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ABSTRACT

The Wasserstein—Fisher—Rao (WFR) metric extends dynamic optimal transport
(OT) by coupling displacement with change of mass, providing a principled ge-
ometry for modeling unbalanced snapshot dynamics. Existing WFR solvers, how-
ever, are often unstable, computationally expensive, and difficult to scale. Here
we introduce WFR Flow Matching (WFR-FM), a simulation-free training algo-
rithm that unifies flow matching with dynamic unbalanced OT. Unlike classical
flow matching which regresses only a transport vector field, WFR-FM simultane-
ously regresses a vector field for displacement and a scalar growth rate function
for birth—death dynamics, yielding continuous flows under the WFR geometry.
Theoretically, we show that minimizing the WFR-FM loss exactly recovers WFR
geodesics. Empirically, WFR-FM yields more accurate and robust trajectory infer-
ence in single-cell biology, reconstructing consistent dynamics with proliferation
and apoptosis, estimating time-varying growth fields, and applying to generative
dynamics under imbalanced data. It outperforms state-of-the-art baselines in ef-
ficiency, stability, and reconstruction accuracy. Overall, WFR-FM establishes a
unified and efficient paradigm for learning dynamical systems from unbalanced
snapshots, where not only states but also mass evolve over time. The Python code
is available at https://github.com/QiangweiPeng/WEFR-FM.

1 INTRODUCTION

Reconstructing continuous dynamics from limited observations is a central challenge in many sci-
entific domains (Chen et al.,[2018). In single-cell transcriptomics, destructive sequencing protocols
and experimental costs typically restrict measurements to a small number of temporal snapshots
(Zheng et al., 20177; |Chen et al., 2022a). The problem of trajectory inference is therefore to recover
the underlying cellular dynamics from such sparse single-cell RNA sequencing (scRNA-seq) snap-
shots (Schiebinger et al., 2019; |Tong et al., 2020). Optimal transport (OT) has then emerged as a
powerful framework for modeling single-cell population across time-series sScRNA-seq data (Bunne
et al.| [2024; Zhang et al.| 2025b). Existing approaches can be broadly divided into two categories:
methods based on static OT maps (Schiebinger et al.,[2019; |[Klein et al.,|2025; |Halmos et al., |2025)),
which align distributions at different time points without explicitly modeling intermediate dynam-
ics, and methods based on dynamic OT (Tong et al.;2020; [Huguet et al.| 2022} Zhang et al.||2024a;
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Peng et al.| [2024; [Tong et al.| 2023} |Gu et al.| [2025), which reconstruct continuous flows between
snapshots. While dynamic OT methods provide richer dynamical insights, they are often realized
via neural ordinary differential equations (ODEs) and continuous normalizing flows, leading to high
computational cost and training instabilities due to repeated ODE simulations (Yan et al.,|2019).

To accelerate learning of continuous normalizing flows, flow matching (FM) (Lipman et al.|, 2023;
Liu et al., 2022} [Pooladian et al., 2023} |Albergo & Vanden-Eijnden, |2022) has been proposed as
a simulation-free training paradigm. By directly regressing the drift field of an ODE, FM enables
stable and scalable training without the need for integration. This motivated several works combin-
ing OT with FM, which approximate dynamic OT in a simulation-free manner (Tong et al.l [2024aj
Klein et al., |2024; [Rohbeck et al.l 2025 [Eyring et al., 2024)). Such approaches enable the efficient
recovery of transport-based dynamics, avoiding the prohibitive cost of repeated ODE solvers.

However, single-cell dynamics are not mass-conserving: cells can proliferate and undergo apoptosis,
resulting in unbalanced distributions across time (Sha et al., [2024). The Wasserstein—Fisher—Rao
(WFR) metric (Liero et al.,[2016} (Chizat et al., 2018a; Kondratyeyv et al.|[2016) extends dynamic OT
by coupling transport with mass creation and annihilation, providing a principled geometry for such
unbalanced dynamics (Sha et al.,2024; |Peng et al.|[2024} Zhang et al., | 2025a; |Sun et al.,|2025). This
has inspired several extensions of FM to unbalanced settings (Eyring et al.l |2024; |Cao et al.| 2025;
Corso et al} [2025; Wang et al} [2025)). However, existing approaches typically focus on regressing
only velocity fields and neglecting explicit modeling of growth dynamics (Eyring et al., 2024} |Corso
et al.l 2025} |Cao et all [2025). The recent VGFM (Wang et al., |2025) introduces an innovative
flow matching framework that jointly learns both transport and growth. Its formulation separates
birth—death dynamics from transport and then uses modified dynamics to approximate simultaneous
evolution, which may depart from the geometry of dynamic unbalanced OT. In addition, while
being effective, VGFM still relies on ODE simulation during post-training refinement and therefore
is not fully simulation-free. Action Matching (AM) (Neklyudov et al., 2023)) proposes a novel
simulation-free approach that can handle unbalanced dynamics. However, it assumes the access
to a continuous curve of densities, which might be challenging in scRNA-seq experiments. The
Wasserstein Lagrangian Flows (WLF) framework (Neklyudov et al.| 2024) addresses the issue with
an inner-outer optimization design, albeit at the cost of introducing additional computational costs.

To address these challenges, we introduce WFR-FM, which combines the core ideas of unbalanced
OT and FM to solve dynamic unbalanced OT under the WFR geometry in a simulation-free manner.
WEFR-FM jointly regresses both a transport vector field and a growth rate function, yielding continu-
ous flows that explicitly model displacement and birth—death dynamics. We show that this approach
produces more accurate WFR-OT flows than existing ODE-based solvers [Sha et al.| (2024)); [Zhang
et al.| (2025a); |[Huguet et al.| (2022); |Sun et al.[(2025)), balanced-distribution flow matching methods
Tong et al.| (2024b); [Kapusniak et al.| (2024); Rohbeck et al.| (2025), and previous unbalanced FM
variants [Eyring et al.|(2024); |Wang et al.| (2025). Our contributions can be summarized as follows:

* We propose WFR-FM, a novel framework that extends flow matching to unbalanced distri-
butions by jointly regressing transport velocity fields and growth rates. WFR-FM is entirely
simulation-free, eliminating costly ODE integration and providing a scalable, robust, and
OT-principled method for modeling unbalanced dynamics of population snapshots.

* We establish theoretical guarantees for WFR-FM: minimizing its loss exactly recovers dy-
namic unbalanced optimal transport under the WFR metric, i.e. the constructed cell popu-
lation trajectories follow WFR geodesics.

* We apply WFR-FM to handle multiple time points, making it particularly suitable for
single-cell transcriptomics. Empirically, this yields more efficient and robust trajectory
inference compared to existing neural differential equation-based and OT-based baselines.

2 RELATED WORKS

Unbalanced Optimal Transport and WFR Distance. Unbalanced optimal transport extends clas-
sical OT |[Kantorovich! (1942); Benamou & Brenier| (2000) by either penalizing deviations from
marginals (Benamoul, 2003} |[Figalli, 2010; (Catfarelli & McCann, 2010) or in its dynamic form by
adding a penalty on source terms. A widely used variant is the Wasserstein—Fisher—Rao (WFR)
distance |[Liero et al.| (2016); |Chizat et al.| (2018a)); Kondratyev et al.| (2016), which penalizes the
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squared growth rates and admits closed-form solutions in special cases |Chizat et al.| (2018a)), with
dynamic and static formulations shown to be equivalent (Chizat et al., 2018bj |Liero et al., [2018]).
Entropic regularization enables efficient solvers for static problem (Liero et al.| 2018};|Chapel et al.,
2021). |Clancy & Suarez| (2022) studied interpolating splines on the WFR space. Recently, deep
learning approaches to dynamic WFR have been applied to single-cell dynamics (Sha et al.| 2024;
Peng et al.}2024; Zhang et al., 2025a; Sun et al.l 2025), but they depend on costly ODE simulation.
Action Matching (Neklyudov et al.|[2023)) and WLF (Neklyudov et al., 2024)) propose the non-flow-
matching simulation-free method for WFR problem. Here WFR-FM introduces the simulation-free
flow-matching-based WFR solver that eliminates expensive trajectory integration in training.

Flow Matching and Unbalanced Extensions. Flow matching (Lipman et al., 2023; [Liu et al.,
2022; Pooladian et al.| 2023} |Albergo & Vanden-Eijnden, 2022) is a simulation-free framework for
learning velocity fields via conditional probability paths in generative models, avoiding explicit tra-
jectory simulation. Subsequent work has expanded with OT coupling (Tong et al.| [2024a} |[Klein
et al., 2024), conditional generation (Rohbeck et al., [2025)), multi-marginal formulations (Rohbeck
et al., [2025; [Lee et al., [2025), stochastic dynamics (Tong et al., [2024b; [Lee et al., [2025), and other
generalizations (Kapusniak et al., [2024; [Zhang et al., [2024b} |Atanackovic et al., 2025} [Petrovic
et al., 2025)), yet most assume normalized distributions, thereby conserving mass. Motivated by
real-world applications such as cell differentiation with proliferation and apoptosis, unbalanced flow
matching has recently emerged (Eyring et al.||2024;|Cao et al.| 2025} |Corso et al.l[2025;|Wang et al.,
2025)), but existing approaches either regress only velocity fields (Eyring et al., |2024; |Corso et al.,
2025}, (Cao et all [2025) or, when jointly modeling velocity and growth (Wang et al. [2025)), still
rely on ODE simulation for post-training and the coupling mechanisms are not consistent with un-
balanced optimal transport. WFR-FM overcomes these limitations by providing an OT-principled
formulation of unbalanced flow matching, which recovers the geodesics of the WFR metric.

Single-cell Trajectory Inference. Many algorithms have been proposed for single-cell trajectory
inference in the multiple-time-points setup, including static optimal transport maps|Schiebinger et al.
(2019); Klein et al.[(2025); Halmos et al.|(2025)); [Banerjee et al.|(2024), continuous formulations via
neural ODEs Tong et al.| (2020); [Huguet et al.| (2022)); Zhang et al.| (2024a)); |Sha et al.| (2024); Tong
et al.| (2023);|Gu et al.| (2025); [Choi & Chotil (2024)), and stochastic variants Neklyudov et al.[ (2023
2024); |Albergo et al.| (2023)); Maddu et al| (2024); |Yeo et al.| (2021); |Chizat et al.| (2022); [Ventre
et al.|(2023)); Lavenant et al.|(2024);|Shi1 et al.| (2024); | Koshizuka & Sato|(2023)); Bunne et al.|(2023));
Chen et al.| (2022b); Jiang & Wan| (2024)); |[Zhang et al| (2025a); |Sun et al.| (2025). More recently,
flow matching has been applied in this domain to improve scalability and training stability (Tong
et al.,|2024a; Rohbeck et al.,|2025; Klein et al., 2024; Tong et al., 2024b; Lee et al., [2025; Kapusniak:
et al.| 2024; |Atanackovic et al.,|2025). The biological importance of proliferation and apoptosis has
further motivated extensions to unbalanced settings (Neklyudov et al.| [2023; 2024} |[Eyring et al.,
2024 Wang et al., 2025). Notably, VGFM (Wang et al., 2025) explicitly incorporating growth
estimation into the flow-matching framework. However, existing unbalanced approaches either rely
on static approximations or require costly ODE simulations, or they lack a truly simulation-free flow
matching framework that can jointly recover velocity and growth in single-cell dynamics.

3 MATHEMATICAL BACKGROUND

Setup. Consider the distribution density function of two measures po () and p; () (also denoted
Lo, 1) at times ¢ = 0 and ¢ = 1 respectively defined over X C R?. Let M, (X) represent the
set of all absolutely continuous finite measures support on X'. The total mass of p and 1 may be
different. We aim to learn a dynamical WFR-OT path connecting po and pq (defined below) via a
simulation-free framework. In this section and Section 4] we focus on the case of two measures. In
Section[5] we will turn to the dynamic WFR problem with observation at multiple time points.

Dynamic Optimal Transport via Flow Matching. Dynamic OT provides a principled framework
for interpolating between probability distributions by minimizing the kinetic energy of transport
paths (Benamou & Brenier, 2000). In this setting, the transport is represented by a time-dependent
probability path {p;},c[0,1) and a velocity field u;, which jointly satisfy the continuity equation
Opt + V- (pruy) = 0. This dynamic formulation yields both natural interpolation between distribu-
tions and a notion of geodesic distance. Recent work (Tong et al.,|2024a) connects this formulation
to FM, which learns a parameterized velocity field vy (¢, ) to approximate the OT flow. The training
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objective is a simple regression against the target field,

Len(0) = Etarp, [[vo(t, ) — wi(@)]3],

avoiding costly backpropagation through ODE solvers. A key ingredient is the use of conditional
probability paths. Instead of directly constructing the marginal path p;, one defines conditionals
pt(+]z) with tractable vector fields u;(-|z). For example, given endpoint samples (xq, x1 ), a Gaus-
sian bridge p;(x|®o, 1) yields a closed-form vector field, and the marginal regression loss becomes

Lcorm (9) = ]Et,Z,mNpt(-\Z) [H’U@(t, :L’) - ut($|z)”%] .

When conditioning pairs (g, 1) are drawn from an OT coupling (¢, 1), the resulting objective
recovers the dynamic OT flow. Thus, the conditional path, conditional loss, and coupling (i.e.
conditions) designs jointly determine if learned dynamics match OT geodesics or general bridges.

Continuous measure flows. Consider a time-dependent measure path p : [0,1] x R? — R, a time
dependent vector field u : [0, 1] x R? — R9, and a time dependent rate function g : [0, 1] x R¢ — R.
Assuming enough regularity, this vector field and rate function defines a unique time dependent flow
¢ :[0,1] x R4 - R4, m :[0,1] x RY — R defined via an ODE:

i ()~ Gt 0= s @

which defines a ‘push-forward” mapping with changing mass (¢, m;)4 : My (R?) — M (R?)
for each ¢ € [0, 1] such that

) = (B me) () = po(97 @) [det Vay )] P
mo(¢; (2))
and satisfies the continuity equation with source term
9epe(x) + Vg - (w(x)pi(x)) = gi(x) pe() (32

WEFR Optimal transport. The dynamical unbalanced OT described by WFR metric (Chizat et al.,
2018aib; [Liero et al.,[2018)) is defined as

WER} (1o, 1) = Jnf / / (lu(z, )13 + 8% llg(, )[I3) pe (@) dedt

s.t. Btp+Vm (pu) = pg, po = o, p1 = K1,

(3.3)

where J is a hyperparameter in the WFR metric that balances the contributions of transport and
birth—death (or mass creation/annihilation) terms in the action. To design the conditional path of
flow matching for WFR, it is essential to study the geodesics between two mass points under such
a metric. Indeed, the closed-form WFR distance between two Dirac measures mgdz, and mi0d5, is
given by |Chizat et al.|(2018a); |Liero et al.|(2018)

WFR-DD2 (1m0, , 102, ) = 26%(mg + mq — 2,ﬁm0mlm(w» (3.4)

where €o5(x) = cos(min{x, 7 }). When ||xq — x1[|2 < 74, the corresponding geodesic curve i.e.
optimal transport path, named traveling Dirac is described by

m(t) = At? — 2Bt +mg, u(t)m(t) = wp (3.5)

where A, B, wg can be computed as follows

momq
A= -2 B=mg—
mo + my T2 mo 14,2
I | GO0
momq L1 — Tol|2
wo = 2071 1 +T2l , T = tan(T)

where [ is the unit vector pointing from xq to x.
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To construct the coupling in flow matching training, we also refer to the equivalent static Kan-
torovich form of WFR problem, which is also studied by (Chizat et al.[(2018b)); [Liero et al.[(2018)

WFR2 (g, j11) = inf WER-DD? (o (2, Y)da, 11 (2, y)d, )dzdy, 3.7
5 (1o, 111) ot e [ 5(0(®,Y)0z, 11 (2, y)0y)dzdy,  (3.7)

where (v0,71) is called semi-coupling, and it satisfies the constraints

T (o 1) < {(vom) € (/\/l+(2(2))2 : /Xvo(:c,y)dy = uo(w%/X%(:ﬂ,y)dw = m(y)}-

For fixed pair (x,y), vo(x, y) represents the mass at the initial time sent from x, while v (x, y)
represents the corresponding mass at the final time received by y. Since the transport is unbalanced,
the mass sent from & may not be equal to the mass received by y. To efficiently solve such WFR
coupling, it is proved that the WFR problem is also equivalent to an optimal entropy-transport (OET)
problem (Chizat et al.,|2018bj; [Liero et al., 2018))

[z — yl2

55 ) (z, y)dxdy

WFR2 (o, 1) = 26%  inf / —2Incos
5 (1o, 1) 76M+(X2){ o (

(3.8)
+KL( /X (=, y)dy | uo(@)) + KL( /X (@, y)da |l ()}

The relation between (g, 1) and ~ has been studied previously under general condition (Liero
et all 2018). In this work, we also give a straightforward proof (see Appendix [A.T)) for the WFR
problem that the optimal semi-coupling can be constructed from the OET coupling y as following.

y(z,y) y(z,y)

Theorem 3.1. Let y be the optimal coupling of the OET problem (3.8), then the semi-coupling
Yo(z,y) = muo(w), m(z,y) = mul(y) solves the static WFR problem .

4  SIMULATION-FREE TRAINING FOR WFR PROBLEM

Given a vector field u; and a rate function g, that generate the measure path p; by (3.2), we aim
to learn a time-dependent vector field vg(x, t) and a time-dependent growth rate function gg(x,t)
both parametrized by neural networks, with loss function specified by minimizing the intractable
unbalanced flow matching objective

Com(6, ®) = / /X (lvo(. 1) — we(@)I% + & g0 (@, 1) — (@) Dp(@)dedt  @1)

Next, we follow the idea of conditional flow matching (CFM) [Lipman et al.| (2023) to learn u(x)
and g;(x) from conditional path, conditional loss and coupling guided by the WFR geometry.

4.1 CONDITIONAL PATH CONSTRUCTION

Conditional measure path Following the approach of defining a conditional probability path in
analogy to flow matching (Lipman et al.,, [2023), we define a conditional measure path w.r.t the
condition variable z such that p;(x|z) = m(2z)p:(x|z) where the time-dependent conditional
measure p;(x|z) is decoupled into a time dependent mass m;(z) and a time-dependent conditional
probability densityp;(x|z). The u;(x|z) and g;(x|z) are conditional vector field and conditional
rate function generating p;(x|z) from py(x|z), i.e.

Ope(x)|2) + Vi - (ur(x]2)pe(x|2)) = pi(]|2) 9 (x| 2) 4.2)

Marginal measure path Assuming z ~ ¢(z), we define the marginal measure path from the con-
ditional measure path

pi@) = [ putelzla(z)dz 43)
as well as the marginal vector field and rate function

w(@) = [ w20 4z g) = [ael)2EH=de G
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The following theorem sketches the relation between marginals u.(x), g:(x) and conditionals
u;(x|z) and g;(x|z), with the proof present in Appendix

Theorem 4.1. The marginal vector field and rate function generates the marginal measure
path Sfrom po(x) for any q(z) independent of x and t.

Conditional Gaussian measure path As a convenient choice, we introduce the conditional Gaus-
sian measure path (CGMP)

pe(x|z) = N(x|m(2), 07 (2)),  pe(lz) = me(2)pi(]2) 4.5
The conditional vector field and the rate function can be easily computed as follows.

Proposition 4.1. For CGMP defined above ({4.3)), the conditional vector field and growth rate func-
tion are ,
6]

o(z)

The proof is left to Appendix Note that the conditional vector field shares the same form as the
conditional Gaussian path used in balanced FM (Lipman et al., 2023). This allows our algorithm to
naturally include flow matching as a special case by setting m(z) = 1.

uy(x|z) = (@ —m(2)) +mi(2), gi([z) =0 Inmy(z) (4.6)

4.2 CONDITIONAL LOSS DESIGN

With designed u:(x|z) and g:(x|z), we propose to regress them by minimizing the conditional
unbalanced flow matching (CUFM) objective

Leurm (6, 9) = Ev(o,1],5ma(2) wmpo(alz) (100 — wi(@l2)ll3 + 596 — g(2]2)]5)mi(2) @.7)

The crucial difference between the balanced CFM objective (Lipman et al., |2023) and CUFM ob-
jective is the time dependent mass term m;(z). In the traditional FM, we only simulate the
position of particles via the learned flow, while in unbalanced FM, the mass of the particle varies
depending on time. The idea here is to weight the regression error by mass, which is assumed to be
uniform in balanced setups. When g;(x) = 0, the UFM objective and CUFM objective
reduce to the well-known FM objective and CFM objective (Lipman et al., 2023]).

The following theorem claims that the gradient of UFM and CUFM objective w.r.t parameters (6, ¢)
are equal, justifying the designed conditional loss function, with the proof present in Appendix[A.3]

Theorem 4.2. If p;(x) > 0 forall x € X and t € [0,1], and q(z) is independent of x and t, then
Lurm(0,¢) = Lcurm (0, @) + C, where C is independent to (0, @). Thus they have identical
gradients w.rt (0, ¢), i.e.

Vo,oLurm(0, @) = Vo ¢ Lcurm (0, @).
4.3 COUPLING IN WFR-FM SOLVES THE DYNAMICAL WFR PROBLEM

Now, we consider two measure po(x) and pq () as source and target of a WFR problem, and the
semi-coupling of the static form denoted as (7p,7y1). Without loss of generality, let uo(x) be a
probability density on X', then 7o (o, 1) is a probability density on X2. The conditional variable
z = (xg, 1) ~ Yo(xo, x1), represents the position of the source and the target points. Since the
solution of dynamical WFR of two Dirac is traveling Dirac Chizat et al.|(2018a)), we choose a special
CGMP named traveling Gaussian

t
o ds
pe(x|zo, 1) = N(x|zo + wo/ —— %) == N(x|zo + wol (0, 1), 0°T)
0 ms(w()vwl) (4 8)
wo At — B —-B ’
= N(z|zy) + ————— (arctan(—————) — arctan(——————)), o°I).
(@l + = et =) Vmea=p) oV
where wq and my(xg, 1) are defined as (3.3) and (3.6) with boundary condition mg(xzg, 1) =
1, my(xo, x1) = % We set mg = 1 because m; describes the mass evolution relative to

the initial mass along each trajectory. Under this setting, we can show that the marginal boundary
measures approach o and i respectively as ¢ — 0, and the induced measure path follows the
WER geodesic (proof in Appendix[A.5).
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(a) Dynamic unbalanced optimal transport (c) Kantorovich unbalanced optimal transport
Eq. (3.3) Eq. (3.7)

@ ’9 " /X o(x, y)dy = o () /X e, y)de = i (y)
y ':Otztt’:gti Equiv 20]
e @. - @%io o

Special Case Condition Coupling

(b) Analytical Path from Dirac to Dirac
Eq. (3.4)- (3.6)

(d) Simulation-Free Solution Process

Condition Loss
Eq. (4.7)

_Condition
~ Path

Analytical solution?
Ut
o O @
(w()vmo)

('Th mt)

Figure 1: Overview of WFR-FM. (a) Dynamic unbalanced OT aims to interpolate the intermediate
state in a way that minimizes the action. (b) Kantorovich unbalanced OT seeks the semi-coupling
that minimizes total cost. (¢) Analytical trajectory from a Dirac distribution to another Dirac distri-
bution. (d) Jointly train the velocity field and the growth rate in the simulation-free manner.

Proposition 4.2. Tuke travelling Gaussian ({#.8) as CGMP, the marginal boundary measure
po(xo) — pol(xo), pr(x1) — pi(x1) as o — 0. Also, the flow generated by travelling Gaus-
sian recover the optimal path of dynamical WFR problem , thus the marginal uw;(x) and g, ()
solve the dynamical WFR problem between L and pu;.

Notably, even for balanced masses mo = m; = m, the WFR mass trajectory m(t) = 2m(1 —

ﬁ)t(l — t) + m remains non-constant. Mass conservation is only recovered as the growth

penalty § — oo, leading to the balanced OT limit characterized below (proof in Appendix [A.6).
Proposition 4.3. With balanced source i and target juy, let § — oo (3.3)), then the travelling Dirac
(3-3) reduces to uniform rectilinear motion with conserved mass, and the travelling Gaussian ({.8)
reduces to wi(x|z) = ¢1 — g, gi(x|z) = 0, thus we recover OT-CFM (Tong et al.| 2024al).

5 WFR-FM WORKFLOW FOR TRAJECTORY INFERENCE
In this section, we discussed the setup and workflow of WFR-FM in actual calculations (Figure [I)),
such as reconstructing dynamics from scRNA-seq data with multiple time points.

Multi-time point WFR Formulation. Given samples from distributions pi;, at K + 1 discrete time
points, t = tg,%1,...,tx, our goal is to reconstruct the continuous evolution of these distributions.
To this end, we solve the WFR problem, which entails minimizing the WFR action functional subject
to the constraint that p(x, t) coincides with the observed distributions p, at the specified time points.

tk —to . b
WERS (i }) = B it [ [ (.01 + &l 01 ) (@) dat

s.t. Op+ V- (pu) = pg, pro = ftgs- - Ptic = Pty

5.1

The multi-time problem (5.1) reduces to a sequence of WFR steps, as established by the following
proposition (proof in Appendix [A.7). In practice, we share vector fields and growth rates across all
time intervals to enhance generalization.

Proposition 5.1. The solution to the multi-time WFR problem (3.1) is equivalent to the concatena-
tion of the solutions of successive time points.

WFR-FM based on Mini-batch WFR-OET. When solving the coupling, one needs to pre-compute
the WFR-OET problem defined in (3:8). However, computing the full mapping directly on large-
scale datasets is expensive. Following OT-CFM (Tong et al.}[2024a), we adopt a mini-batch strategy.
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Letp =) j 0z, denote the empirical distribution supported on the observed data points. We par-

tition pg and pq into the same number of mini-batches B, denoted by {,uéb)}f:l and {ugb)}szl,
respectively. For each pair (uéb), ugb)), we solve the WFR-OET problem to obtain an optimal cou-
pling v(*). The global coupling ~ is constructed by concatenating these mini-batch solutions, i.e.,
v = @szl ~®) | which approximates to the full coupling between 1o and ;. We include further
discussions on the intuition, limitations, and practical considerations of using mini-batch WFR-OET
in Appendix [D]and provide empirical sensitivity analysis in Table[8]

Complete Workflow. We described the training workflow of WFR-FM for trajectory inference
problems with multiple time points through Algorithm[T]and inference workflow in Appendix

Algorithm 1 WFR-FM Training Workflow

Require: Sample-able distributions g, ft¢, , - - . , fht . » bandwidth o, training batch size b, batch size
of the OET problem B, WFR penalty coefficient ¢, vector field vg(x, t), growth rate g4 (x, t).

I: fork=0— K —1do

2: v %) <~ OET(pt, , ity ., ) or mini-batch OET(pus, , it ., ; B) (Defined in

3 P (@) o =8, (@)1 (@, y) ¢ LS Y, (y) (Theorem|3.1)

) T 7 (@,z)dzte ) 11 ’ S 7B (z,y)dz e+l

4: end for

5: while Training do

6: fork=0— K —1do

7: (e @y ,) ~ wék) /* Sample batches of size b i.i.d. from the datasets */

8: Calculate the constants A, B, wy and 7 that path depends on. (Defined in[3.6)
9: t~U0,1), tF) <ty + (tpyr — ti)t
10: Mo < Ty, + wWoly (24, , X4, ,, ) (Defined in[3.5]and 4.8)
11: x) ~ N(nym, 0?T) (Defined inand 4.8)
12: ul®) « wo/(me (x4, T4, ) (t1 — i) (Defined in3.5/and 3.
13: g) % Inmy (,, 24, ,, )/ (tks1 — tr) (Defined in and i
14: m®) — my(x, :ctkﬂ)/'yék) (x4, , ¢, ., ) (Defined in(3.5/and 4.8
15: end for
16: Concatenate {x() t() 4@ ¢ m@1K into batch tensors {x, t¢, uc, ¢¢, m*}

17 Levm(9, @)  ([va(ae, 1) — wc[; + ki [|gg (2°,1°) — ¢°|[5)m* (Theorem 4.2)
18: 0, ¢ < Update((0, ¢), (VoLcurm(0, @), Ve Lcurm (0, @))

19: end while

20: return vg and g4

6 EXPERIMENT RESULTS

We evaluate WFR-FM with key questions Q1: Can WFR-FM transport jit, to p,? Q2: Does it
approximate the dynamic WFR solution? Q3: How accurate is interpolation of unobserved data?
Q4: How does its scalability compare to existing methods? QS5: How well does it recover the
underlying birth-death dynamics?

Accuracy of Distribution and Mass Transportation (Q1) We evaluate the distribution time-
propagation task on three synthetic datasets: Simulation Gene (Gene), Dygen and the 1000D
Gaussian Mixtures (Gaussian) using two metrics (Appendix : the 1-Wasserstein distance (WV;)
to measure the similarity between normalized predicted and true distributions, and Relative Mass
Error (RME) to assess how well the model captures cell population growth. WFR-FM consistently
achieves superior performance across all datasets, with the lowest V; and near-zero RME (Table
[I). In particular, it improves distributional matching on low- and mid-dimensional datasets and re-
mains the most accurate in the high-dimensional case. We also evaluate WFR-FM on real datasets
in Appendix B} Visualization on the Gene dataset and the real-world embryoid bodies (EB) dataset
(Moon et al.,[2019) further confirms that WFR-FM captures accurate dynamics (Figure [2)).

Closeness with Action of Static WFR (Q2) We next examine whether WFR-FM provides a valid
solution to the dynamic WFR formulation by comparing the path action of inferred trajectories with
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Table 1: Mean W; and RME (only for unbalanced methods)on synthetic datasets. For the baselines
that exhibit randomness in inference, we report the mean value and standard deviation over 5 runs.

Method Gene (2D) Dyngen (5D) Gaussian (1000D)
Wi () RME ({) Wi (D) RME ({) Wi (D) RME ({)
MMFM (Rohbeck et al.}[2025) 0.298 — 1.371 — 2.833 —
Metric FM (Kapusniak et al.[[2024) 0.311 — 1.767 — 3.794 —
SF2M (Tong et al.|[2024b) 0.224 10007 — 1.277 +0.017 — 3.543+0.002 —
MIOFlow (Huguet et al.[[2022) 0.148 — 0.965 — 2.858 —
TIGON (Sha et al.[[2024) 0.045 0.014 0.512 0.047 2.263 0.127
DeepRUOT (Zhang et al.|[2025a) 0.043+0002  0.017+0001  0.623+0032  0.065+0011  3.785+0000  0.303+0.070
Var-RUOT (Sun et al.[[2025) 0.079+0003  0.008+0002  0.522+0008 0.177+0007  2.813+0004  0.041+0.006
UOT-FM (Eyring et al.|[2024) 0.093 0.010 1.204 0.097 2.771 0.033
VGFM (Wang et al.|[2025) 0.046 0.006 0.598 0.037 3.010 0.037
WFR-FM (Ours) 0.019 0.001 0.135 0.005 2.233 0.044
a -@ 100 % Ground Truth b @ 10 % Ground Truth
- T10 & Predicted o Tl Predicted
-0 1204y —— Trajectory o M
T3.0 T3
T4.0 T4 o

. 00’y
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Figure 2: Learned trajectories on the (a) Simulation Gene dataset (b) EB dataset

Gene X3 PC1

the reference action obtained from the static WFR-OET solver (Table[2). Across all datasets, WFR-
FM consistently yields the closest approximation to the true action. While some methods such as
Var-RUOT produce actions that are lower than the reference action and also below those of WFR-
FM, they indeed trade off distribution fidelity to achieve a lower action. These results show that
WEFR-FM faithfully approximates the WFR geodesics in distribution interpolation task.

Interpolation Results under the Hold-One-Out Experiment (Q3) We evaluate how well WFR-
FM interpolates unobserved data in real multi-time scRNA-seq datasets by holding out one inter-
mediate time point during training (Table EI) Across EMT (Cook & Vanderhydenl 2020), CITE-
seq (Lance et al., 2022), and mouse hematopoiesis data (Mouse) (Weinreb et al., [2020), WFR-FM
achieves the best interpolation accuracy, while comparable with top baselines on EB dataset. This
suggests that unbalanced methods may better accommodate these datasets, possibly due to popula-
tion imbalance from cell proliferation; see Appendix for further discussion.

Scalability to Large-Scale Dataset (Q4) We examine the scalability of WFR-FM on the large-
scale EB dataset (100D) by comparing runtime, memory, and accuracy (Figure [3). WFR-FM
achieves both high accuracy and efficiency, outperforming methods that only learn velocity fields

Table 2: Path action on synthetic datasets.

Method Gene Dyngen Gaussian
TIGON 1.367 11.654 6.794
DeepRUOT 1.286+0007  14.070+0.151  14.370+1.069
Var-RUOT 1.208+0012  8.357+0223 7.14640.89
WFR-FM 1.305 9.410 7.529
Static Reference 1.333 9.569 10.531
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Table 3: Mean W; over held-out time points on EMT, EB, CITE and Mouse datasets.

Method EMT (10D) EB (50D) CITE (50D) Mouse (50D)

MMFM 0.323 11.213 38.521 8.263
Metric FM 0.314 10.726 37.342 7.753
SF2M 0.308+0.001 10.986+0.00s  38.333+0.002 8.646+0.004
MIOFlow 0.325 10.960 39.574 7.779
TIGON 0.360 11.080 38.159 6.868

DeepRUOT  0.323+0002  10.075+0004  37.892+0.002 6.847+0.003
Var-RUOT 0.320+0003  11.035+0017  38.393+0.029 8.672+0.040

UOT-FM 0.322 11.344 38.649 9.332
VGFM 0.301 10.370 37.386 8.496
WFR-FM 0.298 10.157 37.221 6.586

in accuracy and ODE-based methods in efficiency. WFR-FM provides a favorable balance be-
tween computational cost and accuracy, making it well-suited for large-scale single-cell datasets.
Sensitivity analysi confirms WFR-FM’s robust-

ness to key hyperparameters, specifically the 140 400

growth penalty & (Table [5) and batch size for B I

mini-batch WFR-OET (Table [g). $voren o _
81130 o

Evaluation of Learned Growth Dynamics §12 s VarRUOH %§

(Q5) To confirm WFR-FM captures birth-death g @l0Flow Eg

dynamics beyond marginal matching, we eval- e =

uate the learned growth rate g4(x,t) on the ns gl DeepRUOT

Simulation Gene dataset, where ground truth 1.0 0.4

is provided by known SDEs. We calculate the 0 o ranngTmes)

Pearson correlation coefficient (g.o) between

the predicted growth rate and the ground truth Figure 3: Efficiency on the 100D EB dataset
2

growth rate g = ay % on the data points from the dataset. Table H shows that WFR-FM outper-
2
forms baselines, validating its ability to reliably estimate growth rates.

Table 4: Growth rate correlation (gco;) on Simulation Gene dataset. Best results are in bold.

Method TIGON DeepRUOT Var-RUOT  Action Matching WFR-FM (Ours)

Correlation (georr)  0.9705 0.9688 0.9214 0.5851 0.9913

7 CONCLUSION, LIMITATION AND DISCUSSION

In this work, we introduce WFR-FM, a framework unifying the WFR metric with flow matching
for simulation-free, dynamic unbalanced OT. By jointly learning learning velocity fields and growth
rates, WFR-FM provides a principled formulation with theoretical guarantees that exactly solves
the WFR problem. Extensive experiments demonstrate its effectiveness in reconstructing dynamics
with proliferation and apoptosis, establishing it as a robust tool for biological trajectory inference.

Like other OT-FM methods, WFR-FM relies on solving a static OT problem, which can be costly
for very large datasets. To address this, we adopt approximation strategies such as mini-batch OT
and entropy-regularized Sinkhorn iterations. Incorporating uncertainty quantification in WFR-FM
could also enhance the performance on noisy single-cell datasets. While our focus has been on
WEFR geometry, the framework established is indeed general: as long as the static OT problem
can be efficiently solved and the Dirac-to-Dirac path admits a closed-form solution (e.g., when
linear growth penalties are chosen, as in [Chizat et al.| (2018b)), our approach can be extended to
other unbalanced transport functionals. We anticipate that this generality will enable new classes of
flow-matching methods, broadening their applications across scientific domains where mass is not
conserved or other machine learning application scenarios with unbalanced datasets.

10
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REPRODUCIBILITY STATEMENT

We have taken several measures to ensure the reproducibility of our work. All theoretical results are
accompanied by complete proofs provided in the Appendix. Detailed descriptions of data processing
steps are also included in the Appendix to facilitate replication of our experiments. The source code
is available at https://github.com/QiangweiPeng/WFR-FM.
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A  PROOFS

A.1 PROOF OF THEOREM [3.1]

Lemma A.1. The static form or WFR problem is convex with respect to vo(x,y) and v1(x,y).

Proof.
First, we prove that the integrand:
- —Yll2
F (70,71, %,y) =Y + 7 — 207108 (H 55 ” ) (A.1)
is convex with respect to o and ;. To do this, we compute the Hessian matrix:
3 1 _1
Lgos ( Lzl )7 272 éﬁ(uw ylh)% v
H=1 1 eyl 3 1 (le—yla b -3 (A-2)
B (R ey (1

Next, we check its principal minors. Since vp, ;1 > 0 and cos (lw;éyl) > 0, the diagonal elements

of the matrix are non-negative. And for the determinant:

1 — 1 —
det(H) = Zﬁ2 <||3326y||2> Yol t - ZﬁZ (|w26yz) Yol t=0 (A.3)

Therefore, H is a positive semidefinite matrix, and _# is convex with respect to vy and 7;. Our
optimization objective:

1
2[707’71] :/ /(’70(3379)»"/1(13»34)7f&?!)dwdy (262WFR6(/1’07/141) = inf /[707’71])
X2 Y0,

(A4)
is a functional of 7o and ~y;. Consider any Yo.a,70,6, V1,0, V1,6 € M4 (X?) and ¢ € [0, 1]:

Fltvo,a + (1 =00, ty1,0 + (1 —)71) = / Z(ty0,a + (1 = t)70,5, t71,0 + (1 — t)y1,5)dzdy
X2

< / (17 (o M) + (1= 1)_7 (o, 11.0)) dardy
XQ

= t7 V0,0 V1,0l + (1 = ) F[v0,6, 71,0
(A.S5)

Therefore, the problem is convex with respect to g and 7.
Theorem [3.1} Ler v* be the optimal coupling of the OET problem (3.8)), then the semi-coupling

Yo(x,y) = %Mo( z),mn(x,y) = f’i(izz))dz/“( ) solves the static form of WFR prob-

lem (37).
Proof.
Let

F (o, y).n(z,y).z.y) = 252WFR5(%($ Y)0a, 71 (T, Y)dy)

The computation of the WFR distance between two distributions can be formulated as the optimiza-
tion problem (3.8):

1
—WFR2 (o, = inf x,y),1(x,y),x,y)ded A.6
552 WER; (10, 111) o e Xz/(%( y),n(z, y), z,y)dzdy (A.6)
st [ ol w)dy = poe), [ (@ y)de = u(y) (A7)

X X
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By introducing the dual variables ¢(x), ¥ (y), it can be transformed into the dual problem:

1
—WFR , u inf / x T x,y)dxd
26° 5(’% )= ¢w)eg(2()2 (70771)6(M+ (x2))2 # ol y) (@ ), =y) Y

/sb </70wy)dy fio (@ >dw—/w </71wy)dw—u1( ))dy

sup /¢ x)po(x dw—l—/Z/J y)p(y
¢¢)€CX)2

st (@) < 1u(y) < 1, (1 - é(@)(1 - p(y)) > s (”"”2‘;’”) (A8)

By a change of variables, let u = — log(1 — ¢), v = — log(1 — ), the above dual problem becomes:

1 2 — su — expl—ulx xT)dx — eXpl—v
2 VPR G0 m) = s [ (1 explu(e)po@de + [ (1 - e <y>>>pl<.«zld;
st u(x) +v(y) < —log (0052 (ilb’;émz)> (A.10)

The optimal solution 7§ (x, y), 77 (x, y) of this optimization problem and the optimal dual variables
u* (), v*(y) should satisfy the following KKT conditions:

(1) Complementary slackness condition:

(1= exp-w @) ( [ i)y~ o)) =0
X (A.11)
(1= exp(-0* ) ( [ 2i@v)de - ) =0
(2) stationary condition:
Oy I (10,71, %, Y) |y = (1 — exp(u™(x)))
{an/<vm,w7y>|ﬂ — (1 - exp(o*(y))) A1
7 (x,y) _ V(=)
The solution we constructed, Yo (z,y) = muo(w),%(w,y) = Wﬂl(y),

satisfies the complementary slackness condition. Next, we need to verify that it satisfies the station-
ary condition. Consider the equivalent unconstrained optimization problem (3.9):

YEM 4 (X2)

T KL (/X 'y(w,y)dyHuo(:B)) +KL </X v(w,y)dwlm(y)> )

Transform it into a constrained optimization problem:

1 —
—WFR3 (110, p11) = 26> inf / —21Incos Iz~ yl» v(z, y)dzedy
202 2 26

1 , e
262WFR5(MO,H1) =26 inf (/){2 —2Incos ( 26y|2> ~v(x,y)dedy

YEM () (A.13)
KL (po(@)10(@)) + KL (,Ol(w)Iul(y)))
st /X (@, y)dy = po(x), /X (@, y)de = p1(y) (A.14)
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Introduce dual variables u(x), v(y) to obtain the dual problem:
& —yll2

1
——WEFR2 (0, = su inf / —2Incos | ——— x,y)dxd
262 5(M0 ,Ul) (u,v)ec'p(ﬁf)2 p0,p1 EM 4 (X),yEM L (X2) < X2 ( 20 ) ’Y( y) Y

KL (po () 10(a)) + KL (m(w)IIm(y)))

~ [ wte) ([ 2wty = i) ) az— [ o) ([ Awviae—n))ay

. (- y||2> >
= su inf —21n COS| ————— —ulxr)—v
(u,v)GCIJ)(X)2 p0,p1 EM 4 (X),yEM 4 (X2) /){2 < ( 26 ( ) (y)

+ (KLl + [ a@pi@ie ) + (KLl + [ u(@)n (i)

(A.15)
Now, pg, p1, 7y are in three separate terms, so when solving the inner optimization problem, we can
minimize these three terms separately. From the first term, we can obtain the constraint on the dual

variables:
st u(z) +o(y) < —log (cos2 <|a:26y||2>) (A.16)

By solving the inner optimization problem, we can obtain the relationship between the dual variables
and the primal variables:

V(z,y) € supp(y(z, y)), —log (cosz (W)) —u(z) —v(y) =0 (A1)
20 _ (), 2L exp(—u(y) (A18)
po(x) 11 (y)
Substituting these relationships into the dual problem of (3.9), we get:
1
2 VPR i) = swp [ (1 exp(-u@)po(a)de + [ (1 exp(-o(y)pa(w)dy
26 (u)ec(x)2 Ja

(A.19)
This is exactly the form of the dual problem of (3.8) after the change of variables. Therefore, (3.8)
and (3.9) have the same dual problem, and the u(x), v(y) we introduced when constructing the dual
problem of (3.9) are the same u(x), v(y) in the dual problem of (3.8). Consider the relationship
between the primal and dual variables when both are optimal in (3.9):

.)€ suppla (), g (00w (1222 )) @) -y =0 a0
Jx 7 (x,y)dy . Sy 7 (z,y)dz
D VY ep(—ut (@), LDIE (ot (y)) (A21)
Ho il)) /'Ll(y)
Since:
iy (llz—yl2
o c=1— S A22
o o=z (422
Substituting the solution we constructed, ~o(x,y) = Mu (), 1(x,y) =
9 O 9 fX /Y*($7 z)dz 0 b 1 b
v (z,y) N . _
———=——11(y), and the above relationship between primal and dual variables, we can ver-
Jx (2, y)dz
ify:

0 i =1 = o (50 (0) ~ (@) exp (50 (@) + 0" (0) )

=1— exp(—u"(z))
Thus, the stationary condition is satisfied. The other stationary condition can be verified by sub-
stitution in the same way. Therefore, the solution we constructed satisfies the KKT conditions of
problem Accroding to Lemma [A.T] problem [3.7]is convex with respect to 7o, 71, the solution
we constructed is the optimal solution of
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A.2 PROOF OF THEOREM [4.1]

Theorem @.1} The marginal vector field and rate function (#.4) generates the marginal measure
path Sfrom po(x) for any q(z) independent of x and t.

Proof. To verify this, it is sufficient to show that the marginal measure p; () satisfies the continuity
equation with source term (3.2).

Onle) = 5 [ plallalz)dz
— [ (alz)alz)az
Q[ Vo wlal)lalz)aE)dz + [ aelz)lalz)a=):
= Vo [wanela@ee + [ alelnlal)l)
= Ve (pla) [ (el 2D ) 1 (o) [ antale) A g

@ _g,_ . (pe(@)ur(x)) + pi(x)ge ()

In (1), we use the continuity equation with source term of the conditional measure p;(x|z) (4.2).
In (2), we use the definition of marginal vector field and rate function (4.4). Thus, the marginal
measure p;(x) satisfies the continuity equation with source term (3.2)). The proof is completed. [

A.3 PROOF OF THEOREM [4.2]

Theorem 4.2} If pi(x) > O forall x € X and t € [0,1], and q(2) is independent of x and t,
then Lyry(0, @) = Lcurm(0, @) + C, where C'is independent to (0, ¢). Thus they have identical
gradients w.r.t (0, @), i.e.

V0,¢£UFM(9) = V0,¢£CUFM(0)-

Proof. First, we recall the two objective

Luem(0, @) = Einrso,1] /X(ll’ve(w, t) = (@) +  lgp(@.t) — gi(2)5)pe(@)dz

Levmi (0, 8) = Ernaefo,1] zmq(2),mmpi o)) (1062, 1) = we(@[2) 5 + 5 |99 (2, 1) — ge(]2)]5)me(2)
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By direct computation, we have

Lurm(0, @) =E¢14(0,1] /X(Ilvo(%t)\lg — 2(vg(x,t), ut(x))) pi(x)dx

+ Koo /X (l99(@ DI — 2(g0 (@, 1), gu(@)))pr(@)dz + C

DE, ol /X / (Ilvo(, |12 pr(|2)q(2)dzdz
—2//Y<vg(zc,t),/ut(w|z)pt(az|z)q(z)dz)dw}
t KErriond /X / (l90(@, )12 pe ] 2)q(2)d=dz
9 /X (9@, 1), / g¢(x]2)py(]2)g(2)d2)da) + C

DE, o /X / (lve (e, £) |2 — 2(ve (1), e (x| 2)))ma (2)5 (]2)q(2) dzdae
+ KEgiouy /X / (lgg (@ )2 — 2gg(@. 1), gu(@|2))yme(2)7n (x| 2)a(z)dzde + C

3)
:Etwu[o,l],zwq(z),mwﬁf,(mlz)(”UG ($7 t) Hg - 2<’Ue (11:7 t)v Uy (m»)mt (z)

+ KB 4(0,1],2mq(2) o (l2) (|90 (T, )13 — 2(gg (2, 1), ge(®)))mu(2) + C
=Lcurm (0, ¢) +C

where C represents a constant independent to (6, ¢). In (1) we expand the marginal measure p;(x)
by its difinition (#.3). In (2), we decouple the measure p; (z|z) into mass m;(z) and density f; (z|z).
In (3), we rewrite the integral in the form of expectation, moving the two probability density ¢(z)
and p:(z|z) to the expectation operator.

Since the constant C' is independent to (0, ¢), we have

Vo,6Lurm(0, @) = Vo ¢ Lcurm(6, @)

The proof is completed. ]

A.4 PROOF OF PROPOSITION[4.T]

Proposition For CGMP defined as , if mi(z) > 0 for all t, then the conditional vector
field and rate function are

ui(x|z) = Zig; (. —m(2)) +mi(2)

gt(.’B|Z) = 8t ln mt(z)

(A.23)

Proof. The CMGP satisfies the following continuity equation with source term (#.2)
Oepe(x|2) + Vo - (ue(x|2)pe(x|2)) = pie(|2)g: (2] 2)
expand the conditional measure into mass and density, the equation become

mi(2)0:pr(x|2) + Opmi(2)pr(T|2) + mi(2) Ve - (ue(2|2)pe(x]2)) = mi(2)pi(z]2) gt (z|2)

Since my(z) > 0 for all ¢, we devide the both sides of the equation by m;(z) and get (429
Oepr(x|2) + 0y Inmy(2)pr(|2) + Vi - (we(|2)pr(x]2)) = pr(x]2) 94 (2] 2) (A.25)

We further reorganize it to
Oupr(x|2) + Vg - (uw(x|2)pe(x|2)) = pe(]2) (9¢ (2] 2) — Oy Inmy(2)) (A.26)
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Set g¢(x|z) = J¢ Inm¢(z), the equation of the density j,(x|z) reduces to the continuity equation
Oupr(w]2) + Ve - (wr(x[2)pr(2[2)) = 0 (A27)

Note that this equation is exactly the continuity equation of the conditional Gaussian path in con-
ditional flow matching. Thus, the conditional vector field of CGMP shares the same form with the
conditional vector field of conditional Gaussian path in balanced conditional flow matching, which

is uy(z)2) = Z%Ez;

(x — n:(2)) + n;(z). The proof is completed. O

A.5 PROOF OF PROPOSITION [£.2]
Proposition @.2| Take traveling Gaussian (#.8) as CGMP, the marginal boundary measure
po(xo) — po(xo)), p1(x1) — pi(xr)) as o — 0. Also, the flow generated by traveling Gaus-

sian recover the optimal path of dynamical WFR problem , thus the marginal u.(x) and g;(x)
solve the dynamical WFR problem between iy and 1.

Proof. First, we expand the marginal measure

prl) = / pr(|2)q(2)dz

Set ¢t = 0, we get the marginal boundary measure

pe) = [ polal)a(z)dz
Z/X2 ﬁo(ac|z)m0(:r0,w1)q(:1:0,a:l)dazod:z:l

= ./\/'(33‘1130,0'21) -1- 70(900, (I)l)dﬂﬁodml
X2 (A.28)

= N (z|zo, 0*1)v0(z0, T1)dTode:
XZ

= / N (|0, 0°T) o (a0)dao
x
= 1o * N'(0,0°T) () “3° puo ()
Sett = 1, we get the marginal boundary measure
pi@) = [ mlalz)alz)dz
= / | pr(z]z)ma(@o, x1)q(@o, 21 )daodas
x

= N(az\xl,az)m’m(:ﬂo,asl)dasodacl
X2 Yo(®o, 1) (A.29)

Z/ ./\/'(33‘331,0'21)’}/1(1:0,wl)dwodwl
x2
Z/ N((I)|2131,O'21)/,L1($1)d$1
X
= p1 # N(0,0%1)(z) 3" piy ()

Thus the learned unbalanced flow matches the source measure yo and the target source fi1.

Next, we show that the induced marginal path {p;}, which is the push forward of traveling Dirac
on vo(x,y), indeed satisfies the geodesic of WFR metric. The WFR distance between the marginal
measure ps and p; (s < t) can be estimated as follows.
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WFR% (ps, pt) = inf WFR§ (’y(s)t(:c, Y)0x, vft (z,y)dy)dxdy
(vt ED (ps,pt)

1

S v WFR% (ms ($7 Y, 0, '71)6:1:5(m7y,'yo,'y1)7 mg (xv Y,70, ’Yl)(smt (ac,y,'yg,’yﬂ)dwdy
(2)

= /Xz |t — s[°WFR3 (v0(2, )0, 71 (2, )by )dedy

= [t — s|*WFR3 (0, p11)
(A.30)

where (2, Y, Y0, 71), m:(x, Y, Y0, v1) are the position and mass at time ¢ induced by the traveling
Dirac connecting Yo(x,y) and 71 (x, y). In (1) we replace the optimal semi-coupling between p;
and p;, namely (7!, v5"), with a specific semi-coupling induced by the push forward of traveling
Dirac on o (,y). In (2), we use the constant speed property of the traveling Dirac as a geodesic
under WFR metric, which has been proved by (Chizat et al., |2018a) and (Liero et al., 2016). One
can also check the constant speed property of traveling Dirac by direct calculation. Utilizing the
inequality above, we have

(1)
WEFRs (10, 1) < WERs(po, ps) + WERs(ps, pt) + WFRs(py, p11)

(2)
< |s — O WFRs(po, 1) + |t — 8| WFR (o, p11) 4 [1 — t] WFR 5 (p0, 1)

3
® WFR; (140, 1t1)

(A31)

In (1) we use the triangle inequality of WFR, since it is a metric on M (X) (Chizat et al., 2018a).
In (2) we use (A.30) on time intervals [0, s], [s,¢] and [t,1]. In (3) we simply use the fact that
O < s <t < 1. Thus all the inequalities in (A.3T) are actually equalities. Specifically, we have

WER; (ps, pi) = |t — s|WFRs (10, 111) (A.32)

This indicates that the marginal measure path {p;} is a geodesic connecting the source 1 and the
target 1 under the WFR metric. Thus, the corresponding marginal vector field u;(a) and marginal
rate function g;(x) solve the dynamical WFR problem. The proof is completed.

A.6 PROOF OF PROPOSITION[Z3]

Proposition d.3| For balanced cases, let 6 — oo ([3.3)), then the travelling Dirac reduces to
uniform rectilinear motion with conserved mass, and the travelling Gaussian simply reduces
to uy(x|z) = 1 — @0, g:(x|2) = 0, thus we recover OT-CFM (Tong et al., 2024a).

Proof. With conserved mass, and 6 — oo, the growth rate is forced to be 0 in order to make the cost

finite. Thus, the minimizer of dynamical WFR (3.3) simply reduces to the minimizer of dynamical
oT

WERZ, (j19, 1) = inf / | gl @z

P9,

(A.33)
s.t. Oip+ Vg - (pu) = pg, g =0, po = po, p1 = 1.

The corresponding OET (3.8)) minimizer also reduces to the static OT minimizer
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. T —
WERZ (110, 11) = 26> weA}tI}rf(J@){ e —2In cos(%)v(m,y)dmd'y

KL /X (@, ) dyllo () + KL( /X (@, )l ()}

i 1 [z -yl _
= 26° f —2oln(1 — —(IE T Ylizy2 2
) ve/\}lr}r(?fz){/m n( 2( % )°+0(07))y(x, y)dedy

+KL( /X (@, y)dyllo () + KL( /X (@, y)dael | ()}

2 : H-’L' - yH2 2 —2
= - A.34
26 «/e/\ilrif(ﬂ){/;(z (( 25 ) + 0(6 ))’y(w,y)dmdy ( )

+ KL /X (@, y)dy| o(@)) + KL( /X (@, y)de | (v)))

1
= inf — |l — y||27y(z, y)dxdy + o(1
we/\iﬁ(xﬂ{/?@ QHm yll2v(x, y) y+o(1)

257 KI /X (@, y)dyll o () + 202 KL( /X (@, y)da | ()}

d—00 . 1 2

= inf / —||x — x,y)dxd

bl | 2l vl (@ y)dedy

The semi-coupling constructed from the OT coupling is just the OT coupling itself.Thus, we have

mgo = m; for each pair of points sampled from the semi-coupling. The mass is denoted as m in the
following.

The cost between two dirac (3.4) reduces to

WER-DDj (1m0, , mbs, ) = 20%(m +m — Zm@(w»
= 4mdé*(1 — Cos(w))
= 4m52(1(w)2 + 0(572)) (A.35)
2 20
1
= 5mllzo — x1]|3 + o(1)
0 1
"2 Sl — @13

2

When § — oo, all pairs of &, 1 satisfies ||zg — x1]|2 < 7. The travelling Dirac (3.33.6) reduces
to uniform rectilinear motion with conserved mass as following

L tan(||901 ;5$0\|2) _ = ;5900||2 4 o(671) = o(1)
wo = 207/ 7 T;z = (||&1 — zo|]2 + 0(1))%0@, 28 |z — @ol|2l
P 1 oo
A=2m = \/111772:27”(1_ 1+o(1))6i> 0 (A.36)
B:mf\/%:m(l \/ﬁ)éiwo
m(t) = At?> — 2Bt +m "2 m
u(t) = % 28 |lay — @ollol = 21 — o

Thus, the tavelling Gaussian {.8) reduces to
pr(x|T0, 1) = N(2|To + t(T1 — X)), 0°T)
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The conditional velocity field and growth rate reduces to
w(z[z) = 21 — @0, Gi(@|z) =0 Inm=0

The proof is completed. |

A.7 PROOF OF PROPOSITION[5.1]

Proposition The solution to the multi-time WFR problem equation [5.1] is equivalent to the
concatenation of the solutions of successive time points.

Proof. Letty < t1 < --- < tg be the discrete time points. For each £ = 1,..., K, denote
by (p) (x,t),u®) (x,t), g*) (2, t)) the optimal solution of the two-time WFR problem between
Pty and pug, :

te —th1 . b
WERR 1,y ) = g = int [ (el + Bl 018 ot 6 dedt (A3)
k—1

subject to
atp + Vg - (pu) = P9, Ptp_1 = Hti_1s Pty = Kty (A.38)

Now define the concatenated trajectory

ﬁ(m7t) :p(k)(mat)7 ﬁ(ﬂ:,t) :u(k)(mat)a g(.’l),t) :g(k)(mvt)a fort € [tk—latk}'
Since pgf) =y, = pgfﬂ), the concatenated triple (
problem.

P, 1, g) is admissible for the multi-time WFR

The corresponding action is

T
fgo/ / (e, )3 + 0213, £)|3) i, ) da dt

e the (A.39)
Z WFRS(/u‘tk 13:“’%)
— k- tk 1
Hence «
tig —t
WER({ptgs - pinc}) S D 3= WERG (Hawy ). (A.40)
k=1 -

To see that equality must hold, assume by contradiction that there exists another admissible solution
(p',u, g’) such that

ti —to [1¥
Kg 0/ /X(IIu’(w,t)||%+52|\g’<x,t)||§) (a,t) da dt < Z
to

Since the total action is a sum over the disjoint intervals [t;_1, tk], this strict inequality implies that
there must exist at least one index £* such that

t —to [H ti — to
ST R @ 0lR) 6 ) dwde < S WER ).
tx 1 JX

tk—tk 1

T — T 1

Dividing both sides by the positive factor ﬁ gives

e — i1 [
et [ (@)1 + 6%l ) )6 (o) dandt < WERS ).
ts 1 J X

But this contradicts the definition of WFR% (ftye _y s thot,. ) as the minimal action between (i, ., and
fit,.. - Hence no admissible solution can have strictly smaller action than the concatenated one.

We conclude that the concatenated trajectory

K
(p*(z,t),u*(2,1), g U ®) w®) "N b e [y, t], (A.41)
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achieves the infimum of the multi-time problem and is therefore optimal. (]

Remark: Proposition holds true when the transport between adjacent time pairs (tx—1, tx) is
independent. However, in multi-marginal methods, such as MMFM (Rohbeck et al.,|2025)), 3SMSBM
(Theodoropoulos et al.| 2025) and MMSFM (Lee et al, [2025), which enforce global coherence
across all marginals, the dependencies between adjacent time pairs are introduced. As a result, the
assumption of independence no longer holds, and Proposition 5.1 does not apply in the same form
under a multi-marginal framework.

B ADDITIONAL RESULTS

B.1 EXPERIMENTAL DETAILS

The experiments were performed on a shared high-performance computing cluster with NVIDIA
A100 GPU and 128 CPU cores. The architecture of the neural networks used to parameterize
vg(x,t) and g (x,t) are Multilayer Perceptrons with 256 hidden channels and 5 layers. We use
the LeakyReLU activation function. These networks were optimized using Pytorch (Paszke et al.,
2017). The OET problem is solved using the Python Optimal Transport (POT) package (Flamary
et al.l [2021).

B.2 EVALUATION METRICS

We use two metrics to evaluate model performance: the 1-Wasserstein distance (V1) to measure the
similarity between normalized predicted and true distributions, and the Relative Mass Error (RME)
to assess how well the model captures cell population growth.

The metrics are defined as:

Walp.o) = _amin [ flo = ylladr(z.v)

_ [ wilt) = ni/nol

RME(t),) = oy

Here, p and g are the predicted and true empirical distributions, w; (¢x) is the inferred weight of cell
4 at time ¢, and ny, is the number of cells at time k.

To evaluate a model, we apply its learned dynamics to the initial cell data (where all weights are
uniform, w;(0) = 1/ng) to predict cell trajectories and their corresponding weights at subsequent
time points if the unbalanced term is included, otherwise the weights are kept uniform. We then
compute the weighted W, and RME by comparing these predictions to the observed cells from
dataset. For some datasets, we also perform a hold-out experiment, training on all but one time
point and using W; to evaluate performance on the unseen time point. Specifically, to evaluate
the performance of TIGON (Sha et al.| [2024), we reimplemented their method to avoid numerical
instabilities. For other methods, we mainly used their default settings if the datasets included were
used in their original paper, otherwise we changed the network sizes of these models to ensure
comparable parameter counts, tuned the training epochs and learning rates for these models to suit
different datasets for fair comparisons. Specifically, for VGFM, as most datasets used in our work are
included in their original codebase, we directly adopted their hyperparameters. For other simulation-
free methods, we adjusted the training budget based on data complexity. For high-dimensional real-
world datasets (such as EB, CITE, Mouse), we increased the training duration to 3,000 epochs and
incorporated learning rate schedulers (Cosine Annealing) to ensure stability and convergence. For
simulation-based methods (MIOFlow, TIGON and DeepRUOT), we adopted a distinct but unified
hyperparameter configuration. To ensure a consistent and fair comparison among these methods, we
set their hyperparameters to the values recommended by DeepRUOT, which represents the current
state-of-the-art in this category.
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B.3 SIMULATION GENE DATA

We adopt the same dataset in|Zhang et al.|(2025a) that simulates a synthetic gene regulatory network.
Its dynamics are governed by the following set of stochastic ordinary differential equations:

X = a1X12 +5 — 60 X1 +mé&
dXo X5+
= 5y Xy +
dt 1T+ nX2+ X2+ X2+8 207 Mot
dX a3 X3
S

dt 1+ a3X?

Here, X;(t) is the concentration of gene i. The model features a toggle switch between X; and
Xo (mutual inhibition and self-activation), which are further inhibited by X3 and activated by an
external signal 5. The equations are parameterized by rates for self-activation («;), inhibition (vy;),
and degradation (9;), with an added stochastic noise term (7;&;).

The simulation included probabilistic cell division, where the instantaneous growth rate, g, depends
2

on the expression of X5 as g = ag%. Upon division, daughter cells inherit the parent’s state
2

plus a small perturbation. Data was recorded at time points [0, 8, 16, 24, 32] from two distinct initial

cell populations. One initial population exhibits transition and growth, while another population is

in a steady state. As shown in Figure @] WFR-FM is able to recover the increasing growth rate of

the population on the right side, eliminating false transition.

Figure 4: (a) True growth rate (b) Predicted growth rate by WFR-FM

Choice of Growth Penalty 0. The parameter 0 represents the penalty of growth in our algorithm.
An excessively low § would incorrectly incentivize solutions where cells tend to vanish and appear
again to match the observed distributions, which may not be biologically plausible. In contrary, an
overly high ¢ would excessively suppress cell proliferation. Therefore, a reasonable choice of 9 is
to balance transition and growth, which requires it to scale appropriately with the data. To evaluate
the effect of §, we further conducted an ablation study on the simulation gene dataset. As shown
in Table 5] both an overly high (§=3.0) and low (6=0.5) value result in sub-optimal performance.
However, the results remain comparable for § within a suitable range (1.0 to 2.0), demonstrating the
robustness of our algorithm with respect to this parameter, provided it matches the scale of data. §
is set to 1.5 for the results of this dataset in the main text.

B.4 DYGEN DATA

We adopt the same dataset as in [Huguet et al.| (2022); Wang et al.| (2025) which was simulated by
Dygen (Cannoodt et al.,|2021)) to model unbalanced bifurcation. The dataset contains 728 cells, and
its dimension was reduced to 5 using PHATE (Moon et al., |2019). The data is challenging as it
exhibits varying mass across different time points, and the number of cells in the lower branch is
larger than the upper branch. As shown in Figure [5] WFR-FM accurately generates the bifurcating
trajectories, and predicts higher growth rate in the lower branch, capturing the unbalancedness in the
bifurcating process with the growth penalty set to 2. We also summarized the detailed quantitative
results across different time points in Table @ As shown, WFR-FM achieves the lowest VV; and
RME in most of the time points.
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Table 5: Sensitivity analysis for parameter § on simulation gene dataset.

Parameter t=1 t=2 t=3 t=4
Wi RME W, RME W, RME W, RME

0=05 0.021 0.003 0.036 0.016 0.036 0.022 0.033 0.027
0=1.0 0.020 0.001 0.021 0.002 0.018 0.003 0.015 0.001
0=1.5 0.021 0.001 0.021 0.001 0.018 0.002 0.016 0.001
0=20 0.022 0.000 0.025 0.000 0.025 0.003 0.032 0.000
0=25 0.023 0.001 0.042 0.003 0.025 0.006 0.042 0.002
0=3.0 0.027 0.001 0.044 0.003 0.051 0.006 0.030 0.004
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Figure 5: (a) Learned trajectories (b) growth rate on the dygen dataset

Table 6: Comparison of method performance over time on the Dygen dataset. Best results are in
bold.

Method t=1 t=2 t=3 t=4

Wi RME W; RME W; RME W; RME
MMFM 0.574 — 1.704 — 1.499 — 1.706 —
Metric FM  0.892 — 2.347 — 2.030 — 1.799 —
SF2M 0.637 — 1.266 — 1.415 — 1.790 —
MIOFlow 0.420 — 0.640 — 1.537 — 1.263 —
TIGON 0446 0.033 0.584 0.060 0.415 0.023 0.603 0.071

DeepRUOT 0.454 0.011 0.481 0.070 0.870 0.104 0.688 0.074
Var-RUOT  0.315 0.128 0.548 0.336 0.630 0.222 0.593 0.023
UOT-FM 0.652 0.008 0.780 0.077 1.252 0.090 2.130 0.213
VGFM 0.335 0.001 0.312 0.073 1.109 0.041 0.634 0.033
WFR-FM 0.110 0.003 0.098 0.007 0.211 0.008 0.121 0.002
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B.5 GAUSSIAN MIXTURE DATA

We adopt the 1000D Gaussian Mixture Data from Wang et al.| (2025). Following their setup, an
initial distribution of 500 samples (100 from an upper Gaussian, 400 from an lower Gaussian) and a
final distribution of 1,400 samples (1,000 from the upper, 200 from each lower two Gaussians) were
generated. This models cell proliferation in the upper region, which serves as a suitable example to
evaluate the algorithm’s ability of modeling unbalanced dynamics in high dimensional settings. As
shown in Figure[6] WFR-FM correctly models the higher growth rate in the upper region, and yields
correct trajectories with growth penalty as 1.4, showing its effectiveness.

Figure 6: (a) Learned trajectories (b) growth rate on the Gaussian 1000D dataset

B.6 EPITHELIAL-MESENCHYMAL TRANSITION DATA

We adopt the dataset that captures the epithelial-mesenchymal transition (EMT) in A549 lung cancer
cells from|Cook & Vanderhyden|(2020). The dataset includes samples collected at four distinct time
points throughout this process. The dimension was reduced to 10 using an AutoEncoder (AE) as in
Sha et al.|(2024). As shown in Table WEFR-FM achieves the best performance in both distribution
matching task and mass matching task across all time points with growth penalty set to 2. We plotted
the learned trajectory and growth rate in Figure[7} As shown, WFR-FM predicts higher growth rate
in initial and intermediate stages, which is in line with the results predicted by DeepRUOT (Zhang
et al.,|2025a) as these cells exhibit enhanced stemness.

Table 7: Comparison of method performance over time on the 10D EMT dataset. Best results are in
bold.

Method t=1 t=2 t=3

Wh RME Wi RME Wi RME
MMFM 02576 — 02874 — 03102 —
Metric FM  0.2605 — 02971 — 03050 —
SF2M 0.2566  —  0.2811 — 02900 —
MIOFlow 0.2439 —  0.2665 —  0.2841 —
TIGON 0.2433 0.002 0.2661 0.003 0.2847 0.001
DeepRUOT 0.2902 0.001 0.3193 0.011 0.3291 0.002
Var-RUOT  0.2540 0.075 0.2670 0.014 0.2683 0.041
UOT-FM 0.2538 0.002 0.2696 0.013 0.2771 0.010
VGFM 0.2350 0.016 0.2420 0.011 0.2450 0.018
WFR-FM 0.2099 0.001 0.2272 0.002 0.2346 0.001

B.7 EMBRYOID BODIES DATA

We adopt the dataset of 16,819 cells from a 27-day differentiation time course of human embryoid
bodies (EB), sampled at five time points (Moon et al.,2019). This experimental system models early
embryonic development. The original high-dimensional gene expression data was preprocessed by
reducing it to lower dimensions using Principal Component Analysis (PCA) as in|Wang et al.| (2025)).
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Figure 7: (a) Learned trajectories (b) growth rate on the EMT dataset

Effects of Mini-batch WFR-OET on WFR-FM. We employed the mini-batch WFR-OET to ac-
celerate computation on this dataset. The effects of different batch sizes are summarized in Table
[B] The mini-batch approach significantly reduces runtime compared to the full-batch method. we
noticed that the runtime exhibits a non-monotonic trend, which may due to the higher number of
OET calculations required for smaller batches. Performance generally improves as the batch size
increases, eventually becoming comparable to the full-batch result. Therefore, we selected the batch
size of 2000 as the default value to achieve a favorable balance between efficiency and accuracy.

Table 8: Sensitivity analysis for batch size of mini-batch WFR-OET on the 100D EB dataset.

Batch Size t=1 t=2 t=3 t=4 Time (s)
Wi RME Wh RME Wi RME Ws RME
500 9980 0.010 11.075 0.008 11.567 0.008 12.850 0.004 159
1000 9.956 0.009 11.076 0.008 11.609 0.006 12.783 0.002 129
1500 9.937 0.009 11.046 0.008 11.583 0.005 12.771 0.001 125
2000 9941 0.009 11.040 0.006 11.516 0.008 12.664 0.005 131
3000 9.914 0.009 11.049 0.009 11.529 0.006 12.687 0.002 139
4000 9.920 0.009 11.050 0.007 11.538 0.006 12.654 0.003 159

w/o mini-batch  9.926 0.009 11.045 0.007 11.545 0.006 12.657 0.002 269

Effects of Data Dimensions on WFR-FM. To evaluate the scability of WFR-FM, we compare the
performance of WFR-FM with other methods on 5 dimensions (Table [I0) with growth penalty set
to 2, 50 dimensions (Table [TT) with growth penalty set to 25 and 100 dimensions (Table [I2) with
growth penalty set to 35. WFR-FM outperforms other methods in in most of the time points on all
three datasets, indicating the consistent performance of WFR-FM when scaling to higher dimensions
with little increase in computational time (Table [J).

B.8 CITE-SEQ DATA

We adopt the CITE-seq dataset from|Lance et al.|(2022) which contains 31,240 cells collected at four
time points. Following the preprocess procedure in Wang et al.| (2025)), we selected only the gene
expression matrix and projected it into 50 dimensions using PCA. We summarized the performance
of distribution matching and mass matching in Table[I3] We adopt the mini-batch strategy with the
batch size of 2000 for this dataset, and set growth penalty to 30. As shown, WFR-FM achieves the

Table 9: Computational time across different dimensions on the EB dataset.

Dimension Time (s)

5 123
50 126
100 131
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Table 10: Comparison of method performance over time on the SD EB dataset. Best results are in
bold.

Method t=1 t=2 t=3 t=4

Wy RME W, RME W, RME W, RME
MMFM 0.477 — 0.554 — 0.781 — 0.872 —
Metric FM  0.449 — 0.552 — 0.583 — 0.597 —
SF2M 0.556 — 0.715 — 0.750 — 0.650 —
MIOFlow 0.442 — 0.585 — 0.651 — 0.670 —
TIGON 0.386 0.002 0.502 0.015 0.602 0.021 0.600 0.027

DeepRUOT 0.386 0.005 0.497 0.017 0.591 0.021 0.585 0.030
Var-RUOT 0416 0.111 0486 0.144 0.509 0.054 0.511 0.022
UOT-FM 0.544 0.032 0.670 0.029 0.729 0.016 0.852 0.041
VGFM 0402 0.046 0494 0.018 0.525 0.035 0.573 0.021
WFR-FM 0.324 0.003 0.401 0.001 0.431 0.005 0.510 0.005

Table 11: Comparison of method performance over time on the 50D EB dataset. Best results are in
bold.

Method t=1 t=2 t=3 t=4

W1  RME Wi RME Wi RME Wi RME
MMFM 9.124 — 10.474 — 11.022 — 11.480 —
Metric FM  8.506 — 9.795 — 10.621 — 12.042 —
SF2M 9.247 — 10.882 — 11.650 — 12.154 —
MIOFlow 8.447 — 9.229 — 9.436 — 10.123 —
TIGON 8.433 0.067 9.275 0.022 9.802 0.179 10.148 0.101

DeepRUOT 8.169 0.003 9.049 0.038 9378 0.088 9.733  0.004
Var-RUOT  9.442 0.128 9.709 0.081 10.482 0.031 10.735 0.030
UOT-FM 8717 0.063 10.858 0.009 11.813 0.022 12.733 0.018
VGFM 7.951 0.089 8747 0.042 9.244 0.019 9.620 0.044
WFR-FM 7.664 0.008 8.659 0.006 9.182 0.004 9914 0.004

highest accuracy in matching distributions across all time points, while maintaining a mass matching
accuracy comparable to other method that model unbalancedness.

B.9 MOUSE HEMATOPOIESIS DATA

We adopt the mouse blood hematopoiesis dataset (Mouse) from Weinreb et al.[(2020). We selected
49,302 cells with lineage tracing information collected at three time points. The original gene ex-
pression data was reduced to 50 dimensions using PCA. This dataset was chosen for its substantial
cell population growth, making it suitable for scalability testing. We sub-sampled the dataset to

10000 15000 20000 25000 30000 35000 40000 45000 50000
Number of Cells

Figure 8: Scaling of runtime with respect to cell number
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Table 12: Comparison of method performance over time on the 100D EB dataset. Best results are
in bold.

Method t=1 t=2 t=3 t=4

Wi RME Wy RME Wy RME Wy RME
MMFM 11.460 — 13.879 — 14.441 — 14.907 —
Metric FM 10.806 — 12.348 — 13.622 — 16.801 —
SF2M 11.333 — 12.982 — 13.718 — 14.945 —
MIOFlow 11.387 — 12.331 — 11.905 — 12.908 —
TIGON 10.547 0.014 12.926 0.052 13.897 0.107 14945 0.096

DeepRUOT 10.256 0.002 11.103 0.074 11.529 0.136 12.406 0.047
Var-RUOT  11.746 0.091 12.237 0.024 12957 0.150 13.335 0.074
UOT-FM 10.757 0.056 12799 0.037 13.761 0.044 15.657 0.022
VGFM 10.313 0.048 11.278 0.035 11.703 0.028 12.637 0.066
WFR-FM 9941 0.009 11.040 0.006 11.516 0.008 12.664 0.005

Table 13: Comparison of method performance over time on the 50D CITE dataset. Best results are
in bold.

Method t=1 t=2 t=3

Wi RME W RME Wh RME
MMFM 33.971 — 36.854 —  43.721 —
Metric FM  28.314 — 28.617 — 33.212 —
SF2M 29.543 — 32.655 — 36.265 —
MIOFlow 28.290 — 28.524 — 32.230 —
TIGON 28.196 0.186 27921 0.545 32.846 0.653

DeepRUOT 28.245 0.168 27.908 0.525 32950 0.634
Var-RUOT  30.219 0.331 32.702 0325 40.613 0.486
UOT-FM 33531 0.009 32795 0.046 49.751 0.097
VGFM 29.449 0.020 29.722 0.057 33.752 0.001
WFR-FM 27.831 0.043 27.478 0.045 34784 0.022

different cell numbers, and plotted the scaling of time with respect to cell numbers in Figure [§]
As shown, the training time scales linearly with cell numbers, in line with other competing meth-
ods, indicating that WFR-FM can be applied to larger datasets. We adopt the mini-batch strategy
with the batch size of 2000 for this dataset, and set growth penalty to 15. As shown in Table [T4]
WFR-FM outperforms other methods by a large margin, indicating the effectiveness of WFR-FM in
simultaneously modeling cell proliferation and differentiation.

B.10  UNBALANCEDNESS IN REAL SINGLE-CELL DATASETS

We illustrate the proportions of cell types (or clusters) across different time points in several real
single-cell RNA-seq datasets (Moon et al.| | 2019; Lance et al.,[2022; |Weinreb et al.,2020). As shown
in Figure [9] the relative abundances of different cell types vary substantially across time points,
indicating a pronounced unbalancedness in these datasets. We hypothesize that this widespread
imbalance may partly explain why methods based on unbalanced optimal transport can perform
better than those assuming balanced distributions. Furthermore, previous study (Sha et al.l 2024)
has also reported the impact of cell proliferation on dynamics in the EMT (Cook & Vanderhyden,
2020) and Mouse (Weinreb et al., 2020) datasets, highlighting the importance of accounting for
growth and apoptosis in trajectory inference.
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Table 14: Comparison of method performance over time on the 50D Mouse dataset. Best results are
in bold.

Method =1 t=2

Wh RME Wi RME
MMFM 7.647 — 10.156 —
Metric FM  7.788 — 11.449 —
SF2M 8.217 — 11.086 —
MIOFlow 6.313 — 6.746 —
TIGON 6.140 0382 6.973 0.326

DeepRUOT 6.052 0.062 6.757 0.041
Var-RUOT  7.951 0.131 10.862 0.154
UOT-FM 8114 0.035 9.170 0.011
VGFM 6.274 0.076  6.796  0.070
WFR-FM 5486 0.012 6.211 0.011
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Figure 9: Proportions of cell types (or clusters) across different time points for three real sScCRNA-

seq datasets. Top left: EB dataset[Moon et al|(2019); top right: CITE dataset [Lance et al.| (2022);
bottom left: Mouse dataset Weinreb et al.| .

32



Published as a conference paper at ICLR 2026

C RELATION TO OTHER UNBALANCED FLOW MATCHING METHODS

C.1 RELATION TO UOT-FM.

UOT-FM (Eyring et al.l [2024) was proposed to extend flow matching to the unbalanced setting. Its
formulation replaces the balanced OT map in OT-FM (Tong et al., |2024a)) with an unbalanced OT
map obtained from the classical static unbalanced OT problem:

UoT = inf ded
(Ko, p1) 76/\1&(?(2){/)(2 c(z,y)y(z,y)dzdy .

KL /X (@, y)dy o (@) + Ao KL( /X (@, )l (1))}

This provides a natural way to relax mass conservation in flow matching by leveraging static un-
balanced OT formulation. In comparison, WFR-FM is built on the dynamic WFR geometry, which
directly yields a continuous-time interpretation of the unbalanced dynamics. In addition, while
UOT-FM focuses on learning the transport vector field, our formulation simultaneously learns both
a displacement field and a growth rate function, enabling us to model single-cell dynamics where
mass and state evolve jointly over time.

C.2 RELATION TO UFM.

UFM (Corso et al.L[2025) can be viewed as a natural generalization of UOT-FM. Rather than restrict-
ing the coupling to the optimal plan obtained from static unbalanced OT, UFM allows for arbitrary
couplings between source and target samples. In particular, UFM focuses on arbitrary couplings v
and provides both a formal and empirical characterization of the associated objectives. The training
objective augments vector field regression with additional terms that penalize mass mismatch:

Lurm(7,0) = By (x,y)~ry [||Ut(Xt; o) — ut(Xt|(X0aX1))||§}

(C.2)
FMKL([ (ey)dylun(@) + XKL [ (@ y)daln (1))
x x
This formulation extends unbalanced flow matching beyond the static UOT setting by simultane-
ously learning transport dynamics and accounting for marginal discrepancies. Compared to this,
WEFR-FM is derived from the dynamic WFR geometry, which provides a principled interpretation
of both displacement and growth within a unified continuous-time framework.

C.3 RELATION TO|CAO ET AL.|(2025])

Cao et al.[(2025) adopt a formulation that is conceptually similar to UOT-FM, but specializes it to the
concrete application of pansharpening. On top of the basic unbalanced flow matching framework,
they introduce additional design choices tailored to the data characteristics of this imaging task.
While effective for pansharpening, such a task-specific adaptation faces challenges in generalizing
to the reconstruction of single-cell dynamics.

C.4 RELATION TO VGFM

VGFM (Wang et al., 2025) is a related work to ours as both approaches extend OT-based flow
matching to the unbalanced setting by jointly learning a transport vector field and a growth rate.
VGFM is built upon a semi-constrained OT formulation:

SC-UOT(ug, ) i= inf [ x =yl (x.y)axdy + +3 KL [ (e )y no(a)
7202 x (C3)

subject to / v(z, y)de = i (y),
X

This formulation leads to a dynamic interpretation where mass variation and transport are sepa-
rated into two distinct phases—first birth—death dynamics without transport, followed by transport
without mass change. For single-cell applications, this corresponds to cells proliferating or dying
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without altering gene expression in one phase, and changing gene expression without proliferation
or apoptosis in the other. However, such separation remains biologically challenging to justify. To
address this, VGFM introduces additional heuristics to couple transport and growth; however, this
modification moves the method away from a strict OT formulation. Furthermore, VGFM is primar-
ily employed as a pretraining strategy and still requires simulating ODE trajectories (albeit fewer
than without pretraining) to achieve strong performance.

By contrast, WFR-FM is derived directly from the dynamic WFR metric, couples transport and
growth within a principled geometric framework, and achieves fully simulation-free training without
any additional ODE integration.

D INTUITION AND LIMITATIONS OF MINI-BATCH OT

In WFR-FM, we adopt a mini-batch approach to approximate the optimal transport coupling during
training. The convergence of mini-batch optimal transport to the true coupling remains an open
problem. For the balanced case, some theoretical and numerical studies have explored how batch
size and sample number affect convergence (e.g.,|[Sommerfeld et al.|(2019)), however, to our knowl-
edge, analogous results for the unbalanced setting are not yet available. Intuitively, one can view
an independent coupling as the extreme case of mini-batch OT with batch size 1, while full-batch
OT corresponds to the other extreme. Selecting an appropriate batch size thus reflects a trade-off
between computational efficiency and adherence to the optimal transport principle. Importantly,
even with mini-batch OT, our method remains a flow-matching approach: it continues to match the
marginals to the data distributions. Although mini-batch OT may result in slight deviations from
the globally optimal transport plan, it provides a practical and effective way to learn the underlying
transport and growth dynamics.

In addition, we conducted an ablation study on the choice of OT batch size (see Table @ The results
show that our method is robust to the selection of batch size: performance remains stable across a
wide range of batch sizes, indicating that mini-batch OT does not introduce significant sensitivity in
practice.

E PSEUDOCODE FOR INFERENCE IN WFR-FM

Algorithm 2 WFR-FM Inference Workflow

Require: Initial samples {ac(()i) N, ~ i, trained vector field vg(x,t), trained growth rate

go(x, ), target time ¢4, integration step size At.

1: Initialize () a:él), m® «1fori=1,...,N

2: 1+t

3: while t < to,q do

4: Atgep < min(At, teng — t) > ensure last step reaches exactly teng
5: fori=1— Ndo

6: u < vo(x?, 1)

7: g go(x, 1)

8: Update position: (V) < () + uAtye,

9: Update mass: m(? < m() - exp(gAtyep)

10: end for

11t t+ Atgep

12: end while

13: return Evolved samples {z(), m(} N |

F THE USE OF LARGE LANGUAGE MODELS (LLMS)

We used LLMs solely for the purpose of improving grammar and clarity of the text in manuscript.
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