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ABSTRACT

Recently, deep neural networks on manifold-valued representations have garnered
significant attention in various machine learning applications. One recent focus
is to generalize Euclidean Fully Connected (FC) and convolutional layers to non-
Euclidean geometries. However, previous approaches typically focus on a few
selected manifolds and rely on the specific properties of the target manifold. In
contrast, this work proposes a framework for constructing FC and convolutional
layers over computationally tractable Riemannian spaces, using only Riemannian
geometry. This framework incorporates several previous FC layers across different
geometries as special cases, and is instantiated over ten representative manifolds,
including three hyperbolic models, five geometries of the Symmetric Positive
Definite (SPD) manifold, and two Grassmannian perspectives. Experiments on
different manifolds demonstrate the effectiveness and applicability of our approach.

1 INTRODUCTION

Deep neural networks on Riemannian manifolds have achieved remarkable success across various
applications (Huang and Van Gool, [2017; |Ganea et al., 2018} [Skopek et al., 2020; |[Lopez et al.l
2021; Huang et al.| 2022; |Wang et al.| [2024b; Chen and Lipman) 2024; |Khan et al., 2025} [Pouliquen
et al.| 2025} |Li et al., [2025)). Commonly encountered manifolds include Symmetric Positive Definite
(SPD) (Pennec et al.| 2006), Grassmannian (Bendokat et al., 2024}, matrix Lie groups Hall|(2013)),
and hyperbolic (Ungar, 2022a) manifolds. These manifolds admit computationally tractable tools
such as geodesics, exponential and logarithmic maps, and parallel transport, which have enabled the
extension of fundamental deep learning components, including normalization (Brooks et al.,[2019;
Chakraborty}, 2020; Lou et al., 2020; [Kobler et al., 2022} |Chen et al., |2024bj; 2025a; 'Wang et al.,
2025b)), attention (Gulcehre et al.,[2019} [Pan et al., 2022} Wang et al.,[2024a}; |2025a)), residual blocks
(van Spengler et al., 2023 [Katsman et al.,[2024; He et al., 2025)), and classification layers (Ganea
et al.,[2018; Nguyen and Yang), 2023} Chen et al., [2024ajc; Bdeir et al.| [2024)).

Yet, the generalization of the most fundamental layers, Fully Connected (FC) and convolutional layers,
remains particularly challenging. Early works targeted specific manifolds: [Huang and Van Gool
(2017); Huang et al.| (2017; 2018) proposed layers for SPD, special orthogonal, and Grassmann
manifolds. Later, Ganea et al.| (2018); Mao et al.| (2024)) developed hyperbolic counterparts via
tangent spaces, and |Chen et al.| (2022) introduced the Lorentz linear layer in spacetime. To better
respect geometry, Shimizu et al.| (202 1)) extended the FC and convolutional layers on the Poincaré
model, while Nguyen et al.| (2024;2025) proposed SPD counterparts based on gyrovector structure
and invariant metric on symmetric spaces. However, these methods largely rely on specific properties
(e.g., Poincaré geometry, gyro structures, or symmetric structures), which restricts their generality. In
another direction, |Chakraborty et al.|(2020) introduced a convolution based on the weighted Fréchet
mean, but unlike the Euclidean convolution, its output manifold dimension is restricted to match the
input, limiting flexibility. Consequently, a general and flexible framework for constructing FC and
convolutional layers across different geometries remains unsolved.

We address this challenge by proposing a principled framework for building Riemannian FC and con-
volutional layers on computationally tractable manifolds. Our framework relies solely on Riemannian
operators such as exponential and logarithmic maps. It thus applies broadly to different geometries,
such as hyperbolic, SPD, and Grassmannian spaces. Our contributions are summarized as follows.
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* Riemannian FC and convolutional layers. We introduce a principled generalization of FC and
convolutional layers to Riemannian spaces. In contrast to previous approaches, our framework only
requires tractable Riemannian operators, ensuring broad applicability. Moreover, several existing
Riemannian FC layers are subsumed as special cases.

* Ten concrete instantiations. We instantiate our framework on three hyperbolic models, five SPD
geometries, and two Grassmannian perspectives. Our approach enables direct variation of the
latent geometry under a consistent network architecture.

* Empirical validation. We validate our approach on benchmark tasks across hyperbolic, SPD, and
Grassmannian manifolds, demonstrating both effectiveness and versatility.

2 PRELIMINARIES

Notations. For the Euclidean space R™ or R™*", we denote (-, -) as the standard inner product, with
[I|| as the induced norm, i.e., Lo-norm for vectors and Frobenius norm for matrices. A Riemannian
manifold (M, g) with the Riemannian metric g is abbreviated as M. Its tangent space at P € M is
denoted as Tp M. The Riemannian logarithm, exponentiation, and metric at P € M are denoted
as Logp, Expp, and (-,)p = gp(-,-), respectively. The parallel transport along the geodesic
connecting P, Q € M is I'p_,. Besides, a complete table of notation is summarized in Sec. [C|

Hyperbolic manifold. There are five isometric hyperbolic models (Cannon et al.|
1997). We focus on the Poincaré ball P = {xeR”|||xH2<—1/K}, Bel-

trami—Klein ball K} = {x eR™ | |z|* < —1/K}, and hyperboloid (or Lorentz) HY} =

{x e R ||z|5 = Vi, 21 > O}, where ||z||%. = 27" 22 — 23 is the Lorentz inner product.
Here, K < 0 is the constant curvature. The Poincaré and Beltrami—Klein ball admit gyrovector
spaces, known as the Mobius and Einstein gyrovector spaces (Ungar, 2022b), respectively. The
Mobius gyroaddition and scalar gyromultiplication are denoted as &y and ®y;, while the Einstein
counterparts are B and ®@g. Sec. [D.I|summarizes the associated Riemannian and gyro operators.

SPD manifold. The set of n x n SPD matrices, denoted S, , forms a smooth manifold, called
the SPD manifold (Arsigny et al.l |2005). It admits five widely used Riemannian metrics: Affine-
Invariant Metric (AIM) (Pennec et al., | 2006), Log-Euclidean Metric (LEM) (Arsigny et al., [2003)),
Power-Euclidean Metric (PEM) (Dryden et al., 2010), Log-Cholesky Metric (LCM) (Lin| [2019),
and Bures—Wasserstein Metric (BWM) (Bhatia et al., [2019). Each of them provides closed-form
expressions for Riemannian operators, summarized in Sec. [D.2}

Grassmannian. The Grassmannian is the manifold of p-dimensional subspaces of the n-dimensional
vector space (Tul 2011}, Prob. 7.8). It has two common matrix representations (Bendokat et al.| [2024).

The Projector Perspective (PP) embeds each element as an n x n symmetric matrix: Gr(p,n) =
{P € 8"|P? = P,rank(P) = p}, where 8" is the Euclidean space of symmetric matrices. The
OrthoNormal Basis (ONB) perspective is the quotient of the Stiefel manifold St(p,n): Gr(p,n) =
St(p,n)/O(p) = {[U]I[U] = {U € St(p,n) | U = UR, R € O(p)}}, where O(p) is the p x p
orthogonal group. By abuse of notation, we use [U] and U. Their Riemannian structures are
summarized in Sec.[D3l

The considered manifolds admit multiple geometries, including isometric hyperbolic models, distinct
SPD metrics, and diffeomorphic Grassmannian perspectives, whose empirical performance often
varies across tasks (Nguyen, 2022} [Katsman et al., 2024} Chen et al., 2025b). This motivates a unified
framework to flexibly handle such variants. Besides, exponential and logarithmic maps may be
singular, but can be numerically solved (Rmks. [D.T|and [D.2), and are assumed well-defined.

3  PROPOSED FRAMEWORK

3.1 RIEMANNIAN FULLY CONNECTED LAYERS

Our method for building FC layers over the Riemannian manifold relies on point-to-hyperplane
distance, which has shown success in building hyperbolic and SPD networks (Shimizu et al.| 2021}
Nguyen and Yang] 2023} [Bdeir et al.| 2024} |Chen et al., 2024ajc; [Nguyen et al., [2024;2025). The
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hyperplane in the Riemannian manifold A/ (Chen et al), 2024c, Eq. 5)is Hap = {X € N :
(Logp(X),A)p = 0}, with P € N and A € TpN. When N' = R", it recovers the Euclidean
hyperplane, H, , = {z € R" : (a,z — p) = 0}.

The Euclidean FC layer is defined as y = Ax + b with A € R™*" and b € R™. It can be expressed
element-wise as y, = (ax, x) — by = (ak,  — px) With ay, pr, € R™ and (py, ap) = bi. As shown
by |Shimizu et al.| (2021} Sec. 3.2), the LHS yy, is the signed distance of y to the hyperplane passing
through the origin and orthogonal to the k-th axis of the output space, which can be formulated as

sign((ex,y — 0))d(y, He, 0) = (ak,x — p), Y1 <k <m, e

where 0 € R™ is the zero vector, and {ej }}"; forms an orthonormal basis over R™ with e, denoting
the vector whose k-th element is 1 and all 0thers are 0. Here, the LHS of Eq. (I)) equals y.

Given the point-to-hyperplane distance, Eq. (I)) can be readily generalized into the manifold. Noting
that Log,,(¥) = = — p under the Euclidean geometry and that ToR™ = R™, the counterparts of
H,, o on an m-dimensional Riemannian manifold M are defined as

HBk,E:{SéMI<LOgES,Bk>E:O}, V].Skgm, )

where £ € M is the predefined origin, and {By}}" , is an orthogonal basis over {TpM, gg}.
Eq. (2) characterizes the hyperplane containing the origin £ and orthogonal to the geodesic starting
from E' with the initial velocity By, which recovers the Euclidean H,, ¢ as M = R"™. With all the
above ingredients, we define the Riemannian FC layer in the following.

Definition 3.1. Given n-dimensional manifold A/ and m-dimensional manifold M, the Riemannian
FC layer F : N' — M for the input X € N returns the output Y € M by solving m equations:

sign ((Logi! (V), By ) d (Y, HE! pae) = (A, Logh, (O 1<k <m, ()

where EM € M is the origin, { By}, is an orthonormal basis over TymM. Here, d™ is the

point-to-hyperplane distance over M, whlle Log P, and (-, )J},/ are the Riemannian logarithm and

metric over . Each P, € N and Ay, € Tp, N are the FC parameters.

Our Def. [3.T]naturally extends previous FC layers over different geometries.

Proposition 3.2. [[]| When N' = R™ and M = R™, Def.[3.1| reduces to the Euclidean FC layer.
When N' = P}, M = P, the point-to-hyperplane distance follows|Ganea et al.|(2018, Thm. 5),
and the LHS oqu .follows vk (+) by|Shimizu et al.|(2021| Eq. (3)), Def. -ylelds the Poincaré
FC layer (Shimizu et al| 2021} Sec. 3.2). When N =S¥, M = S, and the point-to-hyperplane
distances are pseudo-gyrodistances (Nguyen and Yang, 2023| Thms. 2.23—2.25 ), Def. 3| recovers
the corresponding gyro SPD FC layers (Nguyen et al.| 2024, Props. 3.4-3.6).

The crux of Def. [3.1]lies in the point-to-hyperplane distance and solving the resulting m equations.
The previous work typically requires a case-by-case derivation for a specific geometry. However,

Chen et al.|(2024c, Thm. 3.2) recently introduced a Riemannian point-to-hyperplane distance based

. . L X),Ax
on Riemannian trigonometry: d(X, Ha, p,) = W, where |[|-[| p, denotes the norm

induced by (-, > . Under this distance, the implicit Def.|3.1{admits an explicit solution.

Theorem 3.3 (Rlemanman FC Layers). [[{ll Following the notatmn in Def the Rzemanman FC
layer F(-) : N' — M for the input X € N is Y = Expy' (31, Log B;), where
Expg/l is the Riemannian exponentiation over M.

Our FC layer differs from the tangent FC layer by a single tangent space (Ganea et al., 2018, Lem.
6), which is Expg(f(Logg(X))) with f as a Euclidean FC layer. In contrast, our formulation
involves multiple tangent spaces, where each (Log™ P;(X), AQ“}{ = 0 corresponds to a Riemannian
hyperplane H 4, p,. Besides, our formulation naturally generalizes prior Riemannian FC layers
without requiring additional geometric or algebraic structures, such as Poincaré geometry (Shimizu
et al.| 2021)), gyrovector spaces (Nguyen et al.|[2024)), and symmetric spaces (Nguyen et al., [2025)).

3.2 RIEMANNIAN CONVOLUTIONAL LAYERS

As shown by Shimizu et al.| (2021} Sec. 3.4), the Euclidean convolution takes the FC transformation
on each receptive field. Let us focus on a single receptive field. Given a c-channel concatenated
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feature vector x € (R™) in a receptive field, the k-th output of this receptive field can be described as
an affine transformation, y, = (a,x) — by. Therefore, the Riemannian convolution can be defined
by the Riemannian FC layer discussed in Sec. [3.1] within each receptive field.

Riemannian convolution. In a re-
ceptive field, the manifold-valued fea-

1
tures {X; € N}, are first concate- X :GN Product Space ' : 2 = | YiEM
nated into X € (N)¢ which is . (X} e ¢ :
then fed into & Riemannian FC lay- < e JeeM
ers, where k is the number of kernels. A receptive field FC transformation within a receptive field

Here, each Riemannian FC layerisim- ] ) ) o ]
plemented under the product geome- Flgure 1: Riemannian convolution within a receptlve field.

try (N)¢ = II¢_, \V, which is detailed Here, 7 %(.) denotes the k-th FC transformation.
in Sec.[E.3] Fig.[T]illustrates the above process.

3.3 PARAMETERS TRIVIALIZATION

As convolution takes the FC layer as the prototype, we focus on the FC parameters. Since P; varies
during training, A; € Tp, N cannot be updated directly by the Euclidean optimizer. As shown by
Chen et al.|(2024c|, Egs. (12)-(13)), it can be determined from the fixed tangent space at the origin
EN e N b A; =T g~ p,(Z;) with Z; € Tpa N Besides, as shown by Shimizu et al.| (2021}
Sec. 3.1), pr, might be overly parameterized, as there are countless py, satistying (ax,pr) = bp.
Therefore, following Shimizu et al.[(2021), each P; in the Riemannian FC layer is parameterized as
Exppia (1:[Zi]), where ; € R and [Z;] is the unit vector of Z;. In this way, all FC parameters can
be directly optimized by a Euclidean optimizer. Note that optimizing manifold-valued parameters by
the exponential map is known as trivialization (Lezcano Casado, 2019, Sec. 4.1).

4 EXAMPLES

Although Thm. [3.3]is geometry-agnostic, its in-
stantiation can be further simplified under a spe-
cific geometry. We now manifest our FC layer
in Thm. [3.3]over different geometries, including

Table 1: Comparison of hyperbolic FC layers. An
extended table can be found in Sec. E}

Method Model Mechanism References
three hyperbolic models, five SPD geometries, Mobius Py Tangent  (Ganea et al]2018] Def. 3.2)
and two Grassmannian perspectives. Einstein K}, Tangent  (Mao et al|2024] Thm. 9)
Lorentz Hy Spacetime (Chen et al.|[2022] Sec 3.1)
4.1 HYPERBOLIC VECTOR MANIFOLDS Poincaré FC Py Poincaré (Shimizu et al.|2021] Sec. 3.2)
Ours P% K%, Hf%  Riemannian Thms.and

We focus on three hyperbolic models: Poincaré
ball, Beltrami—Klein, and hyperboloid models. The resulting FC layers are denoted as HFC-P, HFC-K,
and HFC-H, respectively. Tab.[T]compares our hyperbolic FC layer against previous ones.

Poincaré & Beltrami-Klein. These two models admit Mobius and Einstein gyrovector spaces
(Ungar, 2022b), respectively. These structures further simplify the concrete HFC layers.

Theorem 4.1 (HFC-P & HFC-K). Let H" € {P%,K%}. Given x € H™, the Rieman-
nian FC layer F(-) : H" — H™ is y = Expq ((vl(x),~~~ ,vm(x))T>. Here, vi(z) =

(Logo(—p; ®w ), zi), with the zero vector 0 as the origin and p; = Expq(7i[zi]). The FC param-
eters are {y; € R}, and {z; € R"} . The gyroaddition and Riemannian exp and log can be
found in Sec. where Expg (Logg) shares the same expression in the two models.

Interestingly, the only difference between the HFC-P and HFC-K layers lies in the gyroaddition.
Besides, HFC-P takes a different expression from the Poincaré FC layer (Shimizu et al.| 2021} Sec.
3.2), as their point-to-hyperplane distances and LHSs of Eq. (3) are different.

Hyperboloid. The origin is defined as e = (1/\/|x],0,- -, O)T, which corresponds to the Poincaré
origin under the stereographic projection (Skopek et al., 2020, Sec. 2.1). Then, we have the following.

!Although T could be flexibly replaced by other maps between tangent spaces, such as vector transport and
differential of group translation, we mainly use parallel transport.
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Theorem 4.2 (HFC-H FC layer). [l The Riemannian FC layer F(-) : Hy — Hp for z €
HY% is y = Exp, ((O,Ul(x), e ,vm(z))T), where vi(x) = (Log,, (2),Temsp,(2)), and p; =
Exp,(7:[(0,2) ")), with v; € R and z; € R™ as parameters.

4.2 SPD MATRIX MANIFOLDS

We focus on five popular Riemannian metrics, i.e., LEM, AIM, PEM, LCM, and BWM. We define
the identity matrix [ as the origin, as it corresponds to the zero matrix under the matrix logarithm.

Theorem 4.3 (SPD FC Layers). [E]] Given an SPD matrix S € SV, the outputs of the SPD FC
layers F(-) : ST, — SV, under different Riemannian metrics are

Lol (S) + u g vk (), fi=]

LEM Y = exp (VLE) ,VZI;E = \/%U}]E(S), ifi>g 4
VjI;E, otherwise
Un( )+ Ezllvkk( ) le:J
AIM Y = ( AI) AL Vi e
. = exp |4 7‘/1] - ﬁ’uz’j (S)7 lfZ > J (5)
Vj‘;‘-‘I , otherwise
) Tao () + u i vk (S), ifi=
PEM Y = (T+VF")" VEP = § —LolF(9), ifi> j ©)
VJIZE, otherwise
exp (Uiic(s)) , fi=g
LeM Yy = VIOV T vEC = LokC(s), ifi>j (7)
0, otherwise
1 2 UBW(S)7 lf’L = .7
BWM:Y = (I+ 5VBW> Vi = g (S), ifi>j ®)
vEW otherwise

ji o

Here, v;;(S) under different metrics are
1 (c,B)
LEM : (log(S) — log(Pi;), Zi) ™", AIM : <10g( ISP, zij> ,
. (o8) . 1
PEM : <s P”,Zij> . LCM: ( |K| = |Li;] + Dlog(KLg"), | 2] + 5Z45) )

BWM <(PUS)% + (SPU)% — 2P¢j7ﬁpi]. (LUZZ]L;;)> s
The above notations are defined in the following.
e Zi; € T8, = 8™ and Py; € S| are the parameters for 1 <i < j <m,
o log(+) is the matrix logarithm. Dlog(-) is the diagonal element-wise logarithm. |-| is the strictly

lower part of a square matrix. Chol(-) is the Cholesky decomposition. V is a diagonal matrix
with diagonal elements of the square matrix V. Lp(V) is the solution to the matrix linear

system Lp[V|P + PLp[V] = V, known as the Lyapunov operator. | = % <\/o:+7nﬂ — ﬁ)
K= ChOl(S) and Lij = ChOl(P”)

o () and (-, ->(Q’B) are the Frobenius inner product and O(n)-invariant one defined in Eq. .

* Due to the incompleteness of PEM and BWM, there are constraints for VFF and VBV : 14+0VT

ST and I + 1 VBW € SY,. Both constraints can be solved by numerical regularization, as
detailed in Rmk G4

The Euclidean affine FC y = Az + b incorporates the linear map y = Ax, the most natural map
between linear spaces. As shown by |Arsigny et al.| (2005} Sec. 4.4) and|Chen et al.|(2024d, Thm. 1),
the SPD manifold admits two vector space structures w.r.t. LEM and LCM. Similar to the Euclidean
FC layer, our SPD FC layer also incorporates linear maps over these vector structures. Denoting the
addition and scalar product as ®"F (©C) and ®“F (©~C), which are detailed in Sec.J.6| we have
the following result.
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Proposition 4.4. [[]| The LEM- and LCM-SPD FC layers incorporate the linear homomorphisms
over the vector spaces {S7 ,, ®"F, OVE} and {87, &, ©LC}, respectively.

Comparison. As summarized in

Tab. 2} three gyro SPD FC layers Table 2: Comparison with the existing SPD FC layers.
Nguyen et al.| (2024, Props. 3.4-3.6)

and two flat SPD FC layers (Nguyen SPD FC Layer | Geometries Requirement  Incorporated by Ours

et al.’ 2025) are incorporated by our Gyro FC (Nguyen etal.[2024] | AIM, LEM & LCM Gyrovector (Sec.-

SPD FC layers Flat FC (Nguyen et al.{2025) ‘ LEM & LCM Flat geometry (Sec.
Symmetric FC (Nguyen et al.}[2025] ‘ AIM Invariant metric N/A

Symmetric space

Simplification and convolution. Fol-
lowing the trivialization in Sec.
the SPD FC layers under LEM, AIM, LCM, and PEM can be further simplified, as detailed in
Sec. @ The convolution is defined as Sec. @, with M = 87 and N = S} .

Ours | Riemannian spaces Riemannian N/A

4.3 GRASSMANNIAN MATRIX MANIFOLDS

We manifest our FC layers over the ONB and PP Grassmannian, and define Grassmannian Convo-
lution (GrConv) as Sec.[3.2] Then, we compare our GrConv with existing popular Grassmannian
transformations, concluding that our GrConv are more flexible on both dimensionality and geometries.
ONB. We denote I, , = [Ip, 0]—r € R™*P, with I, as the p X p identity matrix. We define it as
the Grassmannian origin, as it corresponds to I,, € O(n) in the quotient structure (Bendokat et al.,
2024 Sec. 2.2). As Sec.[3.3] the FC parameters are modeled by parallel transport and Riemannian
exponential map at I, ,,. The concrete ONB Grassmannian FC layer can be further simplified.

Theorem 4.5 (ONB). Given U € Gr(p,n), the ONB Grassmannian FC layer F(-)

; — RCOS(E)RT ; onp SYD T (m—q)xq

Gr(p,n) — Gr(g,m) is Y = Osin(X)RT )’ with B = OXR' € R .

Each (i,j) element of BONB ¢ RMm-9xa jg <Logg}jB(U),TijBZ7;j>: with T;; =
—R;;sin(X;; O; SVD .

(opemmyon e 1o 0,05 ) Here (8,1 22 0y s the SV decompo-

sition. The FC parameters are Bz, € RM=P)XP gnd vij ERfor1 <i<m—gqand1,<j <, q.

PP. We define the PP origin as I, , = Ip,nIpT,n, as it corresponds to I, ,, (Bendokat et al., 2024} Eq.
2.11). Similarly, we model the FC parameters by parallel transport and Riemannian exponential map
at I, ,. The PP Grassmannian can be further simplified. Besides, the Riemannian logarithm under
the PP Grassmannian can be calculated by the ONB logarithm to support the auto-differentiation

(Nguyen et al.| 2024} Prop. 3.12). For more details, please refer to the proof of the following theorem.
Theorem 4.6 (PP). Given X € Gr(p,n), the PP Grassmannian FC layer F(-)

— ~ . e . 0 —(BYHT
Gr(p,n) — Gr(g,m) is Y = UU', with U = [exp PP 0 ,
l:q

where (-)1.4 returns the first-q columns of the input square matrix. Each (i,7) element of
BFP ¢ R"=9DX4 js defined as %<7T*)7T(p) (Log(ool\ﬁl:p(ﬂ_l(X))) ,OijZijOl-Tj>, with O;; =

0 —(vi;[Bz,. )T
exp((%j[BZ”] B, > here m(U) — UUT. and oo (V) — DVT + VU™

is the differential map for all U € Gr(p,n) and V. € TyGr(p,n). The FC parameters are
Bz, € R(n=p)xp and v € Rfor1 <i<m—qand1,<j <, q.

Comparison. |[Huang et al.| (2018) proposed FRMap + ReOrth layers to perform the transfor-
mation over the ONB Grassmannian via left matrix product (FRMap) and QR decomposition
(ReOrth). |Nguyen| (2022) proposed the PP scaling for the PP Grassmannian by the tangent
space at the identity. Nguyen and Yang| (2023) extended the PP scaling to the ONB Grass-
mannian. Besides, Nguyen and Yang (2023) used the gyrogroup left translation (GrTrans) as
the transformation. These layers are briefly recapped in Sec. However, the previous layers
fail to faithfully respect the Grassmannian geometries and lack flexibility regarding dimensions

and perspectives. In contrast, given a c-channel Grassmannian Gr(p,n) (or Gr(p,n)) input,

6
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our GrConv can adjust all di- Table 3: Comparison of our GrConv against the existing Grass-
mensions across both perspec- mannian transformation layers.

tives, enabling more flexibility.
Tab. B summarizes the above dis-

Flexible dimensions

. Methods ‘ Perspective ‘
cussion. | | Subspace p  Ambient n.  Channel
FRMap + ReOrth X X
(Huang et al.||2018] Egs. (2-4))
4.4 MANIFOLD EMBEDDING PP Scaling op
(Nguyen|[2022] Sec. 4.2.2) o X X
: : H ONB Scaling
In several apppcatlons (Chami (Naguyen and Yang|2033] Sec. 3.2) ‘ X x x
et al.| [2019; [Lopez et al., 2021}
GrTrans ONB + PP x x x
Zhao et al., 2023 Nguyen et al.,  (Nguyen and Yang|[2023] Sec. 2.3.2)
2024)), Euclidean feature are em- GrConv ONB +PP |

bedded into the manifold via
Expp(Az + b). As detailed in
Sec.[E4] our framework implies that this operation respects the Riemannian FC layer between the
Euclidean space and the target manifold, i.e., F(-) : R — M.

5 EXPERIMENTS

We evaluate the effectiveness of our layers on different manifolds. We refer the reader to Secs. [L1]
to[L.3]for experimental details on the hyperbolic, SPD, and Grassmannian spaces, respectively.

5.1 EXPERIMENTS ON THE HYPERBOLIC MANIFOLD

We compare our HFC lay-
ers against other hyper-
bolic transformation layers,
including Mobius (Ganeal
et al., 2018) and Einstein

Table 4: Comparison of hyperbolic transformations on link prediction,
where ¢ is the graph hyperbolicity (lower is more hyperbolic). The top
3 results are highlighted with red, blue and cyan.

X Disease Airport Pubmed Cora
(MaO et al 2024) trans- Method Mechanism | Geometry 5=0 5=1 5=35 5=11
b

. . Mobius (Ganea et al.|[2018) Tangent Poincaré 751+£03 90.8+0.2 94.9+0.1 89.0+0.1
fOrmat]OnS via the tangent Einstein (Mao et al.|2024) Tangent Klein 787+1.0 93.1+£02 950x£0.1 89.3+0.3
3 LorentzTan Tangent Hyperboloid | 75.1 0.9 92.7+04 94.99+0.1 89.4+0.6
Space, LOrCntZ llnear. layer Lorentz (Chen et al.[[2022] Spacetime | Hyperboloid | 78.0+0.6 924+0.1 942+0.1 91.74+0.3
(Chen et al., [2022) via the Poincaré FC (Shimizu et al.{[2021} | Riemannian | Poincaré | 77.8+14 940+04 943205 88.1£03
1 1 A HFC-P Riemannian Poincaré 81.2+0.7 948+02 95.0x0.1 90.3 £0.2
Spacetlme’ and POlncare FC HFC-K Riemannian Klein 802+1.0 944+04 948+0.1 89.7£0.3
layer (Shlmizu et al. ! 2021 ). HFC-H Riemannian ~ Hyperboloid | 77.4£0.6 95203 94.0+03 92.8+0.1

Compared to previous lay-

ers, our methods more faithfully and flexibly respect different latent geometries. Following |[Chami
et al.| (2019), we adopt four graph datasets for the link prediction task: Disease (Anderson and May,
1991), Airport (Zhang and Chen, 2018)), Pubmed (Namata et al.,|2012), and Cora (Sen et al., 2008).

Results. Following the HNN implementation (Ganea et al., 2018; Chami et al., 2019; [Mao et al.,
2024), we compare different transformation layers under the backbone network with two transfor-
mation layers. Mimicking Mobius and Einstein transformation, we further implement the tangent
transformation on the hyperboloid model, Log, (M Log,(x)), referred to LorentzTan. Tab. [4] presents
the 5-fold average testing AUC results. We have the following key observations. (1) Effective-
ness: Our HFC generally achieves superior performance against the prior hyperbolic layers. (2)
Hyperbolicity: On datasets with low § (e.g., Disease and Airport), Riemannian transformations
outperform tangent or spacetime transformations. However, on datasets with high § (e.g., Cora and
Pubmed), the Riemannian performs worse or comparatively against the tangent. This trend aligns
with the geometric intuition: tangent-space approximations are inherently limited in representing
curved manifolds, and thus less effective in highly non-Euclidean settings. (3) Representation power
& metrics: The optimal models vary across datasets. On Disease and Pubmed, HFC-P performs
the best, while HFC-H performs the best on the other datasets. This observation underscores the
importance of models in hyperbolic learning. Unlike the prior Poincaré FC layer, which is designed
specifically for the Poincaré model, our Riemannian FC layer can adapt to models in a plug-and-play
manner. This adaptability enhances the representation power of hyperbolic networks, making them
more versatile for diverse applications.
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Table 5: Comparison of hyperbolic transformations under different settings of Poincaré RResNet.

| Num of horospheres | 50 | 250

Dataset | Dim | 8 16 R 16 32
RResNet (Katsman et al.|[2024) | 76.0 £ 1.7 780+£22 77422 71.5+£5.1 78.1+£33 76.5+£25
Mobius+RResNet 746+1.9 74.6+£57 75.1%2.1 74.0£2.7 71.0£5.2 733+34
Disease Poincaré FC+RResNet 80.4+0.7 79.1+£1.8 79.1+£1.6 80.6£0.8 79.1+0.7 80.1+14
HFC-P+RResNet ‘ 81.1+0.6 80.0+04 81.0%0.6 ‘ 80.9 + 0.6 82.3+0.6 82.1+0.3
RResNet (Katsman et al.}[2024) | 934 +1.1 926+ 1.1 93.0+0.2 93.0+£0.4 93.0%1.6 89.6 £4.7
Mobius+RResNet 92.9+0.5 93.0+03 92.6+0.3 92.9+0.1 93.2+0.2 92.9+0.6
Airport Poincaré FC+RResNet 92.8+0.6 934+0.6 93.8+04 93.5+£04 93.1+0.4 93.8+0.7

HFC-P+RResNet 94.1 £ 0.5 93.5£0.3 948%0.5 ‘ 94.1 £ 0.6 94.0 £ 0.4 94304

RResNet (Katsman et al.|[2024) | 86.7+1.2 87.2+14 82435 82.7+3.0 84.0+3.7 833+16
Mobius+RResNet 84629 868+21 83.1%25 84.1+£24 83.2+1.6 83.9£29
Cora Poincaré FC+RResNet 83.8+24 846+09 833x27 | 828%33 82.8+3.6 833+33

HFC-P+RResNet 85.6+0.8 87.6+0.8 87.2+18 | 87.68+1.81 86.08+1.72 86.97+1.04

Ablations. We conduct ablations on the RResNet backbone (Katsman et al.l [2024). Since the
hyperbolic RResNet is built on the Poincaré ball, we compare Poincaré transformation layers, i.e.,
Mobius, Poincaré FC, and our HFC-P. In the vanilla RResNet, inputs are first projected to the target
dimension using a Euclidean linear layer, followed by mapping to the hyperbolic space and processing
with hyperbolic residual blocks. In contrast, we first map the input to the hyperbolic space and then
apply a hyperbolic transformation layer before feeding into the residual blocks. This transformation
layer can be instantiated as Mobius, Poincaré FC, or our HFC-P layer. We perform experiments across
various configurations of the residual blocks, varying both the hidden dimensions and the number of
horospheres. Tab. [5|presents the 5-fold average AUC results. Our HFC-P generally outperforms other
hyperbolic transformations, demonstrating its effectiveness.

Table 6: Comparison of our SPDNNs against other SPD networks. The ones highlighted with
are our special cases, while those marked with * are reproduced by us due to the lack of official code.

Methods Radar HDMO05 FPHA NTU60
SPDNet (Huang and Van Gool{|2017) 9325+1.10 64.57+0.61 8559+0.72 66.36+0.72
SPDNetBN (Brooks et al.|2019) 94.85+£0.99 71.28+0.79 89.33+049 69.38+0.84

RResNet-AIM (Katsman et al.|[2024) 95.71£0.37 64.95+0.82 86.63+0.55 70.70 +3.81
RResNet-LEM (Katsman et al.|[2024) 95.89+0.86 70.12+245 85.07+0.99 74.67+2.89
SPDNetLieBN-AIM (Chen et al.[[2024b) 9547 £0.90 71.83+0.69 90.39 £0.66 73.34 £0.40
SPDNetLieBN-LCM (Chen et al.;2024b) 94.80 £0.71 71.78 £0.44 86.33+0.43 72.54+1.09

SPDNetMLR (Chen et al.[[2024c) 95.64+0.83 6590+093 85.67+0.69 74.18+1.24
GyroLE* (Nguyen and Yang||2023) 96.24 £0.24 73.17+0.37 90.73+0.92 82.65+0.20
GyroLC* (Nguyen and Yang![2023) 93.60 +1.31 67.53+0.85 76.10£0.63 78.32+0.92
GyroAI* (Nguyen and Yang|[2023) 9629 £0.48 72.34+1.06 89.60+0.37 83.71+0.32

GyroSPD++-AIM* (Nguyen et al.|2024) 95.20+0.88 69.82+1.79 89.50+0.37 83.14+0.87
GyroSPD++-LEM* (Nguyen et al.|2024) 95.04 £1.36 77.63+1.01 88.23+0.62 85.48+1.10
GyroSPD++-LCM* (Nguyen et al.[|2024) 96.24+1.22 7536+1.08 81.83+0.93 74.64+2.49

SPDNN-LEM 9827 £0.48 81.16+0.93 91.83+0.41 86.72+0.14
SPDNN-AIM 97.63+0.50 80.12+£0.78 91.57+0.40 82.44+0.18
SPDNN-PEM 98.43 +0.44 78.77+0.45 9033+0.37 82.61 £0.37
SPDNN-LCM 97.65+0.75 7542+£095 91.33+0.24 83.39+£0.10
SPDNN-BWM 96.40+091 74.34+0.86 90.03+0.55 83.81+0.60

5.2 EXPERIMENTS ON THE SPD MANIFOLD

Following |[Huang et al.|(2017); Brooks et al.|(2019)); Katsman et al.|(2024), we use the Radar dataset
(Brooks et al., 2019) for radar classification, and the HDMO05 (Miiller et al., 2007, FPHA (Garcia-
Hernando et al.,|2018)), and NTU60 (Shahroudy et al.,2016)) datasets for human action recognition.
In line with |Nguyen et al.[(2024), we focus on the mutual action in NTU60. Following Wang et al.
(2024a); Nguyen et al.| (2024), we model each sample sequence as multi-channel SPD covariance
matrices of shape [c, n, n|.

SPDNN. Our SPDNN has an MLR layer (Chen et al., 2024c) stacked on top of a convolutional
layer. We denote SPDNN-[Metric] as the SPDNN using convolution under the specified metric. For
SPDNN-LEM, -PEM, and -LCM, the MLR is based on the same metric as the convolution. Since
the MLRs under AIM and BWM are less efficient (Chen et al.| [2024c), we apply LEM MLR for
SPDNN-AIM and -BWM. Besides, we trivialize the SPD parameter in the MLR as Sec. which
can be further simplified (detailed in Sec.[G.4). Consequently, all parameters in the SPDNNs can
be optimized by a Euclidean optimizer. We compare our networks against the following SOTA
SPD networks: SPDNet (Huang et al., 2017), SPDNetBN (Brooks et al.,2019), LieBN (Chen et al.,
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2024b), RResNet (Katsman et al.[2024), and MLR (Chen et al.}[2024c), Gyro (Nguyen and Yang]
2023)), and GyroSPD++ (Nguyen et al.,2024)).

Results. Tabs. [6] and [7] reports the 5-fold re-
sults and training efficiency, respectively. Our
SPDNNSs consistently outperform other SPD
models. Specifically, SPDNNs exceed the clas-
sic SPDNet by up to 5.02%, 16.59%, 6.24%,
and 20.36%, respectively. Notably, SPDNN | GyroSPDrr | 509 10357 6635 12505
generally outperforms GyroSPD++ under LEM, AIM T SPDNN | 434 10180 6542 12441
LCM, and AIM in terms of both accuracy and - g g g
efficiency. This advantage arises because our Lgm | GyroSPDe+ | 099 095 066 78
trivialization not only simplifies the expression | SPDNN | 086 074 063 579
of the FC and MLR layer but also mitigates the Lom | GyroSPDex | 066 070 037 574
over-parameterization in GyroSPD++. In Gy- S E o TSN O S 77
roSPD++, each output dimension of the FC layer requires two matrix parameters, whereas our
approach uses only one matrix and one scalar parameter. This reduction in parameter complexity
leads to improved training efficiency and generalization. Furthermore, the variation in optimal metrics
across datasets underscores the flexibility of our methods.

Table 7: The average training time per epoch of our
SPDNNs against GyroSPD++. A full comparison
of efficiency can be found in Sec.[[.2.4]

Geometry | Method | Radar HDMO5 FPHA NTU60

5.3 EXPERIMENTS ON THE GRASSMANNIAN

We compare our Grassmannian

convolutional layer against previ- Table 8: Comparison of GrNNs against other Grassmannian net-
ous transformation layers, such  yworks on the Radar dataset. Those marked with * are reproduced

as FRMap + ReOrth (Huang by us due to the lack of official code
et al., [2018)), scaling (Nguyen

and Yallg, 2023), and GrTrans Method | Subspace dims | Ambient dims | Mean+Std
(Nguyen and Yang, |2023)). Com- GrNet (Fuang et al.] 2018) 4 20->16 | 90.48 +0.76
3 3 _ GyroGr-Scaling™ (Nguyen and Yang|[2023) 4 20->20 88.88 £ 1.52

pared with fthe p.reV10us lay GyroGr* (Nguyen and Yang|[2023) 4 20->20 90.64 £0.57
ers, our transformation can more T 0516 93922074
fqlthfully respect thg Grassman— GINN.ONB 3:2 ggzjg gggi + 3‘82
nian geometries while allqwmg 84 e CHeaata
greater flexibility w.r.t. dimen- = T STERRRRSTES T D
sions and geometries. Following GrNN-PP 4>4 20->20  94.56+0.58
N Iy 3003 h 4->6 20>16  94.51+0.53
guyen and Yang; ( ), eac 4->8 20->16  94.11+0.58

network consists of one transfor-
mation layer followed by the classification. The corresponding models are denoted as GrNet (Huang
et al.| 2018)), GyroGr-Scaling (Nguyen and Yang} 2023)), GyroGr (Nguyen and Yang}, 2023)), GrNN-
ONB, and GrNN-PP, respectively. As our GrConv allows for a more flexible change of dimensionality,
we also perform ablations on subspace and ambient dimensions of the output of the FC transformation.
The experiments are conducted on the Radar dataset. Following [Wang et al.|(2024a), we model each
radar signal as a multi-channel Grassmannian tensor, i.e., [¢, n, p| for the ONB and [c, n, n] for the
PP. Tab. [§] presents the 5-fold average results, demonstrating that our GrConv outperforms other
Grassmannian transformation layers. Furthermore, varying the subspace dimension proves to be
potentially beneficial, as our GrConv achieves the top two results under varying subspace dimensions.
These results highlight the effectiveness and flexibility of our method.

6 CONCLUSION

This paper extends fundamental FC and convolutional layers to operate on Riemannian manifolds.
Our approach offers a naturally geometry-aware generalization that is more broadly applicable than
previous work. Several existing Riemannian FC layers are subsumed within our framework as
special cases. Empirically, we instantiate our framework across ten different geometries, including
three hyperbolic models, five SPD geometries, and two Grassmannian formulations. Extensive
experiments on radar classification, human action recognition, and graph link prediction demonstrate
the effectiveness and flexibility of our approach. We expect this work to facilitate further advances in
deep learning on Riemannian spaces.
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REPRODUCIBILITY STATEMENT
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LIST OF ACRONYMS

ONB OrthoNormal Basis
PP Projector Perspective

FC Fully Connected

GrConv  Grassmannian Convolution E]

AIM Affine-Invariant Metric
BWM Bures—Wasserstein Metric
LCM Log-Cholesky Metric

LEM Log-Euclidean Metric 2

PEM Power-Euclidean Metric
SPD Symmetric Positive Definite

A USE OF LARGE LANGUAGE MODELS

Large Language Models (LLMs) were used primarily for language polishing and minor text editing.
In limited cases, they also assisted in translating certain mathematical formulations into PyTorch
code. All generated outputs were carefully reviewed and, where necessary, corrected by the authors.
The authors take full responsibility for the final content of this paper.

B LIMITATIONS

Our framework is designed for computationally tractable Riemannian manifolds, where closed-form
expressions for exponential and logarithmic maps are available. This includes many commonly
used manifolds such as hyperbolic, SPD, and Grassmannian spaces. However, in cases where the
underlying manifold structure is unknown or lacks tractable Riemannian operators, our approach may
not be directly applicable. In such scenarios, future work could explore numerical approximations of
Riemannian operators or develop new paradigms for constructing transformation layers for intractable
geometry.

C GLOSSARY OF SYMBOLS

Tab. [I0]summarizes all the notation in the main paper.

D GEOMETRIES OF THE INVOLVED VECTOR AND MATRIX MANIFOLDS

D.1 GEOMETRIES OF THE HYPERBOLIC SPACE

There are five models over the hyperbolic space (Cannon et al.,[1997). We focus on the Poincaré ball,
Beltrami—Klein, and hyperboloid models:

1
Poincaré ball: P}, = {x eR" | ||$c||2 < _K} , ©
1
Beltrami—Klein: K% = {x e R™| ||9c||2 < _K} , (10)
1
Hyperboloid: H} = {x e R | ||:c||2£ =0T > 0}, (11)

where ||x||2£ = Z?:J;l x2? — z7 is the Lorentz inner product, and ||-| is the standard Ly norm induced
by the standard inner product (-, -). Here, K < 0 is the constant curvature. Although the set of the
Poincaré ball is identical to the Beltrami—Klein model, their Riemannian metrics are different. In fact,
each of the above models has its Riemannian metric:

gn(v,w) = (A5)? (v,w), (12)
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Table 10: Summary of notation.

Notation Explanation
(N, ¢V} Riemannian manifold A with Riemannian metric g’V
{M, g™} Riemannian manifold M with Riemannian metric g™
E Origin of the interested manifold
TpM Tangent space at P € M
gp(-,-)or () p Riemannian metric at P
I 1lp The norm induced by (-, -) p on Tp. M
d(,-) Geodesic distance
Logp Riemannian logarithm at P
Expp Riemannian exponentiation at P
I'roo Parallel transport from P to @) along the geodesic
P Differential map of the smooth map f at P € M
{B:}!, Standard orthonormal bases over m-dimensional 7T M
P, K% and H, Hyperbolic models of Poincaré ball, Beltrami—Klein, and hyperboloid (K < 0)
R™ Euclidean space of n-dimensional vectors
() e Lorentz inner product
@®n and Ry Mobius gyro addition and scalar product
@k and ®g Einstein gyro addition and scalar product

Ty ey and Tpn Lkn

Riemannian isometries between Beltrami—Klein and Poincaré ball

Sty Space of n x n SPD matrices
S Euclidean space of n x n symmetric matrices
L Euclidean space of n x n lower triangular matrices
() Standard Frobenius inner product
-, -y(@h) O(n)-invariant Euclidean metric on 8™ s.t. min(a, a +nj3) > 0
(B[ Frobenius Norm
log Matrix logarithm
exp Matrix exponentiation
pY Matrix power for SPD matrix P
Lp[] Lyapunov operator by P € 8%,
Z Cholesky decomposition
Dlog Diagonal element-wise logarithm
1] Strictly lower triangular part of a square matrix
D() A diagonal matrix with diagonal elements from a square matrix
Gr(p,n) Grassmannian under the ONB perspective
Gr(p,n) Grassmannian under the projector perspective
() Return an orthogonal matrix by QR decomposition
[ Matrix commutator
Ipn Grassmannian identity under the ONB perspective
Ipn Grassmannian identity under the projector perspective
I, n X n identity matrix
™ Riemannian isometry from Gr(p, n) onto Gr(p, n)
) ()= Logj (+) with Log as the Riemannian logarithm on Gr(p, n)
0 Zero matrix or vector
St(p, n) Stiefel manifold of n X p column-wise orthogonal matrices
GL(n) General linear group of n x n invertible matrices
O(n) Orthogonal group of n x n orthogonal matrices
gK(U UJ) _ <an> _ K<1‘7’U> (x,w)
T\ - 2 27
2
1+ K ||z (1+KH$H )
n+1
H
gi (v, w) = (v,w)p = > viw; — vywy, (14)
=2
K __ 2 :
where \;' = TR 182 conformal factor.

As shown by [Ungar| (2022b), both the Poincaré ball and Beltrami—Klein models admit gyrovector
structures, which are the natural counterparts of vector space in the manifold. The Poincaré ball
admits a Mobius gyrovector space (Ungar, [2022bl Ch. 6.14), while the Beltrami—Klein model admits
an Einstein gyrovector space (Ungar, [2022b, Ch. 6.18). Denoting H € {P}%, K’ }, for any z,y € H
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Table 11: Riemannian operators on the Poincaré ball and hyperboloid (K < 0).

H? = { Rn+1 — 1 0}

Operator Py = {a: eR" | |z|” < 7%} K ve | Hxl‘fl ) T; -
with [|z]7 = 31, 22 — af
)\K 2
gu (v, w) )\,5 i ) <'U,2'LU> (v,w), = Z;LI; ViW; — VW
z — (1+K]=]?)
d(a,y) e tanh ™! (VI =z &) T cosh™ (K] {r5))
z h™' (K (2,1

Log, (y) WT tanh™ (\/\K |-z &M yH) H_Igﬁyu m (y — K(z,y)cx)
Loy (v) S yily, —alo v— s (z+y)

Exp,(v) LAY (tanh (mw) m) cosh (m HUHL> 2 + sinh (MHUHL) m

(Ganea et al.{[2018)
(Skopek et al.{|2020{|Ungar![2022a)

References (Petersen|[2006||Skopek et al.||2020)

Table 12: Riemannian operators on the Beltrami—Klein model (K < 0).

Operators Ky ={zeR"||z]? < —%}

9x (v, w) 1+(}2’ﬁ2”2 - gﬁ:ﬁ:ﬁ%;

d(z,y) \/37 tanh ™! <\/j 1+\/1|+;6sz|@1311|2>
Exp,(v) = ®g Expg (\/u;ﬂwv a <1+¢1+KI|<§T53§1+K|$|2>””)

Log,(y)  sx (Tep iy )wi(Loge(—z @R Y)), T = mgy ey (2)
References (Ungarl, [2022bj; (Chen et al., [2025b)

and r € R, the gyro operations are defined as
(1 —2K(z,y) — K|ly|*) =+ (1+ K]z[?) y

Mobius addition : x & = , (15
" Ty 1= 2K(z,y) + K2[el Tyl =
tanh (rtanh ™! (V=K
Mobius scalar multiplication : r @y © = an (T an\/% ||xH)) T ”, (16)
T
. . 1 1 Ve
Einstein addition : x gy = ————— 4+ —y—K , , (17
‘ WO Y = TR (a,y) (”” 7e! 1+%<”>””) (an
tanh (rtanh ™' (V=K
Einstein scalar multiplication : r g x = an (r an \/7}(( Hx||) ) W (18)
— x

where v, = 1/4/1 + K||z||? is called the gamma factor. Interestingly, the scalar gyromultiplications
are identical under the Mobius and Einstein gyrovector spaces.

The Poincaré ball and hyperboloid admit closed-form Riemannian operators, as summarized in
Tab. [TT} The parallel transport over the Poincaré ball requires the notion of gyration (Ungar} [2022b):

gyr[z,ylz = M (2 Bm v) Bum (z &y (y Sy 2)) , Ve, y, 2 € Pl (19)

Chen et al.| (20254l Sec. 5.6) studied the Riemannian structure over the Beltrami—Klein ball. The
Beltrami—Klein ball is isometric to the Poincaré ball by
1
T pn - T € K — x € P, (20)
Ky —P7 K 1+ /11 K[z K

13 2 n
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By the above isometries, |Chen et al.|(2025a, Sec. 5.6) introduced the closed-form expression for
the Riemannian operators on the Beltrami—Klein ball, as summarized in Tab. @ Particularly, the
Riemannian exponential and logarithmic maps at the zero vector O are identical under the Beltrami—
Klein and Poincaré ball models:

Expo(v) = tanh(y/[K]lv]) vﬁﬁ?n -
Logo(z) = tanh ™" (/K] \/ERTH i

v € ToH, (22)
€H, (23)

with # € {K%,P%}.
As shown by (Chen et al.| (2025b)[Sec. 5.4 and 5.6], both the Mobius and Einstein gyrovector
operations can be expressed by their Riemannian geometries

x ®y y = Exp, (Fosa(Logy(y))), (24)
t @ z = Expg(t Logo (7)), (25)

where @, and ®4 are the gyroaddition and gyromultiplication under the corresponding model.

D.2 GEOMETRIES OF THE SPD MANIFOLD

Tabs. [13]and [T4] summarizes the associated Riemannian operators and properties. Following Tab.[10]
we further make the following notation. Given any SPD points P, () € S}, and tangent vectors

V,W € TpS" |, we denote V= Chol, p(V), W = Chol, p(W), L = Chol P, and K = Chol Q.

The corresponding diagonal matrix with their diagonal elements are denoted as %77 W, L, and K,
respectively. For the parallel transport under the BWM, we only present the case where P, () are
commuting matrices, i.e.P = ULU " and Q = UAU .

The O(n)-invariant Euclidean metric on 8™ (Thanwerdas and Pennec} 2023) is
(V, WY@ = o(V, W) + Btr(V) tr(W),  with min(a, o +nfB) > 0. (26)
Remark D.1. We make the following remarks w.r.t. the geometries on the SPD manifold.

* PEM & EM. When the power equals 1, the associated PEM is reduced to the Euclidean Metric
(EM) (Thanwerdas and Pennecl 2023} Sec. 3.1).

* Incompleteness & Riemannian exponentiation. As PEM and BWM are incomplete, their
Riemannian exponential maps are locally defined. As shown by Malago et al.| (2018} Prop. 9) and
implied by |Chen et al.|(2024c); Thanwerdas and Pennec|(2023), the restricted domains are

PEM: P’ + Py, p(V) € ST,

, 27
BWM: Lp[V]+1 € Sty
The above restriction can be solved numerically, such as ReEig (Huang et al.,[2017):
S = Umax(el,2)U ", (28)

where S FE UXU is the Eigendecomposition.

D.3 GEOMETRIES OF THE GRASSMANNIAN

As the set of linear subspaces, the Grassmannian can naturally be represented by any of the or-
thonormal bases, which is called the OrthoNormal Basis (ONB) perspective. Under this perspec-
tive, the Grassmannian is the quotient of the Stiefel manifold (Bendokat et al., |2024), denoted as
Gr(p,n) = St(p,n)/O(p). Each point is an equivalence class:

Gr(p,n) = {[U) : [U] :== {U € St(p,n) | U = UR, R € O(p)}}. (29)

By abuse of notation, we use [U] and U interchangeably for elements of Gr(p,n). Each tangent
space can be identified as a subspace of a corresponding tangent space on the Stiefel manifold,
which is called horizontal space. Therefore, every tangent vector can be identified with a tangent
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Table 13: The Riemannian operators under LEM, AIM, and PEM on the SPD manifold.

Operators LEM AIM PEM

gp(V.W)  (log, p(V),log, p(W))(*? (PTIV, WPt eh) 72 (Poc,p(V), Por,p(W)) @)

Logp@  (log. p) ' [log(Q) ~log(P)]  Pllog (P2QP~) P} (Pyep) ™ (@7 P')

Lpoo(V) (log, g)~" olog, p(V) (QPH2V(PT'Q)? (Pov) "' o Pou p(V)

Expp(V)  exp (log(P) + log, p(V)) Phexp(Ptvp-t) ph (P® + Py p(V))?

— e oo s
(Arsigny et al.|2005) (Pennec et al.| 2006} (Dryden et al /2010)

References (Thanwerdas and Pennec||2023)

(Thanwerdas and Pennec|[2023) (Thanwerdas and Pennec|[2019) (Chen ot al |P024c)

Table 14: The Riemannian operators under BWM and LCM on the SPD manifold.

Operators LCM BWM

gp(V, W) (LV], LW]) + (VL-, WL™") HLpV] W)
LogpQ  (Chol™), ; [LK] — | L] + LDlog(L~'K)] (PQ)? + (QP)z — 2P

Troo(V) (Chol ™), x [WJ + K]L*livf] U [ 25 [TV J] UT
Expp(V)  Chol ™ [LL |+ V] +L Dexp(L’lv)] P+V + Lp[VIPLPV]

Invariance Lie group bi-invariance O(n)-invariance

(Bhatia et al.{[2019)

References (Lin2019) (Thanwerdas and Pennec|[2023)

vector in the horizontal space, called horizontal lifﬂ Under this identification, each tangent vector
V € TpGr(p, n) can be represented as

V = P, B, with B € R("=P)*xP, (30)
where P| € St(n — p,n) is the orthogonal complement of P.

Another perspective is called the Projector Perspective (PP). As shown by |Bendokat et al.| (2024)), the
Grassmannian is an embedded submanifold of S™:

Gr(p,n) = {P € 8" : P?> = P,rank(P) = p}. (1)

Therefore, each point can be represented as an n x n symmetric matrix. Under this perspective, any
tangent vector V' € TpGr(p,n) at P € Gr(p, n) can be represented as

T
V=Q ( g, B(’) ) QT, with B e R(P)xp, (32)

where QI ,QT = P.

Supposing P and @ are the points on the Grassmannian Gr(p,n) ((Tr(p7 n)), and V and W are

the tangent vectors over TpGr(p, n) (I'pGr(p, n)), Tab.|15|summarizes the associated Riemannian
operators following the notation in Tab.[T0}

Remark D.2. We make the following remarks w.r.t. the Riemannian operators over the Grassmannian.

* Cut locus & logarithm. The Grassmannian Riemannian logarithm does not exists for any pair of
P and Q. As shown by Bendokat et al.| (2024, Sec. 5), Log p(Q) exists only if P and () are not in
each other’s cut locus. However, this can be numerically solved, such as Bendokat et al.| (2024,
Alg. 5.3) or using Moore—Penrose inverse for the inverse in the ONB logarithm (Nguyen) 2022).

’In this paper, the tangent vector under the ONB perspective is always considered as the horizontal lift.
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Table 15: Riemannian operators on the Grassmannian.

Operators Gr(p,n) Gr(p,n)
gp(V, W) V.w) 3 (VW)
@) S)RT
Logs 0 arctan( L svp Lllog ((In — 2Q) (I, — 2P)), P)

(I, - PPTHQ(PTQ) OXRT

(( PR O )( _c;f(l(zz)) >0T+ (IfooT)) v

Ppoo(V) o exp([logp(Q), P)V exp(—[logp(Q), P])
Logp(Q) >= OZRT
s(3)
PR o[ <l ) RT
Expp V ( : < sin(X) exp([V, P]) P exp(—[V, P])
v ¥ osRT
Ref (Edelman et al.||1998) (Batzies et al.|[2015)
elerences (Bendokat et al.| 2024) (Bendokat et al.| 024}

* PP & ONB logarithm. The matrix logarithm shown in the PP logarithm does not support
backpropagation, as it can not be calculated by the SVD like the SPD matrix. However, the PP
logarithm can be calculated via the ONB logarithm (Nguyen et al.| 2024} Prop. 3.12). The latter
can be backpropagated by the SVD. In this way, the PP logarithm can be integrated into the Pytorch
deep learning framework.

E DISCUSSIONS ON THE RIEMANNIAN FC AND CONVOLUTIONAL LAYER

E.1 ADDITIONAL DISCUSSIONS ON THE ORTHOGONAL BASIS

When the inner product gg on TgM is the standard inner product, we use familiar {e;}" ; the
orthonormal basis. However, when gg is not standard, {e; ™ , might not be orthonormal. In this
case, we can always find one associated to {e; }7*, by a linear isometry. We rewrite the inner product
gg as

gp(V,W) = (f(V), f(W)) = F(V)T F(W), ¥V, W € TpM = R™, (33)
where f is the linear isometry that pulls back the standard inner product (-, -) to gg. Then, {B;}", =
{f~'(ei)}™, is the standard orthonormal bases over {TpM, gg }.

E.2 RIEMANNIAN FULLY CONNECTED LAYERS UNDER ISOMETRIC GEOMETRY

As isometric Riemannian metrics commonly arise in various geometries (Thanwerdas and Pennec,
2022} |Chen et al.,2024d; Bendokat et al.| |2024)), we discuss the construction of Riemannian FC layers
under isometries. The following theorem demonstrates that a Riemannian FC layer under isometric
metrics can be computed by the following procedure: mapping, applying the Riemannian FC layer,
and remapping. This result will be applied in our concrete examples of the SPD and Grassmannian
FC layers.

We denote FC transformation as ¥ = F(X;A,P), with P = {P,e N}, and A =
{A; € Tp, N}, as the FC parameters.

Theorem E.1 (Isometric FC Layers). Given n-dimensional Riemannian manifolds {./\N/' , gﬁ } and

{N , gN } with a Riemannian isometry QSN N = N , and m-dimensional Riemannian manifolds
{MV, gM} and {M, gM} with o™ M — M as a Riemannian isometry mapping origin EM €

Minto the origin E € M, the Riemannian FC layer F : N = M can be calculated byF: N —
M:

~ ~ o~ o~ —1 ~

F(X:BA) = (oM) " (F(6V(X):P,A)) (34)

where P = {]52 € /\7} are the FC parameters of]?, while P =

()"

) and A = {ﬁl € Tﬁi/\?}:’;

~ m
and A = {gf)Nﬁ (Ai)} are the FC parameters of F.
*, 175 1

=1 1=
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Proof. First we show the correspondence between the standard orthonormal bases {él eM }and
{B; € M}. Obviously, { B; € M} is orthonormal iff { B; € M} is orthonormal. We only need to
show the standardness. The Riemannian metric g™ has the following:

gH (v, w) D gt (624 (v), 6 (V)
= (JodMs(V), Fod™(V)),

where f is the linear isomorphism that pulls back the standard Frobenius inner product to gg/‘. Here,
(1) comes from the isometry. Therefore, for each i, we have the following

B =(fo ¢i\7/l§)_1(Ei)
Y (o) B,

where (1) comes from B; = f~1(E;),Vi=1,--- ,n

We now demonstrate the correspondence between the FC layers as follows:

Y = Exp! <§: (<Log (X), A)Y B, ))
Q <¢M) (EXpE ( i ( Log%(X),AQ%Ei)
)

o (¢M -1 <EngA (Z (<L0g'1/\;{(X),A1>'I/;{B1)>> y
i)

(35)

(36)

)

A;), X = ¢N(X), and P, = ¢"N'(P;). The above derivation

—~
-

i=1
where B; —¢M( i), A —¢>N (A
comes from the fo]lowmg

(1) The isometry of ¢ and N
(2) The linearity of gbi\’tﬁ.

E.3 RIEMANNIAN FULLY CONNECTED LAYERS UNDER PRODUCT GEOMETRY

Now, we discuss Thm. [3.3|under product geometry

Theorem E.2. Following the notation in Th the Riemannian FC layer F(-) : (N)¢ — M for
the input (X1 e N, , X, e N)=X € N)¢is

Y = Exp}! ZZ (Log (X), Ai;)¥. Bi | , (38)
=1 j=1

where P;j € N and A;j € Tp,, N are the FC parameters.

Proof. By product geometry, we have

(N)ca-Pi:(-PileN»"'a-PiceN)? (39)
Tp, (N)c > A; = (Azl € TpilN, e A € Tpic./\/'). 40)
The above implies that
(Logh " (X), 487" = 3" (Logl¥ (X), Ay} - 41)
j=1
O
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E.4 RIEMANNIAN FULLY CONNECTED LAYERS AND MANIFOLD EMBEDDING

In several applications (Chami et al.,2019; |[Lopez et al., 20215 Zhao et al., 2023} [Nguyen et al.| 2024)),
embedding Euclidean features into non-Euclidean manifolds often yields superior results. A common
approach can be expressed as Expp(Az + b), which maps Euclidean features to the tangent space at
the origin via a linear layer, followed by applying the exponential map at the origin. This method
has been adopted in various embeddings, including hyperbolic (Chami et al.| 2019} [Fu et al., 2024)),
SPD (Zhao et al.,[2023), and Grassmannian spaces (Nguyen et al.} 2024, Sec. 3.4.2). Our framework
offers a novel intrinsic interpretation, showing that this operation respects the Riemannian FC layer
between the Euclidean space and the target manifold.

Proposition E.3. The Riemannian FC layer from a standard Euclidean space R"™ to an m-
dimensional target manifold M, namely F(-) : R™ — M, is given by

F(z) = Expg(Az +b), (42)

where A € R™*™ and b € R™ are the transformation matrix and biasing vector, respectively.

Proof. By Thm.[3.3] we have the following

Yy CEppt (0 (<L0giuc(x)7ai>5f03i)> )

' (43)

Expy! (f7 (Az +10)),
©g xpit (Az +b).

The above comes from the following,

(1) ps,a; € R™, and {B;} are the orthonormal bases over {TgM, g };
(2) The Euclidean logarithm and metric become the familiar vector operation:

Log,,"“(x) = & — p;

Euc n n
<v,w>p = (v,w),Vp € R",Vv,w € T,R";

(3) f is the linear isomorphism pulling the standard inner product back to gg; {e;} are the standard
orthonormal bases over the standard inner product;
(4) Linearity of f~1;
(5) Yo%, (x — ps, a;)e; has the form of affine transformation;
(6) As f~! has matrix representation, f~!(x) = Az, we have
f (Az +0) = A (Az +b)
= AAx + Ab.
Setting A = AA and b = Ab, one can obtain the result.

(44)

E.5 RELATION WITH THE CONVOLUTION IN MANIFOLDNET

Chakraborty et al.| (2020) also proposed a convolution operation for manifolds. However, as their
formulation is based on the weighted Fréchet mean, it is unable to alter the manifold dimension, such
as dimensionality reduction. In contrast, our framework allows for modifications in both the channel
and manifold dimensions, providing greater flexibility.
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F COMPARISON OF OUR HYPERBOLIC FC LAYERS AGAINST PREVIOUS
HYPERBOLIC LINEAR LAYERS

Tab. [T6]extends Tab. [T} comparing our hyperbolic FC layers against previous hyperbolic linear layers.

Table 16: Comparison of hyperbolic linear layers. Here, we consider the transformation from an
n-dimensional hyperbolic space to an m-dimensional one.

Method Model Mechanism Formulation Parameters References
Mobius P Tangent Expg (M Logg(x)) M e Rm™*" (Ganea et al.|[2018) Def. 3.2)
Klein K% Tangent Expg(M Logg(z)) M e R™*™ (Mao et al.|[2024; Thm. 9)
HV» H2 VK mx (n+1)
Lorentz HY, Spacetime { . } M féRR”“ (Chen et al.{[2022) Sec 3.1)
w (1+«/1—I&H’w ) .
R n A z n . .
Poincaré FC Py Poincaré w— ((71‘,)7% sinh (\/TKW(J?)) m {711 - ]R}f":ll (Shimizu et al.|[2021] Sec. 3.2)

k=1
vy, is defined by |Shimizu et al.|(2021] Eq. (6))

nym
Ours P2 K% H%  Riemannian Thms.|4.1[and}4.2 {zeR }fn:] Thms.|4.1fand 4.2
Ko 85 Mg R
{7 eR}Z,

G ADDITIONAL DETAILS ON THE SPD FULLY CONNECTED LAYERS

G.1 RELATION WITH THE GYRO SPD FULLY CONNECTED LAYERS

This subsection demonstrates that our SPD FC layers subsume three gyro SPD FC layers under
LEM, AIM, and LCM. This follows directly from Prop. [3.2] as one can readily verify that the
point-to-hyperplane distance we used is identical to the corresponding gyro distances under these
three metrics. To clarify this relationship more clearly, we compare the final expressions.

We first review some related SPD gyro structures (Nguyen and Yang, [2023). Given P, Q in {S} ., g}
with g as AIM, LEM or LCM, and ¢ € R, the gyro structures induced by g are defined as follows:

Gyro addition: P @& Q = Expp (I'1p (Log;(Q))), (45)

Scalar gyromultiplication: ¢t ® P = Exp; (t Log; (P)), (46)
Gyro inverse: © P = —1 ® P = Exp; (— Log;(P)), (47

Gyro inner product: (P,Q),, = (Log;(P),Log;(Q));, (48)

where Log; and (-, -) 5 is the Riemannian logarithm and metric at the identity matrix I. As shown by
Nguyen! (2022), the gyro addition and scalar product under AIM, LEM, and LCM form gyrovector
spaces.

Based on these gyro structures, Nguyen et al.[(2024) introduced the gyro SPD FC layers under AIM,
LEM, and LCM, respectively. We review their results in the following.

Theorem G.1 (Gyro SPD FC Layers (Nguyen et al.,2024)). The gyro SPD FC layers under standard
LEM, AIM, and LCM are

vii”(S), fi=j
LEM Y = exp (VLE) ,V;I;E = %UZLJE(S), ifi>j (49)
VjI;E, otherwise
d(S) +n Xy veh(S), ifi=
AIM Y = exp (VAI) ,Vz?‘l = \}51}31(5), ifi>] (50)
Vi otherwise
exp (v;C(8)), ifi=
LCM ;Y = VEO(VEO) T VEC = $olC(9), ifi>j (5D
0, otherwise

where n = - (\/Hl_inﬁ — 1), and Ufj = (6P; ® S, Wij>gr with g as LEM, AIM, or LCM. Here,

PZJ)W@] ESi_,_,VZZ],%]:L. 7m
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Proposition G.2. Our LEM ((«, ) = (1,0)), AIM ((a, B) = (1,3)), and LCM SPD FC layers
incorporate the LEM, AIM, and LCM gyro SPD FC layers, respectively.

Proof. Comparing Thm. [G.T) with our Thm.[4.3] we only need to show the equality of v;; in the gyro
and our framework:

g
zy - <L gP (S) ’ FI‘}Pij (LOgI(Wij))>P‘_ 3 (52)
where (1) has been proved in Prop. 3.2} . Setting A;; = I';, p (Log;(Wi;)) € Tp,; S |, we recover
Eqs. (94), (93) and (97) for each metric. O

G.2 RELATION WITH THE FLAT SPD FULLY CONNECTED LAYERS

Nguyen et al.| (2025) proposed two SPD FC layers based on flat LEM and LCM. However, as shown
by Nguyen et al.| (2025 App. B. 2.2), it has the same formulation as the LEM and LCM gyro SPD
FC layer, respectively.

G.3 TRIVIALIZED SPD FULLY CONNECTED LAYERS

Theorem G.3 (Trivialized SPD FC Layers). Trivializing each P;; in Thm.[{.3|as Exp;(7ij[Zi;]),
v;5(S) under different metrics can be further simplified:

LEM : (log(8), Zi)' " — ~i; 1 257, (53)

AIM : <1og (exp ( 73[2,,»]) Sexp (—%[Zij})) ,Zij> , (54)

PEM : (S — (I + 0i(Z; ]),Zij>(a’m7 (55)
1 1

Lem: (L) + Dlog) — (lZill + 305002D ) L2) 4 32) ), 56)

where ||| (@B) is the norm induced by (-, ~>(a”8), and D(+) returns a diagonal matrix with diagonal
elements from the input square matrix.

Proof. LEM:

a,B) (1) a,
(log(S) — log(Py;), Zi) ™ = (log(8) — 7i;[Zi5), Ziy)' ™

(&) (e,8) (@,8) 7
= (log(5), Ziz)™" — i 1 25517,
The above comes from the following.
(1) Eq. (T10); .
@) [2i] = 7t
AIM: This can be obtained by the following:
-1 Yij
exp (7i3[Zi;]) % = exp (—#[Zij]) : (58)
PEM: This can be obtained by Eq. (IT1).
LCM:
_ 1
(LK) = LBo) + Dlog(L51). 2] + 52:7)
1
= (LK) + Diog(K) = (LLis] + Dlog(Lyp) 123 + 525 ) 59
(1) 1 1
D (L) + Diog(s) — (sl Zill + 32D ) 2l + 52 )
where (2) comes from Eq. (T12). O
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Remark G.4. Due to the incompleteness of PEM and BWM, their exponential maps at I, Exp;(V),
are well-defined locally:
PEM: I+€V€S++,

. (60)
BWM:.7—1—5V6‘5’+Jr
The above restriction can be solved numerically, such as ReEig (Huang et al.,[2017):
S = Umax(el,2)U ", 61)

E
where S := USU is the eigendecomposition.

G.4 TRIVIALIZED SPD MULTINOMIAL LOGISTIC REGRESSION

In our implementation, we trivialize the SPD parameters in the SPD MLR as Sec.[3.3] The SPD
MLRs proposed by (Chen et al.[(2024¢) under five geometries can be further simplified. For simplicity,
we do not involve the power deformation (Chen et al., 2024c|).

Theorem G.5 (Trivialized SPD MLRs). [EB] Given C classes and an SPD feature S, the SPD MLRs,
ply =k | S € SY,), are proportional to

LEM :exp [(log(8), Z) 7 — 512 )] (62)
it [exp (1og (exp (- 24122)) s (- 2120)) ) 22) ™. (63)
PEM 5 oxp (8" — (I + 0l Z]), Z2) "”} (64)
LCM :exp K K| + Dlog(K ( )+ ’ykD([Zk])) 2] + ;Zk)>] . (65)
BWM: exp B <(Pk5)% +(SPY)? — 2P, Lp, (LkaLkT.)>] : (66)

where Zy, € TyS}  \{0} is a symmetric matrix, Ly = Chol(Py,) is the Cholesky factor of Py, with
Py = (I + 3v[Zx])?. Here {Z), € S"}{_, and {~y), € R}{_, are the MLR parameters.

Proof. For each class k, the expression of vy in the SPD MLR (Chen et al.l 2024c, Thm. 4.2) has
been reviewed in Sec. For MLR under each metric g, we parameterize the each parameter
P € S:f_i_ by Zj, and i by

Py, = Exp{(v[Z1]), (67)
with [Z}] as the unit vector of Z;. Under this parameterization, the MLRs under LEM, AIM, PEM,
and LCM can be further simplified, which has been implied by Thm.[G.3] O

Remark G.6. Similar to the SPD FC layer, due to the incompleteness of PEM and BWM, the
associated parameterization should follow

PEM: [ + 0 [Z] € Si_,,_, (63)

1
BWM: 1+ 5y, [Zi] € ST .. (69)

H REVIEW OF PREVIOUS GRASSMANNIAN TRANSFORMATION LAYERS

This section briefly reviews several popular Grassmannian transformation layers.

FRMap + ReOrth. Given input Grassmannian X € Gr(p, ¢), Huang et al.[(2018)) first used Full
Rank Map (FRMap) to first transform the input orthonormal matrices of subspaces to new matrices
by a linear mapping function, and then applied QR decomposition to recover the orthogonality:

Y = QWX), (70)

where W € R™>™ is a row-wisely orthogonal parameter, and Q(-) returns the orthogonal matrix in
the QR decomposition.
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PP & ONB Scaling. Nguyen| (2022); Nguyen and Yang| (2023) proposed matrix scaling for the

PP and ONB Grassmannian, respectively. Given P = XX ' € Gr(p,n) with X € Gr(p,n), the
operations are defined as

PP:Y:exp([ —(W?kB)T WSB])TPJLQXP(_[_(WiB)T WJB})a (71)

B
ONB: Y — exp ([ _(WO* By WS‘ D Lo, (72)

where * denotes the Hadamard product and B € R("~?)*? is a Euclidean parameter. Here, X =

0 B
exp _BT Iy

GrTrans. Nguyen and Yang|(2023) adopted the Grassmannian Gyro group translation (GrTrans)

to transform the ONB and PP Grassmannian features. Given X € (A}/r(p7 n) (or X € Gr(p,n)), the
operation is defined as

Y=WaX, (73)

where @ is the Grassmannian PP (ONB) gyro addition (Nguyen and Yang} [2023, Sec. 2.3), and
W € Gr(p,n) (or W € Gr(p,n)) is a Grassmannian parameter.

I ADDITIONAL EXPERIMENTAL DETAILS AND RESULTS

1.1 HYPERBOLIC SPACES
1.1.1 DATASETS

Disease (Anderson and May,[1991). It represents a disease propagation tree, simulating the SIR
disease transmission model, with each node representing either an infection or a non-infection state.

Airport (Zhang and Chen, 2018). It is a transductive dataset where nodes represent airports and
edges represent the airline routes as from OpenFlights.org.

Pubmed (Namata et al., 2012). This is a standard benchmark describing citation networks where
nodes represent scientific papers in the area of medicine, edges are citations between them, and node
labels are academic (sub)areas.

Cora (Sen et al., 2008). It is a citation network where nodes represent scientific papers in the area
of machine learning, edges are citations between them, and node labels are academic (sub)areas.

1.1.2 IMPLEMENTATION DETAILS

We follow the official implementations of HNNE] (Ganea et al., 2018)), HNN++E] (Shimizu et al.,[2021)
and HyboNetE](Chen et al.} 2022)) to conduct the experiments. For the Einstein transformation in the
Beltrami—Klein model, we carefully implement it according to the original paper (Mao et al., 2024).
We adopt the settings as HGCNE] (Chami et al.,2019) for the link prediction task.

Details on main experiments. Following the HNN implementation (Ganea et al., |2018}; (Chami
et al}|2019; Mao et al.| 2024), the baseline encoder consists of two transformation layers: the first
maps the input feature dimension to 16, and the second maps 16 to 16. The transformation layers
could be our HFC layers or others like Mobius, Einstein, Poincaré FC, LorentzTan, or Lorentz linear
layer. Each transformation is followed by an activation layer Exp,(ReLu(Log,(z))), where o is the
origin in each model. Following HNN, we also adopt the bias translation after each HFC layer, i.e.,
x®b=Exp,(T's—. Log,(z)). We use the Adam optimizer (Kingma, 2015) with a learning rate of
le—2. We fine-tune the dropout of transformation weight and weight decay.

*https://github.com/dalab/hyperbolic_nn
‘nttps://github.com/mil-tokyo/hyperbolic_nn_plusplus
Shttps://github.com/chenweizel998/fully-hyperbolic—nn
®https://github.com/HazyResearch/hgcn
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Details on ablations on the RResNet. We employ a hyperbolic transformation layer to map each
input vector into an 8-dimensional vector in the Poincaré ball. The network consists of two residual
blocks, each configured with different hidden dimensions and varying numbers of horospheres. We
use the Adam optimizer (Kingmal 2015) and fine-tune hyperparameters, such as the learning rate and
weight decay.

1.2 SPD MANIFOLDS
1.2.1 DATASETS

Radalﬂ (Brooks et al.,2019). It consists of 3,000 synthetic radar signals equally distributed in 3
classes.

HDMOﬂ (Miiller et al., 2007). It consists of 2,343 skeleton-based motion capture sequences
executed by different actors. Each frame consists of 3D coordinates of 31 joints. We remove the
under-represented clips, trimming the dataset down to 2,326 instances scattered throughout 122
classes. We randomly select 50% of the samples from each category for training and the remaining
50% for testing.

FPHAE] (Garcia-Hernando et al.,[2018). It includes 1,175 skeleton-based first-person hand gesture
videos of 45 different categories with 600 clips for training and 575 for testing. Each frame contains
the 3D coordinates of 21 hand joints.

For the HDMO5 and FPHA datasets, we preprocess each sequence using the codeET] provided by
Vemulapalli et al.[(2014)) to normalize body part lengths and ensure invariance to scale and view.

1.2.2 SPD MODELING

For our SPDNNs, we follow Wang et al.| (2024a); Nguyen et al.| (2024) to model each sample into a
multi-channel SPD tensor. For the Radar dataset, we follow [Wang et al.| (2024a)) to use the temporal
convolution followed by a covariance pooling layer to obtain a multi-channel covariance [c, 20, 20]
tensor. For the HDMO5 and FPHA datasets, we follow [Nguyen et al.| (2024} Sec. D.2.2) to model
each skeleton sequence into a multi-channel covariance tensor [c, n, n]. Specifically, we first identify
the closest left (right) neighbor of every joint based on their distance to the hip (wrist) joint, and then
combine the 3D coordinates of each joint and those of its left (right) neighbor to create a feature
vector for the joint. For a given frame ¢, we compute its Gaussian embedding (Lovric et al., [2000):
T
Y; = (det Et)—n%'_l |: N+ ;ﬂt) Ht ’ (74)
(1) 1

where p, and 3, are the mean vector and covariance matrix computed from the set of feature vectors
within the frame. The lower part of matrix log (Y;) is flattened to obtain a vector ;. All vectors ¥;
within a time window [t, ¢t + ¢ — 1], where ¢ is determined from a temporal pyramid representation of
the sequence (the number of temporal pyramids is set to 2 in our experiments), are used to compute a

covariance matrix as
1 t+c—1 -
7= 2; (05 — 1) (0 — 1), (75)
i—

where 7, = 1 St ~! ;. The resulting {Z; } is the input covariance tensor. On the FPHA dataset, we
generate the covariance based on three sets of neighbors: left, right, and vertical (bottom) neighbors.

For GyroLE, GyroAl, GyroLC, and GyroSPD++, the input are similar to our SPDNNSs. For other SPD
baselines, such as SPDNet, SPDNetBN, LieBN, MLR, and RResNet, each sequence is represented
by a global covariance representation (Huang and Van Gool, [2017; Brooks et al.,|2019). The sizes of
the covariance matrices are 20 x 20, 93 x 93, and 63 x 63 for Radar, HDMOS5, and FPHA datasets,
respectively.

"nttps://www.dropbox.com/s/dfnlx2bnyh3kjwy/data.zip?dl=0
$https://resources.mpi-inf.mpg.de/HDMO5/
‘https://github.com/guiggh/hand_pose_action
Ohttps://ravitejav.weebly.com/kbac.html
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Table 17: Training hyer-parameters in SPDNNs

Dataset | Model | 6 Optimizer Learning Rate
SPDNN-LEM | N/A  AMSGrad 5e~3
SPDNN-AIM | 0.25 AMSGrad He~4

Radar | SPDNN-PEM | N/A  AMSGrad le2
SPDNN-LCM | 0.25 AMSGrad He~4
SPDNN-BWM | N/A  AMSGrad 5e~?
SPDNN-LEM | N/A SGD 5e~3
SPDNN-AIM | N/A SGD 5e~3

HDMO5 | SPDNN-PEM | N/A  AMSGrad le—3
SPDNN-LCM | N/A  AMSGrad le—3
SPDNN-BWM | N/A  AMSGrad le—3
SPDNN-LEM | N/A  AMSGrad le=?
SPDNN-AIM | N/A  AMSGrad le—4

FPHA | SPDNN-PEM | N/A  AMSGrad le—3
SPDNN-LCM | -0.25 AMSGrad le—3
SPDNN-BWM | -0.25 AMSGrad le=?
SPDNN-LEM | N/A SGD le—3
SPDNN-AIM | N/A  AMSGrad le—4

NTU60 | SPDNN-PEM | N/A  AMSGrad He~4
SPDNN-LCM | 0.25 AMSGrad He~4
SPDNN-BWM | 0.25 AMSGrad le—3

1.2.3 IMPLEMENTATION DETAILS

Comparative methods. We follow the official Pytorch code of SPDNetBNEr] to implement SPDNet
and SPDNetBN. For LieBN[T_IL we focus on the instantiation under AIM and LCM, while for RRes-
Ne we implement the ones induced by LEM and AIM. For SPD MLR"| we implement the ones
induced by LCM. For GyroLE, GyroAl, GyroLC, and GyroSPD++, we re-implemented them based
on the original paper (Nguyen and Yang| |2023; Nguyen et al.| [2024).

SPDNNs. On all datasets, we employ a single convolutional kernel for global convolution, i.e.,
applying a global receptive field across the channel dimension. The output dimensions of the SPD
convolutional layer are 8 x 8, 34 x 34, 22 x 22, and 11 x 11 for the Radar, HDMO05, FPHA, and
NTUG6O datasets, respectively. We primarily use the AMSGrad (Reddi et al., 2018) optimizer, except
for SPDNN-LEM and SPDNN-AIM on the HDMO5 dataset and SPDNN-LEM on the NTU60, where
SGD (Robbins and Monro, |1951) is employed. Weight decay is set to zero, except for SPDNN-PEM
on the FPHA dataset, where it is 5e—%. The matrix power in SPDNN-PEM is set as 0.5 for the
Radar, and 0.25 for the other three datasets. Since matrix power can deform the latent Riemannian
metric (Chen et al.,[2024c, Fig. 1), we also apply matrix power (-)? before the convolutional layer in
SPDNN-AIM, -LCM, and -BWM to activate the latent geometries. The batch size is set to 30 with a
training epoch of 150 with early stopping. Tab.[l7{summarizes the training hyper-parameters.

1.2.4 TRAINING EFFICIENCY

Tab. [I8] presents the average training time per epoch of each SPD network. We have the following
observations:

* The efficiency of SPDNN varies across metrics. The most efficient metric is LCM, where
our model even achieves comparable efficiency to the vanilla SPDNet. However, AIM and

Yhttps://proceedings.neurips.cc/paper_files/paper/2019/file/
6e69ebbfad976d4637bb4b39de261lbf7-Supplemental.zip
"“https://github.com/GitZH-Chen/LieBN
Bhttps://github.com/CUAI/Riemannian-Residual-Neural-Networks
“https://github.com/GitZH-Chen/SPDMLR
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Table 18: Training efficiency (second / epoch).

Method | Geometrtry | Radar HDMO5 FPHA NTU60
SPDNet N/A 0.66 0.50 0.28 3.08
SPDNetBN AIM 1.25 0.94 0.58 6.14
SPDResNet-AIM AIM 0.96 1.23 0.69 6.84
SPDResNet-LEM LEM 0.77 0.55 0.30 3.17
SPDNetLieBN-AIM AIM 1.21 1.15 0.97 8.85
SPDNetLieBN-LCM LCM 1.10 1.11 0.59 5.96
SPDNetMLR LCM 0.66 5.46 0.88 4.94
GyroLE LEM 0.79 2.86 1.59 10.57
GyroL.C LCM 0.66 1.49 0.78 5.99
GyroAl AIM 0.99 22.80 12.62 26.76
GyroSPD++-AIM AIM 5.09 103.57 66.35 125.05
GyroSPD++-LEM LEM 0.99 0.95 0.66 7.58
GyroSPD++-LCM LCM 0.66 0.70 0.37 5.74
SPDNN-LEM LEM 0.86 0.74 0.63 5.79
SPDNN-AIM AIM 4.84 101.80 6542 124.41
SPDNN-PEM PEM 1.09 7.10 1.57 8.71
SPDNN-LCM LCM 0.65 0.59 0.35 3.72
SPDNN-BWM BWM 6.07 110.51 71.67 13948

BWM demonstrate significant computational burden, primarily due to their complex Riemannian
computations.

* Qur trivialization improves efficiency. Compared with the LCM-based SPDNetMLR, SPDNN-
LCM achieves much lower training time. This improvement can be partially attributed to our
trivialization, which simplifies the final expression of MLR (Sec. and eliminates the need for
computationally expensive Riemannian optimization. Besides, SPDNN consistently outperforms
GyroSPD++ under LEM, LCM, and AIM in terms of efficiency. This advantage arises because our
trivialization not only simplifies the expression of the FC and MLR layers, but also reduces the
number of parameters.

1.3 GRASSMANNIAN MANIFOLDS

Grassmannian modeling. As Grassmannian descriptors can be derived by the SVD of the covariance
(Huang et al.l 2018; Nguyen and Yang|, [2023)), we map the multi-channel Radar covariance into a
[¢, n, p] ONB Grassmannian tensor via the SVD decomposition. The PP Grassmannian features can

be derived from the ONB Grassmannian features via the isometry 7(-) : Gr(p,n) — a“(p, n):

©(U) =UU" VU € Gr(p,n). (76)

Implementation details. Since GrNet (Huang et al.,[2018)) is officially implemented by Matlab, we
carefully re-implemented it using PyTorch. Additionally, as both GryroGr and GryroGr-Scaling do
not release official code, we re-implemented them based on the original papers (Nguyen and Yang,
2023). For all comparative methods, we use SGD with a learning rate of 5¢~2. For training our ONB
and PP GrNNs, we use AMSGrad with a learning rate of 5e 3. The batch size is set to 30 with a
training epoch of 150.

1.4 HARDWARE

On the HDMO5 and FPHA datasets, SPDNet, RResNet, SPDNetBN, SPDNetLieBN, and MLR
require SVD operations on relatively large matrices, which are more efficiently executed on a CPU.
As a result, these methods are implemented on a CPU, whereas all other cases are executed on a
single A6000 GPU.

30



Under review as a conference paper at ICLR 2026

J  PROOFS

J.1 PROOF OF Pror.[3.2]

Proof. Euclidean spaces. We first review the following facts about Euclidean space:

* the origin is the zero vector 0;
* the standard orthonormal basis over ToR™ = R™ is {e; }I" ;3
* Log,(z) =z —pand (), = () forany z,p € R";

* point-to-hyperplane distance is d(x, H, ;) = [e—p.a)l

llall

Putting the above together, one can recover Eq. (I).

Poincaré balls. This exactly corresponds to the derivation of the Poincaré FC layer (Shimizu et al.,
2021, App. D.3).

SPD gyrovector spaces. [Nguyen et al.| (2024) proposed three gyro SPD FC layers based on the
gyrovector structures under LEM, LCM, and AIM, respectively. The below discussion summarizes
the proof in|Nguyen et al.| (2024}, Apps. J-L).

In the SPD gyro FC layer, the origin of the SPD manifold is the identity matrix /. Given a metric
among LEM, LCM, and AIM, let {Bi}f=1 be an orthonormal basis over T7S'", , where d = n(n+1)/o
is the dimension of S , . The SPD gyro FC layer is defined by solving the following equations

sign ((Log;(Y), Bi);)d(Y,Hp, 1) = (Wi, 6P, ® X)gr, 1<k <m, )
where © and @ are gyro operations (Nguyen et al., 2024, Apps. G.2-G.4) and (-,-) _ is the

ar

gyro inner product (Nguyen et al| 2024, App. G.7). Here, each W, € S}, and P, € ST
are FC parameters. By Prop. 3.2 in [Nguyen et al.| (2024), the RHS of Eq. is equal to
(Logp, (X), 15 p, (Logl(Wk))>Pk. Setting A, = I';_, p, (Log;(W4)) € Tp, S}, one can re-
cover Eq. (3). O

J.2  PROOF oF THM.[3.3]

Proof. The Riemannian signed distance from a point Y € M to a Riemannian hyperplane over M is

(Logp! Y, A) 3!

A ) =

(78)

where H A,p is a Riemannian hyperplane parameterized by P € M and A € Tp M. Therefore, the
signed distance from Y to Hp, g is

(Log' (Y), Bi) !
|| Bi |1 (79)

d(Y,Hp, ) =

—~
-
—

where (1) comes from the orthonormality of B;.

Setting Eq. equal to v;(X), we have

(Logi'(Y), Bi) &' = (Log, (X), Ai)N. (80)

The above equation indicates

Logi' (Y Z LogP Z>/I\D/Bl) . 81)
i=1

J.3 PROOF OF THM.[4 1]

To simplify the Riemannian FC layer with the gyro structure, we first prove a useful lemma.
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Lyeﬁ]lma J.1. We assume that the manifold M admits a gyrogroup (Nguyen) 2022| Def. 2.2) defined
b

z @y =Exp, (l'ewss (Log, (y))) . Vp,q € M, (82)
where e € M is the origin of the manifold. Then, we have the following
(Log, (), a>p = (Log,(ep® x),Tpse(a)),, Va,pe MandVa € T,M. (83)

Proof. Credit of the proof: Eq. comes from Nguyen and Yang| (2023} Eq. (1)), who demon-
strated that several geometries admit gyrogroups based on this definition. The prototype of Eq. (83)
comes from App. I by|Nguyen et al.| (2024), which only deals with SPD matrices. Here, we further
extend the result into general gyrogroups.

Denoting ©p as the gyro inverse of p (&p & p = e), we have

©) @
r=p®(op®x) = Exp, (Tessy (Log, (Sp @ 2)))

(84)
3)
% Log, (1) = To-sy (Log, (Sp & ).
The above comes from the following,
(1) Left cancellation law of the gyrogroup (Ungar, 2022a, Thms. 1.13).
(2) Definition of gyro addition.
(3) Applying both sides with Log,,(-).
By the last equation, we have
(Log,(z),a), = (T (Log, (Gp© 2)) ,a),
) (85)
= <L0ge (@p @ I) 7FP—>€(a)>e )
where (1) comes from
* Parallel transport preserving the norm (Do Carmo and Flaherty Francis, [1992] Sec. 3.1)
e Tpyeoleyy(v) =v,Yv e T.M.
O

Now we begin to prove Thm.

Proof of Thm. In both geometries, the origins are defined as the zero vector, as it is the identity
element in their own gyrovector spaces. We first deal with the Poincaré ball followed by the Beltrami—
Klein model.

Poincaré ball: The Riemannian metric at the identity element is
(v,w)o = 4 (v,w),Yv,w € ToPy. (86)
Obviously, {1e;}7, is an orthonormal basis. Lem. implies

1 1
(Logy, (x),ai) 16 = (Logo(—pi &M ), I'p, —0(ai))g 16

—
-

= (Logo(—pi &M z),Tp, —0(ai)) € (87)

(3)
= (Logo(—pi ®m ), 21)) €;.
The above comes from the following.

(1) Lem.J.1land ©Mmp = —p, Vp € P}
() Eq. (89).
(3) a; =Tosp, (i)

'SWe assume all the involved Riemannian operators are well-defined.
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Beltrami—Klein model: The Riemannian metric at the identity element is
(v,w)y = (v,w),Vv,w € ToK%. (88)
Obviously, {e; }™ is an orthonormal basis. Lem. [J.1|and Eq. implies that the above reasoning
for the Poincaré ball can be transferred into the Beltrami—Klein model:
<Logpi (x), a¢>pi e; W (Logo(—pi @ ), Tp,—0(as))g €
= (Logo(—pi ®r 7),I'p, s0(ai)) € (89)

D (Logo(—pi @8 2), 2)) €1,

The above comes from the following.

(1) Lem.[l.T} Eq. 24), and ©gp = —p,

J.4 PROOF OF THM.

Proof. We only need to show the origin, the tangent space at the origin, and the inner product and an
orthonormal basis over the tangent space at the origin.

The hyperboloid is isometric to the Poincaré ball by the following diffeomorphism (Lee, |[2006):

T
(z) = 1 1-K|z|? 227 (90)
M T VIR T K P T+ K]
The origin of hyperboloid is therefore defined as
) T
e 1= Ty (0) = (,0--- 7()) . 1)
K K /‘ |
The Riemannian metric and tangent space at e are
T.Hy = {(0,v") v e R}, (92)
(0,oN)7,(0,w") ") = (v,w), Y(0,0v)",(0,w")" € T,HY. 93)
Therefore, {(0, e, )"}, is an orthonormal basis of 7, H?, with ¢; € R".
Putting the above with Tab.[T1] we can manifest Thm.[3.3]in the hyperboloid geometry. O

J.5 PROOF OF THM.[4 3]

Proof. In the following proof, we first present the expressions of several operators under different
metrics, including v;;(.S), standard orthonormal bases, and Riemannian exponentiation at the origin.
Then, we begin to prove the theorem. In this proof, we follow all the notation as the theorem.

vij(S) under different metrics: The expressions are implied by [Chen et al.| (2024c, Thm. 4.2):

LEM : (log(S) — log(P;;), Zij>(a”@) , %94)
_1 _1 (a,B)

AIM : <log(Pij ISP, *), Zj,j> : 95)
1 0 0 (04,6)

PEM : (S =Pl Zij)y ", (96)

1

LCM : <|_KJ — |_L”J + DlOg(KL;l), LZ”J + QZij)> ) (97)
1 1 1

BWM :3 <(Pij5)f +(SP;)? — 2Py, Lp, (LijZijLZj)> . (98)
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Standard orthonormal bases: Next, we show the standard orthonormal bases over TISﬁ - under
different metrics. As indicated by Tabs.|[T3|and[T4} the inner products for any V, W € TS are

LEM, AIM, and PEM : (V, W)(®#) | (99)
1 1
1
BWM :Z(V, W) (101)

The above comes from the following.

(1) Eq. (99) comes from log, ;(V) = V and Pg. (V) = 0V;
(2) Eq. (100) comes from Chol, (V) = [V ] + FV;
(3) Eq. 1) comes from £;[V] = 1V,

2

As shown by|Thanwerdas and Pennec|(2023, Thm.2.1), F 5575, /5  {S", (-, '>(O"B)} = {S", {-,}
is the linear isometry pulling the standard inner product back to the O(n)-invariant one:

F oz ya(X) = VaX + —W tr(X)1,,VX € 8" (102)

Given any Y € S”, its inverse map is

(Fyagaz.va) (V)= N M

1
LD U R R Y (103)

Vo " 1/1+n§

- G )

The standard orthonormal bases over the Euclidean spaces {S™, (-, -}} and {L™, (-, ) } are

,‘ By, ifi=j
S (LU =L g, 104
{ ) < 9 >} 1] { E’lj\-/‘riEj’l , ]fl > ]. ( )
{£7 ()} Ul = By Vi > (105)
where i > j,i,j = 1,---,n, and {E;;}},_; are standard basis matrices, with the (k,[) element
defined as
1 ifk=¢andl =
Ei), = : ’ 106
(g {O otherwise. (106)
The standard orthonormal bases w.r.t. Egs. (99) to (I0I) are
1 1 (1 1 PN
—Ez»—f(—— )I, ifi=3j,
LEM, AIM, PEM (™9 & [ ya ™t = \va = Vasas e (107)
71\J/E]1’ if 7 > j.
2By, ifi=j
L MZ LC (i) (A% 9 1
c U” Eija if 7 > j. (108)
BWM :U2W = ’ , ’ 109
Y {\/i(Eij + Ej;), ifi> . (10
Here, 7 > j,4,7 = 1,--- ,n. The above comes from the following.

(1) Ui(jo"ﬁ) = (F\/mﬂ/a)*l (UZ™), with F gmg /s = 8™ — 8™ as the linear isometry pulling
back the Frobenius inner product to the O(n)-invariant inner product;
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(2) fXO(V) = |V + 3V : L™ — L™ is the linear isometry pulling the Frobenius inner product to
Eq. ;
3) fBV(V) = %V : 8™ — S" is the linear isometry pulling the Frobenius inner product back to
Eq. (T0T);
Riemannian exponentiation: Next, we show Exp; under different metrics

LEM and AIM : Exp; (V) & exp(V), (110)
PEM : Exp, (V) 2 (I +0V)? (111)

LCM : Exp, (V) & (LVJ + Dexp (;V» <LVJ + Dexp (;V»T L (112

2
| 1
BWM : Exp, (V) (i)1+v+iv2= <I+2V> : (113)

The above comes from the following.

(1) log, ;(V) =V andlog I = 0;
(2) Pou s (V) =0V;
(3) Chol, ;(V) = |[V| + 1v;

@) Li[V]=1v.
Now, we can prove the results metric by metric.
LEM:
EXpI Z szjE (S) Uz(]aﬁ)
ij=1,i>j
(114)
—ep | Y (loa(8) —log(Py), Zy) I US)
i,j=1,i>j
AIM:
B (> s
6,j=1,i>j
(115)
o[ 30 (toa(rrtsryh), 2y enu)
1,j=1,i>]
PEM:
B (S oFSUL
i,j=1,i>j
1
m 0
=|I+0 > <1<S"—P.9. Z..>(a,5)U(a7B)> 116)
o 9 177 1] ’Lj
ij=1,i>]
m 7
i Z (<Se - Piejvzij>(a’ﬁ)Ui(f’ﬁ))
t,j=1,i>j
LCM:
Bxpr | ) v (U
B (117)

— (LVLCJ + Dexp (;VLC>> (WLCJ + Dexp (;VLC> ) : ,
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with .
VEC= N i S(9Us©
1,j=1,1>7j (118)
i 1
= > (<LKJ — |Lij] + Dlog(KL;;"), [ Zi;| + QZij)>> Us©
i,j=1,i>j
BWM:
Exp, | Y oUW
i j=1,i>j (119)
2
1
= (1+-VPW
( + ) |
with VBW defined as
Ui 1 1 1
VEW = 3 {2 ((PyS)* + (SPy)* = 2Py, Lp, (LijZis L)) Ugw} . (120)
i=1,i>5
O

J.6  PROOF OF PRropr.[4.4]

We begin by recalling two vector structures on the SPD manifold. Next, we identify the expression
for the linear homomorphisms. Finally, we present our proof.
We define a map ¢(-) : ST — L™ as

¢(S) = | L] + Dlog(L), (121)

where P = LL" is the Cholesky decomposition. For any P,Q € S, and t € R, the vector
structures over the SPD manifold are defined as

P o"F Q = exp(log(P) + log(Q)) (122)
t OLE P = exp(tlog(P)) = P (123)
Pt Q=0¢""(¢(P)+(Q)) (124)
t O P = ¢~ (tp(P)) = P (125)

As shown by |Arsigny et al|(2005); Chen et al|(2024d), {S7,, ®*F, ©@“F} and {S?, , ®*C, ©@-C}
forms vector spaces. We further present the associated linear homomorphisms.

Lemma J.2 (SPD Homomorphisms). Given any homomorphisms

CLE() {8y, 08, olE) — (S, et oMY, (126)
CLC(') : {S¢+,@LC,®LC} 5 {S-T-s—v@ch@LC}v (127)
they can be expressed as
¢ME = expog o log, (128)
(HC=9tofod, (129)

where f 1 L — L™ and g : 8™ — 8™ are linear homomorphisms over the Euclidean space L™
and 8", respectively.

Proof. As shown by Chen et al.{(2024d), log(-) is the linear isomorphism from {S7 , ™", ©LF} to
the Euclidean space 8™ and ¢ is the linear isomorphism from {87, ®"¢, ®““} to the Euclidean
space L". Therefore, any linear homomorphisms over these two linear spaces have the following
forms:

(" =log™" folog, (130)
(HC=9"go0, (131)
where f : S — S™ and g : L — L™ are linear homomorphisms over the Euclidean space S™ and
L", respectively. O
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With all the above theoretical preparation, we begin to present our proof.

Proof. Given an SPD matrix S € S% ,, Eq. li can be rewritten as

) - sym
CME(S) = exp Z (log(S), Aij) Uy
i=1,i>j
(132)

®

= exp <10g(S),Aij>U(-1’O)

ij
2J

4,3
@ FLB(5;A,T)
where A = {A;; € S"},_, ;5; andI = {[,--- , I}. The above comes from the following.

(1) The linear map f can be represented by {A;; € S"}[";_; ;> under the bases {U;;™}}!

1,j=1,i>7
n Symiym m.
over §” and {Uij Th1i>, over 8™

sym _ (1,0) .
Q) {U5 Wiz = AU Wiz

(3) Exp; = exp under LEM.
Following the above logic, we have the following for {S% , , &M, @M}

m

@ - ri
FOS) =07t D (8(9), Ay U
i,j=1,i>j (133)
2 FL(8;2,1),
where A;; € L" ford,j = 1,--- ,m,i > j, Z = {Zj; = Aijj + D(Aiy) € L7}]_, ;>; and
I={I,---,I}. The above comes from the following.

(1) The linear map g can be represented by {A;; }1"_; ;>3
(2) Eq. (7) and v%C.

J.7 PROOF OF THM.

Before presenting our proof, we first discuss some basic facts about the ONB Grassmannian FC layer.

As implied by Eq. , any tangent vector V' € Ty, Gr(p,n) can be expressed as

V= ( Ino_p )BV _ ( ;V > . with By € R"P)*P. (134)

According to Thm. [3.3]and Eq. (134), the ONB Grassmannian FC layer F(-) : Gr(p,n) — Gr(g,m)
has the following form:

v=Bm, | 3 ((Logs,(X) 45, Uy) | (135)

1=1,--- ,;m—q
j=1,,m

where {U;;} are the orthonormal bases over 17, , Gr(q, m). As discussed in Sec. we model the
FC parameters by parallel transport and Riemannian exponential map:
Aij = T1, 0 p; (Zig), (136)
Pij =Exp;  (7i;1Zi5])s (137)
where Z;; = ( BO > € Tr,,Gr(p,n). Therefore, we can model each P;; and A;; by Bz,; €

R(=P)XP and v:; € R. With the above ingredient, we present the proof in the following.
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Proof. The standard orthonormal basis: As the inner product over 77, , Gr(g,m) is the Frobe-
mus matrix inner product (Bendokat et al., 2024, Eq. 3.2), the standard orthonormal basis over

11, .,Gr(g,m) is

Uij:(£j>,1<i<m—qm<j<q, (138)
where { £;;} are standard basis matrices over R(™~)*4

The Riemannian exponential map at the origin: The SVD of V' € T, Gr(p, n) can be calculated

via the SVD of By :
V= 0 . 0 RT — 0

where By 2L ORRT. Therefore, the Riemannian exponential map at I, ,, can be simplified as

Exp;, (V) = < Ty )RCOS(E)RT + ( 5 )sin(E)RT

~( e )

(140)

v;;(U) under the ONB perspective: The ONB parallel transport can be further simplified. Given
P € Gr(p,n), we have the following for the Riemannian logarithm

0 SVD 0
LogIM’(P) = ( Bp ) = < OpEpRITD >, (141)

with Bp W OpXpRL. For P € Gr(p,n) and Z € 11, Gr(p,n), the parallel transport can be
further simplified:

Iy, . —pr(2)

(oo (8)) (289 ) (&) (o

(-l preson (8 m) (8 (5 1, )
(—O@Pg;;g? )(o o )+(Ié’ I, —Oopo;> 7

( 0 —Rpsin(Sp)O} )+ ( I, 0 )) Z

L

0 Opcos(Xp)O} 0 I,-,—0pO}
_ P —Rp sin(Ep)O; 7
0 I, ,+Opcos(Xp)Of —O0pO},
- Ip 7Rp SiH(EP)O; 0
"\ 0 I,,+O0pcos(Xp)Of —O0pO} Bz

—RP SIH(EP)OPBZ
(Op cos(Ep)OP + 1y OpO;) By

Combining all the above results, one can directly obtain the results. O

J.8 PROOF OF THM.

Proof. Firstly, v;;(X) over the Grassmannian @(p, n) takes the following form:

35 (X) = <L0gpij (X)affp,ﬁpi,-(zij)%_
o1 N (142)

22 <Logpij (X),r;pyn_mu(zij)>

38



Under review as a conference paper at ICLR 2026

where (1) comes from Tab. (15 Here, each Z;; € Tfp.na(p, n)and P;; € Gr(p,n).

Riemannian logarithm. As shown by Nguyen et al.| (2024, Prop. 3.12), the PP Grassmannian
logarithm can be calculated by the ONB logarithm:

Logh”(X) = . n(r) (Log?™p (n~ (X)) ) (143)

where 7(U) = UUT : Gr(p,n) — Gr(p,n) is the Riemannian isometry, and 7, (V) = UV T +
VU is the differential map for all U € Gr(p,n) and V € TyyGr(p,n).

Tangent vector and Riemannian exponential map at the identity. As implied by Eq. (32), any
tangent vector at the identity has the following form:

0 BY Gr i (n—p)xp
V= B 0 € TINp,n Gr(p,n) with B € R . (144)
The Riemannian exponential at the identity can also be simplified:

Expy (V) = exp([V, Ipn)) Ly exp(=[V; )

(5 D)
(oo (5 ), (=3 D)),

with (+)1.p as the first-p columns of the input square matrix.

Parallel transport starting at the identity. The parallel transport along geodesic from Ip n
P € Gr(p, n) can also be simplified. For any V € Ty . Gr(p, n), denoting P = Log; (P), we
have the following: , ,

Iy L p(V) 2 exp ([P . D Veexp ( [p’ TP"D

_BT\\ '
Zer(( s, 00 ))reel(5 0))
The above derivation comes from the followmg.
(1) Tab.
- ([ 0 B%
(2 P= Bp 0 )
Trivialization and simplification Combining Eqs. (142)) and (144) to (146), we model each P;; such

that T
B 0 -BL = 0 -BL
P;; = exp (( B, 0" )) I, nexp (( B, 0" (147)

. BY
where Bp,, = v;;[Bz,,] with Z; = ( 0 gﬂ ) and Bz,, € R("=pP)x7,

(146)

. -BE N
Denoting O;; = exp (( B?D.A OP i )), v;5(X) can be simplified as

1 B
Vi (X) = 2<7r* o(P) (Log(olglp(w 1(X))),Oijz,-jojj> (148)

Orthonormal bases. Finally, let us deal with the orthonormal bases over T7 (A}/r(q, m). For any

tangent vector V1,V € T G:r(q, m), we have the following:

1
<V17V2>fp_ﬁ =3 (V1,Va)

_1 0 By, 0 BY, (149)
“2\\ By, 0 J'U By 0

= <BV1vBV2>
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Therefore, the orthonormal bases are

T
Uij_( 0 Eij>aVi_1a"'7m_q/\j—la"'

E; 0

where E;; € R(mM~9*4 g the standard basis matrix.

Combining Egs. (145), (148) and (I50), one can readily obtain the results.
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