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Abstract
There is growing demand for performing infer-
ence with hundreds of thousands of input tokens
on trained transformer models. Inference at this
extreme scale demands significant computational
resources, hindering the application of transform-
ers at long contexts on commodity (i.e not data
center scale) hardware. To address the inference
time costs associated with running self-attention
based transformer language models on long con-
texts and enable their adoption on widely avail-
able hardware, we propose a tunable mechanism
that reduces the cost of the forward pass by at-
tending to only the most relevant tokens at every
generation step using a top-k selection mecha-
nism. We showcase the efficiency gains afforded
by our method by performing inference on context
windows up to 1M tokens using approximately
16GB of GPU RAM. Our experiments reveal that
models are capable of handling the sparsity in-
duced by the reduced number of keys and val-
ues. By attending to less than 2% of input tokens,
we achieve over 95% of model performance on
common benchmarks (RULER, AlpacaEval, and
Open LLM Leaderboard). The code is available
at https://github.com/ryansynk/topk-decoding.

1. Introduction
Long context inference is the process by which models ana-
lyze large document collections or follow long and detailed
instructions. The context is a series of tokens, like a set of
documents or a set of files in a codebase. Increasingly, mod-
els are trained to handle larger and larger context lengths,
with new models training on contexts in the millions (Liu
et al., 2024b).
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Figure 1: (top) Typical attention requires each query vector
to compute an inner product with each key vector in the
context window. In practice, most key vectors produce in-
significant attention scores, and therefore contribute very
little to subsequent hidden states, so much of this computa-
tion is wasted. (left-bottom) top-k attention retrieves only
the keys that contribute significantly to the attention compu-
tation, leaving the gray arrows out and achieving sublinear
runtime.

Inference is done using a trained model and is divided into
two steps: prefill and decoding. In the prefill stage, tokens
pass forward through the model, and their key and value
activations from the attention mechanism of each layer are
stored in a list. This list is called the KV cache (Pope et al.,
2023). In the decoding stage, the model uses the KV cache
to generate new tokens one at a time. In a standard attention
mechanism, each new token attends to every cached token
in the context. When the context length is very large, both
the prefill and decoding stages can become prohibitively
expensive.
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The prefill stage incurs an O(N2) compute and memory cost
due to the large attention matrix formed in the computation
(where N is the number of tokens in the context). To miti-
gate this, brute-force methods such as Ring Attention (Liu
et al., 2023) were developed. This approach uses round-
robin communication between servers to scale computation
linearly in the number of GPUs. Despite its apparent effec-
tiveness, while the prefill stage occurs only once, because
the decoding stage occurs many hundreds of times for a
single user request, the algorithm limited in its practicality
outside of the data-center.

Every step during the decoding stage incurs an O(N) com-
pute and memory cost, as each new token must attend over
all previous tokens in the cached context. As context lengths
grow, the KV cache can become prohibitively large. If each
of the N tokens in the context is embedded into a vector of
size D (the hidden dimension) then the number of floating
point numbers in the cache is 2NDL, where L is the num-
ber of network layers. For a value of D = 4096 and L = 32
as in the Llama-3 8B architecture (Grattafiori et al., 2024),
at N = 100, 000 the memory required for the cache alone
is 52GB, assuming 16 bit floating point format (Zhang et al.,
2024). At this context length the cache is unable to fit on
most commodity GPUs.

One approach to save memory during decoding is to offload
the KV cache to CPU memory (Sheng et al., 2023). How-
ever, the additional data movement required to implement
this strategy is itself prohibitive. In the above example, just
a single layer’s worth of KV cache data is 1.6GB and this
payload must be schlepped back and forth hundreds or thou-
sands of times during a single generation. Attacking the
problem from a different angle, cache eviction methods try
to maintain a fixed cache size on the GPU by selectively
removing token vectors deemed irrelevant (Zhang et al.,
2023), but because it can be difficult to tell which vectors
will be needed in the future, these strategies ultimately hurt
performance.

In contrast to the compute and communication intensive
solutions discussed thus far, we base our proposal on a
simple fact:

Modern LLMs only need to pay attention
to a handful of tokens at a time.

We exploit this observation to perform fast long context
decoding with very little GPU memory. We build an imple-
mentation of attention in which keys and values are stored
in a vector database in CPU memory. When attention is
computed using a query vector at decoding time, we retrieve
only the k keys with the highest attention scores. This can
be done in sublinear time using an approximate k-nearest
neighbor search over the cache database, enabling long con-
text inference using plentiful and cheap CPU memory, and
without the heavy computational overhead required for full
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Figure 2: Performance on selected OpenLLM Leaderboard
tasks using only the top-k keys for each attention computa-
tion. Typical questions have a context length of ∼ 1000, yet
only 10 keys are needed to achieve the same performance
as full attention. We evaluate an extended set of models in
Figure 4.

attention. Due to the fact that the constraint on the number of
relevant keys constrains the CPU-GPU transfer volume, our
approach incurs minimal data movement costs compared
to other KV cache offloading methods since only a frac-
tion of the token representations ever need to be transported
between GPU and CPU memory.

To build a deeper understanding of why our approach works,
through an array of controlled experiments we interrogate
the core “top-k” assumption on which we base our method;
that attention in modern LLMs is an inherently sparse op-
eration. While methods exploring the restriction of the
attention mechanism to the top-k scores have been studied
extensively (Gupta et al., 2021; Liu et al., 2024a; Zhang
et al., 2024), prior work does not specifically endeavor to
solve resource constrained long-context decoding using scal-
able tools like approximate nearest neighbor search, nor do
they demonstrate million token context inference on single,
commodity GPUs.

Our primary contributions are summarized as follows:

• We propose a simple method for sublinear long context
generation using top-k attention over preprocessed states
in a vector database.

• We show that this technique achieves high fidelity on
common benchmarks and long-context tasks (Figure 2).

• We provide an empirical analysis on why top-k attention
works and demonstrate its effectiveness at the million
token scale.

• We demonstrate the flexibility of our method by varying
the top-k budget on a per-layer basis.
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Figure 3: We analyze the number of attention scores that
correspond to 75% of the probability mass for generating
the next token. Each point is the number of scores of the last
‘row’ from the attention matrix required to reach 75% of
the total attention. We observe each of the 32 heads across
50 samples. On the left, we plot the histogram for the first
layer in the network, and on the right we plot it for layer
16.

2. Motivation
The core assumption underpinning our proposal is the fact
that modern language models naturally exhibit sparse atten-
tion patterns in which a very small number of tokens make
up the vast majority of attention mass. We begin by veri-
fying that this is in fact true for popular models in simple
settings.

Observing attention sparsity in the wild. In Figure 3, we
analyze 50 4000-token text samples consisting of concate-
nated Wikipedia article snippets. We encode these samples
using a forward pass through Llama-3-8B, and visualize the
resulting attention scores. For the last token in each context
window, we tabulate the number of keys in the context that
are needed to collect 75% of the attention mass. Only a
small number of the 4000 tokens are needed to collect this
mass, especially for deeper layers of the networks.

The observations made in this series of small scale exper-
iments together suggest that only a few key-value pairs
should be needed for the model to perform close to its full
capabilities. To demonstrate that the observed sparsity can
actually be leveraged without compromising performance,
we perform a more realistic test.

We evaluate models from the Llama family on small se-
lection of knowledge-intensive benchmark tasks while con-
straining the attention computation for each query to only
use the top-k key-value pairs with the highest attention score
(see Section 3.2 for algorithmic details). In these experi-
ments, we use the same number of keys for each layer of
the network and average the model performance over all
tasks on the OpenLLM leaderboard (see Section 4.1 for
task description). In Figure 2 we see that all three models
saturate in performance by the 15th key, and the most re-

cent (and most overtrained) variants of the model require
only the 10 top keys to achieve the same performance as
full-scale attentions. While Figure 3 indicates that there
is some spreading of the attention mass for layer 1 of the
network, this tail mass seems to be unnecessary for good
performance on benchmarks.

Taken as a whole, these simple but motivating experi-
ments evidence the basic sparsity assumptions on which
our method is based. Empirically, we find that the attention
scores are a native, reliable indicator as to which key-value
pairs are most critical during any given inference step, and
that very few keys are actually needed to perform accurate
inference.

In the next section we introduce the technical details of our
approach for using a vector database to retrieve the top-k
most influential tokens, thereby disconnecting attention’s se-
lection operations from the rest of the feed-forward compu-
tation. This critical separation enables the GPU to perform
smaller matrix operations that fit into its limited memory
whilst the full cached keys and values live in CPU memory
and are searched using CPU compute. In the main experi-
ments that follow, we showcase how our method alleviates
both the computational and memory barriers that normally
bottleneck long-context inference and unlocks million token
contexts for small GPUs.

3. Methodology
3.1. Inference With KV Caches

As stated previously, causal inference using trained trans-
former models is split into two steps: the prefill and decode
stages. Assume we are given a—potentially very large—set
of tokens x of size N that we would like to make many
queries over.

The query, key and value embeddings during prefill are of
size (N ×D), so this stage of inference incurs a maximum
activation memory cost of O(N2) due to the size of the
attention matrix. Memory saving attention methods like
(Dao et al., 2022) can in practice reduce this to an O(N)
memory cost by tiling the attention computation. As the
cache is being filled, it also grows in size and persistently
costs O(N) memory across the duration of the computation.

In the decoding stage, we have a smaller query we would
like to make over this context, as well as a pre-filled KV
cache. Our queries comes in one token at a time, with
decoding in a self-attention layer performed as follows:

Attention(q,K, V ) = Softmax
(
qKT

√
D

)
V (1)

Here q ∈ R1×D is the new query vector, ,K, V ∈ RN×D
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are the KV cache for that layer, and D is the hidden dimen-
sion. We refer to S = qKT ∈ R1×N as the score matrix,
and the quantity Softmax

(
S√
D

)
as the attention matrix.

When the incoming query q is multiplied by all previous
keys in the cache during decoding, the memory and com-
pute cost incurred for the score matrix at this step is O(N).
This dependence on N for the cost of GPU memory during
inference can become prohibitive for large context lengths.

3.2. Top-k Attention: Accelerating Decoding

We cut down on the growing memory and compute costs
by dynamically considering only the most relevant keys in
the KV cache. To do this we perform a k-nearest neigh-
bor search over the key vectors with the new query vector,
returning only those value vectors corresponding to the k-
largest score values.

The core of our implementation is in Algorithm 1. We
assume we are given a prefilled KV cache that is on the
CPU. This cache is a sequence {Kℓ, Vℓ}Lℓ=1 of key and
value activation tensors, one for each layer.

First we convert the key tensors across all layers in the
KV cache into a nearest-neighbor search index. This index
data structure can be as simple as a list (for exact nearest
neighbors) or as sophisticated as a graph-based structure (for
approximate nearest neighbors) as in (Malkov & Yashunin,
2020). For multi-head attention, we construct a separate
index for each key head at every layer. For each layer we
store the indices in a list called K index.

We embed each new token during decoding into q, k, and v
on the GPU. We offload q to the CPU and perform a nearest
neighbor search to get the top-k score values of the query
over the context:

vals, I = knn search (q,K index[ℓ],k)

Here k is the number of the largest score values we’d like
use. The operation knn search performs a k-nearest
neighbor search of q over the key vector index for layer ℓ,
K index[ℓ]. Here the k-nearest neighbor search distance is
measured using the dot product metric, mirroring the atten-
tion score mechanism. This search returns two items: vals,
a vector of size k containing the top-k score values, and I , a
list of k integers mapping the score values in vals to their
corresponding key vectors. Let I = (i1, . . . ik). We collect
the relevant keys selected by the nearest neighbor search
by concatenating them as row vectors together, denoted as
Vℓ[I]:

Vℓ[I] =


— Vℓ[i1] —
— Vℓ[i2] —

...
— Vℓ[ik] —

 ∈ Rk×D

After the model generates the first token using the context,
the key and value embeddings of this token are left on
the GPU directly. This splits the total KV cache into two
parts: a large part on the CPU constructed from the given
context, and a small part on the GPU constructed from
previously generated tokens. Given a new query, the k-
nearest neighbor search is only performed on the CPU cache;
on the GPU, we compute the attention directly between
this query and the keys from previous generated tokens.
This process resembles windowed attention (Beltagy et al.,
2020a), where a window of recently generated tokens are
stored directly on the GPU. These GPU window caches are
labeled K gen and V gen in Algorithm 1.

The Vℓ[I] and vals are then moved to the GPU. Using
these, we perform the final attention computation, combin-
ing both the weighted values from the context as well as
the value vectors from previously generated tokens. This
method gives us a peak GPU memory cost of O(k) GPU
memory cost, as opposed to O(N). We find that k can be
chosen to be a small fraction (around 1% for most tasks) of
N while still recovering near-equivalent performance.

Algorithm 1 Top-k KV Cache Decoding

Require: KV-Cache {Kℓ, Vℓ}Lℓ=1 where Kℓ, Vℓ ∈ RN×D,
token x ∈ R1×D, k ∈ N

1: Ngen = 1, K gen = [], V gen = []
2: K index = []
3: for ℓ ∈ {1, . . . , L} do
4: K index[ℓ]← build index(Kℓ)
5: end for
6: while Ngen < Nmax do
7: for ℓ ∈ {1, . . . , L} do
8: Pre-attention transformer layer computations...
9: q = xWQℓ

, k = xWKℓ
, v = xWVℓ

10: K gen[ℓ]← concat(K gen[ℓ], k)
11: V gen[ℓ]← concat(V gen[ℓ], k)
12: vals, I ← knn search(q,K index[ℓ],k)
13: Move Vℓ[I], vals to GPU
14: x̂← Softmax( 1√

D
vals)Vℓ[I]

15: x̂← x̂+ Softmax
(

1√
D
q · K gen[ℓ]T

)
16: Post-attention transformer layer computations...
17: end for
18: x← sample new token(x̂)
19: Ngen ← Ngen + 1
20: end while

3.3. Prefilling a KV Cache at the Million Token Scale

The prefill forward pass in the construction of a KV cache
potentially requires incurring the full O(N2) memory cost.
However, there are multiple ways one could prefill a cache.

Given (relatively brief) access to large amounts of com-
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pute, one could parallelize over many GPUs and construct
the cache using algorithms like Ring Attention (Liu et al.,
2023). The larger up-front cost of the cache construction
would then be amortized over the many queries that would
be made over it on much cheaper hardware. Additionally,
the attention could be approximated in the construction of
the cache. Algorithms like windowed attention would al-
low for the construction of large caches with more modest
compute as in (Child et al., 2019). For small enough N
(100’s of thousands of tokens), and with a high-memory
GPU, the vLLM library can quickly construct KV caches by
performing a standard forward pass on the model using the
paged attention algorithm (Kwon et al., 2023). Finally, for
very large N, top-k attention could be employed at cache
construction time as well.

For our largest experiments, we utilize Flash Attention and
an H100 GPU to prefill the caches N=1M tokens of context.
This allows us to generate exact prefilled KV caches with
only small modifications to the network to accommodate
the extreme memory requirements. The exact changes we
made in order to prefill caches can be found in the Appendix
and we employ a chunking strategy similar to (Gupta et al.,
2021). We note that our experiments mimic an important
use case of our method, namely a user with a large amount
of documents that has access to only a limited amount of
compute. In this case, the user can rent the required compute
on the cloud for prefill once, then make as many queries as
they want quickly with our method on their own hardware.

4. Evaluating Top-k Attention at Scale
We evaluate top-k to highlight the relationship between
different values of k and performance. We find that models
of various sizes and generations perform well even at small
k. In general, we observe that a k equal to 2% of the total
length of the context is sufficient to achieve 95% of the
performance achieved with full, standard attention.

4.1. Benchmark Details

We analyze the effectiveness of top-k attention across three
benchmarks: RULER, Open LLM Leaderboard v1, and
AlpacaEval. Each of these benchmarks highlight a differ-
ent aspect of top-k attention impact on LLM performance.
RULER specifically tests long context abilities and we use
Open LLM Leaderboard v1 and AlpacaEval together to ex-
amine how different model sizes and families perform under
top-k attention. Measuring performance across these bench-
marks presents a comprehensive understanding of how the
top-k attention mechanism affects a model.

RULER To demonstrate that top-k attention with small k
remains effective as the context length increases, we run the
RULER (Hsieh et al., 2024) benchmark suite over a series

of increasing context lengths. As shown in Table 1 we run
over lengths from 4k to 128k. RULER consists of thirteen
total tasks from four categories. The evaluation harness runs
the original Needle In A Haystack (NIAH) (Kamradt, 2023)
task along with a series of more challenging variations of
the task (for example, in one task the text consists entirely
of labeled “needles” and the model is queries to retrieve the
needle corresponding to a single label.) These NIAH tasks
comprise 8 of the 13 tasks, and the remaining tasks are split
into three categories: summarization proxies, multi-hop
proxies, and question answering.

Open LLM Leaderboard Tasks We investigate the per-
formance of top-k on Open LLM Leaderboard tasks. In
particular, we evaluate different models on various values
of k on the average of MMLU (Hendrycks et al., 2020),
ARC tasks both easy and challenge (Clark et al., 2018), Hel-
laSwag (Zellers et al., 2019), winogrande (Keisuke et al.,
2019), OpenbookQA (Mihaylov et al., 2018), BoolQ (Clark
et al., 2019), and PiQA (Bisk et al., 2020). For each task,
we record the normalized accuracy when available; other-
wise, we record accuracy. We report the average over tasks.
We evaluate the following models on these benchmarks:
Llama-1 (7B), Llama-2 (7B), Llama-3 (8B), Llama-3.1 (8B),
Vicuna-v1.3 (7B), Llama-2 chat (7B), Llama-3 Instruct (8B),
Llama-3.1 instruct (8B), Llama-3.2 1B instruct, and Llama-
3.2 3B instruct (Touvron et al., 2023a; Zheng et al., 2023;
Touvron et al., 2023b; Dubey et al., 2024; AI, 2024). The
experiments are conducted using lm-eval-harness in
a zero-shot setting (Gao et al., 2024).

AlpacaEval 2.0 We benchmark top-k attention on Al-
pacaEval (Dubois et al., 2024). AlpacaEval 2.0 requires a
model to generate responses to 805 queries. These responses
are then compared by an LLM-as-a-Judge with GPT-4 Turbo
responses generated from the same query set. The winrate
percentage is the reported metric, and the LLM-as-a-Judge
is GPT-4 Turbo.

4.2. Evaluation Results

Top-k Performance on RULER We evaluate our method
on RULER using GradientAI’s Llama-3-8B model that was
trained using a context length of 262k tokens. For this
model, we find that very small values of k are sufficient to
recover near-baseline performance. At every context length
evaluated, 95% of the baseline performance can always be
achieved with a k value of 1% or less of the total length.
In Table 1, at k = 2, greater than 60% performance is
achieved at all context lengths. The performance on RULER
improves as k increases. Nevertheless, even at a context
length of 131k tokens to achieve ∼ 98% performance of
the full attention only 12.5% of the attention scores are
required.

5



Exploiting Sparsity for Long Context Inference

0 5 10 15 20 25 30

Top-k

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70
A

vg
.

P
er

fo
rm

an
ce

Llama-2 7B

Llama-3 8B

Llama-3.1 8B

0 5 10 15 20 25 30

Top-k

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

A
vg

.
P

er
fo

rm
an

ce

Llama-2 7B (chat)

Llama-3 8B (instruct)

Llama-3.1 8B (instruct)

0 5 10 15 20 25 30

Top-k

0.40

0.45

0.50

0.55

0.60

0.65

0.70

A
vg

.
P

er
fo

rm
an

ce

Llama-3.2 1B (instruct)

Llama-3.2 3B (instruct)

Llama-3.1 8B (instruct)

Figure 4: Top-k attention is effective for OpenLLM Leaderboard Tasks even at small values of k. Left shows the average
of all tasks as we increase k on pretrained base models. Center shows instruction tuned models. Right investigates the
performance on different model sizes.

Interestingly, NIAH tasks have high success rates with little
variation across choice of k. Question-answering tasks
(from SQuAD (Rajpurkar et al., 2016) and HotpotQA (Yang
et al., 2018)) have lower success rates with the 8B-size
model, but also show low variation in success rates across
different k. In our experiments, word-counting tasks (CWE
and FWE) were the tasks most affected by the choice of
k. This suggests that in practice, extra compute (larger
k) should be allocated to these types of tasks to maintain
performance. Table 2 shows the differences between each
of these tasks in terms of what k-value is required to reach
near-parity performance.

Top-k Performance on OpenLLM Leaderboard Tasks
We evaluate various models to find that top-k behavior exists

Table 1: Results on RULER benchmark at various context
lengths. Scores represent an average of 13 tasks in the
RULER benchmark, with maximum possible score being
100. The RULER benchmark was run separately for each
context length listed, and each context length was run with
top-k attention for increasing values of k and also with
standard, full attention.

Context Length (tokens)
k 8192 16384 32768 65536 131072

2 70.58 71.27 68.00 67.83 64.76
8 83.10 86.69 84.92 75.99 61.28
32 85.38 88.08 85.20 78.18 65.89
128 87.21 89.08 85.16 77.41 73.59
512 88.55 89.31 84.56 77.41 63.58
2048 89.42 89.31 84.53 77.33 64.62
8192 – 88.85 84.90 77.41 58.53
16384 – – 84.81 77.26 73.40
32768 – – – 78.03 73.40
Full 90.31 89.45 85.03 78.87 75.17

regardless of instruction tuning, model size, or the number
of tokens the model was trained on. Figure 4 left shows that
regardless of the number of tokens on which the model was
trained, all exhibit a similar trend with performance saturat-
ing at k values < 10. When comparing Figure 4 left and
center, we see that instruction models and pretrained base
models exhibit similar behavior, saturating very quickly.
Finally, in Figure 4 right, while different models achieve
different performance maximums on the benchmark suite,
we see that the effect of top-k is independent of model size.

Top-k Performance on AlpacaEval Figure 5 shows that
the 95% performance with 2% of attention result holds
on generation-intensive tasks as measured by AlpacaEval
2.0. The trend of small k values achieving near-baseline
performance holds true across model sizes, and additional
results showing performance across model generations can
be found in the appendix (Figure 13).
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Figure 5: k equivalent to 2% of context length is sufficient to
achieve 95% of dense-attention performance on AlpacaEval
2.0, regardless of model size.
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StreamingLLM

Ours

Figure 6: One million token NIAH performance comparing
cache eviction (Xiao et al., 2023) and top-k attention. The
red cells show that attention sinks are incapable of retrieving
tokens outside of the local window or early sink tokens. Top-
k attention achieves 100% success with just k = 10.

4.3. 1M Token Generation with Top-k

To demonstrate the extreme scaling that top-k attention
permits, we use our method to generate tokens conditioned
on a context window of one million tokens. We choose
RULER’s Needle In A Haystack task to use for the context,
and we use GradientAI’s Llama-3-8B model that was trained
out to a context length of 1M (Gradient Team, 2024). We
run this experiment on a single GPU with a Faiss vector
database prefilled with the contents of a KV cache.1 We
also compare our method against (Xiao et al., 2023) for
needle in a haystack in Figure 6. Note that top-k attention
has a 100% success rate regardless of where in the context
the needle is hidden, which cannot be said for any available
cache-eviction method.

4.4. Exploring Non-Uniform Choices of k

In this final section we report the results of our studies on the
minimal k required for strong performance across different
task types and on the impact of applying our top-k operator

1We use a variety of k values for this experiment find that k =1
is sufficient to solve Needle In A Haystack with a context length
of 1 million tokens.

non-uniformly over the layers of the transformer.

Optimal k Across Task Types Table 2 shows how the
value of k necessary to achieve 95% of base model perfor-
mance varies across the tasks in RULER. For the needle in
a haystack task, only a tiny fraction of the entire context is
necessary to achieve 95% of the base performance of the
model, whereas nearly 9% is necessary in the case of Word
Counting. Most of the tasks fall under the 1% line.

Table 2: Percent of attention scores required to reach 95%
of dense attention performance for different categories of
tasks from the RULER benchmark. k requirements were
measured by performance on contexts from 8,000-128,000
tokens. All samples from Llama-3-8B.

Task Category k Required For
95% Performance

Needle In A Haystack 0.001%
Variable Tracking 0.11%
Question Answering 0.23%
Multiple NIAH 0.27%
Word Counting 8.87%

Layer-Wise Settings for k Recent work has shown that
later layers of a transformer network tend to be less crucial
to the computation than earlier ones (Gromov et al., 2024).
Our method naturally admits a dimension of flexibility as to
where efficiency gains are extracted. As some layers may
need a larger k budget than others to accurately capture their
attention distributions, we explore allowing the value of k
to vary across layers.

In Figure 7 we vary k and plot the RULER scores as before,
but we allocate our budget for k across layers in two differ-
ent ways. In the uniform strategy, each layer gets the same
value of k. In the adaptive strategy, we linearly increase k
from the first to the last layer. In each experiment (curve
on chart), the sum of k over all layers is equivalent for both
strategies. We find we are able to gain non-trivial perfor-
mance boosts simply by changing our strategy for how set
k for each layer given a fixed computational budget.

5. Related Work
The problem of making transformer model inference more
efficient has been studied from many angles. We briefly
survey some of the relevant work below.

5.1. Systems Approaches

There is a long line of work in systems solutions to scale to
long contexts in LLMs at inference. Flash Attention, and
later Flash-Attention 2, provide theoretical linear memory
complexity over the sequence length (Dao et al., 2022; Dao,

7
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Figure 7: RULER performance of top-k with a fixed vs
adaptive k budget across layers. The x axis represents the
total k budget, and lines are given for two k budgeting
schemes: equal k across all layers and a linearly increasing
k from the first to the last layer.

2024). vLLM’s implementation of Paged Attention (Kwon
et al., 2023) optimizes for throughput over many requests,
and, like Flash Attention, this Paged Attention implements a
block matrix multiplication algorithm that allows for mem-
ory savings at inference time. vLLM, while very performant,
does not perform any offloading and assumes the cache will
be able to fit on the GPU. Liu et al. (2023) propose Ring
Attention, which employs blockwise computation for the
self-attention and feedforward operations, distributing long
sequences over multiple devices and overlapping key-value
block communication with the computation of attention.
While the method is highly scalable it assumes access to
datacenter-level compute. To the best of our knowledge our
approach is the first to achieve inference on million token
context windows on a single commodity GPU.

5.2. Cache Eviction Methods

A variety of methods exist for evicting tokens from the
cache in order to save GPU memory. A straightforward
solution is sliding window attention (Beltagy et al., 2020b),
which keeps only recent tokens of a fixed window size
in the cache, and assumes that local interactions dominate.
StreamingLLM (Xiao et al., 2024) discovered the “attention-
sink” phenomenon and proposed a modified sliding window
attention that alleviates the performance degradation in win-
dowed attention. Both these works can fail on long contexts
as important tokens in the middle of the context window
may become evicted from the cache. Another widely used
method is H20 (Zhang et al., 2023), a cache eviction strat-
egy that uses information about past tokens to remove to-
kens from the cache. While effective in increasing decode

speeds, this method is not dynamically adjustable to differ-
ent queries, leading some tokens to be evicted that may be
important later. Our method keeps all tokens in the cache of-
floaded to cheap and plentiful CPU memory, but accelerates
the lookup process with fast approximate nearest neighbors.

5.3. Top-k and Dynamic Algorithms

The closest approaches to our method in the literature are all
based around the initial work on top-k in Gupta et al. (2021).
This method computes all scores directly before filtering out
the top-k, incurring quadratic computation and demanding
the entire KV cache fits on GPU memory. Chen et al. (2024)
also accelerate decoding by selecting relevant tokens, but
take an approach based on sampling attention distributions.
Singhania et al. (2024) construct a low-cost proxy to full
attention using PCA, which informs the token subset for
the attention computation. However, these solutions do not
support context lengths past a few hundred thousand.

Tang et al. (2024) dynamically select relevant tokens from
the cache during decoding, but their method relies on a
heuristic approximation of top-k divided over cache pages,
whereas our method utilizes a nearest-neighbor data struc-
ture. The concurrent works of (Liu et al., 2024a) and (Zhang
et al., 2024) bear a resemblance to our method but enforce
exactly which kind of nearest-neighbor search algorithm is
employed: a custom database in the first and the method of
PQ quantization in the second. Our method both generalizes
their method to allow for any database and is extended to 1
million length contexts and beyond.

6. Conclusion
In this work we demonstrate the capability of a top-k at-
tention mechanism to operate at the million token scale on
a single GPU. We achieve sublinear complexity and eval-
uate at over 95% of dense attention accuracy on common
benchmarks while using only 2% of the context length on
average in the attention block. This exploitation of attention
sparsity opens up new directions for efficient and viable
solutions to long context inference in language models. Our
investigation of attention distributions across layers points
to future variations of our method that smoothly adapt the
top-k method across tasks and layers of a given model sug-
gesting our top-k approach can be used to achieve optimal
compute-performance tradeoffs given a specific deployment
context.
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Figure 8: Average attention score per token in a given Wikipedia article for a multi-article long context sample (across
all heads and layers). The bar for the article prompted to be copied is highlighted in red. Note how the model focuses its
attention on the correct document.

A. Appendix
A.1. Attention Sparsity In The Wild

Next, we take these multi-article samples and prompt the model to copy one of the articles that relates to a specific topic.
Figure 8 demonstrates that in expectation the attention scores (across all heads and layers) are higher for the tokens contained
within the correct document.

Having confirmed that attention scores are indeed concentrated in terms of both how many tokens are relevant, and which
tokens are highlighted in an input sequence, we zoom out and probe for structure in the attention scores in aggregate by
quantifying their overall entropy. In Figure 9 we visualize the entropy of the last-token attention scores in a sequence as
a function of layer depth. We observe that the entropy is low in all layers and decreases significantly after the first layer.
Further analysis of attention sparsity across task categories and intuition on the connection between sparsity and entropy is
provided in Appendix A.2.

A.2. Distribution of Attention Scores

In general, 1% of the total attention scores are sufficient for providing 95% of the performance of dense attention on Open
LLM Leaderboard, AlpacaEval, and RULER. However, within the subtasks for a given benchmark there is variation in this
k-required threshold. This variation is highly correlated with the a measurement we call the attention entropy. Attention
entropy is calculated by taking the Shannon entropy of a single row of an attention matrix after the softmax transformation
is applied, and averaging that over multiple tokens of generation on many different samples of text.

When treating a single, soft-maxed row of an attention matrix as a probability distribution, entropy serves as a good
descriptor of how concentrated, or ”sparse” it is. The entropy of a maximally concentrated attention distribution is zero,
while completely uniform attention scores would have an entropy of the logarithm total scores. Thus low entropy indicates
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Figure 9: Entropy of the distribution of attention scores for each layer of a model, calculated as E = −
∑N

i=1 ai log(ai),
where (a1, . . . , aN ) is the attention score distribution. Attention score distributions are derived from last token of 50
1000-token samples and aggregated over all heads for a given layer. Entropy serves as a measure of how concentrated the
attention scores are for a given query token: low entropy indicates a large amount of attention centered over few tokens, and
high entropy indicates a more uniform dispersion of attention scores. Maximum entropy occurs when the distribution is
perfectly uniform, and for 1000-token contexts is − log( 1

1000 ).

sparse, or concentrated attention. In Table 3 we show the attention entropy calculated from the first ten tokens of generation
from fifty samples of text in each task category. The attention entropy values in the table have a Pearson correlation
coefficient of 0.85 with the k-required thresholds for 95% performance in those tasks.

In addition to looking at the attention distributions across tasks, we investigate if there are any systematic trends in the
attention sparsity across layers of a model. Figure 10 shows the attention entropy for RULER subtasks when plotted by
layer, and Figure 3 shows the number of scores required to cover 75% of the full attention distribution, with a histogram
plotting this value over hundreds of samples of Wikipedia text. Note that in both figures, the first layer clearly stands out as
having the least concentrated attention distributions.

A.3. Additional RULER and AlpacaEval Results
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Table 3: Percent of attention scores required to reach 95% of dense attention performance for different categories of tasks,
along with the average entropy of the attention vectors for tokens generated from those tasks.

Task Category k Required For
95% Performance

Attention
Entropy

Needle In A Haystack 0.001% 1.93
Variable Tracking 0.11% 2.11
Question Answering 0.23% 2.27
Multiple NIAH 0.27% 2.33
Word Counting 8.87% 2.68
k-Required - Entropy Correlation (r) 0.847
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Word Counting 1 (cwe)
Word Counting 2 (fwe)
Question Answering 1 (qa_1)
Question Answering 2 (qa_2)

Figure 10: Attention entropy by layer, colored by task category.
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Figure 11: All 32 layers are plotted in order, where the top row represents layers 1, 2, 3, and 4 and last row represents layers
29, 30, 31, and 32.
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(a) Context length 4096
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(b) Context length 8192

0 500 1000 1500 2000
Top-k

50

60

70

80

90

100

R
U

L
E

R
S

co
re

Llama-3 8B 262k (GradientAI)

(c) Context length 16384
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(d) Context length 32768
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(e) Context length 65536
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(f) Context length 131072

Figure 12: Results for RULER over various context lengths. This shows the same behavior as Open LLM Leaderboard and
AlpacaEval where very few attention scores (very low k) are sufficient to achieve near dense attention performance.
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Figure 13: AlpacaEval 2.0 results for various models. Left compares different generations of Llama instruction tuned
models. Right investigates how models of different sizes handle small values of k.
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