
Unlocking Exploration in RLVR: Uncertainty-aware Advantage Shaping
for Deeper Reasoning

Anonymous ACL submission

Abstract001

Reinforcement Learning with Verifiable Re-002
wards (RLVR) has shown significant promise003
for enhancing the reasoning capabilities of004
large language models (LLMs). However, pre-005
vailing algorithms like GRPO broadcast a uni-006
form advantage signal across all tokens in a007
sequence. This coarse-grained approach over-008
looks the pivotal role of uncertain, high-stakes009
decisions during reasoning, leading to inef-010
ficient exploration and the well-documented011
problem of entropy collapse. To address this,012
we introduce UnCertainty-aware Advantage013
Shaping (UCAS), a model-free method that014
refines credit assignment by leveraging the015
model’s internal uncertainty signals. UCAS016
operates in two stages: it first modulates the017
response-level advantage using the model’s018
overall self-confidence, and then applies a019
token-level penalty based on raw logit certainty.020
This dual mechanism encourages exploration021
of high-uncertainty paths that yield correct an-022
swers while penalizing overconfident yet er-023
roneous reasoning, effectively balancing the024
exploration-exploitation trade-off. Extensive025
experiments on five mathematical reasoning026
benchmarks show that UCAS significantly out-027
performs strong RLVR baselines across multi-028
ple model scales, including 1.5B and 7B. Our029
analysis confirms that UCAS not only achieves030
higher rewards but also promotes greater rea-031
soning diversity and successfully mitigates en-032
tropy collapse.033

1 Introduction034

Reinforcement learning (RL) has recently become035

a cornerstone for enhancing the complex reasoning036

abilities of Large Language Models (LLMs), mov-037

ing beyond simple pattern matching toward more038

robust problem-solving. Among the various RL039

approaches, Reinforcement Learning with Verifi-040

able Rewards (RLVR) has proven particularly ef-041

fective. In this paradigm, a policy model explores042

a vast solution space and receives feedback from043

verifiable signals, such as the correctness of a fi- 044

nal answer in mathematical reasoning. This direct 045

feedback loop has enabled policy optimization al- 046

gorithms like Group Relative Policy Optimization 047

(GRPO) (Shao et al., 2024) to achieve substantial 048

performance gains, powering state-of-the-art sys- 049

tems such as DeepSeek-R1 (Guo et al., 2025). 050

However, the success of RLVR reveals a criti- 051

cal underlying tension: the trade-off between pre- 052

cision and diversity. While methods like GRPO 053

excel at increasing the probability of generating 054

correct answers, they often do so at the cost of ex- 055

ploration. Due to the absence of a critic model, 056

the learning signal in GRPO, which applies a sin- 057

gle uniform advantage across all tokens, provides 058

an indiscriminate and overly coarse form of credit 059

assignment. It rewards all steps of a correct path 060

equally and penalizes all steps of an incorrect one, 061

failing to distinguish crucial reasoning leaps from 062

trivial ones. This coarse-grained feedback drives 063

the policy to converge prematurely on a small set 064

of "safe" high-reward trajectories. A common side 065

effect is entropy collapse (Cui et al., 2025b), where 066

the output distribution contracts, reducing solution 067

diversity and impairing performance on complex 068

problems that demand novel reasoning strategies. 069

Previous studies (Wang et al., 2023; Lightman 070

et al., 2024; Chen et al., 2024; Zhang et al., 071

2024; Sun et al., 2025a) have attempted to em- 072

ploy process-level reward models to deliver more 073

fine-grained signals. However, as DeepSeek (Guo 074

et al., 2025) points out, training fine-grained re- 075

ward models is costly, difficult to scale, limited in 076

its ability to provide accurate signals, and vulnera- 077

ble to reward hacking. Some recent efforts (Chen 078

et al., 2025; Cheng et al., 2025; Wang et al., 2025a) 079

have tried to incorporate entropy-based feedback to 080

enhance advantages, such as integrating semantic 081

entropy or policy entropy related to the response 082

into advantage calculations. Yet, most studies ei- 083

ther pursue low entropy to improve accuracy or 084
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encourage high entropy to maintain exploration,085

lacking fine-grained modeling of the relationship086

between responses and their policy entropy.087

To address the above challenges, we propose an088

UnCertainty-aware Advantage Shaping (UCAS), a089

model-free method that refines credit assignment090

in RLVR by leveraging the model’s intrinsic un-091

certainty. UCAS is designed to resolve the pre-092

cision–diversity dilemma by reshaping the advan-093

tage signal at two complementary levels. At the094

response level, UCAS modulates the sequence-095

level advantage using the model’s overall self-096

confidence, amplifying rewards for correct-but-097

uncertain responses and penalties for incorrect-but-098

confident ones. At the token level, it further in-099

troduces a certainty-based penalty derived directly100

from raw logits, discouraging local overconfidence101

while preserving diversity in reasoning. Collec-102

tively, these mechanisms promote exploration of103

uncertain but potentially fruitful reasoning paths,104

while efficiently suppressing confidently wrong so-105

lutions. Extensive experiments on five mathemati-106

cal reasoning benchmarks demonstrate that UCAS107

consistently outperforms strong RLVR baselines at108

both the 1.5B and 7B model scales. Beyond reward109

improvements, UCAS fosters greater reasoning di-110

versity and substantially mitigates entropy collapse,111

confirming the effectiveness of uncertainty as a112

fine-grained learning signal.113

Our contributions can be summarized as follows:114

• We propose UCAS, an extra-model-free fine-115

grained advantage shaping mechanism based116

on internal confidence signals, which per-117

forms uncertainty-aware advantage adjust-118

ment at both response and token levels.119

• We provide a novel mechanism to adaptively120

calibrate advantages based on uncertainty, en-121

abling steady reward gains, longer reasoning122

chains, and entropy recovery, thus prevent-123

ing entropy collapse in RLVR and improving124

reasoning accuracy.125

• Extensive experiments on multiple mathemat-126

ical reasoning benchmarks demonstrate that127

UCAS significantly improves model reason-128

ing performance, validating its effectiveness129

in enhancing exploration diversity and opti-130

mization outcomes.131

2 Background: Reinforcement Learning 132

with Verifiable Rewards 133

In the training of large language models, early 134

mainstream reinforcement learning alignment 135

methods primarily relied on PPO. By introducing 136

a clipping ratio into the objective function, PPO 137

stabilizes training by constraining the magnitude 138

of policy updates. This method has been widely 139

adopted in Reinforcement Learning from Human 140

Feedback (RLHF), where reward models provide 141

preference-based scores to gradually shape model 142

behavior. However, PPO exhibits key limitations: 143

it depends on critic-based value estimation and re- 144

quires large-scale preference annotation, both of 145

which are costly and prone to noise accumulation. 146

To overcome these limitations, recent research 147

has introduced RLVR. RLVR converts open-ended 148

outputs into programmatically checkable signals, 149

such as numerical consistency in mathematics, unit- 150

test pass rates in code generation, or formal con- 151

straint satisfaction (Su et al., 2025; Wang et al., 152

2025b), thereby avoiding the noise and cost of 153

preference models. By forming a closed loop of 154

model–environment–verifier, RLVR enables poli- 155

cies to be updated directly from binary or graded 156

correctness signals, improving both sample effi- 157

ciency and reproducibility in structured reasoning 158

tasks. 159

In the concrete implementation of RLVR, GRPO 160

(Shao et al., 2024) emerges as a representative al- 161

gorithm. Unlike PPO, which relies on critic-based 162

value estimation, GRPO computes advantages by 163

normalizing group-level verifiable rewards and up- 164

dates the policy directly. 165

Formally, the objective is given by: 166

JGRPO(θ) = Eq∼D, o∼πθold

[
1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

min
(
ri,t(θ)Âi,t,

clip(ri,t(θ), 1− ϵ, 1 + ϵ)Âi,t

)
− βDKL(πθ∥πref)

]
(1) 167

where 168

ri,t(θ) =
πθ(oi,t | q, oi,<t)

πθold(oi,t | q, oi,<t)
, (2) 169

denotes the probability ratio between the new and 170

old policies for token oi,t, and the advantage Âi,t 171
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is estimated from group rewards as:172

Âi,t =
Ri − µ(R)

σ(R) + ϵ
, (3)173

with Ri the cumulative verifiable reward of tra-174

jectory oi, µ(R) and σ(R) the mean and standard175

deviation across the sampled group, and ϵ a small176

constant for numerical stability.177

By eliminating dependency on value models and178

instead exploiting group-normalized verifiable re-179

wards, GRPO achieves stable and cost-efficient180

training.181

Building on GRPO, Decouple Clip and Dynamic182

Sampling Policy Optimization (DAPO) (Yu et al.,183

2025) is proposed to further improve stability and184

exploration. DAPO integrates four key techniques:185

Clip-Higher, Dynamic Sampling, Token-Level Pol-186

icy Gradient Loss, and Overlong Reward Shap-187

ing. Similar to GRPO, DAPO samples multiple188

responses per prompt and optimizes the following189

objective:190

JDAPO(θ) = E (q,a)∼D
{oi}∼πθold

[
1∑G

j=1 |oj |

G∑
i=1

|oi|∑
t=1

min
(
rit(θ)Â

i
t, clip(rit(θ), clip_range)Âi

t

)]
,

s.t. 0 < |{i | is_equiv(oi, a)}| < G
(4)191

where ϵlow and ϵhigh denote the lower and up-192

per bounds of the clipping range. Compared to193

GRPO, DAPO explicitly decouples the clipping194

bounds, incorporates adaptive sampling strategies,195

thereby alleviating entropy collapse and improving196

the generalizability of RLVR-trained models.197

3 Method198

To address the coarse credit assignment problem199

in RLVR, we introduce Uncertainty-aware Ad-200

vantage Shaping (UCAS), a method designed to201

replace the blunt instrument of uniform advantage202

with a more nuanced, two-stage mechanism. The203

central idea is to reshape the learning signal by204

considering uncertainty at two distinct granular-205

ities: the entire reasoning path (response-level)206

and the individual generative steps within it (token-207

level). This hierarchical approach first sets a strate-208

gic learning objective by evaluating the value of209

the overall trajectory, and then locally refines the210

policy update to encourage robust exploration and211

prevent the premature convergence that leads to 212

entropy collapse. 213

3.1 Uncertainty Signals: From Confidence to 214

Logits 215

To perform this hierarchical shaping, UCAS re- 216

quires signals that capture the model’s epistemic 217

state at both macro and micro levels. We extract 218

these directly from the model’s intrinsic generative 219

process, avoiding the need for auxiliary networks. 220

Response-Level Confidence. For a high-level 221

assessment of a full reasoning trajectory, we use 222

the model’s self-confidence. As defined in Kang 223

et al. (2025), this is the average KL-divergence 224

between the model’s predictive distribution and a 225

uniform distribution over the vocabulary V . We 226

denote this as C(oi|q): 227

C(oi|q) :=
1

|oi|

|oi|∑
t=1

KL
(
U(V) ∥ pπθ

(· | q, oi,<t)
)

(5) 228

A higher value of C(oi|q) signifies higher overall 229

confidence (low uncertainty) in the generated se- 230

quence, suggesting the model is following a well- 231

trodden path. 232

Token-Level Certainty. While self-confidence 233

is effective at the sequence level, it is derived from 234

post-softmax probabilities, which can suffer from 235

poor calibration (Liu et al., 2025a; Ma et al., 2025). 236

This can cause the model to appear equally confi- 237

dent in different choices, masking subtle but impor- 238

tant variations in uncertainty. To capture a more 239

direct and sensitive signal at the token level, we use 240

the model’s raw logit value for the chosen token 241

oi,t as a proxy for certainty. Let ℓi,t be the logit 242

corresponding to token oi,t at step t. A higher logit 243

value indicates greater model certainty in its choice, 244

prior to softmax normalization. 245

3.2 UCAS: Two-Stage Advantage Shaping 246

Given a group of G responses {o1, . . . , oG} to a 247

prompt q, UCAS reshapes the original GRPO ad- 248

vantage Âi into a fine-grained, token-specific ad- 249

vantage ÂUCAS
i,t . This process unfolds in two com- 250

plementary stages. 251

Stage 1: Response-Level Advantage Modulation. 252

This stage adjusts the advantage for an entire re- 253

sponse to encourage exploration of novel correct 254

paths and suppress confident, well-trodden incor- 255

rect paths. First, we compute the self-confidence 256
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Figure 1: Overview of the UCAS Advantage Shaping Mechanism. UCAS refines the uniform GRPO advantage
through a two-stage process. Stage 1 (Macro-level): It applies Response-Level Modulation using the trajectory’s
overall self-confidence to determine its strategic value for exploration vs. exploitation. Stage 2 (Micro-level): It
introduces a Token-Level Certainty Penalty using raw logits to discourage local overconfidence. The final shaped
advantage ÂUCAS

i,t guides a more nuanced policy update.

C(oi|q) for each response oi in the group. To assess257

confidence relative to other responses in the same258

group, we apply z-score normalization:259

Ĉi =
C(oi|q)− µC

σC + ϵ
, (6)260

where µC and σC are the mean and standard devia-261

tion of confidence scores across the group.262

We then compute a modulation weight W (Ĉi)263

based on the sign of the original advantage Âi,264

which directly encodes the correctness of the an-265

swer. Theoretically, we select an exponential form266

to act as a non-linear filter. This addresses the com-267

pressed variance often found in group-normalized268

scores, where linear rescaling fails to sufficiently269

distinguish “novel” exploration from “routine” ex-270

ploitation. More theoretical explanation can be271

found in Appendix C.272

W (Ĉi) =

{
exp(−α · Ĉi) if Âi > 0 (Correct)
exp(α · Ĉi) if Âi < 0 (Incorrect)

(7)273

where α > 0 is a hyperparameter controlling the274

shaping intensity. This formulation ensures that275

for correct responses, lower confidence (negative276

Ĉi) results in a larger weight, amplifying the re-277

ward. For incorrect responses, higher confidence278

(positive Ĉi) results in a larger weight, amplifying279

the penalty. The resulting modulated advantage is280

Âmod
i = W (Ĉi) · Âi.281

Stage 2: Token-Level Certainty Penalty.282

Response-level modulation sets a global learning283

objective for each trajectory, but this modulated 284

advantage, Âmod
i , is still a uniform signal broadcast 285

to all tokens within that sequence. This alone is 286

insufficient to prevent the model from developing 287

localized overconfidence—a key driver of entropy 288

collapse. The second stage therefore introduces a 289

token-specific penalty to directly address this. By 290

penalizing high-certainty choices at each step, we 291

encourage the model to maintain a degree of epis- 292

temic humility, which preserves local exploration. 293

We use the raw logit ℓi,t as our certainty mea- 294

sure and apply Min-Max normalization within each 295

sequence to create a standardized penalty score 296

ℓ̂i,t ∈ [0, 1]: 297

ℓ̂i,t =
ℓi,t −mink(ℓi,k)

maxk(ℓi,k)−mink(ℓi,k)
(8) 298

A value of ℓ̂i,t close to 1 indicates high relative 299

certainty for that token choice. This penalty acts as 300

a regularizer, complementing the directional guid- 301

ance from Stage 1. 302

Final Advantage Shaping Formula. By com- 303

bining these two stages, UCAS creates a composite 304

advantage signal that is both globally informed and 305

locally sensitive. The final shaped advantage for 306

each token is: 307

ÂUCAS
i,t = Âmod

i︸ ︷︷ ︸
Global Direction

− β · ℓ̂i,t︸ ︷︷ ︸
Local Penalty

(9) 308

where β > 0 is a hyperparameter controlling the 309

penalty strength. This composite structure steers 310
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Algorithm 1 Uncertainty-aware Advantage Shap-
ing (UCAS)

Input:
A group of G responses {oi}Gi=1 ∼ πθ;
Rule-based rewards {Ri}Gi=1;
Hyperparameters α, β.

1: Compute group advantages {Âi}Gi=1.
2: Compute self-confidence {C(oi|q)}Gi=1.
3: Normalize confidences to get {Ĉi}Gi=1.
4: for i = 1 to G do
5: Stage 1: Response Modulation
6: Calc W (Ĉi) via Eq. 7.
7: Âmod

i ←W (Ĉi) · Âi.
8: Stage 2: Token Certainty Penalty
9: Get logits {ℓi,t} for tokens in oi.

10: Normalize logits to get {ℓ̂i,t}.
11: for t = 1 to |oi| do
12: ÂUCAS

i,t ← Âmod
i − β · ℓ̂i,t.

13: end for
14: end for
Output: Token-level advantages {ÂUCAS

i,t }.

the model toward novel correct solutions (via Âmod
i )311

while ensuring it traverses reasoning paths with a312

healthy degree of caution (via the penalty term),313

thereby mitigating entropy collapse and fostering314

more robust problem-solving abilities. This final315

advantage term then replaces the original advantage316

in the RL objective:317

JUCAS(θ) = E (q,a)∼D
{oi}Gi=1∼πθold

[
1∑G

j=1 |oj |
G∑
i=1

|oi|∑
t=1

min
(
rit(θ)Â

UCAS
i,t ,

clip
(
rit(θ), 1− ϵlow, 1 + ϵhigh

)
ÂUCAS

i,t

)]
s.t. 0 < |{i | is_equiv(oi, a)}| < G

(10)318

The complete implementation process of UCAS is319

shown in Algorithm 1.320

4 Experiments321

4.1 Experimental Setup322

Models and Baselines. We employ two variants323

of the Qwen2.5-Math (Yang et al., 2024) series324

as our foundation models: Qwen2.5-Math-1.5B325

and Qwen2.5-Math-7B. To quantify the perfor-326

mance improvement introduced by our method,327

we compare against two widely used RLVR base- 328

lines, GRPO and DAPO. In addition, we bench- 329

mark against several representative recent methods 330

in math reasoning and RLVR, including Simple- 331

RL-Zoo (Zeng et al., 2025), PRIME-Zero (Cui 332

et al., 2025a), OpenReasonerZero (Hu et al., 2025), 333

Oat-Zero (Liu et al., 2025b), GRPO with Entropy 334

Adv. (Cheng et al., 2025), and KTAE (Sun et al., 335

2025b). Detailed descriptions of the baselines are 336

provided in Appendix A.1. 337

Training Data and Benchmarks. During the 338

training phase, we utilize the widely-used MATH 339

dataset as our training set. To maintain consistency 340

with prior research, we only use the more challeng- 341

ing subset of this dataset for training, specifically 342

problems from levels 3 to 5. To comprehensively 343

evaluate the reasoning capabilities of the model 344

trained with our method, we select five widely rec- 345

ognized benchmarks in the mathematical reason- 346

ing domain for testing: AIME24 (LI et al., 2024), 347

MATH-500 (Hendrycks et al., 2021), AMC (LI 348

et al., 2024), Minerva (Lewkowycz et al., 2022), 349

and OlympiadBench (Huang et al., 2024), which 350

collectively contain 1,560 problems. 351

4.2 Main Results 352

The greedy pass@1 performance comparison be- 353

tween 1.5B and 7B models across five mathemati- 354

cal reasoning benchmarks is presented in Table 1. 355

We can clearly find that the UCAS model achieved 356

the highest performance across all five math rea- 357

soning benchmarks on both the 1.5B and 7B pa- 358

rameter scales. Compared with the DAPO baseline, 359

UCAS improves the average accuracy from 41.2 360

to 47.3 (+6.1) on Qwen2.5-Math-1.5B and from 361

50.5 to 56.7 (+6.2) on Qwen2.5-Math-7B. Beyond 362

DAPO, UCAS also surpasses strong baselines such 363

as KTAE and Oat-Zero, with pronounced gains on 364

challenging benchmarks including AIME24, AMC, 365

and OlympiadBench. These results highlight the 366

robustness and scalability of uncertainty-aware ad- 367

vantage shaping, demonstrating consistent benefits 368

across model sizes and diverse reasoning tasks. 369

4.3 Analysis 370

Ablation Study. The ablation comparison be- 371

tween response-level and token-level uncertainty 372

modeling is presented in Table 2. We can clearly 373

observe that both response-level and token-level 374

uncertainty bring consistent gains over the DAPO 375

baseline. Compared with the model trained with 376
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Models AIME24 MATH-500 AMC Minerva Olympiad Avg

Qwen2.5-Math-1.5B

Base Model 7.3 61.8 43.4 15.1 28.4 31.2
GRPO 15.6 76.0 51.8 22.1 36.3 40.4
DAPO 16.7 77.6 47.0 25.7 39.0 41.2
Oat-Zero(Liu et al., 2025b) 20.0 74.4 50.6 23.9 37.0 41.2
KTAE(Sun et al., 2025b) 20.0 77.6 50.6 29.0 40.0 43.4
SEED-GRPO(Chen et al., 2025) 23.3 75.4 50.6 26.8 41.3 43.5
UCAS 23.3 80.6 59.0 31.6 42.1 47.3

Qwen2.5-Math-7B

Base Model 11.0 69.0 45.8 21.3 28.4 35.1
GRPO 30.0 81.0 57.8 32.7 43.2 48.9
DAPO 30.5 81.8 60.2 34.5 45.3 50.5
PRIME-Zero (Cui et al., 2025a) 23.3 82.2 57.8 36.0 39.9 47.8
OpenReasonerZero (Hu et al., 2025) 17.9 78.4 45.8 27.9 45.0 43.0
Oat-Zero(Liu et al., 2025b) 32.1 79.8 61.4 30.5 41.8 49.1
Simple RL-Zero(Zeng et al., 2025) 26.7 78.6 59.0 33.8 43.4 48.3
GRPO with Entropy Adv. (Cheng et al., 2025)† 33.7 83.1 69.8 - - -
KTAE(Sun et al., 2025b) 36.7 83.2 63.9 35.3 43.7 52.6
SEED-GRPO(Chen et al., 2025) 43.3 82.2 64.7 35.0 45.2 54.7
UCAS 43.3 85.6 68.7 37.6 48.0 56.7

Table 1: The greedy pass@1 performance of 1.5B and 7B models across five math reasoning benchmarks. †: results
from Cheng et al. (2025). Our method UCAS consistently surpasses all baselines in both parameter scales.

DAPO, incorporating response-level confidence in-377

creases the average score on Qwen2.5-Math-1.5B378

from 41.2 to 44.7 (+3.5%), while token-level uncer-379

tainty further raises it to 45.1 (+3.9%). A similar380

trend holds on the 7B model, where both variants381

surpass the DAPO baseline. Their integration in382

UCAS achieves the best performance, confirming383

that both signals are individually useful and jointly384

necessary.385

Hyperparameter Sensitivity. We evaluate the386

robustness of UCAS by varying the response-387

level modulation α and token-level penalty β on388

the Math-500 benchmark (Table 3). A moderate389

penalty (β = 0.01) yields optimal performance.390

Lower values (0.005) fail to sufficiently counter-391

act entropy collapse, while excessive penalization392

(β ≥ 0.05) over-regularizes the policy. This sug-393

gests that high β artificially flattens the distribution394

even for necessary, high-certainty steps, hindering395

coherent reasoning chains. The method exhibits396

stability within α ∈ [0.1, 0.2]. However, aggres-397

sive modulation (α = 0.4) causes a performance398

drop. This implies a "signal dominance" issue:399

overly strong confidence scaling overshadows the400

fundamental correctness signal, introducing vari-401

ance that distracts from the primary objective of402

mathematical accuracy.403

Training Dynamics. The training process high- 404

lights several key performance trends, as shown 405

in Figure 2. Compared to vanilla GRPO, UCAS 406

demonstrates a consistent increase in the inference 407

reward on the MATH500 benchmark. Regarding 408

the average response length, the inclusion of UCAS 409

enables the model to generate longer reasoning 410

chains, reflecting more comprehensive problem- 411

solving (Guo et al., 2025; Cheng et al., 2025), while 412

simultaneously improving accuracy. For genera- 413

tion entropy, UCAS shows an early decline but 414

later recovers and stabilizes at a higher level, ef- 415

fectively avoiding the entropy collapse reported in 416

prior work (Cui et al., 2025b). Notably, the model’s 417

reward continues to rise even as the entropy in- 418

creases, which indicates a stable and effective train- 419

ing dynamic where exploration and optimization 420

are well-balanced. 421

Pass@k Evaluation. Prior studies (Wang et al., 422

2022; Wu et al., 2024) have shown that with a 423

limited number of rollouts, models often struggle 424

to solve certain tasks. In contrast, when the roll- 425

out budget is sufficiently large, the probability of 426

sampling effective solutions increases considerably. 427

This observation suggests that pass@k accuracy 428

with a large k provides a more reliable estimate 429

of a model’s potential performance (Yue et al., 430
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Models AIME24 MATH-500 AMC Minerva Olympiad Avg

Qwen2.5-Math-1.5B

Base Model 7.3 61.8 43.4 15.1 28.4 31.2
w/ DAPO 16.7 77.6 47.0 25.7 39.0 41.2
w/ DAPO + Response-Level Confidence 23.3 79.6 51.8 27.6 41.0 44.7
w/ DAPO + Token-Level Certainty 20.0 80.2 55.4 29.7 40.1 45.1
w/ DAPO + UCAS (Ours) 23.3 80.6 59.0 31.6 42.1 47.3

Qwen2.5-Math-7B

Base Model 11.0 69.0 45.8 21.3 28.4 35.2
w/ DAPO 30.5 81.8 60.2 34.5 45.3 50.5
w/ DAPO + Response-Level Confidence 40.0 85.0 63.9 36.7 47.4 54.6
w/ DAPO + Token-Level Certainty 36.7 84.6 65.0 29.7 47.7 52.7
w/ DAPO + UCAS (Ours) 43.3 85.6 68.7 37.6 48.0 56.7

Table 2: Ablation study of uncertainty modeling. Both sentence-level and token-level uncertainty bring consistent
gains over the DAPO baseline.
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Figure 2: Training dynamics of UCAS compared with GRPO across both 7B and 1.5B models. Left: Reward;
Middle: Response Length; Right: Generation Entropy.

Response-Level α Token-Level β Math-500

Varying Token-Level Penalty (β), Fixed α = 0.2

0.2 0.005 79.6
0.2 0.01 80.4
0.2 0.05 78.8
0.2 0.1 78.4

Varying Response Modulation (α), Fixed β = 0.01

0.1 0.01 80.0
0.2 0.01 80.4
0.4 0.01 78.8

Table 3: Sensitivity analysis on Math-500 when varying
the token-level penalty β (upper block) and the response-
level modulation coefficient α (lower block).

2025). Under this evaluation protocol, a problem431

is considered solved if any of the k sampled rea-432

soning trajectories yield the correct answer. Figure433

3 reports pass@k results on the AIME24 bench-434

mark. The results indicate that UCAS achieves435

more consistent improvements as k grows. In con-436

trast, Vanilla-GRPO and its enhanced variants show437

slower growth, consistent with findings from Yue 438

et al. (2025). The stronger performance of UCAS 439

under the pass@k metric highlights its effective- 440

ness, which can be attributed to differences in ex- 441

ploration strategies. Unlike Vanilla-GRPO, which 442

often suffers from exploration stagnation, where 443

the model repeatedly samples low-diversity roll- 444

outs, UCAS leverages uncertainty-aware advantage 445

shaping to sustain diverse exploration and escape 446

local optima. 447

5 Related Work 448

5.1 RL for LLM Reasoning 449

Recent advances in reinforcement learning have 450

transformed the training of large language mod- 451

els for reasoning tasks. Process reward models 452

(PRMs) (Lightman et al., 2023) have emerged as 453

a key innovation, providing step-level supervision 454

that improves both efficiency and accuracy com- 455

pared to outcome-only rewards. Approaches such 456

as PRIME (Cui et al., 2025a) eliminate costly hu- 457

man annotation by deriving implicit process feed- 458
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Figure 3: Comparison of pass@k results on the AIME24
Benchmark.

back, while OmegaPRM (Luo et al., 2024) lever-459

ages Monte Carlo Tree Search (MCTS) to auto-460

matically identify reasoning errors. Alongside this,461

DeepSeek-R1 (Guo et al., 2025) demonstrates that462

sophisticated reasoning can emerge purely from463

RL without supervised fine-tuning, enabled by464

GRPO, which replaces value functions with group-465

based baselines. These advances redefine align-466

ment and reasoning in LLMs, positioning reinforce-467

ment learning with verifiable or process-level re-468

wards as a scalable and principled alternative to469

preference-model-based RLHF.470

5.2 Reinforcement Learning from Verifiable471

Rewards472

RLVR has emerged as a scalable alternative to473

preference-based alignment by converting open-474

ended outputs into checkable signals such as math-475

ematical correctness or unit-test pass rates (Guo476

et al., 2025; Yue et al., 2025). While early imple-477

mentations demonstrated strong gains in pass@1478

accuracy, subsequent studies revealed a consistent479

policy entropy collapse: models rapidly concen-480

trate probability mass on a narrow set of high-481

reward trajectories, diminishing output diversity482

and limiting exploration (Cui et al., 2025b). Empir-483

ical analyses show that RLVR-trained models often484

underperform base models on pass@k (Shao et al.,485

2024; Yue et al., 2025), highlighting a precision–486

diversity trade-off (Wu et al., 2025; Dong et al.,487

2025).488

Algorithmic responses to entropy collapse vary.489

Standard entropy or KL penalties provide partial490

remedies, though their effectiveness often depends491

heavily on the divergence form (Li et al., 2025).492

More recent uncertainty-aware approaches have 493

sought to refine the learning signal, though with 494

differing philosophies. For instance, SEED-GRPO 495

(Chen et al., 2025) leverages semantic entropy to 496

downscale updates for uncertain queries, adopting 497

a conservative risk-mitigation strategy. In stark con- 498

trast, UCAS adopts an exploratory philosophy: we 499

explicitly amplify rewards for correct-but-uncertain 500

trajectories to incentivize venturing into novel rea- 501

soning domains, rather than inhibiting learning 502

from uncertainty. 503

Similarly, while entropy-based shaping meth- 504

ods (Cheng et al., 2025) introduce indiscriminate 505

entropy bonuses to encourage diversity, UCAS im- 506

plements a conditional, two-stage mechanism. By 507

combining response-level confidence with token- 508

level raw logits which we find to be a more sen- 509

sitive proxy for local overconfidence than post- 510

softmax entropy, UCAS distinguishes between 511

productive exploration and blind guessing. Un- 512

like pure entropy-based frameworks, UCAS intro- 513

duces correctness-contingent modulation, ampli- 514

fying penalties for confident errors while guiding 515

exploration through uncertainty, offering a more 516

fine-grained solution to the entropy collapse prob- 517

lem than global regularization or token-level co- 518

variance control (Cui et al., 2025b). 519

6 Conclusion 520

In this work, we introduced UnCertainty-aware 521

Advantage Shaping (UCAS), a fine-grained advan- 522

tage estimation framework that leverages internal 523

confidence signals without requiring additional re- 524

ward models. By jointly modeling uncertainty at 525

both the response and token levels, UCAS reshapes 526

advantages to highlight critical uncertain reason- 527

ing steps and suppress overconfident yet erroneous 528

segments. Experimental results on major mathe- 529

matical reasoning benchmarks show that UCAS 530

achieves substantial performance improvements 531

over GRPO and its enhanced variants. Analysis 532

of the training dynamics further reveals that, as 533

training progresses, UCAS demonstrates steadily 534

increasing rewards, longer reasoning chains, and an 535

entropy trajectory that first declines and then rises, 536

reflecting stronger exploratory capability. These 537

findings indicate that uncertainty-aware advantage 538

shaping offers an effective pathway toward more 539

robust reinforcement learning for large language 540

models. 541
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Limitations542

Although UCAS demonstrates significant improve-543

ments in reasoning capabilities and exploration ef-544

ficiency, we acknowledge several limitations that545

identify clear directions for future research. First,546

our experiments are exclusively focused on 1.5B547

and 7B parameter models, and the performance of548

UCAS on largerscale models has not yet been fully549

verified due to limitations of computing resources.550

Second, our method relies on self-confidence and551

raw logits as proxies for model uncertainty. While552

these internal signals are computationally efficient553

and effective, future work could explore alternative554

or complementary uncertainty metrics. Techniques555

such as Monte Carlo dropout, model ensembles, or556

semantic entropy could potentially capture differ-557

ent facets of model uncertainty and lead to even558

more refined and robust advantage shaping. Inves-559

tigating these areas will be essential for understand-560

ing the broader generalizability of our approach.561
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A Implementation Detials784

A.1 Baselines785

• Simple-RL-Zoo (Zeng et al., 2025): Based786

on Qwen2.5-Math-7B, trained on the math-787

level3-5 dataset using the standard GRPO al-788

gorithm with rule-based rewards.789

• PRIME-Zero (Cui et al., 2025a): An online790

PRM update approach that leverages implicit791

process rewards from rollouts and outcome792

labels without requiring explicit annotations.793

• OpenReasonerZero (Hu et al., 2025): A794

zero-RL baseline on Qwen2.5-7B employing795

the standard PPO algorithm for policy opti-796

mization.797

• Oat-Zero (Liu et al., 2025b): Built on798

Qwen2.5-Math-7B, trained with rule-based799

rewards using a modified Dr.GRPO algorithm800

that removes variance terms and applies token-801

level normalization in the policy loss.802

• GRPO with Entropy Adv. (Cheng et al.,803

2025): Extends RLVR training by incorpo-804

rating a clipped, gradient-detached entropy805

term into the advantage function to encourage806

exploration.807

• KTAE (Sun et al., 2025b): A token-level808

advantage estimation method trained with809

DAPO, quantifying key-token contributions810

via statistical association tests and combining811

them with rollout-level advantages.812

These baselines cover applications of fundamental813

RL algorithms, process-reward-based methods, and814

algorithms improved for specific tasks like math-815

ematical reasoning, aiming to evaluate the effec-816

tiveness and novelty of our method from multiple817

perspectives.818

A.2 RL Training Configuration819

We adopt the VERL framework (Sheng et al., 2024)820

and train our model using the optimization objec-821

tive defined in Eq. 10. For both GRPO and DAPO,822

we use the hyperparameters in Table 4, without823

using entropy or KL losses. All experiments are824

conducted on 2 compute nodes, each equipped with825

8 NVIDIA A800 80GB GPUs.826

Hyperparameter Value

Optimizer AdamW
Actor learning rate 1e−6

Max prompt length 1024
Max response length 3072
Training batch size 512
Samples per prompt 16
Mini-batch size 32
Rollout temperature 1.0
Clip range ϵlow, ϵhigh 0.2, 0.28
UCAS hyperparameter α, β 0.25, 0.01

Table 4: RL Hyperparameters

B Further Analysis 827

B.1 Exploratory Reasoning Dynamics 828

To further analyze the effect of UCAS training, 829

we compute the response-level confidence scores 830

of model outputs according to Eq. 5, measured 831

before and after training on Qwen2.5-Math-1.5B 832

across MATH and Olympiad datasets. We focus 833

on the MATH and Olympiad datasets because they 834

contain more samples and a larger number of re- 835

sponses whose correctness changes after training, 836

which makes them well suited for detailed analysis. 837

For comparability, the confidence values are nor- 838

malized by subtracting the mean and dividing by 839

the standard deviation. 840

Based on the correctness of the responses be- 841

fore and after training, the samples are categorized 842

into three groups: (i) consistently correct (1→1), 843

(ii) correct before but incorrect after (1→0), (iii) 844

incorrect before but correct after (0→1), and (iiii) 845

incorrect before and incorrect after (0→0). Fig- 846

ure 4 illustrates the distribution of these categories, 847

where each point represents model’s response to a 848

given problem. 849

From Figure 4, we observe that for many prob- 850

lems correctly solved only after UCAS training 851

(0→1), the model’s confidence notably increases. 852

In contrast, for problems that remain unsolved be- 853

fore and after training (0→0), the model tends to 854

reduce its confidence, suggesting a more calibrated 855

estimation of its own uncertainty. 856

B.2 Cross-domain Generalization 857

To assess the generality of UCAS beyond math- 858

ematical reasoning, we conduct additional ex- 859

periments on three diverse benchmarks: Leet- 860

Code (Guo et al., 2024) (code generation), Live- 861
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Figure 4: Confidence dynamics before and after UCAS training on the MATH and Olympiad datasets.

Method LeetCode LiveCode MMLU Avg
(Pass@1) (Pass@1) (Acc)

Base Model 11.7 5.7 65.7 27.7
DAPO 18.3 9.2 67.3 31.6
UCAS (Ours) 23.6 (+5.3) 14.8 (+5.6) 70.8 (+3.5) 36.4 (+4.8)

Table 5: Generalizing UCAS from math-only training
to evaluations on non-math tasks.

CodeBench (Jain et al., 2024) (competitive pro-862

gramming), and MMLU (Hendrycks et al., 2020)863

(general task reasoning). As shown in Table 5,864

despite being trained solely on mathematical rea-865

soning data, UCAS consistently outperforms the866

strong DAPO baseline across all non-math tasks.867

This strong transferability suggests that our868

uncertainty-aware exploration mechanism is a869

broadly applicable principle. By unlocking explo-870

ration for high-uncertainty paths, UCAS improves871

performance not just in calculation but also in the872

multi-step logical planning required for program-873

ming and general reasoning, demonstrating gains874

beyond the mathematical domain.875

B.3 Case Study876

As shown in Figure 6, the baseline model exhibits877

a critical failure in logical modeling. While it cor-878

rectly identifies the symmetry of the hyperbola and879

the basic distance formula, it treats the vertices B880

and D as independent points on the hyperbola sym-881

metric about the origin. Crucially, it fails to incor-882

porate the rhombus constraint, which necessitates883

that the diagonals AC and BD must be perpen-884

dicular. This omission reduces the problem to a 885

trivial minimization of the x-coordinate (x2 = 20), 886

resulting in an incorrect lower bound of 80. 887

In contrast, the model trained with UCAS (Re- 888

sponse Parts 1 and 2) demonstrates a significantly 889

higher degree of structural awareness. Rather than 890

performing a simple substitution, the model en- 891

gages in self-reflection to identify the implicit ge- 892

ometric constraints of the problem. It explicitly 893

parameterizes the diagonals as perpendicular lines 894

and performs a domain verification to ensure they 895

actually intersect the hyperbola. This rigorous rea- 896

soning process allows the model to discover the hid- 897

den domain of the slope parameter and use mono- 898

tonicity analysis to reach the correct ground-truth 899

answer. 900

The baseline’s failure highlights the tendency 901

of standard algorithms to converge on superfi- 902

cial "safe" trajectories that ignore implicit con- 903

straints. UCAS, by rewarding exploration of high- 904

uncertainty paths that maintain semantic consis- 905

tency, enables the model to derive complex geo- 906

metric dependencies and reach the correct ground- 907

truth value of 480 via rigorous logical deduction 908

and code verification. 909

C Theoretical Explanation 910

In this section, we provide a theoretical analy- 911

sis of the Uncertainty-aware Advantage Shaping 912

(UCAS) method. We demonstrate that its heuristic 913

components—exponential advantage modulation 914

and min-max logit penalties—arise naturally from 915
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principles of risk-sensitive importance weighting916

and adaptive gradient regularization. This analy-917

sis establishes UCAS not as an ad-hoc collection918

of tricks, but as a coherent algorithmic framework919

for countering entropy collapse in sparse-reward920

RLVR.921

C.1 Problem Formulation: Entropy Collapse922

In RLVR, reward signals are typically sparse and bi-923

nary. A known pathology in this setting is Entropy924

Collapse (Cui et al., 2025b), where the policy πθ925

prematurely converges to a deterministic distribu-926

tion, severely limiting exploration. Mathematically,927

as the policy becomes deterministic, its entropy928

H(πθ(·|s)) → 0. Consequently, the Kullback-929

Leibler divergence from the policy to the uniform930

distribution U(V) approaches its maximum:931

DKL(πθ∥U) = log |V| −H(πθ)→ log |V|. (11)932

This divergence quantifies the policy’s deviation933

from a maximally exploratory prior. Standard934

RLVR algorithms lack an explicit mechanism to935

penalize this deviation, often converging to local936

optima that exploit a narrow set of high-confidence937

but potentially suboptimal reasoning paths.938

C.2 Stage 1: Risk-Sensitive Advantage939

Modulation940

The first stage applies a confidence-dependent mod-941

ulation W (Ĉi) to the advantage estimates. We in-942

terpret this as a form of risk-sensitive importance943

weighting.944

Let yi = sign(Âi) ∈ {+1,−1} indicate the fa-945

vorability of a trajectory. To encourage robust ex-946

ploration, we seek a weighting distribution w over947

trajectories within a mini-batch that emphasizes in-948

formative cases—specifically, those where the out-949

come yi and the confidence Ĉi are anti-correlated950

(e.g., correct but uncertain).951

We derive this by solving for the maximum en-952

tropy distribution w that shifts the expected signed953

confidence to a target value µ∗, lower than its em-954

pirical mean under a uniform prior:955

max
w∈∆G−1

H(w) = −
G∑
i=1

wi logwi (12)956

s.t.
G∑
i=1

wi = 1,

G∑
i=1

wi(yiĈi) = µ∗.

(13)

957

Solving this via Lagrange multipliers yields the 958

Boltzmann distribution: 959

w∗
i ∝ exp

(
− α · yi · Ĉi

)
, (14) 960

where α > 0 controls the intensity of the shift. 961

Connection to UCAS. The modulated advantage 962

in UCAS, Âmod
i = Âi · exp(−αyiĈi), is directly 963

proportional to this optimal importance weight w∗
i . 964

Thus, Stage 1 amplifies updates from trajectories 965

valuable for exploration (correct/uncertain) and 966

strongly penalizes those indicative of overfitting 967

(incorrect/confident). 968

C.3 Stage 2: Adaptive Gradient Stabilization 969

Stage 2 addresses entropy collapse at the token 970

level via a penalty term −βℓ̂i,t. We interpret this 971

as a mechanism for adaptive gradient stabilization. 972

Rationale for Min-Max Normalization. The 973

penalty uses the Min-Max normalized logit ℓ̂i,t ∈ 974

[0, 1]. To ensure numerical stability and fit 975

within column constraints, we denote the sequence- 976

level extrema as ℓmin
i = mink ℓi,k and ℓmax

i = 977

maxk ℓi,k. The normalized logit is defined as: 978

ℓ̂i,t =
ℓi,t − ℓmin

i

ℓmax
i − ℓmin

i + ϵ
. (15) 979

This design serves two critical functions: 1. Scale 980

Invariance: It removes dependence on the absolute 981

logit scale, which varies across layers and training 982

stages. 2. Relative Peak Detection: It measures 983

how peaked the distribution is for the chosen to- 984

ken relative to other steps in the same sequence. 985

A value of ℓ̂i,t ≈ 1 indicates the model is maxi- 986

mally confident at step t compared to its temporal 987

neighbors, signaling a local collapse point. 988

Effect on Optimization Dynamics. The com- 989

posite advantage is ÂUCAS
i,t = Âmod

i − βℓ̂i,t. The 990

gradient update becomes: 991

∇J ∝ E
[(
Âmod

i − βℓ̂i,t
)
∇ log π(oi,t|s)

]
. (16) 992

This acts as a soft, adaptive gradient damper. When 993

ℓ̂i,t is large, the effective driving signal is attenu- 994

ated, preventing aggressive probability concentra- 995

tion. In extreme cases where βℓ̂i,t > Âmod
i , the 996

update direction reverses, actively discouraging 997

overconfidence. This context-aware regularization 998

applies strong pressure only where needed to main- 999

tain the policy’s entropy lower bound. 1000
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C.4 Synthesized Interpretation1001

Combining both stages, UCAS optimizes a policy1002

subject to two complementary, uncertainty-aware1003

regularizers:1004

π∗ ≈ argmax
π

(
Eτ [R(τ)] + λ1Rmacro(π)

+ λ2Rmicro(π)
)
.

(17)1005

Macro RegularizerRmacro (Stage 1) re-weights1006

trajectory gradients to favor correctness with lower1007

confidence. Micro RegularizerRmicro (Stage 2)1008

acts as a dynamic constraint on token-level log-1009

its to preserve local stochasticity. This dual-level1010

framework aligns the global objective (robust cor-1011

rectness) with stable local optimization dynamics.1012

D Prompt1013

As shown in Figure 5, we use the same prompt tem-1014

plate (Qwen-Math template) for both RL training1015

and evaluation.1016

E Dataset License1017

Our training data is based on the MATH1018

dataset (Hendrycks et al., 2021), and we evaluate1019

our model on AIME24 (LI et al., 2024), MATH-1020

500 (Hendrycks et al., 2021), AMC (LI et al., 2024),1021

Minerva (Lewkowycz et al., 2022), and Olympiad-1022

Bench (Huang et al., 2024). We strictly adhere to1023

the licenses associated with each dataset.1024

F LLMs Usage Statement1025

We employed a Large Language Model (LLM)1026

to assist exclusively in the editorial stage of1027

manuscript preparation. Its role was limited to1028

refining phrasing, correcting grammar, and enhanc-1029

ing clarity and readability across different sections.1030

The LLM had no involvement in formulating re-1031

search ideas, designing experiments, or conducting1032

analyses. All scientific contributions and findings1033

are entirely the work of the authors. The authors1034

have ensured that the use of the LLM complies1035

with ethical standards, avoiding plagiarism and sci-1036

entific misconduct.1037
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Prompt templates of RL training and Evaluation

<|im_start|>system\nPlease reason step by step, and put your final answer

within \\boxed{}.<|im_end|>\n<|im_start|>user\n{question}<|im_end|>\n<|im

start|>assistant\n

Figure 5: Prompt template in RL training and evaluation.

Question and Ground Truth

Question: Let A, B, C, and D be points on the hyperbola x2

20 −
y2

24 = 1 such that ABCD is a
rhombus whose diagonals intersect at the origin. Find the greatest real number that is less than BD2

for all such rhombi.

Answer: 480

Response from RL Baseline

To solve this problem, we need to understand the properties of the hyperbola and the rhombus. The hyperbola is given by the equation x2

20 − y2

24 = 1. The
diagonals of the rhombus intersect at the origin, which means the rhombus is symmetric with respect to the origin. This implies that if (x1, y1) is a point
on the hyperbola, then (−x1,−y1), (x1,−y1), and (−x1, y1) are also points on the hyperbola. The diagonals of the rhombus are the line segments
connecting these points.
The length of the diagonal BD can be calculated using the distance formula. Since the diagonals intersect at the origin, the length of the diagonal BD is the
distance between (x1, y1) and (−x1,−y1). The distance formula gives us:

BD =
√

(x1 − (−x1))2 + (y1 − (−y1))2 =
√

(2x1)2 + (2y1)2 = 2
√

x2
1 + y2

1 .

Thus, BD2 = 4(x2
1 + y2

1). Since (x1, y1) lies on the hyperbola, we have
x2
1

20 − y2
1

24 = 1. We can express y2
1 in terms of x2

1:

y
2
1 = 24

(
x2
1

20
− 1

)
=

24x2
1

20
− 24 =

6x2
1

5
− 24.

Substituting this into the expression for BD2, we get:

BD
2
= 4

(
x
2
1 +

6x2
1

5
− 24

)
= 4

(
5x2

1 + 6x2
1

5
− 24

)
= 4

(
11x2

1

5
− 24

)
=

44x2
1

5
− 96.

To find the greatest real number that is less than BD2 for all such rhombi, we need to find the minimum value of BD2. The minimum value of BD2 occurs

when x2
1 is minimized. Since x2

1 must be greater than or equal to 20 (because
x2
1

20 ≥ 1), the minimum value of x2
1 is 20. Substituting x2

1 = 20 into the
expression for BD2, we get:

BD
2
=

44 · 20
5

− 96 =
880

5
− 96 = 176 − 96 = 80.

Therefore, the greatest real number that is less than BD2 for all such rhombi is 80. Let’s confirm this with Python code.

# Define the function for BD^2 in terms of x1^2
def bd_squared(x1_squared):

return (44 * x1_squared) / 5 - 96

# The minimum value of x1^2 is 20
x1_squared_min = 20
bd_squared_min = bd_squared(x1_squared_min)
print(bd_squared_min)

80.0

The greatest real number that is less than BD2 for all such rhombi is 80 .

Figure 6: Reasoning Case Study. The baseline model (above) fails to account for the perpendicular constraint of
the rhombus diagonals, reducing the problem towards a wrong path.
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Response from Our Method (Part 1) (Continued from previous page)

To solve this, I need to find the lower bound of the length of diagonal BD of a rhombus inscribed in the hyperbola x2

20 − y2

24 = 1.
Step 1: Analyzing the Geometry
Let’s think about the properties of the rhombus. Since the hyperbola is symmetric about the origin, and the rhombus is inscribed, its center must be the origin
(0, 0). Let the vertices be A,B,C,D. The diagonals AC and BD must intersect at the origin.
Let’s try to define the lines containing the diagonals. Crucially, the diagonals of a rhombus are perpendicular. If I let the slope of line AC be m, then the line
equation is y = mx. Consequently, the slope of line BD must be −1/m, and its equation is y = − 1

mx.
Step 2: Checking Constraints (Wait, do they strictly exist?)
I need to ensure that these lines actually intersect the hyperbola. Not all lines passing through the origin intersect a hyperbola. Let’s substitute y = kx into the
hyperbola equation:

x2

20
−

k2x2

24
= 1 =⇒ x

2

(
1

20
−

k2

24

)
= 1

For x to be a real number, we must have x2 > 0. This implies:

1

20
−

k2

24
> 0 =⇒

1

20
>

k2

24
=⇒ k

2
<

24

20
=

6

5

Wait, let me double-check. Does this apply to both diagonals? Yes, for the rhombus to exist, all four vertices must be on the hyperbola. So, the condition must
hold for both the slope of AC (which is m) and the slope of BD (which is −1/m).
Let’s check the constraints for both:

1. For AC: m2 < 6
5

2. For BD: (− 1
m )2 < 6

5 =⇒ 1
m2 < 6

5 =⇒ m2 > 5
6

So, combining these, the range for m2 is 5
6 < m2 < 6

5 . This looks correct. If m2 is outside this range, one of the diagonals won’t hit the hyperbola.
Step 3: Formulating the Target Function
I need to minimize BD2. Let’s express the coordinates of point B. Point B lies on the line y = − 1

mx. Let’s set kbd = −1/m. From the intersection
equation earlier:

x
2
B =

1

1
20 −

k2
bd
24

The squared length BD2 is (2 · OB)2 = 4(x2
B + y2

B) = 4x2
B(1 + k2

bd). Let’s try to simplify this expression. Substituting kbd = −1/m, note that
k2
bd = 1/m2. Let u = m2. Then the slope squared for BD is 1/u.

Wait, calculating with 1/u might be messy. Let’s stick to the slope of BD directly. Let S = slope of BD. Then S2 = 1/m2. From the inequality
5
6 < m2 < 6

5 , we have:
5

6
<

1

S2
<

6

5
=⇒

5

6
< S

2
<

6

5

Actually, the problem is symmetric. It doesn’t matter which diagonal is which. Let’s just say the slope squared of the diagonal of interest is k2, where
k2 ∈ (5/6, 6/5).
Let’s re-calculate BD2 with slope k:

BD
2
= 4x

2
(1 + k

2
) =

4(1 + k2)

1
20 − k2

24

=
4(1 + k2)

6−5k2

120

=
480(1 + k2)

6 − 5k2

Step 4: Finding the Minimum (Trial and Computation)
Now I need to minimize f(t) =

480(1+t)
6−5t for t ∈ (5/6, 6/5). Let’s analyze the monotonicity. As t increases, the numerator (1 + t) increases. The

denominator (6 − 5t) decreases (and stays positive since t < 1.2). Since the numerator is growing and the denominator is shrinking, the whole fraction
must be strictly increasing.
Let me verify this quickly. If the function is increasing, the minimum value should be approached as t → 5/6. Wait, the interval is open (5/6, 6/5). So we
strictly can’t reach 5/6. The question asks for the "greatest real number less than BD2". This implies we are looking for the infimum.
So I just need to plug in t = 5/6 to find the limit. Let’s use Python to verify the calculation and ensure I haven’t made a silly arithmetic error.
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Response from Our Method (Part 2)

import numpy as np

def bd_squared(t):
# derived formula: 480(1+t) / (6-5t)
return (480 * (1 + t)) / (6 - 5 * t)

# The range for slope squared is (5/6, 6/5)
lower_bound_t = 5/6

# Calculate the limit value
limit_val = bd_squared(lower_bound_t)
print(f"Limit at lower bound: {limit_val}")

# Let's also check a value slightly above 5/6 to confirm it's increasing
test_val = bd_squared(5/6 + 0.001)
print(f"Test value (slightly inside): {test_val}")

Limit at lower bound: 480.0
Test value (slightly inside): 481.309...

Step 5: Final Conclusion
The code confirms the limit is 480 and the function is increasing. Since BD2 is strictly increasing on the interval, BD2 > 480 for all valid rhombi. Thus,
the greatest real number less than BD2 is 480.
The greatest real number that is less than BD2 for all such rhombi is 480 .
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