
ko) 0 ke (iKY +1}K 7
Th ('7 ) - . : .
arbitrary otherwise

Then the algorithm only uses zero rewards to find the optimal policy in hindsight with respect to
arbitrary adversarial rewards, which is obviously impossible.



Novelty 2: Policy Evaluation via Average Reward and Smoothness Analysis. To tackle the above
challenge, we adopt the following policy evaluation step at the beginning of each batch

M= @ﬁvﬁﬂ + bonus function, Vh € [H], VI, =0,
where 7} the average reward of the last batch:

>~ (reward functions of the last batch)
batch size ’

=

Let w*: denote the policy executed in the i-th batch. Intuitively, 7, 1 18 the desired policy within
i-th batch since its calculation only uses the rewards in the first (i — 1) batches (cf. Figure 1). Hence,
compared with Cai et al. [6], Shani et al. [30], we need to handle the gap between the performance
of 7*i+1 and 7% in the i-th batch. Fortunately, this error can be controlled due to the “smoothness”
of policies in adjacent batches. See Lemma 4.3 for details.

1.2 Related Works

Policy Optimization Algorithms. The seminal work of Schulman et al. [29] proposes the PPO
algorithm, and a line of following works seeks to provide theoretical guarantees for it. In particular,
Cai et al. [6] proposes the optimistic PPO (OPPO) algorithm for adversarial linear mixture MDPs

and establishes regret O(dv H* K) for it. Then, He et al. [14] improve the regret to O(dv H3K) by
the weighted regression technique [44]. Besides their works on linear mixture MDPs, Shani et al.
[30], Wu et al. [37] provide fine-grained analysis of optimistic variants of PPO in the tabular case.
The works of Fei et al. [9], Zhong et al. [42] show that optimistic variants of PPO can solve non-
stationary MDPs. However, none of these works show that the optimistic variant of PPO is provably
efficient for linear MDPs.

There is another line of works [2, 10, 40] proposes optimistic policy optimization algorithms based
on the natural policy gradient (NPG) algorithm [18] and the policy-cover technique. But their works
are limited to the stochastic linear MDPs, while our work can tackle adversarial rewards. Compared
with their results for stochastic linear MDPs, our work can achieve a better regret and compatible
sample complexity. See Table 1 and Remark 3.2 for a detailed comparison. Several recent works
[26, 23, 20, 8, 31] study the more challenging problem of learning adversarial linear MDPs with
only bandit feedback, which is beyond the scope of our work. Without access to exploratory policies
or even known transitions, their regret is at least O(K6/7) [31], while our work achieves a better

O(K3/*) regret with the full-information feedback assumption.

RL with Linear Function Approximation. Our work is related to previous works proposing
value-based algorithms for linear MDPs [38, 17]. The work of Yang and Wang [38] develops the first
sample efficient algorithm for linear MDPs with a generative model. Then Jin et al. [17] proposes
the first provably efficient algorithms for linear MDPs in the online setting. The results of Jin
et al. [17] are later improved by [35, 15, 13, 3]. In particular, Agarwal et al. [3], He et al. [13]
show that the nearly minimax optimal regret O(dv H3K) is achievable in stochastic linear MDPs.
Compared with these value-based algorithms, our work can tackle the more challenging adversarial
linear MDPs with full-information feedback.

There is another line of works [4, 25, 6, 41, 14, 45, 44, 43] studying linear mixture MDPs, which
is another model of RL with linear function approximation. It can be shown that linear MDPs
and linear mixture MDPs are incompatible in the sense that neither model is a special case of the
other. Among these works, Zhou et al. [44], Zhou and Gu [43] establishes nearly minimax regret
O(dv H3 K) for stochastic linear mixture MDPs. Our work is more related to Cai et al. [6], He et al.
[14] on adversarial linear mixture MDPs with full-information feedback. We have remarked that it
is nontrivial to extend their results to linear MDPs.

2 Preliminaries

Notations. We use NT to denote the set of positive integers. For any H € N*, we denote
[H] = {1,2,...,H}. For any H € N* and z € R, we use the notation min{z, H}* =



min{H, max{0,z}}. Besides, we denote by A(A) the set of probability distributions on the set
A. For any two distributions P and Q over A, we denote KL(P||Q) = E,~p[logdP(a)/dQ(a)].

Episodic Adversarial MDPs. We consider an episodic MDP M, which is denoted by a tuple

(S, A H, K, {r} Y emem)x (11 P = {Pntneim)s
where S is the state space, A is the action space, H is the length of each episode, K is the number
of episodes, r¥ : S x A  [0,1] is the deterministic' reward function at the h-th step of k-th
episode, P}, is the transition kernel with Py, (s’ | s, a) being the transition probability for state s to
transfer to the next state s’ given action a at the h-th step. We consider the adversarial MDPs with
full-information feedback, which means that the reward {r,’f} nepm) 1s adversarially chosen by the
environment at the beginning of the k-th episode and revealed to the learner after the k-th episode.

A policy m = {mj}peqm is a collection of H functions, where 7, : S +— A(A) is a function that
maps a state to a distribution over action space at step h. For any policy 7 and reward function

{r¥}nem), we define the value function V}f’k : S — R and Q-function QZ’k :Sx A= Ras

H
V,;r’k(x) =E, [ Z R (2, an)
h'=h

xh:x},

H
) =B 3 rh(owan)
h'=h
for any (z,a,k,h) € S x A x [K] x [H]. Here the expectation E[] is taken with respect to the
randomness of the trajectory induced by policy 7 and transition kernel P. It is well-known that the
value function and Q-function satisfy the following Bellman equation for any (z,a) € S X A,

Vi (@) = (@7 (@, ), man (- | @) a, Q1" (x,a) = rf(z,a) + (Ph V) (2, a), @2.1)

where (-, -) 4 denotes the inner product over the action space .4 and we will omit the subscript when
it is clear from the context. Here [P}, is the operator defined as

BLV)(2,0) = Epopy (e [V(@)], YV :S8—R 2.2)

xh:x,ah:a],

Interaction Process and Learning Objective. We consider the online setting, where the learner
improves her performance by interacting with the environment repeatedly. The learning process con-
sists of K episodes and each episode starts from a fixed initial state 2;>. At the beginning of the k-th
episode, the environment adversarially chooses reward functions {r,’ﬁ}he[ 1> Which can depend on
previous (k—1) trajectories. Then the agent determines a policy 7% and receives the initial state 2% =
x1. Ateach step h € [H], the agent receives the state 2}/, chooses an action a¥ ~ 75 (- | %), receives
the reward function 7, and transits to the next state «} , ;. The k-th episode ends after H steps.

We evaluate the performance of an online algorithm by the notion of regret [7], which is defined as
the value difference between the executed policies and the optimal policy in hindsight:

K
Regret(K) = max Y (V" (a1) — Vi *(a1)).
k=1
For simplicity, we denote the optimal policy in hindsight by «*, ie., 7n* =
K m,k
argmax; >,y Vi"" (21).

Linear MDPs. We focus on the linear MDPs [38, 17], where the transition kernels are linear in a
known feature map.

Definition 2.1 (Linear MDP). We say an MDP (S, A, H, K, {r} } (i nye(x)x (1), P = {Ph}nem))
is a linear MDP if there exists a known feature ¢ : S x A +— R? such that for any (z,a,k,h) €
S x A x [K] x [H], we have

Ph(x/ | €T, Cl) = ¢($7G)Tﬂh(l’/)a
where pj, = (Mg), o ,uéd)) are d unknown signed measures over S satisfying || 4 (S) |2 < Vd.

!This assumption is without loss of generality since our subsequent results are ready to be extended to the
stochastic reward case.

2Our subsequent analysis can be generalized to the case where the initial state is chosen from a fixed distri-
bution across all episodes.



Algorithm 1 OPPO+

Require: Batch size B € N7, regularization parameter A > 0, and confidence radius 5 > 0.
1: Initialize {Q%}, {r¥}_p<k<o as zero functions and {79} as uniform distributions on A, Vh €

2: Let L=K/B,i=1andk; =(i—1)-B+1forl <ie[L].
3: forepisode £ =1,2,..., K do
4:  Receive the initial state z¥.

5. if k = k; then

6: VE ()« 0.

7: forsteph =1,2,..., H do

8: Update the policy by 7} (- | -) oc 1y ' (- | -) - exp{ar- QF (-, )}
9: end for

10: forsteph=H,H —1,...,1do

11 Af  SE T o(af, ap)d(ag, af) T+ A I

12: wh — ()TN0 6(a,ap) - Vil (a7 40)-

13: (o) < (55, Th())/B.

14: 22(7) Eﬂ [¢(7)T(Ai)71¢(7)]1/2

15: PEVE () < min{@(-,-) Twf + Tf (), H — h}T.

16: Qi) = Th( ) + PRV (40),

17: VEC)  (QEC, ) G| ))a

18: end for

19: 1 1+1
20:  else
21 QF Q) L VE VT ak  nf Tl ik 77 VR € [H).
22:  endif

23: forh=1,2,...,Hdo

24: Take the action following af ~ 7¥(-|zF).

25: Observe the reward function (-, -) and receive the next state z ;.
26:  end for

27: end for

Since we have access to the full-information feedback, we do not assume the reward functions are
linear in the feature map ¢ like Jin et al. [17]. We also remark that the adversarial linear MDP with
full-information feedback is a more challenging problem than the stochastic linear MDP with bandit
feedback studied in Jin et al. [17]. In fact, for stochastic linear MDPs, we can assume the reward
functions are known without loss of generality since learning the linear transition kernel is more
difficult than the linear reward.

3 Algorithm

In this section, we propose a new algorithm OPPO+ (Algorithm 1) to solve adversarial linear MDPs
with full-information feedback. In what follows, we highlight the key steps of O0PPO+.

Multi-batched Updating. Due to the technical issue elaborated in §1.1, we adopt the multi-batched
updating rule. In specific, OPPO+ divides the total K episodes into L = K/B batches and each
batch consists of B consecutive episodes. Here we assume K /B is a positive integer without loss of
generality’. For ease of presentation, we use k; = (i — 1) - B + 1 to denote the first episode in the
i-th batch. When the k-th episode is the beginning of a batch (i.e, k = k; for some ¢ € [L]), OPPO+
performs the following policy improvement step and policy evaluation step.

Policy Improvement. In the policy improvement step of the k-th episode (k = k; for some i € [L]),
OPPO+ calculates 7% based on the previous policy 7%~ using PPO [29]. In specific, OPPO+ updates

*We can only consider the first B - | K/B] episodes since the remaining episodes will lead at most BH
regret, which is a non-dominant term in final regret bound



7% by solving the following proximal policy optimization problem:

H
7" « argmax {Lkl(w) —a B [ZKL(TF}L(' | ) ||| mh))} }, 3.1
T h=1
where e > 0 is the stepsize that will be specified in Theorem 3.1, and Lj,_1 () takes form
H

Lica(m) = Vi ah) £ E s [Z< B () (- ) — (| mh»]
h=1

which is proportional to the local linear function of Vf’k -1 (2%) at 7%~1 and replaces the unknown

Q-function szil’k_l by the estimated one Q" for any h € [H]. It is not difficult to show that
the updated policy 7* obtained in (3.1) admits the following closed form:

(| x) o ﬂ',’fl(~ | z) - exp (a- Zﬁl(am )), V(z,h) € S x [H]. (3.2)

Policy Evaluation. In the policy evaluation step of the k-th episode (kK = k; for some ¢ €
[K]), OPPO+ lets Vi 41 be the zero function and iteratively calculates the estimated Q-function

{QZ},LG[H] in the order of h = H, H — 1,...,1. Now we present the policy evaluation at the h-th
step given estimated value V}f ’_1. By the definitions of linear MDP in Definition 2.1 and the operator

Py, in (2.2), we know ]P’th’“+1 is linear in the feature map ¢. Inspired by this, we estimate its linear
coefficient by solving the following ridge regression:

k—1
3 T T T 2
wl = argmin g (gb(xh,ah)Tw - thH(th)) + A1y, (3.3)
weR 4

where A > 0 is the regularization parameter and I is the identify matrix. By solving (3.3), we have

k—1 k—1
wy = (AF)™" ( Z p(ap,ap) - Vifﬂ(xfcﬂ))’ where Aj, = Z ¢(zf,, ap) (g, ap) " + A+ L.
T=1 T=1

Based on this linear coefficient, we construct the estimator @j th " qas
PEVEL) () = min{e(, ) Twf + T5 (), H — b},

where T'¥ = 3 - (6(-,-) T (AF)~1¢(-,-))'/? is the bonus function and B > 0 is a parameter that will
be specified in Theorem 3.1. This form of bonus function also appears in the literature on linear
bandits [21] and linear MDPs [17]. Finally, we update Q¥ and V}* by

QEC) =)+ BRIV, VO = (@EC )k [ )a (3.4)

Here 7}’ is the average reward function in the last batch, that is

Rl g
() = Z]_’”;h( ’ )7 (3.5)

wherek=Fk; =(i—1)-B+1landk;_y =(:—2)-B+ 1.

Here we would like to make some comparisons between our algorithm OPPO+ and other related
algorithms. Different from previous value-based algorithms that take simply take the greedy policy
with respect to the estimated Q-functions [17], OPPO+ involves a policy improvement step like
PPO [29]. This step is key to tackling adversarial rewards. The most related algorithm is OPPO
proposed by Cai et al. [6], which performs the policy optimization in linear mixture MDPs. The
main difference between OPPO+ and OPPO is that we introduce a multi-batched updating and an
average reward policy evaluation, which are important for solving linear MDPs (cf. §1.1). Finally,
we remark that the multi-batched updating scheme is adopted by previous work on bandits [12] and
RL [36]. But their algorithms are value-based and cannot tackle adversarial rewards.

Theorem 3.1 (Regret). Fix 6 € (0,1] and K > d3 Let B = Vd3K and a =
V2Blog|A[/(KH?), A\ = 1, 8 = O(dY*HKY*'/2) with « = log(dHK|A|/5), then with
probability at least 1 — 4, the regret of Algorithm 1 satisfies

Regret(K) < O(d**H?K3/*log|A| - 1) + O(d*/?H>K'/? . 4).




Proof. By See §4 for a detailed proof. O

To illustrate our theory more, we make several remarks as follows.

Remark 3.2 (Sample Complexity). Since learning adversarial linear MDPs with full-information
feedback is more challenging than learning stochastic linear MDPs with bandit feedback, the result
in Theorem 3.1 also holds for stochastic linear MDPs. By the standard online-to-batch argument
[16], we have that Algorithm 1 can find an e-optimal policy using at most

6(d3‘i‘r8 +d5]2'_[4>

€ €

samples. Compared with the sample complexity O(d® H'3 /€?) in Zanette et al. [40], we have a better
dependency on H but a worse dependency on €. Moreover, by the standard sample complexity to
regret argument [ 16], their sample complexity only gives a O(d/*H/* K?3/4), which is worse than
our regret in Theorem 3.1. More importantly, the algorithm in Zanette et al. [40] lacks the ability to
handle adversarial rewards, whereas our proposed algorithm overcomes this limitation.

Remark 3.3 (Optimality of Results). For itochastic linear MDPs, Agarwal et al. [3], He et al.
[13] design value-based algorithms with O(dv H3K) regret, which matches the lower bound

Q(dvV H3K) [44] up to logarithmic factors. It remains unclear whether policy-based based algo-
rithms can achieve the nearly minimax optimal regret and we leave this as future work. For the more
challenging adversarial linear MDPs with full-information feedback, we achieve the state-of-the-art
regret bound. In this setup, a direct lower bound is Q(dv H3K) [44, 14], and we conjecture this
lower bound is tight. It would be interesting to design algorithms with v/ regret or even optimal
regret in this setting.

Remark 3.4 (Beyond the Linear Function Approximation). The work of Agarwal et al. [2] extends
their results to the kernel function approximation setting. We conjecture that our results can also be
extended to RL with kernel and neural function approximation by the techniques in Yang et al. [39].

4 Proof of Theorem 3.1

Proof. Recall that B € N7 is the batch size, L = K /B is the number of batches, and k; =
(i—1)-B+1foranyi € [L]. Forany k € [K], we use ¢, to denote the k; satisfying k; < k < k1.
Moreover, we define the Bellman error as

Oh =1k +BaVify — Qh V(k,h) € [K] x [H]. @1

Here V}fﬁrl and Q’,E; are the estimated value function and Q-function defined in (3.4), and Py, is the
operator defined in (2.2). Intuitively, (4.1) quantifies the violation of the Bellman equation in (2.1).
With these notations, we have the following regret decomposition lemma.

Lemma 4.1 (Regret Decomposition). It holds that

K
Regret(K) = Z(Vfr*’k(x’f) _ V17Tk’k(fflf))
k;l .
= "> En [(@h () wi [ 2n) = i)
k=1h=1

policy optimization error

K H
+ D> (Exe[6h(wn, an)] — Exr 5 (wn, an)]) -

statistical error

Proof. This lemma is similar to the regret decomposition lemma in previous works [6, 30] on policy
optimization. See §B.1 for a detailed proof.



Lemma 4.1 shows that the total regret consists of the policy optimization error and the statistical
error related to the Bellman error defined in (4.1). Notably, different from previous works [6, 30, 37,
14] that optimize policy in each episode, our algorithm performs policy optimization infrequently.
Despite this, we can bound the policy optimization error in Lemma 4.1 by the following lemma.

Lemma 4.2. It holds that

K H
D B [(Qh(zn, ), mi ([ n) =i (|@n))] < V2BHK -log|Al.
1h=1

k=
Proof. See §B.2 for a detailed proof. O

For the statistical error in Lemma 4.1, by the definitions of the policy evaluation step in (3.4) and
Bellman error in (4.1), we have

SF = T + PR VEL -PEVE, 4.2)

1
——
reward mismatch error  transition estimation error

The following lemma establishes the upper bound of the cumulative reward mismatch error

Z Z — ) (@n, an)] — Enr [(rF — 75) (2n, an))), (4.3)

k=1h=1
and thus relates the statistical error in Lemma 4.1 to the transition estimation error in (4.2).
Lemma 4.3. It holds with probability at least 1 — §/2 that

K H
(En [6F (zn, an)] — Epe[0F (zh, an)])
k=1h=1
K H K H
<N B [(@uV L = PRV Yanan)] + > > (BEVE — PRV ) (2, af)
k=1h=1 k=1h=1

+ BH +aH?*K +VH

Proof. By calculation, we can show that the cumulative reward mismatch error in (4.3) is bounded
by

L—1kit1—1

Z Z (kam’k(xl) - ka"’k(an)) + error terms,

i=1 k=k;

which represents the smoothness of adjacent policies. Our smoothness analysis leverages the value
difference lemma (Lemma B.1 or §B.1 in Cai et al. [6]) and the closed form of the policy improve-
ment in (3.2). See §B.3 for a detailed proof. [

Then we introduce the following lemma, which shows that the transition estimation error can be
controlled by the bonus function.

Lemma 4.4. It holds with probability at least 1 — §/2 that
—2min{H, % (z,a)} < (ByV,%, — BV ) (z,a) <0
forall (k,h,z,a) € [K] x [H] xS x A.

Proof. The proof involves the standard analysis of self-normalized process [1] and a uniform con-
centration of the function class of th "1 [17]. As elaborated in §1.1, calculating the covering num-
ber of this function class is challenging and requires some new techniques. See §B.4 for a detailed
proof. O



Combining Lemmas 4.3 and 4.4, we have

K H

(Er- [6F (zh, an)] — Epr[6F (21, an)])
k=1h=1

K H
<2y Z min{H, %" (5, af)} + BH + o« H*K + VH
k=1 h=1

Hence, it remains to bound the term S+ b1 i 1y min{ H, 7% (2% a¥)}, which is the purpose of the
following lemma.

Lemma 4.5. It holds that
K
Z min{ H, TI* (2§, af)} < O H2K3/* . 0) + O(d®PH*KY? - 0).
k=1 h=1

Proof. Forall k € [K],1etTF = - (¢ (AF)"1¢)/2 with Af = 021 6(af, af)p(af, af) T + A
1;. By a doubling trick, we can prove that

K H K H

ZZmln{H Tk (xf,af)} < ZZmln{H ¥ (x,ak)} + error terms,

k=1h=1 k=1h=1

which can be further bounded by elliptical potential lemma (Lemma D.5 or Lemma 11 in Abbasi-
Yadkori et al. [1]). See §B.5 for a detailed proof. ]

Finally, putting Lemmas 4.1-4.5 together, we conclude the proof of Theorem 3.1. O

Note the choice of the number of batches L determines the batch size B = K /L. We make the
following remark to illustrate how the choice of L affects the final regret, which indicates that our
choices of parameters are optimal based on our current analysis.

Remark 4.6 (Choices of Parameters and Final Regret). If OPPO+ performs the policy optimiza-
tion for L times, then by Lemma C.3, we have the complexity (logarithmic covering number)
of policy class is roughly 5(L) (ignoring the dependency of d and H). Furthermore, by the
new self-normalized analysis in §C, we have § = (5(\/E), which further implies that the model

estimation error is bounded by g - Y1 S \/qﬁ(xﬁ, af)(AR)~1p(ak,ak) < O(VLEK) (cf.
Lemma 4.5). Meanwhile, by Lemma 4.2, we have the policy optimization error is bounded by
O(K/VL) = O(K?*). By choosing L = O(v/K), we obtain a regret of order O(K3/4).

5 Conclusion

In this paper, we advance the theoretical study of PPO in stochastic linear MDPs and even adversarial
linear MDPs with full-information feedback. We propose a novel algorithm, namely OPPO+, which
exhibits a state-of-the-art regret bound as compared to the prior policy optimization algorithms.
Our work paves the way for future research in multiple directions. For instance, a significant open
research question is to investigate whether policy-based algorithms can achieve the minimax regret
in stochastic linear MDPs like previous value-based algorithms [3, 14]. Additionally, an interesting
direction is to derive v/ K -regret bounds for adversarial linear MDPs with full-information or even
bandit feedback.
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A Further Elaboration of Challenge 1 in Section 1.1

Regarding the technical challenges involved in extending OPPO [6] to linear MDPs, we provided
more detailed explanations below.

Technically, for linear mixture MDPs (Equation (B.20) in OPPO paper [6]), they need to analyze

k—1
Y dnlahiap) - (Vi (@hin) — BVl ) (2, ap)) o
=1 (ARt

Since Vi, is adapted to Fin1 = {(27,a]) }ripes—1)x(m U {r" Frem U (2}, af) biepn), they
can bound this term with classical self-normalized process analysis directly (see Lemma D.1 in Cai
et al. [6]).

In contrast, for linear MDPs (see e.g., (B.26) in our paper or Lemma B.3 in Jin et al. [17]), we need
to bound the term

k—1

> @k, ar) - (Vi (2741) — (PaViEy ) (2, a,))
T=1

Since Vl;r+1 is NOT adapted to fk,h,l = {( L, a; )}(T i) Elk— 1]><[H]U{T }Te[k U{( €Ty, a; )}16 [h]- We

need to perform the uniform concentration on the function class of Vh ’.1- The challenge of calculat-
ing the covering number of this function class has been elaborated in Challenge 1 of Section 1.1.

(Ak)—l

B Missing Proofs of Main Theorem

B.1 Proof of Lemma 4.1

Proof. Our proof relies on the following value difference lemma in Cai et al. [6].

Lemma B.1 (Value Difference Lemma). Let 7 = {7, }pe[p) and 7' = {7}, }1e[m) be two policies
and Q = {Qp, : S x A — R}, () be any Q-functions. Moreover, for any h € [H], we define value
function V}, : S — R by letting V,(x) = (Qn(x, ), 74 (- | x)). Then for any k € [K] we have

Vi(wy) — Vi ZE (@Qnl@n, )y ma(- [ 2n) = (- | 2n))]
H — —
+ Z E [Qh(l'h, ah) — (TZ -+ Pth+1)(£Bh, ah)].
h=1
Proof. See §B.1 in Cai et al. [6] for a detailed proof. ]

Back to our proof, for any k € [K], we have

VI @) = VM) = V@) = V@) + W) - V@) B
(i) (i)
Applying Lemma B.1 with 7 = %, 7’ = 7*, and Q = {Q} }ne [, we have
K H
1) =D Eu [(Qf(xn, ) 75 (- | 2n) — 7 (- | 21)) +ZZE“* [0 (zn,an)],  (B.2)
k=1h=1 k=1h=1

where §F = ¥ +QF —P, V¥ ‘1 1s the Bellman error defined in (4.1). Similarly, applying Lemma B.1

with 7 = 7/ = 7% and Q = {Q} } ne (), we obtain

(ii) = — B, [68 (24, an)]. (B.3)



Plugging (B.2) and (B.3) into (B.1) and then taking summation across k € [K], we have

Regret(K) = Y (V7 *(ah) = v *(ah))

M= T
M=

Er- [(Q (@n, ), mi (- [wn) = 7 (- | 2n))]

~
Il
-
>
Il
-

H
Z T (Sh I,L'h,(lh)] ‘n'k [&i(xhaah)])?

h=1
1.

] >

+

=
Il
—

which concludes the proof of Lemma 4.

B.2 Proof of Lemma 4.2

Proof. Recall that B € N7 is the batch size, k; = (i — 1) - B+ 1and L = K/B. Fix h € [H]. By
the multi-batched updating rule, we have

K L
D B [(QF(n, )y mh (- |wn) = wh(-|@n))] = BY Bae [(Q4 (s ), w5 (- | 2n) — 7 (- | 21))]
k=1 i=1
(B.4)
To derive the upper bound of (B.4), we need the following lemma.
Lemma B.2. For any (i, h,zp,) € [L] x [H] x S, it holds that
(@ (wn, ), mi (- [wn) = mp (- | 2n))
; * ki
- aH? N KL (77 (- | @) || (- | wn)) — KL(m5 (- | ) | 7mn (| 2n))
- 2 a '
Proof. By the updating rule in (3.2), we have
ﬂ_:wl(. | xh) _ Th (- [ zn) exp{th (Th, )} (B.5)

>aeamy (a | zn) - exp{aQy (zn,a)}
For ease of presentation, we denote T = > __ , i (a | xp) - exp{aQ}i (xn, a)}. Then we have
ki
<04QZL ($ha '), ’/TI);( | xh) —Tp +1(' | xh»
i ki * ki
T an) —logmy (- @n), mh (- L) —m, (- [ n))

i * ki
| @n) —logmy (- | &n), miy(- | an) — m " (- | 2a)) (B.6)
where the first equality uses (B.5), and the second equality follows from the fact that ) , 7} (a |

k
= (log T +logm,

ki
= (logm," "' (-

) — 7TZHI (a | zp) = 0. Rearranging (B.6) gives that

.6 = { log (M),w;(- [n)) — { log (”’(“)))wh( [n)

E
T (- | xn) L CR 7Y

~ (g (T C Lmy b )
7 (- | oh)
= KL(mj (- [ @) || 75 (- | 2n)) = KL(mp(- | an) || 75 (- | )
— KL(my (- [ an) || 7 (- | 2n)). (B.7)
Furthermore, we have
(QQp (wn, ), i (| wn) — 7 (| )
= (aQf (xn, ) mi (- [wn) — ([ an)) — (@Qf (wn, ), wfe (- an) — (- )
< KL(mj.(- | an) | 77 (- | 2n)) = KL L) || 7 (- 2n)
— KL(mp (- L an) || 7 (L on)) + o - [k (- [an) — w2 (L an) 1, (B.3)
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where the last inequality uses (B.7), Cauchy-Schwarz inequality,

o < H. By

Pinsker’s inequality, we have KL(W’Z”I(- | xp) || 7f (- | ) > H7r:”1(~ | xp) — 7h ( | z1)]3/2.
Together with (B.8), we obtain that

(@Q) (2, )i () — 7l (| 2))
<KL(mj (- | an) || 78 (- | 2n)) = KL(w (- | @) || 74 (- | 2n)
T n) = w L an)lB/2+ QB -l (- |n) — 7 ()

< KL(mp(- [ an) || 78 (- | 2n)) = KL(i(- | @) |70 (- | 21)) + @2H?/2,  (B.9)

where the last inequality uses the fact that max,cr{—y*/2 + aH -y} = o*H?/2. Rearranging
(B.9) concludes the proof of Lemma B.2. O]

By Lemma B.2, we further have

L 2 FClzn) |7 aR)) — (o) || 7 |
(B.4)§BZ(OJ; +E7r*[KL(7Th( | @n) || (| h))a KL (7 (- [ an) ||, (-] h))])

* kr41
- B. (O‘HQK n Ere [KL(75 (- | @) || 73 (| 2n)) — KL(m5 (- | @) || xh))])
2B o
aH?K B -log|A|
< + )
2 «

where the equality uses the fact that L = K/B, and the last inequality uses the non-negativity of
KL-divergence and the fact that 77’~c ! = 7} is the uniform policy. Combining (B.4), (B.10), and
a = /2Blog |A|/(KH2), we obtain for all h € [H]:

ZIE (QF (xh, ), i (- |zn) — 7 (- |zn))] < V2BH?K -log | Al (B.11)

Telescoping (B.11) across h € [H] concludes the proof of Lemma 4.2. O

(B.10)

B.3 Proof of Lemma 4.3

Proof. Recall that B € N7 is the batch size, k; = (i — 1) - B+ 1and L = K/B. Fix h € [H]. We
have

K K
> B [05(xnyan)] = Y Bre[rf (50, an) + PaVilis (2, an) — Qfi(wn, an)]
k=1 k=1
K
= Z E -« [’I“Z(Sh, ah) + PhV}ffH(xh, ah) — sz (SUh, ah)] (B.12)
k=1
K K R
= ZEW* [’I”Z(Sh, ah) — ’I:Zk (Ih, (lh,)] + ZE”* [(thffil — szv}fil)(xh, ah)],
k=1 k=1

where the first equality uses the definition of ¢; and the updating rule, and the second equality uses
the definition of Q. = 7y +PFV/¥ | in (3.4). Furthermore, we have

K K L
> Eerh(@n, an) = 74 (wn, an)] = Y B 1 (@n, an)] = BY | Bae [Ty (2, an)]
k=1 k=1 1=1
K L  ki—1
= Z o[ (@n, an)] — Z B [rh (zn, an)]
k=1 i=1 k=k;_,
K
= Y En[rf(zn,an)] < B, (B.13)



where the first equality uses the updating rule, the second equality follows from the definition of fZ
in (3.5), and the last inequality is obtained by the fact that ||7¥|| < 1 for any (k,h) € [K] x [H].
Combining (B.12) and (B.13) and then taking summation across h € [H], we obtain that

Yo Bk an) £ 30 Eae[(BrVikh, — B Vi )(an an)] + BH. (B.14)

On the other hand, similar to the derivation of (B.12), we have

— Z ]Eﬂ-k [52 (mh, ah)}
k=1

K

K
= B[ (zns an) = ri(sn,an)] + Y Bk [(BEVIE ) = PRVA ) (2, an)]. (B.15)
k=1 k=1

For the first term of (B.15), by the updating rule and calculation, we have

K L L kit1—1
Z]E ty Th ($h7ah) - T‘h sh,ah BZE Th xh,ah Z Z Th(fﬂmah)]
k=1 = =
L ki—1 L k}i+171
=> > Ewlinan)] = > > Enlrhenan)
=1 k=k;—1 i=1 k=k;
L—-1kit1—1
< (Ewki+1 [T}]fb(xha ah)} —E [Tfli(fﬂh, ah)]),

<.
I
—
T
K

(B.16)

where the last inequality uses the fact that — Zﬁgf;l E, .k [7¥(xp,ap)] < 0. Summing over h €

[H] in (B.16) gives that

Z [P (2, an) — R (sn, an)]
k=1 h=1
L—-1kit1—1
i+l ik
< (v (z1) = V" (1))
=1 k—k,
L—-1kiz1—1 H
ki
= Bt QUG Lam) w7 L) =l C ], B17)
i=1 k—k; h—=1

where the last inequality uses the value difference lemma (Lemma B.1). By the policy updating rule
in (3.2), we have

(- | 2n) - exp (aQ (. )
Yacamri(a| ) - exp (aQ) (zn,a))

T ) =

for any x;, € S, which implies that
i ki ki
T (L 2n) _ Paeam (a] zn) - exp (aQy (21, a))
T (L an) exp (aQ} (zn, )

ZaGA Wii ((L | xh)
exp(aH)

> =exp(—aH)>1-aH,

where the first inequality follows the fact that 0 < fo (-,-) < H, and the last inequality uses the
basic inequality exp(y) > 1 + y for all y € R. Together with

A
T @) — (- |rh)7w:l+1('\xh)~(1—7ﬂh( | h)))7

T (|
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we further obtain
T ) — 7R an) < aH -7 (| @) (B.18)
for any x;, € S. Plugging (B.18) into (B.17) gives that

L-1kit1—1 H

BIN<aH > S S E i (@ Fan, ) m (- an))] < aHPEK, (B.19)

i=1 k=k; h=1

where the last inequality follows from the fact that szi ok (-,-) < H. Plugging (B.17) and (B.19)
into (B. 15) we have

K H
—~ Z Z o [0f (2n,an)] < DD B (B — PRVt ) (o, an)] + aHP K
k=1h=1 k=1 h=1
K H
<N N @EviE L - PV @k ab) + oHPK + VE3KL,
k=1h=1
(B.20)
where the last inequality uses Azuma-Hoeffding inequality. Putting (B.14) and (B.20) together, we
conclude the proof of Lemma 4.3. O
B.4 Proof of Lemma 4.4
Proof. Recall that
BV ) () = min{g () Twpt + Tp (), H = YT, (B.21)
where w * and Ft" take form
tp—1
= )7 (X dahaD) Vitae). i) =5 Vol )T (A1, ).
(B.22)
Here AZ’“ is the covariance matrix:
tr—1
Ay =Y dlah, ap)o(aq,ap) T+ A L. (B.23)
Back to our proof, for any (z,a) € S x A, we have
BV ) (@ a) = ¢(w,a) (un, Vyk1)s
= (b(x? a)T(AZk)_lAZk <;U'ha V}f+1>
tr—1
= o(z,0)T (A1) ! ( 2 9T aR)(af ) Vi) + - Viiis)
tp—1
= o(z,0)T (A1) 2 Ol of) - (BRVi%,)(af af) + - (. Vit i)s),
(B.24)

where the first and the last equality follows from the definition of linear MDP (Definition 2.1), and
the third equality uses (B.23). Putting (B.22) and (B.24) together, we have

o(x, a)Twh IP’thH(x a)
tp—1

= oz.a) T (A})" (th,ah Vit s (@) = PV (a7, 7))

(B.25)
()

—A- ¢($7Q)T(A§)71<,u,h, V}fi1>$

(%)
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For Term (%) in (B.25), by Cauchy-Schwarz inequality, we have

tr—1
) < \Jo(a.a)T(AL)19(z,a) Z o(@hsaf) - (Vi (@) = PaVit)@F,ah))||
(AF)—1
< O/ HEY 4. W(x,a)T(Azk)—wx, a), (B.26)

where the last inequality follows from the following lemma.
Lemma B.3. Fix § € (0, 1]. It holds for all (k, h) € [K] x [H] that
tr—1

> afah) - (Vi (o) = (BRVi) (T o) < O(d HE/4/?),

(A1

Proof. See §C for a detailed proof. O
For Term (x+) in (B.25), we have
() < A\, )T (AF) 160 0) [ Vi3 ) | gy
< VAo, a)T(AD) (e, a) - || Vi )s
< VAH? -\ [0(z,a)T (A})~16(x,a), (B.27)

where the second inequality uses the fact that A\ - I; =< A';L"', and last inequality follows from
1{ e, V,fi1>5||2 < H+/d, which is implied by Definition 2.1. Plugging (B.26) and (B.27) into

(B.25), together with A = 1, we obtain
o(a,0)Twff — BAV, (2,0)] < B0, a)T (M) 1 0(e,a) = T (,0)  (B28)

for any (z,a) € 8 x A with § = O(d"/*H K'/4,}/?). Together with the definition of P%* Vi in
(B.21), we have

(BRV% —PEVE Y (x,a)
<P V,fil)(x,a) —min{(b(x,a)T b +Ft"(a: a), H—h}
= max{(PhV}fil)(x, a) — ¢(z,a) wik — T (z,a), (PthH)(aj, a)— (H — h)},
< max{0,0} = 0, (B.29)

where the last inequality uses (B.28) and the fact that [|V;* | ||l < H — h. Moreover, by (B.28), we
have

(PaVihy — BVt ) (@,0) > (BaVi%, ) (@, a) = d(x, @) Twft = Ti (2, a)
2Tk (2, a). (B.30)
Combining (B.29), (B.30), and the fact that (P, V,/t | — P V;% )(-,) > —2H, we obtain

—2min{H, T (z,a)} < PRV, — PV )(w,a) <0,
which concludes the proof of Lemma 4.4. O
B.5 Proof of Lemma 4.5
Proof. For ease of presentation, we define
k—1
)= BT 16(, ), Ab = o(af.al)o(aq.a))T + Ma,  (B3D)

for all (k, h) [K | x [H ]. Then we have the following lemma, which uses the elliptical potential to
bound Zk 1 Zh L Th (@), a).-
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Lemma B.4. It holds that

K H
ZZF Jf}“ah < O(d3/4H2K3/4 )

Proof. By the definition of F’;; in (B.31), we have

ZZFﬁ zk k) ﬂzz\/gb (z¥, af)T(AF)—1gp(ak, af). (B.32)

k=1h=1 k=1h=1

Applying Cauchy—Schwarz inequality to (B.32), we have

H K

/

S by <53 (K3 oty () otekab)
h= k=1

k=1h=1
A det(AhKH) /2
<By [21{ -log (det(mﬂ : (B.33)

where the last inequality uses the elliptical potential lemma (Lemma D.5). For any h € [H], we
have

Ay=XIs, At = Z¢xh7ah (zf,af)T + My = (K + ) I, (B.34)

where the inequality uses the fact that ||¢(-, -)||2 < 1. Plugging (B.34) into (B.33), we have

1/2
Z (e, ak) < HE- {2dK~log<Ki>\>}

Together with the facts that A = 1, + = log(dHKJA|/d) with § € (0,1], and =
O(d"*HK'*1/?), we conclude the proof of Lemma B.4. O

We also need the following lemma to connect the quantity Zszl Zthl [¥(z%, a¥) in Lemma B.4
and our target 1 SN min{H, % (2%, ak)}.
Lemma B.5. For any h € [H|, we define the set &, as

En = {k T (aF af)/T5 (2F, af) > 2}. (B.35)
Then we have

En| < O(dP/2KY2 L),

Proof. For k € &, there exists ¢ € [L] such that k; < k < k;11. Then we know t;, = k;, which
further implies that

det(A:f'“)) (det(A’;)) (¢<xz,a2>T<Aii>—l¢<x£,am>
1Og(detm’:;) =108 | Geraty ) = 18\ o(at, ab)T (AD) Toak, af)

where the first inequality follows from the fact that A:”l > AZ, the second inequality uses

Lemma D.6, and the last equality is obtained by the definitions of F’g and I‘Z in (B.31). Together
with the definition of &, in (B.35), we further obtain that

det(AF+
g <e(hk)) > 21og 2. (B.36)
det(A}")
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Meanwhile, we have

det(A, 1)\ det(AFHh) K+
v (Tagagy ) ~os (k) = me (5w

where the last inequality follows from the facts that
AL =X-1; AETI= qu (zf, af)p(af,af) T + N =< (K +X) - 1,

Here the last inequality uses ||@(-, -)||2 < 1. Combining (B.36) and (B.37), we have

Hz e [L]: log (‘%)H < dog %i;;)/)‘). (B.38)

Since each batch contains B episodes, we obtain that

&l <B- H &[] log (%)}' < OV ),

where the last inequality uses A = 1, ¢ = log(dH K|A|/d), B = Vd3K and (B.38). Therefore, we
conclude the proof of Lemma B.5. O

Back to our proof of Lemma 4.5, we have

K H H H
> > min{H Ty (e af)} = 0 Y min{H,Tj (ah, af)} + ) D min{H, I} (o}, a}) ).

k=1h=1 h=1k€EEn h=1k¢Ep
(B.39)
For any h € [H] and k ¢ &, by the definition of £, we have
min{ H, Ft’“ (¥, af)} < min{H,20% (2, ak)} < 2T% (2F, af). (B.40)

Combining (B.39), (B.40), and the fact that min{H,T'}* (z¥,a¥)} < H, we have

ZZmln{Hl"t xh,ah}<HZ|Sh|+ZZF (zF,ab)

k=1h=1 k=1h=1
< O(d3/4H2K3/4 1)+ O(d°PH?KY? 1),

where the last inequality uses Lemmas B.4 and B.5. Therefore, we conclude the proof of Lemma 4.5.
O

C Proof for Concentration of Self-Normalized Processes
Proof of Lemma B.3. By the previous concentration lemma of self-normalized process
(Lemma D.3), for any 6’ € (0,1], ¢ > 0, and (k, h) € [K] x [H] we have

tp—1

Z d(zh, ap) h+1(33h+1) (thlfil)(xﬁvaﬁ))

2

(A’;}c)—l
d E+ A N(VE. ) 8k2e2
< 2 | @ +1
<4H [ng( )+ log () | + = (&)

with probability 1 — ¢’. Here N (V};, ) is the e-covering number of function class V};, |, which is
defined by

Vilerl = {V() = <Q(7 ')’W(' ‘ )> : Q € qurl’ﬂ € HZ+1}7 (C.Z)
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where Qﬁ 41 and H’g 1 are Q-function class and policy class, respectively. Specifically, Q’;; ypisa
function class with the following parametric form

JH =1} lwlla < HVAK /N Amin(A) > A}
(C.3)

1/2

Oy ={rr+{o w+B-(¢"A7'9)

Here we uses ||wf, |l2 < H\/dK/X (Lemma D.1) and Amin(A}, ;) > A to ensure that QF | €
QF ;. Meanwhile, the policy class IT} | is defined as

!
Iy, = {w( | -) < exp (Za@i(-, )) 1Q; € Qﬁl,w € [l]}, where | = max{i: k; < t}.
i=1
(C.4)

Notable, here [ < L since our algorithm only has L batches. Also, 7T;Lk+1 in (C.2) belongs to this
policy class since it takes the following form

exp(Yi_; Q' (z,a))
Za’eA eXp(Zi:l O‘QZL_H (x» a/)) 7

For policy class defined in (C.4), we define its covering number with respect to the following distance

ﬂZ’jrl(a |z) =

dist (7, ') = sup |7 (- | z) — (- | @)1
zeS

The following lemma connects the covering number of value class in (C.2) to covering numbers of
the Q-function class in (C.3) and the policy class in (C.4).

Lemma C.1. It holds that
Ng(V;]f_,_l) < -/\/'5/2(QZ+1) 'Ns/(2H)(HE+1)~

Proof. See §C.1 for a detailed proof. O

Following the standard covering argument (Lemma D.4), we can derive an upper bound for
/\/'E/Q(Qéjﬂ). However, /\/E/(QH) (H’,E;H) is relatively difficult to bound since the log-covering num-

ber of a |.A|-dimensional probability distribution is O(|.A|). Fortunately, we have the following
lemma that utilizes the structure of policy class (C.4) and converts the covering number of the pol-
icy class to the covering numbers of several Q-function classes.

Lemma C.2. It holds that

l
Nejem i) < H Nez (6ot (Q )

i=1

Proof. See §C.2 for a detailed proof. O

Notethat A\ =1,/ < L, L = K/B, B=Vd3K, a = \/2Blog|A|/(KH?), . = log(dH K| A|/5),
and 3 = O(d/*HK'*/'/2). Meanwhile, let ¢ = 1/K and §' = §/2. Combining (C.1) with
Lemmas C.1, C.2, and D.4, we have

tr—1
Y dlahap) - (Vihi(ahen) — (PaVity) (a7, a7) o SOWAH2L 1)
=1 (Ah,~)7
— O(d1/4HK1/4L1/2),
which concludes the proof of Lemma B.3. O
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C.1 Proof of Lemma C.1

Proof. Suppose (i) Q§/2,h+1 is an £/2-net of QﬁH with |Q§/27h+1| = J\/'g/g(QfH_l); and (ii)
HI;/(QH)JL-Fl is an ¢/(2H )-net of II} , with |H§/(2H),h+1| = N.jem)(II}, ;). Then we show
QF 241 X 1" (20),n+1 Induces an e-net of VE, . and thus obtaining the desired result. Specif-
ically, for any V. = (Q(-,-),w(- | -)) with (Q,7) € Qf , x I}, we can find (Q',7') €
Q5 1 X TIE (o7 41 SUCh that

sup  |Q(z,a) — Q' (z,a)| < eg/2, sup ||[7(- | x) —7'(- | 2)|l1 <e/(2H). (C.5)

(z,a)ESxA €S

Let V! =(Q’'(-,-),7'(- | -)), we have

sup V(z) = V'(z)] = sup (Qz, ), 7(- | 2)) = (Q'(z,), (- | ))]
< sup [(Q(z,) = Q'(x, ), 7(- | )] +sup (Q'(w,),m(- | 2) —'(- | 2))]

z€S

< sup  [Q(z,a) - Q'(z,a)| + H -sup|ln(- | z) —7'(- | z)[lx
(z,a)ESXA €S

<e/2+¢e/2=¢,

where the first inequality follows from the triangle inequality, the second inequality uses Cauchy-
Schwarz inequality and the fact that ||Q’||cc < H, and the last inequality follows from (C.5). There-
fore, we conclude the proof of Lemma C.1. O

C.2 Proof of Lemma C.2

Proof. Suppose ngg/(wamz) h41 1S the minimum £2/(16alH?)-net of Qﬁg_l for all « € [i].
Then for any 7 o exp(« 22:1 Q;) with Q; € QZﬂH for all i € [I], we can choose {Q) €
Q];;/(lﬁalH2)7h+1} such that

2

sup  |Qi(x, a) — Qi(x, a)

1>
< — Vi € [l]. C.6
(z,a)eSxA I ~ 16alH?’ ‘e H .

Hence, we have

! 1 ! 5
€
sup ‘a Qi(z,a) —a)y Q) m,a’ga sup  |Qi(z,a) — Qi(z,a)| < —=,
(z,0)ESx A ; (@a) ; (=:a) i:Zl(x,a)GSXA| (#:) (0l < T5m
(C.7)

where the first inequality uses the triangle inequality and the last inequality follows from (C.6). Then
we use the following lemma to establish the upper bound for sup,cs [|7(- | ) — 7'(- | z)|1.

Lemma C3. For m,7’ € A(X) and Q,Q’ : X — RT, if 7(-) x exp(Q(-)) and 7'(-) o
exp(Q'(+)), we have

Im =7l < 2v/1Q = @'l|o-
Proof. See §C.3 for a detailed proof. O

By Lemma C.3, we have

l !
€
sup ||7(- | ) —7'(- | )| <2 sup ‘a Qi(z,a) — Q;(:c,a)‘ < —,
z€S (z,a)ESx A ; ; 2H

where the last inequality follows from (C.7). Therefore, we have

!
Nejem@f,) < H/\/s?/(mazH?)(QZ@l),

i=1
which concludes the proof of Lemma C.2. O
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C.3 Proof of Lemma C.3

Proof. Since 7(-) x exp(Q(+)) and 7'(-) x exp(Q’(-)), we have for any x € X:
m(z) _ exp(Qx)  yex xp(Q(2))
m(x)  exp(Q(x)) Fyexexp(@Q))
Note that for any x € X we have
{ moy = eP(Q@) — Q') < exp(IQ — Q')
G = exp(@ (@) — Q) < exp(|Q ~ @'ll)

which implies that

() iy, Q= Q) Tpenep@E) _ o0
() = P =) S e Q) = oPQ = @)
Hence, we have
()

KL(r||7") = Z 7(z)log

zeX

<20Q - Q'llee - Y (@) = 201Q ~ Q'l|ce-

’
T (l‘) zeX

Finally, by Pinsker’s inequality, we have

Im = 'l < V2 KL(x[[7) < 2v/]Q = @[l

which concludes the proof of Lemma C.3. O

D Auxiliary Lemmas

Lemma D.1. Forany (i, h) € [L] x [H], the linear coefficient w* defined in Line 12 of Algrotihm 1
satisfies

dK /X,

Proof. Fix (i,h) € [L] x [H]. Our proof follows the proof of Lemma B.2 in Jin et al. [17]. For any
v € R? with |[v]|a = 1, by the definition of w/’ we have

ki—1

TGN bl an) - Vi () |-

T=1

v w| = |v

Since ||V < H, we further have

witlloo
i—1
Tk < H S T () ot

7=1
ki—1 1/2 k-1 1/2
<. { 3 N(Am-lv] - [ 3 qs(x:”a;>T<AZi>—1¢><w;,a;>]
T=1 T=1

< H\/dK/X,

where the second inequality is obtained by Cauchy-Schwarz inequality, and the last inequality uses
Mg = Afli, k; < K, ||v||2 = 1 and Lemma D.2. Hence, we have

lwpille = sup |oTwyi| < Hy/dK/,

lv]l2=1

which concludes the proof of Lemma D.1. O

LemmaD.2. Let A, =\ I+ Z§=1 gbiqSiT with ¢; € R? and A > 0. Then we have

t
D 6i(A) g < d.
i=1
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Proof. See Lemma D.1 in Jin et al. [17] for a detailed proof. O
LemmaD.3. Let {x, € §}>°, and {¢, € R?}>; with ||¢,||2 < 1 be stochastic processes adapted
to the filtration {F,}22 ;. Let A, = Zf;} ¢-¢) + \- I,. Then for any § € (0, 1], with probability
atleast 1 — 4, for all k € N, and function V' € V satisfying sup, s |V (s)| < H, we have

2 < 4R, [glog (@) log (NE)] N 8k2s2

A ) A

k—1
> 60 (V(@rs1) — EV(2r41) | )
T=1

ALt
where N is the e-covering number of the function class V with respect to the distance dist(V, V') =
sup,es | V() = V()]

Proof. See Lemma D.4 of Jin et al. [17] for a detailed proof. O
Lemma D.4. For any h € [H], let Q), be a function class mapping from S X A to R with the form

Q) = r(-) +min {G(, ) Tw+ By/6(- ) TA-Le(, ), H — b},
where r : S x A — [0, 1], [|[w|]2 < L, Amin(A) > A. Assuming ||¢(-, -)||2 < 1 and 5 > 0, we have
log N2 (Qp) < dlog(1 +4L/e) + d*log (1 + 8d'/28%/(Xe)),
where N:(Qy) is the e-covering number of the function class Q; with respect to the distance
dist(Q, Q") = sup(, ayesxa |Q(7,a) — Q'(z,a)l.
Proof. See Lemma D.6 of Jin et al. [17] for a detailed proof. O

Lemma D.5 (Elliptical Potential Lemma). Let {¢; € R4}, satisfy |¢¢]|2 < 1 for all t € N*.
Moreover, let Ag € R%*? be a positive-definite matrix with A\yin(Ag) and A; = Ag + ZZ;} b
for any ¢t € NT. Then for any ¢ € NT, we have

det(A¢11) a1, det(A¢11)
s (St ) = 2740 = 2w (Gt )

Proof. See Lemma 11 of Abbasi-Yadkori et al. [1] for a detailed proof. O]

Lemma D.6. Suppose A, A’ € R4 are two positive definite matrices and satisfy A < A’, then for
any = € R?, we have

det(A) - AN

det(A) = xTAz’

Proof. See Lemma 12 of Abbasi-Yadkori et al. [1] for a detailed proof. ]
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