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Abstract

Since pioneering work of Hinton et al., knowledge distillation based on Kullback-
Leibler Divergence (KL-Div) has been predominant, and recently its variants have
achieved compelling performance. However, KL-Div only compares probabilities
of the corresponding category between the teacher and student while lacking a
mechanism for cross-category comparison. Besides, KL-Div is problematic when
applied to intermediate layers, as it cannot handle non-overlapping distributions
and is unaware of geometry of the underlying manifold. To address these down-
sides, we propose a methodology of Wasserstein Distance (WD) based knowledge
distillation. Specifically, we propose a logit distillation method called WKD-L
based on discrete WD, which performs cross-category comparison of probabilities
and thus can explicitly leverage rich interrelations among categories. Moreover,
we introduce a feature distillation method called WKD-F, which uses a parametric
method for modeling feature distributions and adopts continuous WD for transfer-
ring knowledge from intermediate layers. Comprehensive evaluations on image
classification and object detection have shown (1) for logit distillation WKD-L
outperforms very strong KL-Div variants; (2) for feature distillation WKD-F is
superior to the KL-Div counterparts and state-of-the-art competitors. The source
code is available at http://peihuali.org/WKD.

1 Introduction

Knowledge distillation (KD) aims to transfer knowledge from a high-performance teacher model
with large capacity to a lightweight student model. In the past years, it has attracted ever increasing
interest and made great advance in deep learning, enjoying widespread applications in visual recog-
nition and object detection, among others [1]. In their pioneering work, Hinton et al. [2] introduce
Kullback-Leibler divergence (KL-Div) for knowledge distillation, where the prediction of category
probabilities of the student is constrained to be similar to that of the teacher. Since then, KL-Div has
been predominant in logit distillation and recently its variants [3; 4} 5] have achieved compelling
performance. In addition, such logit distillation methods are complementary to many state-of-the-art
methods that transfer knowledge from intermediate layers [65 [75 [8].

Despite the great success, KL-Div has two downsides that hinder fully transferring of the teacher’s
knowledge. First, KL-Div only compares the probabilities of the corresponding category between
the teacher and student, lacking a mechanism to perform cross-category comparison. However,
real-world categories exhibit varying degrees of visual resemblance, e.g., mammal species like dog
and wolf look more similar to each other while visually very distinct from artifact such as car and
bicycle. Deep neural networks (DNNs) can distinguish thousands of categories [9] and thus are
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(a) Real-world categories exhibit rich in-
terrelations (IRs) in feature space, e.g.,  (b) For logit distillation, discrete WD performs cross-category com-
dog is near other mammal while far from  parison by exploiting pairwise IRs, in contrast to KL-Div that is a
artifact like car. We quantify pairwise  category-to-category measure and lacks a mechanism to use such
IRs as feature similarities among cate-  IRs (cf. Figure[2). For feature distillation, we use Gaussians for
gories. Best viewed by zooming in. distribution modeling and continuous WD for knowledge transfer.

Figure 1: Our methodology of Wasserstein Distance (WD) based knowledge distillation. To effectively
exploit rich category interrelations (a), we propose discrete WD based logit distillation (WKD-L)
(b) that matches predicted distributions between the teacher and student. Besides, we introduce
a feature distillation method based on continuous WD (WKD-F) (b), where we let student mimic
parametric feature distributions of the teacher. In (a), features of 100 categories are displayed by the
corresponding images as per their 2D embeddings obtained by t-SNE; refer to Section[A.|for details
on this visualization.

well-informed of such complex relations among categories, as shown in Figure[Tal Unfortunately,
due to its category-to-category nature, the classical KD [2] and its variants [3} 4 3] are unable to
explicitly utilize this rich cross-category knowledge.

Secondly, KL-Div is problematic for distilling knowledge from intermediate layers. Deep features of
an image are generally high-dimensional and of small size, so being populated very sparsely in the
feature space [[10, Chap. 2]. This not only makes non-parametric density estimation (e.g., histogram)
that KL-Div requires infeasible due to curse of dimensionality, but also leads to non-overlapping
discrete distributions that KL-Div fails to deal with [T1]. One may turn to parametric, continuous
methods (e.g., Gaussian) for modeling feature distributions. However, KL-Div and its variants have
limited ability for measuring dis-similarity between continuous distributions, as it is not a metric [12]]
and is unaware of geometric structure of the underlying manifold [13].

The Wasserstein distance (WD) [14], also called Earth Mover’s Distance (EMD) or optimal transport,
has the potential to address the limitations of KL-Div. The WD between two probability distributions
is generally defined as the minimal cost to transform one distribution to the other. Several works have
made exploration by using WD for knowledge transfer from intermediate layers [T6]. Specifically,
they measure the dis-similarity of a mini-batch of images between the teacher and student based on
discrete WD, which concerns comparison across instances in a soft manner, failing to make use of
relations across categories. Moreover, they mainly quest for non-parametric method for modeling
distributions, behind in performance state-of-the-art KL-Div based methods.

To address these problems, we propose a methodology of Wasserstein distance based knowledge
distillation, which we call WKD. This methodology is applicable to logits (WKD-L) as well as to
intermediate layers (WKD-F) as shown in Figure [Tb] In WKD-L, we minimize the discrepancy
between the predicted probabilities of the teacher and student using discrete WD for knowledge
transfer. In this way, we perform cross-category comparison that effectively leverages interrelations
(IRs) among categories, in stark contrast to category-to-category comparison in the classical KL-Div.
We propose to use Centered Kernel Alignment (CKA) [17 [18] to quantify category IRs, which
measures the similarity of features between any pair of categories.

For WKD-F, we introduce WD into intermediate layers to condense knowledge from features. Unlike
the logits, there is no class probability involved in the intermediate layers. Therefore, we let the
student directly match the feature distributions of the teacher. As the dimensions of DNN features are



high, the non-parametric methods (e.g., histogram) are infeasible due to curse of dimensionality [10}
Chap. 2], we choose parametric methods for modeling distributions. Specifically, we utilize one of
the most widely used continuous distributions (i.e., Gaussian), which is of maximal entropy given 1st-
and 2nd-moments estimated from features [[19, Chap. 1]. WD between Gaussians can be computed
in closed form and is a Riemannian metric on the underlying manifold [20]].

We summarize our contributions in the following.

* We present a discrete WD based logit distillation method (WKD-L). It can leverage rich interrela-
tions among classes via cross-category comparisons between predicted probabilities of the teacher
and student, overcoming the downside of category-to-category KL divergence.

* We introduce continuous WD into intermediate layers for feature distillation (WKD-F). It can ef-
fectively leverage geometric structure of the Riemannian space of Gaussians, better than geometry-
unaware KL-divergence.

* On both image classification and object detection tasks, WKD-L perform better than very strong
KL-Div based logit distillation methods, while WKD-F is supervisor to the KL-Div counterparts
and competitors of feature distillation. Their combination further improves the performance.

2 WD for Knowledge Transfer

Given a pre-trained, high-performance teacher model T, our task is to train a lightweight student
model S that can distill knowledge from the teacher. As such, supervisions of the student are from
both the ground truth label with the cross entropy loss and from the teacher with distillation losses to
be described in the next two sections.

2.1 Discrete WD for Logit Distillation

Interrelations (IRs) among categories. As shown in Figures [Ta] and [] real-world categories
exhibit complex topological relations in the feature space. For instance, mammal species are nearer
each other while being far away from artifact or food. Moreover, features of the same category
cluster and form a distribution while neighboring categories have overlapping features and cannot
be fully separated. As such, we propose to quantify category IRs based on CKA [[18], which is a
normalized Hilbert-Schmidt Independence Criterion (HSIC) that models statistical relations of two
sets of features by mapping them into a Reproducing Kernel Hilbert Space (RKHS) [21]].

Given a set of b training examples of category C;, we compute a matrix X; 2 RY*? where the £9th
column indicates the feature of example £ that is output from the DNN’s penultimate layer. Then
we compute a kernel matrix K; 2 R°*? with some positive definite kernel, e.g., a linear kernel for
which K = XiTXi where 7' indicates matrix transpose. Besides the linear kernel, we can choose
other kernels such as polynomial kernel and RBF kernel (cf. Section[A.I|for details). The IR between
Ci and Cj is defined as:

HSIC(Ci, Cj)
V/HSIC(Ci, Ci)/HSIC(Cj, Cj)’

IR(C,Cj) = HSIC(C;, C;) tr(KHK;H). (D

_ 1
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Here H=1 %11T is the centering matrix where I indicates the identity matrix and 1 indicates
an all-one vector; tr indicates matrix trace. IR(C;, Cj) 2 [0, 1] is invariant to isotropic scaling and
orthogonal transformation. Note that the cost to compute the IRs can be neglected since we only
need to compute them once beforehand. As the teacher is more knowledgeable, we compute category

interrelations using the teacher model, which is indicated by IRT (G, Cj).

Besides CKA, cosine similarity between the prototypes of two categories can also be used to quantify
IRs. In practice, the prototype of one category can be computed as the average of the features of the
category’s examples. Alternatively, the weight vectors associated with the softmax classifier of a
DNN model can be regarded as prototypes of individual categories [22].

Loss function. Given an input image (instance), we let z= [z.] 2 R" be the corresponding logits
of a DNN model where i 2 Sy, M fl, ,ng indicates the index of i9th category. The predicted
category probability p = [pi] is computed via the softmax function o with a temperature 7, i.e.,

pi = o (i)i M exp(zi/7)/ > s, XP(zj /7). We denote by p' and p° the predicted category



probabilities of the teacher and student models, respectively. The classical KD [2] is an instance-
wise method, which measures the discrepancy between p' and p° given the same input image:
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KL-Div (2) only compares predicted probabilities correspond-
ing to the same category between the teacher and student, es-
sentially short of a mechanism to perform cross-category com-
parison, as shown in Figure 2| Though during gradient back-
propagation probability of one category affects probabilities
of other categories due to the softmax function, this implicit
effect is insignificant and, above all, cannot explicitly exploit
rich knowledge of pairwise interrelations as described in ().
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In contrast to KL-Div, WD performs cross-category compar- é;r ,j;g Wolf
ison and thus naturally makes use of category interrelations,

as shown in Figure (left). We formulate discrete WD as an Figure 2: KL-Div cannot perform

entropy regularized linear programming [23]]: cross-category comparison. Com-

. pare to WD in Figure|1b| (left).
Dwo(p',p®) = min Zi_j cijgij + nqij 109 gij 3)
ij ,

stogy 0> ay=pi, Y 6i=r; i:j25,

where cjj and gjj respectively indicate transport cost per mass and the transport amount while moving
probability mass from p] to pjs; 7 is a regularization parameter. We define the cost cjj by converting
the similarity measure IRs to a distance measure according to the commonly used Gaussian kernel [[10}
Chap. 6],ie.,cij =1 exp( (1 IRT(Ci, Cj))), where « is a parameter that can control the

degree of sharpening of IR. The smaller IRT (Ci, Cj) in the feature space, the less cost is needed for
transport between the two categories. As such, the loss function of WKD-L is

Cwkps. =Dwp(p', p°). 4

Recent work [3] discloses target probability (i.e., the probability of the target category) and the non-
target ones play different roles: the former concerns the difficulty of training examples while the latter
containing prominent “dark knowledge”. It has been shown that this separation is helpful to balance
their roles and improves greatly over the classical KD [3; 4]. Inspired by them, we also consider a

similar separation strategy. Let ¢ be index of target category and z1 = [z | 2R"~1,i 2 S,nftg be
the teacher’s logits of non-target categories. We normalize z[, as previously, obtaining the teacher’s

non-target probabilities p,; = [pﬂ . In this case, our loss functions consist of two terms:

LwkooL =ADwo (Pre.Pr) + Lt, Le= o(z")clogo(z®):, %)
where ) is the weight.

2.2 Continuous WD for Feature Distillation

As the features output from intermediate layers of DNN are of high dimension and small size, the
non-parametric methods, e.g., histogram and kernel density estimation, are infeasible. Therefore, we
use one of the widely used parametric methods (i.e., Gaussian) for distribution modeling.

Feature distribution modeling. Given an input image, let us consider feature maps output by some
intermediate layer of a DNN model, whose spatial height, width and channel number are h, w and
I, respectively. We reshape the feature maps to a matrix F 2 R'™™ where m = h  w and the
19th column f; 2 R! indicates a spatial feature. For these features, we estimate the 1st-moment

= L 3" f; and the 2nd-moment ¥ = = 3", (f; )(fi )T. We model feature distribution of
the input image by a Gaussian with mean vector and covariance matrix X as its parameters:

_ 1 1 Ty -1
N ( ,E)—WGXD( E(f ) X(f ))7 (6)

where j ] indicates matrix determinant.



We estimate Gaussian distribution of the teacher directly from its backbone network. For the student,
as in previous arts [24}125; 26], a projector is used to transform the features so that they are compatible
in size with the features of the teacher. Then the transformed features produced by the projector are
used to compute the student’s distribution. We select Gaussian for distribution modeling as it is of
maximal entropy for given the 1st- and 2nd-moments [[19, Chap. 1] and has a closed form WD that is
a Riemannian metric [20].

Loss Function. Let Gaussian NT=N( T, ET) be feature distribution of the teacher. Similarly, we
denote by N S the student’s distribution. The continuous WD between the two Gaussians is defined as

DWD(NT,NS):igf / / KET £SK2q(fT, £5)df TdfS, (7
RI'JR!

where fT and fS are Gaussian variables and k k indicates Euclidean distance; the joint distribution ¢
is constrained to have marginals N T and N S. Minimization of Eq. (7)) leads to the following closed
form distance [14]:

Dwp(N T’ N S) = Dmean( T’ S)"' Dcov(ETa ES)' (8)

Here Dnean( T, ) = | T 8|” and Do (27, 3%) = r(=T+ 3% 2((2)En3(xT)H))
where superscript % indicates matrix square root. As the covariance matrices estimated from high-
dimensional features are often ill-conditioned [27], we add a small positive number (1€95) to the
diagonals. We also consider diagonal covariance matrices, for which we have DCOV(ET, ES) =

2 . . .
|| T S| ,where T isa vector of standard variances formed by the square roots of the diagonals of

7. We later compare Gaussian (Full) and Gaussian (Diag) which have full and diagonal covariance
matrices, respectively. To balance role of the mean and covariance, we introduce a mean-cov ratio y
and define the loss as

Lwikpor =7Dmean( T) S)+DCOV(ET?ES)~ 9)

We can use the strategy of spatial pyramid pooling [28 29} 6] to enhance representation ability.
Specifically, we partition the feature maps into a k& spatial grid, compute a Gaussian for each cell
of the grid and then match per cell the Gaussians of the teacher and student.

KL-Div [30] and symmetric KL-Div (i.e., Jeffreys divergence) [31], both having closed form expres-
sions for Gaussians [32], can be used for knowledge transfer. However, they are not metrics [12],
unaware of the geometry of the space of Gaussians [[13] that is a Riemannian space. Conversely, Dwp
is a Riemannian metric that measures the intrinsic distance [20]. Note that GZDeNet [33]] proposes
a metric between Gaussians that leverages the geometry based on Lie group, which can be used to
define distillation loss. Besides Gaussian, one can also use Laplace and exponential distributions for
modeling feature distributions. Finally, though histogram or kernel density estimation are infeasible,
one can still model feature distribution with probability mass function (PMF) and accordingly use
discrete WD to define the distillation loss. Details on these methods can be found in Section[A.2]

3 Related Works

We summarize KD methods related to ours and show their connections and differences in Table [I]

KL-Div based knowledge distillation. Zhao et al. [3]] disclose the classical KD loss [2]] is a coupled
formulation that limits its performance, and thereby propose a decoupled formulation (DKD) that
consists of a binary logit loss for the target category and a multi-class logit loss for all non-target
categories. Yang et al. [4] propose a normalized KD (NKD) method, which decomposes the classical
KD loss into a combination of the target loss (like the widely used cross-entropy loss) and the loss
of normalized non-target predictions. WTTM [J5] introduces Rényi entropy regularizer without
temperature scaling for student. In spite of competitive performance, they cannot explicitly exploit
relations among categories. By contrast, our Wasserstein distance (WD) based method can perform
cross-category comparison and thus exploit rich category interrelations.

WD based knowledge distillation. The existing KD methods founded on WD [[15; [16] mainly
concern cross-instance matching for feature distillation, as shown in Figure 3] (left). Chen et al. [15]
propose a Wasserstein Contrastive Representation Distillation (WCoRD) framework which involves
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Table 1: Comparison with related works. /EMD+IPOT and NST/ICKD-C.

a global and a local contrastive loss. The former loss minimizes mutual information (via dual form
of WD) between the distributions of the teacher and student; the latter loss minimizes Wasserstein
distance for the penultimate layer only, where the set of features of the mini-batch images are matched
between the teacher and student. Lohit et al. [[16] independently propose a similar cross-instance
matching method called EMD-+IPOT, in which knowledge is transferred from all intermediate
layers and discrete WD is computed via an inexact proximal optimal transport algorithm [34]. The
differences of our work from them are twofold: (1) They fail to leverage category interrelations which
our WKD-L can make full use of; (2) They are concerned with cross-instance matching based on
discrete WD, while our WKD-F involves instance-wise matching with continuous WD.

Other arts based on statistical modeling. NST [35] is among the first to formalize feature distilla-
tion as a distribution matching problem, in which the student mimics the distributions of the teacher
based on Maximum Mean Discrepancy (MMD). They show that the 2nd-order polynomial kernel
performs best among the candidate kernels of MMD, and that the activation-based attention transfer
(AT) [36] is a special case of NST. Yang et al. [37] propose a novel loss function, which transfers
the statistics learned by the student back to the teacher based on adaptive instance normalization.
Liu et al. [[6] propose inter-channel correlations (ICKD-C) to model feature diversity and homology
for better knowledge transfer. Both NST and ICKD-C can be regarded as Frobenius norm based
distribution modeling via 2nd-moment along spatial- and channel-dimension, respectively, as shown
in Figure 3] (right). However, they fail to utilize the geometric structure of the 2nd-moment matrices,
which are symmetric positive definite (SPD) and form a Riemannian space [38;139]. Ahn et al. [40]
introduce variational information distillation (VID) based on mutual information. VID assumes that
feature distributions are Gaussians, and its loss boils down to mean square loss (i.e., FitNet [24]) if
Gaussians are further assumed to have unit variance.

4 Experiments

We evaluate WKD for image classification on ImageNet [41] and CIFAR-100 [42]]. Also, we evaluate
the effectiveness of WKD on self-knowledge distillation (Self-KD). Further, we extend WKD to
object detection and conduct experiment on MS-COCO [43]]. We train and test models with PyTorch
framework [44]], using a PC with an Intel Core i9-13900K CPU and GeForce RTX 4090 GPUs.

4.1 Experiment Setting

Image classification. ImageNet [41] contains 1,000 categories with 1.28M images for training, 50K
images for validation and 100K for testing. In accordance with [25]], we train the models for 100
epochs using SGD optimizer with a batch size of 256, a momentum of 0.9 and a weight decay of
1e94. The initial learning rate is 0.1, divided by 10 at the 30th, 60th and 90th epochs, respectively.
We use random resized crop and random horizontal clip for data augmentation. For WKD-L, we use
POT library [45] for solving discrete WD with 1 =0.05 and 9 iterations. For WKD-F, the projector
has a bottleneck structure, i.e., al 1 Convolution (Conv) and a3 3 Conv both with 256 filters
followed by al 1 Conv with BN and ReL.U to match the size of teacher’s feature maps.
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Table 2: Ablation analysis of WKD-L for image classification (Acc, %) on ImageNet.

CIFAR-100 [42] contains 60K images of 32 32 pixels from 100 categories with 50K for training
and 10K for testing. Following the setting of OFA [46]], we conduct experiments across Convolutional
Neural Networks (CNNs) and vision transformers. Additional experiments within CNN architectures
are given in Table[I]] of Section|C.6] The images are upsampled to the resolution of 224x224. All
models are trained for 300 epochs with a batch size of 512 and a cosine annealing schedule. For
CNN-based students, we use SGD optimizer with an initial learning rate of 2.5e-2 and a weight decay
of 2e-3. For transformer-based students, we use AdamW optimizer with an initial learning rate of
2.5e-4 and a weight decay of 2e-3.

Object detection. MS-COCO [43] is a commonly used benchmark for object detection that contains
80 categories. Following the common practice, we use standard split of COCO 2017 with 118K
images for training and 5K images for validation. As in ReviewKD [29]], we employ the framework
of Faster-RCNN [47]] with Feature Pyramid Network (FPN) [48] on Detectron2 platform [49]. As in
previous arts [50; 29; 51]], we use the detection models officially trained and released as the teachers,
while training the student models whose backbones are initialized with the weights pre-trained on
ImageNet. The student networks are trained in 180K iterations with a batch size of 8; the initial
learning rate is 0.01, decayed by a factor of 0.1 at 120K and 160K iterations.

4.2 Dissection of WD-based Knowledge Distillation

We analyze key components of WKD-L and WKD-F on ImageNet. We adopt ResNet34 as a teacher
and ResNetl18 as a student (i.e., setting (a)), whose Top-1 Accuracies are 73.31% and 69.75%,
respectively. See Section for analysis on hyper-parameters, e.g., temperature and weight.

4.2.1 Ablation of WKD-L

How WD performs against KL-Div? We compare WD to KL-Div with (w/) and without (w/0)
separation of target probability in Table [2a] For the case of without separation, WD (w/0) improves
over KL-Div (w/0) by 1.0%; for the case of with separation, WD (w/) outperforms non-trivially
KL-Div (w/) based DKD and NKD. The comparison above clearly shows that (1) WD performs better
than KL-Div in both cases and (2) the separation also matters for WD. As such, WD with separation
of target probability is used across the paper.

How to model category interrelations (IRs)? Table[2bcompares two methods for IR modeling,
i.e., CKA and cosine. For the former, we assess different kernels while for the latter we evaluate
prototypes with classifier weights or class centroids. We note all WD-based methods perform much
better than the baseline of KL-Div. Overall, IR with CKA performs better than IR with cosine,
indicating it has better capability to represent similarity among categories. For IR with CKA, RBF
kernel is better than polynomial kernel, while linear kernel is the best so is used throughout.

4.2.2 Ablation of WKD-F

Full covariance matrix or diagonal one? As shown in Table [3a|(3rd and 4th rows), for Gaussian
(Full), WD performs better than G?DeNet [33], which suggests that the former metric is more
appropriate for feature distillation. When using WD, Gaussian (Diag) (5th row) produces higher
accuracy than Gaussian (Full). We conjecture the reason is that high dimensionality of features makes
estimation of full covariance matrices not robust [52]; in contrast, for Gaussians (Diag), we only need
to estimate 1D variances for univariate data of single dimension. Besides, Gaussian (Diag) is much
more efficient than Gaussian (Full). So we use Gaussians (Diag) throughout the paper.
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Table 3: Ablation analysis of WKD-F for image classification (Acc, %) on ImageNet.

How to model distributions? In Table|3al we compare different parametric methods for knowledge
distillation, including Gaussian, Laplace, exponential distribution, as well as separate 1st9moment
and 2nd9moment. Note that NST [33] adopts spatial 1st- and 2nd-moment while ICKD-C [6]] uses
channel 2nd9moment. Besides, we compare to non-parametric method based on PMF.

For Gaussians (Diag), KL-Div and symmetric (Sym) KL-Div produce similar accuracies which are
both lower than WD. The reason may be that KL-related divergences are not intrinsic distances,
failing to exploit geometric structure of the manifold of Gaussians. For statistical moments, we see
that channel-wise moments perform better than spatial-wise ones. For channel-wise representations,
Ist-moment outperforms 2nd-moment, suggesting that the mean plays a more important role. At last,
the non-parametric method of PMF underperforms the parametric method of Gaussians.

Besides Gaussian (Diag), We can also use univariate Laplace or exponential functions to model
distributions of each component of features. For them KL-Div can be computed in closed-form [53]]
but WD is an unsolved problem. When using KL-Div, Gaussian (Diag) achieves better performance
than both Laplace and exponential distributions, highlighting Gaussian as a more suitable option
among these parametric alternatives. Further, the Gaussian (Diag) combined with WD yields superior
performance compared to KL-Div, suggesting advantage of the Riemannian metric.

Instance-wise or cross-instance matching? Our WKD-F is an instance-wise matching method
based on continuous WD, while WCoRD and EMD+IPOT concern cross-instance matching for a
mini-batch of images based on discrete WD. As seen in Table [3b] WCoRD produces an accuracy
much higher than EMD+IPOT, which may be attributed to its extra global contrast loss based on
mutual information; WKD-F outperforms the two counterparts by a large margin of 1.0%, which
suggests the advantage of our strategy. Note that our WKD-F runs remarkably faster than the two
counterparts that rely on optimization algorithm to solve discrete WD.

Distillation position and grid scheme. We evaluate in Table [3c|the effect of position at which we
perform distribution matching and that of different grid schemes. From the 3rd and 4th rows, we see
that the last stage of Conv_5x performs much better than Conv_4x, indicating high-level features are
more suitable for knowledge transfer. Comparing the 4th and 5th rows, we see 2 2 grid does not
improve over 1 1 grid. Lastly, combination of features of Conv_4x and Conv_5x bring no further
gains. Therefore, we use features of Conv_5x and 1 1 grid for classification on ImageNet.

4.3 Image Classification on ImageNet

Table [d]compares to existing works in two settings. Setting (a) involves homogeneous architecture,
where the teacher and student networks are ResNet34 and ResNet18 [9], respectively; setting (b)
concerns heterogeneous architecture, in which we set the teacher as ResNet50 and the student as
MobileNetV1 [57]. Refer to Section[C.2|for hyper-parameters in Settings (a) and (b).

For logit distillation, we compare our WKD-L with KD [2], DKD [3]], NKD [4], CTKD [54] and
WTTM [5]]. Our WKD-L performs better than the classical KD and all its variants in both settings.
Particularly, our WKD-L outperforms WTTM, a very strong variant of KD, which additionally
introduces a sample-adaptive weighting method. This suggests Wasserstein distance that performs



Logit Feature Logit + Feature

WKD-L+
WKD-F
(ours)

Setting T S | KD DKD NKD CTKD WTTM WKD-L| FitNet CRD Review CAT WKD-F|CRD+ DPK FCFD KD-
121 131 (4] 1541 S (ours) [24] [25] -KD [29] [551 (ours) |KDI[251 [Z] 181 Zero|36]

@ Top-1 73.31 69.75(71.03 71.70 71.96 71.51 72.19 7249 | 70.53 71.17 71.61 71.26 72.50 |71.38 7251 7225 72.17 72.76
a)

Top-5 91.42 89.07|90.05 90.41 - 90.47 - 90.75 | 89.87 90.13 90.51 90.45 91.00 | 90.49 90.77 90.71  90.46 91.08
®) Top-1 76.16 68.87|70.50 72.05 72.58 - 73.09 7317 | 7026 71.37 7256 7224 73.12 - 7326 7326 73.02 73.69
Top-5 92.86 88.76(89.80 91.05 — - - 91.32 | 90.14 9041 91.00 91.13 91.39 - 91.17 9124 91.05 91.63

Table 4: Image classification results (Acc, %) on ImageNet. In setting (a), the teacher (T) and student
(S) are ResNet34 and ResNet18, respectively, while setting (b) consists of a teacher of ResNet50
and a student of MobileNetV1. We refer to Table [I0]in Section|[C.4 for additional comparison to
competitors with different setups.

cross-category comparison is superior to category-to-category KL-Div. For feature distillation, we
compare to FitNet [24], CRD [23]], ReviewKD [29] and CAT [55]. Our WKD-F improves ReviewKD,
previous top-performer, by 0.9% in the setting (a) and 0.6% in the setting (b) in terms of top-1
accuracy; this comparison indicates that, for knowledge transfer, matching of Gaussian distributions
is better than matching of features. Finally, combination of WKD-L and WKD-F further improves
and outperforms strong competitors, including CRD+KD [25]], DPK [7], FCFD [_8] and KD-Zero [56].
More results of combination about WKD-L or WKD-F can be found in Table[9},

Table [5]compares in Setting (a) latency of different meth-

Top-1 Params Latency

ods with a batch size of 256 using a GeForce RTX 4090,  Strateey Method )
For logit distillation, the latency of WKD-L is 1.3 times . kp@ 71030215
larger than KL-Div based methods, due to the optimization et Our o e
procefiure to sqlve discrete WD. WKD-F hgs a latency on ReviewkD D] | 7161 72 389
par with KL-Div based methods, while running 1.6 faster Feature EMD+IPOT [I6]] 7046 025 258
than ReviewKD and 1.2 faster than EMD+IPOT; this is WKD-F Qurs) | 7250 081 207
because WKD-F only involves mean vectors and variance Logt “ORE | 0w o
vectors, leading to negligibly additional cost. Finally, com- Feature WKD.L+ )

7276 0.81 292

bination of WKD-L and WKD-F has larger latency but WKD-F (ours)
better performance than ICKD-C, and meanwhile is more
efficient than state-of-the-art FCFD.

Table 5: Training latency on ImageNet.

4.4 Image Classification on CIFAR-100

We evaluate WKD in the settings where the teacher is a CNN and the student is a Transformer
or vice versa. We use CNN models including ResNet (RN) [9], MobileNetV2 (MNV2) [58] and
ConvNeXt [59], as well as vision transformers that involve ViT [60], DeiT [61], and Swin Trans-
former [62]. The setting of hyper-parameters can be found in Section

For logit distillation, we compare WKD-L to KD [2], DKD [3], DIST [63] and OFA [46]. As shown
in Table[6] WKD-L consistently outperforms state-of-the-art OFA for transferring knowledge from
Transformers to CNNs or vice versa. For feature distillation, we compare to FitNet [24]], CC [64],
RKD [65] and CRD [25]. WKD-F ranks first across the board; notably, it significantly outperforms
the previous best competitors by 2.1%—-3.4% in four out of five settings. We attribute superiority
of WKD-F to our distribution modeling and matching strategies, i.e., Gaussians and Wasserstein
distance. We posit that, for knowledge transfer across CNNs and Transformers that yield very distinct
features [46], WKD-F is more suitable than raw feature comparisons as in FitNet and CRD.

Logit Feature
Teacher (Acc) Student (Acc) KD DKD DIST OFA WKD-L | FitNet CC RKD CRD WKD-F
[2] [3] [63] [46] (ours) [24] [64] 651 [25] (ours)
Transformer—CNN
Swin-T (89.26) RNI18 (74.01) 78.74 80.26 77.75 80.54 81.42+0.22 | 78.87 74.19 74.11 77.63 81.57+0.12
ViT-S (92.04) RNI18 (74.01) 7726 78.10 76.49 80.15 80.81+0.21 | 77.71 7426 7372 76.60 81.12+0.24
ViT-S (92.04) MNV2 (73.68) | 72.77 69.80 72.54 7845 79.04+0.05 | 73.54 70.67 68.46 78.14 79.11+0.07
CNN— Transformer
ConvNeXt-T (88.41) DeiT-T (68.00) | 72.99 74.60 73.55 7576 76.11+0.18 | 60.78 68.01 69.79 6594 73.27+0.22
ConvNeXt-T (88.41) Swin-P (72.63) | 76.44 7680 76.41 7832 7894+0.17 | 2406 72.63 71.73 67.09 74.80+0.13

Table 6: Image classification results (Top-1 Acc, %) on CIFAR-100 across CNNs and Transformers.



4.5 Self-Knowledge Distillation on ImageNet

We implement our WKD in the framework of Born-Again Network (BAN) [66] for self-knowledge
distillation (Self-KD). Specifically, we first train an initial model Sp using ground truth labels. Then
we distill, using WKD-L, the knowledge of Sp into a student model S7 with the same architecture
as Sp. For the sake of simplicity, we do not perform multi-generation distillation, such as training a
student model S, with S; as the teacher, etc.

We conduct experiments with ResNetl8 on Ima- Method Self-KD | Dis-similarity | Top-1
geNet, where the hyper-parameters are consistent Standard train_| % NA 69.75
with those in Setting (a). As shown in Table [/, BAN TEKD [e7) X KL-Div | 70.14
achieves competitive accuracy that is comparable to Zsff?(g’ T69‘ ))i Eigz ;g;g
state-of-the-art results. Our method achieves the best USKD (@] x KLbiwv | 7075
result, outperforming BAN by  0.9% in Top-1 accu- BAN [66] X KL-Div | 70.50
racy and the second-best (i.e., USKD) by 0.6%. This WKDL [ X | WD |73

comparison demonstrates that our WKD can well

generalize to self-knowledge distillation. Table 7: Self-KD results (Acc, %) on Ima-

geNet with ResNet18.
4.6 Object Detection on MS-COCO

We extend WKD to object detection in the framework of Faster-RCNN [47]. For WKD-L, we use the
classification branch in the detection head for logit distillation. For WKD-F, we transfer knowledge
from features straightly fed to the classification branch, i.e., features output by the RolAlign layer,
and choose a 4 4 spatial grid for computing Gaussians. Implementation details, ablation of key
components, and extra experiments are given in Section[E]of Appendix.

We compare with existing methods in two set-

tings, as shown in Table[8] In RN101 ¥RN18  ruserrennren | (SHOEEE | B0 PMIEE
setting, the teacher is ResNet101 and the student Teacher 1204 6248 4588 | 4022 6102 4381
is ResNet18; in RN50 ¥ MNV2, the teacher and ~ *™% student 3326 5361 3526|2947 4887 30.90
student are ResNet50 and MobileNetV2 [38]], KD 2] 3397 5466 36.62(30.13 50.28 31.35
respectively. For logit distillation, our WKD-L ~ Legit DKD(3 3505 5660 3754|3234 5377 3401
significantly outperforms the classical KD [2] ‘F’?I(\ID;IL;““) gjf‘; 2‘1?: 2231 gz‘;g izzz z‘l‘z;
and is slightly better than DKD [3]. For feature FIGF‘:[SO 3544 5551 38.17 | 3L16 5068 3292
distillation, we compare with FitNet, FGFI [50],  reawre 1cp 511 3590 5602 3875|3288 5256 3493
ICD [51] and ReviewKD [29]; our WKD-F im- ReviewKD [29] | 36.75 5672 34.00 (3371 53.15 36.13
proves ReviewKD, the previous top feature dis- WKD-F (Ours) | 37.21 57.32 40.15 | 34.47 54.67 36.85
tillation performer, by a non-trivial margin in oKD (3] | 3701 5753 39853435 5489 3661
both settings. Finally, by combining WKD-L Logit WKD-L+ ) 1749 5776 4039 | 3480 5527 3708
and WKD-F, we achieve performance better +  WKD-Fows) | = " " | .
than DKD+ReviewKD [3]. When additional """ FCFDYE] | 2757 5760 403413497 5304 3731
bounding-box regression is used for knowl- WKD-F (ours) | 3770 5795 410813548 5521 3845

edge transfer, our WKD-L+WKD-F improves ) . .
further, outperforming previous state-of-the-art Table 8: Object detection results on MS-COCO.

FCFD [8]. t Additional bounding-box regression is used.

5 Conclusion

The Wasserstein distance (WD) has shown evident advantages over KL-Div in several fields such as
generative models [11]. However, in knowledge distillation, KL-Div is still dominant and it is unclear
whether WD will outperform. We argue that earlier attempts on knowledge distillation based on WD
fail to unleash the potential of this metric. Hence, we propose a novel methodology of WD-based
knowledge distillation, which can transfer knowledge from both logits and features. Extensive
experiments have demonstrated that discrete WD is a very promising alternative of predominant KL-
Div in logit distillation, and that continuous WD can achieve compelling performance for transferring
knowledge from intermediate layers. Nevertheless, our methods have limitations. Specifically,
WKD-L is more expensive than KL-Div based logit distillation methods, while WKD-F assumes
features follow Gaussian distribution. We refer to Section[F|in Appendix for detailed discussion on
limitations and future research. Finally, we hope our work can shed light on the promise of WD and
inspire further interest in this metric in knowledge distillation.
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A Implementation Details on WKD

A.1 Interrelations (IRs) among Category for WKD-L

Visualization of category interrelations. We select in random fifty images from each of one
hundred categories randomly chosen on the training set of ImageNet. Then we feed them to a
pre-trained ResNet50 model and extract from the penultimate layer features that are projected to
2D space using t-SNE. The 2D embedding points are shown in Figure da] where different categories
are indicated by different colors. For intuitive understanding, inspired by karpathy]'|, we display
features by the corresponding images at their nearest 2D embedding locations in Figure [4b] It can be
seen that the categories exhibit complex topological relations (distances) in the feature space, e.g.,
mammal species are nearer each other while far from artifact or food. The relations encode abundant
information and are beneficial for knowledge distillation. In addition, the features of the same category
cluster and form a (unknown) distribution that often overlaps with those of neighboring categories.
The observation suggests that it is more desirable to model the interrelations with statistical method.

(a) Features are projected to 2D space using tSNE. (b) Features are displayed by the corresponding im-
Different categories are indicated by different colors. ages at their nearest 2D embedding locations.

Figure 4: Visualization of interrelations among 100 categories in feature space. The categories exhibit
complex topological relations, where features of the same category cluster and form a distribution
that often overlaps with those of neighboring categories.

Quantization of IRs with CKA. We propose to use CKA for modeling category IRs as it can
effectively characterize similarity of deep representations [[17]. CKA is normalized HSIC [[18] that
measures statistical dependence of random variables (features) by mapping them into a RKHS
with some positive definite kernels. Recall that, for category C;, we have a matrix X; 2 RY*P of
u-dimensional features of b training images. As such, for the commonly used kernels, we have
linear kernel K!i" = XT X;, the polynomial kernel KP®Y = (XT X; + 1)K where k 2 f2,3,4g,
and RBF kernel K" = exp( ﬁa(m)) where the bandwidth o 2 £0.2,0.4,0.6g and D; =
2(diag(X] X;)17 )Sym 2XT X;. For a matrix A, Med(A) denotes the median of all of its entries,
diag(A) denotes a vector formed by its diagonals, and (A)sym = %(A+AT ).

Quantization of IRs with cosine similarity. Besides CKA, cosine similarity between the prototypes
of two categories is used to quantify category interrelations. The prototype of a category can
be naturally computed as feature centroid of this category’s training examples, i.e., Xj = § Xj1.
Alternatively, the weight vectors associated with the softmax classifier can be used as prototypes [22].
Specifically, if the weight matrix of the last FC layer is W 2 RY*" where n is number of total classes,
then its ¢9th column w; can be regarded as the prototype of category Cj, i.e., Xj = wj.

'https://cs.stanford.edu/people/karpathy/cnnembed
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A.2 Distributions Modeling for WKD-F

Recall that, for an input image, we have 3D feature maps output by some layer of a DNN, whose

spatial height, width and channel number are h, w and [, respectively. We reshape the feature maps

to a matrix F 2 R™™M where m=h  w; we denote the i9th column as a feature f; 2 R! , while

the j9th row (after transpose) as a feature fj 2 R™. In WKD-F, we estimate channel 1st-moment
2 R! and 2nd-moment 3 2 R'*!:

SO DU IEES SN ST (10)

which are used to construct a parametric Gaussian N ( , 3). For measuring difference between
Gaussians, we use Wasserstein distance (WD) that is a Riemannian metric. We prefer Gaussians
(Diag) that have diagonal covariances to Gaussians (Full) that have full covariances, as they are much
more efficient and have better performance as shown in Table [3a]

G?DeNet. Different from WD, Wang et al. [33] propose a method called GZDeNet, which considers
Lie group of the space of Gaussians and embeds a Gaussian into the space of SPD matrices:

N(,X)7 FJ“T ' 1}2. (11)

Thus the difference between two Gaussians is defined as the Euclidean distance of the Gaussian
embeddings of the teacher and student models.

ICKD-C and NST. ICKD-C [6] uses raw channel 2nd-moment for exploring inter-channel correla-
tions of features, i.e., M= % Er;l fi fiT . Instead of channel-wise statistics, NST [35]] estimates raw
spatial 1st-moment ~ 2 R™ and raw spatial 2nd-moment M 2 R™*™ for describing distributions:

~ 1 -~
zfzjl'zlfj’ lz—lfjl' 12)

KL-Div between Gaussians (Diag). Let = [y, ,m]T be mean and = [4y, ,6|]T be
variance of Gaussians (Diag). In this case, both KL-Div and symmetric KL-Div have closed forms:
5T T

T8 _ _
DKL(NTkNS):%Zi(”'&SH' )2+(5%)2 2Iog% 1, (13)

1
Dy (N RN = 3 37, (T 1))+ () (5T )2+(5S 2 2
Here T and S denote the teacher and student, respectively.

KL-Div between Laplace distributions. We assume components of feature f =
[f1, ,Al" 2 R! are statistically independent. Then the Laplace distribution of fis L( , ) =
H. v exp( ‘f' |) where is the mean and = [1/1, ,V|]T is the scale parameter. The
KL- D1v takes the followmg form [53]):

s i T S; T o T S;
Dw: (LTKLS) = log JL 4 M K L Vi o R My g 14
KL( ) Zi g ViT Vis Vis p( ViT ) ( )
KL-Div between exponential distributions. Under independence assumption, the exponential
distribution of feature f is E( ) = [[; Biexp( Bifi), where p = [ﬂl, ,&]T is the rate parameter.
For exponential distributions, the KL-Div can be written as [53]'

S
Dy (ETKE®) = Z Iog g L1 (15)

i
Non-parametric PMD. Though non-parametric methods, e.g., histogram or kernel density esti-
mation, are infeasible due to curse of dimensionality, we can still use probability mass function

(PMF) for distribution modeling. Specifically, given a set of features fj,i=1 m, the PMF of the
features is of the form:

PR

m 1
pr = Zizlpfﬂ/}(fi)a pe = —, (16)

m
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where 1(fj) denotes Kronecker function that is equal to one if f =fj and zero otherwise. Let p}- / p?
be the PMFs of the teacher/student. We can use discrete WD to measure their discrepancy, i.e.,
Dwp(py , P7); the transport cost cjj between two features f;' and £ is computed as 1 cos(f;' , fJS)
Note that KL-Div is inapplicable to PMF as it cannot handle non-overlapping distributions [11].

It is worth noting that (1) the space of Gaussians is a Riemannian space, on which WD is an intrinsic
distance [20] while KL-Div or its symmetric version are not [12] and thus are unaware of the
geometry [13]; (2) the space of either channel or spatial 2nd-moments is a manifold of symmetric,
positive definite matrices rather than a Euclidean space [38; [39]], so the Frobenius norm is not an
intrinsic distance [35} 6] and fails to exploit the geometric structure of the manifold.

B Computational Complexity of WKD

The logit-based WKD-L is formulated as an entropy regularized linear programming, which can
be solved fastly by Sinkhorn algorithm [23]]. Let n be the dimension of the predicted logits, the
complexity of WKD-L can be written as O(Dn? log n) [70]. Here D = kCk3_e is a constant, where
KCK indicates the infinity norm of the transportation cost matrix C = [cjj], and € > 0 indicates
a prescribed error. In contrast, the computational complexity of KL-Div is O(n). Despite its high
complexity, WKD-L can be computed efficiently as Sinkhorn algorithm is highly suitable for parallel
computation on GPU [23]]. For feature-based WKD-F, the dominant cost lies in computation of
means and variances. Given a set of m features fj of /-dimension, the means can be computed by
global average pooling that takes O(ml) time; the complexity of variances is also O(ml), as it can
be obtained by element-wise square operations followed by global average pooling.

C Extra Experiment on Image Classification

C.1 More Ablation Analysis of WKD

We adopt the setting (a) for ablation on ImageNet, in which the teacher is ResNet34 and the student
is ResNet18.

Hyper-parameters of WKD-L. The total loss function of WKD-L consists of the cross-entropy
loss LcEg, the target loss Ly and WD-based logit loss Lywkpgr - Following [3} 4], we set the weights
of the two former losses to 1 across the paper. As such, our hyper-parameters includes the temperature
7, the weight A of LwkpoL, the sharpening parameter « that controls smoothness of IRs for transport
cost in WD, and the regularization parameter 7 (set to 0.05) in discrete WD. As simultaneous
optimization of them is computationally infeasible, we first analyze the effect of temperature by
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Figure 5: Analysis of hyper-parameters of WKD-L on ImageNet.
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fixing the sharpening parameter and weight to 1 and 30, respectively. As seen in Figure[S|(top left),
across all temperatures WKD-L performs better than the baseline of KD [2] by large margins while
achieving the highest accuracy when the temperature is 2. Next, we fix the temperature and weight,
analyzing the effect of sharpening parameter. From Figure|5|(top right) we see that performance
variation is not large against the sharpening parameter and the best performance is obtained when it is
equal to 1. Subsequently, by fixing the best temperature and sharpening parameters, we evaluate the
weight of WKD-L. As Figure[5|(bottom left) shows, its accuracy varies smoothly against the weight
and achieves the best accuracy when the weight is 30. Finally, Figure[3|(bottom right) illustrates that
the performance varies smoothly as a function of the regularization parameter 1 over a reasonably
wide range; for consistency, we set 1) to 0.05 in all experiments throughout this paper.

Hyper-parameters of WKD-F. The loss function of WKD-F method contains the cross-entropy
loss Lce and WD-based feature loss Lywkpor. As in previous work, we set the weight of the
cross-entropy loss to 1. Therefore, there are two hyper-parameters, i.e., the mean-cov ratio v and
the weight of Lywkpor. We first analyze the effect of the former by fixing the latter to 2e-2. Table[6]
(left) shows the performance as a function of the mean-cov ratio. We see that in the whole range
of the mean-cov ratio WKD-F is clearly better than the baseline of FitNet [24]; the best accuracy
is obtained when its value is 2, which suggests that the means play a more important role than the
covariances. Next, we fix the mean-cov ratio and evaluate the effect of the weight. As seen in Table[6]
(right), WKD-F is much better than the baseline of FitNet across all weights and achieves the best
performance when the weight is 0.02.
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Figure 6: Analysis of hyper-parameters on WKD-F on ImageNet.

C.2 Summary of Hyper-parameters on ImageNet

The setting (a) involves homogeneous architecture, where the teacher and student networks are
ResNet34 and ResNet18, respectively. For WKD-L, the weights of Lcg, Lt and Lywkpg are 1, 1
and 30, respectively; the temperature 7 = 2 and sharping parameter x = 1. For WKD-F, we set the
weights of Lcg and Lwkpor to 1 and 2e92, respectively. We adopt features from Conv5_x and
Gaussian (Diag) with mean-cov ratio v =2. The setting (b) concerns heterogeneous architecture, in
which the teacher is ResNet50 and the student is MobileNetV 1. In this setting, the weight of LywkpoL
is set to 25 while that of Lywkpor is 1€93, and the remaining hyper-parameters are identical to those
in the setting (a).

C.3 More Experiments on Combination of WKD-L or WKD-F

How WKD complements other KD methods? We combine WKD-F with a state-of-the-art logit-
based knowledge distillation (i.e., NKD), and combine WKD-L with a state-of-the-art feature-based
method (i.e., ReviewKD). The results are shown in Table Da] and Table [9b] respectively. We can
see that NKD+WKD-F improves over individual NKD and WKD-F, which suggests our WKD-F is
complementary to NKD. Notably, NKD+WKD-F is slightly inferior to WKD-L+WKD-F. In addition,
WKD-L+ReviewKD improves over ReviewKD but underperforms WKD-L. We conjecture that, due
to the large gap ( 0.9%) between ReviewKD and WKD-L, the combination hurts WKD-L.

Will separation of target probability in WKD-L still help when combined with WKD-F? To
answer this question, we integrate WKD-L without separation into WKD-F, which is called WKD-L
(w/0)+WKD-F. From Table we can see that it is slightly inferior to WKD-L (w/)+WKD-F in
which the separation scheme is used in WKD-L. This suggests that the benefit due to the separation
scheme decreases but still persists in the logit+feature approach.
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Method Top-1 Top-5 Method Top-1 Top-5 Method Target | ® Non-target | Top-1 Top-5
NKD [4] 7196 - WKD-L 72.49 90.75 WKD-L wlo 72.04 90.42
WKD-F 72.50 91.00 ReviewKD [29 71.61 90.51 WKD-L w/ 72.49 90.75
NKD+WKD-F 72.68 91.05 WKD-L+ReviewKD | 72.32  90.63 WKD-F - 72.50 91.00
WKD-L 7249 90.75 WKD-L 7249 90.75 WKD-L+WKD-F w/o 7270 91.07
WKD-L+WKD-F | 72.76 91.08 WKD-L+WKD-I 72.76 91.08 WKD-L+WKD-F w/ 72.76 91.08

(a) Combination of NKD (b) Combination of WKD-L  (c) Effect of separation scheme on WKD-
and WKD-F and ReviewKD L+WKD-F.

Table 9: Analysis on different combinations of logit and feature distillation methods.

C.4 Comparison to Competitors with Different Setups

In Table 4] of the main paper, we conduct comparison in the ordinary setting, which is formalized in
CRD [25]] and adopted by most methods. However, there exist some works which adopt Settings (a)
and (b) but with non-trivially different setups, e.g., DIST [63], NKD [4], MGD [71]], and DiffKD [72].
Specifically, their students and/or teachers have performance higher than those in the ordinary
settings, which make them somewhat advantageous when comparing with the metric of Top-1
accuracy. For a fair comparison, we propose to use gains of the distilled student over the vanilla
student in Top-1 accuracy, which is denoted by N . They can more faithfully indicate how much
knowledge the student has learned from the teacher. The comparison results are shown in Table [I0]

For logit distillation, WKD-L outperforms NKD, a strong KL-Div based variant, by 0.68% and 0.93%
in setting (a) and setting (b), respectively. Instead of KL-Div, DIST matches predicted probabilities
based on Pearson correlation coefficients, which exploits both instance-wise and cross-instance
knowledge, in contrast to WKD-L that uses instance-wise knowledge only. Nevertheless, WKD-L
performs better than it by 0.43% in setting (a) and a large margin of 1.19% in setting (b). For feature
distillation, we compare to MGD that randomly masks the student’s features and then forces the
student to generate the teacher’s features. The accuracies of WKD-F are over 1.0% higher than those
of MGD in both settings. Regarding logit+feature distillation, we contrast with MGD+WSLD and
DiffKD. DiffKD denoises the student features through a diffusion model trained by teacher features
whose computation cost is high. WKD-L+WKD-F surpasses DiffKD by 0.55% and 1.33% in setting
(a) and setting (b), respectively.

Setting (a): ResNet34 — ResNet18 | Setting (b): ResNet50 — MobileNetV1
Strategy Method - — - —
Tea Vanilla Distilled ’ Vanilla  Distilled
eacher N | Teacher N
student  student student  student
NKD [4] 73.62 69.90 7196  +2.06 | 76.55 69.21 72.58 +3.37
Logit  DIST [63] 73.31 69.76 72.07 +2.31 | 76.16 70.13 73.24 +3.11
WKD-L (ours) 73.31 69.75 7249 4274 | 76.16 68.87 73.17 +4.30
Feat MGD [71 73.62  69.90 71.58 +1.68 | 76.55 69.21 72.35 +3.14
eature
‘WKD-F (our) 73.31 69.75 7250 4275 | 76.16 68.87 73.12 +4.25
Loait MGD+WSLD [71] 73.62 69.90 71.80  +1.90| 76.55 69.21 72.59 +3.38
ogi
+ DiffKD [72] 73.31 69.76 7222 +246 | 76.16 70.13 73.62 +3.49
Feature WD [ +WKD-F(ours) | 7331 6975 7276 +3.01| 76.16 6887 7369  +4.82

Table 10: Image classification results (Top-1 Acc, %) on ImageNet between WKD and the competitors
with different setups. Red numbers indicate the teacher/student model has non-trivially higher
performance than the commonly used ones formalized in CRD [25]. N represents the gains of the
distilled student over the vanilla student.

Additionally, MLKD [73]] makes use of a stronger image augmentation, i.e., RandAugment [[74] (cf.
their implementation), for improving performance. Vanilla KD [75] studies the great potential of
vanilla KD in a very different setting, in which optimizer with much longer epochs, diverse and very
strong augmentations along with more regularization methods are used. In contrast, we and many of
the state-of-the-art methods follow the ordinary setting formalized in CRD [25].
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C.5 Summary of Hyper-parameters for across CNNs and Transformers on CIFAR-100

For a fair comparison, we follow OFA [46]] and separately tune the hyper-parameters for different
settings. For WKD-L, we set the temperature to 2 and the sharpening parameter to 1, while searching
the optimal weight of Lwkpgor in [50, 200] with a step of 50. For WKD-F, the projector is simply
a linear layer. We set mean-cov ratio to 2, and perform grid search for the weight of Lywkpor in
f1,2,4,8g 1e92. The spatial grid for computing Gaussians (Diag) is setto 1 1. We report average
accuracy and standard deviation after three runs in Table [6} the results of all competing methods are
duplicated from OFA.

C.6 Knowledge Distillation within CNN Architectures on CIFAR-100

Experimental Setup. We follow the setting of CRD [25]], where the networks cover ResNet [9]],
Wide-ResNet (WRN) [76], VGG [77], MobileNetV2 [58]], and ShuffleNetV1 (SNV1) [78]. All
models are trained for 240 epochs via the SGD optimizer with a batch size of 64, a momentum of 0.9
and a weight decay of 0.0005. The initial learning rate is 0.01 for MobileNetV2 and ShuffleNetV1 and
0.05 for the remaining networks, divided by 10 at the 150th, 180th, and 210th epochs, respectively.
As in CRD [23], the projectorisal 1 Conv or4 4 transposed Conv both with BN and ReL.U.

For a fair comparison, we follow the practice of DKD [3], CAT [55], ReviewKD [29|], FCFD [|8]
and WTTM [5]], i.e., tuning hyper-parameters separately for different architectures. For WKD-L,
we perform grid search for the weight of Lywkpoy in [50, 800] with a step of 50, the temperature 7
in T4, 89 and the sharpening parameter « in 0.5, 1g. For WKD-F, we perform grid search for the
weight of Lywykpor in 1,2,...,50g 1e92 and mean-cov ratio v in 2,3, ..., 8g. The spatial grid
for computing Gaussians (Diag) is searched in f1 1,2 2,4 4g. We report the average accuracy
and standard deviation of our method after three runs.

Results. The comparison results are shown in Table For logit distillation, WKD-L outperforms
the classical KD by large margins in all settings, and surpasses the competitors in 5 out of 6 settings
across homogeneous and heterogeneous architectures. For feature distillation, WKD-F invariably
achieves better results than EMD-based counterparts (i.e., WCoRD and EMD+IPOT) and 2nd-
moment based counterpart (i.e., NST); meanwhile, WKD-F is also very competitive, compared to
other state-of-the-art methods. For logit+feature distillation, WKD-L+WKD-F ranks first in 4 out of
6 settings across the board. Overall, our methods have comparable or lower standard deviation, as
opposed to the competing methods, which suggests that our method is statistically robust.

Homogeneous Heterogeneous
Teacher WRN40-2 RN32x4 VGG13 WRN40-2 VGGI3 RN50
Strategy Student WRN40-1 RN8x4 VGGS8 SNV1 MNV2 MNV2
Teacher 75.61 79.42 74.64 75.61 74.64 79.34
Student 71.98 72.50 70.36 70.50 64.60 64.60
KD 2] 73.5440.20 73334025 72.9840.19 | 74.8340.17 67.374+0.32 67.3540.32
DIST [63 74.734+0.24  76.3140.19 - - - 68.66+0.23
DKD [3 74.81 76.32 74.68 76.70 69.71 70.35
Logit NKD [4] - 76.35 74.86 - 70.22 70.67
WTTM 5 74.58 76.06 74.44 75.42 69.16 69.59
WKD-L (Ours) | 74.8440.32 76.53+0.14 75.0940.13 | 76.7240.09 70.214+0.24 71.1040.16
FitNet [24] 72244024  73.5040.28 71.0240.31 | 73.734£0.32  64.14+0.50 63.1640.47
VID [40] 73.3040.13  73.0940.21 71.23+£0.06 | 73.6140.12 65.56+0.42 67.5740.28
CRD [25] 74144022  75.5140.18 73.9440.22 | 76.0540.14 69.73+0.42 69.1140.28
Feature  REVIEWKD 201 75.09 75.63 74.84 77.14 70.37 69.89
CAT 53] 74.82 76.91 74.65 7735 69.13 71.36
UNST[B5] | 72244022 73304028 71.5320.13 | 74.894+025 58.16+£0.26 64.96:-0.44
WCoRD [13] 74.73 75.95 74.55 76.32 69.47 70.45
EMD+IPOT(16] - 74.19 72.80 - - -
WKD-F (Ours) | 75.0240.06 76.7740.26 75.0240.18 | 77.3640.19 70.34+0.15 71.87-0.35
DPK [7] 75.27 - 74.96 - - -
Logit  RCFD 8] 75.46 76.62 7522 77.99 70.65 71.00
Featwre DIFKDIZ]_ | 7409%0.09 76724015~ _ | = __ - _ _ _6921%027
ICKD-C [6] 74.63 75.48 73.88 - - -
WKD-L+ 75.3540.13  77.2840.24 75.25+0.15 | 77.5040.32 70.68-0.10 71.7140.28
WKD-F (Ours)

Table 11: Image classification results (Top-1 Acc, %) on CIFAR-100 within CNN architectures.
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D Visualization

D.1 Visualization of Teacher-Student Discrepancies

Following [25} 3], we visualize the difference of correlation matrices of student and teacher log-
its. Figure [7a] shows visualization results in two settings on CIFAR-100 [42]. In setting of
ResNet32x4 ¥ ResNet8x4, the teacher and student are ResNet32x4 and ResNet8x4, respectively; the
setting VGG13 ¥ VGGS consists of a teacher of VGG13 and a student of VGGS8. On the whole, in
both settings the colors of WKD-L are much lighter than those of KD [2], which indicates WKD-L
produces correlations matrices more similar to the teacher than KD. As the differences of correlation
matrices capture inter-class correlations [23]], smaller differences of WKD-L suggest better-informed
cross-category relations than KL divergence can be learned.

In addition, we visualize whether WKD-F can learn distributions that are more similar to the teacher.
To that end, we use high-level features output from the last Conv layer of a network model for
computing distributions, as they encode the most discriminative information for classification. For
each validation image of the ¢9th category, we compute WD between feature distributions of the
teacher and student. Hence, for n categories each with k validation images, we obtain an &k matrix
of distribution matching. Figure [7b]shows visualization of two settings on CIFAR-100. We can see
that overall WKD-F demonstrates smaller discrepancies with the teacher than FitNet [24]], suggesting
it can better mimic the teacher’s distributions.

WKD-L

ResNet32x4—ResNet8x4. VGG13—VGGS.
(a) Differences between correlation matrices of student and teacher logits.

FitNet WKD-F
WERRIAE T R A, e
Jr o i

WKD-F

ResNet32x4—ResNet8x4. VGG13—VGGS.

(b) Differences between distributions of teacher and student features.

Figure 7: Visualization of teacher-student discrepancies for WKD-L (a) and WKD-F (b). Darker
color indicates larger difference.

D.2 Visualization of Class Activation Maps (CAMs)

We use Grad-CAM [79] to compute class activation maps using features output from the last Conv
layer. Figure [§]shows, for three example images, CAM:s of different models, including the teacher,
vanilla student, distilled models by KD, WKD-L, FitNet and WKD-F. It can be seen that WKD-L and
WKD-F have more similar CAMs with the teacher than KD and FitNet, and localize more accurately
the important regions of objects. The comparison suggests that WKD-L and WKD-F can learn
features with better representation capability.
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Figure 8: Visualization of different models via Grad-CAM.

E Extra Experiment on Object Detection

The framework of Faster-RCNN with Feature Pyramid Network (FPN) [48]] is much more
complicated than that of image classification. It contains the backbone network, Region Proposal
Network (RPN), Feature Pyramid Network (FPN), and detection head consisting of a classification
branch and a localization branch. For feature distillation, besides RolAlign layer, FPN can also be
used for knowledge transfer [29].

E.1 Implementation details on COCO

For WKD-L, we use discrete WD to match the probabilities predicted by the classification branches
of the teacher and student. We set the temperature 7 =1 and sharpening parameter ~ =2, and set all
the weights of Lcg, Lt and Lywkpor to 1 for RN101 ® RN18. All hyper-parameters of RN50 ¥ MV2
are the same as RN101 ¥ R18 but & that is set to 1. For WKD-F, we transfer knowledge from features
straightly fed to the classification branch, i.e., features output by the RolAlign layer. We let RolAlign
generate a high resolution of 18 18 feature maps to exploit more features, and choose a4 4 spatial
grid for computing Gaussians. For both settings, we set the weight of Lcg to 1, and that of Lyykpor
to 5693 with mean-cov ratio v =2; as in FCFD [8]], we use a projector of 3 3 Conv with BN.

E.2 Ablation Analysis of WKD-F for Object Detection

We analyze key component of WKD-F specific to object detection on MS-COCO with ResNet101
as the teacher and ResNet18 as the student.

Where to distill features: RoIAlign or FPN? Among five stages (P2-P6) of FPN, we select a
single P3 with a spatial grid of 16 16 for extracting Gaussians; this option produces the best result
among the candidates, and combination of multiple stages brings us no benefit. We compare to the
baseline of FitNet and the results are shown in Table [I2a] When distilling features of FPN,
WKD-F significantly outperforms FitNet (over 2% mAP). By moving the distillation position to
RolAlign layer, the performance of both methods improve, while WKD-F still performs better than
FitNet by a non-trivial margin.

How spatial size of RolAlign features affect performance? In Faster-RCNN, the RoIAlign layer
outputs standard 7 7 feature maps. To exploit more spatial information, we let RolAlign layer output
feature maps of higher resolution. Table [T2b]shows effect of size of feature maps on performance. It
can be seen that when the spatial size enlarges mAP increases accordingly, and the mAP tends to
saturate if the size is as large as 28 28. The result suggests that larger size of RolAlign features
benefit feature distillation.
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(b) Effect of size of RolAlign
feature maps.

(a) Effect of position of feature distilla-

tion. ¥ Reproduced by us. Table 13: Our WKD bene-

Table 12: Ablation analysis of feature distillation (i.e., WKD-F) fits state-of-the-art KD meth-
for object detection on MS-COCO. ods for object detection.

E.3 Integration with State-of-the-art KD Methods

We assess whether our methodology is complementary to two state-of-the-art methods, i.e., ReviewKD
and FCFD. To this end, for ReviewKD, we add the losses of WKD-L and WKD-F into the original
loss functions; the weights of our two losses and hyper-parameters are same as those in Section [E.1]
For FCFD, we replace respectively the original KD loss and feature distillation loss (i.e., FitNet loss)
by the losses of WKD-L and WKD-F whose weights are identical to those specified in the main
paper. The results are shown in Table[I3] We can see that, by integrating our methods, both FCFD
and ReviewKD improve by non-trivial margins, which indicates that our methodology is parallel to
them and thus can enhance their performance.

E.4 Implementation Details on BB Regression for KD

Besides common logit distillation and feature distillation, FCFD [8] additionally uses BB regression
for knowledge transfer and achieves state-of-the-art performance. Here we also introduce it into our
methodology. Specifically, for each proposal from RPN of the student [47]], both student and teacher
perform BB regression, predicting separately a localization offset vector (LOV) o, from which we
obtain predicted bounding box B of the target class. Then the distillation loss is written as

Lee=Lz(o",0%)+¢{Lpiou(BT, B®), (17)

where L, indicates the square of Euclidean distance between the student’s LOV vector o° and the
teacher’s one o' . We use the Distance-IoU loss Lpjou defined by Zheng et al. [[80]], which measures
the Intersection over Union (IoU) between two bounding-boxes BS and BT with a penalty term. The
constant £ is to balance the two losses and is set to 20 throughout.

F Limitations and Future Research

The cost of our WKD-L is higher than KL-Div based methods due to the regularized linear program-
ming [23]]. However, it is affordable as shown in Table E] and will benefit from advance of faster
algorithms for solving WD [45]. Potentially, WKD-L can generalize to be a label smoothing regular-
ization method. Specifically, besides the CE loss, one introduces an additional loss that measures
WD rather than KL-Div between the logits and a uniform distribution [81]], while computing IRs
using embeddings of textual category names as ‘prototypes’ via ready-made LLMs [82]. Besides
BAN based Self-KD in Section 4.5} it is promising to further generalize WKD-L for teacher-free
knowledge distillation, e.g., by using customized soft labels [4] and IRs based on weights of the
softmax classifier.

Our WKD-F models distribution of features with Gaussians. As deep features of DNNs are generally
of high-dimension and small-size, accurate estimation of covariance matrices is difficult [52].
Therefore, exploration of robust and efficient methods for estimating Gaussian may further improve
the performance of WKD-F. Besides, the Gaussians may be sub-optimal for modeling feature
distributions. To the best of our knowledge, what distributions deep features may exactly follow
is an open problem. It is interesting to study other parametric distributions and the corresponding
dis-similarities for knowledge distillation.
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G Broader Impact

We address limitations of Kullback-Leibler Divergence for knowledge distillation (KD), and can
obtain stronger, lightweight models suitable for resource-limited devices. Our methodology is very
promising, readily applicable to a variety of visual tasks, e.g., image classification and object detection.
We hope our work sheds light on importance of WD and inspires future exploration of it in the field
of knowledge distillation.

With breakthroughs of large-scale pre-training, multimodal large language models (LLMs) like GPT-
4 [I83]] have excelled in many visual tasks. Our methodology can be potentially applied to transfer
knowledge from LLMs to smaller ones for specific visual or language tasks, allowing for improved
performance while preserving fast inference cost. Consequently, researchers as well as practitioners
can more easily benefit from advanced technologies of LLMs, facilitating their widespread use and
broader accessibility.

Currently, the theoretical quest for KD is limited. Due to the black-box nature of the distillation
process, the student distilled using our methods may inevitably inherit harmful biases from the
teacher [84]. Moreover, the reduction in deployment cost may lead to more potential harms of model
abuse. This highlights the necessity for more widespread efforts to regulate the use of artificial
intelligence techniques including knowledge distillation.
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Answer: [Yes]
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Guidelines:
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Answer: [Yes]
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
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used reliably to provide closed captions for online lectures because it fails to handle
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address problems of privacy and fairness.
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a complete (and correct) proof?

Answer: [NA]
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Justification: Our paper contains no theoretical results.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
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All assumptions should be clearly stated or referenced in the statement of any theorems.
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of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
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to reproduce our experimental results in Sections [Al [C.6]and

Guidelines:

The answer NA means that the paper does not include experiments.
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to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
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be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
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authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
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Answer: [Yes]
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