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ABSTRACT

Simulating turbulent flows is crucial for a wide range of applications, and machine
learning-based solvers are gaining increasing relevance. However, achieving stabil-
ity when generalizing to longer rollout horizons remains a persistent challenge for
learned PDE solvers. We address this challenge by demonstrating the performance
of a fully data-driven fluid solver that utilizes an autoregressive rollout based on
conditional diffusion models. We show that this approach offers advantages in
terms of rollout stability compared to common learned baselines, and is on par
with state-of-the-art stabilization techniques. Remarkably, this stability is achieved
without compromising the quality of generated samples, and our model success-
fully generalizes to flow parameters beyond the training regime. Additionally, the
probabilistic nature of the diffusion approach allows for inferring predictions that
align with the statistics of the underlying physics. We quantitatively and qualita-
tively evaluate the performance of our method on a range of challenging scenarios,
including incompressible and transonic flows, as well as isotropic turbulence.

1 INTRODUCTION

Simulations based on partial differential equations (PDEs), particularly those involving turbulent
fluid flows, constitute a crucial research area with applications ranging from medicine (Olufsen
et al., 2000) to climate research (Wyngaard, 1992), as well as numerous engineering fields (Moin
& Mahesh, 1998; Verma et al., 2018). Historically, such flows have been simulated via iterative
numerical solvers for the Navier-Stokes equations. Recently, there has been a growing interest in
combining or replacing traditional solvers with deep learning methods. These approaches have shown
considerable promise in terms of enhancing the accuracy and efficiency of fluid simulations (Wiewel
etal., 2019; Han et al., 2021; Geneva & Zabaras, 2022; Stachenfeld et al., 2022).

However, despite the significant progress made in this field, a major remaining challenge is the
ability to predict rollouts that maintain both stability and accuracy over longer temporal horizons
(Um et al., 2020; Kochkov et al., 2021). Fluid simulations are inherently complex and dynamic, and
therefore, it is highly challenging to accurately capture the intricate physical phenomena that occur
over extended periods of time. Additionally, due to their chaotic nature, even small ambiguities of the
spatially averaged states used for simulations can lead to fundamentally different solutions over time
(Pope, 2000). However, most learned methods and traditional numerical solvers process simulation
trajectories deterministically, and thus only provide a single answer.

We address these issues by exploring the usefulness of the recently emerging conditional diffusion
models (Ho et al., 2020; Song et al., 2021b) for turbulent flows, which serve as representatives for
more general PDE-based simulations. Specifically, we are interested in the probabilistic prediction
of fluid flow trajectories from an initial condition. We aim for answering the question: Does the
increased inference cost of autoregressive diffusion models pay off in terms of posterior sampling,
rollout stability, and accuracy for fluid simulations? Our focus on fluid flows makes it possible to
analyze the generated posterior samples with the statistical temporal metrics established by turbulence
research (Dryden, 1943). Unlike application areas like imaging or speech, where the exact distribution
of possible solutions is typically unknown, these turbulence metrics make it possible to reliably
evaluate the quality of different samples generated by a probabilistic model. To summarize, the central
contributions of our work are as follows: (i) We propose to use a conditional diffusion approach with
an autoregressive rollout to produce a probabilistic surrogate simulator. This approach is robust, can
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be flexibly conditioned on flow parameters, and generalizes to parameters outside the training domain.
(if) Most notably, we show that using a diffusion-based approach provides significant benefits over
common learned autoregressive flow simulation methods, especially in terms of accuracy and stability
over time. (iif) We additionally demonstrate that this simulator can generate physically plausible
posterior samples, the statistics of which match those of the underlying ground truth physics.

2 RELATED WORK

Fluid Solvers utilizing Machine Learning A variety of works have used machine learning as
means to improve numerical solvers. Several approaches focus on learning computational stencils
(Bar-Sinai et al., 2019; Kochkov et al., 2021) or additive corrections (de Avila Belbute-Peres et al.,
2020; Um et al., 2020; List et al., 2022) to increase simulation accuracy. In addition, differentiable
solvers have been applied to solve inverse problems such as fluid control (Holl et al., 2020). An
overview can be found, e.g., in Thuerey et al. (2021). When the solver is not integrated into
the computational graph, typically a data-driven surrogate model is trained to replace the solver.
Convolutional neural networks (CNNs) for such flow prediction problems are very popular, and
often employ an encoder-processor-decoder architecture. For the latent space processor, multilayer
perceptrons (Kim et al., 2019; Wu et al., 2022) as well as LSTMs (Wiewel et al., 2019) were proposed.
As particularly successful latent architectures, transformers (Vaswani et al., 2017) have also been
combined with CNN-based encoders as a reduced-order model (Hemmasian & Farimani, 2023), for
example to simulate incompressible flows via Koopman-based latent dynamics (Geneva & Zabaras,
2022). Alternatives do not rely on an autoregressive latent model, e.g., by using spatio-temporal
3D convolutions (Deo et al., 2023), dilated convolutions (Stachenfeld et al., 2022), Bayesian neural
networks for uncertainty quantification (Geneva & Zabaras, 2019), or problem-specific multi-scale
architectures (Wang et al., 2020). Furthermore, various works utilize message passing architectures
(Pfaff et al., 2021; Brandstetter et al., 2022), and adding noise to training inputs was likewise proposed
to improve temporal prediction stability for graph networks (Sanchez-Gonzalez et al., 2020). Han
et al. (2021) combine a transformer-based latent model with a graph network encoder and decoder.

Diffusion Models Diffusion models (Hyvérinen, 2005; Sohl-Dickstein et al., 2015) became popular
after diffusion probabilistic models and denoising score matching were combined for high-quality
unconditional image generation (Ho et al., 2020). This approach has since been improved in many
aspects, e.g., with meaningful latent representations (Song et al., 2021a) or better sampling (Nichol &
Dhariwal, 2021). In addition, generative hybrid approaches were proposed, for instance diffusion
autoencoders (Preechakul et al., 2022) or score-based latent models (Vahdat et al., 2021). Diffusion
models for image generation are typically conditioned on simple class labels (Dhariwal & Nichol,
2021) or textual inputs (Saharia et al., 2022). Pre-trained diffusion models are also employed for
inverse image problems (Kawar et al., 2022), and different conditioning approaches were compared
for score-based models on similar tasks (Batzolis et al., 2021). Song et al. (2022) combine an
unconditional diffusion model with inverse problem solving for medical applications. For an in-depth
review of diffusion approaches we refer to Yang et al. (2022).

Diffusion Models for Fluids and Temporal Prediction Selected works have applied diffusion
models to temporal prediction tasks like unconditional or text-based video generation, as well as video
prediction (e.g. Ho et al., 2022; Hoppe et al., 2022; Harvey et al., 2022). These methods typically
directly include time as a third dimension or re-use the batch dimension (Blattmann et al., 2023). As a
result, autoregressive rollouts are only used to create longer output sequences compared to the training
domain, with the drawback that predictions quickly accumulate errors or lose temporal coherence.
Very few works exist that apply diffusion methods to transient physical processes. Holzschuh et al.
(2023) utilize score matching to solve inverse problems, while Shu et al. (2023) employ a physics-
informed diffusion model for a frame-by-frame super-resolution task. Lienen et al. (2023) take
early steps towards turbulent flows in 3D, via a purely generative diffusion setup based on boundary
geometry information. Instead of an autoregressive approach, Yang & Sommer (2023) use physical
time as a conditioning for diffusion-based fluid field prediction, but report unphysical prediction
results. Contemporarily, multi-step refinement (Lippe et al., 2023) and predictor-interpolator schemes
(Cachay et al., 2023) inspired by diffusion models were proposed to improve the stability of PDE
predictions, but both approaches provide little variance in posterior samples. In our experiments, the
former is highly sensitive to hyperparameters and lacks accuracy, and we achieve better temporal
coherence compared to the Bayesian interpolator samples from Cachay et al. (2023).
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3 AUTOREGRESSIVE CONDITIONAL DIFFUSION

Our problem setting is the following: a temporal trajectory s', s2, ..., s” of states should be predicted

given an initial state s°. Each s’ consists of dense spatial fields, like velocity, and scalar parameters
such as the Reynolds number. Numerical solvers f iteratively predict s = f(s?~!), and we similarly
propose to use a diffusion model fy with parameters 6 to autoregressively predict s® ~ fy(st™1).
Below, we briefly summarize the basics of diffusion models, before providing details on how to
condition and unroll them to obtain stable temporal predictions of physics systems. It is important to
distinguish the simulation rollout via fy from the diffusion rollout pg. The former corresponds to
physical time and consists of simulation- or time steps denoted by t € 0,1, ...,T superscripts. The
latter refers to diffusion steps in the Markov chain, denoted by » € 0,1, ..., R subscripts.

Preliminaries: Diffusion Models A denoising diffusion probabilistic model (DDPM) is a gen-
erative model based on a parameterized Markov chain, and contains a fixed forward and a learned
reverse process (Ho et al., 2020). The forward process

q(mr|wr71) - N(wr, V 1-—- 5’)“:”’(‘717/8’?1) (1)

incrementally adds Gaussian noise to the original data x( according to a variance schedule 51, ..., Sr
resulting in the latent variable x g, that corresponds to pure Gaussian noise. The reverse process
po(@r—1lx) = N(Tr—1; o (21, 7), Xo (21, 7)) ()

contains learned transitions, i.e. pg and 3y are computed by a neural network parameterized by 6
given x,- and r. The network is trained via the variational lower bound (ELBO) using reparameteriza-
tion. During inference the initial latent variable x ~ A(0,I) as well as the intermediate diffusion
steps are sampled, leading to a probabilistic generation of x( with a distribution that is similar to
the distribution of the training data. Note that the latent space of a DDPM by construction has the
same dimensionality as the input space, in contrast to, e.g., variational autoencoders (VAEs) (Kingma
& Welling, 2014). Thereby, it avoids problems with the generation of high frequency details due to
compressed representations. Compared to generative adversarial networks (GANs), diffusion models
typically do not suffer from mode collapse problems or convergence issues (Metz et al., 2017).

Preliminaries: Conditioning Practical physics simulators need to be conditioned on information
like the initial state and characteristic dimensionless quantities. To obtain a conditional DDPM,
we employ a concatenation-based conditioning approach (Batzolis et al., 2021): Each element
o = (dy, cp) of the diffusion process now consists of a data component dj that is only available
during training and a conditioning component ¢y that is always given. Correspondingly, the task at
inference time is the conditional prediction P(dy|cg). During training, the basic DDPM algorithm
remains unchanged as x, = (¢, d,.), with ¢, ~ ¢( - |¢,—1) and d, ~ q( - |d,—_1), is still produced
by the incremental addition of noise during the forward process. During inference dg ~ N (0, I) is
sampled and processed in the reverse process, while ¢ is known and any ¢, thus can be obtained
from Eq. (1), i.e.,

x,. = (¢, d;) where ¢, ~ q(-|e,—1) and d, ~ pg( - |Try1). 3)

Here, g(c;|c,—1) denotes the forward process for ¢, and d,. ~ pg( - |€,+1) is realized by discarding
the prediction of ¢, when evaluating pg. A visualization of this conditioning technique is shown in
Fig. 1. We found the addition of noise to the conditioning, instead of simply using ¢ over the entire
diffusion process, to be crucial for the temporal simulation rollout stability as detailed in Sec. 5.

Training Inference

X X Q(X,|Xr71) X X X
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Figure 1: Diffusion conditioning approach with the forward (black) and reverse process (red) during
training and inference. White backgrounds for c or d indicate given information, i.e., inputs in each
phase, and dj is the generated result during inference, i.e., the prediction of the next simulation step.
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Training and Autoregressive Rollout To extend the conditional setup to temporal tasks, we
build on autoregressive single-step prediction as outlined above, with k previous steps: st ~
fo( - |st7F,...,s'~1). The conditional DDPM for fj is trained in the following manner: Given a
data set with different physical simulation trajectories, a random simulation state s* € s, s, ... sT
is selected from a sequence as the prediction target dy. This state consists of dense simulation fields
like velocity or pressure, and scalar parameters like the Mach number (see right of Fig. 2). The
corresponding conditioning consists of k previous simulation states ¢ = (s*,... s~1). Next, a
random diffusion time step r is sampled, leading to x,. via the forward process. The network learns

to predict the added noise level via the ELBO as in the original DDPM (Ho et al., 2020).

This training objective allows for producing a

single subsequent time step as the final output  (Gue &) (smes') [ Noise ) Fields
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For each simulation step, Eq. (3) is unrolled Conditioning C. Datady | || Mach
from x!; to xf starting from df;, ~ N(0,I)
and ¢, = (s, ..., s~ 1). Then, the predicted ~ (Smes") (suae s’) (sute ) (State s7) (Siaee’sD State &

next time step is s* = df). This process is visu- Figure 2: Autoregressive simulation rollout for
alized in Fig. 2, and we denote models trained i = 2 (left) and simulation state contents (right).
with this approach as autoregressive conditional

diffusion models (cDDPM) in the following.

The motivation for this combination of conditioning and simulation rollout is the hypothesis that
perturbations to the conditioning can be compensated during the diffusion rollout, leading to improved
temporal stability. Especially so, when smaller inference errors inevitably accumulate over the course
of long simulation rollouts. Furthermore, this autoregressive rollout approach ensures that the network
produces a temporally coherent trajectory for every step along the inferred sequence. This stands in
contrast to explicitly conditioning the DDPM on physical time ¢, i.e. treating it in the same way as
the diffusion step r, as proposed by Yang & Sommer (2023). For a probabilistic model it is especially
crucial to have access to previously generated outputs during the prediction, as otherwise temporal
coherence can only potentially be achieved via tricks such as fixed temporal and spatial noise patterns.

Implementation We employ a widely used U-Net (based on Ronneberger et al., 2015) with various
established smaller architecture modernizations (Ho et al., 2020; Dhariwal & Nichol, 2021), to learn
the reverse process with a linear variance schedule. We use & = 2 previous steps for the model input,
and achieved high-quality samples with 20-100 diffusion steps R, depending on how strongly each
setting is conditioned. This is in line with other recent works that achieve competitive results with as
little as R ~ 30 in the image domain (Karras et al., 2022; Chung et al., 2022). Combining dy and
¢y to form xq, as well as aggregating multiple states for ¢ is achieved via concatenation along the
channel dimension. Likewise, scalar simulation parameters are concatenated as constant, spatially
expanded channels.

Baseline Models A crucial question is how much difference the diffusion training itself makes in
comparison to a classic supervised training approach of the same backbone architecture. Hence, we
use a network with identical architecture to the cDDPM model that is trained with such a supervised
setup as a baseline. It is trained with an MSE loss to predict one future simulation state with a single
model pass and denoted by U-Net in the following.

The success of transformer architectures (Vaswani et al., 2017) and their recent application to physics
predictions (Han et al., 2021) raises the question how the cDDPM approach fares in comparison
to state-of-the-art transformer architectures. Being tailored to sequential processing with a long-
term observation horizon, these models operate on a latent space with a reduced size. In contrast,
diffusion models by construction operate on the full spatial resolution. Specifically, we test the
encoder-processor-decoder architecture from Han et al. (2021) adopted to regular grids via a CNN-
encoding, denoted by TFy ¢y below. Furthermore, we provide an improved variant (TFg,.) that allows
to simulate flows with varying parameters over the simulation rollout, and varies key transformer
parameters. Compared to TF)cy it relies on transformer encoder layers and uses full latent predictions
instead of residual predictions. Lastly, we test the transformer-based prediction in conjunction with a
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probabilistic VAE, denoted by TFy,g. All transformer architectures have access to a large number
of previous steps and use a rollout schedule in line with Han et al. (2021) during training, however
teacher forcing is removed. By default we use a 30 step input window and a rollout length of 60.

Furthermore, we investigate dilated ResNets (based on Stachenfeld et al., 2022) and Fourier Neural
Operators (FNOs) (Li et al., 2021) as two other popular approaches. For the former, the proposed
dilated ResNet (ResNety;; ) as well as the same architecture without dilations (ResNet) are included.
For the latter, we show models using (16, 8) Fourier modes in x- and y-direction (FNO4) and (32, 16)
modes (FNOj3;). To ensure a fair comparison, all models were parameterized with a similar parameter
count, and suitable key hyperparameters were determined with a broad search for each architecture.
Additional cDDPM implementation information, and details for each baseline can be found in App. B.

4 EXPERIMENTS

We quantitatively and qualitatively evaluate our DDPM-based simulator and the baseline models on
three scenarios with increasing difficulty: (i) an incompressible wake flow, (if) a transonic cylinder
flow with shock waves, and (7ii) an isotropic turbulence flow. Test cases for each scenario contain
out-of-distribution data via simulation parameters outside of the training data range. Example
visualizations are shown in Fig. 3, and experimental details are provided in App. A. We use R = 20
diffusion steps for each experiment unless denoted otherwise (see App. C.4 for an ablation on R).

Simulation

U-Net Simulation
U-Net

ACDM

Figure 3: Zoomed examples of Incp;gn With Re = 1000 (left, vorticity), Traong With Ma = 0.64
(middle, pressure), and I so with z = 280 (right, vorticity). Shown are trajectories from the numerical
solver, and predictions by U-Net and cDDPM (see App. D for more extensive visualizations).

Incompressible Wake Flow Our first case targets incompressible wake flows. These flows already
encompass the full complexity of the Navier-Stokes equations with boundary interactions, but due
to their direct unsteady periodic nature represent the simplest of our three scenarios. We simulate
a fully developed incompressible Karman vortex street behind a cylindrical obstacle with PhiFlow
(Holl et al., 2020) for a varying Reynolds number Re < 1000. The corresponding flows capture
the transition from laminar to the onset of turbulence. Models are trained on data from simulation
sequences with Re € [200,900]. We evaluate generalization on the extrapolation test sets Incj oy
with Re € [100,180] for ' = 60, and Incyign with Re € [920,1000] for T = 60. While all
training is done with constant Re, we add a case with varying Re as a particularly challenging test
set: Incy,, features a sequence of T' = 250 steps with of a smoothly varying Re from 200 to 900
over the course of the simulation time.

Transonic Cylinder Flow As a significantly more complex scenario we target transonic flows.
These flows require the simulation of a varying density, and exhibit the formation of shock waves that
interact with the flow, especially at higher Mach numbers Ma. These properties make the problem
highly chaotic and longer prediction rollouts especially challenging. We simulate a fully developed
compressible Karman vortex street using SU2 (Economon et al., 2015) with Re = 10000, while
varying Ma in a transonic regime where shock waves start to occur. Models are trained on sequences
with Ma € [0.53,0.63] U [0.69, 0.90]. We evaluate extrapolation on Traey: with Ma € [0.50,0.52]
for T = 60, interpolation via Tra;,. with Ma € [0.66,0.68] for ' = 60, and longer rollouts of
about 8 vortex shedding periods using Trai,ng With Ma € [0.64,0.65] for T' = 240.

Isotropic Turbulence As a third scenario we evaluate the inference of planes from 3D isotropic
turbulence. This case is inherently difficult, due to its severely underdetermined nature, as the
information provided in a 2D plane allows for a large space of possible solutions, depending on the
3D motion outside of the plane. Thus, it is expected that deviations from the reference trajectories
occur across methods, and we use R = 100 steps in cDDPM as a consequence. For this setup,
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we observed a tradeoff between accuracy and sampling speed, where additional diffusion steps
continued to improve prediction quality. As training data, we utilize 2D z-slices of 3D data from the
Johns Hopkins Turbulence Database (Perlman et al., 2007). Models are trained on sequences with
z € [1,199] U [351,1000], and we test on Iso with sequences from z € [200, 350] for 7" = 100.

5 RESULTS

In the following, we analyze the cDDPM posterior sampling and evaluate the different methods in
terms of their general accuracy and temporal stability. Appendix C contains additional results and
evaluations for various aspects discussed in the following. Unless denoted otherwise, mean and
standard deviation over all sequences from each data set, multiple training runs, and multiple random
model evaluations are reported. We evaluate two training runs with different random seeds for Iso,
and three for Inc and Tra. For the probabilistic methods TFysr and cDDPM, five random model
evaluations are taken into account per trained model.

Accuracy As the basis for assessing the quality of flow predictions, we first measure direct errors
towards the ground truth sequence. We use a mean-squared-error (MSE) and LSiM, a similarity
metric for numerical simulations (Kohl et al., 2020). For both metrics, lower values indicate better
reconstruction accuracy. Reported errors are rollout errors, i.e., computed per time step and field, and
averaged over the full temporal rollout.
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Figure 4: Quantitative comparison across our test sets for different network architectures in terms of
MSE (top) and LSiM (bottom). The full, numerical accuracy results are also included in App. C.3.

As shown in Fig. 4, cDDPM produces accurate results with low standard deviation across all
experiments and test sets. For the easiest test case Inc, all model classes can do well, as shown by
the comparable performance of ResNety;;, FNO s, TF gy, U-Net and cDDPM with low error. On the
more complex Tra case, all transformer-based and FNO architectures are already substantially less
accurate, and mainly the ResNet variants remain competitive with cDDPM in terms of error. However,
for the longer rollouts in Tra;.nq they additionally face temporal stability issues, as discussed below.
On Iso, all models are struggling due to the highly underdetermined nature of this experiment. The
transformer-based methods lack accuracy, as the compressed latent representations are unable to
capture the high frequency details of this data set. The remaining baselines diverge at some point over
the rollout as shown in App. D, while cDDPM remains stable and achieves an improvement of more
than 35% compared to the best baseline. Below, we will only further investigate the most successful
architecture in each baseline model class, i.e., ResNety;;, FNO;s (FNO3;, for Is0), TFg,., and U-Net.

The improved performance of ResNet,; compared to ResNet, and the generally weak results of FNO
on our more complex tasks confirm the findings from Stachenfeld et al. (2022). The regular U-Net,
despite its network structure being identical to cDDPM, frequently performs worse on Tra and Iso.
Thus, we include an ablation on cDDPM in Fig. 4, that behaves similarly to U-Net in terms of error
propagation: For the cDDPM,,.,, model no conditioning noise is applied, i.e., cq is used over the entire
diffusion process. It performs substantially worse than cDDPM across cases, as it does not prevent
the buildup of errors similar to the U-Net or ResNet baselines, due to the tight coupling between
conditioning and prediction. This highlights the benefits of the cDDPM approach, where the next
step is always created from scratch, leading to less error propagation and increased temporal stability.

Posterior Sampling Another attractive aspect of a DDPM-based simulator is posterior sampling,
i.e., the ability to create different samples from the solution manifold for one initial condition. Below,
we qualitatively and quantitatively evaluate the cDDPM posterior samples. First, it becomes apparent
that cDDPM can produce samples with substantial differences. This is illustrated in Fig. 5, where
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zoomed areas from three random ¢cDDPM predictions on Tra;.ng and Iso at different time steps
are displayed along with a sample from the regular simulation. The diffusion approach produces
realistic, diverse features, such as the strongly varying formation of shock waves near the immersed
cylinder for Tra,ong. Figure 5 also visualizes the resulting spatially varying standard deviation
across five samples. Due to the chaotic nature of both test cases, it increases over time, as expected.
The locations of high variance match areas that are more difficult to predict, such as vortices and
shock wave regions for Tra;.ng, and regions with high vorticity for Iso. In contrast, the posterior
sampling of TFysg does not manage to produce such results, as samples from one model exhibit only
minor differences and high-frequency structures are either missing or unphysical, e.g., in areas where
shock waves should normally occur. A posterior sample analysis for TFy,g is contained in App. C.2.
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Figure 5: ¢cDDPM posterior samples with corresponding standard deviation on Tra,ong With Ma =
0.64 (left, pressure) and Iso with z = 300 (right, vorticity) at different zoom levels and time steps ¢.

To analyze the quality of a distribution of predicted simulation trajectories from a probabilistic
algorithm, it is naturally not sufficient to directly compare to a single target sequence, as even highly
accurate numerical simulations would eventually decorrelate from a target simulation over time (Hu
& Liao, 2020). Instead, our experimental setups allow for using temporal and spatial evaluations to
measure whether different samples statistically match the reference simulation, as established by
turbulence research (Dryden, 1943). While a broader evaluation is provided in App. C.1, two metrics
for a sequence from Tra;ong are discussed here: We evaluate the wavenumber of the horizontal
motion across a vertical line in the flow (averaged over time), and the temporal frequency of the
vertical motion at a point probe. As shown in Fig. 6, the samples produced by cDDPM accurately
match the statistics of the reference simulation. Even the high frequency content on the right side of
the spectrum is on average correctly reproduced by the cDDPM outputs. Thus, the posterior samples
exhibit a high correspondence to the statistical physical behavior of the reference simulations. Note
that a high-quality deterministic baseline can achieve a comparable spectral mean in this evaluation.
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Figure 6: Spatial (left) and temporal (right) frequency analysis across posterior samples for a full
sequence from Tra;,ng With Ma = 0.65. The shaded area shows the 51 to 95" percentile across all
trained models and posterior samples.

Comparing Temporal Statistics Temporal statistics also highlight the differences of the model
architectures under consideration. The left of Fig. 7 shows an evaluation in terms of the frequency of
the x-velocity for I so averaged across every spatial point. TFg,, is lacking across the frequency band,
while models with direct error propagation such as ResNety;, FNO 4, U-Net, and cDDPM,,,,, clearly
overshoot. High frequencies are modeled well by cDDPM, but it also slightly deviates in terms of
lower temporal frequencies. This is most likely caused by the strongly under-determined nature of
Iso, causing cDDPM to unnecessarily dissipate spatial high-frequency motions, which impacts low
temporal frequencies over longer rollouts. Nonetheless, it still outperforms other approaches.

7
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Figure 7: Temporal frequency analysis on a sequence from Iso with z = 300 (left). Correlation of
predictions from different methods with the reference simulation over the rollout on Inc,,, (right).

Temporal Stability A central motivation for employing diffusion models in the context of transient
simulations is the hypothesis that the stochastic training procedure leads to a more robust temporal
behavior at inference time. This is especially crucial for practical applications of fluid simulations,
where rollouts with thousands of steps are not uncommon. We now evaluate this aspect in more
detail, first, by measuring the Pearson correlation coefficient (Pearson, 1920) between prediction
and reference over time. We evaluate this for the Inc, ., test, which contains 7' = 250 steps with a
previously unseen change of the Reynolds number over the rollout (see Fig. 7 on the right). Initially,
U-Net and ResNet are most accurate, but both exhibit a fast decorrelation over time. This already
indicates a lack of tolerance to rollout errors observed on our more complex cases. FNO is on
par with cDDPM, as Inc,,, mainly contains low frequencies. However, the FNO variants have
difficulties with high-frequency information, as shown below and reported, e.g., by Stachenfeld et al.
(2022). TF gy keeps a high level of correlation that even slightly outperforms cDDPM. However, all
transformer-based methods have the advantage of receiving a larger range of previous simulation
states during training and inference (here & = 30) to predict the next state.

-==- Simulation ——— ResNety. —— FNOq6 FNO3; —— TFenc — U-Net —— ACDMpcp ACDM
= 0.02 4 = =
2 M’!’~\“\~’~'\>"-~. ¢<_]. 0.02
E 0.01 4 I \
o @ 0.01 1 WA YA
o) K AT T T
= = Iso
0.00 T T T T 0.00 T T T T T
0 50 100 150 200 250 0 20 40 60 80 100
Time step t Time step t

Figure 8: Stability analysis via error to previous time step on Traiong (left) and Iso (right).

To assess the dynamics of more complex cases, we measure the magnitude of the rate of change of
s, computed as ||(s"=s""")/a¢||; for every normalized time step. Compared to the correlation, this
metric stays meaningful even for long rollout times, and indicates whether a simulator preserves the
expected evolution of states as given by the reference simulation. Figure 8 shows this evaluation for
Trajong and Iso. For Traj.ng, the reference simulation features steady oscillations as given by
the main vortex shedding frequency. TFg,. generally remains stable due to the long training rollout
indicated by a mostly constant rate of change. However, it exhibits minor temporal inconsistencies
and slightly undershoots compared to the reference, most likely due to temporal updates being
performed suboptimally in the latent space. The other baselines diverge at different points during
the rollout and mostly settle into a stable but clearly wrong state of a mean flow prediction without
vortices. Like these baselines, the cDDPM simulator closely follows the reference until about ¢ = 60,
however it transitions to a relatively constant rate of change without diverging. Note that the vortex
shedding oscillations are averaged out over posterior samples and training runs in this evaluation.

The right side of Fig. 8 repeats this evaluation for the Iso experiment. Its isotropic nature in
combination with forcing leads to an almost constant rate of change over time for the reference
simulation. All methods struggle to replicate this accurately due the underdetermined learning task.
Apart from issues with the reconstruction quality, TFg,. exhibits undesirable spikes corresponding to
their temporal prediction window of & = 25 previous steps, and undershoots after one rollout window.
Similar as observed on Tra;ong, ResNetyy , FNO, and U-Net initially predict a quite accurate rate of
change, but diverge at different points over the rollout. Here, the common failure mode is an incorrect
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addition of energy to the system that causes a quick and significant divergence from the reference.
Despite the initially slightly larger rate of change, and the decay corresponding to an overly dissipative
prediction, cDDPM fares best among the investigated methods and remains fully stable over the
simulation rollout. These results confirm the initial hypothesis, and show that the DDPM-based
training not only leads to accurate instantaneous predictions, but also yields an excellent temporal
stability. This mainly caused by the increased error tolerance of cDDPM compared to cDDPM,,.,,, as
the latter performs very similar to U-Net for both evaluated experiments in Fig. 8.

Discussion and Limitations So far, we have evaluated cDDPM and U-Net with training method-
ologies that were kept as similar as possible for fairness. However, several works have reported
improvements from unrolling predictions during training (Lusch et al., 2018; Geneva & Zabaras,
2020). We investigate U-Net architectures with such unrolling over m steps during training, where
the gradient is fully backpropagated (see App. C.5 for details). This additional complexity at training
time improves the results, for example, U-Net,,s is fully temporally stable on I so, and is on par with
the cDDPM accuracy of 0.037 with an MSE of 0.045. Too large m can deteriorate performance, but
this can be mitigated via pre-training with smaller m. Furthermore, the usage of training noise was
proposed to reduce problems from error accumulation during inference (Sanchez-Gonzalez et al.,
2020). We investigate adding normally distributed noise to the U-Net input with varying standard
deviation n. With a well-tuned value of n = 10~2, U-Net results in an MSE of 0.0014 compared to
cDDPM with an MSE of 0.0023 on Tracy:, and does not show the issues with temporal stability
exhibited by the standard U-Net on Traiong or Iso (see App. C.6 for details).

Both changes to the U-Net training are faster at inference time than cDDPM, with a factor roughly
equal to the number of backbone model evaluations, i.e., diffusion steps R. While improvements in
terms of sampling procedures are to be expected in future work, the advantages of diffusion-based
approaches most likely stem from their iterative nature over the diffusion rollout, and hence we
anticipate that a constant factor over deterministic, single-pass inference will remain. However, both
stabilization methods naturally do not provide the U-Net with capabilities for posterior sampling.
Unrolling also introduces additional computational overheads during training (see App. B.6). Fur-
thermore, training noise necessitates hyperparameter tuning for n, as suboptimal values can even
deteriorate performance (see details in App. C.6), while cDDPM works well out-of-the-box, with R
only serving as a balancing factor between accuracy and inference costs.

Concurrently, two methods with a similar focus as cDDPM were proposed: PDE-Refiner (Lippe et al.,
2023), and DY ffusion (Cachay et al., 2023). PDE-Refiner relies on a refinement of direct one-step
predictions, by adding noise and denoising the result via diffusion within a single model. Compared
to our method, it can achieve similar temporal stability in less inference time, as only about R = 4
model evaluations are required. However PDE-Refiner, (i) consistently achieves worse accuracy
than cDDPM, (ii) exhibits unstable behavior across its multiple hyperparameters, (iii) results in
worse posterior coverage compared to cDDPM, due to its probabilistic refinement of deterministic
predictions. We provide a detailed comparison against PDE-Refiner in App. C.9. DYffusion combines
a predictor, that equates the diffusion time step with the physical time step of the simulation, with
a probabilistic interpolator model. Compared to cDDPM, the method can use large time steps,
generalizes to arbitrary prediction time intervals, and is significantly faster, with little overhead
compared to a standard U-Net inference. However, cDDPM achieves better temporal coherence and
posterior coverage, due to the fully diffusion-based approach compared to the Bayesian interpolation.

6 CONCLUSION AND FUTURE WORK

We demonstrated the attractiveness of autoregressive conditional diffusion models for the simulation
of complex flow phenomena. Our findings show that using a diffusion-based approach has clear
advantages in terms of accuracy for complex, underdetermined flow prediction problems, while at the
same time enabling probabilistic inference, that faithfully reproduces the physical statistics of the
reference solutions. Our results show improved temporal stability of the diffusion-based training,
which surpasses the established methodologies for classical supervised training, and transformer-
based sequence modeling methods. We believe that recent advances in sampling procedures such
as distillation (Salimans & Ho, 2022) are a promising avenue for improved inference performance
for cDDPM in future work. Naturally, considering other PDEs, or larger, three-dimensional flows
is likewise a highly interesting direction. For the latter, single-step cDDPM training is particularly
attractive, as it avoids the substantial costs of temporal training rollouts (Sirignano et al., 2020).



Under review as a conference paper at ICLR 2024

ETHICS STATEMENT

Our method primarily focuses on an early exploration of integrating diffusion models as a beneficial
tool in a larger fluid simulation toolbox. As such, we anticipate that our research will not directly
result in negative societal or ethical consequences. However, it is important to acknowledge that there
may be a potential military relevance, similar to existing flow simulation technologies like numerical
fluid solvers. Furthermore, the broader environmental implications of deep learning as a whole are an
aspect worth considering.

REPRODUCIBILITY STATEMENT

To ensure reproducibility, we provide a detailed appendix with additional information for data sets,
model variants, training, and additional evaluations below. Furthermore, we provide our source code
for dataset generation, training, model sampling, and evaluations alongside this submission. The
source code and data sets will be publicly available upon acceptance as well.

REFERENCES

Filipe de Avila Belbute-Peres, Thomas D. Economon, and J. Zico Kolter. Combining differentiable pde solvers
and graph neural networks for fluid flow prediction. In Proceedings of the 37th International Conference on
Machine Learning (ICML 2020), volume 119, pp. 2402-2411, 2020. URL http://proceedings.mlr.
press/v119/de-avila-belbute-peres20a.html.

Yohai Bar-Sinai, Stephan Hoyer, Jason Hickey, and Michael P. Brenner. Learning data driven discretizations for
partial differential equations. Proceedings of the National Academy of Sciences, 116(31):15344-15349, 2019.
ISSN 0027-8424, 1091-6490. doi:10.1073/pnas.1814058116.

Georgios Batzolis, Jan Stanczuk, Carola-Bibiane Schonlieb, and Christian Etmann. Conditional image generation
with score-based diffusion models. arXiv, 2021. doi:10.48550/arXiv.2111.13606.

Andreas Blattmann, Robin Rombach, Huan Ling, Tim Dockhorn, Seung Wook Kim, Sanja Fidler, and
Karsten Kreis. Align your latents: High-resolution video synthesis with latent diffusion models. In
2023 IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp. 22563-22575, 2023.
doi:10.1109/CVPR52729.2023.02161.

Johannes Brandstetter, Daniel E. Worrall, and Max Welling. Message passing neural pde solvers. In /0th
International Conference on Learning Representations (ICLR 2022),2022. URL https://openreview.
net/forum?id=vSix3HPYKSU.

Salva Riihling Cachay, Bo Zhao, Hailey Joren, and Rose Yu. Dyffusion: A dynamics-informed diffusion model
for spatiotemporal forecasting. arXiv, 2023. doi:10.48550/arXiv.2306.01984.

Hyungjin Chung, Byeongsu Sim, and Jong Chul Ye. Come-closer-diffuse-faster: Accelerating conditional
diffusion models for inverse problems through stochastic contraction. In 2022 IEEE Conference on Computer
Vision and Pattern Recognition (CVPR), pp. 12403-12412, 2022. doi:10.1109/CVPR52688.2022.01209.

Indu Kant Deo, Rui Gao, and Rajeev Jaiman. Combined space—time reduced-order model with three-dimensional
deep convolution for extrapolating fluid dynamics. Physics of Fluids, 35(4):043606, 2023. ISSN 1070-6631.
doi:10.1063/5.0145071.

Prafulla Dhariwal and Alexander Quinn Nichol. Diffusion models beat gans on image synthesis. In
Advances in Neural Information Processing Systems 34, pp. 8780-8794, 2021. URL https://
proceedings.neurips.cc/paper/2021/hash/49ad23dlec9fadbd8d77d02681df5cfa-
Abstract.html.

Alexey Dosovitskiy and Thomas Brox. Generating images with perceptual similarity met-
rics based on deep networks. In Advances in Neural Information Processing Systems
29, pp. 658-666, 2016. URL https://proceedings.neurips.cc/paper/2016/hash/
371bce7dc83817b7893bcdeedl3799b5-Abstract . html.

Hugh L. Dryden. A review of the statistical theory of turbulence. Quarterly of Applied Mathematics, 1(1):7-42,
1943. ISSN 0033569X, 15524485. URL http://www. jstor.org/stable/43633324.

Thomas Economon, Francisco Palacios, Sean Copeland, Trent Lukaczyk, and Juan Alonso. Su2: An open-source
suite for multiphysics simulation and design. AIAA Journal, 54:1-19, 2015. doi:10.2514/1.J053813.

10


http://proceedings.mlr.press/v119/de-avila-belbute-peres20a.html
http://proceedings.mlr.press/v119/de-avila-belbute-peres20a.html
https://doi.org/10.1073/pnas.1814058116
https://doi.org/10.48550/arXiv.2111.13606
https://doi.org/10.1109/CVPR52729.2023.02161
https://openreview.net/forum?id=vSix3HPYKSU
https://openreview.net/forum?id=vSix3HPYKSU
https://doi.org/10.48550/arXiv.2306.01984
https://doi.org/10.1109/CVPR52688.2022.01209
https://doi.org/10.1063/5.0145071
https://proceedings.neurips.cc/paper/2021/hash/49ad23d1ec9fa4bd8d77d02681df5cfa-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/49ad23d1ec9fa4bd8d77d02681df5cfa-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/49ad23d1ec9fa4bd8d77d02681df5cfa-Abstract.html
https://proceedings.neurips.cc/paper/2016/hash/371bce7dc83817b7893bcdeed13799b5-Abstract.html
https://proceedings.neurips.cc/paper/2016/hash/371bce7dc83817b7893bcdeed13799b5-Abstract.html
http://www.jstor.org/stable/43633324
https://doi.org/10.2514/1.J053813

Under review as a conference paper at ICLR 2024

Nicholas Geneva and Nicholas Zabaras. Quantifying model form uncertainty in reynolds-averaged turbulence
models with bayesian deep neural networks. Journal of Computational Physics, 383:125-147, 2019. ISSN
0021-9991. doi:10.1016/j.jcp.2019.01.021.

Nicholas Geneva and Nicholas Zabaras. Modeling the dynamics of pde systems with physics-constrained deep
auto-regressive networks. Journal of Computational Physics, 403, 2020. doi:10.1016/j.jcp.2019.109056.

Nicholas Geneva and Nicholas Zabaras. Transformers for modeling physical systems. Neural Networks, 146:
272-289, 2022. doi:10.1016/j.neunet.2021.11.022.

Xu Han, Han Gao, Tobias Pfaff, Jian-Xun Wang, and Liping Liu. Predicting physics in mesh-reduced space with
temporal attention. In 10th International Conference on Learning Representations (ICLR 2022),2021. URL
https://openreview.net/forum?id=XctLdNfCmP.

William Harvey, Saeid Naderiparizi, Vaden Masrani, Christian Weilbach, and Frank Wood.  Flex-
ible diffusion modeling of long videos. In Advances in Neural Information Processing
Systems 35, 2022. URL http://papers.nips.cc/paper_files/paper/2022/hash/
b2felee8d936ac08dd26£2f£58986c8f-Abstract-Conference.html.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recognition.
In 2016 IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp. 770-778, 2016.
doi:10.1109/CVPR.2016.90.

Amir Pouya Hemmasian and Amir Barati Farimani. Reduced-order modeling of fluid flows with transformers.
Physics of Fluids, 35(5):057126, 2023. ISSN 1070-6631. doi:10.1063/5.0151515.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. In Advances in Neural
Information Processing Systems 33, 2020. URL https://proceedings.neurips.cc/paper/
2020/hash/4c5bcfec8584af0d967f1abl0179cadb-Abstract.html.

Jonathan Ho, Tim Salimans, Alexey A. Gritsenko, William Chan, Mohammad Norouzi, and
David J. Fleet. Video diffusion models. In Advances in Neural Information Processing
Systems 35, 2022. URL http://papers.nips.cc/paper_files/paper/2022/hash/
39235c56aefl3fb05abadc95eb9d8de66-Abstract-Conference.html.

Philipp Holl, Nils Thuerey, and Vladlen Koltun. Learning to control pdes with differentiable physics. In 8th
International Conference on Learning Representations (ICLR 2020), 2020. URL https://openreview.
net/forum?id=HyeSin4FPB.

Benjamin Holzschuh, Simona Vegetti, and Nils Thuerey. Score matching via differentiable physics. arXiv, 2023.
doi:10.48550/arXiv.2301.10250.

Tobias Hoppe, Arash Mehrjou, Stefan Bauer, Didrik Nielsen, and Andrea Dittadi. Diffusion models for video
prediction and infilling. Transactions on Machine Learning Research, 2022. ISSN 2835-8856. URL
https://openreview.net/forum?id=1f01r4AYMG.

Tianli Hu and Shijun Liao. On the risks of using double precision in numerical simulations of spatio-temporal
chaos. Journal of Computational Physics, 418:109629, 2020. doi:10.1016/j.jcp.2020.109629.

Aapo Hyvérinen. Estimation of non-normalized statistical models by score matching. Journal of Machine Learn-
ing Research, 6:695-709, 2005. URL http://jmlr.org/papers/v6/hyvarinen05a.html.

Justin Johnson, Alexandre Alahi, and Li Fei-Fei. Perceptual losses for real-time style transfer and super-resolution.
In Computer Vision - ECCV 2016, volume 9906, pp. 694-711, 2016. doi:10.1007/978-3-319-46475-6_43.

Tero Karras, Miika Aittala, Timo Aila, and Samuli Laine. Elucidating the design space of diffusion-based
generative models. In Advances in Neural Information Processing Systems 35, 2022. URL https://
openreview.net/forum?id=k7FuTOWMOcC7.

Bahjat Kawar, Michael Elad, Stefano Ermon, and Jiaming Song. Denoising diffusion restoration models.
In Advances in Neural Information Processing Systems 35, 2022. URL http://papers.nips.cc/
paper_files/paper/2022/hash/95504595b6169131b6ed6cd72eb05616—-Abstract—
Conference.html.

Byungsoo Kim, Vinicius C. Azevedo, Nils Thuerey, Theodore Kim, Markus H. Gross, and Barbara Solenthaler.

Deep fluids: A generative network for parameterized fluid simulations. Computer Graphics Forum, 38(2):
59-70, 2019. doi:10.1111/cgf.13619.

11


https://doi.org/10.1016/j.jcp.2019.01.021
https://doi.org/10.1016/j.jcp.2019.109056
https://doi.org/10.1016/j.neunet.2021.11.022
https://openreview.net/forum?id=XctLdNfCmP
http://papers.nips.cc/paper_files/paper/2022/hash/b2fe1ee8d936ac08dd26f2ff58986c8f-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/b2fe1ee8d936ac08dd26f2ff58986c8f-Abstract-Conference.html
https://doi.org/10.1109/CVPR.2016.90
https://doi.org/10.1063/5.0151515
https://proceedings.neurips.cc/paper/2020/hash/4c5bcfec8584af0d967f1ab10179ca4b-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/4c5bcfec8584af0d967f1ab10179ca4b-Abstract.html
http://papers.nips.cc/paper_files/paper/2022/hash/39235c56aef13fb05a6adc95eb9d8d66-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/39235c56aef13fb05a6adc95eb9d8d66-Abstract-Conference.html
https://openreview.net/forum?id=HyeSin4FPB
https://openreview.net/forum?id=HyeSin4FPB
https://doi.org/10.48550/arXiv.2301.10250
https://openreview.net/forum?id=lf0lr4AYM6
https://doi.org/10.1016/j.jcp.2020.109629
http://jmlr.org/papers/v6/hyvarinen05a.html
https://doi.org/10.1007/978-3-319-46475-6_43
https://openreview.net/forum?id=k7FuTOWMOc7
https://openreview.net/forum?id=k7FuTOWMOc7
http://papers.nips.cc/paper_files/paper/2022/hash/95504595b6169131b6ed6cd72eb05616-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/95504595b6169131b6ed6cd72eb05616-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/95504595b6169131b6ed6cd72eb05616-Abstract-Conference.html
https://doi.org/10.1111/cgf.13619

Under review as a conference paper at ICLR 2024

Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization. In 3rd International Conference
on Learning Representations (ICLR 2015), 2015. URL http://arxiv.org/abs/1412.6980.

Diederik P. Kingma and Max Welling. Auto-encoding variational bayes. In 2nd International Conference on
Learning Representations (ICLR 2014),2014. URL http://arxiv.org/abs/1312.6114.

Dmitrii Kochkov, Jamie A. Smith, Ayya Alieva, Qing Wang, Michael P. Brenner, and Stephan Hoyer. Machine
learning—accelerated computational fluid dynamics. Proceedings of the National Academy of Sciences, 118
(21):2101784118, 2021. doi:10.1073/pnas.2101784118.

Georg Kohl, Kiwon Um, and Nils Thuerey. Learning similarity metrics for numerical simulations. In Proceedings
of the 37th International Conference on Machine Learning (ICML 2020), volume 119, pp. 5349-5360, 2020.
URL http://proceedings.mlr.press/v119/kohl20a.html.

Zongyi Li, Nikola Borislavov Kovachki, Kamyar Azizzadenesheli, Burigede Liu, Kaushik Bhattacharya,
Andrew M. Stuart, and Anima Anandkumar. Fourier neural operator for parametric partial differen-
tial equations. In 9th International Conference on Learning Representations (ICLR 2021), 2021. URL
https://openreview.net/forum?id=c8PINQVtmnO.

Marten Lienen, Jan Hansen-Palmus, David Liidke, and Stephan Giinnemann. Generative diffusion for 3d
turbulent flows. arXiv, 2023. doi:10.48550/arXiv.2306.01776.

Phillip Lippe, Bastiaan S. Veeling, Paris Perdikaris, Richard E. Turner, and Johannes Brandstetter. Pde-refiner:
Achieving accurate long rollouts with neural pde solvers. arXiv, 2023. doi:10.48550/arXiv.2308.05732.

Bjorn List, Li-Wei Chen, and Nils Thuerey. Learned turbulence modelling with differentiable fluid solvers:
Physics-based loss functions and optimisation horizons. Journal of Fluid Mechanics, 949:A25, 2022.
doi:10.1017/jfm.2022.738.

Zhuang Liu, Hanzi Mao, Chao-Yuan Wu, Christoph Feichtenhofer, Trevor Darrell, and Saining Xie. A convnet for
the 2020s. In 2022 IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp. 11966-11976,
2022. doi:10.1109/CVPR52688.2022.01167.

Bethany Lusch, J. Nathan Kutz, and Steven L. Brunton. Deep learning for universal linear embeddings of
nonlinear dynamics. Nature Communications, 9(1):4950, 2018. ISSN 2041-1723. doi:10.1038/s41467-018-
07210-0.

Luke Metz, Ben Poole, David Pfau, and Jascha Sohl-Dickstein. Unrolled generative adversarial networks. In 5th
International Conference on Learning Representations (ICLR 2017),2017. URL https://openreview.
net/forum?id=BydrOIcle.

Parviz Moin and Krishnan Mahesh. Direct numerical simulation: A tool in turbulence research. Annual Review
of Fluid Mechanics, 30(1):539-578, 1998. doi:10.1146/annurev.fluid.30.1.539.

Alexander Quinn Nichol and Prafulla Dhariwal. Improved denoising diffusion probabilistic models. In
Proceedings of the 38th International Conference on Machine Learning (ICML 2021), volume 139, pp.
8162-8171,2021. URL http://proceedings.mlr.press/v139/nichol2la.html.

Mette S Olufsen, Charles S Peskin, Won Yong Kim, Erik M Pedersen, Ali Nadim, and Jesper Larsen. Numerical
simulation and experimental validation of blood flow in arteries with structured-tree outflow conditions.
Annals of Biomedical Engineering, 28(11):1281-1299, 2000. doi:10.1114/1.1326031.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan, Trevor Killeen,
Zeming Lin, Natalia Gimelshein, Luca Antiga, Alban Desmaison, Andreas Kopf, Edward Yang, Zach DeVito,
Martin Raison, Alykhan Tejani, Sasank Chilamkurthy, Benoit Steiner, Lu Fang, Junjie Bai, and Soumith
Chintala. Pytorch: An imperative style, high-performance deep learning library. In Advances in Neural
Information Processing Systems 32, pp. 8024-8035, 2019. doi:10.48550/arXiv.1912.01703.

Karl Pearson. Notes on the history of correlation. Biometrika, 13(1):25-45, 1920. doi:10.1093/biomet/13.1.25.

Eric Perlman, Randal Burns, Yi Li, and Charles Meneveau. Data exploration of turbulence simulations using
a database cluster. In Proceedings of the ACM/IEEE Conference on High Performance Networking and
Computing, pp. 1-11, 2007. doi:10.1145/1362622.1362654.

Tobias Pfaff, Meire Fortunato, Alvaro Sanchez-Gonzalez, and Peter W. Battaglia. Learning mesh-based

simulation with graph networks. In 9¢h International Conference on Learning Representations (ICLR 2021),
2021. URL https://openreview.net/forum?id=roNgYL0_XP.

12


http://arxiv.org/abs/1412.6980
http://arxiv.org/abs/1312.6114
https://doi.org/10.1073/pnas.2101784118
http://proceedings.mlr.press/v119/kohl20a.html
https://openreview.net/forum?id=c8P9NQVtmnO
https://doi.org/10.48550/arXiv.2306.01776
https://doi.org/10.48550/arXiv.2308.05732
https://doi.org/10.1017/jfm.2022.738
https://doi.org/10.1109/CVPR52688.2022.01167
https://doi.org/10.1038/s41467-018-07210-0
https://doi.org/10.1038/s41467-018-07210-0
https://openreview.net/forum?id=BydrOIcle
https://openreview.net/forum?id=BydrOIcle
https://doi.org/10.1146/annurev.fluid.30.1.539
http://proceedings.mlr.press/v139/nichol21a.html
https://doi.org/10.1114/1.1326031
https://doi.org/10.48550/arXiv.1912.01703
https://doi.org/10.1093/biomet/13.1.25
https://doi.org/10.1145/1362622.1362654
https://openreview.net/forum?id=roNqYL0_XP

Under review as a conference paper at ICLR 2024

Stephen Pope.  Turbulent Flows. Cambridge University Press, 2000. ISBN 978-0-511-84053-1.
doi:10.1017/CB0O9780511840531.

Konpat Preechakul, Nattanat Chatthee, Suttisak Wizadwongsa, and Supasorn Suwajanakorn. Diffusion autoen-
coders: Toward a meaningful and decodable representation. In 2022 IEEE Conference on Computer Vision
and Pattern Recognition (CVPR), pp. 10609-10619, 2022. doi:10.1109/CVPR52688.2022.01036.

Olaf Ronneberger, Philipp Fischer, and Thomas Brox. U-net: Convolutional networks for biomedical image
segmentation. In Medical Image Computing and Computer-Assisted Intervention (MICCAI), volume 9351 of
Lecture Notes in Computer Science, pp. 234-241, 2015. doi:10.1007/978-3-319-24574-4_28.

Chitwan Saharia, William Chan, Saurabh Saxena, Lala Li, Jay Whang, Emily L. Denton, Seyed
Kamyar Seyed Ghasemipour, Raphael Gontijo Lopes, Burcu Karagol Ayan, Tim Salimans,
Jonathan Ho, David J. Fleet, and Mohammad Norouzi. Photorealistic text-to-image diffu-
sion models with deep language understanding. In Advances in Neural Information Process-
ing Systems 35, 2022. URL http://papers.nips.cc/paper_files/paper/2022/hash/
ec795aeadaelb7d230fa35cbaf04c041-Abstract-Conference.html.

Tim Salimans and Jonathan Ho. Progressive distillation for fast sampling of diffusion models. In /0th
International Conference on Learning Representations (ICLR 2022),2022. URL https://openreview.
net/forum?id=TIdIXIpzhol.

Alvaro Sanchez-Gonzalez, Jonathan Godwin, Tobias Pfaff, Rex Ying, Jure Leskovec, and Peter W. Battaglia.
Learning to simulate complex physics with graph networks. In Proceedings of the 37th International
Conference on Machine Learning (ICML 2020), volume 119, pp. 8459-8468, 2020. URL http://
proceedings.mlr.press/v119/sanchez—gonzalez20a.html.

Zhuoran Shen, Mingyuan Zhang, Haiyu Zhao, Shuai Yi, and Hongsheng Li. Efficient attention: Attention with
linear complexities. In IEEE Winter Conference on Applications of Computer Vision, pp. 3530-3538, 2021.
doi:10.1109/WACV48630.2021.00357.

Dule Shu, Zijie Li, and Amir Barati Farimani. A physics-informed diffusion model for high-fidelity flow field
reconstruction. Journal of Computational Physics, 478:111972, 2023. doi:10.1016/j.jcp.2023.111972.

Justin A. Sirignano, Jonathan F. MacArt, and Jonathan B. Freund. Dpm: A deep learning pde augmentation
method with application to large-eddy simulation. Journal of Computational Physics, 423:109811, 2020.
doi:10.1016/j.jcp.2020.109811.

Jascha Sohl-Dickstein, Eric A. Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised learning
using nonequilibrium thermodynamics. In Proceedings of the 32nd International Conference on Machine
Learning (ICML 2015), volume 37, pp. 2256-2265, 2015. URL http://proceedings.mlr.press/
v37/sohl-dicksteinl5.html.

Jiaming Song, Chenlin Meng, and Stefano Ermon. Denoising diffusion implicit models. In 9¢h International
Conference on Learning Representations (ICLR 2021), 2021a. URL https://openreview.net/
forum?id=StlgiarCHLP.

Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar, Stefano Ermon, and Ben Poole.
Score-based generative modeling through stochastic differential equations. In 9th International Conference
on Learning Representations (ICLR 2021), 2021b. URL https://openreview.net/forum?id=
PxTIG12RRHS.

Yang Song, Liyue Shen, Lei Xing, and Stefano Ermon. Solving inverse problems in medical imaging with
score-based generative models. In 10th International Conference on Learning Representations (ICLR 2022),
2022. URL https://openreview.net/forum?id=vaRCHVjOuGI.

Philippe Spalart, Sebastien Deck, Michael L. Shur, Kyle Squires, Michael Strelets, and Andrey Travin. A new
version of detached-eddy simulation, resistant to ambiguous grid densities. Theoretical and Computational
Fluid Dynamics, 20(3):181-195, 2006. ISSN 1432-2250. doi:10.1007/s00162-006-0015-0.

Kimberly L. Stachenfeld, Drummond Buschman Fielding, Dmitrii Kochkov, Miles D. Cranmer, Tobias Pfaff,
Jonathan Godwin, Can Cui, Shirley Ho, Peter W. Battaglia, and Alvaro Sanchez-Gonzalez. Learned coarse
models for efficient turbulence simulation. In /0th International Conference on Learning Representations
(ICLR 2022),2022. URL https://openreview.net/forum?id=msRBojTz—-Nh.

Nils Thuerey, Konstantin Weissenow, Lukas Prantl, and Xiangyu Hu. Deep learning methods for reynolds-
averaged navier-stokes simulations of airfoil flows. AIAA Journal, 58(1):25-36, 2020. doi:10.2514/1.J058291.

13


https://doi.org/10.1017/CBO9780511840531
https://doi.org/10.1109/CVPR52688.2022.01036
https://doi.org/10.1007/978-3-319-24574-4_28
http://papers.nips.cc/paper_files/paper/2022/hash/ec795aeadae0b7d230fa35cbaf04c041-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/ec795aeadae0b7d230fa35cbaf04c041-Abstract-Conference.html
https://openreview.net/forum?id=TIdIXIpzhoI
https://openreview.net/forum?id=TIdIXIpzhoI
http://proceedings.mlr.press/v119/sanchez-gonzalez20a.html
http://proceedings.mlr.press/v119/sanchez-gonzalez20a.html
https://doi.org/10.1109/WACV48630.2021.00357
https://doi.org/10.1016/j.jcp.2023.111972
https://doi.org/10.1016/j.jcp.2020.109811
http://proceedings.mlr.press/v37/sohl-dickstein15.html
http://proceedings.mlr.press/v37/sohl-dickstein15.html
https://openreview.net/forum?id=St1giarCHLP
https://openreview.net/forum?id=St1giarCHLP
https://openreview.net/forum?id=PxTIG12RRHS
https://openreview.net/forum?id=PxTIG12RRHS
https://openreview.net/forum?id=vaRCHVj0uGI
https://doi.org/10.1007/s00162-006-0015-0
https://openreview.net/forum?id=msRBojTz-Nh
https://doi.org/10.2514/1.J058291

Under review as a conference paper at ICLR 2024

Nils Thuerey, Philipp Holl, Maximilian Mueller, Patrick Schnell, Felix Trost, and Kiwon Um. Physics-based
deep learning, 2021. URL https://physicsbaseddeeplearning.org.

Kiwon Um, Robert Brand, Yun Fei, Philipp Holl, and Nils Thuerey. Solver-in-the-loop: Learning from
differentiable physics to interact with iterative pde-solvers. In Advances in Neural Information Pro-
cessing Systems 33, 2020. URL https://proceedings.neurips.cc/paper/2020/hash/
43e4e6a6f341e00671el23714de019a8-Abstract.html.

Arash Vahdat, Karsten Kreis, and Jan Kautz. Score-based generative modeling in latent space. In
Advances in Neural Information Processing Systems 34, pp. 11287-11302, 2021. URL https://
proceedings.neurips.cc/paper/2021/hash/5dcadc6b9e244d24a30b4c45601d9720-
Abstract.html.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez, Lukasz Kaiser,
and Illia Polosukhin. Attention is all you need. In Advances in Neural Information Processing Sys-
tems 30, pp. 5998-6008, 2017. URL https://proceedings.neurips.cc/paper/2017/hash/
3f5ee243547dee91£fbd053clc4a845aa—Abstract.html.

Siddhartha Verma, Guido Novati, and Petros Koumoutsakos. Efficient collective swimming by harnessing
vortices through deep reinforcement learning. Proceedings of the National Academy of Sciences, 115(23):
5849-5854, 2018. doi:10.1073/pnas.1800923115.

Rui Wang, Karthik Kashinath, Mustafa Mustafa, Adrian Albert, and Rose Yu. Towards physics-informed deep
learning for turbulent flow prediction. In 26th ACM SIGKDD Conference on Knowledge Discovery and Data
Mining, pp. 1457-1466, 2020. doi:10.1145/3394486.3403198.

Steffen Wiewel, Moritz Becher, and Nils Thuerey. Latent space physics: Towards learning the temporal evolution
of fluid flow. Computer Graphics Forum, 38(2):71-82, 2019. ISSN 1467-8659. doi:10.1111/cgf.13620.

Tailin Wu, Takashi Maruyama, and Jure Leskovec. Learning to accelerate partial differen-
tial equations via latent global evolution. In Advances in Neural Information Processing
Systems 35, 2022. URL http://papers.nips.cc/paper_files/paper/2022/hash/
0£817dcbad8lafb21fb695f1b2e55e44-Abstract—-Conference.html.

Yuxin Wu and Kaiming He. Group normalization. In Computer Vision - ECCV 2018, volume 11217, pp. 3-19,
2018. doi:10.1007/978-3-030-01261-8_1.

John C. Wyngaard. Atmospheric turbulence. Annual Review of Fluid Mechanics, 24(1):205-234, 1992.
doi:10.1146/annurev.fl.24.010192.001225.

Gefan Yang and Stefan Sommer. A denoising diffusion model for fluid field prediction. arXiv, 2023.
doi:10.48550/arXiv.2301.11661.

Ling Yang, Zhilong Zhang, Yang Song, Shenda Hong, Runsheng Xu, Yue Zhao, Yingxia Shao, Wentao Zhang,

Bin Cui, and Ming-Hsuan Yang. Diffusion models: A comprehensive survey of methods and applications.
arXiv, 2022. doi:10.48550/arXiv.2209.00796.

14


https://physicsbaseddeeplearning.org
https://proceedings.neurips.cc/paper/2020/hash/43e4e6a6f341e00671e123714de019a8-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/43e4e6a6f341e00671e123714de019a8-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/5dca4c6b9e244d24a30b4c45601d9720-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/5dca4c6b9e244d24a30b4c45601d9720-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/5dca4c6b9e244d24a30b4c45601d9720-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/3f5ee243547dee91fbd053c1c4a845aa-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/3f5ee243547dee91fbd053c1c4a845aa-Abstract.html
https://doi.org/10.1073/pnas.1800923115
https://doi.org/10.1145/3394486.3403198
https://doi.org/10.1111/cgf.13620
http://papers.nips.cc/paper_files/paper/2022/hash/0f817dcbad81afb21fb695f1b2e55e44-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/0f817dcbad81afb21fb695f1b2e55e44-Abstract-Conference.html
https://doi.org/10.1007/978-3-030-01261-8_1
https://doi.org/10.1146/annurev.fl.24.010192.001225
https://doi.org/10.48550/arXiv.2301.11661
https://doi.org/10.48550/arXiv.2209.00796

Under review as a conference paper at ICLR 2024

A  DATA DETAILS

In the following, we provide details for each simulation setup: the incompressible wake flow Inc in
App. A.1, the transonic cylinder flow Tra in App. A.2, and the isotropic turbulence Iso in App. A.3.
Further details can be found in the source code accompanying this submission.

A.1 INCOMPRESSIBLE FLOW SIMULATION

To create the incompressible cylinder flow we employ the fluid solver PhiFlow! (Holl et al., 2020).
Velocity data is stored on a staggered grid, we employ an advection scheme based on the MacCormack
method, and use the adaptive conjugate gradient method as a pressure solver. We enforce a given
Reynolds number in [100, 1000] via an explicit diffusion step.

Our domain setup is illustrated in Fig. 9. We

use Neumann boundary conditions in vertical -

x-direction of the domain and around the cylin- :0 7

der, and a Dirichlet boundary condition for the L

outflow on the right of the domain. For the

inflow on the left of the domain we prescribe | 0.7. @ _________ 27 . 4
a fixed freestream velocity of (,;) during the

simulation. To get oscillations started, the y- |

component of this velocity is replaced with 0.7

0.5 - (cos(m - ) + 1), where = denotes normal-
ized vertical domain coordinates in [0, 1], during
a warmup of 20 time steps. We run and export
the simulation for 1300 iterations at time step
0.05, using data after a suitable warmup period
t > 300. The spatial domain discretization is
256 x 128, but we train and evaluate models on a reduced resolution via downsampling the data
to 128 x 64. Velocities are resampled to a regular grid before exporting, and pressure values are
exported directly. In addition, we normalize all fields and scalar components to a standard normal
distribution. The velocity is normalized in terms of magnitude. During inference we do not evaluate
the cylinder area; i.e., all values inside the cylinder are set to zero via a multiplicative binary mask
before every evaluation or loss computation.

Figure 9: Simulation domain for incompressible
flow simulation.

We generated a data set of 91 sequences with Reynolds number Re € {100,110, ...,990,1000}.
Running and exporting the simulations on a machine with an NVIDIA GeForce GTX 1080 Ti GPU
and an Intel Core 17-6850k CPU with 6 cores at 3.6 GHz took about 5 days. Models are trained using
the data of 81 sequences with Re € {200, 210, ...,890,900} for ¢ € [800, 1300]. Training and test
sequences employ a temporal stride of 2. As test sets we use:

* Incio,: five sequences with Re € {100,120, 140, 160, 180} for ¢ € [1000, 1120) with

T = 60.
* Inchign: five sequences with Re € {920, 940, 960, 980, 1000} for ¢ € [1000, 1120) with
T = 60.

* Incya,: one sequence for ¢ € [300,800) with T' = 250, and a smoothly varying Re from
200 to 900 during the simulation. This is achieved via linearly interpolating the diffusivity
to the corresponding value at each time step.

For the Inc,., test set, we replace the model predictions of Re that are learned to be constant for
cDDPM, U-Net, ResNet, and FNO with the linearly varying Reynolds numbers over the simulation
rollout during inference. The transformer-based methods TFg,. and TFy4 receive all scalar simulation
parameters as an additional input to the latent space for each iteration of the latent processor. Note
that the architectural design of TF gy does not allow for varying simulation parameters over the
rollout, as only one fixed parameter embedding is provided as a first input step for the latent processor,
i.e. the model is expected to diverge quickly in this case.

"https://github.com/tum-pbs/PhiFlow
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A.2 TRANSONIC FLOW SIMULATION

To create the transonic cylinder flow we use the simulation framework SU2? (Economon et al., 2015).
We employ the delayed detached eddy simulation model (SA-DDES) for turbulence closure, which
is derived from the one-equation Spalart-Allmaras model (Spalart et al., 2006). By modifying the
length scale, the model behaves like RANS for the attached flow in the near wall region and resolves
the detached flows in the other regions. No-slip and adiabatic conditions are applied on the cylinder
surface. The farfield boundary conditions are treated by local, one-dimensional Riemann-invariants.
The governing equations are numerically solved by the finite-volume method. Spatial gradients are
computed with weighted least squares, and the biconjugate gradient stabilized method (BiCGSTAB)
is used as the implicit linear solver. For the freestream velocity we enforce a given Mach number in
[0.5,0.9] while keeping the Reynolds number at a constant value of 10%.

To prevent issues with shockwaves from the initial flow phase, we first compute a steady RANS
solution for each case for 1000 solver iterations and use that as the initialization for the unsteady
simulation. We run the unsteady simulation for 150 000 iterations overall, and use every 50™ step
once the vortex street is fully developed after the first 100 000 iterations. This leads to 7' = 1000
exported steps with velocity, density, and pressure fields. The non-dimensional time step for each
simulation is 0.002 * D / Uoo, where D is the dimensional cylinder diameter, and U the free-stream
velocity magnitude.
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Figure 10: Full simulation mesh with highlighted resampling area (left) and resampling domain setup
(right) for the transonic flow simulation.

The computational mesh is illustrated on the left in Fig. 10. Inference is focused on the near field
region around the obstacle (marked in red on the left, and shown in detail on the right). To interpolate
from the original mesh to the resampled training and testing domain, which is a regular, Cartesian grid
with resolution 128 x 64, we use an interpolation based on radial basis functions. It employs a linear
basis function across the 5 nearest data points of the original mesh. In terms of field normalization
and masking the cylinder area during inference, we treat this case in the same way as described in
App. A.1.

We created a data set of 41 sequences with Mach number Ma € {0.5,0.51,...,0.89,0.90} at
Reynolds number 10* with the T = 1000 exported steps each. We sequentially ran the simulations on
one CPU cluster node that contains 28 Intel Xeon E5-2690 v3 CPU cores at 2.6 GHz in about 5 days.
Each simulation was computed in parallel with 56 threads, and one separate thread simultaneously
resampled and processed the simulation outputs online during the simulation. All models are trained
on the data of 33 sequences with Ma € {0.53,0.54,...,0.62,0.63} U {0.69,0.70, . ..,0.89,0.90}.
Training and test sequences use a temporal stride of 2. The used test cases for this compressible,
transonic flow setup are:

https://su2code.github.io
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* Traex:: Six sequences from Ma € {0.50,0.51,0.52}, for ¢ € [500,620) and for ¢ €
620, 740) with T' = 60.

* Traj,: six sequences from Ma € {0.66,0.67,0.68}, for ¢t € [500,620) and for t €
(620, 740) with T’ = 60.

* Trajong: four sequences from Ma € {0.64,0.65}, for ¢ € [0,480) and for ¢ € [480, 960)
with T = 240.

A.3 ISOTROPIC TURBULENCE

For the isotropic turbulence experiment, we make use of the 3D isotropicl024coarse simulation
from the Johns Hopkins Turbulence Database® (Perlman et al., 2007). It contains simulations of
forced turbulence with a direct numerical simulation (DNS) using a pseudo-spectral method on
10243 nodes for 5028 time steps. The database allows for direct download queries of parameterized
simulation cutouts; filtering and interpolation are already provided. We utilize sequences of individual
2D slices with a spatio-temporal starting point of (s, sy, s.,s:) = (1,1, 2,1) and end point of
(ex, ey, ez, er) = (256,128, z + 1,1000) for different values of z. A spatial striding of 2 leads to the
training and evaluation resolution of 128 x 64. We use the pressure, as well as the velocity field
including the velocity z-component. We normalize all fields to a standard normal distribution before
training and inference. In this case, the velocity components are normalized individually, which is
statistically comparable to a normalization in terms of magnitude for isotropic turbulence.

We utilize 1000 sequences with z € {1,2,...,999,1000} and T" = 1000. Models are trained on 849
sequences with z € {1,2,...,198, 199} U {351, 352,...,999,1000}. The test set in this case is
Iso using 16 sequences from z € {200, 210, ..., 340, 350} for t € [500, 600), meaning 7" = 100.

B IMPLEMENTATION AND MODEL DETAILS

Using the data generated with the techniques described above, the deep learning aspects of this work
are implemented in PyTorch (Paszke et al., 2019). For every model we optimize network weights
using the Adam optimizer (Kingma & Ba, 2015) with a learning rate of 10~* (using 3; = 0.9 and
B2 = 0.999), where the batch size is chosen as 64 by default. If models would exceed the available
GPU memory, the batch size is reduced accordingly. For each epoch, the long training sequences
are split into shorter parts according to the required training sequence length for each model and the
temporal strides described in App. A. To prevent issues with a bias towards certain initial states, the
start (and corresponding end) of each training sequence is randomly shifted forwards or backwards in
time by half the sequence length every time the sequence is loaded. This is especially crucial for the
oscillating cylinder flows when training models with longer rollouts. For instance, training a model
with a training rollout length of 60 steps on a data set that contains vortex shedding oscillations with a
period of 30 steps would lead to a correlation between certain vortex arrangements and the temporal
position in the rollout during training (and inference). This could potentially lead to generalization
problems when the model is confronted with a different vortex arrangement than expected at a
certain time point in the rollout. The sequences for each test set are used directly without further
modifications.

In the following, we provide architectural and training details for the different model architectures
discussed in the main paper: cDDPM in App. B.1, U-Net in App. B.2, ResNet in App. B.3, FNO in
App. B.4, and the transformer-based models in App. B.5. In addition, App. B.6 contains an overview
on training cost and inference performance across architectures.

B.1 ACDM IMPLEMENTATION

For the cDDPM models, we employ a “modern” U-Net architecture commonly used for diffusion
models: The setup at its core follows the traditional U-Net architecture (Ronneberger et al., 2015)
with an initial convolution layer, several downsampling blocks, one bottleneck block, and several
upsampling blocks followed by a final convolution layer. The downsampling and upsampling block at
one resolution are connected via skip connections in addition to the connections through lower layers.
The modernizations mainly affect the number and composition of the blocks: We use three feature

Shttps://turbulence.pha.jhu.edu/
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map resolutions (128 x 64, 64 x 32, and 32 x 16), i.e. three down- and three upsamling blocks, with
a constant number of channels of 128 at each resolution level. The down- and upsampling block at
each level consists of two ConvNeXt blocks (Liu et al., 2022) and a linear attention layer (Shen et al.,
2021). The bottleneck block uses a regular multi-head self-attention layer (Vaswani et al., 2017)
instead. As proposed by Ho et al. (2020), we:

* use group normalization (Wu & He, 2018) throughout the blocks,

* use a diffusion time embedding for the diffusion step r via a Transformer sinusoidal position
embedding layer (Vaswani et al., 2017) combined with an MLP consisting of two fully
connected layers, that is added to the input of every ConvNeXt block,

* train the model via reparameterization,

* and employ a linear variance schedule.

Since the variance hyperparameters provided by Ho et al. (2020) only work for a large number of
diffusion steps R, we adjust them accordingly to fewer diffusion steps: 3y = 10™% % (500/r) and
Br = 0.02 x (500/Rr). We generally found R = 20 to be sufficient on the strongly conditioned data
set Inc and Tra, but on the highly complex Iso data, cDDPM showed improvements up to about
R = 100. The same value of R? is used during training and inference. In early exploration runs,
we found k£ = 2 input steps to show slightly better performance compared to & = 1 used by U-Net
below, and kept this choice for consistency across diffusion evaluations. However, the differences for
changing the number of input steps from k € {1,2, 3,4} are minor compared to the performance
difference between architectures. The resulting models are trained for 3100 epochs on Inc and
Tra, and 100 epochs on Iso. All setups use a batch size of 64 during training, and employ a Huber
loss, which worked better than an MSE loss. However, the performance difference between loss are
marginal, compared to the difference between architectures.

For the cDDPM,,.,, variants, we leave all these architecture and training parameters untouched, and
only change the conditioning integration: Instead of adding noise to ¢y in the forward and reverse
diffusion process at training and inference time, ¢ is used without alterations over the entire diffusion
rollout.

B.2 IMPLEMENTATION OF U-NET (AND U-NET VARIANTS)

For the implementation of U-Net we use an identical U-Net architecture as described above in
App. B.1. The only difference being that the diffusion time embeddings are not necessary. The
resulting model is trained with an MSE loss on the subsequent time step. In early exploration runs,
we found k£ = 1 input steps to perform best for this direct next-step prediction setup with U-Net (and
similarly for ResNet and FNO below), when investigating k € {1, 2,3, 4}. However, compared to
the difference between architectures, these changes are minor.

The additional U-Net variants with time unrolling during training share the same architecture. They
are likewise trained with an MSE loss applied equally to every step of the predicted rollout with
length m against the ground truth. A U-Net trained with, e.g., m = 8 is denoted by U-Net,,s below.
To keep a consistent memory level during training, the batch size is reduced correspondingly when m
is increased. Thus, the training time of U-Net significantly depends on m. While m = 2 allows for a
batch size of 64, m = 4 reduces that to 32, m = 4 leads to 16, and finally, for m = 16 the batch size
is only 8. All U-Net variants were trained for 1000 epochs on Inc and Tra, and 100 epochs on Iso.

B.3 IMPLEMENTATION OF DILATED RESNETS

For the implementation of ResNet,; and ResNet, we follow the setup proposed by Stachenfeld et al.
(2022) that relies on a relatively simple architecture: both models consist of 4 blocks connected with
skip connections as originally proposed by He et al. (2016). Each block consists of 8 convolution
layers with kernel size 3 and stride 1, followed by ReLU activations. For the ResNet,; model, the
convolution layers in each block employ the following dilation and padding values: (1,2,4,8,4,2,1).
For ResNet, all dilation and padding values are set to 1. Both models use a batch size of 64, receive
k = 1 input steps, predict a single next step, and are trained via an mean-squared-error (MSE) on the
prediction against the simulation trajectory as described in App. B.2.
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B.4 IMPLEMENTATION OF FNOs

For the implementation of the FNO variants, we follow the official PyTorch FNO implementation.*
The lifting and projection block setups are directly replicated from Li et al. (2021), and all models
use 4 FNO layers. We vary the number of modes that are kept in in x- and y-direction in each layer
as follows: FNO s uses (16, 8) modes and FNOj3, uses (32, 16) modes. To ensure a fair comparison,
the hidden size of all models are parameterized to reach a number of trainable parameters similar
to cDDPM, i.e. 112 for FNO;s and 56 for FNOj3,. Both models use a batch size of 64, receive
k = 1 input steps, predict a single next step, and are trained via an mean-squared-error (MSE) on the
prediction against the simulation trajectory as described in App. B.2.

B.5 TRANSFORMER IMPLEMENTATION

To adapt the approach from Han et al. (2021) to regular grids instead of graphs, we rely on CNN-based
networks to replace their Graph Mesh Reducer (GMR) network for encoding and their Graph Mesh
Up-Sampling (GMUS) network for decoding. Our encoder model consists of convolution+ReL.U
blocks with MaxPools and skip connections. In the following, convolution parameters are given as
input channels — output channels, kernel size, stride, and padding. Pooling parameters are given
as kernel size, stride, and Upsampling parameters are give as scale factor in x, scale factor in y,
interpolation mode. The number of channels of the original flow state are denoted by in, the encoder
width is w,, the decoder width is w, and L is the size of the latent space. The encoder layers are:

1. Conv(in — we, 11,4,5) + ReLU + MaxPool(2, 2)
Conv(w, + in1 — 3 *x we, 5, 1,2) + ReLU + MaxPool(2, 2)
Conv(3 * we + ing — 6 % we,3,1,1) + ReLU

Conv(6 * w, + ing — 4 % we,3,1,1) + ReLU

Conv(4 * we + Ny — We, 3,1,1) + ReLU

Conv(w, + ing — L,1,1,0) + ReLU + MaxPool(2, 2)

AN

Here, in; and ino are skip connections to spatially reduced inputs that are computed directly on
the original encoder input with an AvgPool(8, 8) and AvgPool(16, 16) layer, respectively. Finally,
the output from the last convolution layer is spatially reduced to a size of 1 via an adaptive average
pooling operation. This results in a latent space with L elements. This latent space is then decoded
with the following decoder model based on convolution+ReLU blocks with Upsampling layers:
Conv(L — wyq, 1,1,0) + ReLU + Upsample(4, 2, nearest)

Conv(wg + L — wyq, 3,1,1) + ReLU + Upsample(2, 2, nearest)

Conv(wg + L — wy, 3,1, 1) + ReLU + Upsample(2, 2, nearest)

Conv(wq + L — wq, 3,1,1) + ReLU + Upsample(2, 2, nearest)

Conv(wg + L — wyq, 3,1,1) + ReLU + Upsample(2, 2, nearest)

Conv(wg + L — wyq, 3,1,1) + ReLU + Upsample(2, 2, bilinear)

Conv(wg + L — wy, 5,1,2) + ReLU

Conv(wg + L — wy,3,1,1) + ReLU

Conv(wg — in,3,1,1)

—_—

Rl AN Sl

Here, the latent space is concatenated along the channel dimension and spatially expanded to match
the corresponding spatial input size of each layer for the skip connections. In our implementation,
an encoder width of w. = 32, a decoder width of wg = 96 with a latent space dimensionality of
L = 32 worked best across experiments. For the model TFg,. on the experiments Inc and Tra,
we employ L = 31 and concatenate the scalar simulation parameter that is used for conditioning,
i.e., Reynolds number for Inc and Mach number for Tra, to every instance of the latent space. For
TFy,g we proceed identically, but here every latent space element consists of two network weights
for mean and variance via reparameterization as detailed by Kingma & Welling (2014). For TFycn,
we use an additional first latent space of size L that contains a simulation parameter encoding via an
MLP as proposed by Han et al. (2021). Compared to our improved approach, this means TF gy is
not capable to change this quantity over the course of the simulation.

*nttps://github.com/NeuralOperator/neuraloperator
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For the latent processor in TF gy we directly follow the original transformer specifications of Han
et al. (2021) via a single transformer decoder layer with four attention heads and a layer width of
1024. Latent predictions are learned as a residual from the previous step. For our adaptations 7F g,
and TFy,g, we instead use a single transformer encoder layer and learn a full new latent state instead
of a residual prediction.

To train the different transformer variants end-to-end, we always use a batch size of 8. We train
each model with a training rollout of m = 60 steps (m = 50 for Iso) using a transformer input
window of k = 30 steps (k = 25 for Iso). We first only optimize the encoder and decoder to
obtain a reasonably stable latent space, and then the training rollout is linearly increased step by
step as proposed by Han et al. (2021). We start increasing the rollout at epoch 300 (40 for Iso)
until the full sequence length is reached at epoch 1200 (160 for Iso). Each model is trained with
an MSE loss over the full sequence (adjusted to the current rollout length). On Inc and Tra these
transformer-based models were trained for 5000 epochs, and on Iso for 200 epochs.

We do not train the decoder to recover values inside the cylinder area for Inc and Tra, by applying
a binary masking (also see App. A.1 for details) before the training loss computation. Note that this
masking is not suitable for autoregressive approaches in the input space, as the masking can cause a
distribution shift via unexpected values in the masked area during inference, leading to instabilities.
The pure reconstruction, i.e. the first step of the sequence that is not processed by the latent processor,
receives a relative weight of 1.0, and all steps of the rollout jointly receive a weight of 1.0 as well,
to ensure that the model balances reconstruction and prediction quality. For TFy,g, an additional
regularization via a Kullback-Leibler divergence on the latent space with a relative weight of 0.1 is
used. As detailed by Kingma & Welling (2014), for a given mean [?, and log variance [, of each
latent variable I° with i € 0,1, ..., L, the regularization £, is computed as

L
EKLf—OE)*— "% N U R
=0

B.6 TRAINING AND INFERENCE PERFORMANCE

All model architectures were trained, evaluated, and benchmarked on a server with an NVIDIA RTX
A5000 GPU with 24GB of video memory and an Intel Xeon Gold 6242R CPU with 20 cores at 3.1
GHz. A performance overview across models can be found in Tab. 1. The training speed in the
central columns indicates how many hours are approximately required to fully train a single model
according to the training epochs and batch size given further left. For each architecture, we train 3
models (2 for Iso) based on randomly seeded runs for the evaluations in the main paper.

Table 1: Overview of training and inference performance for different model architectures.

Architecture Training Batch  Training  Training  Training Inference Inference
Epochs Size Speed Speed Speed Speed Speed

Inc/Tral/Iso Inc [h] Tra [h] Iso [h] without I/O [s]  with I/O [s]

¢DDPMg20 193.9 195.7

DDPMgyo0 3100/3100/ 100 64 65-66 40-43 61-62 9732 975.0

U-Net 64 24-28 18-20 89-91

U-Netyq 32 33-34 30-31 154-157

U-Netys 1000710007100 6 4445  a244 216218 o4 B

U-Netys 8 53-54 50-52 260-263

TFmen 42-43 41-43 68-70 0.8 2.8

TFEne 5000 /5000 /200 8 36-37 36-39 66-67 0.6 2.8

TFvaE 37-38 36-37 66-69 0.7 2.7

ResNet g, 51-52 48-49 261-263

ResNet 100071000 /100 64 51-52 48-49 262-264 42 6.0

FNO/s 12-13 11-12 54-55 2.3 4.1

FNOs» 2000 /2000 / 200 64 7.8 7.8 3233 25 49

All model architectures were trained on each data set until their training loss curves were visually
fully converged. This means, architectures with more complex learning objectives require more
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epochs compared to simpler methods. As such, the transformer variants are highly demanding, as
they first need to learn a good latent embedding via the encoder and decoder, and afterwards need
to learn the transformer unrolling schedule that is faded in during training time. ¢cDDPM which
needs to learn a full denoising schedule via random sampling can also require more training iterations
compared to direct next-step predictors such as U-Net, ResNet, or FNO. Furthermore, we found the
performance of next-step predictors to degrade when trained substantially past the point of visual
convergence in early exploration runs. As mentioned above, the default training batch size of 64
is reduced for architectures that exceed available GPU memory, so the training time comparison
is performed at roughly equal memory. Thus, training unrolled U-Net models is highly expensive,
especially on Iso, both via higher memory requirements that result in a lower batch size, but also in
the number of computations required for the training rollout.

The right side of Tab. 1 features the inference speed of each method. It is measured on a single
example sequence consisting of 7' = 1000 time steps. We report the overall time in seconds that
each architecture required during inference for this sequence. Shown in the table is the pure model
inference time, as well as the performance including I/O operations and data transfers from CPU
to GPU. Note that compared to the performance of U-Net, the inference speed slowdown factor of
c¢DDPM is closely related to the number of diffusion steps R, which corresponds to the number of
backbone model evaluations.

C ADDITIONAL RESULTS, EVALUATIONS, AND ABLATIONS

In the following, we provide additional evaluations and results. This includes further frequency
evaluations in App. C.1, as well as an analysis of the posterior sampling of TFy,g in App. C.2. We
also include full numerical results for the accuracy analysis in App. C.3. Furthermore, we perform
ablations on the number of diffusion steps in App. C.4, as well as ablations on the stabilization
techniques of longer training rollouts in App. C.5 and training noise in App. C.6. Finally, we
investigate different loss formulations in App. C.7, analyze the impact of the recently proposed
architecture modernizations for U-Nets in App. C.8, and compare to the contemporarily proposed
PDE-Refiner method (Lippe et al., 2023) in App. C.9.

C.1 ADDITIONAL FREQUENCY EVALUATIONS

In addition to the statistical frequency evaluations in the main paper, below we provide further
evaluations on different data sets across the models under consideration. For Inc;,, we evaluate
the wavenumber of the horizontal motion across a vertical line in the flow (averaged over time),
shown on the left of Fig. 11. All models and posterior samples for the given sequence are used
in the analysis, and the shaded area corresponds to the 5" to 95™ percentile across them. For this
relatively simple case, all models, accurately reconstruct low and medium frequencies. Only FNO 4
exhibits a large variance in the higher frequencies, indicating stability problems within some trained
model runs. The difference between the other methods are the high spatial frequencies, where all
models overshoot to different degrees, however these differences are not apparent to the human eye
in prediction visualizations. cDDPM,,, performs worse compared to cDDPM due the lack of error
mitigation mechanisms, as there is no noise on the conditioning component during the diffusion
processes. The cDDPM model with conditioning noise retains the highest spectral accuracy, and
stays in line with the simulation reference as shown in the zoomed inset area.

--e. Simulation ——— ResNetyj, —— FNOi6 FNOs3; —— TFenc —— U-Net —— ACDMpc, ACDM
% 107 1 A A 10
* y N
()] N ~
= 00T Tee 0tee, .,
= 6 | 1075 e w 3 SO YTIL, e * O et
g1 T~ = K1y = > \—\'/\—W,_,
< 106 4 e
[ InCiou . Iso
276 25 274 273 272 2! 2! 22 2 24 25
Wavenumber k along vertical line downstream Wavenumber k (temporal average)

Figure 11: Spatial frequency on a sequence from Inc;,, with Re = 100 (left), and spatial frequency
via the turbulent kinetic energy (TKE) on a sequence from Iso with z = 300 (right).
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On the right in Fig. 11, we compute a spatial frequency analysis on Iso in terms of the turbulent
kinetic energy (TKE) averaged across all time steps. TFg,. can only reproduce medium spatial
frequencies and lacks in terms of low and high frequencies. ResNety;, FNO3;, and U-Net clearly
overshoot in medium and high frequencies, leading to a lacking temporal stability as additional energy
is introduced in the prediction. Medium and high spatial frequencies are modeled best by cDDPM,
but there is still a gap to the reference simulation, meaning cDDPM is more dissipative than necessary
in the spatial high-frequency regime. This is most likely caused by the strongly under-determined
setting of the isotropic turbulence case, where even a numerical solver in 2D would struggle to
provide accurate predictions. Note how cDDPM,,., diverges for medium and high frequencies, very
similar to U-Net, as errors propagate easily over the simulation rollout compared to a conditioning
with noise during training.

& &

Figure 12: Evaluation line for spatial frequency analysis (top) and evaluation point for temporal
frequency analysis (bottom) on Tra mean flow (vorticity).

For the frequency evaluations on Traiong, We follow the setup from the main paper. Spatial
frequencies are evaluated via the horizontal motion across a vertical line in the flow (averaged over
time), and temporal frequencies of the vertical motion are computed at a point probe. Figure 12
illustrates the evaluation locations on top of the mean flow of a sequence from Tra;,ng, Where both
the point and line probes are positioned one cylinder diameter downstream. Figure 13 contains spatial
and temporal frequency analyses on a sequence with Ma = 0.65 from Tra;,ng for each model
architecture. All trained models and posterior samples are used in this analysis, and the shaded area
corresponds to the 5™ to 95™ percentile across them. Models such as U-Net, FNO 4, or cDDPM,,.,
that clearly diverge can be easily identified due to large temporal or spatial spectral errors. cDDPM
reconstructs both spatial and temporal frequencies most accurately among the compared approaches,
closely followed by ResNet,;. Note that the variance for deterministic methods is only calculated
over three training runs in this evaluation.
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Figure 13: Spatial (left) and temporal (right) frequency analysis for a full sequence from Traiong
with Ma = 0.65. The shaded area shows the 5" to 95" percentile across all trained models and
posterior samples for probabilistic models.
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C.2 ADDITIONAL VARIATIONAL AUTOENCODER EVALUATIONS

Temporal Coherence Here, we analyze the temporal coherence between individual time steps of
the TFysg model. As an important difference to cDDPM, the decoder of TFy,g does not have access
to previously generated time steps, as its input is only a sample from the latent space at every step.
This leads to temporal artifacts where large differences between consecutive time steps can occur. In
Fig. 14 on the left, we display the first three simulation steps of a sequence from Iso, along with
the corresponding predictions of TFg,. and TFyg. In addition, the change between the first two
predicted steps and s is shown on the right. While both methods struggle to reproduce the original
vorticity field at ¢ = 0, there is a clear difference between both trajectories: the distance between the
predictions at t = 0 and ¢ = 1 is relatively small for TFpg,, but big for TFy,g. This results in an even
visually noticeable jump in the predictions of TFyug.
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Figure 14: Temporal coherence of TFg,. and TFy,g (left) and difference between reconstruction and
first two prediction steps for both models (right) on an example from Iso with z = 300.

Posterior Sampling Similar to the posterior sampling evaluation for cDDPM, we also analyze the
posterior samples create by the TFysr model. We use the same sequence, time step, and zoomed
sample area as shown in the main paper. Figure 15 contains three random TFy,z example samples
and a spatial standard deviation for all five samples across different time steps on Tra;ong and Iso.
Note that the zoomed samples are displayed via Catmull-Rom spline interpolation for visual clarity
in this visualization. Compared to cDDPM, all samples are generally highly similar and exhibit very
little variance across random model evaluations. While small scale details are varying, the overall
structure, €.g., vortex positions for Tra;,nq or areas of high vorticity for Iso, is identical for each
sample. In addition, the variance does not substantially increase over time as it would be expected.
Due to the inherent data compression, 7Fy,g introduces some noise artifacts which are especially
noticeable in the vorticity prediction for Iso on the bottom right in Fig. 15. Furthermore, it also
struggles to create fine details like the shock waves in Tra;,ng as shown at the bottom left.
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Figure 15: Zoomed TFy,g posterior samples with corresponding standard deviation from Traiong
with Ma = 0.64 (left, pressure) and Iso with z = 300 (right, vorticity) at different time steps .
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C.3 FULL ACCURACY RESULTS AND EVALUATION DETAILS

Table 2: Quantitative comparison across our test sets for different network architectures (best and
second best results are highlighted for each data set).

Inciow InChigh Traext Traint Iso

MSE LSiM MSE LSiM MSE LSiM MSE LSiM MSE LSiM
Method 10~% (@072 (@0~% (@02 (@03 @oYH @3 @YH @2 @oh
ResNet 1049.1 17+7.8 16+3.0 5.941.6 2.34£0.9 1.440.2 1.8+1.0 1.0+£0.3 6.7+£2.4 9.1+2.2
ResNetg; 1.6+1.8 7.745.5 1.5+0.8 2.64+0.7 1.741.0 1.240.3 1.7+1.4 1.0£0.5 57+2.1 8.2+2.0

FNOjs 2.84+3.1 8.8+7.1 89£3.8 2.5+1.2 4.8+1.2 3.4+1.1 55+2.6 2.6+£1.1 2m=+6m 15+1.5
FNO3; 160+50 80+5.4 1k£140 574+4.9 4.9+19 3.6+£0.9 6.8+£3.4 3.1+1.1 14+5.3 89%1.2

TFyon 5.7£4.3 13+6.4 10+2.9 3.5+0.4 3.9£1.0 1.84£0.3 6.3+4.4 2.2+0.7 8.7+3.8 7.0+2.2
TFEne 1.5+1.7 6.3£4.2 0.6+0.3 1.0£0.3 3.3+1.2 1.8£0.3 6.2+4.2 2.2+0.7 11452 7.2£2.1
TFyae 5.4+5.5 13£7.2 14+£19 4.1+1.4 4.1+£09 2.4£0.2 7.2+3.0 2.7£0.6 11+£5.1 7.5+2.1

U-Net 1.0£1.1 5.843.2 2.7£0.6 2.6£0.6 3.1+2.1 3.9£2.8 2.3£2.0 3.3+2.8 26+35 11+£3.9

¢DDPM,e, 0.9£0.8 6.6+2.7 5.6+£2.6 3.6+1.2 4.1+1.9 1.9+£0.6 2.84+1.3 1.7+£0.4 18.3+2.5 8.9%+1.5
¢cDDPM  1.7£2.2 6.94+5.7 0.8+£0.5 1.0£0.3 2.3+1.4 1.3£0.3 2.7£2.1 1.3+£0.6 3.7+£0.8 3.3+0.7

Table 2 contains the full, numerical accuracy values corresponding to Fig. 4. Shown are the mean-
squared-error (MSE) and LSiM, a similarity metric for numerical simulation data (Kohl et al., 2020),
which is described in more detail below. For both metrics, lower values indicate better reconstruction
accuracy, and rollout errors reported, i.e., computed per time step and field, and averaged over the
full temporal rollout. Shown are mean and standard deviation over all sequences from each data set,
multiple training runs, and multiple random model evaluations: We evaluate two training runs with
different random seeds for Iso, and three for Inc and Tra. For the probabilistic methods TFyg
and cDDPM, five random model evaluations are taken into account per trained model. Errors of
models that diverge during inference, e.g. FNO;s on Iso or FNO3; on Inchign, are displayed with
factors of 103 (k) or 10° (mm) in addition to the error scaling indicated in the second table row.

LSiM Overview The LSiM metric (Kohl et al., 2020) is a deep learning-based similarity measure
for data from numerical simulations. It is designed to more accurately capture the similarity behavior
of larger patterns or connected structures that are neglected by the element-wise nature of point-based
metrics like MSE. As a simple example, consider a vortex inside a fluid flow that is structurally
correctly predicted, but spatially misplaced compared to a reference simulation. While MSE would
result in a large distance value, LSiM results in a relatively low distance, especially compared
to another vortex that is spatially correctly positioned, but structurally different. LSiM works by
embedding both inputs that should be compared in a latent space of a feature extractor network,
computing an element-wise difference, and aggregating this difference to a scalar distance value via
different operations. The metric is trained on a range of data sets consisting of different transport-based
PDE simulations like advection-diffusion equations, Burgers’ equation, or the full Navier-Stokes
equations. It has been shown to generalize well to flow simulation data outside its training domain
like isotropic turbulence.

C.4 ABLATION ON DIFFUSION STEPS

In the following, we will investigate the cDDPM approach with respect to the effect of the number
of diffusion steps R in each autoregressive prediction step. For this purpose, we use the adjusted
linear variance schedule as discussed in App. B.1, according to the investigated diffusion step R.
At training and inference time, models always use R diffusion steps. Prediction examples for this
evaluation can be found in Figs. 34 and 35 in App. E.

Accuracy Tab. 3 contains the accuracy, which is computed as described in App. C.3, of cDDPM
models with a different number of diffusion steps R. While too few diffusion steps on Tra are detri-
mental, as visible for cDDPMpg;, adding more steps after around R = 20 does not improve accuracy.
However, on Iso the accuracy of cDDPM does continue to improve slightly with increased values
of IR up to our evaluation limit of R = 500. We believe this results from the highly underdetermined
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Table 3: Accuracy ablation for different diffusion steps R.

Traext Traint Iso

MSE LSiM MSE LSiM MSE LSiM
Method R (10—3) (10— (10=3) (10~ 1 (10~2) 10—
c¢cDDPM 10 3.8+1.4 1.8+0.3 6.2+25 2.140.6 1514+74 6.6+1.4
c¢cDDPM 15 25+15 14403 27420 14405 4.8+1.6 4.3+1.0
¢cDDPM 20 23414 1.3+0.3 2.7+21 1.340.6 4.5+1.3 4.1+0.8
¢cDDPM 30 2.5+19 14404 2.7+23 1.340.6 4.841.9 4.1+£0.9
¢cDDPM 50 2.3+1.4 1.3+0.3 24421 1.340.6 3.4+09 3.4+0.7
¢cDDPM 100 2.3+1.3 1.3+0.3 3.1+2.7 1.440.6 3.7+0.8 3.3+£0.7
¢cDDPM 500 2.5+1.5 1.4+04 3.1+£25 1.440.6 3.5+09 3.2+0.7

setting of the I so experiment. Note that there is a relatively sharp boundary between too few and a
sufficient number of steps; in our experiments 15 — 20 steps on Tra and 50 — 100 steps on Iso.

Temporal Stability In Fig. 16, we evaluate the temporal stability via the magnitude of the rate
of change of s, as detailed in the main paper. Here, different behavior for the ablation models with
respect to the number of diffusion steps emerges on Trai,ng and Iso. For the former, too little
steps, i.e., for cDDPMpj, result in unwanted, high-frequency temporal spikes that are also visible
as slightly noisy predictions. For 15 — 20 diffusion steps, these issues vanished, and adding further
iterations does not substantially improve temporal stability. Only a slightly higher rate of change can
be observed for cDDPMgsp and cDDPMpgsqp.
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Figure 16: Temporal stability evaluation via error to previous time step for different diffusion steps I?
on Traiong (left) and Iso (right).

On Iso, a tradeoff between prediction accu-
racy and sampling speed occurs. Even though ..

Simulation ACDMg1s —— ACDMpg3y —— ACDMgi00
there are some minor temporal inconsistencies ACDMz10 ACDMgzo —— ACDMgso —— ACDMasoo
in the first few time steps for very low R, all Py
variants result in a stable prediction. However, _ 2*1] . o.. DAL
the magnitude of the rate of change consistently 103
matches the reference trajectory more closely ¥ ¢ 102
when increasing R. This also corresponds to a 4x igi Tso

X T T U T T

slight reduction in the overly diffusive predic-
tion behavior for large R, both visually and in a
spatial spectral analysis via the TKE, as shown
in Fig. 17. We believe this tradeoff is caused by
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Figure 17: Spatial frequency analysis via the tur-

bulent kinetic energy (TKE) on a sequence from

the highly underdetermined nature of the Iso . . . .
Iso with z = 300 for the diffusion step ablation.

experiment, that leads to a weaker conditioned
learning setting, that naturally requires more dif-
fusion steps for high-quality results. Furthermore, the predictions of cDDPMpg;pp exhibit minor
visually visible temporal coherence issues on I so, where small-scale details can flicker quickly. This
is caused by highly underdetermined nature of Iso, and can be mitigate by more diffusion steps as
well, as cDDPMGgsqo reduces this behavior.

Summary ¢DDPM works well out-of-the-box with a large number of diffusion steps, but R can
be used to balance accuracy and inference performance. Finding the number of diffusion steps for
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the best tradeoff is dependent on the data set and learning problem formulation. Generally, setups
with stronger conditioning work with few diffusion steps, while less restrictive learning problems
can benefit from more diffusion samples. In our experiments, the ideal thresholds emerged relatively
clearly.

C.5 ABLATION ON TRAINING ROLLOUT

Here, we investigate the impact of unrolling the U-Net model at training time, via varying the training
rollout length m. For these models, we use the U-Net architecture as described in App. B.2 with
k = 1 input steps. However, gradients are propagated through multiple state predictions during
training, and corresponding MSE loss over all predicted steps is applied. Prediction examples can be
found in Figs. 36 and 37 in App. E.

Table 4: Accuracy ablation for different training rollout lengths m and pre-training (Pre.).

Traext Traint Iso

MSE LSiM MSE LSiM MSE LSiM
Method m Pre. (1079) (10—h (1073) 1o0—h (1072) 10—h
U-Net 2  no 31421 39428 23420 3.3+28 258+35 11.3+3.9
U-Net 4 no 1.6+1.0 14408 1.1£1.0 0.9+04 3.740.8 2.8+0.5
U-Net 8 no 1.6+0.7 1.1402 1.5+1.5 1.04£0.5 4.542.8 2.440.5
U-Net 16 no 2.2+1.1 13403 24413 1.3+05 13.0£11 3.841.5
U-Net 4 yes — — — — 5.742.6  3.6+0.8
U-Net 8  yes — — — — 2.6+0.6  2.3+0.5
U-Net 16 yes — — — 29+14 2.3£0.5

Accuracy Table 4 shows models trained with different rollout lengths, and also includes the
performance of U-Net with m = 2 for reference. For the transonic flow, m = 4 is already sufficient
to substantially improve the accuracy compared to U-Net for the relatively short rollout of 7" = 60
steps during inference for Tracy: and Tra;,.. Increasing the training rollout further does not lead
to additional improvements and only slightly changes the accuracy. However, note that there is still a
substantial difference between the temporal stability of U-Net,,, compared to U-Net,,s or U-Net,, ¢
for cases with a longer inference rollout as analyzed below.

On Iso, the behavior of U-Net models with longer training rollout is clearly different as models
with m > 4 substantially degrade compared to m = 4. The main reason for this behavior is that
gradients from longer rollouts can be less useful for complex data when predictions strongly diverge
from the ground truth in early training stages. Thus, we also considered variants, with m > 2 that
are finetuned from an initialization of a trained basic U-Net, denoted by e.g., U-Net,,.4 pr.. With this
pre-training the previous behavior emerges, and U-Net,,s p,. €ven clearly improves upon U-Net,,4.

Temporal Stability In Fig. 18, we evaluate the temporal stability via the magnitude of the rate
of change of s, as detailed in the main paper. On Tra;.ng all models perform similar until about
t = 50 where U-Net deteriorates. U-Net,,4 also exhibits similar signs of deterioration around ¢ = 130
during the rollout. Only U-Net,,s and U-Net,,;s are fully stable across the entire rollout of 7' = 240
steps. On Iso, U-Net,s achieves comparable stability to cDDPM, with an almost constant rate of
change for the entire rollout. Models with shorter rollouts, i.e., U-Net and U-Net,,4 deteriorate after
an initial phase, and longer rollouts prevent effective training for U-Net,,;s as explained above. The
variants with additional pre-training are also included: U-Net,,4 p,. does not substantially improve
upon U-Net,,4, and U-Net,,s p,. performs very well, similar to U-Net,,s. Only for the longer rollouts
in the U-Net,, ;5 pre model pre-training clearly helps, such that U-Net,, 6 pr. is also fully stable.

Summary Compared to cDDPM, the variants of U-Net with longer training rollouts can achieve
similar or slightly higher accuracy and a equivalent temporal stability at a faster inference speed.
However, this method requires additional computational resources during training, both in terms of
memory over the rollout as well as training time. For example, U-Net,, 5, pr. On Iso increases the
required training time (90h of pre-training + 260/ of refinement) by a factor of more than 5.6x at
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Figure 18: Temporal stability evaluation via error to previous time step for different training rollout
lengths m on Traiong (left) and Iso (right).

equal epochs and memory compared to cDDPMpg;9o as shown in Tab. 1. Naturally, longer training
rollouts do not provide U-Net with the ability for posterior sampling.

C.6 ABLATION ON TRAINING NOISE

We investigate the usage of training noise (Sanchez-Gonzalez et al., 2020) to stabilize predictions,
as it features interesting connections to our method. Instead of generating predictions from noise
to achieve temporal stability, this method relies on the addition of noise to the training inputs, to
simulate error accumulation during training. In this way, the model adapts to disturbances during
training, such that the data shift is reduced once errors inevitably accumulate during the inference
rollout, leading to increased temporal stability. We test this approach on U-Net and on cDDPM,,.,,.
The latter evaluation serves as an example to understand if the lost tolerance for error accumulation in
cDDPM,,.,,, the setup without conditioning noise, can be replaced with training noise. This cDDPM,,,
version is not intended as a practical architecture as it inherits the drawbacks of both methods, the
inference cost from diffusion models, and the overhead and additional hyperparameters from added
training noise. For these ablations we use the same U-Net and cDDPM,,., models as described in
Appendices B.1 and B.2. We only add normally distributed noise with standard deviation n to every
model input during training, while leaving the prediction target untouched. At inference time, the
models operate identically to their counterparts without training noise. In the following, U-Net
or cDDPM,,., models trained with training noise of e.g., n = 10!, are denoted by U-Net,;..; or
¢DDPM,,., n1.-; respectively. Prediction examples can be found in Figs. 38 and 39 in App. E.

Table 5: Accuracy ablation for different training noise standard deviations n.

Traext Traint Iso

MSE LSiM MSE LSiM MSE LSiM
Method n (1073) (10~ h (1073) 10— (1072) 10—
U-Net — 31421 39428 23+20 3.3+2.8 25.8+35 11.3+3.9
U-Net le-4 27418 39421 19408 24421 16.0+22 9.6+3.0
U-Net le-3  5.6+2.2 33425 35+1.6 3.0£2.2 36.4+39 12.9+2.2
U-Net le-2 14408 1.14+0.3 1.84+1.1 1.04+04 3.1+0.9 4.5+2.5
U-Net le-1 1.840.8 1.240.2 2.2+42.0 12406 32405 2.940.6
U-Net le0 4.04+1.5 1.840.3 11.4+6.3 2.9+1.3 16.24+7.8 7.5+2.7
¢DDPM,,cp — 41419 1.940.6 2.8+1.3 1.7£04 183425 89+1.5

¢cDDPM,e, le-4  3.8£1.5 2.0£0.3 4.3+2.3 1.7£04 14.2+17 81£1.2
¢cDDPMye,  1le-3 3.6+1.4 2.2£03 39423 1.8+0.4 11.1+£3.8 8.5£1.6
c¢cDDPM,e, le-2 3.6£1.6 1.7£0.4 2.6+£2.3 1.3£0.5  26.7£25 12.242.8
¢DDPM,., le-1 3.6+1.9 1.5+04 2.56+£2.2 1.240.6 2.8£0.6 4.0£2.2
cDDPM ¢, le0 4.2+£1.7 18404 6.2%2.8 2.0£0.6 11.1£14 6.2+0.9

Accuracy The accuracy of U-Net and cDDPM,,.,, setups with training noise using different standard
deviations n is analyzed in Tab. 5. On Tra, the accuracy trend is not fully consistent. Small values
of n such as 10~* and 10~ occasionally even reduce the final performance, but training noise with a
well-tuned standard deviation between 10~2 and 10~ does increase accuracy. Choosing very large
standard deviations corrupts the training data too much, and reduces accuracy again as expected.
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The results on the isotropic turbulence experiment show a similar behavior for U-Net as well as
¢DDPM,,.,,.
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Figure 19: Temporal stability evaluation for different training noise standard deviations n of U-Net
(top) and cDDPM,,.,, (bottom) on Trai.ng (left) and Iso (right).

Temporal Stability In Fig. 19, we evaluate the temporal stability of models with training noise via
the magnitude of the rate of change of s, as detailed in the main paper. On Tra; g both architectures
U-Net and cDDPM,,., behave similarly: while training noise with a standard deviation n that is too
low does not improve the stability and occasionally even deteriorates it, finding a suitable magnitude
is key for stable inference rollouts. In both cases, values of n between 102 and 10~! produce the
best results. Increasing the noise further has detrimental effects, as for example slight overshooting
and high-frequency fluctuations occur for cDDPM,,;, 1.0 Or predictions can diverge early from the
simulation for U-Net,;.9. On Iso, a similar stabilizing effect from training noise can be observed,
given the noise magnitude is tuned sufficiently: While lower standard deviations barely alter the
time point ¢ = 40, where predictions diverge from the reference simulation, too much training noise
already causes major problems at the very beginning of the prediction.

This behavior can also be observed on a spatial spectral analysis via the TKE in Fig. 20, where
the training noise can balance predictions between under- and overshooting. For both U-Net and
cDDPM,,,,, training noise with a suitable magnitude can result in a comparable temporal stability to
cDDPM, that includes noise on the conditioning.
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Figure 20: Spatial frequency analysis via the turbulent kinetic energy (TKE) on a sequence from Iso
with z = 300 for the training noise ablations on U-Net (left) and cDDPM,,,,, (right).

Summary Training U-Net with training noise can achieve similar or slightly higher accuracy and
a competitive temporal stability compared to cDDPM. While this method exhibits faster inference
speeds, it does rely on the additional noise variance hyperparameter, that can even reduce performance
if not tuned well. Furthermore, training noise does not provide deterministic models with the ability
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for posterior sampling. Interestingly, the lost error tolerance of the cDDPM,,., architecture without
conditioning noise, can be mostly restored with training noise of suitable magnitude.

C.7 ABLATION ON TRAINING WITH AN LSIM LoOSS

In this section, we investigate usage of the LSiM metric (Kohl et al., 2020) as an additional loss
term, similar to perceptual losses in the computer vision domain (Dosovitskiy & Brox, 2016; Johnson
et al., 2016). This means, in addition to training U-Net with an MSE loss as above, the differentiable
learned LSiM metric model is also used during back-propagation. Given a predicted state s’ and the
corresponding ground truth state 5%, we evaluate the training loss as

Lyse+rsiv = (' — §t)2 + A% LSiM(s", §%)

while leaving the inference of the models untouched. To use LSiM, each field from both states
is individually normalized to [0,255]. The resulting loss values are aggregated with an average
operation across fields. Fields containing the scalar simulation parameters are not evaluated with this
metric. In the following, the impact of ), the weight that controls the influence of the LSiM loss, is
investigated. U-Net models trained with e.g., A = 101, are denoted by U-Nety;,.;.

Table 6: Accuracy ablation for training with LSiM losses of different strengths .

Traext Traint Iso
MSE LSiM MSE LSiM MSE LSiM
Method A (10=3) (10~ 1 (10=3) (10~ (1072) (10~ h
U-Net — 31421 39428 23420 3.3£2.8 25.8+35 11.34+3.9

U-Net le-5 4.2+29 454+3.0 2.6+£2.2 2.1£20 67.4£75.7 12.443.8
U-Net le-4 2.3+1.2 3.7£26 1.6+14 2.0+1.8 12.3£9.3 11.84+2.5
U-Net le-3 294+19 1.7£0.8 2.2+23 1.5+0.9 6.3+3.1 9.4+2.8
U-Net le-2 4.5+1.3 3.5+1.1 3.0+£23 1.8+£0.9 0.1b4+0.20 15.341.2
U-Net le-1 5.8+1.8 3.0+£0.8 5.2+19 2.3+0.6 12b4+29b 15.0£1.0
U-Net le0 6.8+1.5 4.8+1.1 6.6£3.0 24407 17b+552b 14.9£1.0

Accuracy In terms of accuracy, adding very small amounts of the LSiM term with A\ = 1075 to the
MSE loss does decrease performance, most likely due to suboptimal gradient signals through the
additional steps during back-propagation, as shown in Tab. 6. Similarly, adding too much, such that it
predominantly influences the overall loss causes problems. Especially on I so, this causes models to
aggressively diverge after 30 — 40 prediction steps, leading to errors in the range of 10° () in Tab. 6.
As expected, choosing a suitable loss magnitude around A = 103 substantially reduces errors in
terms of LSiM across test sets. However, the added loss term does also improve performance in terms
of MSE, as similarly observed in the image domain (Dosovitskiy & Brox, 2016; Johnson et al., 2016).
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Figure 21: Temporal stability evaluation of U-Net for training with LSiM losses of different strengths
Aon Trajeng (left) and Iso (right).

Temporal Stability In line with the accuracy results, U-Net),..; exhibits improved temporal
stability compared to U-Net as displayed in Fig. 21. Choosing unsuitable A causes models to diverge
earlier from the reference trajectory when evaluating the difference between predictions steps, for
both Trai,ng and Iso. When analyzing the frequency behavior of the models trained with LSiM in
Fig. 22 the results are similar: Improved performance across the frequency band can be observed for
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U-Net)y .3, while smaller values of \ are less potent and can be detrimental or only slightly beneficial
compared to U-Net.
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Figure 22: Spatial frequency along a vertical line downstream on Tra.ng (left) and temporal
frequency analysis on a sequence from Iso with z = 300 (right) for the LSiM loss ablation models.

Summary Training U-Net with LSiM as an additional loss term, can increase accuracy, temporal
stability, and frequency behavior across evaluations. However, the resulting models are neither
competitive compared to other stabilization techniques discussed above, such as training rollouts or
training noise, nor to the proposed diffusion architecture.

C.8 ABLATION ON U-NET MODERNIZATIONS

As described in App. B.2, our U-Net implementation follows established diffusion model architectures,
that contain a range of modernizations compared to the original approach proposed by Ronneberger
et al. (2015). Here, we compare to a more traditional U-Net architecture which is known to work
well for fluid problems. We adapted the DFP model implementation® of Thuerey et al. (2020) for our
settings. The architecture features:

* batch normalization instead group normalization, and no attention layers in the blocks,

* six downsampling blocks consisting of strided convolutions and leaky ReLU layers,

* six upsampling blocks consisting of convolution, bilinear upsamling, and ReLU layers,

* six feature map levels with spatial sizes of 64 x 32, 32 x 16, 16 x 8,8 x 4,4 x 2,and 2 x 1,

* an increasing number of channels for deeper features, i.e., 72, 72, 144, 288, 288, and 288.

It is trained as a direct one-step predictor (DFP) in the same way as described in App. B.2, as well as
employing it in the diffusion setup as a backbone architecture (DFPacpy)- In both cases, we keep all
other hyperparameters identical with the corresponding baseline architecture.

Table 7: Accuracy of the “modern” U-Net architecture compared to DFP.

Traext Traint Iso
MSE LSiM MSE LSiM MSE LSiM
Method (10—3) 10~ 1 (1073) 10— (10~2) (10~ 1
U-Net 3.14+2.1 3.9428 23+2.0 3.3+2.8 258435 11.343.9
DFP 45+1.3 3.9+0.7 4.8+21 36+1.7 51+1.3 51420
c¢DDPM 2.3+1.4 13403 27421 1.3+0.6 3.74+0.8 3.3+£0.7
DFPacpm NaN NaN NaN NaN NaN NaN

Accuracy Table 7 shows a comparison of both architectures compared to U-Net and cDDPM on
our more challenging data sets Tra and Iso. Training DFP4cpy as a diffusion backbone (with
additional time embeddings for the diffusion step r as discussed in App. B.1) failed to generalize
beyond the first few prediction timesteps across test sets in our experiments. This highlights the
general usefulness of the recently introduced modernizations to the U-Net architecture. There is a
noticeable drop in accuracy on Tra for DFP compared to U-Net, but it performs clearly better than
U-Net on Iso, however still lacking compared to cDDPM. This unexpected trend in accuracy is
mainly caused by the different rollout behavior of these architectures discussed in the following.

Shttps://github.com/thunil/Deep-Flow-Prediction
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Temporal Stability Figure 23 shows temporal stability evaluations of the variants on Tra;,ng and
Iso, that illustrate the different rollout behavior of DFP compared to U-Net depending on the data
set. On Traiong on the left, DFP diverges earlier and more substantially compared to U-Net, when
measured via the difference to the previously predicted time step. However, the rollout behavior is
different on Iso, as illustrated via the Pearson correlation coefficient to the ground truth trajectory
on the right in Fig. 23. The simpler DFP model decorrelates more quickly for the first 50 steps, while
keeping a relatively constant decorrelation rate. U-Net is initially more in line with the reference,
however it sharply decreases after about 50 steps, meaning errors accumulate more quickly after an
initial phase of higher stability.
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Figure 23: Temporal stability evaluation via error to previous time step on Traiong (left) and the
correlation to the ground truth on Iso (right) for the U-Net modernization ablation.

Summary We found the recently proposed architecture modernizations to U-Nets to be an important
factor, when employing them as backbones in a diffusion-based setup. For some direct prediction
cases, the modernizations can delay diverging behavior due to unrolling during inference to some
degree. On other data, using no modernizations can be beneficial for longer rollouts in direct
prediction setting, but this comes at the costs of less initial accuracy, and lacking capacities as a
diffusion backbone.

C.9 COMPARISON TO PDE-REFINER

Lippe et al. (2023) recently proposed a multi-step refinement process to improve the stability of
learned PDE predictions called PDE-Refiner. Their approach relies on starting from the predictions
of a trained one-step model, and iteratively refining them by adding noise of decreasing variances
and denoising the result. The resulting model is then autoregressively unrolled to form a prediction
trajectory, similar to our simulation rollout. This method implies, that only probabilistic refinements
are applied to a deterministic initial prediction. To train a model that can predict and refine at the
same time, a random step r € [0, R] in the refinement process is sampled, and the model is trained
with a next-step MSE objective if 7 = R and with a standard denoising objective otherwise®. We
re-implement this method, closely following the provided pseudocode in their paper, only changing
the backbone network to our U-Net implementation (see App. B.2) for a fair comparison against our
architectures. Lippe et al. (2023) report that models with around R = 4 refinement steps perform
best, when paired with a custom, exponential noise schedule, parameterized with a minimum noise
variance’ around ¢ = 107%. Nevertheless, we sweep over combinations of R € {2,4,8} and
o€ {1077,107%,1075,107%, 103} here, to ensure ideal values for these hyperparameters in our
setting. Due to computational constraints for this large sweep, only one model per combination is
trained. Five samples from each model are considered, as above. We denote models trained with
eg,R=2ando = 1073 by Refinerg,»1.-3. Prediction examples can be found in Figs. 40 and 41 in
App. E.

Accuracy Table 8 evaluates the accuracy of these PDE-Refiner variants compared to cDDPM and
U-Net on our data sets Tra and Iso. Overall, the performance of Refiner across data sets, number of
refinement steps R, and noise variances o is highly unpredictable. There is neither a clear accuracy
trend over few or many refinement steps, nor high or low noise variance. Furthermore, a high accuracy

®Compared to Lippe et al. (2023), we switch the notation to R being the first step in the reverse process here,
in line with our notation above, which also matches the notation in the original DDPM (Ho et al., 2020).
"For brevity, we use ¢ for the minimum noise variance here, Lippe et al. (2023) refer to it as o2,;,,.
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Table 8: Accuracy compare to PDE-Refiner for different refinement steps R and noise variances o.

Traext Traint Iso
MSE LSiM MSE LSiM MSE LSiM

Method R o (1073) (10~ (1073) (10~ 1 (1072) (10~ 1

¢cDDPM —  — 2.3+14  1.340.3 2.74+2.1 1.3+0.6 3.74+0.8 3.34+0.7
U-Net S — 31421  3.9+2.38 2.34+2.0 3.3+2.8 25.8435 11.34+3.9
Refiner 2  1le-3 3.3+1.3 1.4+40.3 3.9+1.6 1.4+0.3 6.1+1.9 7.2+1.6
Refiner 2 led4 127429 42405 10.1+1.5 24403 0.1m=+0.3m 125452
Refiner 2  le-5 4.84+1.4 2.6+0.3  4.0+3.1 2.140.5 3.3e30 15.240.9
Refiner 2  le6 5.0+1.9 2.0+0.3  3.6+2.6 1.940.4 0.1m+0.2m 16.1+1.0
Refiner 2 le-7 13.6+£9.9 6.1+4.0 54.6+68.7 6.7+5.0 22k+13k 14.940.9
Refiner 4 le-3 5.3+0.8 3.2+04  6.0+1.2 2.6+0.4 51+1.8 4.740.8
Refiner 4  le-4 34420 1.9+0.3 5.7+2.4 1.940.5 7.0£3.1 5.0£1.0
Refiner 4 le-5 7.0£1.7 2.7£04  3.1+0.8 1.74£0.2 4.942.0 7.6+2.1
Refiner 4 le-6 3.5+£1.1 21405  8.8+09  4.3+2.1  66.14£384  11.7+0.7
Refiner 4  le-7 54£1.0 31402  83+22 2.74+0.2 1.9¢18 14.84+1.0
Refiner 8 l1le-3 7.14+1.5 3.5+04  4.4+1.8 2.74+0.4 5.5+1.3 6.9£1.0
Refiner 8 le-4 13.8+2.3 5.0+0.5 8.6+4.2 2.440.7 51+1.3 5.9+1.1
Refiner 8 le-5 6.3+1.1 3.5404  6.0+1.8 2.440.6 4.740.7 5.4+1.2
Refiner 8 le6 3.14+1.3 22402  6.4+2.1 2.04£04  0.1k+0.3k 6.1+4.3
Refiner 8 le-7 4.3+14 2.140.3 3.3+1.2 1.6+0.3 88+70 6.24+1.9

on Tra is not directly correlated with a high accuracy on Iso either. As Refiner essentially improves
upon one-step predictions of U-Net via additional refinement steps, the results of a direct comparison
are interesting: On Tra, while Refiner consistently outperforms U-Net in terms of LSiM, it just as
consistently remains worse in terms of the MSE across hyperparameter combinations. We hypothesize
that these results are linked to the fundamentally different spectral behavior of Refiner described by
Lippe et al. (2023), but further research is required in this direction. On Iso, Refiner either improves
upon U-Net or substantially diverges (marked in grey in Tab. 8), especially for small o. Overall,
PDE-Refiner is less effective than the stabilization techniques discussed in Appendices C.5 and C.6
in terms of accuracy improvements, and thus consistently falls short with respect to cDDPM across
the test sets and hyperparameter combinations considered here.

Temporal Stability To investigate the temporal stability of Refiner, we analyze the difference
to the previous time step in Fig. 24. First, it is shown that there are combinations of R and o that
substantially improve the rollout stability of Refiner compared to U-Net, confirming the results
from Lippe et al. (2023). However, as observed in terms of accuracy above, there is no consistent
trend across hyperparameters and data sets. Especially, finding a suitable minimum noise variance o
depends on both, data set and number of refinement steps R: While o = 10~% works best on Tra Tong
for R = 2,0 = 10~ " isideal for R = 8. On Iso, R = 2 only works with 0 = 1073, R = 4 requires
o =107%, and R = 8 is most stable with & = 10~5. This unpredictable behavior with respect to
important hyperparameters makes PDE-Refiner resource-intensive and difficult to employ in practice.
The best Refiner variants on Iso, while more stable compared to U-Net, are nevertheless showing
signs of instabilities around ¢ = 70. This means the refinement increases stability, but still falls short
compared to the other stabilization techniques discussed in Appendices C.5 and C.6.

Posterior Sampling As PDE-Refiner relies on deterministic predictions combined with proba-
bilistic refinements, achieving a broad and diverse posterior distribution is difficult. In Fig. 25, we
visualize posterior samples for Tra;,,q from cDDPM and Refiner for R € {2, 4,8} and with the
ideal o = 107 reported by Lippe et al. (2023). While cDDPM creates a broad range of samples as
discussed in more detail in the main paper above, Refinerg,,».-6 does not create any visual variance.
While additional refinement steps slightly improve the spread across samples, even Refinergs »1.-6
can only create minor differences with very similar spatial structures. Note that the Refiner models
are unable to create the detailed shockwaves below the cylinder that are found in the simulation
and the cDDPM samples. Similar, unphysical predictions after longer rollouts can be observed
across refinement steps and noise variances in Fig. 40 as well. Using the largest o = 1073 we
evaluated should theoretically allow Refiner to focus on a larger range of frequencies, but also does
not substantially improve quality or diversity of posterior samples over Fig. 25.
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Figure 24: Temporal stability evaluation via error to previous time step on Traiong (left) and on
Iso (right) for PDE-Refiner with different hyperparameter combinations of refinement steps R and
noise variances 0. The temporally most stable Refiner configuration is highly inconsistent, and for a
given R depends on the data set and noise variance.
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Figure 25: Posterior samples on Trajong from cDDPM (top left) compared to PDE-Refiner (bottom
and right). Refiner lacks sample diversity and quality compared to cDDPM across refinement steps

Summary While the stability benefits of a well-tuned setup with PDE-Refiner compared to a
simple one-step prediction with U-Net are highly desirable and can be achieved with less inference
overhead compared to cDDPM, the method has several disadvantages: We found the setup to be
very sensitive regarding changes to refinement steps, data set, or noise variance. This means, a large
amount of computational resources are required for parameter tuning, which is crucial to obtain good
results. Suboptimal combinations of refinement steps and noise variance show substantially degraded
performance compared to U-Net in our experiments. Furthermore, Refiner achieves lower overall
accuracy across data sets and has substantial limits in terms of the posterior sampling compared to a
more direct application of diffusion models in cDDPM.
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D PREDICTION EXAMPLES

Over the following pages, prediction examples from all analyzed methods in the main paper are dis-
played. Shown are the different fields contained in an exemplary test sequence from each experiment.
Figures 26 and 27 feature the Incy,, case, Figs. 28 to 30 contain an example from Tra,ong With
Ma = 0.64, and Figs. 31 to 33 display a sequence from Iso with z = 280.

Videos of predictions from some example sequences are also provided alongside this submission,
as they can visualize several aspects like temporal stability, temporal coherence, and visual quality
better than still images. We also include videos of different cDDPM posterior samples.

ResNet Simulation

Figure 26: Vorticity predictions for the Inc,,, sequence.
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Figure 28: Vorticity predictions for an example sequence from Tra;ong with Ma = 0.64.
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Figure 29: Pressure predictions for an example sequence from Tra;ong with Ma = 0.64.
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Figure 30: Density predictions for an example sequence from Traionq With Ma = 0.64.
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Figure 31: Vorticity predictions (only z-component) for an example sequence from I so with z = 280.
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Figure 32: Z-velocity predictions for an example sequence from Iso with z = 280.
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ResNet Simulation

Figure 33: Pressure predictions for an example sequence from Iso with z = 280.
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E ABLATION STUDY PREDICTION EXAMPLES

Over the following pages, we show prediction examples from different ablation study models provided
in Appendices C.4 to C.6 and C.9. Shown are the pressure field from Traiong With Ma = 0.64, as
well as a vorticity sequence from Iso with z = 280.

ACDMRsoo ACDMRlUO ACDMR50 ACDMR30 ACDMRZO ACDMR15 ACDMRlO Simulation

0.7

Figure 34: Diffusion Step Ablation (see App. C.4): Pressure predictions from Traiong.
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ACDMg;o Simulation

ACDMpgyo ACDMgis
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ACDMgsgo ACDMg1o0 ACDMgso

Figure 35: Diffusion Step Ablation (see App. C.4): Vorticity predictions from Iso.
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Figure 36: Training Rollout Ablation (see App. C.5): Pressure predictions from Traong.
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Figure 37: Training Rollout Ablation (see App. C.5): Vorticity predictions from Iso.
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Figure 38: Training Noise Ablation (see App. C.6): Pressure predictions from Trajong.
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Figure 40: Comparison to PDE-Refiner (see App. C.9): Pressure predictions from Traong.
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Figure 41: Comparison to PDE-Refiner (see App. C.9): Vorticity predictions from Iso.
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