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Abstract

Partial observability of the underlying states generally presents significant chal-
lenges for reinforcement learning (RL). In practice, certain privileged information,
e.g., the access to states from simulators, has been exploited in training and achieved
prominent empirical successes. To better understand the benefits of privileged
information, we revisit and examine several simple and practically used paradigms
in this setting, with both computation and sample efficiency analyses. Specifically,
we first formalize the empirical paradigm of expert distillation (also known as
teacher-student learning), demonstrating its pitfall in finding near-optimal poli-
cies. We then identify a condition of the partially observable environment, the
deterministic filter condition, under which expert distillation achieves sample and
computational complexities that are both polynomial. Furthermore, we investigate
another successful empirical paradigm of asymmetric actor-critic, and focus on
the more challenging setting of observable partially observable Markov decision
processes. We develop a belief-weighted optimistic asymmetric actor-critic algo-
rithm with polynomial sample and quasi-polynomial computational complexities,
where one key component is a new provable oracle for learning belief states that
preserve filter stability under a misspecified model, which may be of independent
interest. Finally, we also investigate the provable efficiency of partially observable
multi-agent RL (MARL) with privileged information. We develop algorithms
with the feature of centralized-training-with-decentralized-execution, a popular
framework in empirical MARL, with polynomial sample and (quasi-)polynomial
computational complexity in both paradigms above. Compared with a few re-
cent related theoretical studies, our focus is on understanding practically inspired
algorithmic paradigms, without computationally intractable oracles.

1 Introduction
In most real-world applications of reinforcement learning (RL), e.g., perception-based robot learning
[38, 2], dialogue systems [78], and clinical trials [68], only partial observations of the environment
state are available for sequential decision-making. Such partial observability presents significant
challenges for efficient decision-making, with known computational [57] and statistical [35, 31]
barriers under the general model of partially observable Markov decision processes (POMDPs). The
curse of partial observability becomes severer when multiple RL agents interact, where not only the
environment state, but also other agents’ information, are unobservable in decision-making [75, 71].

On the other hand, a flurry of empirical paradigms has made partially observable (multi-agent)
RL promising in practice. One notable example is to exploit the privileged information that may
be available (only) during training. The privileged information usually includes direct access to
the underlying states, as well as access to other agents’ observations/actions in multi-agent RL
(MARL), due to the use of simulators and/or high-precision sensors for training. The latter is also
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known as the centralized-training-with-decentralized-execution (CTDE) framework, and has become
prevalent in deep MARL [44, 61, 18]. These approaches can be mainly categorized into two types:
i) privileged policy learning, where an expert/teacher policy is trained with privileged information,
and then distilled into a student partially observable policy. This expert distillation, also known as
teacher-student learning, approach has been the key to empirical successes in robotic locomotion
[37, 50] and autonomous driving [11]; ii) privileged value learning, where a value function is trained
conditioned on privileged information, and used to improve a partially observable policy. It is
typically instantiated as the asymmetric actor-critic/policy optimization algorithm [59], and serves as
the backbone of the high-profiled successes in robotic manipulation [38, 2] and MARL [44].

Despite the remarkable empirical successes, theoretical understandings of partially observable RL
with privileged information have been rather limited, except for a few recent prominent advances
in RL with hindsight observability [36, 26] (see Appendix B for a detailed discussion). However,
most of these theoretically sound algorithms are different from those used in practice, requiring
computationally intractable oracles to achieve provable sample efficiency. The soundness and
efficiency of the aforementioned paradigms used in practice remain elusive. In this work, we
examine both paradigms of expert distillation and asymmetric actor-critic, with foresight privileged
information as in these empirical works. In contrast to [36, 26], which purely focused on sample
efficiency, we aim to understand the benefits of privileged information by examining these practically
inspired paradigms under several POMDP models, without computationally intractable oracles. We
defer a detailed literature review to Appendix B and summarize our contribution as follows.

Contributions. We first formalize the empirical paradigm of expert distillation, and demonstrate
its pitfall in distilling near-optimal policies even in observable POMDPs, a model class that admits
provable partially observable RL without computationally intractable oracles [21]. We then identify a
new condition for POMDPs, the deterministic filter condition, and establish sample and computational
complexities that are both polynomial for expert distillation. The new condition is weaker and thus
encompasses several known (statistically) tractable POMDP models (see Figure 1 for a figurative
summary). Further, we revisit the asymmetric actor-critic paradigm and analyze its efficiency under
the more challenging setting of observable POMDPs (where expert distillation fails). Observing the
inefficiency of vanilla asymmetric actor-critic, and inspired by the empirical success in belief-state-
learning, we develop a new optimistic version of asymmetric actor-critic, with polynomial-sample
and quasi-polynomial-time complexities. Key to the results is a new belief-state learning oracle
that preserves filter stability under a misspecified model, which may be of independent interest.
Finally, we also investigate the provable efficiency of partially observable MARL with privileged
information, by studying algorithms under the CTDE framework, with polynomial-sample and
(quasi-)polynomial-time complexities in both paradigms above.

2 Preliminaries
2.1 Partially Observable RL (with Privileged Information)

Model. Formally, we define a POMDP by a tuple P = (H,S,A,O,T,O, µ1, r), where H denotes
the length of each episode, S is the state space with |S| = S,A denotes the action space with |A| = A.
We use T = {Th}h∈[H] to denote the collection of the transition matrices, so that Th(· | s, a) ∈ ∆(S)
gives the probability of the next state if action a is taken at state s and step h. In the following
discussions, for any given a, we treat Th(a) ∈ R|S|×|S| as a matrix, where each row gives the
probability for the next state. We use µ1 to denote the distribution of the initial state s1, and O to
denote the observation space with |O| = O. We use O = {Oh}h∈[H+1] to denote the collection of
the joint emission matrices, so that Oh(· | s) ∈ ∆(O) gives the emission distribution over the joint
observation space O at state s and step h. For notational convenience, we will at times adopt the
matrix convention, where Oh is a matrix with rows Oh(· | sh). Finally, r = {rh}h∈[H] is a collection
of reward functions, so that rh(sh, ah) ∈ [0, 1] is the reward given the state sh and action ah at step h.
We thus denote the trajectory with states as τh = (s1:h, o1:h, a1:h−1), the trajectory without states as
τh = (o1:h, a1:h−1), and its space as Th. Finally, we use bh(τh) to denote the posterior distribution
over the latent state at step h given history τh, which is known as the belief state (c.f. Appendix C.1
for a more detailed introduction).

Policy and value function. We define a stochastic policy at step h as:

πh : Oh ×Ah−1 → ∆(A), (2.1)
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Without PI With PI (Ours)

Block MDP
Oracle-efficient [30]

Computationally harder
than SL [24]

Tabular:
poly sample

poly time

FA:
poly sample +
classification

oracle

k-decodable
POMDP

Exponential in k
sample and time

[14]

Det. POMDP

Without WSE:
statistically hard [39]

With WSE:
poly sample+time [31]

POSG with
det. filter N/A poly sample

poly time
Observable
POMDP quasi-poly sample + time

[21]
[43]

poly sample
quasi-poly timeObservable

POSG

Table 1: Comparison of the theoretical guarantees
with and without privileged information. PI: priv-
ileged information; SL: supervised learning; FA:
function approximation; WSE: well-separated
emission.

Figure 1: Landscape of POMDP models that par-
tially observable RL with privileged information
can/cannot address. The axes denote the “restric-
tiveness” of the assumptions, on the emission chan-
nels and transition dynamics, respectively.

where the agent bases on the entire history for decision-making. The corresponding policy class is
denoted as Πh. We further denote Π = ×h∈[H]Πh. Finally, we define Πgen := {π1:H |πh : Sh ×
Oh×Ah−1 → ∆(A) for h ∈ [H]} to be the most general policy space in partially observable RL with
privileged state information, which can potentially depend on all historical states, observations, and
actions. It can be seen that Π⊆Πgen. We may also use policies that only receive a finite memory instead
of the whole history as inputs. Formally, fix L > 0, we define the policy space ΠL to be the space of
all possible policies {πh}h∈[H] such that πh : Zh → ∆(A) with Zh := Omin{L,h} ×Amin{L,h} for
each h ∈ [H]. Finally, we define the space of policies that are only based on the state as ΠS .

Given the POMDP model P , we define the value function as V π,Ph (yh) := EP
π [
∑H
t=h rt(st, at) | yh],

indicating the expected accumulated rewards from step h, where yh ⊆ (s1:h, o1:h, a1:h−1), and
we abuse notation by treating as a set the sequence of states s1:h, the sequence of observations
o1:h, and the sequence of actions a1:h−1 up to time h, which are the available information at step
h. We say yh is reachable if there exists some policy π ∈ Πgen such that Pπ,P(yh) > 0. For
h = 1, we adopt the simplified notation vP(π) = EP

π [
∑H
h=1 rh(sh, ah)]. Meanwhile, we also

define Qπ,Ph (yh, ah) := EP
π [
∑H
t=h rt(st, at) | yh, ah]. We denote dπ,Ph (sh) = Pπ,P(sh) to be the

occupancy measure on the state space. The goal of learning in POMDPs is to find the optimal policy
that maximizes the expected accumulated reward. Formally, we define:

Definition 2.1 (ϵ-optimal policy). Given ϵ > 0, a policy π⋆ ∈ Π is ϵ-optimal, if vP(π⋆) ≥
maxπ∈Π v

P(π)− ϵ.

Learning with privileged information. Common RL algorithms for POMDPs deal with the
scenario where during both training and test time, the agent can only observe its historical observations
and actions, while the states are not accessible. In other words, the agent can only utilize policies
from Π to interact with the environment. In contrast, in settings with privileged information, e.g.,
training in simulators and/or using sensors with higher precision, the underlying state can be used in
learning. Thus, the agent is allowed to utilize policies from the class Πgen during training. Meanwhile,
the objective is still to find the optimal history-dependent policy in the space of Π, since at test time,
the agent cannot access the state information anymore.

2.2 Partially Observable MARL with Information Sharing
Partially observable stochastic games (POSGs) are a natural generalization of POMDPs with multiple
agents of potentially independent interests. We define a POSG with n agents by a tuple G =
(H,S, {Ai}ni=1, {Oi}ni=1,T,O, µ1, {ri}ni=1), where each agent i has its individual action space Ai,
observation space Oi, and reward function ri. Particularly, an episode of POSG executes as follows:
at each step h and state sh, an observation is drawn from (oi,h)i∈[n] ∼ Oh(· | sh), and each agent
receives its own observation oi,h, takes corresponding action ai,h, obtain the reward ri,h(sh, ah),
where ah := (ai,h)i∈[n], and then the system transitions into the next state. Notably, each agent i may
not only know its local information (oi,1:h, ai,1:h−1), but also information from some other agents.
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Therefore, we denote the information available to each agent i at step h also as τi,h ⊆ (o1:h, a1:h−1)
and define the common information as ch = ∩i∈[n]τi,h and private information as pi,h = τi,h\ch. We
denote the space for common information and private information as Ch and Pi,h for each agent i and
step h. We refer more examples to Appendix C.2. Correspondingly, the policy each agent i deploys
at test time takes the form of πi,h : Ωh × Ch × Pi,h → ∆(Ai), where Ωh is the space of random
seeds. We denote the policy space for agent i as Πi. If πi,h takes the state instead of ch, pi,h as input,
we denote its policy space as ΠS,i. Note that this model covers the several recent POSG models
studied for partially observable MARL, e.g., [41, 23]. For example, if there is no shared information,
then ch = ∅, and if all history information is shared, then pi,h = ∅. In privileged-information-based
learning, the training algorithm may exploit not only the underlying state information, but also the
observations and actions of other agents.

Solution concepts. Different from POMDPs, where we hope to learn an optimal policy, the solution
concepts for POSGs are the equilibria, particularly Nash equilibrium (NE) for two-player zero-sum
games (i.e., when n = 2 and r1,h + r2,h = 0), and correlated equilibrium (CE) or coarse correlated
equilibrium (CCE) for general-sum games. We defer a formal definition of them to Appendix C.2.

2.3 Technical Assumptions for Computational Tractability
In order to circumvent the known computational hardness of POMDPs/POSGs, we here rely on some
standard and well-known assumptions, which include γ-observability, Assumption C.8 [16, 22, 21],
and strategy independence of belief for POSGs, Assumption C.9 [53, 27, 43], for which we defer the
formal introductions to Appendix C.3.

3 Revisiting Empirical Paradigms of RL with Privileged Information
Most empirical paradigms of RL with privileged information can be categorized into two types: i)
privileged policy learning, where the policy in training is conditioned on the privileged information,
and the trained policy is then distilled to a policy that does not take state as input. This is usually
referred to as either expert distillation [11, 55, 49] or teacher-student learning [37, 50, 66] in the
literature; ii) privileged value learning, where the value function is conditioned on the privileged
information, and is then used to directly output a policy that takes observation (history) as input.
One prominent example of ii) is asymmetric-actor-critic [59, 2]. It is worth noting that asymmetric-
actor-critic is also closely related to one of the most successful paradigms for multi-agent RL,
centralized-training-with-decentralized-execution [44, 76, 17]. Here we formalize and revisit the
potential pitfalls of these two paradigms, and further develop our theoretically sound algorithms.

3.1 Privileged Policy Learning: Expert Policy Distillation
The motivation behind expert policy distillation is that learning an optimal fully observable policy in
MDP is a much easier and better-studied problem with a bunch of well-known efficient algorithms.
The (expected) distillation objective can be formalized as follows:

π̂⋆ ∈ argmin
π∈Π

EP
π′

[
H∑
h=1

Df (π
⋆
h(· | sh) |πh(· | τh))

]
, (3.1)

where π′ is some given behavioral policy to collect exploratory trajectories, π⋆ ∈
argmaxπ∈ΠS v

P(π) denotes the optimal fully observable policy, and Df denotes the general f -
divergence to measure the discrepancy between π⋆ and π.

Such a formulation looks promising since it essentially circumvents the challenging issue of ex-
ploration in partially observable environments, by directly mimicking an expert policy that can be
obtained from any off-the-shelf MDP learning algorithms. However, we point out in the following
proposition that even if the POMDP satisfies Assumption C.8, the distilled policy can still be strictly
suboptimal even with infinite data, i.e., by solving the expected objective Equation (3.1) directly. We
postpone the proof of Proposition 3.1 to Appendix E.
Proposition 3.1 (Pitfall of expert policy distillation). For any ϵ, γ ∈ (0, 1), there exists an γ-
observable POMDP Pϵ with H = 1, S = O = A = 2 such that for any behavioral policy π′ and
choice of Df in Equation (3.1), it holds that vP

ϵ

(π̂⋆) ≤ maxπ∈Π v
Pϵ

(π)− (1−ϵ)(1−γ)
4 .

The key reason why Equation (3.1) fails is that the underlying state can remain highly uncertain even
given the history information. Thus, the distilled partially observable policy may never be able to
mimic the expert very well.
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To see how we may rule out such problems, we notice that if γ = 1,1, implying that the observation
can decode the latent state exactly, the bound in Proposition 3.1 becomes vacuous. Inspired by this
observation, we propose the following condition that can incorporate this case of γ = 1, and will be
shown to suffice to make expert distillation effective.

Definition 3.2 (Deterministic filter condition). We say a POMDP P satisfies the deterministic
filter condition if for each h ≥ 2, the belief update operator under P satisfies that there exists
a function ψh : S × A × O → S such that for any reachable sh−1 ∈ S, oh ∈ O, ah−1 ∈ A,
Uh(b

sh−1 ; ah−1, oh) = bψh(sh−1,ah−1,oh), where we define for any s ∈ S , bs ∈ ∆(S) and bs(s) = 1
to be a one-hot vector. In addition, for h = 1, there exists a function ψ1 : O → S such that for
any reachable o1, B1(µ; o1) = bψ1(o1), where Bh(b; oh) := PP

sh∼b(sh | oh), Uh(b; ah−1, oh) :=

PP
sh−1∼b(sh | ah−1, oh−1) are the belief update operators, for which we defer the formal introduction

to Appendix C.1.

Notably, this condition is weaker than and thus covers several known tractable classes of POMDPs
with sample and computation efficiency guarantees [30, 14, 31, 72], for which we refer to our Figure 1
for an illustration and defer the detailed examples to Appendix E.

In light of the pitfall in Proposition 3.1, we will analyze the efficiency, both computationally and
statistically, of expert distillation in Section 4, under Definition 3.2.

3.2 Privileged Value Learning: Asymmetric Actor-Critic

Asymmetric actor-critic [59] iterates between two main procedures as in standard actor-critic algo-
rithms [34], policy improvement and policy evaluation. As its name suggests, its key difference from
the standard actor-critic algorithm is that the algorithm maintains Q-value functions based on the
state, while the policy receives only the history as input.
Policy evaluation. At iteration t− 1, given the policy πt−1, the algorithm estimates Q values in the
form of {Qt−1

h (τh, sh, ah)}h∈[H], where we adopt the unbiased version such that Q-functions are
conditioned on both history and states [4]2. One key to achieving sample efficiency is adding some
bonus terms in policy evaluation to encourage exploration, i.e., obtaining some optimistic Q-function
estimates, for which we defer the detailed introduction to Section 4.

Policy improvement. At each iteration t, given the policy evaluation {Qt−1
h (τh, sh, ah)}h∈[H] for

πt−1, the vanilla asymmetric actor critic algorithm updates the policy according to the sample-based
gradient estimation via some trajectories {ok1:H , sk1:H , ak1:H}k∈[K] sampled from πt−1

πt ← PROJΠ

πt−1 +
λt

K

∑
k∈[K]

∑
h∈[H]

∇π log πt−1
h (ak

h | τk
h )Q

t−1
h (τk

h , s
k
h, a

k
h)

 , (3.2)

where λt is the step-size and PROJΠ is the projection operator onto the space of Π. Here we point
out the potential drawback of the vanilla algorithm as in [59, 4], where the key insight is that for
each policy evaluation and update step, one roughly only performs the computation of order O(KH),
while needing to collect K new episodes. Thus, the sample complexity will scale in the same order as
the computational complexity, which is super-polynomial even for γ-observable POMDPs [23].

Proposition 3.3 (Inefficiency of vanilla asymmetric actor-critic). Under tabular parameterization for
the policy and value, the vanilla asymmetric actor-critic algorithm (Equation (3.2)) suffers from super-
polynomial sample complexity for γ-observable POMDPs under standard hardness assumptions.

To address such issues, we first point out that a proximal policy optimization [63] type policy
improvement yields a nice closed-form of

πth(· | τh) ∝ πt−1
h (· | τh) exp

(
ηEsh∼bh(τh)

[
Qt−1
h (τh, sh, ·)

])
,∀h ∈ [H], τh ∈ Th, (3.3)

where we recall bh(τh) ∈ ∆(S) denotes the belief state. We defer the detailed derivation to
Appendix E. Here we can see that to perform this closed-form update, one needs not only the critic
Qt−1, but also the explicit belief function bh(τh) ∈ ∆(S) and η > 0 is the learning rate.

1Note that γ cannot be larger than 1 since according to Assumption C.8, γ ≤ ∥Oh∥∞ ≤ 1.
2Note that as pointed out in [4], the original asymmetric actor-critic [59], which conditioned the Q-function

only on states, yields a biased estimate of the policy gradient.
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However, such an update presents two challenges: (1) It requires enumerating all possible τh, whose
number scales exponentially with the horizon, making it computationally intractable; (2) An explicit
belief function bh is needed. Motivated by these two caveats, we propose to consider finite-memory-
based policy and assume access to an approximate belief function {bapx

h : Zh → ∆(S)}h∈[H] (the
learning for which will be made clear later). Correspondingly, the policy update is modified as:

πth(· | zh) ∝ πt−1
h (· | zh) exp

(
ηEsh∼bapx

h (zh)

[
Qt−1
h (zh, sh, ·)

])
,∀h ∈ [H], zh ∈ Zh.

Then we develop and analyze one possible approach to learning such an approximate belief (c.f.
Section 5). It is worth noting that the policy optimization algorithm we aim to develop and analyze
does not depend on the specific algorithm of learning the approximate belief. Such a decoupled
framework shall facilitate and enable more flexible algorithm designs, and can potentially incorporate
the rich literature for learning approximate beliefs.

Remark 3.4 (Importance of belief learning for better sample complexity). We remark that learn-
ing/accessing an approximate belief function is the key to updating the policy for all zh ∈ Zh instead
of only those sampled ones. This allows our approach to perform more computation at each iteration,
thus potentially making a more effective use of samples and finally achieving polynomial sample
complexity, standing in sharp contrast to the vanilla asymmetric actor-critic algorithms.

4 Provably Efficient Expert Policy Distillation
We now focus on the provable correctness and efficiency of expert policy distillation, under the
deterministic filter condition in Definition 3.2. We will defer all the proofs in this section to
Appendix F. Definition 3.2 motivates us to consider only succinct policies that incorporate an
auxiliary parameter representing the most recent state, as well as the most recent observations
and actions. We consider policies that are the composition of two functions: at step h a function
gh : S ×A×O → S that decodes the state based on the previous state, the most recent action, and
the most recent observation, and a policy πE ∈ ΠS that takes as input the current (decoded) latent
state and outputs a distribution over actions.

Definition 4.1. We define a policy class ΠD as:

ΠD =
{
πEh (gh(sh−1, ah−1, oh)) : gh : S ×A×O → S, πEh : S → ∆(A)

}
h∈[H]

,

where πE stands for an arbitrary expert policy, and ΠD stands for the distilled policy class, and
for h = 1, a0, s0 are some fixed dummy action and state. Intuitively, the distilled policy π ∈ ΠD

executes as follows: it firstly decodes the underlying states by applying {gh}h∈[H] recursively along
the history, and then takes actions using πE based on the decoded states.

Our goal is to learn the two functions independently, that is, we want to learn an approximately
optimal policy πE ∈ ΠS with respect to the MDPM associated with the POMDP P by omitting
the observations and observing the latent state, and for each step h ∈ [H], a decoding function
gh(sh−1, ah−1, oh) such that the probability that we incorrectly decode a state-action-observation
triplet over the trajectories induced by policy πE is low.

Definition 4.2. Consider a POMDPP that satisfies Definition 3.2, and letψh be the promised function
that always correctly decodes a state-action-observation triplet into a latent state in Definition 3.2.
Consider policy π̃E = {πE(ψ(·)) : S ×A×O → A} ∈ ΠD. We abuse notation and simply denote
by vP(πE) = vP(π̃E).

Lemma 4.3. Let P = (H,S,A,O,T,O, µ1, r) be a POMDP that satisfies Definition 3.2,
and consider a policy πE ∈ ΠS . Consider a set of decoding functions {gh}h∈[H]

such that, PπE ,P [∃h ∈ [H] : gh (sh−1, ah−1, oh) ̸= sh] ≤ ϵ. Consider the policy π ={
πEh (gh(·)) : S ×A×O → ∆(A)

}
h∈[H]

on POMDP P , then: vP(π) ≥ vP(π̃E)−Hϵ.

We can use any off-the-shelf algorithm to learn the approximately optimal policy πE for the associated
MDPM. Thus in the rest of the section, we focus on learning the decoding function {gh}h∈[H]. To
be able to efficiently learn the decoding function, we model the access to the underlying state with an
MDP that keeps track of the most recent pair of the action taken, and the observation received, as
well as the two most recent states.
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Theorem 4.4. Consider a POMDP P that satisfies Definition 3.2, a policy πE ∈ ΠS , and let
{gh}h∈[H] be the outcome of Algorithm 1 with M = AOS+log(H/δ)

ϵ2 . Then with probability at least
1− δ, for each level h ∈ [H]:

Pπ
E ,P [∃h ∈ [H] : gh (sh−1, ah−1, oh) ̸= sh] ≤ ϵ,

using POLY(H,A,O, S, 1ϵ , log
(
1
δ

)
) episodes in time POLY(H,A,O, S, 1ϵ , log

(
1
δ

)
).

The following is an immediate consequence of Lemma 4.3 and Theorem 4.4. Note that both the
sample and computation complexities are polynomial, which is in stark contrast to the k-decodable
POMDP case [14] (a special one covered by our Definition 3.2), for which the sample complexity is
necessarily exponential in k when there is no privileged information [14]. In fact, thanks to privileged
information, the complexities are only polynomial in horizon H even when the decodable length is
unknown. For the benefits of privileged information in several other subclasses of problems, we refer
to Table 1 for more details.
Theorem 4.5. Let P satisfy Definition 3.2 and consider any policy πE ∈ ΠS . Using both
POLY(H,A,O, S, 1ϵ , log

(
1
δ

)
) episodes and time POLY(H,A,O, S, 1ϵ , log

(
1
δ

)
), we can learn a policy

π ∈ ΠD (see Definition 4.1) such that with probability at least 1− δ, vP(π) ≥ vP(πE)− ϵ.

Extensions to the case with general function approximation. Due to the compatibility of our
algorithm with supervised learning oracles, it can be readily generalized to the function approximation
setting to handle large observation spaces. We defer the corresponding results to Appendix G.

5 Provable Asymmetric Actor-Critic with Approximate Belief Learning
Unlike most existing theoretical studies on provably sample-efficient partially observable RL [31,
21, 39], which directly learn an approximate POMDP model for planning near-optimal policies, we
consider a general framework with two steps: firstly learning an approximate belief function, followed
by adopting an fully observable RL subroutine on the belief state space.

5.1 Belief-Weighted Optimistic Asymmetric Actor-Critic
We now introduce our main algorithmic contribution to the privileged policy learning setting. Our
algorithm is conceptually similar to the natural policy gradient (NPG) methods [64] in the fully
observable setting, and is presented in Algorithm 2. To adapt NPG to the partially observable setting,
we need a subroutine that takes the stored memory as input and outputs a belief about the latent state
(c.f. {bapx

h }h∈[H]). Additionally, similar to the fully observable setting, we include a subroutine to
estimate the Q-function, which introduces additional challenges due to partial observability (see
Appendix H). We summarize the performance of Algorithm 2 in the following theorem. Our algorithm
decouples the planning from the belief learning and estimation of the Q-function.
Theorem 5.1 (Near-optimal policy). Fix ϵ, δ ∈ (0, 1) and ΠL. Given a POMDP P and an ap-
proximate belief {bapx

h : Zh → ∆(S)}h∈[H], with probability 1 − δ, Algorithm 2 can learn an
approximately optimal policy π⋆ of P in the space of ΠL such that

vP(π⋆) ≥ max
π∈ΠL

vP(π)−O(ϵ+H2ϵbelief),

with sample complexity POLY(S,A,O,H, 1ϵ , log
1
δ ) and time complexity

POLY(S,A,O,H,Z, 1ϵ , log
1
δ ), with ϵbelief defined as the total variation distance ϵbelief :=

maxh∈[H] maxπ∈ΠL EP
π∈ΠL∥bh(τh) − bapx

h (zh)∥1 and Z := maxh |Zh|. Furthermore, if P is
additionally γ-observable (Assumption C.8), then π⋆ is also a global optimal policy in the space of Π
such that vP(π⋆) ≥ maxπ∈Π v

P(π)−O(ϵ+H2ϵbelief), as long as L ≥ Ω̃(γ−4 log(SH/ϵ)).

5.2 Learning Approximate Belief

On a high level, our belief-learning algorithm first learns an approximate POMDP model P̂ by
explicitly exploring the state space, and then performs a truncation on the learned transition and
emission to ensure the filter stability under the misspecified model, followed by outputting its
approximate belief function. Note that the key to achieving belief learning with both polynomial
sample and time complexity is our explicit exploration on the state space, which relies on executing
fully observable policies from an MDP learning subroutine. We remark that the belief function may
also be learned even if the state space is only explored by partially observable policies, thus utilizing
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only hindsight observability may be sufficient for this purpose [36]. However, for such exploration to
be computationally tractable, one requires a computationally tractable POMDP learning subroutine,
which is in fact our final goal. We refer to Algorithm 4 for a detailed discussion on why privileged
state information is necessary for computational tractability instead of only hindsight observability.
We summarize the guarantees in the next theorem and postpone the proof to Appendix H.

Theorem 5.2. Consider a γ-observable POMDP P and assume that L ≥ Ω̃(γ−4 log(S/ϵ)) for an
ϵ > 0. We can construct an approximate belief bapx

h using Õ(S
2AH2O+S3AH2

ϵ2 + S4A2H6O
ϵγ2 ) episodes

in time POLY
(
S,H,A,O, 1γ ,

1
ϵ , log

(
1
δ

))
such that with probability 1 − δ, for any π ∈ ΠL and

h ∈ [H] EP
π ∥bh(τh)− bapx

h (zh)∥1 ≤ ϵ.

Theorem 5.2 shows that an approximate belief can be learned with both polynomial samples and
time, which, combined with Theorem 5.1, yields the final polynomial sample and quasi-polynomial
time guarantees below. In contrast to the case without privileged information [21, 23], the sample
complexity is reduced from quasi-polynomial to polynomial for γ-observable POMDPs. Note that
the computation complexity remains quasi-polynomial, which is known to be unimprovable even
for planning [23]. The key to such an improvement, as pointed out in Remark 3.4, is the more
practical update rule of actor-critic (in conjunction with our belief-weighted idea), which allows more
computation at each iteration (instead of only performing computation at the sampled trajectories).
This allows the total computation to remain quasi-polynomial, while the overall sample complexity
becomes polynomial. A detailed comparison can be found in Table 1.

Theorem 5.3. Let P be a γ-observable POMDP, and consider L ≥ Ω̃(γ−4 log(SH/ϵ)) for
an ϵ > 0. With probability at least 1 − δ, we can learn a policy π ∈ ΠL such that
V π1 (s1) ≥ argmaxπ∈Π V

π
1 (s1) − ϵ, using POLY(S,H, 1/ϵ, 1/γ, log(1/δ), O,A) episodes and in

time POLY(S,H, 1/ϵ, log(1/δ), OL, AL).

6 Numerical Validation
To corroborate the provable efficiency of our algorithm, we perform numerical validation for both our
paradigms. Here we mainly compare with two baselines, the vanilla asymmetric actor-critic [59],
and asymmetric Q-learning [5], on two settings, POMDP under the deterministic filter condition and
general POMDPs. We report the results in Table 2 and Figure 2, where our algorithms achieve the
best performance. We defer the implementation details and discussions to Appendix I.

7 Extensions to Partially Observable MARL with Privileged Information
7.1 Privileged Policy Learning: Equilibrium Distillation
To understand how the deterministic filter condition for POMDPs can be extended for POSGs, we
first note the following equivalent characterization for Definition 3.2.

Proposition 7.1. Definition 3.2 is equivalent to the following: for each h ∈ [H], there exists
ϕh : Th → S such that PP(sh = ϕh(τh) | τh) = 1 for any reachable τh ∈ Th.

This implies that at each step h, given the entire history information, the agent can uniquely decode
the current latent state sh. Therefore, we generalize this condition to POSGs by requiring that each
agent can uniquely decode the current latent state sh given the information it collects so far.

Definition 7.2 (Deterministic filter condition for POSGs). We say a POSG G satisfies the deter-
ministic filter condition if for each i ∈ [n], h ∈ [H], there exists ϕi,h : Ch × Pi,h → S such that
PG(sh = ϕi,h(ch, pi,h) | ch, pi,h) = 1 for any reachable ch, pi,h.

Here we have required that each agent can decode the latent state through their own information
individually. Therefore, one may wonder whether one can relax it so that only the joint history
information of all the agents can decode the latent state. However, we point out in the following that
it does not circumvent the computational hardness of POSG. Note that the computational hardness
result can not be mitigated even with privileged state information, as the hardness we state here holds
even for the planning problem with model knowledge, where once one has the model knowledge, one
can simulate the RL problem with privileged information.

Proposition 7.3. Computing CCE in POSGs satisfying that there exists ϕh : Ch ×Ph → S such that
PG(sh = ϕh(ch, ph) | ch, ph) = 1 for any reachable ch, ph is still PSPACE-hard.
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Learning multi-agent individual decoding functions with unilateral exploration. Similar to
our framework for POMDPs, the framework we develop for POSGs is also decoupled into two steps,
learning an expert fully observable equilibrium policy, and learning the decoding function, where
the first step can be instantiated by any provable off-the-shelf algorithm for learning Markov games.
The major difference from the framework for POMDPs lies in how to learn the decoding function.
In Theorem J.1, we prove that the difference of the NE/CE/CCE gap between the expert policy
and the translated student policy is bounded by decoding errors under policies from the unilateral
deviation of the expert policy. Hence, given the expert policy π, the key algorithmic principle is
to perform unilateral exploration for agent i to make sure the decoding function is accurate under
policies (π′

i, π−i) for any π′
i, keeping π−i fixed. We refer the detailed algorithm to Algorithm 5, and

present the guarantees for learning the decoding functions and the corresponding distilled policy for
learning NE/CCE, while we defer the CE version to Theorem J.6.
Theorem 7.4 (Equilibria learning; combining Theorem J.1 and Theorem J.4). Under Assumption C.9
and conditions of Definition 7.2, given an ϵ

2 -NE/CCE π for the associated (fully-observable) Markov
game of G, Algorithm 5 can learning the decoding function {ĝi,h}i∈[n],h∈[H] such that with prob-
ability 1 − δ, it is guaranteed that maxui∈Πi,j∈[n] Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h)) ≤ ϵ

4nH2 , for
any i ∈ [n], h ∈ [H] with both sample and computational complexity POLY(S,A,H,O, 1ϵ , log

1
δ ).

Consequently, policy πĝ distilled from π is an ϵ-NE/CCE of G.

7.2 Privileged Value Learning: Asymmetric MARL with Approximate Belief Learning
For POMDPs, we have used finite-memory policies for computation efficiency. We adopt such a
generalization to POSGs by defining the compression of the common information.
Definition 7.5 (Compressed approximate common information [48, 70, 43]). For each h ∈ [H],
given a set Ĉh, we say Compressh to be a compression function if Compressh ∈ {f : Ch → Ĉh}. For
each ch ∈ Ch, we denote ĉh := Compressh(ch). We also require the compression function to satisfy
the regularity that for each h ∈ [H], there exists a function Λ̂h+1 such that ĉh+1 = Λ̂h+1(ĉh, ϖh+1),
for any ch ∈ Ch, ϖh+1 ∈ Υh+1, where we recall ch+1 := ch ∪ϖh+1 in Assumption C.7.

Similar to the framework we developed for POMDPs in Section 5, we firstly develop the multi-agent
RL algorithm based on some approximate belief, and then instantiate it with one provable approach
for learning such an approximate belief.

Optimistic value iteration of POSGs with approximate belief. For POMDPs, the sufficient
statistics for optimal decision-making is the posterior distribution over the state given history.
However, for POSGs with information-sharing, as shown in [54, 53, 43], the sufficient statistics
become the posterior distribution over the state and the private information given the common
information, instead of only the state. Therefore, we consider the approximate belief in the form of
P̂h : Ĉh → ∆(Ph × S) for each h ∈ [H], where we define the error compared with the ground-truth
belief to be ϵbelief := maxh∈[H] maxπ∈Π EG

π

∑
sh,ph

|PG(sh, ph | ch)− P̂h(sh, ph | ĉh)|, i.e., the ex-
pected total variation distance from the true one. We refer our algorithm to Algorithm 7, which is
conceptually similar to the algorithm for POMDP, maintaining the asymmetric value function, and
performing the policy update using the belief-weighted value function.
Theorem 7.6 (Equilibria learning; combining Theorem J.15 and Theorem J.16). Fix ϵ, δ ∈ (0, 1).
Under Assumption C.9 with probability 1−δ, Algorithm 7 can learn an (ϵ+H2ϵbelief)-NE if G is zero-
sum and (ϵ+H2ϵbelief)-CE/CCE if G is general-sum with sample complexityO(H

4SAO log(SAHO/δ)
ϵ2 )

and computation complexity POLY(S, (AO)O(γ−4 log(SH/ϵ)), H, 1ϵ , log
1
δ ).

Learning approximate belief with model truncation. The belief learning algorithm we design
for POSGs is conceptually similar to that we designed for POMDPs, where the key to achieving
both polynomial sample and computation complexity is still to firstly learn approximate models, i.e.,
transitions and emissions, and then carefully truncate its transition and emission to build the approx-
imate belief, where we defer the detailed algorithm to Algorithm 8. In the following, we provide
provable guarantees of both polynomial computation and sample complexity, which, combined with
Theorem 7.6, leads to a final polynomial-samples and quasi-polynomial-time complexity result.
Theorem 7.7. For any ϵ > 0, under Assumption C.8, it holds that one can learn the approximate
belief {P̂h : Ĉh → ∆(S ×Ph)}h∈[H] such that ϵbelief ≤ ϵ

H2 with both polynomial sample complexity
and computation complexity POLY(S,A,O,H, 1γ ,

1
ϵ , log

1
δ ) for all examples in Appendix C.4.
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A Societal Impact

Our work is theoretical, and aimed at better understanding reinforcement learning under partial
observability with privileged information. As such, we do not anticipate any direct positive or
negative societal impact from this research.

B Related Work

Provable partial observable RL. While POMDPs are generally known to be both statistically
hard [35] and computationally intractable [57], a productive line of research has identified several
interesting structured subclasses of POMDPs that can be efficiently solved. [35] introduced the
class of POMDPs in the rich-observation setting, where the observation space can be large and fully
reveal the latent state, where sample efficient RL becomes possible [30, 51]. [14] introduced k-step
decodable POMDPs, where the last k observation-action pairs uniquely determine the state, proposing
polynomial sample algorithms (assuming k is a small constant). Beyond settings where the latent
state can be exactly recovered, [31, 39] proposed weakly revealing POMDPs, where the observations
are assumed to be informative enough. Under the weakly revealing condition (and its variant), there
has been a fast-growing line of recent works developing sample-efficient RL algorithms for various
settings, see e.g., [74, 12, 9, 45, 40, 79]. Notably, these algorithms are typically computationally
inefficient, requiring access to an optimistic planning oracle for POMDPs. On a promising note, [22]
showed that in observable POMDPs (see Assumption C.8), one can achieve quasi-polynomial time
for planning the near-optimal policy, which further leads to provable RL algorithms [21, 23] with
both quasi-polynomial samples and computation complexities.

Comparison with RL under hindsight observability. The closest line of research to ours are
the recent theoretical studies for Hindsight Observable Markov Decision Processes (HOMDPs)
[36], where the latent state is revealed at the end of the episode; see also subsequent related works
in [26, 67] with different observation feedback models. These works focused purely on sample
efficiency, and showed that polynomial sample complexity can be achieved without (or by further
relaxing) aforementioned structural assumptions of the model (e.g., observability or decodability),
in both tabular and/or function approximation cases. However, the algorithms (also) require an
oracle for planning or even optimistic planning in a learned approximate POMDP, which are not
computationally tractable in general. Indeed, without any structural assumption, learning the optimal
policy in HOMDPs is computationally no easier than the planning problem, which thus remains
PSPACE-hard. Meanwhile, even under the additional assumption of observability, it is still not clear
if these algorithms can avoid computationally intractable oracles, since the approximate POMDP
that [36] needs to do planning on at every iteration during learning can be quite different from the
ground-truth model. For example, at the beginning of exploration when no enough samples are
collected, or when there exist certain states that remain less explored during the entire learning
process, the potentially misspecified emission (and transition) may break the observability (or
other structural) assumptions made for the ground-truth POMDP. This makes that single iteration
computationally intractable. In contrast, our focus is on better understanding practically inspired
algorithmic paradigms, without computationally intractable oracles, which in practice often do have
privileged state information during each episode (instead of only at the end).

Most related empirical works. Privileged information has been widely used in empirical partially
observable RL, with two main types of approaches based on privileged policy and privileged value
learning, respectively. For the former, one prominent example is expert distillation [11, 55, 49], also
known as teacher-student learning [37, 50, 66], as we analyze in Section 4. For the latter, asymmetric
actor-critic [59] represents one of the well-known examples, with other studies in [5, 2]. Learning
privileged value functions (to improve the policies) has also been widely used in multi-agent RL,
featured in centralized-training-decentralized-execution, see e.g., [44, 18, 61, 76]. Intriguingly, it
was shown that if the privileged value function depends only on the state, the associated actor will
cause bias [4, 46, 47]. This has thus necessitated the use of history/belief in asymmetric actor-critic,
as in our Section 5. Notably, the framework in [73] exactly matches ours, where they exploited the
privileged state information in training for belief learning, followed by policy optimization over the
learned belief states. Indeed, many empirical works explicitly separate the procedures of explicit
belief-state learning and planning [20, 56, 29, 13, 77] as we study in Section 5, oftentimes with
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privileged state information to supervise the belief learning procedure with better sample efficiency
[52, 3].

C Additional Preliminaries

C.1 Additional Preliminaries on POMDPs

Belief and approximate belief. Although in a POMDP, the agent cannot see the underlying state
directly, it can still form the belief over the latent state by the historical observations and action.

Definition C.1 (Belief state update). For each h ∈ [H + 1], the Bayes operator (with respect to the
joint observation) Bh : ∆(S)×O → ∆(S) is defined for b ∈ ∆(S), and o ∈ O by:

Bh(b; o)(x) =
Oh(o |x)b(x)∑
z∈S Oh(o | z)b(z)

.

For each h ∈ [H], the belief update operator Uh : ∆(S)×A×O → ∆(S), is defined by

Uh(b; a, o) = Bh+1 (Th(a) · b; o) ,

where Th(a) · b represents the matrix multiplication. We use the notation bh to denote the belief
update function, which receives a sequence of actions and observations and outputs a distribution
over states at the step h: the belief state at step h = 1 is defined as b1(∅) = µ1. For any 2 ≤ h ≤ H
and any action-observation sequence (a1:h−1, o1:h), we inductively define the belief state:

bh+1(a1:h, o1:h) = Th(ah) · bh(a1:h−1, o1:h),

bh(a1:h−1, o1:h) = Bh(bh(a1:h−1, o1:h−1); oh).

We also define the approximate belief update using the most recent L-step history. For 1 ≤ h ≤ H ,
we follow the notation of [22] and define

bapx,Gh (∅;D) =

{
µ1 if h = 1

D otherwise ,

where D ∈ ∆(S) is the prior for the approximate belief update. Then for any 1 ≤ h− L < h ≤ H
and any action-observation sequence (ah−L:h−1, oh−L+1:h), we inductively define

bapx,Gh+1 (ah−L:h, oh−L+1:h;D) = Th(ah) · bapx,Gh (ah−L:h−1, oh−L+1:h;D),

bapx,Gh (ah−L:h−1, oh−L+1:h;D) = Bh(b
apx,G
h (ah−L:h−1, oh−L+1:h−1;D); oh).

For the remainder of our paper, we shall use the important initialization for the approximate belief,
which are defined as b′h(·) := bapx,Gh (·; Unif(S)).

C.2 Additional Preliminaries for POSGs

Model. We use a general framework of partially observable stochastic games (POSGs) as the
model for partially observable MARL. Formally, we define a POSG with n agents by a tuple
G = (H,S, {Ai}ni=1, {Oi}ni=1,T,O, µ1, {ri}ni=1), where H denotes the length of each episode, S
is the state space with |S| = S, Ai denotes the action space for the ith agent with |Ai| = Ai. We
denote by a := (a1, · · · , an) the joint action of all the n agents, and byA = A1× · · · ×An the joint
action space with |A| = A =

∏n
i=1Ai. We use T = {Th}h∈[H] to denote the collection of transition

matrices, so that Th(· | s, a) ∈ ∆(S) gives the probability of the next state if joint action a is taken
at state s and step h. In the following discussions, for any given a, we treat Th(a) ∈ R|S|×|S| as a
matrix, where each row gives the probability for the next state. We use µ1 to denote the distribution
of the initial state s1, and Oi to denote the observation space for the ith agent with |Oi| = Oi. We
denote by o := (o1, . . . , on) the joint observation of all n agents, and by O := O1 × · · · × On with
|O| = O =

∏n
i=1Oi. We use O = {Oh}h∈[H+1] to denote the collection of the joint emission

matrices, so that Oh(· | s) ∈ ∆(O) gives the emission distribution over the joint observation space
O at state s and step h. For notational convenience, we will at times adopt the matrix convention,
where Oh is a matrix with rows Oh(· | sh). We also denote Oi,h(· | s) ∈ ∆(Oi) as the marginalized
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emission for the ith agent. Finally, ri = {ri,h}h∈[H] is a collection of reward functions, so that
ri,h(sh, ah) is the reward of the ith agent given the state sh and joint action ah at step h.

Similar to a POMDP, in a POSG, the states are not observable to the agents, and each agent can
only access its own individual observations. The game proceeds as follows. At the beginning of
each episode, the environment samples s1 from µ1. At each step h, each agent i observes its own
observation oi,h, where oh := (o1,h, . . . , on,h) is sampled jointly from Oh(· | sh). Then each agent i
takes the action ai,h and receives the reward ri,h(sh, ah). After that the environment transitions to
the next state sh+1 ∼ Th(· | sh, ah). The current episode terminates once sH+1 is reached.

Information sharing, common and private information. Each agent i in the POSG maintains
its own information, τi,h, a collection of historical observations and actions at step h, namely,
τi,h ⊆ {o1, a1, o2, · · · , ah−1, oh}, and the collection of the history at step h is given by Ti,h.

In many practical examples, agents may share part of the history with each other, which may introduce
more structure in the game that leads to both sample and computation efficiency. The information
sharing splits the history into common/shared and private information for each agent. The common
information at step h is a subset of the joint history τh: ch ⊆ {o1, a1, o2, · · · , ah−1, oh}, which is
available to all the agents in the system, and the collection of the common information is denoted
as Ch and we define Ch = |Ch|. Given the common information ch, each agent also has the private
information pi,h = τi,h \ ch, where the collection of the private information for the ith agent is
denoted as Pi,h and its cardinality as Pi,h. The joint private information at step h is denoted as
ph, where the collection of the joint private history is given by Ph = P1,h × · · · × Pn,h and the
corresponding cardinality is Ph =

∏n
i=1 Pi,h. We allow ch or pi,h to take the special value ∅ when

there is no common or private information. In particular, when Ch = {∅}, the problem reduces to the
general POSG without any favorable information structure; when Pi,h = {∅}, every agent holds the
same history, and it reduces to a POMDP when the agents share a common reward function and the
goal is usually to find the team-optimal solution.

Policies and value functions. We define a stochastic policy for the ith agent at step h as:

πi,h : Ωh × Pi,h × Ch → ∆(Ai). (C.1)

The corresponding policy class is denoted as Πi,h. Hereafter, unless otherwise noted, when referring
to policies, we mean the policies given in the form of (C.1), which maps the available information of
the ith agent, i.e., the private information together with the common information, to the distribution
over her actions. Here ωi,h ∈ Ωh is the random seed, and Ωh is the random seed space, which is
shared among agents. We further denote Πi = ×h∈[H]Πi,h as the policy space for agent i and Π as
the joint policy space. As a special case, we define the space of deterministic policy as Π̃i, where
π̃i ∈ Π̃i maps the private information and common information to a deterministic action for the ith

agent and the joint space as Π̃.

We will define πi as a sequence of policies for agent i at all steps h ∈ [H], i.e., πi = (πi,1, · · · , πi,H).
A (potentially correlated) joint policy is denoted as π = π1 ⊙ π2 · · · ⊙ πn ∈ Π. A product policy
is denoted as π = π1 × π2 · · · × πn ∈ Π if the distributions of drawing each seed ωi,h for different
agents are independent.

We are now ready to define the value function for each agent:

Definition C.2 (Value function). For each agent i ∈ [n] and step h ∈ [H], given common information
ch and joint policy π = {πi}ni=1 ∈ Π, the value function conditioned on the common information

of agent i is defined as: V π,Gi,h (ch) := EG
π

[∑H+1
h′=h+1 ri,h′(oh′)

∣∣ ch], where the expectation is taken
over the randomness from the model G, policy π, and the random seeds. For any cH+1 ∈ CH+1 :

V π,Gi,H+1(cH+1) := 0. From now on, we will refer to it as value function for short.

Another key concept in our analysis is the belief about the state and the private information condi-
tioned on the common information among agents. Formally, at step h, given policies from 1 to h− 1,
we consider the common-information-based conditional belief Pπ1:h−1,G

h (sh, ph | ch). This belief not
only infers the current underlying state sh, but also each agent’s private information ph. With the
common-information-based conditional belief, the value function given in Definition C.2 has the
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following recursive structure:

V π,Gi,h (ch) = EG
π [ri,h+1(oh+1) + V π,Gi,h+1(ch+1) | ch], (C.2)

where the expectation is taken over the randomness of (sh, ph, ah, oh+1) given π. With this re-
lationship, we can define the prescription-value function correspondingly, a generalization of the
action-value function in Markov games and MDPs, as follows.
Definition C.3 (Prescription-value function). At step h, given the common information ch, joint
policies π = {πi}ni=1 ∈ Π, and prescriptions {γi,h}ni=1 ∈ Γh, the prescription-value function
conditioned on the common information and joint prescription of the ith agent is defined as:

Qπ,Gi,h (ch, {γj,h}j∈[n]) := EG
π

[
ri,h+1(oh+1) + V π,Gi,h+1(ch+1)

∣∣∣ ch, {γj,h}j∈[n]

]
,

where prescription γi,h ∈ ∆(Ai)Pi,h replaces the partial function πi,h(· |ωi,h, ch, ·) in the value
function. From now on, we will refer to it as prescription-value function for short. With such a
prescription function, agents can take actions purely based on their local private information [54, 53].

This prescription-value function indicates the expected return for the ith agent when all the agents
firstly adopt the prescriptions {γj,h}j∈[n] and then follow the policy π.

Equilibrium notions. With the definition of value functions, we can accordingly define the so-
lution concepts. Here we define the notions of ϵ-NE, ϵ-CCE, ϵ-CE, and ϵ-team optimum under the
information-sharing framework as follows.
Definition C.4 (ϵ-approximate Nash equilibrium with information sharing). For any ϵ ≥ 0, a product
policy π⋆ ∈ Π is an ϵ-approximate Nash equilibrium of the POSG G with information sharing if:

NE-gap(π⋆) := max
i

(
max
π′
i∈Πi

vGi (π
′
i × π⋆−i)− vGi (π

⋆)

)
≤ ϵ.

Definition C.5 (ϵ-approximate coarse correlated equilibrium with information sharing). For any
ϵ ≥ 0, a joint policy π⋆ ∈ Π is an ϵ-approximate coarse correlated equilibrium of the POSG G with
information sharing if:

CCE-gap(π⋆) := max
i

(
max
π′
i∈Πi

vGi (π
′
i × π⋆−i)− vGi (π

⋆)

)
≤ ϵ.

Definition C.6 (ϵ-approximate correlated equilibrium with information sharing). For any ϵ ≥ 0, a
joint policy π⋆ ∈ Π is an ϵ-approximate correlated equilibrium of the POSG G with information
sharing if:

CE-gap(π⋆) := max
i

(
max
ϕi

vGi ((mi ⋄ π⋆i )⊙ π⋆−i)− vGi (π
⋆)

)
≤ ϵ,

where mi is called strategy modification and mi = {mi,h,ch,pi,h}h,ch,pi,h , with each mi,h,ch,pi,h :
Ai → Ai being a mapping from the action set to itself. The space of mi is denoted asMi. The
compositionmi⋄πi will work as follows: at the step h, when the agent i is given ch and pi,h, the action
chosen to be (a1,h, · · · , ai,h, · · · , an,h) will be modified to (a1,h, · · · ,mi,h,ch,pi,h(ai,h), · · · , an,h).
Note that this definition follows from that in [69, 42, 33, 43] when there exists common information,
and is a natural generalization of the definition in the normal-form game case [62]. Meanwhile, we
denoteMgen

i to be the space of all possible strategy modification mi if it conditions on any history
information instead of only ch, pi,h. Similarly, we denoteMS,i to be the space of all possible strategy
modification mi if it only conditions on the current state.

C.2.1 Evolution of the Common and Private Information

Assumption C.7 (Evolution of common and private information). We assume that common informa-
tion and private information evolve over time as follows:

• Common information ch is non-decreasing with time, that is, ch ⊆ ch+1 for all h. Let
ϖh+1 = ch+1 \ ch. Thus, ch+1 = {ch, ϖh+1}. Further, we have

ϖh+1 = χh+1(ph, ah, oh+1), (C.3)

where χh+1 is a fixed transformation. We use Υh+1 to denote the collection of ϖh+1 at
step h.
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• Private information evolves according to:

pi,h+1 = ξi,h+1(pi,h, ai,h, oi,h+1), (C.4)

where ξi,h+1 is a fixed transformation.

Equation (C.3) states that the increment in the common information depends on the “new" information
(ah, oh+1) generated between steps h and h+ 1 and part of the old information ph. The incremental
common information can be implemented by certain sharing and communication protocols among
the agents. Equation (C.4) implies that the evolution of private information only depends on the
newly generated private information ai,h and oi,h+1. These evolution rules are standard in the
literature [53, 54], specifying the source of common information and private information. Based
on such evolution rules, we define {fh}h∈[H+1] and {gh}h∈[H+1], where fh : Ah × Oh → Ch
and gh : Ah ×Oh → Ph for h ∈ [H + 1], as the mappings that map the joint history to common
information and joint private information, respectively.

C.3 Technical Assumptions

We now lay out several technical assumptions that can circumvent the known computational hardness
of POMDP/POSGs, which may be used later for different approaches.

A key technical assumption is that the POMDPs/POSGs we consider satisfy an observability as-
sumption, outlined below. This observability assumption allows us to use short memory policies to
approximate the optimal policy, and yields quasi-polynomial-time complexity for both planning and
learning in POMDPs/POSGs [22, 21, 43].
Assumption C.8 (γ-observability [15, 22, 21]). Let γ > 0. For h ∈ [H], we say that the matrix Oh
satisfies the γ-observability assumption if for each h ∈ [H], for any b, b′ ∈ ∆(S),∥∥O⊤

h b−O⊤
h b

′∥∥
1
≥ γ ∥b− b′∥1 .

A POMDP/POSG satisfies γ-observability if all its Oh for h ∈ [H] do so.

Additionally, for a POSG to be computationally tractable, certain information-sharing is necessary
[43]. We thus make the following assumption as in [43].
Assumption C.9 (Strategy independence of beliefs [53, 27, 43]). Consider any step h ∈ [H], any
policy π ∈ Π, and any realization of common information ch that has a non-zero probability under
the trajectories generated by π1:h−1. Consider any other policies π′

1:h−1, which also give a non-
zero probability to ch. Then, we assume that: for any such ch ∈ Ch, and any ph ∈ Ph, sh ∈ S,

Pπ1:h−1,G
h (sh, ph | ch) = Pπ

′
1:h−1,G
h (sh, ph | ch) .

We provide examples satisfying this assumption in Appendix C.2, which include the fully-sharing
structure as in [23, 60] as a special case. Finally, we also assume that common information and
private information evolve overtime properly in Assumption C.7, as standard in [53, 54, 43], which
covers the models considered in [23, 60, 41].

C.4 Strategy Independence of Belief and Examples

Here we take the examples from [43] to illustrate the generality of the information-sharing framework.
Example C.10 (One-step delayed sharing). At any step h ∈ [H + 1], the common and private
information are given as ch = {o2:h−1, a1:h−1} and pi,h = {oi,h}, respectively. In other words,
the players share all the action-observation history until the previous step h− 1, with only the new
observation being the private information. This model has been shown useful for power control [1].
Example C.11 (State controlled by one controller with asymmetric delay sharing). We assume there
are 2 players for convenience. It extends naturally to n-player settings. Consider the case where the
state dynamics are controlled by player 1, i.e., Th(· | sh, a1,h, a2,h) = Th(· | sh, a1,h, a′2,h) for all
sh, a1,h, a2,h, a

′
2,h, h. There are two kinds of delay-sharing structures we could consider: Case A: the

information structure is given as ch = {o1,2:h, o2,2:h−d, a1,1:h−1}, p1,h = ∅, p2,h = {o2,h−d+1:h},
i.e., player 1’s observations are available to player 2 instantly, while player 2’s observations are
available to player 1 with a delay of d ≥ 1 time steps. Case B: similar to Case A but player 1’s
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Algorithm 1 Learning Decoding Function with Privileged Information

Require:
1: • POMDP P ,

• Expert policy πE ∈ ΠS ,
• Number of samples per step M .

2: for each step h ∈ [H] do
3: Collect M episodes

{(
s
(i)
1:H+1, o

(i)
1:H , a

(i)
1:H

)}
i∈[M ]

on POMDP P using policy πE and let:

D̂h :=
{(
s
(i)
h−1, a

(i)
h−1, o

(i)
h , s

(i)
h

)}
i∈[M ]

.

4: Define the decoding function gh for level h as:

gh(sh−1, ah−1, oh) =
{
sh : (sh−1, ah−1, oh, sh) ∈ D̂h

}
5: end for
6: return {gh : S ×A×O → S}h∈[H]

observation is available to player 2 with a delay of 1 step. The information structure is given as
ch = {o1,2:h−1, o2,2:h−d, a1,1:h−1}, p1,h = {o1,h}, p2,h = {o2,h−d+1:h}, where d ≥ 1. This kind
of asymmetric sharing is common in network routing [58], where packages arrive at different hosts
with different delays, leading to asymmetric delay sharing among hosts.
Example C.12 (Symmetric information game). Consider the case when all observations and actions
are available for all the agents, and there is no private information. Essentially, we have ch =
{o2:h, a1:h−1} and pi,h = ∅. We will also denote this structure as fully sharing hereafter.
Example C.13 (Information sharing with one-directional-one-step delay). Similar to the previous
cases, we also assume there are 2 players for ease of exposition, and the case can be generalized to
multi-player cases straightforwardly. Similar to the one-step delay case, we consider the situation
where all observations of player 1 are available to player 2, while the observations of player 2 are
available to player 1 with one-step delay. All past actions are available to both players. That is, in
this case, ch = {o1,2:h, o2,2:h−1, a1:h−1}, and player 1 has no private information, i.e., p1,h = ∅, and
player 2 has private information p2,h = {o2,h}.
Example C.14 (Uncontrolled state process). Consider the case where the state transition does not
depend on the actions, that is, Th(· | sh, ah) = Th(· | sh, a′h) for any sh, ah, a′h, h. Note that the
agents are still coupled through the joint reward. An example of this case is the information structure
where controllers share their observations with a delay of d ≥ 1 time steps. In this case, the common
information is ch = {o2:h−d} and the private information is pi,h = {oi,h−d+1:h}. Such information
structures can be used to model repeated games with incomplete information.

D Collection of Algorithms
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Algorithm 2 Belief-Weighted Optimistic Asymmetric Actor-Critic with Privileged Information

Require:
• Subroutine TQ that given policy π, outputs {Q̃πh}h∈[H] that approximates {Qπ,Ph }h∈[H],
• Subroutine Tb that outputs {bapx

h }h∈[H] that approximate {bh}h∈[H],
• Initial finite-memory policy π0 = {π0

h}h∈[H] ∈ ΠL for the POMDP P , step-size η, and
number of iterations T .

Ensure: A near-optimal policy
{bapx
h }h∈[H] ← Tb(P).

for Iterations t = 1 . . . , T do
{Q̃πt

h }h∈[H] ← TQ(P, πt−1)
Update the policy for each ah ∈ A, zh ∈ Zh as

πth(ah | zh) ∝ πt−1
h (ah | zh) · exp

(
ηEsh∼bapx

h (zh)

[
Q̃π

t−1

h ((zh, sh), ah)
])
.

Denote πt = {πth}h∈[H]

end for
return A policy uniform at random from set {πt}t∈[T ]

Algorithm 3 Optimistic Q-function Estimation with Privileged Information

Require:
POMDP P , policy π : S → A, number of episodes M per step.

Ensure: Approximate Q-functions {Q̃πh}h∈[H] (see Lemma H.2)
Initialize:

Q̃πH+1(zH+1, sH+1)← 0, ∀zH+1 ∈ ZH+1, sH+1 ∈ S, aH+1 ∈ A.

for step h = H, . . . , 1 do
Collect M trajectories using policy π and let Dh = {τ (i)}i∈[M ] be the collected trajectories.
Compute empirical counts and define empirical distributions:

T̂h(sh+1 | sh, ah) =
|{τ ∈ Dh : (s′h, a

′
h, s

′
h+1) = (sh, ah, sh+1)}|

|{τ ∈ Dh : (s′h, a
′
h) = (sh, ah)}|

Ôh(oh | sh) =
|{τ ∈ Dh : (s′h, o

′
h) = (sh, oh, sh+1)}|

|{τ ∈ Dh : s′h = sh}|

for each memory-state pair (zh, sh) ∈ Zh × S do

Q̃πh((zh, sh), ah) = min

(
H − h+ 1,E sh+1∼T̂h(sh,ah),

oh+1∼Ôh+1(sh+1)

[Ṽ πh+1(zh+1, sh+1)]

+ r(sh, ah) +H ·min

(
2, C ·

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

)

+ Esh+1∼T̂h(sh,ah)
H ·min

(
2, C ·

√
|O| log(1/δ1)

max(Nh+1(sh+1), 1)

))
,

where Ṽ πh (zh, sh) = Eah∼π(zh)[Q̃πh(zh, ah)]
end for

end for
return {Q̃πh}h∈[H]
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Algorithm 4 Approximate Belief Learning via Model Truncation with Privileged Information

Input: P = (H,S,A,O, {Th}h∈[H], {Oh}h∈[H], µ1, {rh}h∈[H]), an MDP learning oracle
MDP_Learning that efficiently learns an approximate optimal policy of an MDP
for h ∈ [H], sh ∈ S do

r̂h′(s′h, a
′
h)← 1[h′ = h, s′h = sh] for any (h′, s′h, a

′
h) ∈ [H]× S ×A.

M← (H,S,A, {Th}h∈[H], µ1, {r̂h}h∈[H]) to be the MDP associated with P
Ψ(h, sh)← MDP_Learning(M)
Collect N trajectories by executing policy Ψ(h, sh) for first h− 1 steps then take action ah for

each ah ∈ A deterministically and denote the dataset {(sih, oih, aih, sih+1)}i∈[NA]

for oh, ah, sh+1O ×A× S do
Nh(sh)←

∑
i∈[NA] 1[s

i
h = sh]

Nh(sh, ah)←
∑
i∈[NA] 1[s

i
h = sh, a

i
h = ah]

Nh(sh, ah, sh+1)←
∑
i∈[NA] 1[s

i
h = sh, a

i
h = ah, s

i
h+1 = sh+1]

Nh(sh, oh)←
∑
i∈[NA] 1[s

i
h = sh, o

i
h = oh]

T̂h(sh+1 | sh, ah)← Nh(sh,ah,sh+1)
Nh(sh,ah)

Ôh(oh | sh)← Nh(sh,oh)
Nh(sh)

end for
end for
for h ∈ [H] do
Shigh
h ←

{
sh ∈ S | Nh(sh)

NA ≤ ϵ
}

end for
for h, sh, oh, ah, sh+1 ∈ [H]× Shigh

h ×O ×A× Shigh
h do

T̂trunc
h (sh+1 | sh, ah)← T̂h(sh+1 | sh, ah)

Ôtrunc
h (oh | sh)← Ôh(oh | sh)

T̂trunc
h (sexit | sh, ah)← 1−

∑
s′h+1∈Shigh

h+1
T̂h(s′h+1 | sh, ah)

Ôtrunc
h (oexit | sexit)← 1

end for
Let P̂ trunc := (H, {Shigh

h ∪{sexit}}h∈[H],A,O∪{oexit}, {T̂trunc
h }h∈[H], {Ôtrunc

h }h∈[H], µ1, {rh}h∈[H])

Define {b̂′,trunc
h : Zh → ∆(Shigh

h ∪ {sexit})}h∈[H] to be the approximate belief w.r.t. P̂ trunc

Define {bapx
h : Zh → ∆(S)}h∈[H] such that bapx

h (zh)(sh) = b̂′,trunc
h (zh)(sh) +

b̂′,trunc
h (zh)(s

exit)

|Shigh
h |

for

sh ∈ Shigh
h and 0 otherwise.

return {bapx
h }h∈[H]

E Missing Details in Section 3

Proof of Proposition 3.1: We recall that bh(·) is the belief of the agent about the latent state, see
Appendix C for details. Note that Equation (3.1) can be written as

argmin
π∈Π

H∑
h=1

EP
τh∼π′Esh∼bh(τh) [Df (π

⋆
h(· | sh) |πh(· | τh))] .

Therefore, for any h ∈ [H] and τh such that Pπ′,P(τh) > 0, we can optimize π separately for each
h ∈ [H] and τh as:

π̂⋆h(· | τh) ∈ argmin
q∈∆(A)

Esh∼bh(τh) [Df (π
⋆
h(· | sh) | q)] .

Now we are ready to construct the counter-example γ-observable POMDP Pϵ with H = 1, S ={
s1, s2

}
, A =

{
a1, a2

}
, and O =

{
o1, o2

}
. We let µ1 = ( 1

2−γ ,
1−γ
2−γ ), O1(o

1 | s1) = 1, and
O1(o

1 | s2) = 1− γ, O1(o
2 | s2) = γ. Therefore, it is direct to see that O1 is exactly γ-observable.

Most importantly, we choose r1(s1, a1) = 1, r1(s1, a2) = 0, and r1(s2, a1) = 0, r1(s2, a2) = ϵ.

Therefore, given such a reward function, the fully observable expert policy is given by π⋆1(a
1 | s1) = 1

and π⋆1(a
2 | s2) = 1, i.e., choosing a1 at state s1 and a2 at state s2 deterministically. Meanwhile,
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Algorithm 5 Learning Multi-Agent (Individual) Decoding Functions with Privileged Information
(NE/CCE Version)

Require: Input:
• G = (H,S,A,O, {Th}h∈[H], {Oh}h∈[H], µ1, {ri}i∈[n])

• π ∈ ΠS ,
• controller set {Ih ⊆ [n]}h∈[H]

for h ∈ [H], sh ∈ S do
for i ∈ [n] do

r̂i,h′(s′h, a
′
h)← 1[h′ = h, s′h = sh] for any h′, s′h, a

′
h ∈ [H]× S ×A.

DefineM to be the MDP associated with G,M(π−i) to be the MDP marginalized by π−i
Ψi(h, sh)← MDP_Learning(M(π−i), r̂i)

end for
Collect N trajectories by executing policy Ψi(h, sh)×π−i for first h−1 steps then take action

ah deterministically for each ah ∈ A and denote the dataset {(sk,ih , ok,ih , ak,ih , sk,ih+1)}k∈[NA] for
each i ∈ [n]

for oh, ah, sh+1 ∈ O ×A× S do
Nh(sh)←

∑
k∈[N ],i∈[n] 1[s

k,i
h = sh]

Nh(sh, aTh,h, sh+1)←
∑
k∈[N ],i∈[n] 1[s

k,i
h = sh, a

k,i
Th,h

= aTh,h, s
k,i
h+1 = sh+1]

Nh(sh, oh)←
∑
k∈[N ],i∈[n] 1[s

k,i
h = sh, o

k,i
h = oh]

T̂h(sh+1 | sh, aTh,h)←
Nh(sh,aTh,h,sh+1)

Nh(sh,aTh,h)

Ôh(oh | sh)← Nh(sh,oh)
Nh(sh)

end for
end for
Define Ĝ := (H,S,A,O, {T̂h}h∈[H], {Ôh}h∈[H], µ1, {ri}i∈[n])

Define ĝj,h(sh | ch, pj,h) := PĜ(sh | ch, pj,h) for each j ∈ [n], h ∈ [H], ch ∈ Ch, pj,h ∈ Pj,h
return {ĝj,h}j∈[n],h∈[H]

by our delicate construction, one can compute that the belief given observation o1 ensures b1(o) =
µ1 = Unif(S). Hence, the corresponding “distilled” partially observable policy under observation o1
is given by

π̂⋆1(· | o1) = argmin
q∈∆(A)

Es1∼b1(o) [Df (π
⋆
1(· | s1) | q)]

= argmin
q∈∆(A)

Df (π
⋆
1(· | s1) | q) +Df (π

⋆
1(· | s2) | q)

2

= argmin
q∈∆(A)

f(1/q(a1))q(a1) + f(0)q(a2) + f(0)q(a1) + f(1/q(a2))q(a2)

2

= argmin
q∈∆(A)

f(0) + f(1/q(a1))q(a1) + f(1/q(a2))q(a2)

2
,

where the last step is due to q ∈ ∆(A). Now consider the function g(x) = xf(1/x) for x > 0. It is
direct to compute that g′(x) = f(1/x)− f ′(1/x)

x , and g′′(x) = f ′′(1/x)
x3 ≥ 0 due to the convexity of

the function f . Thus, we conclude that g is also convex. By Jensen’s inequality, we have
f(1/q(a1))q(a1) + f(1/q(a2))q(a2)

2
≥ f(2/(q(a1) + q(a2)))(q(a1) + q(a2))/2 = f(2)/2,

where the equality holds when q(a1) = q(a2) = 1
2 . This indicates that π̂⋆1(· | o) = Unif(A). On the

other hand, it is direct to see that the optimal partially observable policy π̃ ∈ argmaxπ∈Π v
P(π)

satisfies π̃1(a1 | o1) = 1. Now we are ready to evaluate the optimality gap between π̃ and π̂⋆ as
follows
vP

ϵ

(π̃)− vP
ϵ

(π̂⋆) = PPϵ

(o1)(V π̃,P
ϵ

1 (o1)− V π̂
⋆,Pϵ

1 (o1)) + PPϵ

(o2)(V π̃,P
ϵ

1 (o2)− V π̂
⋆,Pϵ

1 (o2))

≥ PPϵ

(o1)(V π̃,P
ϵ

1 (o1)− V π̂
⋆,Pϵ

1 (o1)),
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Algorithm 6 Learning Multi-Agent (Individual) Decoding Functions with Privileged Information
(CE Version)

Input: G = (H,S,A,O, {Th}h∈[H], {Oh}h∈[H], µ1, {ri}i∈[n]) π ∈ ΠS , controller set {Ih ⊆
[n]}, procedure MDP_Learning(·, ·) that takes as input an MDP and a reward function and returns
an approximate optimal policy.
for h ∈ [H], sh ∈ S do

for i ∈ [n] do
r̂i,h′(s′h, a

′
h)← 1[h′ = h, s′h = sh] for any h′, s′h, a

′
h ∈ [H]× S ×A.

DefineMextended(π) to be the extended MDP, which is defined in Definition J.5.
Ψi(h, sh)← MDP_Learning(Mextended(π), r̂i)

end for
Collect N trajectories by executing policy Ψi(h, sh)×π−i for first h−1 steps then take action

ah deterministically for each ah ∈ A and denote the dataset {(sk,ih , ok,ih , ak,ih , sk,ih+1)}k∈[NA] for
each i ∈ [n]

for oh, ah, sh+1 ∈ O ×A× S do
Nh(sh)←

∑
k∈[N ],i∈[n] 1[s

k,i
h = sh]

Nh(sh, aTh,h, sh+1)←
∑
k∈[N ],i∈[n] 1[s

k,i
h = sh, a

k,i
Th,h

= aTh,h, s
k,i
h+1 = sh+1]

Nh(sh, oh)←
∑
k∈[N ],i∈[n] 1[s

k,i
h = sh, o

k,i
h = oh]

T̂h(sh+1 | sh, aTh,h)←
Nh(sh,aTh,h,sh+1)

Nh(sh,aTh,h)

Ôh(oh | sh)← Nh(sh,oh)
Nh(sh)

end for
end for
Define Ĝ := (H,S,A,O, {T̂h}h∈[H], {Ôh}h∈[H], µ1, {ri}i∈[n])

Define ĝj,h(sh | ch, pj,h) := PĜ(sh | ch, pj,h) for each j ∈ [n], h ∈ [H], ch ∈ Ch, pj,h ∈ Pj,h
return {ĝj,h}j∈[n],h∈[H]

where the last step is due to the fact that π̃ is the optimal policy and it can at least mimick π̂⋆ at
observation o2, leading to the fact that V π̃,P

ϵ

1 (o1)− V π̂
⋆,Pϵ

1 (o1) ≥ 0. Now it is not hard to compute
that

PPϵ

(o1) ≥ 1− γ.
Meanwhile, we can evaluate that

V π̃,P
ϵ

1 (o1) =
1

2
, V π̂

⋆,Pϵ

1 (o1) =
1 + ϵ

4

and correspondingly V π̃,P
ϵ

1 (o1)−V π̂
⋆,Pϵ

1 (o1) = 1−ϵ
4 , implying that vP

ϵ

(π̃)−vPϵ

(π̂⋆) ≥ (1−γ)(1−ϵ)
4 .

This concludes our proof. ■

Here to show the generality of our condition in Definition 3.2, we introduce the following well-known
examples in the literature that satisfies Definition 3.2.
Example E.1 (Deterministic POMDP [31, 72]). We say a POMDP P is of deterministic transition
if entries of matrices {Th}h∈[H] and the vector µ1 are either 0 or 1. Note that we do not make any
assumptions on the emission matrices.
Example E.2 (Block MDP [30]). We say a POMDPP is a block MDP if for any h ∈ [H], sh, s′h ∈ S ,
it holds that supp(Oh(· | sh)) ∩ supp(Oh(· | s′h)) = ∅ when sh ̸= s′h.
Example E.3 (k-step decodable POMDP [14]). We say a POMDP P is an k-step decodable POMDP
if there exists an unknown decoder ϕ⋆ = {ϕ⋆h : Zh → S}h∈[H] such that for any h ∈ [H] and
reachable trajectory τh, PP(sh = ϕ⋆h(zh) | τh) = 1, where Zh = (O × A)min{h−1,k−1} × O,
zh = ((o, a)k(h):h−1, oh), and k(h) = min{h− k + 1, 1}.

Finally, to understand how our condition can extend beyond known examples in the literature, we
show that one can indeed allow the decoding length of Example E.3 to be unknown and arbitrary
(instead of being a small known constant as in [14] to get provably efficient algorithms).
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Algorithm 7 Optimistic Common-Information-Based Value Iteration with Privileged Information

Input: G, ϵe, {P̂h : Ĉh → ∆(S × Ph)}h∈[H]

for k = 1, 2, · · · ,K do
for h← H,H − 1, · · · , 1 do

for ĉh ∈ Ĉh do
Qhigh,k

i,h (ĉh, ph, sh, ah)← min
{
ri,h(sh, ah) + bk−1

h (sh, ah) + E
oh+1∼Ĵk−1

h
(· | sh,ah)

[
V high,k
i,h+1(ĉh+1)

]
, H − h+ 1

}
for i ∈ [n]

Qlow,k
i,h (ĉh, ph, sh, ah)← max

{
ri,h(sh, ah)− bk−1

h (sh, ah) + E
oh+1∼Ĵk−1

h
(· | sh,ah)

[
V low,k
i,h+1(ĉh+1)

]
, 0
}

for i ∈ [n]

DefineQhigh,k
i,h (ĉh, γh) := Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

[
Qhigh,k
i,h (ĉh, ph, sh, ah)

]
for i ∈ [n]

DefineQlow,k
i,h (ĉh, γh) := Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

[
Qlow,k
i,h (ĉh, ph, sh, ah)

]
for i ∈ [n]

{πkj,h(· | ·, ĉh, ·)}j∈[n] ← Bayesian-CE/CCE({Qhigh,k
j,h (ĉh, ·)}j∈[n]) (c.f. Appendix J.1)

V high,k
i,h (ĉh)← Eωh

[
Qhigh,k
i,h (ĉh, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n])

]
for i ∈ [n]

V low,k
i,h (ĉh)← Eωh

[
Qlow,k
i,h (ĉh, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n])

]
for i ∈ [n]

end for
end for
Execute πk and get trajectory (sk1:H , a

k
1:H , o

k
1:H+1)

for h ∈ [H], sh ∈ S, ah ∈ A, oh+1 ∈ O do
Nk
h (sh, ah)←

∑
l∈[k] 1[s

l
h = sh, a

l
h = ah]

Nk
h (sh, ah, oh+1)←

∑
l∈[k] 1[s

l
h = sh, a

l
h = ah, o

l
h+1 = oh+1]

Ĵkh(oh+1 | sh, ah)← Nk
h (sh,ah,oh+1)

Nk
h (sh,ah)

end for
end for

Example E.4 (POMDP with arbitrary, unknown decodable length). This example is similar to
Example E.3, but the decoding length m is unknown and not necessarily a small constant.

Proof of Example E.1 & Example E.2 & Example E.3 & Example E.4: To see why those examples
follow our Definition 3.2, it is indeed an immediate result of Proposition 7.1. ■

Proof of Proposition 3.3: Here we evaluate the computation complexity and sample complexity of
each iteration t as follows

Sample complexity: The algorithm executes the policy πt and collect K episodes, denoted as
{ok1:H , sk1:H , ak1:H}k∈[K] sampled from πt−1. Thus, the sample complexity of each iteration isO(K).

Computation complexity for policy evaluation: The policy evaluation of vanilla asymmetric
actor critic algorithm is done by minimizing the Bellman error. In the finite horizon with tabular
parameterization, it is equivalent to performing the following update for each h ∈ [H] in a backward
way and k ∈ [K].

Qth(τ
k
h , s

k
h, a

k
h)← (1− α)Qt−1

h (τkh , s
k
h, a

k
h)

+ α

rh(skh, akh) + 1

|J (τkh , skh, akh)|
∑

j∈J (τk
h ,s

k
h,a

k
h)

Qth+1(τ
j
h+1, s

j
h+1, a

j
h+1)

 ,

for some α ∈ (0, 1), where J (τkh , skh, akh) := {j ∈ [K] | (τ jh, s
j
h, a

j
h) = (τkh , s

k
h, a

k
h)}. Therefore, the

computation complexity for this procedure is of POLY(H,K).
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Algorithm 8 Approximate Belief Learning for MARL with Privileged Information

Input: G = (H,S,A,O, {Th}h∈[H], {Oh}h∈[H], µ1, {ri,h}i∈[n],h∈[H]), controller set {Ih ⊆
[n]}h∈[H]

for h ∈ [H], sh ∈ S do
r̂h′(s′h, a

′
h)← 1[h′ = h, s′h = sh] for any (h′, s′h, a

′
h) ∈ [H]× S ×A.

M← (H,S,A, {Th}h∈[H], µ1, {r̂h}h∈[H]) to be the MDP associated with P
Ψ(h, sh)← MDP_Learning(M)
Collect N trajectories by executing policy Ψ(h, sh) for first h− 1 steps then take action ah for

each ah ∈ A deterministically and denote the dataset {(sih, oih, aih, sih+1)}i∈[NA]

for oh, ah, sh+1 ∈ O ×A× S do
Nh(sh)←

∑
i∈[NA] 1[s

i
h = sh]

Nh(sh, aTh,h)←
∑
i∈[NA] 1[s

i
h = sh, a

i
Th,h

= aTh,h]

Nh(sh, aTh,h, sh+1)←
∑
i∈[NA] 1[s

i
h = sh, a

i
Th,h

= aTh,h, s
i
h+1 = sh+1]

Nh(sh, oh)←
∑
i∈[NA] 1[s

i
h = sh, o

i
h = oh]

T̂h(sh+1 | sh, aTh,h)←
Nh(sh,ah,sh+1)
Nh(sh,aTh,h)

Ôh(oh | sh)← Nh(sh,oh)
Nh(sh)

end for
end for
for h ∈ [H] do
Shigh
h ←

{
sh ∈ S | Nh(sh)

NA ≤ ϵ
}

end for
for h, sh, oh, ah, sh+1 ∈ [H]× Shigh

h ×O ×A× Shigh
h do

T̂trunc
h (sh+1 | sh, aTh,h)← T̂h(sh+1 | sh, aTh,h)

Ôtrunc
h (oh | sh)← Ôh(oh | sh)

T̂trunc
h (sexit | sh, aTh,h)← 1−

∑
s′h+1∈Shigh

h+1
T̂h(s′h+1 | sh, aTh,h)

Ôtrunc
h (oexit | sexit)← 1

end for
Let Ĝ trunc := (H, {Shigh

h ∪{sexit}}h∈[H],A,O∪{oexit}, {T̂trunc
h }h∈[H], {Ôtrunc

h }h∈[H], µ1, {ri,h}i∈[n],h∈[H])

Define {P̃h : Ĉh → ∆(Ph × (Shigh
h ∪ {sexit}))}h∈[H] to be the approximate belief w.r.t. Ĝ trunc

Define {P̂h : Ĉh → ∆(S×Ph)}h∈[H] such that P̂h(sh, ph | ĉh) = P̃h(sh, ph | sh)+ P̃h(s
exit
h ,ph | ĉh)
|Shigh

h |

for sh ∈ Shigh
h and 0 otherwise.

return {bapx
h }h∈[H]

Computation complexity for policy improvement: For tabular parameterization, computing
∇ log πt−1

h (akh | τkh ) takes O(1) computation. Hence the policy update in Equation (3.2) performs
POLY(H,K) computation.

Meanwhile, under the exponential time hypothesis, there is no polynomial time algorithm for even
planning an ϵ-approximate optimal policy in γ-observable POMDPs [22]. This implies that the vanilla
asymmetric actor-critic algorithm needs to take super-polynomial iterations to find an approximately
optimal policy. This implies the corresponding sample complexity has to be super-polynomial.

Finally, we remark that even if we let the policy and Q function not depend on the entire history τh
but only the finite memory zh, the proof still holds. ■

Derivation for the closed-form update Equation (3.3). Note that the proximal policy optimization
[63] update has the policy improvement as follows

πt ← argmax
π

Lt−1(π)− η−1EP
πt−1

 ∑
h∈[H]

KL(πh(· | τh) |πt−1
h (· | τh))

 , (E.1)
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where η is some learning rate and Lt−1(π) is a first-order approximation of the expected accumulated
rewards at πt−1:

Lt−1(π) := vP(πt−1) + EP
πt−1

 ∑
h∈[H]

〈
Qt−1

h (τh, sh, ·), πh(· | τh)− πt−1
h (· | τh)

〉 .

By plugging Lt−1(π) into Equation (E.1), with simple algebric manipulations, we prove that:

πth(· | τh) ∝ πt−1
h (· | τh) exp

(
ηEsh∼bh(τh)

[
Qt−1
h (τh, sh, ·)

])
.

F Missing Details in Section 4

Proof of Lemma 4.3: The proof follows by the assumption that the total cumulative reward is at
most H ,

vP(π) ≥EP
π

 ∑
h∈[H]

rh

1[∀h :∈ [H] : gh (sh−1, ah−1, oh) = sh]


=EP

πE

 ∑
h∈[H]

rh

1[∀h :∈ [H] : gh (sh−1, ah−1, oh) = sh]


− EP

πE

 ∑
h∈[H]

rh

1[∃h :∈ [H] : gh (sh−1, ah−1, oh) ̸= sh]


≥vP(πE)−HPπ

E ,P [∃h :∈ [H] : gh (sh−1, ah−1, oh) ̸= sh]

≥vP(πE)−Hϵ.

■

Proof of Theorem 4.4: For each step h ∈ [H], we define Dh to be the distribution over latent
state sh−1 at level h− 1, taken action ah−1 ∈ A from πE , latent state transitioned to sh ∈ S, and
observation oh+1 ∼ Oh(sh). Formally, the probability that the sequence (sh−1, ah−1, oh, sh) is
sampled from Dh equals to,

Dh := Pπ
E ,P [s′h−1 = sh−1, a

′
h−1 = ah−1, o

′
h = oh, s

′
h = sh

]
.

We first use union bound to decompose the probability that we incorrectly decode,

Pπ
E ,P [∃h ∈ [H] : gh (sh−1, ah−1, oh) ̸= sh] ≤

∑
h∈[H]

Pπ
E ,P [gh (sh−1, ah−1, oh) ̸= sh]

=
∑
h∈[H]

P(sh−1,ah−1,oh,sh)∼Dh
[gh (sh−1, ah−1, oh) ̸= sh] . (F.1)

For each h ∈ [H], we can use M episodes to collect M samples from distribution Dh. Denote the
set of collected samples by D̂M

h . We define the decoding gh for level h ∈ [H] as follows:

gh(sh−1, ah−1, oh−1) = {sh | (sh−1, ah−1, oh−1, sh) ∈ D̂M
h }.

Observe that by Definition 3.2, {sh+1 | (sh, ah, oh, sh+1) ∈ D̂M
h } is either the empty set or

contains only a single elements, in which case, it is true that gh(sh, ah, oh) = ψh(sh, ah, oh) (ψ
is the real decoding function, see Definition 3.2). Moreover we abuse notation and let D̃M

h be the
empirical distribution induced by samples in D̂M

h . Thus with probability at least 1− δ
H and setting

M = Θ
(

|A|·|O|·|S|+log(H/δ)
ϵ2

)
for each level h ∈ [H] using result by [10]:
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Pπ
E ,P [gh (sh−1, ah−1, oh) ̸= sh] =Pπ

E ,P [gh (sh−1, ah−1, oh) = ∅]

=P(sh−1,ah−1,oh,sh)∼Dh

[
(sh−1, ah−1, oh, sh) /∈ D̂h

]
=

∑
u∈supp(Dh)

Pr
u′∼Dh

[u = u′]1[u /∈ supp(D̃M
h )]

≤dTV (Dh, D̃h

M
)

≤ϵ.

Thus, by union-bound, with probability at least 1− δ we have that for each level h ∈ [H],∑
h∈[H]

P(sh−1,ah−1,oh,sh)∼Dh
[gh (sh−1, ah−1, oh) ̸= sh] ≤ ϵ,

which in combination with Equation (F.1) concludes the proof. Finally we note that we used a
total of Θ

(
H · |A|·|O|·|S|+log(H/δ)

ϵ2

)
episodes from the POMDP, and the computational time was

POLY(H, |A|, |O|, |S|, 1ϵ , log
(
1
δ

)
).. ■

G Provably Efficient Expert Policy Distillation with Function Approximation

We now turn our attention to the rich-observation setting under the deterministic filter condition.
Definition 3.2 motivates us to consider only succinct policies that incorporate an auxiliary parameter
representing the most recent state, as well as the most recent observations and actions. To handle the
large observation space, we further assume that for each level h ∈ [H], the agent selects a decoding
function gh from a family of multi-class classifiers Fh ⊂ {S × A × O → S}. For the function
class Fh we make the standard realizability assumption. We formally summarize our assumptions in
Assumption G.1
Assumption G.1. We consider a POMDP that satisfies Definition 3.2. In addition, to derive learning
algorithms that do not dependent on |O|, for each level h ∈ [H] we assume that we have access to a
class of functions Fh : S ×A×O → S such that the perfect decoding function ψh ∈ Fh.

We aim for our final bounds to depend on a complexity measure of the function class F rather than
the cardinality of the observation space O. We utilize the Daniely and Shalev-Shwartz Dimension
(DS Dimension) (Theorem G.2), which characterizes PAC learnability for multi-classification [6].
Defining the DS dimension is outside the scope of our paper; we direct interested readers to [6]
for further details. For intuition, readers can think of the DS Dimension as a certificate of PAC
learnability without loss of intuition.
Theorem G.2 (Theorem 1 in [6]). Consider a family of multi-class classifiers F that map features in
space x ∈ X to labels in space y ∈ Y . Moreover, assume there is a joint probability distribution D
over features in X and labels in Y , and that there exists g∗ ∈ F such that for each (x, y) ∈ supp(D),
g∗(x) = y. Given n samples from D, there exists an algorithm that with probability at least 1− δ
outputs g̃ ∈ F s.t.

P(x,y)∼D[g̃(x) ̸= y] ≤ Õ

(
dDS(F)3/2 + log

(
1
δ

)
n

)
.

We are now ready to present the main theorem of this section.
Theorem G.3. Consider a POMDP P that satisfies Definition 3.2, a policy πE ∈ ΠS , and let
{Fh ⊆ {S × A ×O → S}}h∈[H] be the decoding function class, and ψh ∈ Fh for each h ∈ [H],
i.e., {Fh}h∈[H] is realizable. Then given access to the classification oracle of [7], there exists an
algorithm learning the decoding function {gh}h∈[H] such that with probability at least 1− δ, for each
level h ∈ [H]:

Pπ
E ,P [∃h ∈ [H] : gh (sh−1, ah−1, oh) ̸= sh] ≤ ϵ,
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using O
(
H2

(
maxh∈[H] d

3/2
DS (Fh)+log( 1

δ )
)

ϵ

)
episodes, where dDS(Fh) is the the complexity measure

of Fh.

Proof of Theorem G.3:

For each level h ∈ [2, H], we define Dh to be the distribution over latent state sh−1 at level h− 1,
taken action ah−1 ∈ A from πE , latent state transitioned to sh ∈ S, and hallucinated observation
oh+1 ∼ Th(sh). Formally, the probability that the sequence (sh−1, ah−1, oh, sh) is sampled from
Dh equals to,

Dh := Pπ
E ,P [s′h−1 = sh−1, a

′
h−1 = ah−1, o

′
h = oh, s

′
h = sh

]
.

We first use union bound to decompose the misclassification error,

Pπ
E ,P [∃h ∈ [H] : g̃h (sh−1, ah−1, oh) ̸= sh] ≤

∑
h∈[H]

Pπ
E ,P [g̃h (sh−1, ah−1, oh) ̸= sh]

=
∑
h∈[H]

P(sh−1,ah−1,oh,sh)∼Dh
[g̃h (sh−1, ah−1, oh) ̸= sh] . (G.1)

For each h ∈ [H], we can use Õ
(
H
ϵ

(
dDS(Fh)3/2 + log

(
H
δ

)))
=

Õ
(
H
ϵ ·
(
maxh∈[H] dDS(Fh)3/2 + log

(
1
δ

)))
episodes to collect

Õ
(
H
ϵ ·
(
maxh∈[H] dDS(Fh)3/2 + log

(
1
δ

)))
samples from distribution Dh. Hence by Theo-

rem G.2, with probability at least 1− δ
H we have that

P(sh−1,ah−1,oh,sh)∼Dh
[g̃h (sh−1, ah−1, oh) ̸= sh] ≤

ϵ

H
.

Thus, by union bound, with probability at least 1 − δ, using a total of
Õ
(
H2

ϵ ·
(
maxh∈[H] dDS(Fh)3/2 + log

(
1
δ

)))
episodes we have that,∑

h∈[H]

P(sh−1,ah−1,oh,sh)∼Dh
[g̃h (sh−1, ah−1, oh) ̸= sh] ≤ ϵ,

which in combination with Equation (G.1) concludes the proof. ■

H Missing Details in Section 5

Proof of Theorem 5.1:

Let π∗ ∈ argmaxπ∈ΠL V π1 (s1). We first note the following equation,
1

T

∑
t∈[T ]

V π
t

1 (s1) =V
π∗

1 (s1) +
1

T

∑
t∈[T ]

(
Ṽ π

t

1 (s1)− V π
∗

1 (s1)
)
+

1

T

∑
t∈[T ]

(
V π

t

1 (s1)− Ṽ π
t

1 (s1)
)
.

(H.1)

We make use of the extended performance difference lemma:
Lemma H.1 (Lemma 1 in [64]). For any pair of policies π = {πh}h∈[H], π

′ = {π′
h}h∈[H], and

approximation of the Q-function of policy π, we have that:

Ṽ π1 (s1)− V π
′

1 (s1)

=
∑
h∈[H]

Eτh∼π′

[〈
Q̃πh((zh, sh), ·), πh(· | zh, sh)− π′

h(· | zh, sh)
〉]

+
∑
h∈[H]

Eτh∼π′

[
Q̃πh((zh, sh), ah)− E sh+1∼Th(· | sh,ah),

oh+1∼Oh+1(· | sh+1)

[
rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)

]]
,

where Ṽ πh (zh, sh) = Eah∼π(zh)[Q̃πh(zh, ah)].
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Setting π = πt, and π′ = π∗, the above formulation is simplified to3,

Ṽ π
t

1 (s1)− V π
∗

1 (s1)

=
∑
h∈[H]

Eτh∼π∗

[〈
Q̃π

t

h ((zh, sh), ·), πth(· | zh, sh)− π∗
h(· | zh, sh)

〉]

+
∑
h∈[H]

Eτh∼π∗

[
Q̃πh((zh, sh), ah)− E sh+1∼Th(· | sh,ah),

oh+1∼Oh+1(· | sh+1)

[
rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)

]]

≥
∑
h∈[H]

Eτh∼π∗

[〈
Q̃π

t

h ((zh, sh), ·), πth(· | zh, sh)− π∗
h(· | zh, sh)

〉]
,

where in the inequality above we used Lemma H.2. Since our policy does not depend on the realized
latent state sh,

Ṽ π
t

1 (s1)− V π
∗

1 (s1)

≥
∑
h∈[H]

Eτh∼π∗

[〈
Q̃π

t

h ((zh, sh), ·), πth(· | zh, sh)− π∗
h(· | zh, sh)

〉]
=
∑
h∈[H]

Eτh∼π∗

[〈
Esh∼b(τh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉]

=
∑
h∈[H]

Eτh∼π∗

[〈
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉]

+
∑
h∈[H]

Eτh∼π∗

[〈
Esh∼b(τh)

[
Q̃π

t

h ((zh, sh), ·)
]
− Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉]

≥
∑
h∈[H]

Eτh∼π∗

[〈
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉]

−
∑
h∈[H]

Eτh∼π∗

[∥∥∥Esh∼b(τh)

[
Q̃π

t

h ((zh, sh), ·)
]
− Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]∥∥∥

1

]
≥
∑
h∈[H]

Eτh∼π∗

[〈
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉]

− 2 ·H ·
∑
h∈[H]

Eτh∼π∗
[
dTV (bh(τh), b

apx
h (zh))

]
.

The last inequality follows by assumption Lemma H.2. By averaging we get,

1

T

∑
t∈[T ]

Ṽ π
t

1 (s1) ≥V π
∗

1 (s1) +
1

T

∑
h∈[H]

Eτh∼π∗

∑
t∈[T ]

〈
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉

− 2 ·H ·
∑
h∈[H]

Eτh∼π∗
[
dTV (bh(τh), b

apx
h (zh))

]
.

≥V π
∗

1 (s1) +
H

T
max
h∈[H]

Eτh∼π∗

∑
t∈[T ]

〈
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), ·)
]
, πth(· | zh)− π∗

h(· | zh)
〉

− 2 ·H2 · max
h∈[H]

Eτh∼π∗
[
dTV (bh(τh), b

apx
h (zh))

]
.

≥V π
∗

1 (s1)−
2H
√
H log (|A|)√
T

− 2 ·H2 · max
h∈[H]

Eτh∼π∗
[
dTV (bh(τh), b

apx
h (zh))

]
,

3Since π∗ is deterministic, w.l.o.g. we define by a∗
zh the action that the best-in-class policy selects at

truncated memory zh.
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where the last inequality follows since for fixed h ∈ [H] and zh ∈ Zh, the agent updates her policy
on memory zh according to MWU on feedback

{
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh), a)
]}

a∈A
, and thus, the

accumulate regret is bounded by (Section 4.3 in [8]):

∑
t∈[T ]

〈
Esh∼bapx(zh)

[
Q̃π

t

h ((zh, sh)
]
, π∗
h(· | zh)− πth(· | zh)

〉
≤ log (|A|)

η
+ η · T ·

∥∥∥Qπt

h ((zh, sh), ·)
∥∥∥
+∞

≤ log (|A|)
η

+ η · T ·H

=2
√
T ·H log (|A|).

The proof follows by combining Equation (H.1), and the inequality above. Finally, to achieve the near
optimality in the class of ΠL, we bound the optimistic estimation using Equation (H.2) in Lemma H.2,
and its global optimality under γ-observability is a direct consequence of [22]. ■

Lemma H.2 (Optimistic Q-function - adapted from [40]). Given a policy π ∈ ΠL, and a parameter
M ∈ N, let {Q̃πh : Zh ×A → [0, H]}h∈[H] be the output of Algorithm 3. Then with probability at
least 1− δ:

H − h+ 1 ≥ Q̃πh((zh, sh), ah) ≥ E sh+1∼Th(· | sh,ah),
oh+1∼Oh+1(· | sh+1)

[
rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)

]
,∀zh ∈ Zh, sh ∈ S, ah ∈ A,

Ṽ π1 (s1)− V π(s1) ≤ O

(
H2 ·

√
max(|O|, |S|) · |S| · |A|

M
· log

(
|S| · |A|

δ

)
log

(
M · |S| · |A| ·H

δ

))
,

(H.2)

where Ṽ πh (zh, sh) = Eah∼π(zh)[Q̃πh(zh, ah)]. Moreover, Algorithm 3 needs a total ofH ·M episodes
from POMDP P and runs in time POLY(H,M, |A|L, |O|L).

Proof. For each step h ∈ [H], collect M trajectories with states using policy π on POMDP P and let
Dh = {τ (i)}i∈[M ] be those collected trajectories. Define the empirical transition, observation and
reward distribution as follows:

Nh(sh, ah, sh+1) =|τ = (s′1, o
′
1, a

′
1, r

′
1 . . . , s

′
h, o

′
h, a

′
h, r

′
h) ∈ Dh : (sh, ah, sh+1) = (s′h, a

′
h, s

′
h+1)|,

Nh(sh, ah) =
∑

sh+1∈S
Nh(sh, ah, sh+1),

Nh(sh) =
∑
ah∈A

Nh(sh, ah),

Nh(sh, oh) =|τ = (s′1, o
′
1, a

′
1, r

′
1 . . . , s

′
h, o

′
h, a

′
h, r

′
h) ∈ Dh : (sh, oh) = (s′h, o

′
h)|,

T̂h(sh+1 | sh, ah) =
Nh(sh, ah, sh+1)

Nh(sh, ah)
,

Ôh(oh | sh) =
Nh(sh, oh)

Nh(sh)
.

Set δ1 = δ
2·|S|·(|A|+1) . By [10], there exists a constant C > 0 such that for each step h ∈ [H], state

s ∈ S and action a ∈ A with probability at least 1− δ1:

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 ≤min

(
2, C ·

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

)
,

∥Oh(· | sh)− Ôh(· | sh)∥1 ≤min

(
2, C ·

√
|O| log(1/δ1)

max(Nh(sh), 1)

)
.

For the rest of the proof we condition on this event. By union bound, this happen with probability
at least 1− δ

2 . We define the optimistic Q function recursively as follows for a memory-state pair
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(zh, sh) ∈ Zh × S:

Q̃πH+1(zH+1, sH+1) =0, ∀zH+1 ∈ ZH+1, sH+1 ∈ S

Q̃πh((zh, sh), ah) =min

(
H − h+ 1,E sh+1∼T̂h(sh,ah),

oh+1∼Ôh+1(sh+1)

[Ṽ πh+1(zh+1, sh+1)]

+ r(sh, ah) +H ·min

(
2, C ·

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

)

+ Esh+1∼T̂h(sh,ah)
H ·min

(
2, C ·

√
|O| log(1/δ1)

max(Nh+1(sh+1), 1)

))
,

where Ṽ πh (zh, sh) = Eah∼π(zh)[Q̃πh(zh, ah)]. Hence the time complexity of our algorithm is
POLY(H,M, |A|L, |O|L). To prove the first condition we fix step h ∈ [H], zh ∈ Zh, ah ∈ A
and state sh ∈ S and take condition whether Q̃πh(zh, sh) = H − h + 1. In this case, since by
assumption on the POMDP P , rh(sh, ah) ≤ 1, and by definition of Q̃πh+1(·, ·) ≤ H − h we have:

Q̃πh((zh, sh), ah) = 1 +H − h ≥ E sh+1∼Th(sh,ah),
oh+1∼Oh+1(sh+1)

[rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)].

If Q̃πh(zh, sh) ̸= H − h+ 1, observe that:

Q̃πh((zh, sh), ah) =E sh+1∼T̂h(sh,ah),

oh+1∼Ôh+1(sh+1)

[Ṽ πh+1(zh+1, sh+1)]

+ r(sh, ah) +H ·min

(
2, C ·

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

)

+ Esh+1∼T̂h(sh,ah)
H ·min

(
2, C ·

√
|O| log(1/δ1)

max(Nh+1(sh+1), 1)

)
≥E sh+1∼Th(sh,ah),

oh+1∼Oh+1(sh+1)

[rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)],

and hence, {Q̃πh}h∈[H] satisfies the first condition. Moreover, it is true that:

Q̃πh((zh, sh), ah) ≤E sh+1∼Th(sh,ah),
oh+1∼Oh+1(sh+1)

[rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)]

+ 2H ·min

(
2, C ·

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

)

+ 2 · Esh+1∼T̂h(sh,ah)
H ·min

(
2, C ·

√
|O| log(1/δ1)

max(Nh+1(sh+1), 1)

)
≤E sh+1∼Th(sh,ah),

oh+1∼Oh+1(sh+1)

[rh(sh, ah) + Ṽ πh+1(zh+1, sh+1)]

+ 6H ·min

(
2, C ·

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

)

+ 2 · Esh+1∼Th(sh,ah)H ·min

(
2, C ·

√
|O| log(1/δ1)

max(Nh+1(sh+1), 1)

)
.
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Thus it holds that:

Ṽ πh (zh, sh)− V πh (zh, sh) ≤E ah∼π(zh),
sh+1∼Th(sh,ah),
oh+1∼Oh+1(sh+1)

[Ṽ πh+1(zh+1, sh+1)− V πh+1(zh+1, sh+1)]

+ 6 · C ·H · Eah∼π(zh)

√
|S| log(1/δ1)

max(Nh(sh, ah), 1)

+ 2 · C ·H · E ah∼π(zh),
sh+1∼Th(sh,ah)

√
|O| log(1/δ1)

max(Nh+1(sh+1), 1)
.

Thus we conclude that

Ṽ π1 (s1)− V π1 (s1) ≤Eτ=(s1,a1,...,sH+1)∼π

 ∑
h∈[H]

8 ·H · C ·

√
max(|S|, |O|) log(1/δ1)
max(Nh(sh, ah), 1)


=8 ·H

√
max(|O|, |S|) · log(1/δ1) · C ·

∑
h∈[H]

Eτ=(s1,a1,...,sH+1)∼π

[√
1

max(Nh(sh, ah), 1)

]
.

To finish the proof, we make use of the following lemma.
Lemma H.3 (Lemma 6 in [40]). For each step h ∈ [H], and state-action pair sh, ah ∈ S ×A, with
probability at least 1− δ2:√

1

max(Nh(sh, ah), 1)
= O

(√
|S| · |A| log(M/δ2)

M

)
.

By setting δ2 = δ
2·|S|·|A|·H , by taking union bound we have that with probability at least 1− δ we

conclude that:

Ṽ π1 (s1)− V π1 (s1) =8
√
max(|O|, |S|) · log(1/δ1) · C ·

∑
h∈[H]

Eτ=(s1,a1,...,sH+1)∼π

[√
1

max(Nh(sh, ah), 1)

]

≤O

(
H2 ·

√
max(|O|, |S|) · |S| · |A|

M
· log

(
|S| · |A|

δ

)
log

(
M · |S| · |A| ·H

δ

))
.

The proof of Theorem 5.2 follows by combining Theorem H.4 and Theorem H.5 below. Theorem H.4
proves that we can approximately learn a POMDP model P computational and sample efficiently,
thanks to the privileged information.
Theorem H.4. Fix any ϵ, δ ∈ (0, 1). Algorithm 4 can learn the approximate POMDP model with
transition T̂1:H and emission Ô1:H such that with probability 1 − δ, for any policy π ∈ Πgen and
h ∈ [H]

EP
π

[
∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

]
≤ ϵ,

using POLY(S,A,H,O, 1ϵ , log(
1
δ )) episodes in time POLY(S,A,H,O, 1ϵ , log(

1
δ )).

Proof. Note that by Lemma H.8, it suffices to consider only π ∈ ΠS (by considering rh(sh, ah) :=
∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1). For each h ∈ [H] and sh ∈ S, we
define

ph(sh) = max
π∈ΠS

dπh(sh).
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Fix ϵ1 > 0, we define U(h, ϵ1) = {sh ∈ S | ph(sh) ≥ ϵ1}. By [32], one can learn the policy Ψ(h, sh)

with sample complexity Õ(S
2AH4

ϵ1
) such that dΨ(h,sh)

h (sh) ≥ ph(sh)
2 for each sh ∈ U(h, ϵ1) with

probability 1− δ1. Now we assume this event holds for any h ∈ [H] and sh ∈ U(h, ϵ1). For each
sh ∈ S and ah ∈ A, we have executed the policy Ψ(h, sh) followed by an action ah ∈ A for N
episodes and denote the number of episodes that sh and ah are visited as Nh(sh, ah). Then with
probability 1− eNϵ1/8, Nh(sh, ah) ≥ Nph(sh)

2 by Chernoff bound. Now conditioned on this event,
we are ready to evaluate the following

EP
Ψ(h,sh)

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1

=
∑
sh,ah

d
Ψ(h,sh)
h (sh)Ψ(h, sh)h(ah | sh)∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1

≤ 2Sϵ1 +
∑

sh∈U(h,ϵ1),ah

d
Ψ(h,sh)
h (sh)Ψ(h, sh)h(ah | sh)

√
S log(1/δ2)

Nph(sh)

≤ 2Sϵ1 +
∑
sh

√
d
Ψ(h,sh)
h (sh)

√
S log(1/δ2)

N

≤2Sϵ1 + S

√
log(1/δ2)

N
,

where the first inequality follows by [10] with probability at least 1− δ2. Similarly,

EP
Ψ(h,sh)

∥Oh(· | sh)− Ôh(· | sh)∥1

=
∑
sh

d
Ψ(h,sh)
h (sh)∥Oh(· | sh)− Ôh(· | sh)∥1

≤ Sϵ1 +
∑

sh∈U(h,ϵ1)

d
Ψ(h,sh)
h (sh)

√
O log(1/δ2)

Nph(sh)

≤ Sϵ1 +
∑

sh∈U(h,ϵ1)

√
d
Ψ(h,sh)
h (sh)

√
O log(1/δ2)

N

≤ Sϵ1 +
√
SO log(1/δ2)

N
.

Therefore, by a union bound, the all high probability events hold with probability

1− SHδ1 − SHAeNϵ1/8 − SAHδ2,
where similarly the first inequality follows by [10] with probability at least 1− δ2. Therefore, we can
choose N = Õ(S

2+SO
ϵ2 ) and ϵ1 = O( ϵS ), leading to the total sample complexity

SHA(N + Õ(S
3AH4

ϵ
)) = Õ(S

2AHO + S3AH

ϵ2
+
S4A2H5

ϵ
). (H.3)

Now with such a learned model in a reward-free way, we are ready to present our main result for
approximate belief learning.

Theorem H.5. Consider a γ-observable POMDP P , an ϵ > 0 and let P̂ be the outcome of Algo-
rithm 4 such that for any π ∈ Πgen:

EP
π

[
∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

]
≤ ϵ

3 ·H
.

Then we can construct in time POLY(H, |A|, |S|, |O|, 1ϵ , log
1
δ ) a belief {bapx

h : Zh → ∆(S)}h∈[H]

with no further samples. In addition if N ≥ O(O log(SH/δ)
γ2ϵ1

) and L ≥ Ω̃(γ−4 log(S/ϵ), then for any
π ∈ Πgen and h ∈ [H]:

EP
π ∥bh(τh)− bapx

h (zh)∥1 ≤ ϵ.
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Proof. We firstly consider the following simple while important fact: for the estimated emission Ôh,
its observability can be evaluated as

∥Ô⊤
h (b− b′)∥1 ≥ ∥O⊤

h (b− b′)∥1 − ∥(O⊤
h − Ô⊤

h )(b− b′)∥1 ≥ (γ − ∥Ôh −Oh∥∞)∥b− b′∥1,

for any b, b′ ∈ ∆(S) and ∥Ôh −Oh∥∞ := maxsh∈S ∥Oh(· | sh)− Ôh(· | sh)∥1. Therefore, if one
can ensure that the emission at any state sh is learned accurately in the sense that ∥Oh(· | sh) −
Ôh(· | sh)∥1 ≤ γ

2 , we can conclude that Ôh is also γ/2-observable. However, the key challenge
here is that there could exist some states sh at step h that can only be visited with a low probability
no matter what exploration policy is used. Therefore, emissions at such states may not be learned
accurately.

To circumvent this issue, our key technique here is to redirect the transition probability into states
that cannot be explored sufficiently to a new state sexit, the emission associated with which gives
a new observation oexit deterministically. For ease of our presentation, we assume that we know
that there already exists such a dummy pair of (sexit, oexit) in the POMDP model P we are dealing
with. Formally, we assume that sexit ∈ S is not reachable at each step h ∈ [H], and the system
state keeps staying at sexit. Meanwhile, we assume oexit ∈ O satisfies that Oh(oexit | sexit) = 1, while
Oh(oexit | s) = 0 for any s ̸= sexit and h ∈ [H].

To see why we can assume we know such an (sexit, oexit), we notice that if P does not contain such a
pair (or such a pair does exist, but we don’t know which state-observation it is), we can construct a
new P ′ by manually adding such (sexit, oexit) to P by letting the transition probability at any other
states to sexit to be 0, and also manually adding the dummy observation oexit to satisfy the requirement
above. By such a construction, any ϵ-optimal policy of P ′ is an ϵ-optimal policy of P since sexit is
not reachable. More importantly, simulating P ′ is exactly equivalent to simulating the original P
again since sexit is not reachable. Finally, we point out that if the original problem P is γ-observable,
we have P ′ is also γ-observable. Then we only need to deal with the new model P ′ that satisfies our
requirement.

Now, for any ϵ1 > 0, we define

S low
h :=

{
sh ∈ S |

Nh(sh)

N
<
ϵ1
2

}
, Shigh

h := S \ S low
h .

With Chernoff bound, with probability at least 1− Se−Nϵ1/8, it holds that

S low
h ⊆ {sh ∈ S | ph(sh) < ϵ1},

where ph(sh) := maxπ∈ΠS d
π
h(sh). To see the reason, we notice that for any sh such that ph(sh) ≥

ϵ1, with probability 1− e−Nϵ1/8, it holds that Nh(sh)
N ≥ ϵ1

2 . Therefore, the last step is by taking a
union bound for all sh. Now with S low

h defined, we are ready to construct a truncated POMDP P trunc

such that for each h ∈ [H], we define the transition as

Ttrunc
h (sh+1 | sh, ah) := Th(sh+1 | sh, ah),∀sh ∈ Shigh

h , sh+1 ∈ Shigh
h+1, ah ∈ A.

Meanwhile, we define

Ttrunc
h (sexit | sh, ah) :=

∑
sh+1∈S low

h+1

Th(sh+1 | sh, ah),∀sh ∈ Shigh
h , ah ∈ A.

Recall that once the state becomes sexit, future states will always be sexit no matter what actions are
taken. Finally, we define the transition for sh ∈ S low

h as,

Ttrunc
h (· | sh, ·) := Th(· | sh, ·).

For emission, we simply define

Otrunc
h (oh | sh) := Oh(oh | sh),∀h ∈ [H], sh ∈ S, oh ∈ Oh.

Finally, we define the rewards for P trunc arbitrarily. Now we examine the total variation distance of
trajectory distribution in P and P trunc. For any policy π ∈ Πgen, it is easy to see that

Pπ,P(τH) = Pπ,P
trunc

(τH),
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for any τH ∈ T
high
H := {(s1:H , o1:H , a1:H) | sh ∈ Shigh

h ,∀h ∈ [H]}. Meanwhile, it holds by a union
bound that

Pπ,P(τH ̸∈ T
high
H ) ≤

∑
h∈[H]

Pπ,P(sh ∈ S low
h ) ≤ HSϵ1.

Therefore, the total variation distance of trajectory distribution in P and P trunc can be bounded by∑
τH

|Pπ,P(τH)− Pπ,P
trunc

(τH)| ≤ 2HSϵ1.

On the other hand, by Lemma H.7, we have

EP
π [∥bh(τh)− btrunc

h (τh)∥1] ≤ EP
π

∑
t∈[h]

∥Tt(· | st, at)− Ttrunc
t (· | st, at)∥1 + ∥Ot(· | st)−Otrunc

t (· | st)∥1

≤ 4Pπ,P(∃t ∈ [h] : st ̸∈ Shigh
t )

≤ 4HSϵ1.

With such an intermediate quantity P trunc, we define its approximate version P̂ trunc as follows:

T̂trunc
h (sh+1 | sh, ah) := T̂h(sh+1 | sh, ah) ∀h ∈ [H], sh ∈ Shigh

h , sh+1 ∈ Shigh
h+1, ah ∈ A,

and

T̂trunc
h (sexit | sh, ah) :=

∑
sh+1∈S low

h+1

T̂h(sh+1 | sh, ah),∀h ∈ [H], sh ∈ Shigh
h , ah ∈ A.

For emission, we define

Ôtrunc
h (oh | sh) := Ôh(oh | sh),∀h ∈ [H], sh ∈ S \ {sexit}, oh ∈ Oh,

while we define Ôtrunc
h (oexit

h | sexit
h ) := 1.

Now we define Ôsub
h ∈ R(|Shigh

h |+1)×O to be the sub-matrix of Ôtrunc
h , where we only keep those rows

of Ôtrunc
h that correspond to states from Shigh

h ∪ {sexit}. Similarly, we define Osub
h ∈ R(|Shigh

h |+1)×O

to be the sub-matrix of Oh, where we only keep those rows of Oh that correspond to states from
Shigh
h ∪ {sexit}. It is easy to see that Osub is still γ-observable. Meanwhile, we notice that

∥Ôsub
h −Osub

h ∥∞ = max
sh∈Shigh

h

∥Oh(· | sh)− Ôh(· | sh)∥1

≤ max
sh∈Shigh

h

√
O log(SH/δ)

Nh(sh)

≤ max
sh∈Shigh

h

√
2O log(SH/δ)

Nϵ1
,

where the first inequality is by Lemma J.9, and the second inequality is by the definition of Shigh
h .

Therefore, if we take

N ≥ 8O log(SH/δ)

γ2ϵ1
,

it is guaranteed that ∥Ôsub
h −Osub

h ∥∞ ≤
γ
2 . Therefore, we conclude that Ôsub

h is also γ/2-observable.

Now we are ready to examine b̂′,trunc
h . We firstly define the following POMDP P̂ sub, which essentially

deletes all states in S low
h \ {sexit} from the state space of P̂ trunc at each step h. Then we can notice that

the emission of P̂ sub is exactly Ôsub
h , implying that P̂ sub is an γ/2-observable POMDP. Therefore, by

[21], it is guaranteed that for any π ∈ Π,

EP̂ sub

π ∥b̂sub
h (τh)− b̂′,sub

h (zh)∥1 ≤ ϵ,
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where b̂sub
h (τh), b̂

′,sub
h (zh) ∈ ∆(Shigh

h ∪ {sexit}). Now we claim that

EP̂ trunc

π ∥b̂trunc
h (τh)− bapx

h (zh)∥1 ≤ ϵ,

where we define bapx
h (zh) ∈ ∆(S) by augmenting b̂′,sub

h (zh) with 0 for states from S low
h \ {sexit}. To

see the reason, we notice that simulating P̂ trunc is exactly equivalent to simulating P̂ sub, and that
b̂trunc
h (τh)(sh) = 0 for sh ∈ S low

h \ {sexit}, b̂trunc
h (τh)(sh) = b̂sub

h (τh) for sh ∈ Shigh
h ∪ {sexit}

For the total variation distance of trajectory distributions between P trunc and P̂ trunc, it holds that by
Lemma H.7∑
τH

|Pπ,P
trunc

(τH)− Pπ,P̂
trunc

(τH)|

≤ EP trunc

π

∑
h∈[H]

∥Ttrunc
h (· | sh, ah)− T̂trunc

h (· | sh, ah)∥1 + ∥Otrunc
h (· | sh)− Ôtrunc

h (· | sh)∥1

=
∑
h∈[H]

EP trunc

π 1[∀t ∈ [h] : st ∈ Shigh
t ]∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1,

where the last step is due to the fact that if there exists some t ∈ [h] such that st ̸∈ Shigh
t , it is

guaranteed that sh = sexit, due to the transition of P trunc, which implies that

∥Ttrunc
h (· | sh, ah)− T̂trunc

h (· | sh, ah)∥1 + ∥Otrunc
h (· | sh)− Ôtrunc

h (· | sh)∥1 = 0.

We notice that for any trajectory τh such that st ∈ Shigh
t , we have

Pπ,P(τh) = Pπ,P
trunc

(τh),

which implies that∑
h

EP trunc

π 1[∀t ∈ [h] : st ∈ Shigh
t ]∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

=
∑
h

EP
π 1[∀t ∈ [h] : st ∈ Shigh

t ]∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

≤
∑
h

EP
π ∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

≤ ϵ

3
,

where the last step is by Theorem H.4. Hence, by Lemma H.7, it holds that

EP trunc

π ∥btrunc
h (τh)− b̂trunc

h (τh)∥1 ≤
ϵ

3
.

Finally, we are ready to prove

EP
π ∥bh(τh)− b̂′,trunc

h (zh)∥1 ≤ EP
π ∥bh(τh)− btrunc

h (τh)∥1 + EP
π ∥btrunc

h (τh)− b̂trunc
h (τh)∥1 + EP

π ∥b̂trunc
h (τh)− bapx

h (zh)∥1
≤ EP

π ∥bh(τh)− btrunc
h (τh)∥1 + EP trunc

π ∥btrunc
h (τh)− b̂trunc

h (τh)∥1 + EP̂ trunc

π ∥b̂trunc
h (τh)− bapx

h (zh)∥1
+ 4∥Pπ,P − Pπ,P

trunc
∥1 + 2∥Pπ,P

trunc
− Pπ,P̂

trunc
∥

≤ 4HSϵ1 + ϵ3 + ϵ2 + 8HSϵ1 + 2ϵ3
≤ 12HSϵ1 + ϵ2 + 3Hϵ3.

Therefore, for any ϵ > 0, by taking ϵ1 = ϵ
36HS , ϵ2 = ϵ

3 , ϵ3 = ϵ
3H , we prove our lemma. Observe that

our algorithm needed no further samples. The computational complexity follows by computing belief
bapx
h on POMDP P̂ sub using finite-memory policies of size Θ̃(γ−4 log(S/ϵ)). For the final sample

complexity, we only need to ensure N ≥ O(O log(SH/δ)
γ2ϵ1

) in Equation (H.3), thus concluding our
proof
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H.1 Supporting Technical Lemmas

In the following, we provide some technical lemmas and their proofs.

Lemma H.6. Fix two finite sets X , Y and two joint distributions P1, P2 ∈ ∆(X × Y). It holds that

−EP1(x)

∑
y

|P1(y |x)− P2(y |x)| ≤
∑
x,y

|P1(x, y)− P2(x, y)| −
∑
x

|P1(x)− P2(x)|

≤ EP1(x)

∑
y

|P1(y |x)− P2(y |x)|.

Proof. For the second inequality, it holds that∑
x,y

|P1(x, y)− P2(x, y)| =
∑
x,y

|P1(x, y)− P1(x)P2(y |x) + P1(x)P2(y |x)− P2(x, y)|

≤
∑
x,y

|P1(x, y)− P1(x)P2(y |x)|+ |P1(x)P2(y |x)− P2(x, y)|

=
∑
x,y

|P1(x)(P1(y |x)− P2(y |x))|+ |P2(y |x)(P1(x)− P2(x))|

= EP1(x)

∑
y

|P1(y |x)− P2(y |x)|+
∑
x

|P1(x)− P2(x)|.

Meanwhile, for the first inequality, it holds that

∑
x,y

|P1(x, y)− P2(x, y)| =
∑
x,y

|P1(x, y)− P1(x)P2(y |x) + P1(x)P2(y |x)− P2(x, y)|

≥
∑
x,y

−|P1(x, y)− P1(x)P2(y |x)|+ |P1(x)P2(y |x)− P2(x, y)|

=
∑
x,y

−|P1(x)(P1(y |x)− P2(y |x))|+ |P2(y |x)(P1(x)− P2(x))|

= EP1(x) −
∑
y

|P1(y |x)− P2(y |x)|+
∑
x

|P1(x)− P2(x)|,

concluding our lemma.

Lemma H.7. Consider any two POMDP instances P and P̂ and define the belief functions as b1:H
and b̂1:H , respectively (see Appendix C for definition of belief function b1:H ). It holds that for any
π ∈ Πgen∑
τH

|Pπ,P(τH)− Pπ,P̂(τH)| ≤ EP
π

∑
h∈[H−1]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + EP
π

∑
h∈[H]

∥Oh(· | sh)− Ôh(· | sh)∥1.

EP
π ∥bH(τH)− b̂H(τH)∥1 ≤ 2EP

π

∑
h∈[H−1]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + 2EP
π

∑
h∈[H]

∥Oh(· | sh)− Ôh(· | sh)∥1,

where we remind readers that we denote by τH = (s1:H , o1:H , a1:H−1) the trajectory with states
from an episode of the POMDP, and w.l.o.g, we assume T̂H = TH for notational convenience, since
one can assume the episode ends deterministically at a state sH+1.
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Proof. The first inequality also appears in [36] and we provide a simplified proof here for complete-
ness. By Lemma H.6, it holds that∑
τH

|Pπ,P(τH)− Pπ,P̂(τH)| ≤
∑
τH−1

|Pπ,P(τH−1)− Pπ,P̂(τH−1)|

+ EP
π

∑
aH−1,sH ,oH

∣∣∣∣∣πH−1(ah−1 | τH−1)TH−1(sH | sH−1, aH−1)OH(oH | sH)

− πH−1(ah−1 | τH−1)T̂H−1(sH | sH−1, aH−1)ÔH(oH | sH)

∣∣∣∣∣
≤
∑
τH−1

|Pπ,P(τH−1)− Pπ,P̂(τH−1)|+ EP
π ∥TH−1(· | sH−1, aH−1)− T̂H−1(· | sH−1, aH−1)∥1

+ ∥OH(· | sH)− ÔH(· | sH)∥1,

where the last step is again from Lemma H.6. Therefore, by rolling out the inequality repeatedly, we
proved the first result.

For the second result, we notice that by Lemma H.6, it holds that∑
τh,sh

|Pπ,Ph (τh, sh)− Pπ,P̂h (τh, sh)| ≥ −
∑
τh

|Pπ,Ph (τh)− Pπ,P̂h (τh)|+ EP
π

∑
sh

|Pπ,Ph (sh | τh)− Pπ,P̂h (sh | τh)|.

Notice the fact that Pπ,Ph (sh | τh) does not depend on π since it is exactly bh(τh)(sh), we conclude
that

EP
π ∥bh(τh)− b̂h(τh)∥1 ≤

∑
τh,sh

|Pπ,Ph (τh, sh)− Pπ,P̂h (τh, sh)|+
∑
τh

|Pπ,Ph (τh)− Pπ,P̂h (τh)|

≤2
∑
τH

|Pπ,P(τh)− Pπ,P̂(τh)|,

where the last step comes from the fact that after marginalization, the total variation distance will not
increase. By combining it with the first result, we proved the second result.

Lemma H.8. For any reward function r1:H of P with rh : S ×A → R for any h ∈ [H], it holds that

max
π∈Πgen

vP(π) ≤ max
π∈ΠS

vP(π)

Proof. Denote π⋆ ∈ ΠS to be the optimal policy obtained by running value iteration only on the state
space for P . Now we are ready to prove the following argument for any π ∈ Πgen inductively:

Qπ
⋆,P
h (sh, ah) ≥ Qπ,Ph (s1:h, o1:h, a1:h).

It is easy to see the argument holds for h = H . Fix state-action pair (sh, ah) ∈ S ×A and trajectory
(s1:h−1, o1:h, a1:h−1), we note that:

Qπ
⋆,P
h (sh, ah) = rh(sh, ah) + Esh+1∼Th(· | sh,ah)

[
max
ah+1

Qπ
⋆,P
h+1 (sh+1, ah+1)

]
≥ rh(sh, ah) + Esh+1∼Th(· | sh,ah),

oh+1∼Oh+1(·|sh+1)

[
max
ah+1

Qπ,Ph+1(s1:h+1, o1:h+1, a1:h+1)

]
≥ rh(sh, ah) + Esh+1∼Th(· | sh,ah),

oh+1∼Oh+1(·|sh+1)

[
Eah+1∼πh(· | s1:h+1,o1:h+1,a1:h)Q

π,P
h+1(s1:h+1, o1:h+1, a1:h+1)

]
= Qπ,Ph (s1:h, o1:h, a1:h),

where the first inequality comes from the inductive hypothesis.
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Figure 2: Results for POMDPs of different sizes, where our methods achieve the best performance
with the smallest samples (VI: value iteration; AAC: asymmetric actor-critic).

Asymmetric
optimistic NPG

Expert policy
distillation

Asymmetric
Q learning Vanilla AAC

Deterministic
POMDP

Case 1 3.32± 0.66 3.33± 0.623.33± 0.623.33± 0.62 3.04± 0.58 3.25± 0.65
Case 2 7.1± 0.48 7.26± 0.687.26± 0.687.26± 0.68 6.15± 0.85 6.41± 0.91
Case 3 3.04± 0.23 3.25± 0.333.25± 0.333.25± 0.33 3.09± 0.39 3.1± 0.38
Case 4 6.51± 0.6 6.54± 0.586.54± 0.586.54± 0.58 6.16± 0.48 5.87± 0.58

Block MDP

Case 1 3.31± 0.46 3.37± 0.413.37± 0.413.37± 0.41 3.03± 0.4 3.08± 0.43
Case 2 6.36± 0.52 6.67± 0.546.67± 0.546.67± 0.54 5.74± 0.43 5.7± 0.46
Case 3 3.2± 0.26 3.37± 0.223.37± 0.223.37± 0.22 3.14± 0.31 2.97± 0.32
Case 4 6.01± 0.32 6.44± 0.366.44± 0.366.44± 0.36 5.58± 0.32 5.33± 0.19

Table 2: Rewards of different approaches for POMDPs under the deterministic filter condition.

I Missing Details in Section 6

POMDP under deterministic filter condition. We first evaluate our algorithms on POMDPs with
certain structures, i.e., the deterministic conditions. In particular, we generate POMDPs, where either
the transition dynamics are deterministic or the emission ensures decodability. We test three of our
approaches, expert policy distillation, asymmetric optimistic natural policy gradient. We summarize
our results in Table 2, where the four cases corresponds to POMDPs with (S = A = 2, O = 3, H =
5), (S = A = 2, O = 3, H = 10), (S = 3, A = 2, O = 4, H = 5), (S = 3, A = 2, O = 4, H = 5),
and we can see that our approach based on expert distillation outperforms all the other methods, which
is consistent with the fact that such methods have exploited the special structures of the POMDPs
achieving both polynomial sample and computation complexity.

General POMDPs. Here we also evaluate our methods for general randomly generated POMDPs
without any structures. Hence, we compare the baselines with asymmetric optimistic natural policy
gradient and asymmetric optimistic value iteration (i.e., the single-agent version of Algorithm 5). In
Figure 2, we show the performance of different algorithms in POMDPs of different size, where the
four cases corresponds to POMDPs with (S = A = O = 2, H = 5), (S = A = O = 2, H = 10),
(S = O = 3, A = 2, H = 10), (S = A = 3, O = 2, H = 10), and our approaches achieves the
highest rewards with small number of episodes.

Implementation details. For each problem setting, we generated 20 POMDPs randomly and report
the average performance and its standard deviation for each algorithms. For our algorithms based on
privileged value learning methods, we find that using a finite memory of 3 already provides strong
performance. For our algorithms based privileged policy learning, we instantiate the MDP learning
algorithm with the fully observable optimistic natural policy gradient algorithm [65]. Meanwhile, for
both the decoder learning and belief learning, we find that just utilizing all the historic trajectories
gives us reasonable performance without additional samples. For baselines, the hyperparameters α
for Q-value update and step size for the policy update are tuned by grid search, where α controls
the update of temporal difference learning (recall the update rule of temporal difference learning as
Q← (1− α)Q+ αQtarget). For asymmetric Q-learning, we use ϵ-greedy exploration, where we use
the seminal decreasing rate ϵt = H+1

H+t . Finally, all simulations are conducted on a personal laptop
with Apple M1 CPU and 16 GB memory.
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Empirical insights and interpretation of the experimental results. To understand intuitively
why our approach outperforms those baseline algorithms, we notice the key difference in the value
and policy update style between our approaches and vanilla asymmetric actor critic and asymmetric
Q-learning. The baselines often roll-out the polices, collect trajectories, and only update the value
and the policies on the states/history the trajectories have visited. Therefore, ideally, to learn a good
policy for baselines, the number of trajectories to collect is at least as large as the history size, which
is indeed exponential in the horizon H . This is known as curse of history for partially observable
RL. In contrast, in our algorithms, we explicitly estimate the empirical transition and emissions,
which is indeed of polynomial size. Thus, the sample complexity avoids suffering from the potential
exponential dependency of horizon or the length of the finite memory. Finally, we acknowledge that
the baselines are developed to handle complex, high-dimensional deep RL problems, while scaling
our methods to deep RL benchmarks requires non-trivial engineering efforts.

J Missing Details in Section 7

Proof of Proposition 7.1:

Given the conditions of Definition 3.2, the function ϕh that satisfies the condition of Proposition 7.1
can be constructed recursively as follows

ϕh(τh) := ψh(ϕh−1(τh−1), ah−1, oh),∀τh ∈ Th−1,

and ϕ1(o1) := ψ1(o1). Therefore, we can prove by induction that by belief update rule

PP(sh | τh) = bh(b
ϕh−1(τh−1), ah−1, oh) = bψh(ϕh−1(τh−1),ah−1,oh),

where the last step is by the definition of our ϕh. Therefore, we have PP(sh =
ψh(ϕh−1(τh−1), ah−1, oh) | τh) = 1.

For the other direction, it is similar to the proof of Lemma C.1 in [14] for m-step decodable POMDP.
Here we prove it for completeness. For any trajectory τh ∈ Th, it holds by the belief update that

PP(sh | τh) = bh(b
ϕh−1(τh−1), ah−1, oh) = PP(sh | sh−1 = ϕh−1(τh−1), ah−1, oh).

Meanwhile, since we know PP(· | τh) is a one-hot vector, we can construct ψh such that
ψh(sh−1, ah−1, oh) is the unique sh that makes PP(sh | τh) > 0 with sh−1 = ϕh−1(τh−1). If
this procedure does not complete the definition of ψ for some sh−1, ah−1, oh, it implies that either
sh−1 is not reachable or oh is not reachable given sh−1, i.e., PP(oh | sh−1, a

′
h−1) = 0 for any

a′h−1 ∈ A, thus recovering the conditions of Definition 3.2. ■

Proof of Proposition 7.3: Note that for any given problem instance of a POMDP, we can add a
dummy agent that has the observation being the exact state at each timestep, and has only one dummy
action that does not affect the transition or reward. Therefore, even the local private information pi,h
of the dummy agent can decode the latent state, and hence ch, ph reveals the latent state.Therefore,
the corresponding POSG with the dummy agent satisfies the condition in Proposition 7.3. Meanwhile,
it is direct to see that any CCE of the POSG is an optimal policy for the original POMDP. Now by the
PSPACE-hardness of planning for POMDPs [57], we proved our proposition. ■

Theorem J.1. For any π ∈ ΠS and (potentially stochastic) decoding functions ĝ = {ĝi,h}i∈[n],h∈[H]

with ĝi,h : Ch × Pi,h → ∆(S) for each i ∈ [n], h ∈ [H], it holds that

NE/CCE-gap(πĝ)−NE/CCE-gap(π) ≤ 2nH2 max
i∈[n]

max
ui∈Πi

max
j∈[n],h∈[H]

Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h))

CE-gap(πĝ)− CE-gap(π) ≤ 2nH2 max
i∈[n]

max
mi∈Mi

max
j∈[n],h∈[H]

P(mi⋄πi)⊙π−i,G(sh ̸= ĝj,h(ch, pj,h))

where πĝ is the distilled policy of π through the decoding functions ĝ, where at step h, each agent i
firstly individually decodes the state by sampling sh ∼ ĝi,h(· | ch, pi,h), and then act according to the
expert πi,h. In other words, the decoding process does not need correlations among the agents.

Proof. For notational simplicity, we write vi instead of vGi when the underlying model is clear in
the context. Firstly, we consider any deterministic decoding function ϕ̂ = {ϕ̂i,h}i∈[n],h∈[H] with
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ϕ̂i,h : Ch × Pi,h → S for each i ∈ [n], h ∈ [H], and note the following that for any i ∈ [n],

vi(π)− vi(πϕ̂) = EG
π [R]− EG

πϕ̂
[R]

= EG
π [R1[∀j ∈ [n], h ∈ [H] : sh = ϕ̂j,h(ch, pj,h)]]− EG

πϕ̂
[R1[∀j ∈ [n], h ∈ [H] : sh = ϕ̂j,h(ch, pj,h)]]

+ EG
π [R1[∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)]]− EG

πϕ̂
[R1[∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)]]

= EG
π [R1[∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)]]− EG

πϕ̂
[R1[∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)]],

where we define R :=
∑
h ri,h(sh, ah) and the last step is by the definition of πϕ̂. Therefore, we

conclude that

vi(π)− vi(πϕ̂) ≤ HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)).

Therefore, by noting the fact that ĝ is equivalent to a mixture of deterministic decoding functions,
where at the beginning of each episode, one can firstly independently sample the outcome for each
ch, pj,h for j ∈ [n] and h ∈ [H], we conclude that

vi(π)− vi(πĝ) = vi(π)− Eϕ̂∼ĝvi(π
ϕ̂)

≤ HEϕ̂∼ĝP
π,G(∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h))

= HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h)).

Now we prove our result for NE and CCE first. Due to similar arguments for evaluating vi(π)−vi(πϕ̂),
for any ui ∈ Πi ∪ΠS,i, it holds that

vi(ui × πϕ̂−i)− vi(ui × π−i) ≤ EG
ui×πϕ̂

−i

[R1[∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)]]

≤ HPui×πϕ̂
−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)).

We notice the following fact that

Pui×π−i,G(∀j ∈ [n] \ {i}, h ∈ [H] : sh = ϕ̂j,h(ch, pj,h)) =
∑

τ̄H∈T H(ϕ̂)

Pui×π−i,G(τ̄H),

where we define T H(ϕ̂) := {τH ∈ T H | ∀j ∈ [n] \ {i}, h ∈ [H] : sh = ϕ̂j,h(ch, pj,h)}. By
definition of πϕ̂, it holds that

∀τ̄H ∈ T H(ϕ̂) : Pui×π−i,G(τ̄H) = Pui×πϕ̂
−i,G(τ̄H).

Therefore, we have

Pui×π−i,G(∀j ∈ [n] \ {i}, h ∈ [H] : sh = ϕ̂j,h(ch, pj,h)) = Pui×πϕ̂
−i,G(∀j ∈ [n] \ {i}, h ∈ [H] : sh = ϕ̂j,h(ch, pj,h)).

Correspondingly, it holds that

Pui×π−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)) = Pui×πϕ̂
−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)),

which implies that

vi(ui × πϕ̂−i)− vi(ui × π−i) ≤ HPui×πϕ̂
−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h))

= HPui×π−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h)).

Again by the fact that ĝ is equivalent to a mixture of deterministic decoding functions, it holds

vi(ui × πĝ−i)− vi(ui × π−i) = Eϕ̂∼ĝvi(ui × π
ϕ̂
−i)− vi(ui × π−i)

≤ HEϕ̂∼ĝP
ui×π−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h))

= HPui×π−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ĝj,h(ch, pj,h)).
(J.1)

44



Now we are ready to evaluate the NE/CCE gap of policy πĝ as follows:

NE/CCE-gap(πĝ)−NE/CCE-gap(π)

≤ max
i∈[n]

(
max
ui∈Πi

vi(ui × πĝ−i)− max
ui∈ΠS,i

vi(ui × π−i)
)
+HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h)).

Now we notice that maxui∈ΠS,i
vi(ui × π−i) = maxui∈Πi

vi(ui × π−i) since ΠS,i ⊆ Πi by the
deterministic filter condition Definition 3.2 and π−i is a Markov policy. Therefore, we conclude that

NE/CCE-gap(πĝ)−NE/CCE-gap(π)

≤ max
i∈[n]

(
max
ui∈Πi

vi(ui × πĝ−i)− max
ui∈Πi

vi(ui × π−i)
)
+HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h))

≤ max
i∈[n]

(
max
ui∈Πi

(
vi(ui × πĝ−i)− vi(ui × π−i)

))
+HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h))

≤ max
i∈[n]

(
max
ui∈Πi

HPui×π−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h))

)
+HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h))

≤ 2H max
i∈[n],ui∈Πi

∑
j∈[n]

∑
h

Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h))

≤ 2nH2 max
i∈[n],ui∈Πi,j∈[n],h∈[H]

Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h)),

where the second last step is by a union bound, thus proving our result for NE and CCE.

For CE, consider any strategy modification mi ∈Mi ∪MS,i, it holds that

CE-gap(πĝ)− CE-gap(π)

≤ max
mi∈Mi

vi((mi ⋄ πĝi )⊙ π
ĝ
−i)− max

mi∈MS,i

vi((mi ⋄ πi)⊙ π−i) +HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h)).

Now we notice that maxmi∈ΠS,i
vi((mi ⋄ πi) ⊙ π−i) = maxmi∈MS,i

vi((mi ⋄ πi) ⊙ π−i) since
MS,i ⊆ Mi by the deterministic filter condition Definition 3.2 and Lemma J.2. Therefore, we
conclude that

CE-gap(πĝ)− CE-gap(π)

≤ max
i∈[n]

max
mi∈Mi

vi((mi ⋄ πĝi )⊙ π
ĝ
−i)− max

mi∈Mi

vi((mi ⋄ πi)⊙ π−i) +HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h))

≤ max
i∈[n]

max
mi∈Mi

(
vi((mi ⋄ πĝi )⊙ π

ĝ
−i)− vi((mi ⋄ πi)⊙ π−i)

)
+HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ĝj,h(ch, pj,h))

≤ max
i∈[n]

max
mi∈Mi

HP(mi⋄πi)⊙π−i,G(∃j ∈ [n] \ {i}, h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h))

+HPπ,G(∃j ∈ [n], h ∈ [H] : sh ̸= ϕ̂j,h(ch, pj,h))

≤ 2H max
i∈[n],mi∈Mi

∑
j∈[n]

∑
h

P(mi⋄πi)⊙π−i,G(sh ̸= ϕ̂j,h(ch, pj,h))

≤ 2nH2 max
i∈[n],mi∈Mi,h∈[H],j∈[n]

P(mi⋄πi)⊙π−i,G(sh ̸= ϕ̂j,h(ch, pj,h))

where the third step is due to the same reason as Equation (J.1).

Lemma J.2. For any π ∈ ΠS , it holds that for any i ∈ [n] that

max
mi∈Mgen

i

vi((mi ⋄ πi)⊙ π−i) = max
mi∈MS,i

vi((mi ⋄ πi)⊙ π−i).

Proof. Denote m⋆
i ∈ argmaxmi∈Mgen

i
vi((mi ⋄ πi) ⊙ π−i) and m̂⋆

i ∈ argmaxmi∈MS,i
vi((mi ⋄

πi) ⊙ π−i). Now we shall prove that V (m⋆
i ⋄πi)⊙π−i,G

i,h (s1:h, o1:h, a1:h−1) ≤ V
(m̂⋆

i ⋄πi)⊙π−i,G
i,h (sh)
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inductively for each h ∈ [H]. Note that it holds for h = H + 1. Now we consider the following

V
(m⋆

i ⋄πi)⊙π−i,G
i,h (s1:h, o1:h, a1:h−1)

= E ah∼πh(· | sh)
sh+1∼Th(· | sh,m⋆

i,h(s1:h,o1:h,a1:h−1,ai,h),a−i,h)

oh+1∼Oh+1(· | sh+1)

{
rh(sh,m

⋆
i,h(s1:h, o1:h, a1:h−1, ai,h), a−i,h)

+ V
(m⋆

i ⋄πi)⊙π−i,G
i,h+1 (s1:h+1, o1:h+1, a1:h−1,m

⋆
i,h(s1:h, o1:h, a1:h−1, ai,h), a−i,h)

}
≤ E ah∼πh(· | sh)

sh+1∼Th(· | sh,m⋆
i,h(s1:h,o1:h,a1:h−1,ai,h),a−i,h)

oh+1∼Oh+1(· | sh+1)

[
rh(sh,m

⋆
i,h(s1:h, o1:h, a1:h−1, ai,h), a−i,h) + V

(m̂⋆
i ⋄πi)⊙π−i,G

i,h+1 (sh+1)
]

≤ E ah∼πh(· | sh)
sh+1∼Th(· | sh,m̂⋆

i,h(sh,ai,h),a−i,h)

oh+1∼Oh+1(· | sh+1)

[
rh(sh, m̂

⋆
i,h(sh, ai,h), a−i,h) + V

(m̂⋆
i ⋄πi)⊙π−i,G

i,h+1 (sh+1)
]

= V
(m̂⋆

i ⋄πi)⊙π−i,G
i,h (sh),

where the second inequality if by the inductive hypothesis and the third step is by the definition of
m̂⋆
i ∈ argmaxmi∈MS,i

vi((mi ⋄ πi)⊙ π−i).

Lemma J.3. Given an approximate POSG Ĝ that satisfies Assumption C.9 with approximate tran-
sitions and emissions being {T̂h, Ôh}h∈[H], we define the approximate decoding function ĝ to
be

ĝi,h(sh | ch, pi,h) := PĜ(sh | ch, pi,h),
for each h ∈ [H], sh ∈ S, ch ∈ Ch, pi,h ∈ Pi,h. Then it holds that for any π ∈ ΠS ,

max
i∈[n],ui∈Πi,j∈[n],h∈[H]

Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h))

≤ max
i∈[n],ui∈ΠS,i

EG
ui×π−i

[
∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1],

and

max
i∈[n],mi∈Mi,j∈[n],h∈[H]

P(mi⋄πi)⊙π−i,G(sh ̸= ĝj,h(ch, pj,h))

≤ max
i∈[n],mi∈MS,i

EG
(mi⋄πi)⊙π−i

[
∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1].

Proof. Note for any i ∈ [n], ui ∈ Πi, j ∈ [n], h ∈ [H], it holds

Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h)) =
1

2
EG
ui×π−i

∑
sh

|PG(sh | ch, pj,h)− PĜ(sh | ch, pj,h)|,

due to the condition in Definition 7.2. Meanwhile,
1

2
EG
ui×π−i

∑
sh

|PG(sh | ch, pj,h)− PĜ(sh | ch, pj,h)|

≤
∑

sh,ch,pj,h

|Pui×π−i,G(sh, ch, pj,h)− Pui×π−i,Ĝ(sh, ch, pj,h)|

≤
∑
τh

|Pui×π−i,G(τh)− Pui×π−i,Ĝ(τh)|

≤
∑
τH

|Pui×π−i,G(τH)− Pui×π−i,Ĝ(τH)|

≤ EG
ui×π−i

[
∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1],
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where the first inequality is by Lemma J.7, the second and third inequalities are due to the fact that
TV distance does not increase after marginalization, and the last inequality is by Lemma H.7. Since
π−i is a fixed and fully-observable Markov policy, by Lemma H.8, we have

EG
ui×π−i

 ∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1


≤ max
ui∈ΠS,i

EG
ui×π−i

 ∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

 ,
thus proving the first result of our lemma.

For the second result of our lemma, it can be proved similarly that for any i ∈ [n], mi ∈Mi, j ∈ [n],
h ∈ [H],

P(mi⋄πi)⊙π−i,G(sh ̸= ĝj,h(ch, pj,h))

≤ EG
(mi⋄πi)⊙π−i

 ∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

 .
By Lemma J.2, we proved the second result.

Theorem J.4. Fix any ϵ, δ ∈ (0, 1). Algorithm 5 can learn a decoding function ĝ such that with
probability 1− δ

max
i∈[n],ui∈Πi,j∈[n],h∈[H]

Pui×π−i,G(sh ̸= ĝj,h(ch, pj,h)) ≤ ϵ,

with total sample complexity Õ(nS
2AHO+nS3AH

ϵ2 + S4A2H5

ϵ ) and computational complexity
POLY(S,A,H,O, 1ϵ ).

Proof. With the help of Lemma J.3, it suffices to prove

max
i∈[n],ui∈ΠS,i

EG
ui×π−i

[
∑
h∈[H]

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1] ≤ ϵ.

The following proof procedure follows similarly to that of Theorem H.4. For each h ∈ [H] and
sh ∈ S, we define

ph(sh) = max
i∈[n],ui∈ΠS,i

d
ui×π−i

h (sh).

Fix ϵ1, δ1 > 0, we define U(h, ϵ1) = {sh ∈ S | ph(sh) ≥ ϵ1}. By [32], one can learn the pol-
icy {Ψi(h, sh)}i∈[n] with sample complexity Õ(S

2AiH
4

ϵ1
) such that maxi∈[n] d

Ψi(h,sh)×π−i

h (sh) ≥
ph(sh)

2 for each sh ∈ U(h, ϵ1) with probability 1 − n · δ1. Now we assume this event holds
for any h ∈ [H] and sh ∈ U(h, ϵ1). For each sh ∈ S and ah ∈ A, we have executed each
policy {Ψi(h, sh) × π−i}i∈[n] for the first h − 1 steps followed by an action ah ∈ A for N
episodes and denote the total number of episodes that sh and ah are visited as Nh(sh, ah), and
Nh(sh) =

∑
a∈ANh(sh, a). Then with probability 1 − e−Nϵ1/8, we have Nh(sh, ah) ≥ Nph(sh)

2
by Chernoff bound. Now conditioned on this event, we are ready to evaluate the following for any
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i ∈ [n], and ui = Ψi(h, sh) ∈ ΠS,i:

EG
ui×π−i

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1

=
∑
sh,ah

d
ui×π−i

h (sh)(ui × π−i)h(ah | sh)∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1

≤ 2 · Sϵ1 +
∑

sh∈U(h,ϵ1),ah

d
ui×π−i

h (sh)(ui × π−i)h(ah | sh)

√
S log(1/δ2)

Nh(sh, ah)

≤ 2 · Sϵ1 +
∑

sh∈U(h,ϵ1),ah

d
ui×π−i

h (sh)(ui × π−i)h(ah | sh)

√
2S log(1/δ2)

Nph(sh)

≤ 2 · Sϵ1 +
∑
sh

√
d
ui×π−i

h (sh)

√
S log(1/δ2)

N

≤ 2 · Sϵ1 + S

√
log(1/δ2)

N
,

where the second step is by Lemma J.8, and the last step is by Cauchy-Schwarz inequality. Similarly,

EP
ui×π−i

∥Oh(· | sh)− Ôh(· | sh)∥1

=
∑
sh

d
ui×π−i

h (sh)∥Oh(· | sh)− Ôh(· | sh)∥1

≤ 2 · Sϵ1 +
∑

sh∈U(h,ϵ1)

d
ui×π−i

h (sh)

√
O log(1/δ2)

Nh(sh)

≤ 2 · Sϵ1 +
∑

sh∈U(h,ϵ1)

d
ui×π−i

h (sh)

√
O log(1/δ2)

Nph(sh)

≤ 2 · Sϵ1 +
∑

sh∈U(h,ϵ1)

√
d
ui×π−i

h (sh)

√
O log(1/δ2)

N

≤ 2 · Sϵ1 +
√
SO log(1/δ2)

N
,

where the second step is by Lemma J.9, and the last step is by Cauchy-Schwarz inequality. Therefore,
by a union bound, all high probability events hold with probability

1− SHnδ1 − SHAe−Nϵ1/8 − SAHδ2.

Therefore, we can choose N = Õ(S
2+SO
ϵ2 ) and ϵ1 = O( ϵ,S)leading to the total sample complexity

SHA(nN + Õ(S
3AH4

ϵ
)) = Õ(nS

2AHO + nS3AH

ϵ2
+
S4A2H5

ϵ
).

Note that although our Algorithm 5 and Theorem J.4 are stated for NE/CCE, it can also handle CE
with simple modifications, where the key observation is that the strategy modification mi ∈MS,i
can also be regarded as a Markov policy in an extended MDP marginalized by π−i defined below.
Definition J.5. We define Mextended(π) to be an MDP for agent i, where
for each h ∈ [H], the state is (sh, ai,h), the action is some modified ac-
tion a′i,h, the transition is defined as Textended

h (sh+1, ai,h+1 | sh, ai,h, a′i,h) :=

Ea−i,h∼πh(· | sh,ai,h)[Th(sh+1 | sh, a′i,h, a−i,h)πh+1(ai,h+1 | sh+1)], where we slightly abuse
the notation of πh(a−i,h | sh, ai,h) and πh(ai,h | sh) by defining them as the posterior and marginal
distribution induced by the joint distribution πh(ah | sh). Similarly, the reward is given by
rextended
h (sh, ai,h, a

′
i,h) := Ea−i,h∼πh(· | sh,ai,h)[rh(sh, a

′
i,h, a−i,h)].
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With the help of such an extended MDP, we can develop Algorithm 6, which is a CE version of
Algorithm 5 with the following guarantees.
Theorem J.6. Fix any ϵ, δ ∈ (0, 1). Algorithm 6 can learn a decoding function ĝ such that

max
i∈[n],mi∈Mi,j∈[n],h∈[H]

P(mi⋄πi)⊙π−i,G(sh ̸= ĝj,h(ch, pj,h)) ≤ ϵ,

with total sample complexity Õ(nS
2A3HO+nS3A4H

ϵ2 + S4A6H5

ϵ ) and computational complexity
POLY(S,A,H,O, 1ϵ ).

Proof. Due to the construction of Gextended(π−i), the proof of Theorem J.4 readily applies, where the
only difference is that the state space of Gextended(π−i) is SAi, larger than that of G(π−i) by a factor
of Ai thus proving our theorem.

Lemma J.7. Suppose we can sample from a joint distribution P ∈ ∆(X × Y) for some finite X ,
Y i.i.d. Then we can learn an approximate distribution Q ∈ ∆(X × Y) with sample complexity
Θ
(

|X ||Y|+log 1/δ
ϵ2

)
such that

Ex∼P
∑
y∈Y
|P (y |x)−Q(y |x)| ≤ 2

∑
x∈X ,y∈Y

|P (x, y)−Q(x, y)| ≤ ϵ,

with probability 1− δ.

Proof. Note the following holds∑
x∈X ,y∈Y

|P (x, y)−Q(x, y)| =
∑

x∈X ,y∈Y
|P (x, y)− P (x)Q(y |x) + P (x)Q(y |x)−Q(x, y)|

≥
∑

x∈X ,y∈Y
|P (x, y)− P (x)Q(y |x)| − |P (x)Q(y |x)−Q(x, y)|.

Therefore, we have

Ex∼P
∑
y∈Y
|P (y |x)−Q(y |x)| ≤

∑
x∈X ,y∈Y

|P (x, y)−Q(x, y)|+
∑

x∈X ,y∈Y
|P (x)−Q(x)|

≤ 2
∑

x∈X ,y∈Y
|P (x, y)−Q(x, y)|. (J.2)

By the sample complexity of learning discrete distributions [10], we can learn Q such that∑
x∈X ,y∈Y |P (x, y)−Q(x, y)| ≤ ϵ in sample complexity Θ

(
|X ||Y|+log 1/δ

ϵ2

)
with probability 1− δ.

Thus, we proved our lemma.

Lemma J.8 (Concentration on transition). Fix δ > 0 and dataset {τkH}k∈[N ] sampled from P under
policy π ∈ Πgen. We define for each h ∈ [H], (sh, ah, sh+1) ∈ S ×A× S

Nh(sh, ah) =
∑
k∈[N ]

1[skh = sh, a
k
h = ah]

Nh(sh, ah, sh+1) =
∑
k∈[N ]

1[skh = sh, a
k
h = ah, s

k
h+1 = sh].

Then with probability 1− δ, it holds that for any k ∈ [K], h ∈ [H], sh ∈ S, ah ∈ A:

∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 ≤ C1

√
S log(SAHK/δ)

max{Nh(sh, ah), 1}
,

for some absolute constant C1 > 0, where we define T̂h(sh+1 | sh, ah) = Nh(sh,ah,sh+1)
max{Nh(sh,ah),1} .

Proof. This is done by firstly bounding ∥Th(· | sh, ah) − T̂h(· | sh, ah)∥1 for specific k, h, sh, ah
according to [10] and then taking union bound for all k ∈ [K], h ∈ [H], sh ∈ S, ah ∈ A.
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Lemma J.9 (Concentration on emission). Fix δ > 0 and dataset {τkH}k∈[N ] sampled from P under
some policy π ∈ Πgen. We define for each h ∈ [H], (sh, oh) ∈ S ×O

Nh(sh, oh) =
∑
k∈[N ]

1[skh = sh, o
k
h = oh]

Nh(sh) =
∑
k∈[N ]

1[skh = sh].

Then with probability 1− δ, it holds that

∥Oh(· | sh)− Ôh(· | sh)∥1 ≤ C2

√
O log(SHK/δ)

max{Nk
h (sh), 1}

,

for some absolute constant C2 > 0, where we define Ôh(oh | sh) = Nh(sh,oh)
max{Nh(sh),1} .

Proof. This is done by firstly bounding ∥Oh(· | sh)− Ôh(· | sh)∥1 for specific k, h, sh according to
[10] and then taking union bound for all k ∈ [K], h ∈ [H], sh ∈ S.

Lemma J.10. Fix δ > 0. With probability 1− δ, it holds that for any k ∈ [K], h ∈ [H], sh ∈ S:

∑
oh+1

∣∣∣PG(oh+1 | sh, ah)− Ĵkh(oh+1 | sh, ah)
∣∣∣ ≤ C3

√
O log(SHKA/δ)

Nk
h (sh, ah)

,

where Ĵkh is defined in Algorithm 7.

Proof. This is done by firstly bounding
∑
oh+1

∣∣∣PG(oh+1 | sh, ah)− Ĵkh(oh+1 | sh, ah)
∣∣∣ for specific

k, h, sh, ah according to [10] and then taking union bound for all k ∈ [K], h ∈ [H], sh ∈ S, ah ∈
A.

From now on, we shall use the bonus as

bkh(sh, ah) = min

{
C3(H − h)

√
O log(SAHK/δ)

max{Nk
h (sh, ah), 1}

, 2(H − h)

}
(J.3)

for some absolute constant C3 > 0.

Before presenting our technical analysis, we define the following notation for the ease of intermediate
analysis. We define the following approximate value function for any policy π ∈ Π in a backward
way for h ∈ [H]:

V̂ π,Gi,h (ch) := Esh,ph∼P̂h(·,· | ĉh)Eωh,{aj,h∼πj,h(· |ωj,h,ch,pj,h)}j∈[n]

Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
ri,h(sh, ah) + V π,Gi,h+1(ch+1)

]
,

Q̂π,Gi,h (ch, γh) := Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
ri,h(sh, ah) + V π,Gi,h+1(ch+1)

]
,

for each (i, ch) ∈ [n]× Ch, where we define V̂ π,Gi,H+1(cH+1) = 0.

Intuitively, this definition of V̂ π,Gi,h (ch) mimics the Bellman equation of ground-truth value function

V π,Gi,h (ch) by replacing the ground-truth belief PG(sh, ph | ch) by P̂h(sh, ph | ĉh). Next, we point out

the following quantitative bound when using V̂ π,Gi,h (ch) to approximate V π,Gi,h (ch).

Meanwhile, we also define the error for the belief as follows

ϵbelief := max
π∈Π
∥PG(·, · | ch)− P̂h(·, · | ĉh)∥1.
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Lemma J.11. For any π′, π ∈ Π, it holds

EG
π′ |V π,Gi,h (ch)− V̂ π,Gi,h (ch)| ≤ (H − h+ 1)2ϵbelief.

Proof. It follows directly by combining Lemma 4 and Lemma 8 of [43].

Meanwhile, note that although in Algorithm 7, the value we maintain has input ĉh instead of ch
for computational efficiency, we extend the definition of those values to also accept ch as inputs as
follows (with a slight abuse of notation):

Qhigh,k
i,h (ch, γh) := Qhigh,k

i,h (ĉh, γh)

Qhigh,k
i,h (ch, ph, sh, ah) := Qhigh,k

i,h (ĉh, ph, sh, ah)

V high,k
i,h (ch) := V high,k

i,h (ĉh)

Qhigh,k
i,h (ch, γh) := Qhigh,k

i,h (ĉh, γh)

Qhigh,k
i,h (ch, ph, sh, ah) := Qhigh,k

i,h (ĉh, ph, sh, ah)

V high,k
i,h (ch) := V high,k

i,h (ĉh),

where we recall that ĉh = Compressh(ch).
Lemma J.12 (Optimism 1 for NE/CCE). With probability 1− δ, for any k ∈ [K], for Algorithm 7,
it holds that for any i ∈ [n], π′

i ∈ Πi, h ∈ [H]

Qhigh,k
i,h (ĉh, γh) ≥ Q̂

π′
i×π

k
−i,G

i,h (ch, γh)

V high,k
i,h (ĉh) ≥ V̂

π′
i×π

k
−i,G

i,h (ch),

where we recall that ĉh = Compressh(ch).

Proof. We will prove by backward induction. Obviously, it holds for h = H + 1. Now we assume
the lemma holds for h+ 1. Now we notice that by definition,

Qhigh,k
i,h (ch, γh) = Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

[
Qhigh,k

i,h (ch, ph, sh, ah)
]

= Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]
min

{
ri,h(sh, ah) + bk−1

h (sh, ah) + E
oh+1∼Ĵk−1

h
(· | sh,ah)

[
V high,k
i,h+1(ch+1)

]
, H − h+ 1

}
≥ Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

min

{
ri,h(sh, ah) + bk−1

h (sh, ah) + E
oh+1∼Ĵk−1

h
(· | sh,ah)

[
V̂

π′
i×πk

−i,G
i,h+1 (ch+1)

]
, H − h+ 1

}
,

where the last step is by inductive hypothesis. Now note that for any sh, ph, ah, we have

bk−1
h (sh, ah) + Eoh+1∼Ĵk−1

h (· | sh,ah)

[
V̂
π′
i×π

k
−i,G

i,h+1 (ch+1)

]
≥ bk−1

h (sh, ah)− (H − h)∥Ĵk−1
h (· | sh, ah)− PG(· | sh, ah)∥1 + Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂
π′
i×π

k
−i,G

i,h+1 (ch+1)

]
≥ Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂
π′
i×π

k
−i,G

i,h+1 (ch+1)

]
,

where we notice PG(oh+1 | sh, ah) =
∑
sh+1

Oh+1(oh+1 | sh+1)Th(sh+1 | sh, ah) for the first in-
equality, and the second inequality comes from the construction of our bonus bk−1

h (sh, ah) in
Equation (J.3) and Lemma J.10. Meanwhile, by the definition of value functions, it holds that

Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂
π′
i×π

k
−i,G

i,h+1 (ch+1)

]
≤ H − h. Therefore, we have

min

{
ri,h(sh, ah) + bk−1

h (sh, ah) + Esh+1,oh+1∼Ĵk−1
h (·,· | sh,ah)

[
V
π′
i×π

k
−i,G

i,h+1 (ch+1)

]
, H − h+ 1

}
≥ ri,h(sh, ah) + Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂
π′
i×π

k
−i,G

i,h+1 (ch+1)

]
.
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Now we conclude

Qhigh,k
i,h (ch, γh)

≥ Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]
Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
ri,h(sh, ah) + V̂

π′
i×π

k
−i,G

i,h+1 (ch+1)

]
= Q̂

π′
i×π

k
−i,G

i,h (ch, γh).

By definition, we have Qhigh,k
i,h (ch, γh) = Qhigh,k

i,h (ĉh, γh), thus proving Qhigh,k
i,h (ĉh, γh) ≥

Q̂
π′
i×π

k
−i,G

i,h (ch, γh). Now for the value function, note that

V high,k
i,h (ch) = Eωh

Qhigh,k
i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n])

≥ Eω′
h
Eωh

Qhigh,k
i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n]\{i}, π

′
i,h(· |ω′

i,h, ch, ·))

≥ Eω′
h
Eωh

Q̂
π′
i×π

k
−i,G

i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n]\{i}, π
′
i,h(· |ω′

i,h, ch, ·))

= V̂
π′
i×π

k
−i,G

i,h (ch),

where the first step is by the property of Bayesian CCE, and the second step is by Qhigh,k
i,h (ch, γh) ≥

Q̂
π′
i×π

k
−i,G

i,h (ch, γh) for any γh ∈ Γh. Again by definition, we proved V high,k
i,h (ĉh) = V high,k

i,h (ch) ≥

V̂
π′
i×π

k
−i,G

i,h (ch).

Lemma J.13 (Optimism 1 for CE). With probability 1 − δ, for any k ∈ [K], for Algorithm 7, it
holds that for any i ∈ [n], mi ∈Mi, h ∈ [H]

Qhigh,k
i,h (ĉh, γh) ≥ Q̂

(mi⋄πk
i )⊙π

k
−i,G

i,h (ch, γh)

V high,k
i,h (ĉh) ≥ V̂

(mi⋄πk
i )⊙π

k
−i,G

i,h (ch).

Proof. We will prove by backward induction. Obviously, it holds for h = H + 1. Now we assume
the lemma holds for h+ 1. Now we notice that by definition,

Qhigh,k
i,h (ch, γh) = Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

[
Qhigh,k

i,h (ch, ph, sh, ah)
]

= Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]
min

{
ri,h(sh, ah) + bk−1

h (sh, ah) + E
oh+1∼Ĵk−1

h
(· | sh,ah)

[
V high,k
i,h+1(ch+1)

]
, H − h+ 1

}
≥ Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

min

{
ri,h(sh, ah) + bk−1

h (sh, ah) + E
oh+1∼Ĵk−1

h
(· | sh,ah)

[
V̂

(mi⋄πk
i )⊙πk

−i,G
i,h+1 (ch+1)

]
, H − h+ 1

}
,

where the last step is by inductive hypothesis. Now note that for any sh, ph, ah, we have

bk−1
h (sh, ah) + E

oh+1∼Ĵk−1
h

(· | sh,ah)

[
V̂

(mi⋄πk
i )⊙πk

−i,G
i,h+1 (ch+1)

]
≥ bk−1

h (sh, ah)− (H − h)∥Ĵk−1
h (· | sh, ah)− PG(· | sh, ah)∥1 + Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂

(mi⋄πk
i )⊙πk

−i,G
i,h+1 (ch+1)

]
≥ Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂

(mi⋄πk
i )⊙πk

−i,G
i,h+1 (ch+1)

]
,

where we notice PG(oh+1 | sh, ah) =
∑
sh+1

Oh+1(oh+1 | sh+1)Th(sh+1 | sh, ah) for the first in-
equality, and the second inequality comes from the construction of our bonus bk−1

h (sh, ah) in
Equation (J.3) and Lemma J.10. Meanwhile, by the definition of value functions, it holds that

Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂

(mi⋄πk
i )⊙π

k
−i,G

i,h+1 (ch+1)

]
≤ H − h. Therefore, we have

min

{
ri,h(sh, ah) + bk−1

h (sh, ah) + Esh+1,oh+1∼Ĵk−1
h (·,· | sh,ah)

[
V

(mi⋄πk
i )⊙π

k
−i,G

i,h+1 (ch+1)

]
, H − h+ 1

}
≥ ri,h(sh, ah) + Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂

(mi⋄πk
i )⊙π

k
−i,G

i,h+1 (ch+1)

]
.
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Now we conclude

Qhigh,k
i,h (ch, γh)

≥ Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]
Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
ri,h(sh, ah) + V̂

(mi⋄πk
i )⊙πk

−i,G
i,h+1 (ch+1)

]
= Q̂

(mi⋄πk
i )⊙πk

−i,G
i,h (ch, γh).

By definition, we have Qhigh,k
i,h (ch, γh) = Qhigh,k

i,h (ĉh, γh), thus proving Qhigh,k
i,h (ĉh, γh) ≥

Q̂
(mi⋄πk

i )⊙π
k
−i,G

i,h (ch, γh). Now for the value function, note that

V high,k
i,h (ch) = Eωh

Qhigh,k
i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n])

≥ Eωh
Qhigh,k
i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n]\{i}, (mi,h ⋄ πki,h)(· |ωi,h, ĉh, ·))

≥ Eωh
Q̂

(mi⋄πk
i )⊙π

k
−i,G

i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n]\{i}, (mi,h ⋄ πki,h)(· |ωi,h, ĉh, ·))

= V̂
(mi⋄πk

i )⊙π
k
−i,G

i,h (ch),

where the first step is by the property of Bayesian CE, and the second step is by Qhigh,k
i,h (ch, γh) ≥

Q̂
(mi⋄πk

i )⊙π
k
−i,G

i,h (ch, γh) for any γh ∈ Γh. Again by definition, we proved V high,k
i,h (ĉh) =

V high,k
i,h (ch) ≥ V̂

(mi⋄πk
i )⊙π

k
−i,G

i,h (ch).

Lemma J.14 (Pessimism). With probability 1− δ, for any k ∈ [K], for Algorithm 7, it holds that for
any i ∈ [n], h ∈ [H]

Qlow,k
i,h (ĉh, γh) ≤ Q̂π

k,G
i,h (ch, γh)

V low,k
i,h (ĉh) ≤ V̂ π

k,G
i,h (ch).

Proof. We prove by backward induction on h. Obviously, the lemma holds for h = H + 1. Now we
assume the lemma holds for h+ 1. Similar to the proof of the previous lemma, we note by inductive
hypothesis

Qlow,k
i,h (ch, γh) ≤ Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

max
{
ri,h(sh, ah)− bk−1

h (sh, ah) + Esh+1,oh+1∼Ĵk−1
h (·,· | sh,ah)

[
V̂ π

k,G
i,h+1(ch+1)

]
, 0
}
,

where for any sh, ph, ah, we have

− bk−1
h (sh, ah) + Eoh+1∼Ĵk−1

h (· | sh,ah)

[
V low,k
i,h+1(ch+1)

]
≤ −bk−1

h (sh, ah) + (H − h)∥Ĵk−1
h (· | sh, ah)− PG(· | sh, ah)∥1 + Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂ π

k,G
i,h+1(ch+1)

]
≤ Esh+1∼Th(· | sh,ah),oh+1∼Oh+1(· | sh+1)

[
V̂ π

k,G
i,h+1(ch+1)

]
,

where the last step again comes from the construction of our bonus in Equation (J.3) and Lemma J.10.
Therefore, we conclude

Qlow,k
i,h (ch, γh) ≤ Esh,ph∼P̂h(·,· | ĉh)E{aj,h∼γj,h(· | pj,h)}j∈[n]

Eoh+1∼Ĵk−1
h (· | sh,ah)

[
ri,h(sh, ah) + V̂ π

k,G
i,h+1(ch+1)

]
= Q̂π

k,G
i,h (ch, γh).

Similarly, for value function, it holds that

V low,k
i,h (ch) = Eωh

Qlow,k
i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n]) ≤ Eωh

Q̂π
k,G
i,h (ch, {πkj,h(· |ωj,h, ĉh, ·)}j∈[n]) = V̂ π

k,G
i,h (ch),

thus proving our lemma.
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Theorem J.15 (NE/CCE version). With probability 1− δ, Algorithm 7 enjoys the regret guarantee of

∑
k∈[K]

max
i∈[n]

(
max
π′
i∈Πi

V
π′
i×πk

−i,G
i,1 (ck1)− V πk,G

i,1 (ck1)

)
≤ O(KH2ϵbelief +H2

√
SAOK log(SAHK/δ) +H2SA

√
O log(SAHK/δ)).

Correspondingly, this implies one can learn an (ϵ+H2ϵbelief)-NE if G is zero-sum and (ϵ+Hϵ
belief)-

CCE if G is general-sum with sample complexityO(H
4SAO log(SAHO/δ)

ϵ2 ) and computation complex-
ity POLY(S,A,O,H, 1ϵ , log

1
δ ).

Proof. Note for any given i ∈ [n] and π′
i ∈ Πi, by Lemma J.12 and Lemma J.14, it holds

max
π′
i∈Πi

V
π′
i×π

k
−i,G

i,1 (ck1)− V
πk,G
i,1 (ck1) ≤ V

high,k
i,h (ckh)− V

low,k
i,h (ckh).

Therefore, it suffices to bound V high,k
i,h (ckh)− V

low,k
i,h (ckh).

V high,k
i,h (ckh)− V low,k

i,h (ckh)

= Esh,ph∼P̂h(·,· | ĉk
h
)Eωh

[
Qhigh,k

i,h (ckh, {πk
j,h(· | ·, ĉkh, ·)}j∈[n])−Qlow,k

i,h (ckh, {πk
j,h(· | ·, ĉkh, ·)}j∈[n])

]
≤ Esh,ph∼PG(·,· | ck

h
)Eωh

[
Qhigh,k

i,h (ckh, {πk
j,h(· | ·, ĉkh, ·)}j∈[n])−Qlow,k

i,h (ckh, {πk
j,h(· | ·, ĉkh, ·)}j∈[n])

]
+ (H − h+ 1)ϵh(c

k
h)

≤ Esh,ph∼PG(·,· | ck
h
)EωhE{aj,h∼πk

j,h
(· |ωj,h,ĉk

h
,pj,h)}j∈[n]

[
Qhigh,k

i,h (ckh, ph, sh, ah)−Qlow,k
i,h (ckh, ph, sh, ah)

]
+ (H − h+ 1)ϵh(c

k
h)

≤ Z1
k,h +Qhigh,k

i,h (ckh, p
k
h, s

k
h, a

k
h)−Qlow,k

i,h (ckh, p
k
h, s

k
h, a

k
h) + (H − h+ 1)ϵh(c

k
h)

≤ Z1
k,h + E

oh+1∼Ĵk−1
h

(· | sk
h
,ak

h
)

[
V high,k
i,h+1(ch+1)− V low,k

i,h+1(ch+1)
]
+ (H − h+ 1)ϵh(c

k
h) + 2bk−1

h (skh, a
k
h)

≤ Z1
k,h + Eoh+1∼PG(· | sk

h
,ak

h
)

[
V high,k
i,h+1(ch+1)− V low,k

i,h+1(ch+1)
]
+ (H − h+ 1)ϵh(c

k
h) + 3bk−1

h (skh, a
k
h)

≤ Z1
k,h + Z2

k,h + V high,k
i,h+1(c

k
h+1)− V low,k

i,h+1(c
k
h+1) + (H − h+ 1)ϵh(c

k
h) + 3bk−1

h (skh, a
k
h),

where we define the Martingale difference sequence as follows

Z1
k,h := Esh,ph∼PG(·,· | ckh)

Eωh
E{aj,h∼πk

j,h(· |ωj,h,ĉkh,pj,h)}j∈[n]

[
Qhigh,k
i,h (ckh, ph, sh, ah)−Q

low,k
i,h (ckh, ph, sh, ah)

]
−
(
Qhigh,k
i,h (ckh, p

k
h, s

k
h, a

k
h)−Q

low,k
i,h (ckh, p

k
h, s

k
h, a

k
h)
)

Z2
k,h := Eoh+1∼PG(· | skh,a

k
h)

[
V high,k
i,h+1 (ch+1)− V low,k

i,h+1(ch+1)
]
−
(
V high,k
i,h+1 (c

k
h+1)− V

low,k
i,h+1(c

k
h+1)

)
,

and the error of the belief is defined as

ϵh(c
k
h) := ∥P̂h(·, · | ĉkh)− PG(·, · | ckh)∥1.

Since |Z1
k,h| ≤ H , |Z2

k,h| ≤ H , and ϵh(ckh) ≤ 2, by Azuma-Hoeffding bound, we conclude∑
k,h

Z1
k,h ≤ O(H

√
HK),

∑
k,h

Z2
k,h ≤ O(H

√
HK),

∑
k,h

ϵh(c
k
h) ≤

∑
k

EG
πk

[∑
h

ϵh(ch)

]
+O(

√
HK) ≤ KHϵbelief +O(

√
HK).

Meanwhile, by the pigeonhole principle, it holds that∑
k,h

bk−1
h (skh, a

k
h) ≤ H

√
O log(SAHK/δ)

∑
k,h

1√
max{1, Nk−1

h (skh, a
k
h)}

≤ O
(
H
√
O log(SAHK/δ)(H

√
SAK +HSA)

)
.
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Now by Lemma J.12 and Lemma J.14 and putting everything together, we conclude∑
k∈[K]

max
i∈[n]

(
max
π′
i∈Πi

V̂
π′
i×π−i,G

i,1 (ck1)− V̂ π,G
i,1 (ck1)

)
≤ KH2ϵbelief +O(H2

√
SAOK log(SAHK/δ) +H2SA

√
O log(SAHK/δ)),

Now by Lemma J.11, we proved the regret guarantees as follows∑
k∈[K]

max
i∈[n]

(
max
π′
i∈Πi

V
π′
i×πk

−i,G
i,1 (ck1)− V πk,G

i,1 (ck1)

)
≤ O(KH2ϵbelief +H2

√
SAOK log(SAHK/δ) +H2SA

√
O log(SAHK/δ)).

For the PAC guarantees, since we define k⋆ ∈ argmink∈[K] V
high,k
i,1 (ck1)− V

low,k
i,1 (ck1), we have

CCE-gap(πk
⋆

) ≤ O(H2ϵbelief) + V high,k⋆

i,h (ck
⋆

1 )− V low,k⋆

i,h (ck
⋆

1 )

≤ O(H2ϵbelief) +
1

K

∑
k∈[K]

V high,k
i,h (ck1)− V

low,k
i,h (ck1)

≤ O(H2ϵbelief +H2
√
SAO log(SAHK/δ)/K +

H2SA

K

√
O log(SAHK/δ)).

Finally, for two-player zero-sum games, we denote π̂k
⋆

to be the marginalized policy of πk
⋆

. Then
we have

NE-gap(π̂k
⋆

) ≤ CCE-gap(πk
⋆

),

thus concluding our theorem.

Theorem J.16 (CE version). With probability 1− δ, Algorithm 7 enjoys the regret guarantee of∑
k∈[K]

max
i∈[n]

(
max

m′
i∈Mi

V
mi⋄πk

i ⊙πk
−i,G

i,1 (ck1)− V πk,G
i,1 (ck1)

)
≤ O(KH2ϵbelief +H2

√
SAOK log(SAHK/δ) +H2SA

√
O log(SAHK/δ)).

Correspondingly, this implies one can learn an (ϵ + H2ϵbelief)-CE with sample complexity
O(H

4SAO log(SAHO/δ)
ϵ2 )

Proof. Then proof follows as that of Theorem J.15, where we only need to change the first step of
the proof as

V̂
π′
i×π

k
−i,G

i,h (ckh)− V̂
πk,G
i,h (ckh) ≤ V

high,k
i,h (ckh)− V

low,k
i,h (ckh),

by Lemma J.13 and Lemma J.14, and the remaining steps are exactly the same.

Lemma J.17 (Adapted from Theorem H.4). Algorithm 8 can learn the approximate POMDP with
transition T̂1:H and emission Ô1:H such that for any policy π ∈ Πgen and h ∈ [H]

EG
π

[
∥Th(· | sh, ah)− T̂h(· | sh, ah)∥1 + ∥Oh(· | sh)− Ôh(· | sh)∥1

]
≤ ϵ,

using sample complexity Õ(S
2AHO+S3AH

ϵ2 + S4A2H5

ϵ ) with probability 1− δ.

Proof. Note that Algorithm 8 is essentially treating the POSG G as a centralized MDP and running
Algorithm 4, where the only modifications we make in Algorithm 8 is that we take the controller
set into considerations when learning the models. Specifically, for the transition T̂h, what we
estimate is only T̂h(sh+1 | sh, aIh,h) instead of T̂h(sh+1 | sh, ah). Therefore, the sample complexity
of Algorithm 8 will not be worse than that of Algorithm 4.

Proof of Theorem 7.7:

Note that the proof idea essentially resembles that of Theorem H.5, where we construct the model
G trunc for G as exactly the same way of constructing P trunc for P . Therefore, by Lemma H.7, we have

EP
π [∥PG(·, · | ch)− PGtrunc

(·, · | ch)∥1]

≤ EP
π

∑
t∈[h]

∥Tt(· | st, at)− Ttrunc
t (· | st, at)∥1 + ∥Ot(· | st)−Otrunc

t (· | st)∥1

≤ 4Pπ,G(∃t ∈ [h] : st ̸∈ Shigh
t )

≤ 4HSϵ1.
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Meanwhile, we can construct Ĝ trunc and Ĝsub using the exactly way as for P̂ trunc and P̂ sub, where Ĝsub

is an γ-observable POSGs.

Now, according to [43], for all examples in Appendix C.4, there exists a compression function
that maps ch to ĉh such that the size of the compressed common information is quasi-polynomial,
i.e., Ĉh ≤ (AO)Cγ

−4 log SH
ϵ2 for some absolute constant C, and corresponding approximate belief

{P̂h : Ĉh → ∆(S × Ph)}h∈[H] such that

EĜsub

π ∥PĜsub
(·, · | ch)− P̃h(·, · | ĉh)∥1 ≤ ϵ2.

Therefore, we can do the same augmentation for P̃h on states from S low
h to construct the approximate

belief P̂h as in the proof of Theorem H.5, and the remaining steps are exactly the same as the proof
of Theorem H.5. This will lead to a total of polynomial-time and polynomial-sample complexities. ■

J.1 Background on Bayesian Games

The Bayesian game is a generalization of normal-form games in partially observable settings. Specifi-
cally, a bayesian game is specified as (n, {Ai}i∈[n], {Θi}i∈[n], {ri}i∈[n], µ), where n is the number
of players, Ai is the actor space, Θi is the type space, ri : Θ×A → [0, 1] is the reward function, and
µ is the prior distribution of the joint type. At the beginning of the game, a type θ = (θi)i∈[n] is drawn
from the prior distribution µ ∈ ∆(Θ). Then each agent i gets its only type θi and take the action ai.
With a slight abuse of the notation, we define a strategy of an agent as γi ∈ Γi = {Θi → ∆(Ai)}.
We define Ji(γi, γ−i) to be the expected rewards for agent i, given the joint strategy γi, γ−i.

By definition, Ji(γi, γ−i) can be evaluated as

Ji(γi, γ−i) := Eθ∼µE{aj∼γj(· | θj)}j∈[n]
ri(θ, a).

Bayesian NE. We define γ⋆ is an ϵ-NE is it satisfies that

Ji(γ
⋆) ≥ Ji(γ′i, γ⋆−i)− ϵ,∀i ∈ [n], γ′i ∈ Γi.

Bayesian CCE. We say a distribution of joint strategies s ∈ ∆(Γ) to be a ϵ-Bayesian CCE if it
satisfies

Eγ∼sJi(γ) ≥ Eγ∼sJi(γ′i, γ−i)− ϵ,∀i ∈ [n], γ′i ∈ Γi.

(Agent-form) Bayesian CE. We say a distribution of joint strategies s ∈ ∆(Γ) to be an ϵ-agent-
form Bayesian CE if it satisfies

Eγ∼sJi(γ) ≥ Eγ∼sJi(mi ⋄ γi, γ−i)− ϵ,∀i ∈ [n],m′
i ∈Mi,

where Mi = {Θi × Ai → Ai} is the space for strategy modification, where mi modifies γi as
follows: given current type θi and the recommended action ai, the strategy modification changes the
action to the another action mi(θi, ai).

Note that Bayesian NE for zero-sum games, and (agent-form) Bayesian CE/CCE are all tractable
solution concepts and can be computed with polynomial computation complexity, e.g., [25, 28, 19].

K Concluding Remarks and Limitations

In this paper, we aim to understand the provable benefits of privileged information for partially
observable RL problems under two empirically successful paradigms, with an emphasis on both
computational and sample efficiency of the algorithms. We summarized our results in Table 1,
showing that privileged information does yield a significant improvement for a series of well-known
POMDP subclasses. One potential limitation of our work is that we only focused on the case with
exact state information. It remains to explore whether such an assumption can be further relaxed, e.g.,
when privileged state information is biased, partially observable, or delayed, as usually happens in
practice, and how our theoretical results may be affected. Meanwhile, as an initial theoretical study,
we have been primarily focusing on the tabular settings, and it would be interesting to extend the
results to more function-approximate settings.
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