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Abstract We introduce a new approach to develop stochastic optimization algorithms for
a class of stochastic composite and possibly nonconvex optimization problems. The main
idea is to combine two stochastic estimators to create a new hybrid one. We first introduce
our hybrid estimator and then investigate its fundamental properties to form a foundational
theory for algorithmic development. Next, we apply our theory to develop several variants
of stochastic gradient methods to solve both expectation and finite-sum composite opti-
mization problems. Our first algorithm can be viewed as a variant of proximal stochastic
gradient methods with a single-loop, but can achieve O (035_1 + 05_3)—oracle complexity
bound, matching the best-known ones from state-of-the-art double-loop algorithms in the
literature, where o > 0 is the variance and ¢ is a desired accuracy. Then, we consider two
different variants of our method: adaptive step-size and restarting schemes that have similar
theoretical guarantees as in our first algorithm. We also study two mini-batch variants of the
proposed methods. In all cases, we achieve the best-known complexity bounds under stan-
dard assumptions. We test our methods on several numerical examples with real datasets
and compare them with state-of-the-arts. Our numerical experiments show that the new
methods are comparable and, in many cases, outperform their competitors.
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1 Introduction

In this paper, we consider the following composite and possibly nonconvex optimization
problem, which is widely studied in the literature:
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min {F(z) == f(z) + ¥(x) = Eexr [fe@)] + v(2)}, (1)

where fe(-) : RP x 2 — R is a stochastic function such that for each x € RP, f¢(z) is a

random variable in a given probability space (£2,]P), while for each realization £ € {2, fe(-)

is smooth on R?; f(x) := Eeup [fe(x)] = [, fe(x)dP() is the expected value of the random

function fe(x) over £2; and ¢ : RP — R U {400} is a proper, closed, and convex function.
In addition to , we also consider the following composite finite-sum problem:

. 1 n
min {Fm = )+ () = DAl + W)} , 2)
where f; : R? — R for ¢ = 1,--- ,n are all smooth functions. Problem (2) can be con-
sidered as a special case of when (2 is finite, ie., 2 := {£,&, -, &} and fi(x) =
nlP (£ = &) fe, (z). Alternatively, can be viewed as a stochastic average approximation of
. If n is extremely large such that evaluating the full gradient V f(z) and the function
value f(z) in is expensive, then, as usual, we refer to this setting as an online model.
If the regularizer v is absent, then we obtain a smooth problem which has been widely
studied in the literature. As another special case, if 9 is the indicator of a nonempty, closed,
and convex set X, i.e., 1 := dx, then also covers constrained nonconvex optimization
problems. In this paper, we do not make any assumption on v except for convexity.

1.1 Our goals, approach, and contribution
Our goals: Our goal is to develop a new approach to approximate a stationary point of
(1)) and its finite-sum setting under standard assumptions used in existing methods. In
this paper, we only focus on Stochastic Gradient Descent-type (SGD) algorithms. We are
also interested in both oracle complexity bounds and implementation aspects. The ultimate
goal is to design simple algorithms (e.g., with a single loop) that are easy to implement and
require less parameter tuning effort.
Our approach: Our approach relies on a so-called “hybrid” idea which merges two existing
stochastic estimators through a convex combination to design a “hybrid” offspring that
inherits the advantages of its underlying estimators. We will focus on the hybrid estimators
formed from the SARAH (StochAstic Recursive grAdient algoritHm) estimator introduced
in [53] and any given unbiased estimator such as SGD [64], SVRG (Stochastic Variance
Reduced Gradient) [35], or SAGA (stochastic incremental gradient)[19]. For the sake of
presentation, we only focus on the SGD estimator in this paper, but our idea can be extended
to any unbiased estimator. We emphasize that our method is fundamentally different from
momentum or exponential moving average-type methods such as in [I7,[37] where we use
two independent estimators instead of a combination of the past and the current estimators.

While our hybrid estimators are biased, fortunately, they possess some useful properties
to develop new stochastic optimization algorithms. One important attribute is the variance
reduced property which often allows us to derive larger or constant step-size in stochastic
methods. Whereas a majority of stochastic algorithms rely on unbiased estimators such as
SGD, SVRG, and SAGA, interestingly, recent evidence has shown that biased estimators
such as SARAH, biased SAGA, or biased SVRG estimators also provide comparable or even
better algorithms in terms of oracle complexity bounds as well as empirical performance,
see, e.g., [211241[561[59,70].

Our approach, on the one hand, can be extended to study second-order methods such
as cubic regularization and subsampled schemes as in [T02365TTL73[77]. The main idea
is to exploit hybrid estimators to approximate both gradient and Hessian of the objective
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function similar to [TIL[73[77]. On the other hand, it can be applied to approximate a second-

order stationary point of and . The idea is to integrate our methods with a negative

curvature search such as Oja’s algorithm [58] or Neon2 [6], or to employ perturbed/noise
gradient techniques such as [25,2841] to approximate a second-order stationary point.

Our contribution: To this end, our contribution can be summarized as follows:

(a) We first introduce a “hybrid” approach to merge two stochastic estimators in order to
form a new one. Such a new estimator can be viewed as a convex combination of a biased
estimator and an unbiased one to inherit the advantages of its underlying estimators.
Although we only focus on a convex combination between SARAH [53] and SGD [64]
estimator, our approach can be extended to cover other possibilities such as SVRG
[35] or SAGA [I9]. Given such a new hybrid estimator, we develop several fundamental
properties that can be useful for developing new stochastic optimization algorithms.

(b) Next, we employ our new hybrid SARAH-SGD estimator to develop a novel stochastic
proximal gradient algorithm, Algorithm [1} to solve . This algorithm has a single-
loop, and if the variance o > 0, then it achieves O (o371 + 05’3)—0racle complexity
bound. When o = 0 (i.e., no randomness involved in )7 its complexity bound reduces
to O (5_2) as in the deterministic setting. To the best of our knowledge, this is the
first variant of proximal SGD methods that achieves such an oracle complexity bound
without using double loop or check-points as in SVRG or SARAH, or requiring an n X p-
table to store gradient components as in SAGA-type algorithms.

(¢) Then, we derive two different variants of Algorithm [1} adaptive step-size and restart-
ing schemes. Both variants have similar complexity bounds as of Algorithm [I} We also
propose a mini-batch variant of Algorithm [I] and provide a trade-off analysis between
mini-batch sizes and the choice of step-sizes to obtain better practical performance.
Let us emphasize the following additional points of our contribution. Firstly, the new

algorithm, Algorithm [I] is rather different from existing SGD methods. It first forms a mini-
batch stochastic gradient estimator at a given initial point to provide a good approximation
to the initial gradient of f. Then, it performs a single loop to update the iterate sequence
which consists of two steps: proximal-gradient step and averaging step, where our hybrid
estimator is used. The algorithm therefore has two step-sizes to be updated.

Secondly, our methods work with both single-sample and mini-batch cases, and achieve
the best-known complexity bounds in both cases. This is different from some existing meth-
ods such as SVRG-type [63], SpiderBoost [70], and SNVRG [78] that only achieve the best
complexity under certain choices of parameters. Our methods are also flexible to choose
different mini-batch sizes for the hybrid components to achieve different complexity bounds
and to adjust the performance. For instance, in Algorithm [I| we can choose single sample
in the SARAH estimator while using a mini-batch in the SGD estimator or vice versa that
leads to different trade-off on the choice of the weight as well as the step-sizes.

Finally, our theoretical results on hybrid estimators are also self-contained and indepen-
dent. As we have mentioned, they can be used to develop other stochastic algorithms such
as second-order methods or perturbed SGD schemes. We believe that they can also be used
in other problems such as compositional and constrained optimization [I847,[69].

1.2 Related work

Both problems and have been widely studied in the literature for both convex and
nonconvex models, see, e.g., [T1L12L19,29,35.[45,4953[64.[66]. However, due to applications
in deep learning, large-scale nonconvex optimization problems have attracted huge attention
in recent years [32L[40L[68]. Numerical methods for solving these problems heavily rely on two
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approaches: deterministic and stochastic approaches, ranging from first-order to second-
order methods. Notable first-order methods include stochastic gradient-type, conditional
gradient [62], incremental gradient [J], and primal-dual schemes [15]. In contrast, advanced
second-order methods consist of quasi-Newton, trust-region, sketching Newton, subsampled
Newton, and cubic regularized Newton-based methods, see, e.g., [13[52[60L65].

In terms of stochastic first-order algorithms, there has been a tremendously increasing
trend in stochastic gradient methods and their variants in the last fifteen years. SGD-
based algorithms can be classified into two categories: non-variance reduction and variance
reduction schemes. The classical SGD method was studied in the early work of Robbins and
Monro [64], and then, e.g., in [6I] with an accelerated variant via averaging steps, but its
convergence rate was then investigated in [49] under new robust variants. Ghadimi and Lan
extended SGD to nonconvex settings and analyzed its complexity in [29]. Other extensions
of SGD can be found, e.g., in [4[18 2212713013437 38]4854L6T].

Alternatively, variance reduction-based methods have been intensively studied in re-
cent years for both convex and nonconvex settings. Apart from mini-batch and importance
sampling schemes [31L[75], the following methods are the most notable. The first class of
algorithms is based on SAG estimator [66], including SAGA-variants [19]. The second one
is SVRG [35] and its variants such as Katyusha [3], MiG [79], and many others [421[63].
The third class relies on SARAH [53] such as SPIDER [24], SpiderBoost [70], ProxSARAH
[59], and momentum variants [80]. The fourth idea is SNVRG [78], which combines different
techniques such as nested variance reduction and sampling without replacement. Other ap-
proaches such as Catalyst [44], SDCA [67], and SEGA [33] have also been proposed. These
algorithms often require stronger assumptions than SGDs.

In terms of theory, many researchers have focused on theoretical aspects of existing al-
gorithms. For example, [29] appeared as one of the first remarkable works studying conver-
gence rates of stochastic gradient-type methods for nonconvex and non-composite finite-sum
problems. They later extended it to the composite setting in [3I]. The authors of [70] also
investigated the gradient dominant case, and [36] considered both finite-sum and compos-
ite finite-sum problems under different assumptions. Whereas many researchers have been
trying to improve complexity upper bounds of stochastic first-order methods using different
techniques [Bl[6L[7,24], other works have attempted to construct examples to establish lower-
bound complexity barriers. The upper oracle complexity bounds have been substantially
improved among these works and some results have matched the lower bound complexity
in both convex and nonconvex settings [41[51[8124129,42,43]59.[63L[70,[78]. We refer to Table
for some notable examples of stochastic gradient-type methods for solving and and
their non-composite settings. In fact, [43] and [78] only study the finite-sum problem with
an additional bounded variance assumption, but allow the variance to go to infinite.

In the convex case, there exist numerous research papers including [11211426/50,5172]
that study the lower bound complexity. In [241[76], the authors constructed a lower-bound
complexity for nonconvex finite-sum problems covered by . They showed that the lower-
bound complexity for any stochastic gradient method relied on only smoothness assumption
to achieve an e-stationary point in expectation is (2 (nl/ 25*2). For the expectation problem
, the best-known complexity bound to obtain an e-stationary point in expectation is
O (05_3 + 025_2) as shown in [24l[70], where ¢ > 0 is an upper bound of the variance
(see Assumption [3). Very recently, [5] provides a study on lower-bound complexity for the
non-composite and nonconvex setting of under different sets of assumptions.

While stochastic algorithms for solving the non-composite setting, i.e., ¥ = 0, are well-
developed and have received considerable attention [5L[61[7,24)43) 555657, 6378], methods
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Algorithms | Expectation | Finite-sum | Composite| Type
GD [51] | NA | O (ne2) | o | Single
SGD [29] | 02t | NA | o | Single
SAGA | NA | O (n+n?/3e2) | o |Single®
SVRG [63] | NA | O (n+n2/3e-2) |« |Double
SVRG+ @2 | O(e%e10/3) | O (n+n?/3:-2) |« |Double
SCSa @3] ‘ N/A ‘ 1 ((‘Lﬁ /\n) +5 (%2 A n)2/3> ‘ X ‘Double
SNVRG [78] ‘ N/A ‘o <log3 (gé A n) [(gj A n) + % (g—i /\n WD ‘ X ‘Double
SPIDER [24] | O (0272 4 0e73) | O (n+n'/22) | ¥ |Double
SpiderBoost [70] | O (022 + oc~3) | O (n+n'/2e2) |« |Double
ProxSARAH [59]| O (0272 v 0e~3) | O (n +n'/2e=2) | @ |Double

( )| |

ﬂ ‘ Single

Table 1 A comparison of stochastic first-order oracle complexity bounds and the type of algorithms for
nonsmooth nonconvex optimization (both non-composite and composite case). Here, n is the number of data
points and o is the variance in Assumption and “single/double” means that the algorithm uses single-loop
or double-loop, respectively. All the complexity bounds here must depend on the Lipschitz constant L in
Assumptlonland F(xo) — F*, the difference between the initial objective value F'(zg) and the lower-bound
F* in Assumption I 11l We assume that L = O (1) and ignore these quantities in the complexity bounds. In
addition, we also assume that ¢ > 0 and dominates L and F(xzg) — F™* to simplify the bounds. Note that
SAGA is a single-loop method, but it requires a matrix of size n X p to store stochastic gradients (*).

This paper ‘ O (o3 1 403 O (n + 673)

for composite setting remain limited [631[70]. In this paper, we will develop a novel approach
to design stochastic optimization algorithms for solving the composite problems and .
Our approach is rather different from existing ones and we call it a “hybrid” approach.

1.3 Comparison
Let us compare our algorithms and existing methods in the following aspects:

(a) Single-loop vs. multiple-loop: As mentioned, we aim at developing practical meth-
ods that are easy to implement. One major difference between our methods and existing
state-of-the-arts is the algorithmic style: single-loop vs. multiple-loop. As discussed in sev-
eral works, including [39], single-loop methods have notable advantages over double-loop
methods, including tuning parameters. The single-loop style consists of SGD, SAGA, and
their variants [19,20L29,49.[61.[64,[66], while the double-loop style comprises SVRG, SARAH,
and their variants [35,563]. Other algorithms such as Natasha [4] or Natashal.5 [5] even have
three loops. Let us compare these methods in detail as follows:

e SGD and SAGA-type methods have single-loop, but SAGA-type algorithms use an n x
p-matrix to maintain n individual gradients which can be very large if n and p are
large. In addition, SAGA has not yet been applied to solve . Our first algorithm,
Algorithm [T} has single-loop as SGD and SAGA, and does not require heavy memory
storage. However, to apply to , it still requires either an additional bounded variance
condition (see (5])) compared to SAGA. But if it solves (I]), then it requires the same
standard assumptions as used in many existing variance reduction methods. In terms
of complexity, Algorithm [I] is much better than SGD. But as a compensation, it uses
a slightly stronger assumption: L-average smoothness in Assumption [2] compared to
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SGD, which only requires the L-smoothness of the expected value function f. To the
best of our knowledge, Algorithm [I] is the first single-loop SGD variant that achieves
the best-known complexity. Another related and concurrent work is [I7], which uses
momentum approach, but requires additional bounded gradient assumption to achieve
similar complexity as Algorithm

e Algorithm [2] has double-loop similar to SVRG and SARAH-type methods. While the
double-loop in SVRG, SARAH, and their variants are required to achieve convergence,
it is optional in Algorithm [2] as a restarting variant and no parameter tuning is needed.
Note that double-loop or multiple-loop methods require to tune more parameters such
as epoch lengths and possibly the mini-batch size of the snapshot point. In addition, the
choice of the snapshot point also matters.

(b) Single-sample and mini-batch: Our methods work with both single sample and
mini-batch, and in both cases, they achieve the best-known complexity bounds [8]. This is
different from some existing methods such as SVRG, SNVRG, or SARAH-based methods [63]
70L[78] where the best complexity is only obtained under an appropriate parameter selection.

(¢) Oracle complexity bounds: Algorithm [I| and its variants all achieve the best-known
complexity bounds as in [B9L[70] for solving (1). In early works such as Natasha [4] and
Natashal.5 [B] which are based on the SVRG estimator, the best complexity is often
o (026’2 —1—06*10/3) for solving and O (n+n2/35*2) for solving . By combining
with additional sophisticated tricks, these complexity bounds are slightly improved. For in-
stance, Natasha [4] or Natashal.5 [5] can achieve O (n+n*3¢72) in the finite-sum case
and O (5’3 + 01/35’10/3) in the expectation case, but they require three loops with sev-
eral parameter adjustment, which are difficult to tune in practice. SNVRG [78] exploits a
nested variance reduction technique with dynamic epoch lengths as used in [43] to improve
its complexity bounds. However, [78] only focuses on the non-composite finite-sum prob-
lems, and its final complexity bound is O ((n +n'/2¢=2)log®(n)). Again, this method also
requires complicated parameter selection procedure. To achieve better complexity bounds,
SARAH-based methods have been studied in [24}56L59.[70]. Their oracle complexity meets
the lower-bound one (up to a constant factor), see [8[24159].

1.4 Paper organization

The rest of this paper is organized as follows. Section [2] discusses the main assumptions of
our problems and 7 and their optimality conditions. Section [3| develops new hybrid
stochastic estimators and investigates their properties. We consider both single-sample and
mini-batch cases. Section [f] studies a new class of hybrid gradient algorithms to solve both
and . We develop three different variants of hybrid algorithms and analyze their
convergence and complexity estimates. Section[f|extends our algorithms to mini-batch cases.
Section [6] gives several numerical examples and compares our methods with existing state-of-
the-arts. For the sake of presentation, many technical proofs are provided in the appendix.

2 Basic Notations, Fundamental Assumptions, and Optimality Condition
In this section, we first recall some basic notation and concepts. Then, we state the funda-
mental assumptions imposed on and and their optimality condition.

2.1 Notations and basic concepts

We work with the Euclidean spaces, RP and R”, equipped with standard inner product (-, -)
and Euclidean norm |-||. For any function f, dom(f) := {z € R? | f(x) < 400} denotes the
effective domain of f. If f is continuously differentiable, then V f denotes its gradient. If, in
addition, f is twice continuously differentiable, then V2 f denotes its Hessian.
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For a stochastic function f¢ defined on a probability space (£2,P), we use E¢ [fe] =
E¢p [fe¢] to denote the expected value or vector of fe w.r.t. £ on 2. We also overload the
notation Eg, [-] to express the expected value w.r.t. a realization & in both single-sample
and mini-batch cases. Given a finite set S, := {s1,---,sn}, we denote s ~ Up (S,,) if
P(s=s;) =p; for p;, >0and >\, p;, = 1. If p; = % for i = 1,--- ,m, then we write
s ~U(S,,) by dropping the probability distribution p.

Given a stochastic mapping G : R? x {2 — R? depending on a random vector £ € {2, we
say that G is L-average Lipschitz continuous if E¢ [||G(z) — G(y)||?] < L?||z—y||? for all z,y,
where L € (0,400) is called the Lipschitz constant of G. If G is a deterministic function, then
this condition becomes ||G(x) — G(y)|| < L||x — y|| stated that G is L-Lipschitz continuous.
In particular, if this condition holds for G = V f, then we say that f is L-smooth.

For a proper, closed, and convex function ¥ : R? — R U {+oc}, O(z) = {w €
R? | ¥(y) > ¥(z) + (w,y — z), Yy € dom(f)} denotes its subdifferential at x, and
prox,(z) = argmin {¢(z) + &llu — =|*} denotes its proximal operator. Note that prox,,
is nonexpansive, i.e., [|prox,,(z) — prox,, (y)|| < ||z — yl| for all z,y € dom(s)). If ¢ is the
indicator dx of a nonempty, closed, and convex set X', then prox;, reduces to the Euclidean
projection proj, onto X.

If = is a matrix, then ||z|| is the spectral norm of = and the inner product of two matrices
z and y is defined as (z,y) := trace (z'y). Also, N, stands for the set of positive integer
numbers, and [n] := {1,2,--- ,n}. Given a € R, |a] denotes the maximum integer number
that is less than or equal to a. We also use O (+) to express complexity bounds of algorithms.

2.2 Fundamental assumptions
Our algorithms developed in the sequel rely on the following fundamental assumptions:

Assumption 1 Both problems and satisfy the following conditions:

(a) (Convexity of the regularizer) ¢ : RP — R U {400} is a proper, closed, and convex
function. The domain dom(F') := dom(f) Ndom(g) is nonempty.

(b) (Boundedness from below) There exists a finite lower bound

F* = inf {F(gc) = f(x) +¢(x)} > —o0. (3)

TERP

Assumption (b) is fundamental and required for any algorithm. Here, since ) is proper,
closed, and convex, its proximal operator proxmp(-) is well-defined, single-valued, and non-
expansive. We assume that this proximal operator can be computed exactly.

Assumption 2 (L-average smoothness) The expected value function f(-) in s L-
smooth on dom(F), i.e., there exists L € (0,+00) such that

Be [IVfe(e) = VIewl?] < 12w = yl?, Va,y € dom(F). (4)

In the finite sum setting (2)), the L-smoothness condition can be expressed as the L-
average smoothness of all f; with the moduli L as:

LS V@)~ VA < Pl -y, Va,y € dom(F) (5)
=1

Assumption 3 (Bounded variance) There exists o € [0,00) such that

E¢ [V fe(2) = V(@)I’] <0? Vo € dom(F). (6)
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The bounded variance condition for becomes
1 n
E; [IVfi(z) = V@] = = _IVfilz) = VI(@)|* < 0® Vo €dom(F). ()
i=1

Assumptions [2] and [3] are widely used in stochastic optimization methods. They or their
stronger versions are required for all existing variance reduced-based stochastic gradient-
based methods for solving . The L-average smoothness in is also called mean-squared
smoothness, see, e.g., [8]. In the finite-sum setting , if f; is L;-smooth, then f is also
L-average smooth with L = %(Z:’Zl L?)Y/2. Conversely, if f is L-average smooth, then f;
is also L-smooth with L; = y/nL. Therefore, the L-average smoothness constant is generally
smaller than the one derived from the individual smoothness constant of each f; [59].

The L-average smoothness is stronger than the L-smoothness of the expected value
function f used in standard SGD schemes [29]. Indeed, the L-average smoothness of f
implies the L-smoothness of the expected value function f due to Jensen’s inequality
|Ee [Vfe(x) — Vie(y)]|]? < Ee [HVfg(m) — Vfg(y)\ﬂ, but not vice versa. Fortunately, As-

sumption [2| holds for many optimization problems in machine learning and statistics such
as binary classification, linear regression, and neural networks. If o = 0, then reduces to
a deterministic setting, while (7)) forces f; = f for alli =1,--- ,n in (2).

2.3 First-order optimality condition
The optimality condition of (or (2)) can be written as
0e Vf(x*)+op(x™). (8)
Any point z* satisfying is called a stationary point of (or ) Note that can be
written equivalently to
* 1 * * *
G, (") =~ (2" = prox,(a” — V(")) = 0. (9)

Here, G,, is called the gradient mapping of F' in for any 1 > 0. It is obvious that if 1) = 0,
then G, (x) = V f(x), the gradient of f at . Our goal is to seek an e-stationary point Tp of
or defined as follows:

Definition 1 Given a desired acuracy ¢ > 0, a point Ty € dom(F) is said to be an
e-stationary point of or if

E [|IG,(@r)]?] < % (10)
Here, the expectation is taken over all the randomness rendered from both £ in and the
algorithm that is solving the problem.

Let us clarify why ZTp is an approximate stationary point of (or ) Indeed, if
T = prox,,, (T —nV f(Tr)), then E [||G, (T1)[|?] < &2 leads to E [|[7; — Zr||*] < %% On
the other hand, Z}. = prox, (T —nV f(Zr)) is equivalent to %(TT —71) € VF(Tr)+0u(Th).
Therefore, |V f(Z+) + Vy(@H)| < |Vf(@5) — V@) + %Hf} —Zr| for some Vi (T+) €
oY (Z7). Using the L-average smoothness of f, we have

E [|IV£(zh) + Ve@hIF] <2 (L° + &) B[lzf - 2rll?] < 21 + L0)e.

This shows that T? is an approximate stationary point of (or )
In practice, we often replace the condition by ming<i<7 ||Gy(x¢)|| < €, which leads
to the “best” iterate convergence in expectation.
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3 Hybrid Stochastic Estimators: Definition and Fundamental Properties

In this section, we propose new stochastic estimators for a generic function G that can cover
function value, gradient, and Hessian of any expected value function f in .

3.1 The construction of hybrid stochastic estimators

Given a function G(z) := E¢ [G¢(z)], where G¢ is a (vector) stochastic function from RP x
2 — RY9. We define the following stochastic estimator of GG. As concrete examples, G can
be the gradient mapping V f of f or the Hessian mapping V2f of f in problem or .

Definition 2 Let us be an unbiased stochastic estimator of G(x:) formed by a realization
Gt of &, t.e., B¢, [w] = G(xy) at a given x¢. The following quantity:

Vg = ,Bt_lvt_l + 6t—1 [th (th) - th (-ft—l)] + (1 - ﬁt—l)uh (11)

is called a hybrid stochastic estimator of G at xy, where & and (; are two independent
realizations of § on £2 and By € [0,1] is a given weight.

We observe from two extreme cases as follows:
e If 5, = 0, then we obtain a simple unbiased stochastic estimator, i.e., vy = uy.
e If 5, = 1, then we obtain the SARAH-type estimator as studied in [53] but for general
function G instead of just gradient mappings, i.e., vy = v,—1 + Ge, (z1) — Ge, (@4—1).
In this paper, we are interested in the case 8; € (0,1), which can be referred to as a hybrid
recursive stochastic estimator.
Note that we can rewrite v; as

vy = Br1Ge, (@) + (1 = Be—1)ue + Be—1 [vi—1 — G, (T-1)] -

The first two terms are two stochastic estimators evaluated at xz;, while the third term is
the difference 0,1 := v;—1 — G¢, (x4—1) of the previous estimator and a stochastic estimator
at the previous iterate. Here, since 5;_1 € (0,1), the estimator v; can be viewed as the way
of emphasizing on the new information at x; than the old one evaluated at x;_;.
In fact, if G = V f, then the hybrid estimator v; covers many other estimators, including
SGD, SVRG, and SARAH as follows:
e The classical stochastic estimator: u; := G¢,(x4).
e The SVRG estimator: u; := u;""® = G(7) + G¢, (1) — G¢, (T), where G(Z) is a given
unbiased snapshot evaluated at a given point z. '
e The SAGA estimator: u; := u;"®" = G;,(y/')) — G;,(yl") + L Y0 | Gi(y}), where
yijd = if i =jp and yy 1y = y; if 0 # .
While the classical stochastic and SVRG estimators can be used in both expectation and
finite-sum settings, this SAGA estimator is only applicable to the finite-sum setting .

3.2 Properties of hybrid stochastic estimators
Let us first define
]:t ::U(x0a§07<-07"' 751&—17(75—1) (12)

the o-field generated by the history of realizations {xg, &g, (o, ,&—1,Ct—1} of £ up to the
iteration ¢t. We first prove the following property of the hybrid stochastic estimator v;.

Lemma 1 Let v; be defined by (11)). Then
E(ft,(t) [Ut] = G(xt) + 51&—1 [Ut_l — G(xt_l)] . (13)

If Bi—1 # 0, then vy is a biased estimator of G(x;). Moreover, we have
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Ee, ¢y [llvr = Gz)|1?] = B2 llvim1 — Gla—1)|1? = B2 |G () — Glap—1) |
+ B2 1 Ee, [||Ge, (x1) — Ge, (z1-1) 7] (14)
+ (1= Bi-1)%Eg, [llue — Gap)]?] .

Proof By taking the expectation of both sides in (L1)) w.r.t. (£, () and using the fact that
& and (; are independent, we can easily obtain ((13]).

Let us first denote &; := vy — G(y), 0 = uy — G(x1), A, := G, (21) — Ge,(x4-1), and
Ay = G(xy) — G(x¢—1). Clearly, Ee, [A¢,] = A; and Ee, [&} = 0. Next, we write

O i= v — G(x) = Br1(vr1 — G(ar-1)) + Bi-1(De, — Ar) + (1= Bio1) [ur — G(y)]

= Bi—10t—1 + Be—1(Ae, — A) + (1 — Bi—1)0t.
In this case, we have
16612 = B 1166112 + 211l A, — Ael® + (1 = Bi—1)2 1612

+ 2682 1 (0611, Ae, — At) +2Bi—1(1 — Bi—1) (641, St> +28i-1(1 — Be—1)(A¢, — Ay, 5t>
Taking expectation w.r.t. & conditioned on (;, and noting that E¢, [A¢,] = A, we obtain
Ee, [116:1%] = B2 11611 + B7-1Be, [|Ae, — Ael?] + (1 = Be—1)2[10:]I?
+ 2Bi1(1 = Be1)(0¢—1,0).

Taking the expectation w.r.t. (;, and noting that E, ¢,y [[| = E¢, [Eg, [ | ¢]], E¢, [St} =0,
and E&t “|A€t - AtHQ] = Eft |:||A£t||2] - ||At||2’ we obtain

Ee,co [194]12] = 821 10-1[12 + 71 Be, [ Ae,[12] = 146]12 + (1 = Bom1)Ee, [18412]

which is exactly by substituting back the definitions of d;, A;, A¢,, and b, into it. O

Remark 1 From , we can see that v; remains a biased estimator as long as ;1 € (0,1].
Its biased term is

Bias[vs | Ft] = |Ee,.c,) e — G(we) | Fel || = Be-allvi—1 — G(xe—1) || < [lve—1 — Glwe—1) |-

Clearly, the biased term of the estimator v; is smaller than the one in the SARAH estimator
vgarah .= ggarah 4 G (1) — G, (74-1) in [53], which is Bias[viaral | ] = [|vf22h — G(zy_1)]).

The following lemma bounds the variance A; := v; — V f(a¢) of v, defined in .

Lemma 2 Assume that G¢ is L-average Lipschitz continuous and uy = G, (x¢) is an
unbiased stochastic estimator of G. Then, we have the following upper bound:
t—1
E [Joe = G(a)|IP] < wE [loo — Glxo)l*] + LY widk [[lzivs — zillP] + S, (15)
i=0
where the expectation is taking over all the randomness Fiy1 := o(xo, o, o, , &, (), and
Wt = H§:1 51'2717
Wit 2= H;:i+1 ﬁ?-p i=0,---,1, (16)

S =Y, (Tjmisn B21) (1 = Bi)*E [luiss — Glai1)[?] -
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Proof We first upper bound (I4) by using o7 := E¢, [||u; — G(2)||?] and then taking the

full expectation over Fy1q := o(xo,&0,C0, - ,&, () as
E[llve = G(zo)lI?] < B7AE [[lve-1 — G(ae-1)|?] + BZ1E [[|Ge, (20) — G, (we—1)[]
+ (1= 8- 1) Ut

S BEAE [lvim1 — Glze—1)|1?] + B L2E [||lze — 21 [?] + (1 = Bi—1)?07.

If we define A? :=E [||lv; — G(x)||*] and BZ_, :=E [|lz; — 24—1]?], then the above inequal-
ity can be rewritten as

A7 < BE AT+ LB Bl + (1= i)t
By induction, the last inequality implies
A} < BE AP H L2 By 4+ (1 Bia)?0?
< BEBE [P sAT 5+ L2B7 3B7 5+ (1 — Bi—3)?07 ]

+ LPB7 1B o B o + L?B7 1 By + [(1 = Bi-1)%07 + 871 (1 — Bi—2)’07_4]
BB o B3 A5 + L* B4 B7aB7_3 Bi_5 + L*B7_1 872 B}
+ L?B? (B | + [(1 — Bi-1)?0f + B (1= By_2)?07 1 + 87167 (1 — /Bt—3)20t2—2]
< (BFq- - BAG+ L2(Bfy -~ B5)BS + L2 (871 - BT) BT + - + L*B7- 1B2

+ [(1 — Bi-1)?07 + 871 (1 = Bi—2)?07_y + B71 872 (1 = Bi—3)*07 o + -~

+ BEBE g BT(1 — Bo) Jl]

Here, we use a convention that Hl 41 % = 1. As aresult, the last expression can be written
in the following compact form:

A2 < (f[ﬂ? )A2+LQZ( ﬁ B2 1)BQ+tZ( f[ B1) (1= )%, ()

=0 j=i+2

¢ t—1 t—1
Define w; := [[;_, »31‘2—1» Wit = Hj:i+l 5]2—1» and Sy := )08 =2 i (H] i+2 532 1)(1
Bi)202,, with s; := (1 — 52’)201‘24-1(1_[;:14_2 532_1). Then, we can rewrite as
t—1

A7 Sw AJ+ L2 wiy B + S,
=0
which is exactly by using the definition of A; and B; above. O

3.3 Mini-batch hybrid stochastic estimators
We can also consider a mini-batch hybrid stochastic estimator v, of G(x;) as:

AL S (G (w1) — G an)] + (1= i, 18)

1€EB

where 8;_1 € [0,1] and B; is a proper mini-batch of size b; (i.e., for any & € B, P (& € B;) >

0) and independent of u;. Note that u; can also be a mini-batch unbiased estimator of G(x4),

e.g., U = i Z]eBt G¢,(xt), where B, is a mini-batch of size Bt and independent of B;.
For 0, defined by (18] ., we have the following property, whose proof is in Appendix
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Lemma 3 Let 0, be the mini-batch stochastic estimator of G(xy) defined by , where uy
is also a mini-batch unbiased stochastic estimator of G(xt) with Eg [us] = G(x¢) such that

B; is independent of B,. Then, the following estimates hold:
E s, 5, [0¢] = G(w¢) + Bi-1(0t-1 — G(4-1)),
Es, g, 00 = G@)l?] = B2 l0e-1 — Glae—1)|* = pB71[|Gae) — Glz-1)|?

(19)
+ pB A Ee [ Ge (@) — Ge(e-1)|?]
+ (1= Bi-1)’Eg, [llue — Gla0)|?] |
where p := (;l:lb)tbt if G(z) == 13" Gi(w) is a finite-sum, and p = i, otherwise (i.e.,

G(2) = B¢ [Ge(2)]).

Similar to Lemma [2, we can bound the variance E [||6; — G(z;)|[?] of the mini-batch
hybrid stochastic estimator o; from in the following lemma, whose proof is in Ap-
pendix For simplicity of presentation, we choose by :=b € N, and b, :=b € Ny.

Lemma 4 Assume that G is L-average Lipschitz continuous. Let u; := gi ZjeB} G, ()
t

be a mini-batch unbiased estimator of G(x;) and U be given by such that B; and l';’t are
independent mini-batches of sizes by :==b € N1 and b, :== b € N, respectively for all t > 0.
Then, we have the following upper bound on the variance E [||0; — G(z)||?]:

t—1

E [[[6: — G(xz0) ] < wi [[[d0 — Gwo)|*] + pL* Y wiiE [wiss — zil*] +4S,  (20)
i=0
where the expectation is taking over all the randomness Fyi1 = U(mo,BO,BO, . ,Bt,l’;’t),

and wy, wiy, and Sy are defined in . Here, p := ﬁ if G(x) := %Z?:l Gi(x) is a
finite-sum, and p := 3, otherwise (i.e., G(z) := E¢ [Ge(2)]).

The theoretical results developed in Section [3] are self-contained. They can be specified
to develop different stochastic optimization methods, including first-order and second-order
schemes, for solving and , and other related problems. In the following sections, we
only exploit these properties for G = V f, the first-order derivative of f, to develop stochastic
gradient-type methods for solving both and .

4 Proximal Hybrid SARAH-SGD Algorithms
In this section, we utilize our hybrid stochastic estimator above with G¢(z) := V fe(z) to
develop new stochastic gradient algorithms for solving and its finite-sum setting .

4.1 The single-loop stochastic proximal gradient algorithm

Our first algorithm is a single-loop stochastic proximal gradient scheme for solving . This
algorithm is described in detail as in Algorithm

Let us discuss the differences between Algorithm [I] and existing SGD methods:

e Firstly, Algorithm || starts with a relatively large mini-batch B to compute an initial
estimate for the initial gradient V f(z() at x¢. This is quite different from existing meth-
ods where they often use single-sample, mini-batch, or increasing mini-batch sizes for
the whole algorithms (e.g., [31]), and do not separate into two phases as in Algorithm

o Phase 1: Step [3} Find an appropriate initial search direction vy.
o Phase 2: Step [4] to Step [§f Update the iterate sequence {x;}.
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Algorithm 1 (Proximal Hybrid Stochastic Gradient Descent (ProxHSGD) algorithm)
. Initialization: An arbitrarily initial point 2° € dom(F).
Input the parameters b € Ny, 3; € (0,1), v, € (0,1], and 7, > 0 (will be specified later).

N =

Generate an unbiased estimator vy := %Zéieg Vi, (x0) at o using a mini-batch B.
Update 7y := prox, ,, (zo — 10vo) and 1 := (1 — y9)xo + Y071

: Fort:=1,---,m do

Generate a proper sample pair (&, (;) independently (single sample or mini-batch).
Evaluate vy := Br_10i—1 + Bi—1 [Vfe, (¥1) — Ve, (x1-1)] + (1 — Bi—1)V fe¢, (@)
Update Zyyq = Prox,, (¢ — nevy) and zep1 = (1 — )@ + V1 Zea1-

: EndFor

10: Choose Ty, from {xg,z1, - ,zp} (at random or deterministic, specified later).

© * 3> T A ®w

The idea is to find a good stochastic approximation vy for V f(z() as an initial search
direction to guide the algorithm moving into a good direction.

e Secondly, Algorithm [1] adopts the idea of ProxSARAH in [59] with two steps in Z; and
z; to handle the composite setting. This is different from existing methods as well as
methods for non-composite problems where we use two step-sizes 7; and ~;. While the
first update on Z; is a standard proximal gradient step, the second one on xz; is an
averaging step. If ¢ = 0, i.e., in the non-composite problems, then Steps [4] and [8| become

xt—i—l =X — ﬁtvt, Where ﬁt = ’ytnt.

Therefore, the product ;¢ can be viewed as a combined step-size of Algorithm [T} Note
that by using G,, (z¢) to approximate the gradient mapping G, defined by @, we can
rewrite the main step of Algorithm [I|as

1

Tyy1 1= Ty — ﬁt@h (x¢), where C:m (x4) := ™ (:ct — Prox,, (z — ntvt)) and 7y := V1.

e Thirdly, another main difference between Algorithm [I]and existing methods is at Step[7]
where we use our hybrid stochastic gradient estimator v;. In addition, we will show in
the sequel that by using different step-sizes, Algorithm [I]leads to different variants.

Note that Algorithm [I] has only one loop as standard SGD or SAGA. Hitherto, SAGA has
been developed to solve the finite-sum setting , and there has existed no variant for
solving yet. Algorithm [1| can solve both and . Moreover, it does not use an n x p-
table to store past gradient components as in SAGA so that it almost has the same memory
requirement as in SGD. However, at each iteration, it requires three stochastic gradient
evaluations instead of one as in SGD for the single-sample case. Therefore, its per-iteration
cost can be viewed as a mini-batch SGD scheme of the batch size 3.

4.2 One-iteration analysis
We first prove the following two lemmas to provide key estimates for convergence analy-
sis of Algorithm [} For the sake of presentation, the proof of these lemmas is moved to

Appendices [B:I] and [B22] respectively.

Lemma 5 Assume that Assumptions @, and@ hold. Let {(xt,%+)} be the sequence gen-
erated by Algorithm and G,, be the gradient mapping of defined by @D Then
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E[F(2041)] < E[F(z))] — LK [Ilgm(mt 7] +
= SEIZe - @l?] - sE[57] .

where {c;}, {ri}, and {q;} are any given positive sequences, G2 := LV f(2e) v —ee(Tegr —
x)||? >0, S; is defined in , and 0; and Ky are given by

&E IV F(z4) — ve]?] (21)

2 1

0 := i + (1 +7r)gn?  and k= i L2 — vyeee — q (1 + ) . (22)
Cy nt Tt

Lemma 6 Assume that Assumptions[1] [3, and[3 hold. Let {(x,,Z;)} be the sequence gen-

erated by Algorithm and Gy, be the gradient mapping of defined by @ Given ay > 0,

let V' be a Lyapunov function defined by

o}
Vi) = E[F ()] + jE [lve =V f(@)]?] - (23)
Assume that
- BtQOét—‘rl - Ht Z 0 and Ry — C\{t_;,_l/BtQ"ytzLQ Z 0. (24)
Then, the following estimate holds
Qt77t2 2 1 2 2
Vi) < V() = 28R (G, (20)|2] + Sou (1 - 60)0F, (25)

where o} == K¢, [||V fe,(x¢) — Vf(2:)||?]. As a consequence, for any m >0, we also have

N =

3 2 WiE (19, (@0I] < Fiao) = F* + 7 [Jvo = V(o)
+ = ZatJrl ﬁt Ut+1-

Note that if 8, = 1 for all ¢ > 0, then our hybrid stochastic estimator v; reduces to
the SARAH estimator [53]. In this case, the estimate (25) becomes V(zi41) < V() —

q”’t E [||Gy, (z¢)]|?], which shows a monotonic non-increase of {V ()} This estimate can be

used to analyze the convergence of the double-loop SARAH-based algorithms in [56}59].
4.3 Convergence analysis of Algorithm
We consider two variants of Algorithm [I} constant step-sizes and adaptive step-sizes.

4.3.1 The constant step-size case
The following theorem shows the convergence of Algorithm [I| with constant step-sizes and
its oracle complexity bounds.

Theorem 1 Assume that Assumptmns @ and@ hold. Let {x¢},", be generated by Algo-
mthm. 1| to solve using the following constant weight B; and step-sizes v¢ and n;:

=f:=1- =—,
Be =8 TEwEY
— — 3
Y= = VI3b(mt )]/’ (27)

— 0 = 2
m="1= G-

Then the following statements hold:
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(a) The parameters (3, v, and n satisfy p € (0,1), v € (0,1), and 57 <n < 3L'
(b) Let Ty, ~ U ({zt},-) be the output of Algorithm . Then, we hcwe

16y/13LbY/4 208052

E[Hg (Tm)]| ] S [F(20) — F*] + — ——. (28)
" 3(m+1)3/4 9/&515
(c) If we choose b:= ¢ (m + 1)/ for some ¢; > W’ then reduces to
_ A
E19,@)I"] < e (29)

where Ag = VUL [F(z) — F*] + 208" . Therefore, for any tolerance ¢ > 0, the

number of iterations m to obtain Ty, such that E [|Gy(@m)|?] < €2 is at most

A2
e 8]

This is also the total number of prozimal operations prox,,,. In addition, the total number
Tm of stochastic gradient evaluations V fe(x:) is at most

9 A1/2 3/2
|4y 34,
RO

Oracle complexity comparison: Before proving Theorem (1] let us discuss the oracle
complexity of Algorithm [I| derived from Theorem [I] and compare it with existing results.

e The bound ( . ) shows that the convergence rate of Algorithm [1|is O ( 5 /3)7 which is
better than (9( . /2) in standard SGD methods [29], but our L-average smoothness
assumption is stronger than the L-smoothness of the expected value function f in [29).

e In Statement (c), although, we require the constant ¢; to satisfy ¢; > m7 but it is
independent of m. Since m > 0, we can have ¢; > 1.

e If ¢ = 0, i.e., no stochasticity in our model (T}, then from (28), we have E [||G, (Z)[|?] <

% [F(x0) — F*]. Moreover, ([30) still holds for any b > m+1, which is not neces-

sary integer. In this case, we choose the lower bound b= m—_H to obtain the well-known
bound in the deterministic case (up to a constant factor):

164/13L
(m+1)

Here, the expectation is taking over the remaining randomness (e.g., the random choice
of Z,,). This bound leads to the oracle complexity of O (6_2> as often seen in gradient-
based methods for non-convex optimization.

e If 0 > 0, then one can minimize the right-hand side of over b to get

132/30.8/3(m+ 1)1/3
- 4/3
34/3L4/3AF/

E (116, @m)II*] < [F(20) — F7].

, where Ap:= F(zg)— F*>0.

With this choice of b, the number of iterations m and the total number 7;, of stochastic
gradient evaluations in Theorem [I] become
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3
mo(”LAF) and TmO( g +JLAF).

g3 LApe g3

This bound shows the linear dependence on o, L, Ar of m. If Ag or L is large compared
to o or o is too small, we can rescale b to trade-off Ap, L, and o in 7 leading to
different bounds of m and 7, (up to a constant).

e If0<o <O (5’1) and o dominates L and Ap, then the oracle complexity of Algorithm
is O (6%~ + 0£7?), which is the same as the best-known stochastic oracle complexity
O (0?72 + 0e73) of SPIDER [24], SpiderBoost [70], or ProxSARAH [59].

Remark 2 We also make the following remarks:
e The weight 8 and the step-sizes n and v in Theorem [I] is not unique. As shown in the
proof of Theorem [I] the configuration is obtained by choosing ¢; := L, r; := 1,
Yt

and q; := LT in Lemma [2| Under different choice of these parameters, we can obtain

different configuration than .
2

e Note that if we choose 1 such that 0 < n < (=R then our results in Theorem [1| still

hold, but the right-hand side of will be scaled up by a factor proportional to 77%

Proof (Proof of Theorem First, let us choose ¢; := L, r; := 1, and ¢; := % in

Lemma We also fix 8; := 5 € (0,1), . :=n >0, and v, :=~v € (0,1). From , we have

9t:9:(#>7 and nt:nzw(%—L7—2L).

Next, since vy is computed by Step |3| with a mini-batch size l~), by [59, Lemma 2], we have

2

E [l — V(e0) ] < 7Be [IVe(wo) = VS @)|] < %

Let us also fix a; :=a > 0 for ¢t > 0 in Lemma @ Then, by utilizing and ¢; := %7 we
can derive from that

(30)

1 4 2002 1
—— > E )] € ——— [F(zo) — F*]+ — | ——— + (1 —3)?| . (31
1 B9 £ po i ) — 4 70 b -7 o)
e e . 1 2 . L 1 .
By minimizing Tt + (1 = B)? over 8 € [0,1], we obtain 8 := 1 — Tt ny7e 8 in .
Moreover, the two conditions in can be simplified as
2
1+ L*n*)y < (1—pB*al  and i Ly — 2L > ayB2L2 (32)
(a) Let us update n := ﬁ as (27). Since v € [0,1], we have 5= < < 3—2]1 Moreover, by
the update of g :=1 — W, we also have 8 € (0,1) since m > 0 and b > 1.
Now, since n < %, we have 1 4 L?n? < %. In addition, it is obvious that 1 — 82 >
1-p8= W. Therefore, the first condition of holds if we choose
9L
0<y<7y:= -

13[b(m + 1)]1/2

Alternatively, since % — Ly —2L = L and B € [0,1], the second condition of holds

if we choose 0 < v < 7 := Lia Combining both conditions on ~, we obtain 4 := L—la =
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_9La
13[b(m+1)]/2"

Since b > 1 and m > 0, we have 0 < 7 < 1. Therefore, we can update
. 3
T VI3[b(m + 1)]1/4

7 1/4
Hence, we obtain « := \/ﬁ[b(3+l)], which implies that ¥ =

3
V13[b(m+1)]1/4"

€ (0,1)

as shown in .
(b) Next, using the update of ~y, the choice of «, and the fact that i <n < 2, we can
further simplify as

[ 16y/13L5V/A4 N 20802
1 B9 @0I] < e (Fwo) = F + o=

m+1 Pt
Since T, ~ U ({21 },,), we have E [||G, (Tm)|I*] = 757 St E [[IGy (4)[|?]. Combining this
relation and the last inequality, we obtain .
(¢) If we choose b := ¢3(m + 1)'/3 for some ¢; > 0, then the bound reduces to (29),
where A := 6v13al VI?)?’CIL [F(z0) — F*]+%. Moreover, since § = 1—

9 to guarantee
B € (0,1], we need to choose ¢; >

1
B )72
1
(m+1)273 "
For any tolerance ¢ > 0, the number of iterations m to achieve E [||G,(Zp,)||?] < & can
be estimated from by letting:

1 164/13¢, L 20802 A
U2 [P (o) — F*] + o | = o < €2,
(m+1)2/3 3 9¢q (m+1)2/3
A3/2 A3/2
This implies that m + 1 > . Therefore, we can choose m := =il This is also

the number of proximal operations prox,,. The total number 7, of stochastic gradient
evaluations V f¢(xz;) is estimated as

3AY?  aa)? N 3432
e & g3

T i=b+3(m+1)=c(m+1)/3 +

2 A1/2 3A3/2 . .
Hence, we can choose T, := {6180 + =% as its upper bound, which proves (c). O

4.3.2 The adaptive step-size case
Theorem [1] states the convergence and complexity estimate of Algorithm [I| with constant
step-sizes. However, when the number of iterations m is large, this constant step-size 7 is
small. We instead develop an adaptive rule to update the step-size v, as follows:
< firg - 1 3
e Let us first fix §:=1— T € (0,1) as in Theorem

e Next, we also fix n, :=n € (0, %) and define ¢ := % —2L > 0.
e Then, we can update ~; adaptively as
é

o
m =~ and = - , (33
R L ! L+ L(1 + L?n?) [52%“ + B4z + o BT t)'Vm} %

fort=0,---,m—1.
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Applying Lemma [7] it is obvious to show that 0 < 79 < 71 < -+ < 7y,. Interestingly, our
step-size is updated in an increasing manner instead of diminishing as in existing SGD-type
methods. Here, v; becomes larger as ¢ increases. Moreover, given m, we can pre-compute the
sequence of these step-sizes {v;},~, in advance within O (m) basic operations. Therefore, it
does not significantly incur the computational cost of our method.

The following theorem states the convergence of Algorithm [Ijunder the adaptive update
rule , whose proof can be found in Appendix

Theorem 2 Assume that Assumptions @, and@ hold. Let {4}, be the sequence gener-
ated by Algom'thm to solve using the parameters 3, n, and step-size ¢ defined by .
Then, the following statements hold:

(a) If Xy := 30" o1t and Ty ~ Up ({2 }1) with py :=P (T, = 3) = &, then we have

8V2(L + VSL[b(m + 1)]/4) - 802
LiPo(m + 1) o) = e

E [[1Gy(@m)IIP] < 34)

(b) Let us choose the initial mini-batch size b := ¢2(m + 1)Y/3 for ¢; > m Then, for

any € > 0, the number of iterations m to guarantee E [||G,(Tm)||?] < &* does not exceed

— Fgﬂ 8 [ﬁL(L + Ve D) o2

, where Ag 1=

=3 L2 s [F(mo) - F*] + o

This is also the total number of proximal operations prox,,. Consequently, the number
BAVE | gadl J

T of stochastic gradient evaluations is at most T, := { - -3

While the proof of Theorem (1] relies on the Lyapunov function V' defined by that
has an asymptotically monotone property, the proof of Theorem [2] is completely different
by adopting the techniques in [59] and does not use any Lyapunov function. The oracle
complexity of Theorem [2] remains the same as in Theorem [l When o > 0, we can also
adjust b in to obtain the final bounds for m and 7,, that depend on the variance o.

Remark 3 (Without initial batch) If we choose the initial batch size b := 1 (i.e., single
sample) to compute vy at Step [3| of Algorithm [I} then becomes

o1 _ 8V2[F(x0) — F*]  8V2L6 [F(xo) — F*] 802
E (16, (@n)I”] < 7725(m0+ 1) * Ln25(m +01)3/4 + L2n2(m +1)1/2°

/
Hence, the oracle complexity of Algorithm |1| reduces to O (max {%, ‘;—42}), where
Ap := F(xy) — F*. This complexity is similar to proximal SGD methods, see, e.g., [29] if
the second term dominates the first one. Therefore, the choice of the initial mini-batch B;
for vy is crucial in Algorithm [1| to achieve better complexity bounds than SGD.

Remark 4 (The effect of m on v;) Due to the update (33), we have v, > ypm—1 > -+ >
~o > 0. Clearly, if m is large, then {~;} is getting smaller and smaller as t is decreasing, which
leads to a slow convergence. This suggests that we should restart Algorithm [I] after a rela-
tively small number of iterations m to avoid small step-sizes {~;}. This algorithmic variant
becomes more efficient if we combine it with a double-loop as described in Algorithm
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4.4 Restarting proximal hybrid stochastic gradient descent algorithm
Motivation: We observe from Theorems [I] and [2 that:

e If m is large, then from , we can see that the step-size vy is small and S is very close
to 1. While a small step-size v leads to slow progress in Algorithm [T} 3 ~ 1 shows that
the unbiased term does not significantly compensate the biaseness of the estimator v;.

e Similarly, as can be seen from Remark {4 that if m is large, then the step-size 7; in
Theorem [2 is also small as ¢ decreases, which also makes Algorithm [I] slow.

To circumvent this issue, we can restart Algorithm [I] after running it for a certain number
of iterations m by adding an outer-loop. In this case, we obtain a double-loop variant as in
SVRG or SARAH variants. However, unlike SVRG and SARAH-based methods where their
double-loop is mandatory to guarantee convergence, we use it as a restarting loop. Without
the outer loop, Algorithm [1] still has convergence guarantee as shown in Theorems [I| and
According to a very recent work [I4], our algorithm achieves the optimal oracle complexity
(up to a constant) under Assumptions and
The complete restarting variant of Algorithm [I]is described in Algorithm

Algorithm 2 (Restarting Proximal Hybrid SGD algorithm (ProxHSGD-RS))

. Initialization: An initial point Z(®) and parameters b, m, ;, and 7, (will be specified).

: Restarting stage: For s:=1,2,--- /S do

Run Algorithm |1| with an initial point xgs) =7z,
Set 7(8) .= mfﬁ)ﬂ as the last iterate of Algorithm

: EndFor

To analyze Algorithm [2| we use a:gs) to represent the iterate of Algorithm (1| at the ¢-
th inner iteration within each stage s. As we can see, Algorithm [2] calls Algorithm [I] as a
(s)

subroutine for every iteration, called the s-th stage and retrieves the output Z(*) := Tl

as the last iterate of Algorithm [1| instead of taking it randomly from {xis)};’;o. Here, we
assume that we fix the step-size n; = 7 € (0, %), fix the mini-batch b; = b € N, and choose
Bi=1-— W € (0,1) for simplicity of our analysis.

Now, we can derive the convergence of Algorithm [2]in the following theorem whose proof
is deferred to Appendix

Theorem 3 Assume that we choose by == b € Ny, f:=1 — W € (0,1), and n €
0, 1), and update the step-size v, for Algorithm|q as in ([33). Let {x s) s=375 be generated
L t t=0—m

by Algorithm | to solve and Tp ~ Up ({xig)}i&jﬁ;) with P (fT = :cgs)) = g3~ be the
output of Algorithm[4 Then, the following statement holds:
(a) The following estimate holds:

8v20Y/4(L + VL)
Lén2S(m + 1)3/4

8o

E [Hgn(ET)”Q] < L2n2[5(m + 1>]1/2'

[F@") - F*] +

(b) For some constant c; > and for any tolerance ¢ > 0, let us choose

_1
(m+1)

_ 16 1,02 16 1,0°
b:= cl'max{ U} and m+1:= .max{ 0}.
L2n? o2 e L2n? o2
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Then, to guarantee E [||G,(Zr)||?] < €2, we need at most S outer iterations as

N one

S [FE©) - F*]J . (36)

Consequently, the total number Ty ¢ of stochastic gradient evaluations and the total num-
ber Tprox of proximal operations prox,,,, respectively do not exceed

Top 1= VAL A VIO max{lo} oy - ) _ (W{Ul}> |

L2363 23 (37
_ 64v2(L + VL) max {1,0} —(0) . max {o,1}
Torox := L2363 [F(@?) — F*] =0(——= )
If 0 =0, i.e., no stochasticity involved in and b := ¢2(m + 1), then the bound
8v/2e1 (L+VLS .
reduces to E [||G, (zr)||?] < % [F(E(O)) — F*]. However, since ¢; > #4—1’ we can

choose its lower bound as ¢; := ﬁ In this case, the last inequality becomes

ior  SV2(L+ VLS v o [ LIF@Y) - F7
E [lIG,(@r)[*] < W[F@(O)) -F]=0 (S(m+1)> '

This bound is the same as in gradient-based methods. If ¢ > 0, then the total number of
stochastic gradient evaluations is at most O ‘E’—j + ;%), which is optimal (up to a constant
factor) according to [14] under Assumptions and Practically, if 5 is very close to 1,
one can remove the unbiased SGD term to save one stochastic gradient evaluation. In this
case, our estimator reduces to SARAH but using different step-size. Our empirical results
show that when 8 = 0.999, the performance of our methods is not affected.

Remark 5 We have not tried to optimize all the constant factors in the bounds of The-
orems [I} 2] and 8] Therefore, our bounds can be different from existing results up to a
constant factor as we can see in the case ¢ = 0 (i.e., no stochasticity in )

4.5 Linear convergence under gradient dominant condition
If the composite function F' satisfies the following 7-gradient dominant condition [70]:

F(z) = F* < Z]G,()|P”. (38)

for any = € dom(F) and n > 0, where 7 > 0 (see, e.g., [70]), then we can modify Algorithm 2]
by setting 7(%) := 55;3‘,), where T ~ Up ({xis)}g';o), to obtain an e-linear convergence rate.
Note that if ©» = 0, then the gradient dominant condition above reduces to the standard
one f(z) — f(z*) < Z||Vf(2)|? for any & € dom(f), which is widely used in the literature.

Corollary 1 Suppose that the assumptions of Theorem |3 and the gradient dominant con-
dition holds. Let {x,(ts)}g’;o be generated by Algorithm|4 to solve (1), where ) =7

with T ~ Up <{mt5)};’;0 , and m and b are chosen as

32(L + VL) %0 ~ 2071/253
m+1:= 53 and b:= ,
L2364/ L2(L + v Lé)ned/?
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for a given tolerance € > 0. Then, the following inequalities hold:

E[FEe) - F] < %E [P@e) - F*] + s < Qis (BE[FE®) - F*]-¢) +=  (39)

Consequently, {E [F(E(S)) — F*]} converges linearly to an e-ball around zero.

Proof Similar to the proof of , using the choice of Z(*) we can show that

8v/20/4(L + V/'Lo)

s 802
E |16, IP] < =5

L2n251/2(m + 1)1/2 ’

E[F@V) - ] +
Multiplying this inequality by 7 and then using , we can show that

4\[7'(71/4(L+\/7)
Ln25(m + 1)3/4

4702

L27]21~)1/2(m + 1)1/2 ’

E[FEe) - F] < E[F@Ee) - F*] +

2 4276 /4 (L+VL3 :
Assume that m = £ and W = 5. These relations lead to m+1 :=
. /TR -3/2 ~
SULAVLT 0 apd f o= 2571/2”3 Hence, the last inequality can be simplified as

L2n35/e T L2(L+V2L&)ned/? "

E[F@EY) - F*] < %E [Py~ P+

Denote Ag :=E [F(f(s)) F*]. Then, the last 1nequahty becomes A, —¢ < 1 (As_l —e).
Whenever A; > €, by induction, we have Ag—e < 2 s (Ap — ¢). This 1mphes . Therefore,

{E[F @) - F *]} converges linearly to an e-ball around zero. O

4.6 Applications to the finite-sum and non-composite settings
We first consider the finite-sum setting and then discuss the non-composite form of .

4.6.1 The finite-sum case
We can apply both Algorithm and Algorithmto solve the finite-sum problem . We can
use a mini-batch th of the size b € [n] to approximate vy. However, we make the following
changes in Algorithm [1] to solve (2)):

o We compute vy := V f(zg) = % i Vii(xo), the full gradient of f at z.

o We evaluate v, := Bvi_1 + B(V [, (x¢) = Vfi,(xi—1)) + (1 = B)V f;, (1), where iy, j; € [n]

are two independent random indices uniformly generated from [n].

Since we set b = n, we need to change the weight 8 in Theorems |1 l l, and I 3 to 8 =
1-— m for some 0 < ¢; < (m 4 1)2/3. With this choice of b and 3, the conclusmns of
Theorems and [3| remain true. But the number of stochastic gradient evaluations is at

most, e.g.,

/2
b ) in Theorem To avoid overloading this paper, we omit

the analysis here.

In terms of assumptions, apart from Assumptions[I]and [2] we still require Assumption
(i.e., ) to hold for Hence, Algorithm |1| can solve , but it requires stronger assump-
tions (Assumptions and [3) than ProxSVRG [63], SpiderBoost [70], and ProxSARAH
[59]. However, as a compensation, Algorithm [1| uses a single-loop.
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4.6.2 The non-composite settings
If ¢y = 0, then we obtain a non-composite setting of and , respectively. The analysis
in Theorems and [3| can be modified to cover the non-composite setting of ([I):
e Step [ of Algorithm [I] becomes z; := x¢ — flovy, where 7jy is a new step-size.
e Step [8| of Algorithm [1| reduces to xyy1 := xy — 7yvy, Where 7 is a new step-size.
. N 2 . . :
e The step-size 7, := —L[1+(1+4afn)1/2] which combines both 7, and v; in Theorem where
11 _ 8=
/8 = 1 [l;(m+1)]1/2 — 1*[32 .
For clarity of exposition, we omit the analysis of this variant here.

and a,, :

5 Extensions to Mini-batch Variants

We consider the mini-batch variants of Algorithm [Ij and Algorithm [2[ for solving . More
precisely, the mini-batch SARAH-SGD estimator ¢; for V f(z;) is defined as

b= Bia+ G S (Vo) = Ve o) + 20 30 Vi), ()

&eB, Ct€B;

where B; is a mini-batch of size b and l’;’t is a mini-batch of size b and independent of B;.
Here, we fix 3 € (0,1) and the mini-batch sizes b € N, and b € N, for all ¢ > 0. Note that
the estimator is an instance of when G = Vf. For the sake of presentation, we
only consider the constant step-size variant as a consequence of Theorem [I} We state our
first result in the following theorem, whose proof can be found in Appendix

Theorem 4 Assume that Assumptions[d] [4 and[3 hold. Let {z,}>, be the sequence gen-
erated by Algorz'thm to solve using the mini-batch update for 0y as in at Step lj
instead of vy, and the following parameter configuration:

a1 /2
Bt - 5 =1 [5(m+1)]1/2

o L 3¢ 81/41)1/2
N == )
2
e =1"= TGy
where 1 < b < B(m +1) and 0 < ¢y < w@ 1s given. Then, the following statements hold:
(a) The parameters 3, v, and n satisfy 6 € [0,1), v € (0,1], and ﬁ <n< 3%
(b) Let Ty, ~ U ({z¢},) be the output of Algorithm . Then, we have

_uon . 16VIBLDYA [F(20) — F*) 20802
E[Hgn(xm)n ] S 21/411/2 3/4 A~ 1/2° (42)
3cobl/4b1/2(m + 1)3/ 9[bb(m +1)]
(c) Let us choose b = b € Ny and b := [b(m + 1)]Y/3 for some ¢; > ﬁ Then,
the step-size v becomes v = #ﬁ)l” Moreover, for any € > 0, the number of

iterations m to obtain E [||G, (T )||?] < 2 is at most

16 [13ci L [F(xo) — F*] N 1302
be3

3 co 3cy

m = ,  where Aq:=

This is also the total number Tprox of prozimal operations prox,, i.e., Torox = m. The
total number of stochastic gradient evaluations V fe(xy) is at most
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- 242

€ g3

Theorem [4] states that using the mini-batch estimator ¢, from (40)), the total number
of stochastic gradient evaluations 7y, in Algorithm [I] remains the same as in Theorem
However, the total number of proximal operations T,rox reduces from O ( ) to O ( )

We can also modify Algorithm [2] to obtain a mini-batch variant. The following theorem
shows the convergence of this mini-batch variant whose proof can be found in Appendix[C.2]
Theorem 5 Let {xts)}f 175 be the sequence generated by Algorithm |9 to solve using

0—m

the mini-batch update for vy as in at Step @ instead of v, n € (0, 1), and

&b
Lb+ L(l —+ L2772) [ﬁQ,%H_l + 64’}%—&-2 4+t 62(m_t)7m] )

Ym = ﬁ and v = (43)

L

/2

 b(mAD)/2

a we choose the output o gorithm | as Tp ~ T — with the probability
If we choose th # Algorith Up ({2$93:=025 ) with the probabili

p: =P (ET = mgs)) =

where § := % —2L>0and B:=1 Then, the following statements hold:

<5—, then the following estimate holds

8V2 [DVAYL + [bm + 1)V VIS
- [FE) — F*]
Li28S(m + 1)b1/4p1/2 (44)
802

+ = .
L22[bb(m + 1)]/2

E [[IG,(@r)II?] <

let us choose b=b € N. such that 1 <b < 263 gnqg

(b) Given e >0 and ¢; > ST

+1’

5 . 2401

T 2anax{a 1} and m+1::Lmax{027l}.

c1L2n%be?

Then, the total number of iterations T to achieve E [[|G,(Tr)||?] < &% is at most

96v/3max {1,0} ©)y _ o
oSl @) - |

This is also the total number of proximal operations prox,,,. The total number of stochas-
tic gradient evaluations V fe(x,) is at most

96v/3max {1,0} .
“pivme - F]J

Remark 6 (Mini-batch and step-size trade-off) From Theorem [4c), we can see that

T:=(m+1)S= \‘ (45)

Tvyf = \‘(C% +3)

v o= #ﬁ)lﬁ Clearly, if we use a large mini-batch size b for 9, then we obtain a
. Lo . /
large value of the step-size . Assume that « =~ 1, which is equivalent to #ﬁ)l/g ~1

Moreover, from Theorem C), we also have b(m + 1) =

Vi3aiay? o . . . .
# and m+1~ \;’%22 . Empirical evidence in Section (6| will
1

show that large step-size v leads to better performance.

we can roughly set b ~
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For the mini-batch double-loop variant stated in Theorem [5] the update of ¢ hints
that if m is small, then the sequence of step-sizes {y:},~, is large. From Theorem b), we

24
c1 L2n2be?

large. In this case, the total number of proximal operations prox,,, decreases, but the total
number of stochastic gradient evaluations remains unchanged.

have m = { max {02, 1}J Therefore, to obtain a small m, we need to choose b

Remark 7 (Practical termination condition) In Algorithm |1} Algorithm [2| and their
variants, we need to choose T, or Tp randomly among the iterate sequence generated up
to the iteration m or T := S(m + 1), respectively. We can choose one of the two options:
e We randomly generate an index T, € {0,1,--- ,m} (or T € {0,1,---,T}) using the
probability distribution p; = ¥ (or p; = g&-). Then, we run Algorithm|I|or Algorithm

)
up to T iterations. The corresponding iteratte at the Ti-th is Z,, (or Zp).

e We can choose the best-so-far iterate Tr based on the following guarantee:

. : ()
< < e.
o2 Gl s e or - min  NGn(@ )l < €

However, in practice, we often take the last iterate a,, or (%) as the output of the algorithm
which unfortunately does not have a theoretical guarantee in this paper.

6 Numerical Experiments

In this section, we provide three examples to illustrate the performance of our algorithms
and compare them with several state-of-the-art methods. We use different configurations of
parameters to investigate the practical advantages and disadvantages of our methods.

6.1 Implementation details and configuration
Algorithms and competitors: We implement the following variants of our algorithms:
e Algorithm[I] with constant stepsizes stated in Theorem [I] We denote it by ProxHSGD-SL.
The parameters are set as suggested by Theorem |1} For the mini-batch variant stated in
Theorem [d] we also fix v := 0.95, and choose mini-batch sizes as suggested in Remark [6]
e Algorithm [2] with constant and adaptive step-sizes as stated in Theorem [3] We call these
two variants by ProxHSGD-RS1 for constant step-size, and ProxHSGD-RS2 for adaptive
step-size. We set i and [ as suggested by Theorem 3| for constant step-size or by
for adaptive step-size. For the mini-batch case, we choose v := 0.95 and compute the
mini-batch accordingly as guided by Remark [6]
We normalize datasets so that the average-Lipschitz constant L in our experiment is L = Ly,
the Lipschitz constant of the outer loss function £ specified in the sequel. For comparison,
we also implement the following algorithms from the literature:
e The proximal stochastic gradient methods, e.g., from [31] with constant and scheduled
diminishing step-sizes n := ny > 0 and 7, := an’%, respectively, where 79 > 0 and
7’ > 0 that will be tuned in each experiment. We denote the SGD variant with constant
step-size by ProxSGD1 using 1’ = 0, and the SGD scheme with scheduled diminishing
step-size by ProxSGD2 using 1’ > 0. Without further specification, we will set ' := 1.0
and 7o := 0.01 when the minibatch size b = 1, whereas 1o := 0.05 when b > 1, which
allows us to obtain consistent performance. But in many test cases below, we carefully
tune these parameters to obtain the best results for fair comparison.
e We also implement the proximal SpiderBoost method in [70], which works well in sev-
eral examples, see [59]. Note that this algorithm can be viewed as an instance of Prox-
SARAH in [59], where we skip comparing with other variants here. We denote it by
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ProxSpiderBoost. In this algorithm, we choose the constant step-size n := ﬁ and
choose the optimal mini-batch size b := |\/n] and epoch length m := |\/n| as suggested
by the authors. This is a large constant step-size and it works really well in most cases.
e Another algorithm is the proximal SVRG scheme in [42][63] denoted by ProxSVRG. While
the learning rate 7 suggested in [63] is 7 := M% for single sample and 7 := 3% for the
mini-batch of size b := [n?/3], we find it not perform well in our experiments. Therefore,
we also tune ProxSVRG to find the best learning rate in our experiments.
All the algorithms are implemented in Python running on a single node of a Linux server
(called Longleaf) with configuration: 3.40GHz Intel processors, 30M cache, and 256GB
RAM. For the last example, we also use TensorFlow (https://www.tensorflow.org) to cre-
ate networks and run simulation on a GPU system. Since each algorithm uses different
values of the step-size 7, we pick a fixed value 1 := 0.5 to compute the norm of gradient
mapping |\gn(x§5)) || for visualization and report in all methods. We run the first and second
examples up to 40 epochs, whereas we increase up to 60 epochs in the last example.

Datasets: Several datasets used in this paper are from [16], which are available online at
https://www.csie.ntu.edu.tw/~cjlin/libsvm/. We use the following 6 representative datasets:
e Small and medium datasets: Three different datasets: w8a (n = 49,749, p = 300),
rcvl.binary (n = 20242, p = 47236), and real-sim (n = 72309, p = 20958) are widely
used in the literature.
e Large datasets: We also test the above algorithms on larger datasets: url_combined
(n =2,396,130;p = 3,231,961), epsilon (n = 400, 000; p = 2,000), and news20.binary
(n =19,996;p = 1,355,191).
Another well-known dataset is mnist available at |http://yann.lecun.com/exdb/mnist /.

6.2 Nonnegative principal component analysis
The first example is a non-negative principal component analysis (NN-PCA) model studied
in [63], which can be described as follows:

1 n
*:= mi =—— T(ziz] . < >}.
g7 = min { f(@) == - g (mz)r st |zl <1, 220 (46)
Here, {z;};_, in R? is a given set of samples. By defining f;(z) = —3z ' (22 )z for
i=1,---,n, and ¥(x) := d0x(x), the indicator of X := {x € RP | ||z|| < 1,z > 0}, we can

formulate into . Moreover, since z; is normalized, the Lipschitz constant of Vf; is
L=1fori=1,--- ,n.

(a) Single-loop methods with single sample: Our first experiment is to compare Algo-
rithm [I] using constant step-sizes with the two different variants of SGD. We use different
values c¢; as suggested by Theorem [1| to form an initial mini-batch b. More specifically,
after some experiments, we set ¢; := 10 for w8a, ¢; := 40 for rcvl_train.binary, and
c1 := 50 for real-sim. To have a fair comparison, we also carefully tune the learning rate
for both ProxSGD1 and ProxSGD2 to achieve their best performance. The performance of
these methods is plotted in Figure [I] for three different datasets.

As we can observe from Figure|[l|that our ProxHSGD-SL variant works relatively well and
outperforms both ProxSGD1 and ProxSGD2. However, it then slows down or is saturated at
a certain value of the loss function, probably due to the effect of the SGD term u; in our
estimator v;. It is not surprise that ProxSGD2 works better than ProxSGD1 due to the use of
a scheduled diminishing learning rate.
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Fig. 1 The relative training loss residuals and the absolute gradient mapping norms of on three small
datasets: Single-loop with single-sample.

(b) Single-loop methods with mini-batch: Next, we test ProxHSGD-SL, ProxSGD1, and
ProxSGD2 with mini-batches on six different datasets. We use the mini-batch size b := 50 for
w8a, rcvl-binary, real-sim, and news20.binary, b := 300 for epsilon, and b := 500 for
url_combined. For ProxSpiderBoost and ProxSVRG, we set the mini-batch sizes as stated
in Subsection [6.11

For three small datasets, as suggested by Theorem [d] after some simple experiments, we
find that ¢y := 9 and ¢; := 10 for w8a, ¢y := 18 and ¢; := 9 for rcvl_train.binary, and
co := 30 and ¢y := 15 for real-sim work well. While we choose the same mini-batch size in
ProxSGD1, and ProxSGD2 as described above, we again tune their learning rates to have the
best performance. The results are shown in Figure

In this case, both ProxSGD1 and ProxSGD2 perform much better than the single sam-
ple case, and are comparable with ProxHSGD-SL. However, ProxHSGD-SL still outperforms
ProxSGD1 and ProxSGD2 in the first and the last datasets, while it is slightly better than
ProxSGD1 and ProxSGD2 in the second one.

Finally, we again evaluate three single-loop algorithms with mini-batches on three larger
datasets: url_combined, epsilon, and news20.binary. Here, based on Theorem [, we find
that ¢y := 40 x 10% and ¢; := 20 for url_combined, cg := 15 x 103 and ¢; := 30 for epsilon,
and ¢ := 10 x 103 and ¢; := 20 for news20.binary work well for our method. Figure
shows the convergence behavior of three algorithms.

We obverse that from Figure [3] ProxHSGD-SL performs much better than ProxSGD1 and
ProxSGD2, especially in the first and the third datasets. From the experiments (a) and (b),
we believe that ProxHSGD-SL generally outperforms ProxSGD in these tests.

(¢) Double-loop methods with mini-batch: Our next test is on double-loop methods.
We compare two different double-loop methods: ProxSVRG and ProxSpiderBoost with two
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restarting variants of Algorithm [2} ProxHSGD-RS1 and ProxHSGD-RS2. We use mini-batch
for this test since ProxSpiderBoost only has guarantee for mini-batch variants.

First, let us test there algorithms using recommended learning rates and mini-batch
sizes that have convergence guarantee. Note that both ProxSpiderBoost and ProxSVRG use
a large learning rate n := ﬁ and n := 3%, respectively. As observed in [59], these learning
rates work well. We use our step-sizes and mini-batch sizes as suggested in Remark [6] To
have a fair assessment, we also add a tuning variant (Tuned) of both ProxSpiderBoost and
ProxSVRG, where we heuristically tune their learning rate to get the best performance. The
results of this test are reported in Figure [
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Fig. 4 The relative training loss residuals and the absolute gradient mapping norms of (46]) on three small
datasets using both recommended (theoretical) and tuned step-sizes: Double-loop with mini-batch.

As we can see from Figure [4] that both ProxHSGD-RS1 and ProxHSGD-RS2 highly out-
perform ProxSVRG and ProxSpiderBoost, especially in the last two datasets. Due to the
use of adaptive step-size, ProxHSGD-RS2 appears to be better than ProxHSGD-RS1. For
the tuned learning rates, both ProxSVRG(Tuned) and ProxSpiderBoost(Tuned) are rel-
atively comparable with ProxHSGD-RS1 and ProxHSGD-RS2 on these datasets. More pre-
cisely, ProxHSGD-RS1 and ProxHSGD-RS2 are slightly better than both ProxSVRG(Tuned) and
ProxSpiderBoost (Tuned), especially in the last dataset. But, ProxSpiderBoost (Tuned) is
still slightly better than ProxSVRG(Tuned) in the second and third datasets.

Now, we test these variants on three larger datasets: url_combined, epsilon, and
news20.binary. Their performance is shown in Figure [}

Without tuning learning rates, we observe similar behavior as in Figure [5, where our
methods, ProxHSGD-RS1 and ProxHSGD-RS2, highly outperform ProxSVRG and are com-
parable with ProxSpiderBoost. Again, with tuned learning rates, ProxSVRG(Tuned) and
ProxSpiderBoost (Tuned) are more comparable with ProxHSGD-RS1 and ProxHSGD-RS2,
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Fig. 5 The relative training loss residuals and the absolute gradient mapping norms of on three large
datasets: Double-loop with mini-batch.

but our methods are still slightly better than their competitors in the second dataset. How-
ever, we do not observe significant difference between the the adaptive step-size variant,
ProxHSGD-RS2 and the constant one, ProxHSGD-RS1, in this test.

6.3 Binary classification with nonconvex models
In this example, we consider the following binary classification model involving a nonconvex
objective function and a convex regularizer broadly studied in the literature:

n

min F@y:%Eja@¢¢a+¢@), (47)

zERP ¢
=1

where {(a;,b;)};—; C R? x {—1,1}" is a given training dataset, ¢ is a convex regularizer,
and £(-,-) is a given smooth and nonconvex loss function. By setting f;(w) := ¢(a; w, b;) and
choosing a convex regularizer v, we obtain the form that satisfies Assumptions and
We consider the following settings for the choice of £ and v, where the first three models
were studied in [74], and the last one has been used in [46]:
o Normalized sigmoid loss: ¢ (s, 7) := 1—tanh(7s) for a givenw > 0 and ¢(x) := Al|z||1.
Here, ¢1 (-, 7) is L-smooth with respect to s, where L :a 0.7698.
2
o Nonconvex loss in 2-layer neural networks: (5(s,7) := (1 - ) and
Y(x) := Al|z||y. This function is also L-smooth with L = 0.15405.
¢ Logistic difference loss: /3(s,7) := In(1 + exp(—7s)) — In(1 + exp(—7s — 1)) and
() := A||z||1. This function is L-smooth with L = 0.092372.
o Lorenz loss: l4(s,7) := In(1 + (75 — 1)?) if 7s < 1, and l4(s,7) = 0, otherwise, and
¥(x) = A|z||1. This function is L-smooth with L = 4.

1
1+exp(—7s)
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We set the regularization parameter \ := % in all the tests which gives us relatively sparse
solutions. We test the above algorithms on different scenarios ranging from small to large
datasets using different algorithms.

(a) Single-loop schemes with single-sample: Our first experiment for is on single-
loop variants with single sample. For this test, we only choose the losses /3 and ¢, with two
well-known datasets: rcvl-binary and real-sim to avoid overloading the paper. The result
of our test on the ¢3-loss is shown in Figures [f] for three algorithms using the same setting
as in Subsection [6.2] where we attempt to tune the learning rates for three competitors:
ProxSGD1, ProxSGD2, and ProxSVRG.
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Fig. 6 The relative training loss residuals and the absolute gradient mapping norms of @ with the
nonconvex training loss ¢3 on the two datasets: Single-loop with single-sample.

For the loss ¢3 with 20 epochs, ProxSGD1 and ProxSGD2 show their less competitive
performance than our methods and ProxSVRG. While ProxSGD2 is not better than ProxSGD1
as observed in the previous example, ProxSVRG with tuned learning rate works really well
and beats our ProxHSGD-SL. The restarting variants of our methods highly outperform
ProxSGD1 and ProxSGD2 and is slightly better than ProxSVRG.
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Additionally, the results of these six algorithms on the £4-loss using the same setting are
shown in Figure [7]
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Fig. 7 The relative training loss residuals and the absolute gradient mapping norms of @ with the
nonconvex training loss ¢4 on the two datasets: Single-loop with single-sample.

Figure [7] shows improved performance of both ProxSGD1, and ProxSGD2. In this case,
these methods are comparable with our ProxHSGD-SL and ProxSVRG. However, our restarting
variants, ProxHSGD-RS1 and ProxHSGD-RS2 are still slightly better than their competitors.

(b) Complete test on the mini-batch case: Finally, we carry out a more thorough test
on four different losses using two small datasets and two large datasets. We compare five
different methods as shown in Tables 2] and [3] We report the relative training loss residuals,
the absolute norms of gradient mapping, the training accuracy, and the test accuracy. Since
ProxSVRG with the theoretical learning rate 1/3L performs quite poorly, we carry out a grid
search between [1/(15L),5/(3L)] to find a good learning rate for this experiment.

Table [2]reports the results on the two small datasets: rcvl_train.binary and real-sim
after 20 and 40 epochs, respectively.
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The loss function ¢1

Training Loss Residual |Gy (wr)]] Training Accuracy Test Accuracy
20th ep. [ 40th ep. [[ 20th ep. [ 40th ep. || 20th ep.] 40th ep. [/ 20th ep.[40th ep.
Algorithms rcvl_train.binary (n = 20,242, p = 47,236)
ProxHSGD-SL 8.964e-02 3.409e-02 9.806e-05 | 3.043e-05 0.949 0.954 0.938 0.947
ProxHSGD-RS1 || 3.478e-02 | 1.888e-04 || 3.541e-05 | 1.586e-05 0.955 0.960 0.947 0.956
ProxSpiderBoost 1.649e-01 | 8.281e-02 2.664e-04 | 8.734e-05 0.944 0.950 0.934 0.938
ProxSVRG 2.918e-01 1.574e-01 1.578e-02 | 1.212e-02 0.626 0.825 0.004 0.561
ProxSGD2 1.505e-01 7.110e-02 2.446e-04 | 8.607e-05 0.945 0.951 0.936 0.941
Algorithms real-sim (n = 72,309, p = 20, 958)
ProxHSGD-SL 4.554e-02 1.742e-02 1.377e-05 | 4.317e-06 0.977 0.981 0.659 0.647
ProxHSGD-RS1 || 1.756e-02 | 1.006e-04 || 4.699e-06 | 1.837e-06 || 0.981 0.984 0.646 0.634
ProxSpiderBoost 1.459e-01 8.004e-02 1.124e-04 | 3.537e-05 0.966 0.973 0.695 0.670
ProxSVRG 4.150e-02 2.443e-02 3.377e-03 | 1.783e-03 0.962 0.964 0.963 0.964
ProxSGD2 7.619e-02 3.613e-02 3.333e-05 | 1.087e-05 0.974 0.978 0.669 0.653
The loss function £o
Training Loss Residual |Gy (wr)]| Training Accuracy Test Accuracy
20th ep. | 40th ep. [ 20th ep. | 40th ep. [[20th ep.[ 40th ep. ][ 20th ep.[40th ep.
Algorithms rcvl_train.binary (n = 20,242,p = 47,236)
ProxHSGD-SL 9.319e-03 | 1.229e-04 || 1.701e-03 | 9.506e-04 || 0.944 0.949 0.937 0.943
ProxHSGD-RS1 || 1.294e-02 2.546e-03 1.999e-03 | 1.107e-03 0.944 0.948 0.936 0.941
ProxSpiderBoost 2.593e-02 1.072e-02 3.146e-03 | 1.793e-03 0.940 0.944 0.931 0.936
ProxSVRG 2.927e-02 1.232e-02 3.445e-03 | 1.934e-03 0.939 0.944 0.929 0.934
ProxSGD2 4.545e-02 2.508e-02 6.103e-03 | 4.481e-03 0.935 0.940 0.926 0.930
Algorithms real-sim (n = 72, 309, p = 20, 958)
ProxHSGD-SL 8.850e-03 | 1.103e-04 || 1.339e-03 | 7.503e-04 || 0.968 0.971 0.665 0.650
ProxHSGD-RS1 || 1.294e-02 2.787e-03 1.626e-03 | 9.099e-04 0.966 0.970 0.673 0.655
ProxSpiderBoost 2.003e-02 6.730e-03 2.156e-03 | 1.179e-03 0.963 0.969 0.686 0.662
ProxSVRG 2.644e-02 1.150e-02 2.654e-03 | 1.521e-03 0.960 0.967 0.697 0.670
ProxSGD2 4.401e-02 2.249e-02 4.208e-03 | 2.562e-03 0.949 0.962 0.726 0.690
The loss function £3
Training Loss Residual |Gy (wr)| Training Accuracy Test Accuracy
20th ep. | 40th ep. [ 20th ep. | 40th ep. [[20th ep.[ 40th ep. [[20th ep.]40th ep.
Algorithms rcvl_train.binary (n = 20,242, p = 47,236)
ProxHSGD-SL 5.112e-02 1.915e-02 4.465e-03 | 2.663e-03 0.934 0.940 0.924 0.929
ProxHSGD-RS1 || 2.224e-02 | 6.492e-06 || 2.842e-03 | 1.626e-03 0.939 0.943 0.929 0.936
ProxSpiderBoost 2.850e-02 4.161e-03 3.188e-03 | 1.842e-03 0.938 0.943 0.928 0.935
ProxSVRG 2.797e-02 2.943e-03 3.157e-03 | 1.775e-03 0.938 0.943 0.928 0.935
ProxSGD2 1.316e-01 9.255e-02 9.639e-03 | 7.599e-03 0.924 0.929 0.919 0.922
Algorithms real-sim (n = 72,309, p = 20, 958)
ProxHSGD-SL 2.873e-02 1.020e-02 1.859e-03 | 1.040e-03 0.962 0.968 0.687 0.662
ProxHSGD-RS1 || 1.196e-02 | 9.608e-07 || 1.114e-03 | 6.256e-04 || 0.968 0.970 0.663 0.647
ProxSpiderBoost 3.606e-02 1.442e-02 2.208e-03 | 1.218e-03 0.960 0.967 0.692 0.666
ProxSVRG 4.091e-02 1.862e-02 2.438e-03 | 1.403e-03 0.958 0.966 0.698 0.672
ProxSGD2 1.003e-01 5.911e-02 5.591e-03 | 3.493e-03 0.930 0.952 0.763 0.719
The loss function £4
Training Loss Residual |Gy (wr)]| Training Accuracy Test Accuracy
20th ep. | 40th ep. [ 20th ep. | 40th ep. [[20th ep.[ 40th ep. ][ 20th ep.[40th ep.
Algorithms rcvl_train.binary (n = 20,242,p = 47,236)
ProxHSGD-SL 1.401e-02 | 1.819e-04 || 4.727e-03 | 2.674e-03 || 0.959 0.964 0.954 0.958
ProxHSGD-RS1 || 2.044e-02 | 4.125e-03 5.745e-03 | 3.253e-03 0.956 0.962 0.951 0.957
ProxSpiderBoost 2.422e-01 1.322e-01 4.045e-02 | 2.489e-02 0.926 0.935 0.920 0.927
ProxSVRG 2.635e-01 1.448e-01 4.304e-02 | 2.679e-02 0.925 0.933 0.920 0.926
ProxSGD2 3.686e-02 1.163e-02 9.593e-03 | 6.269e-03 0.952 0.959 0.943 0.953
Algorithms real-sim (n = 72, 309, p = 20, 958)
ProxHSGD-SL 9.009e-03 | 1.070e-04 || 2.386e-03 | 1.279e-03 0.981 0.984 0.683 0.676
ProxHSGD-RS1 || 1.106e-02 1.936e-03 2.450e-03 | 1.444e-03 0.981 0.984 0.679 0.674
ProxSpiderBoost 1.526e-01 8.450e-02 2.428e-02 | 1.168e-02 0.930 0.960 0.767 0.707
ProxSVRG 1.883e-01 1.076e-01 3.079e-02 | 1.558e-02 0.915 0.950 0.797 0.726
ProxSGD2 1.889e-02 6.334e-03 3.569e-03 | 2.267e-03 0.979 0.982 0.676 0.678

Table 2 The performance of 5 different algorithms on two small datasets: The mini-batch case.
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As can be seen from Table [2] either ProxHSGD-SL or ProxHSGD-RS1 is the best in these
two datasets since they produce lower objective value and smaller gradient mapping norm.
Three competitors ProxSpiderBoost, ProxSVRG, and ProxSGD2 are comparable with our
methods in many cases, but in some other cases, our methods highly outperform these
schemes. While our methods may produce better objective value and gradient mapping
norm, we can observe that due to some overfitting issues, their test accuracy is slower than
those of ProxSGD2 or ProxSVRG. This can be recognized by comparing the training accuracy
and the corresponding test accuracy.

In addition, we run these five algorithms on the two larger datasets: news20.binary and
url_combined. The results are reported in Table

Again, we observe the same performance among these methods. Either ProxHSGD-SL or
ProxHSGD-RS1 works best for every case. Three other competiors: ProxSGD, ProxSVRG, and
ProxSpiderBoost work well and are relatively comparable with our methods in some cases,
but they are still slower than our methods overall.

6.4 Feedforward neural network training problem
In the last example, we consider the following composite nonconvex optimization problem
obtained from a fully connected feedforward neural network training task:

min {F(m) = %ZE(FL(JC, a;),b;) + 1/}(:1:)} ) (48)

xERP
=1

where we concatenate all the weight matrices and bias vectors of the neural network in one
vector of variable z, {(a;, b;)};—, is a training dataset, F(-) is a composition between all lin-
ear transforms and activation functions as F,(z,a) := o, (WrorL_1(Wr_10—2(- - - oo(Wha+
wo) -+ )+ pr—1)+ pr), where W; is a weight matrix, p; is a bias vector, o; is an activation
function, L is the number of layers, £(-) is a cross-entropy loss, and ¢ (x) := A||z||; is the ¢;-
norm regularizer for some A > 0 to obtain sparse weights. By defining f;(z) := ¢(Fr(z,a;), b;)
fori=1,---,n, we can formulate into the composite finite-sum setting .

We implement mini-batch variants of Algorithm [I] and Algorithm [2] and compare with
two other methods: ProxSVRG and ProxSpiderBoost in TensorFlow using the well-known
dataset mnist to evaluate their performance.

In the first experiment, we use an one-hidden-layer-fully-connected neural network: 784 x
128 x 10, while in the second test, we increase the number of neurons in the hidden layer to
obtain another fully-connected neural network: 784 x 800 x 10. The activation function o;
for the hidden layer is ReLU, and for the output layer is soft-max.

Our experiment configuration is as follows. We choose A := % to obtain sparse weights.
We set v = 0.95 for all methods and tune 7 to obtain the best results. Here, we obtain
n = 0.3 for ProxHSGD-SL and ProxHSGD-RS1. We also tune 7 in ProxSpiderBoost and
ProxSVRG to obtain the best results. We finally get n = 0.12 for ProxSpiderBoost and
n = 0.2 for ProxSVRG. We set b := 100 for our algorithms, b := |/n| for ProxSpiderBoost,
and b := [n?/3] for ProxSVRG and set the epoch length m := [%]. The performance of the
four algorithms running on the first network is reported in Figure [§]

From Figure 8] both ProxHSGD-SL and ProxHSGD-RS1 work relatively well in this exam-
ple, and outperform two other methods. On one hand, our methods achieve better training
loss values, norms of gradient mapping, and test accuracy than both ProxSpiderBoost and
ProxSVRG. On the other hand, the restarting variant ProxHSGD-RS1 appears to be slightly
better than ProxHSGD-SL.
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The loss function ¢1

Training Loss Residual

G (wr)l

Training Accuracy

Test Accuracy

20th ep. [ 40th ep.

[[ 20th ep. [ 40th ep. |

20th ep. | 40th ep. |

20th ep. [ 40th ep.

Algorithms news20.binary (n = 19,996, p — 1, 355, 191)
ProxHSGD-SL 6.614e-02 | 1.990e-05 || 7.203e-03 | 4.471e-03 || 0.865 0.892 0.687 0.698
ProxHSGD-RS1 || 9.289¢-02 1.764e-02 8.470e-03 | 5.173e-03 0.850 0.881 0.659 0.705
ProxSpiderBoost 2.932e-01 | 1.653e-01 1.558e-02 | 1.259e-02 0.626 0.822 0.003 0.544
ProxSVRG 3.073e-01 1.816e-01 1.301e-02 | 1.356e-02 0.625 0.812 0.001 0.500
ProxSGD2 2.733e-01 1.426e-01 2.212e-02 | 1.847e-02 0.649 0.832 0.015 0.585
Algorithms url_combined (n = 2,396,130,p = 3,231,961)
ProxHSGD-SL 5.934e-03 | 9.244e-05 || 6.157e-04 | 3.985e-04 || 0.968 0.970 0.969 0.971
ProxHSGD-RS1 || 7.405e-03 1.279e-03 6.615e-04 | 4.257e-04 0.968 0.970 0.968 0.970
ProxSpiderBoost 2.467e-02 1.396e-02 1.789e-03 | 1.015e-03 0.964 0.966 0.964 0.966
ProxSVRG 4.581e-02 2.690e-02 3.824e-03 | 1.992e-03 0.962 0.964 0.963 0.964
ProxSGD2 2.013e-02 1.101e-02 1.478e-03 | 8.988e-04 0.965 0.967 0.965 0.967
The loss function £o
Training Loss Residual |Gy (wr)]| Training Accuracy Test Accuracy
20th ep. | 40th ep. [ 20th ep. | 40th ep. [[20th ep.[ 40th ep. ][ 20th ep.[40th ep.
Algorithms news20.binary (n = 19,996,p = 1, 355,191)
ProxHSGD-SL 3.636e-02 2.190e-02 2.977e-03 | 2.006e-03 0.791 0.826 0.451 0.604
ProxHSGD-RS1 || 1.055e-02 | 1.831e-06 || 1.367e-03 | 8.706e-04 || 0.844 0.864 0.638 0.633
ProxSpiderBoost 3.476e-02 2.042e-02 2.849¢-03 | 1.899e-03 0.797 0.829 0.481 0.615
ProxSVRG 3.726e-02 2.203e-02 3.025e-03 | 1.997e-03 0.788 0.826 0.445 0.606
ProxSGD2 6.471e-02 5.196e-02 7.270e-03 | 6.595e-03 0.625 0.691 0.003 0.112
Algorithms url_combined (n = 2,396,130,p = 3,231,961)
ProxHSGD-SL 6.055e-03 3.834e-03 3.613e-04 | 2.308e-04 0.966 0.969 0.966 0.969
ProxHSGD-RS1 || 2.241e-03 | 3.597e-08 || 1.584e-04 | 1.220e-04 || 0.971 0.973 0.971 0.973
ProxSpiderBoost 6.305e-03 | 3.949e-03 3.643e-04 | 2.210e-04 0.966 0.969 0.966 0.969
ProxSVRG 1.058e-02 6.839¢-03 7.481e-04 | 4.049e-04 0.964 0.965 0.964 0.966
ProxSGD2 1.449e-02 9.151e-03 1.173e-03 | 6.126e-04 0.962 0.964 0.963 0.964
The loss function £3
Training Loss Residual |Gy (wr)| Training Accuracy Test Accuracy
20th ep. | 40th ep. [ 20th ep. | 40th ep. [[20th ep.[ 40th ep. [[20th ep.]40th ep.
Algorithms news20.binary (n = 19,996, p = 1, 355, 191)
ProxHSGD-SL 4.182e-02 1.890e-02 3.482e-03 | 2.518e-03 0.691 0.787 0.115 0.451
ProxHSGD-RS1 || 2.163e-02 | 7.406e-06 || 2.636e-03 | 1.737e-03 || 0.782 0.819 0.435 0.586
ProxSpiderBoost 2.663e-02 4.377e-03 2.846e-03 | 1.902e-03 0.765 0.814 0.365 0.564
ProxSVRG 3.048e-02 6.860e-03 3.012e-03 | 2.002e-03 0.750 0.810 0.314 0.549
ProxSGD2 7.544e-02 6.249e-02 6.868e-03 | 6.169e-03 0.623 0.625 0.001 0.003
Algorithms url_combined (n = 2,396,130,p = 3,231,961)
ProxHSGD-SL 1.048e-02 5.507e-03 5.294e-04 | 2.958e-04 0.964 0.966 0.965 0.966
ProxHSGD-RS1 || 2.601e-03 | 3.495e-08 || 1.926e-04 | 1.193e-04 || 0.968 0.970 0.969 0.970
ProxSpiderBoost 7.921e-03 | 3.722e-03 4.022e-04 | 2.293e-04 0.965 0.967 0.965 0.968
ProxSVRG 1.615e-02 8.911e-03 8.411e-04 | 4.496e-04 0.963 0.965 0.964 0.965
ProxSGD2 3.364e-02 1.886e-02 1.945e-03 | 1.005e-03 0.962 0.963 0.962 0.964
The loss function £4
Training Loss Residual |Gy (wr)]| Training Accuracy Test Accuracy
20th ep. | 40th ep. [ 20th ep. | 40th ep. [[20th ep.[ 40th ep. ][ 20th ep.]40th ep.
Algorithms news20.binary (n = 19,996,p = 1, 355,191)
ProxHSGD-SL 4.252e-02 | 6.483e-04 || 7.475e-03 | 4.661e-03 || 0.883 0.914 0.694 0.669
ProxHSGD-RS1 || 6.343e-02 1.603e-02 9.342e-03 | 5.527e-03 0.865 0.901 0.676 0.675
ProxSpiderBoost 2.381e-01 2.017e-01 1.962e-02 | 1.812e-02 0.624 0.627 0.001 0.004
ProxSVRG 2.426e-01 2.072e-01 2.005e-02 | 1.828e-02 0.624 0.626 0.001 0.003
ProxSGD2 1.007e-01 3.930e-02 2.068e-02 | 1.704e-02 0.843 0.884 0.573 0.688
Algorithms url_combined (n = 2,396,130,p = 3,231,961)
ProxHSGD-SL 4.997e-03 | 7.821e-05 || 8.616e-04 | 4.849e-04 || 0.953 0.956 0.951 0.955
ProxHSGD-RS1 || 5.779¢e-03 1.309e-03 || 8.034e-04 | 5.427e-04 0.951 0.954 0.950 0.953
ProxSpiderBoost 2.159e-02 1.574e-02 3.250e-03 | 1.895e-03 0.949 0.947 0.948 0.946
ProxSVRG 4.104e-02 2.319e-02 9.529e-03 | 3.680e-03 0.954 0.949 0.953 0.948
ProxSGD2 8.181e-03 | 3.501e-03 1.555e-03 | 7.355e-04 0.950 0.952 0.949 0.951

Table 3 The performance of 5 different algorithms on two large datasets: The mini-batch case.
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Training Loss: mnist = Norm of Gradient: mnist ] Test Accuracy: mnist
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Fig. 8 The performance (training loss, norm of gradient mapping, and test accuracy) of 4 algorithms on
the mnist dataset for solving : A fully-connected 784 x 128 x 10 neural network.
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Fig. 9 The performance (training loss, norm of gradient mapping, and test accuracy) of 4 algorithms on
the mnist dataset for solving : A fully-connected 784 x 800 x 10 neural network.

Besides, the results when running these algorithms on the second neural network are
given in Figure[J] We can observe the same behavior of these four algorithms as in Figure[§]
but ProxHSGD-RS1 does not exhibit clear advantage over ProxHSGD-SL.

A Appendix: Properties of Hybrid Stochastic Estimators

This appendix provides the full proof of our theoretical results in Section [3}] However, we also need the
following lemma in the sequel. Hence, we prove it here.

Lemma 7 Given L >0, >0, € >0, andw € (0,1), let {y+}{2, be the sequence updated by

1) 1)
= —  and = , 49
TYm I3 Tt L+€L2[W’}’t+1+w27t+2+"'+w(m_t)’ym] ( )
fort=0,---,m—1. Then
) U dm+1)V1—w
0< < << =— and Xp := > . 50
osm ™ " ;%—L[\/1—w+\/1—w+45we] (50)

Proof First, from (49) it is obvious to show that 0 < 9 < -+ < Ym—1 = m < Ym = % At the same

time, since w € (0, 1), we have 1 > w > w? > .- > w™. By Chebyshev’s sum inequality, we have

(m —t) (wyes1 + wyerz + -+ W™ iyy) < (Z;Y;t-‘rl ¥i) (Wt w2+ wmTt)

51
< 125 (X m)- &

From the update , we also have
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eL?y0(wy + w2+ +w™ym)  =6—Lyo
eL?y1(wy2 + w3+ -+ wm T ym) =6 — Ly
(52)
eL?Ym_1wym =6— Lym_1
0 =6 — Lym.

Substituting (51)) into (52)), we get
weL wel? 2
(Y0 +7 + -+ ym) 2 0m—mLy + Y556

2
~r(o+v++m) =26m—1)—(m—1)Ln + u{iLw (170 +77)

weL

‘“L —Ym—1(Y0 + 71+ +ym) =6 — Lym— 1-&-‘”6 ('Ym 10+ +v3 1)

+obam) 28— Dym o+ 2 (o + -+ 92).

Let us define X, := >_1 o v¢ and Sp, 1= >}, vZ. Summing up both sides of the above inequalities, we get

wel? S(m2+m+2 wel?
Ergn_ ( )_L(m70+(m_1)’71+"’+'Ym—1+'7m)+7
l-w 2 2(1 — w)

(Sm + Z2,).
Using again Chebyshev’s sum inequality, we have
m?2 +m—|—2 (m? +m+2)2n,
1 . _ E = 1 1To/7m
myo + (m i+ yme1 Fym < miD) <t 0%) 2m+ 1)

Note that (m + 1)Sm, > X2, by Cauchy-Schwarz’s inequality, which shows that Sy, + X2, > (M)Ez

o
Combining three last inequalities, we obtain the following quadratic inequation in X, > 0:

mweL?
(1-w)

Solving this inequation with respect to X, > 0, we obtain

2 4 Lm2P4+m+2)2, —d(m+1)(m24+m+2)>0

—w
m o= 2ewmL
26(m+1)

Am(m+1)wde
[1+\/1Jr (A—w)(m2+m+2) J

m(m m,2 m weE
N (l—w)[\/(m2+m+2)2+4 ( +1)(1 +m+2) 5—(m2+m+2)]

25(m+1)vVI—w - m(m+1)
= IVI—o+vi—wtdowe P m2imiz <L

This proves .

A.1 The proof of Lemma [3} Variance estimate with mini-batch

The proof of the first expression of is the same as in Lemma [I} We only prove the second one. Let
As, = % Yien, [Ge; (xt) = Ge, (xe-1)], At := G(xt) — G(we—1), 0t := 0t — G(at), and Suy := ug — G(w1).
Clearly, we have

EBt [ABt] =A; and ng [6ut] =0.

Moreover, we can rewrite 0; as
= Bi—18i-1 4 Be—148, + (1 — Bi—1)dus — Br—14+.
Therefore, using these two expressions, we can derive
Eqs, 50y [18612] = B2 11801112 + B2, Es, (145, 12] + (1 — Bo—1)?Epg, [lI6ue]2] + B2, [ 2¢]?
+ 267 1(6e—1,Ep, [A8,]) +2B:—1(1 = Bi—1) (d¢—1, B, [ur]) — 282, (5e—1, Ar)
+26i-1(1 = Bi—1)E 5, g,) [(AB,, out)] — 2671 (Ep, [A5,], At)
= 2Bi-1(1 = Br—1)(Ep, [Sut], As)
= B2 1 110e-1112 + B?_,Es, [148, 2] + (1 = Be—1)?Ep, [I6ucl] — B7_, | A¢]|?.
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Similar to the proof of [59, Lemma 2], for the finite-sum case (i.e., |£2| = n), we can show that

’I’L(bt— )”At”2+ (n_bt)

1
]EBt [HABfH2] = (n _ 1)bt (TL _ 1)bt

Ee [IGe(2e) — Ge(@e—1)1?] -

For the expectation case, we have

1 1
Es, [145,11°] = (1 - E) Aell” + B e [IGe (1) = Ge(we—)II?] -
Using the definition of p in Lemma@, we can unify these two expressions as

Es, [[145,1%] = (1 = p) | Ael® + pE¢ [ Ge (1) — Ge(ze—1)II] -

Substituting the last expression into the previous one, we obtain the second expression of (19). 0

A.2 The proof of Lemma 4} Upper bound of mini-batch variance
From Lernma taking the expectation with respect to Fi+1 := o(zo, Bo, 30, cee By, Bt), we have

E [[[oe — G(zo)[I?] < B7_1E [[lot—1 — G(ze—1) 7]
+ pL?B7 L E [llze — e lP] + (1 = Be—1)?Eg, [llue — G(ze)|?] .
In addition, from [39, Lemma 2], we have Ez, [llue — G(z)||1?] < pEe [||Ge(ze) — G(ze)||?] = po2, where
of = E¢ [||Ge(x1) — G(xo)|1?]-
Let A? := E[||0: — G(x¢)||?] and B2 := E [||lz¢4+1 — ¢/|?]. Then, the above estimate can be upper
bounded as follows: 5 ) 5 5o ) 5 9
Af S B A +pL7B 1 Biy + p(1 = B—1) 0.
By following inductive step as in the proof of Lemma we obtain from the last inequality that
AP < (Bfq -+ BE) AR+ pL? (B7y -+ B) BE + -+ + pL?B7 1 BY 4
+p[(BE - B7) (1 —Bo)202 + -+ (1 - Br—1)%07] .

Using the definition of w¢, w; ¢, and Sy from (|16)), the previous inequality becomes

t—1
A7 S wiAZ + pL? > wiBY + pSt,
1=0
which is the same as by substituting the definition of A+ and B¢ above into it. O

B The Proof of Technical Results in Section [4f The Single Sample Case
We provide the full proof of technical results in Section El

B.1 The proof of Lemma [2; Key estimate

From the update z¢4+1 := (1 — v¢)z¢ + Yt ZTe41 at Stepof Algorithm we have x¢y1 — 2t = 1t (Teg1 — t)-
From the L-average smoothness condition in Assumption [2] one can write

F@er1) < flae) +(Vf(@e), Tepr — ze) + éllﬂct;rl —e]?

= f(@) + 7 (Vf (@), Tegp1 — we) + L;‘ |Ze41 — ]| (53)
Using convexity of ¥, we can show that
Y(@er1) < (1= y)P(@e) + 7 @ir1) < P@e) + 7 (VP (Trt1), Terr — ), (54)
where V) (Zi41) € 0¢(Zi41) is any subgradient of ¢ at Tiy1.
Utilizing the optimality condition of Tyy1 = proxmw(:ct — vt ), we can show that Vo (Tiy1) = —ve —

%(§t+1 — x¢) for some V¢ (Ti41) € OY(Ti+1). Substituting this relation into , we get

P(xer1) < V(@) — vt (v, Tep1 — @) — %II@H — x| (55)
t
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Combining and , and using F(x) := f(z) + ¢(x) from , we obtain

~ L2\ .
Fai41) < F(at) + 3 (Vf(@e) = vt Bran — 20) — (Z— - %) [Z o1 — |, (56)
t

For any ¢; > 0, we can always write

(VF(@e) = ve,Ber1 —at) = 50|V f(@e) = oel|? + G |Zer1 — e

— 5t IV (@e) = vt — ce(@er1 — xe)|12.
Utilizing this expression, we can rewrite as
Vi 2 Yoo LvE el . , &2
F(@ey1) < F(ze) + — [V f(@e —ve]|? — | = — =t — — | [|Be1 —a¢||” — 2.
2ct nt 2 2 2
where 52 := Z—;HVf(J:t — vt — ct(Frg1 — x1)]|2 > 0.

Taking expectation both sides of this inequality over the entire history F;41, we obtain

E[F(z41)] S E[F(z)] + 5 E [V (21) — ve]?]

2ce

2
- (2 -4t - BB [I8e - 2l?] - $E[57].

(57)

Next, from the definition of gradient mapping G, (z) := % (= — prox,,,(z — nVf(z))) in @, we can see that

nel|Gne (ze) || = llze — prox,,y, (xr —meV f(2e)) |-

Using this expression, the triangle inequality, and the nonexpansive property Hproxmb(z) — Prox,, (w)]| <
lz — w|| of prox,,,, we can derive that

(¢ =V f(ze)) — Bega |
(e — eV f () — prox,,  (zt — neve) ||
S NZegr — mell + e[|V F(@e) — v

NellGne (x| < |Beg1 — @]l + [[prox,, 4

= ||Ze4+1 — @l + [[prox,,

Now, for any r; > 0, the last estimate leads to
WZE (G (20)17] < (14 ) E [IZes1 = 2e?] + (1 + r)nZE [V (20) = ve]?]

Multiplying this inequality by %t > 0 and adding the result to , we finally get

E[F(zt+1)] < E[F(a)] - SLE |Gy, (21)]?]
24 (14 ro)aen? |E [V F (o) - vil|?)

c
29 L’ytz — YtCt — qt (1 + %) ]E [”&'\t-&-l _ xtHZ] — %E [5‘?} .

&

Using the definition of ; and k¢ from , ie.:

t 27t 1
0= L+ (L4 r)gm?  and  re = 0 = L2 =y — i (1 + 7) ;
Ct Tt Tt

we can simplify this estimate as follows:

E[F(zt41)] SE[F(z)] - %E (G (@)I?] + GE [IVf (2e) = ve]?]

) 3 (58)
— S [|Fe41 — zel?] - LE[57].

This is exactly A O
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B.2 The proof of Lemma [6} Key estimate of Lyapunov function
From , by taking the full expectation on the history F;41 and using the L-average smoothness of f, we
can show that
E [lve41 — VF(ze41) 2] < BZE [log — VF(@e)lI?] + BZL2E [[lze41 — 2:l?] + (1= Be)?07
2E [[lve — V(@) I2] + BEZLPE [|Ber1 — xell®] + (1 — Be)?0dy 4,
where 02 :=E [||V f¢, (ze) — Vf(z)]?].

Let V be the Lyapunov function defined by (23]). Then, by multiplying the last inequality by at;l >0,
adding the result to (58]), and then using this Lyapunov function we can show that

V(ze1) < Vize) — %E U1Gn: (z)I?] = 3 (e — BEaet1 — O0)E [|lvg — V()]

(59)
— (st — a1 BIVELAE [|Zegr — we]|?] + 5 (1 = Be)argr0f,, — SE [67] .

Let us choose 7¢, n¢, and other parameters such that the conditions (24) hold, i.e.:
—Biary1 —0: >0 and ki — a1 PP L > 0.

In this case, can be simplified as follows:
atng 2 1 2 2
V(zi41) < V(xe) — — E NG, (z)II?] + 50¢t+1(1 = Be) oiyq-

This proves .

Finally, summing up this inequality from ¢ := 0 to t := m, we obtain

m 1 &
Z i E [IGn, (@0)lI°] < V(z0) = V(@m41) + 5 > ar1(l = B) oty
= t=0

Note that V(zm+1) := E[F(zm4+1)] + %]E vm+1 — VF(@m+1))?] > E[F(zm+1)] > F* by Assump-
tion and V(z0) = F(z0) + %2E [|lvo — Vf(20)||?]. Using these estimates into the last inequality, we obtain
the key estimate . ]

B.3 The proof of Theorem 2 The adaptive step-size case

Let {(z¢,%¢)} be generated by Algorithm [1| Let us again choose ¢ := L, ry := 1 and ¢; := —7 and fix
ne :==mn € (0, %) in Lemmaas done in Theorem Then, from , we have

A+ L)

0,5 = L

2
and Kt = (7 — Lyt — 2L) Yt
n

Using these parameters into (21) and summing up the result from ¢ := 0 to ¢ := m, and then using (15|
from Lemma [2} we obtain

L2 m t—1
E[F(zm+1)] < E[F(z0)] + —- ZGt > Viwi B [|[Big — @al|*]

t=0 1=0
77 m
—_ = Iit]E T4+l — Tt _— g $t
;o: (1241 — e]?] 4220: (G0 ()]

. 1 & 51
— Z]E[O’t]-i-izetwﬂf +5zet8t7
t=0 t=0 t=0

where 52 := E [|lvo — V f(z0)||?] >0, 67 := %”Vf($t) — vy — L(#441 —x¢)||? > 0, and wj ¢, wy, and Sy are
defined in Lemma [2

By ignoring the nonnegative term E [6’?}, and using the expression of 6; and k: above, we can further
estimate the last inequality as follows:
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E [F(@m+1)] < E[F(wo)] — ZL S 7eE [||Gn(@0)]|?]
t=0

m m
L2 2\-2 L2 2
+ 42 ST = Zwt% + (1+2Ln )Z%St + TQm7
t=0 t=0

(60)

where Tp, is defined as follows:

m t—1 m
~ 2 ~
Ton = L(1 + L?1?) Z'yt wi 2R [Zigr — leQ] — Z'yt (% —2L — L’Yt) E[||@i+1 — zL||2} . (61)
t=0 =0 t=0

Now, with the choice of Bz = 8 :=1 — ﬁ € (0,1), we can easily show that wy = 8%, w; = B2(¢—9),
m

_ B2t _
and st := (]_[;:%.+2 6]2._1)(1 - Bi)2=(1-p8)?2 [117%2 ] < % due to Lemma
Let w? := E [||Zi+1 — 24/|?]. To bound the quantity T, defined by (6I), we note that

m t—1
Yoy BT wE = B2 [+ By 4 B2 Jwd
t=1 =0

+ B2 [v2 + B2z + - + BAM Dy wd 4 -

+ 8272 o [Ym—1 + B2ym]wa, o + B2, i ymwd, .

Using d := % — 2L, we can write T, from as

Tm =0 [L(l + L) B0 [ + B2 4 -+ B D] — (6 - L’}’O)] wg
+m [L(l + L2n?)B%y1 [y2 + B2z + -+ B2 D] — (6 - LM)]W% +---
+ Ym—1 [L(l + L2n?) B2 Ym—17m — (1 — L'mel)]wgn_1 = Ym (8 — Lym)wi,.
To guarantee T,, < 0, from the last expression of T;,, we can impose the following condition:
L(1+ L*?)B8%y0 [y + B%y2 + -+ + B2 D] — (5 — L) = 0
L1+ L)%y [y2 + B2y3 + -+ B2 Dy ] — (6 — Lm) = 0
...... (62)

L+ L?1*)B%ym-17vm — (6 — Lym—1)
_(1 - L77m)

It is obvious to show that the condition leads to the following update of ~y4:

8 é
= — and = )
e Ty L1+ L?n?)[B%vi11 + B4tz + -+ B2y, |

which is exactly .

(a) Since f=1— W, we have
1 2
- —=1-8<1-B2<__—"
Bomronz - OST S e

. 1 . . 14L3n? 2 a2 . . ..
Moreover, since n € (0, 1), with € := 7", § := - 2L, and w := 2 € (0, 1), using the last inequalities,
we can easily show that

B — _ 4662(1 + L2n2) 1 é
VI— w4+ V1 —w+ 4bwe =+/1 52+\/1 52+7L <2ﬁ<[5(m+1)]1/4+\/:>.(63)

2,2
Using , Vi—w=+1-p2> W, and € = % into of Lemma we can derive
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m
8 1
S = (m+1) . (64)
= 2W(L+v 5lb(m + 1)]1/4)
Next, since wy = 8%, by Chebyshev’s sum inequality, we have
Zwt% Zﬁ2t7t (1482 + -+ 7)< 27m2
=0 ( ) (m+1)(1-p2)
2
Utilizing this estimate, 6% := E [|lvo — V f(20)||?] < %, and S; < a?st < (11+2;’ into (60), and noting

that 7, < 0, we can further upper bound it as

(14 L*n*)o?Zy | 1+ L) (1 — B)o? Sy
;%E IGn (@)I?] < F(z0) = E[F(zm+1)] + L= )t T 2L 1) :

By Assumption |1} we have E [F(zm+1)] > F*. Substituting this bound into the last estimate and then
multiplying the result by Ln+2 we obtain

202(1 + L?n?) 1
L2n2(1+8) |b(m+1)(1 —p)

= ;%E 192(@0)I] € 5 [F(wo) ~ F*] + +(1-5)

i — 1 1 1-B8)= — 2 Utiligine thi ;
Since g =1 S22 we have S (1=F) +(1-58)= S 2172 Utilizing this expression, ,
14+ n?L? <2, and B € [0, 1], we can further upper bound the last estimate as

8vV2(L + VSL[b(m + 1)]*/4) . 802
5, tZO’YtE 1Gn (z4)]17] < Ln?6(m + 1) [F(zo) — F*] + 22 lb(m - )]/ (65)
In addition, due to the choice of Zpm ~ Up ({@¢}%), we have E [||Gy(Zm)||?] Z'y,gIE [1Gn (z¢)]| ]

m t=0
Combining this expression and , we obtain .

(b) Let us choose b := ¢2(m + 1)1/3 for some constant ¢; > 0. Since § = 1 —

With this choice of 5, reduces to

1
B2’ to guarantee

. 1
B > 0, we need to impose ¢; > [CESEER

8 V2L(L + Ve LS o 02
= 2 2(m+ )2/3|: ( 1 )[F(Zo)fF]+7

E [lI6@n)I?] < ; .

/ 2
Let us denote by Ag := 8772 [M [F(zo) — F*] + Z—J . Then, similar to the proof of Theorem
372
we can show that the number of iterations m is at most m := ;—3 , and the total number T, of stochastic
2ALZ 3A3/2
gradient evaluations V fg(x¢) is at most Tp, 1= [% + =% J

L2

O

B.4 The proof of Theorem [3} The restarting variant

(a) Since we use the adaptive variant of Algorithmas stated in Theoremfor the inner loop of Algorithm
from (65)), we can see that at each stage s, the following estimate holds

8v2H/1 (L + VLJ) 802
s) (s) (s) g
LS (160 @W] < — g5 B [Pl )*F(zm+1)]+L2n2[g(m+l)]1 - (66)

mtO

where we use the superscript “(5)” to indicate the stage s in Algorithm [2] Summing up this inequality
from s := 1 to s := S, and then multiplying the result by and using E F(x )] > F* > —oo, and

E [1G,(Z7)I?] ZZE [||Q7, (S) ], we get (35] . ie.:

™ s=1t=0
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B 160 @] = 5= 3 3R [161ef)1]
mls/41t =0 ] (67)
< M[F(Em)) —F*} + 8c

Lon2S(m + 1)¥/4 L2n2[b(m + 1)1/

(b) Let Ap := F@®) — F* > 0 and choose b := A(m + 1) for some constant c; > 0. Since 8 =

— W € (0,1), we need to choose ¢1 such that ¢; > +1

Now, for any tolerance € > 0, to guarantee E [||G,(z7)||?] < €2, from (67), we require

8V2b1/4 (L + VILS) Ap 802 8v2c1 (L + VL) Ap 802 2
= = g
Lon2S(m +1)3/4 L2n2[b(m + 1)]1/2 Lén2S(m +1)1/2 L2n2¢i(m+1) —

Let us break this inequality into two parts as

8v2ci(L+VLS)Ap &2 4 802 <&
= — an _ —.
Lén2S(m + 1)1/2 2 L2n2ci(m+1) — 2
Then, we have
16y/2c1 (L + vV Lo) A 2
= Cl( + ) £ and m +1> 1670
Lén2(m +1)1/2¢2 L2n2c1e2’
Let us choose m 4+ 1 = LQi;;Cl . % Then, m +1 > m, and we can set
5. 16v/2c1 (L + VL) Ap Ln\ﬁa _ 4V2c1(L+VEL5)A
' Lén2e? N one

This leads to (36)). Moreover, we can also show that

16%(L+F)AFF 64v2(L + VLS Ar max {1, o}

1)S =
(m+1) Lén2e? L2n368 g3

Consequently, the total number of stochastic gradient evaluations V fe(x¢) is at most

Top = [b+3(m+1)] 8 = (} +3)(m+1)S = 64v3(c} + 3) LAyLpar . max(po)

16cy | max{l,o’2}
L2n? €2

=0 (max {o,1} - Ag{

102
, the final complexity is O (maXEQ’U } + maXE{31’0}>, where other

Since we choose b :=

constants independent of o and e are hidden. The total number of proximal operators ProX,y is at most

’Tprox = S(m + 1) =

64v2(L + VLS Ap max{l, o} _ o (max (0.1} ﬁ) '

L2368 23 23
The estimate follows from the bound of 7y ; above and the choice of b. O

C The Proof of Technical Results in Section Bt The Mini-batch Case
This appendix presents the full proof of the results in Section @ for the mini-batch case.

C.1 The proof of Theorem [4f The single-loop variant

Using from Lemmawith G := V f and taking full expectation and using a constant weight 5; := 8 €
(0,1) and bt := b € Ny, we have

E [96+1 — V(ze0)12] < B2E (160 — Vf(z)12] + pB2E [V fe(mit1) — Ve ()]
+ (1= B)%E [Jlut4+1 — VFf(@er1)lI?]

where p := l since we solve
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Since E [||V fe(zi41) — Ve(@)]|?] < L2E [||mi41 — @el|?] < L242E [||Ze41 — @¢]|?] by Assumption

and E [[lugs1 — Vf(ze41)]1?] < "; by Assumptionand [59, Lemma 2], the last estimate leads to

2 2L2
B=i E

(1-p)%0?
b -~ -

E [[[6t41 — VF(zer)|1?] < BZE [|6: — V£ (o) l|?] + P

@1 — e]|%] + (68)

Next, let us choose nt :=n >0, vt :=v >0, ¢t := L, rt :== 1, and ¢ := % > 0in Lemma Then, we have
2, 2
6 =0= w >0and kKt =k = (% — Ly — 2L> v > 0. Using these values into , we obtain
yn*L 27, 0 S 021 _ s 2
E[F(ze41)] SE[F(zy)] - — —E (G (z)1I7] + SE [IVf () = 0¢]%] = S (IZe41 —2?] -

Multiplying by % for some o > 0, and adding the result to the above estimate, we obtain

B(FGe)] + 2B [l — ViG] < BRG]+ OO o - 95@e]
- L g, o] + 202
- % = Lf“) E [z — ze_1)?] .
Using the Lyapunov function V defined by , the last estimate leads to
V(@t41) < V(ze) — W:LE [1Gn (z)I12] + O[(I_T?)%Q
= 2 (o= ) Bl —eal?] - 3 att - 87 - 6] £ I — VsG]
If we impose the following conditions
n:(%fL’yf2L)'yz$’:2LQ and Oszmvga(lfﬁz), (69)
then we get from the last inequality that
V(o) < Vi) - ZLEB (16, @) + ““‘Tf)%z (70)
The conditions can be simplified as
%fQLfL’yz %:Lz and Lfmyga(lfﬂ%. (71)

Moreover, by induction, V(zm+1) > F*, and V(xo) := F(z0) + §E (150 — V f(z0)lI?] < F(zo) + %, we
can further derive from that

1 & 2002 1 (1-p8)2
E [||Gn(z0)|]?] € ————— [F(z0) — F*] + = + . 72
1 2 B 192 @0I] < ey o) = I+ T |y + 5 (72)
y minimizing the last term on the right-hand side of (72) w.r.t. 8 € [0,1], we get 8 :=1 — ~17/2
B he 1 he right-hand side of B B [b(rrf+1)]1/2

Clearly, with this choice of B if 1 < b < lN)(m + 1), then 8 € [0,1).

(a) Next, we update n := Then, since v € [0,1] we have 5= < 7 < 3% Moreover, we have

2
L(3+~)"

2L
2 2
% — 2L — Ly =L and % < %. In addition, noting that since 8 € [0,1), we have 1 — 32 > 1 - =
§1/2 . .
Bona Dz Consequently, the second condition of holds if we choose v as

9Labl/?

0<y<~yi= —4—————
T=7 13b1/2(m + 1)1/2
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Since B € [0, 1], the first condition of holds if we choose 0 < v < 7 := %. Combining both conditions

b 9Labl/? : Vi3b1/4p1/2
on v, we get 7 = MT)V?’ leading to « := SLOV/A Gy /A" Therefore, we can update ~ as
36081/4171/2

T Vib(m + ]/

for some co > 0. Since 1 < b < B(m + 1), we have v < % If we choose 0 < ¢p <
Consequently, we obtain .

(b) Now, we note that the choice of a and v also implies that

3‘@, then v € (0, 1].

a  13b1/2(m+1)1/2 4 1 V1304 (m 4+ 1)1/4
- an o Sy —
ol 9Lb1/2 vy 3cobl/4pl/2

In addition, since T, ~ U ({x¢}},), we have E [||G,(Tm)|?] = ﬁ“ S o E[IIGn(x0)|?]. Using these
expressions and L%n? > i into , we finally get

16v/13Lb1/4 20802
- — [F(zo) = F*] + = :
3cobl/4b1/2(m 4 1)3/4 9b1/2b1/2(m, 4 1)1/2

E [lIGn@m)II?] <

which proves .
Let us choose b = b € N4 and b := c¢Z[b(m + 1)]'/3 for some ¢; > 0. Then reduces to

c1L o?
£ [l )] < 350 fl)]z/s {\/1301 [F(zo) — F*] + 1?11 } .

Denote Ag := ?6 [ VISeiL [ p(gg) — F*] + %] . For any tolerance € > 0, to guarantee E [||G,, (Z1)[1?] < €2,

A3/2 A3/2
we need to impose W = £2. This implies b(m + 1) = 503 , which also leads to m + 1 = bOT'
3/2
Therefore, the maximum number of iterations is at most m := \‘%J . This is also the number of proximal
operations ProX,y,-
~ 2AL/2 3A3/2

The number of stochastic gradient evaluations V f¢(2¢) is at most Tm := b+3(m+1)b = 10—+ -4

Finally, since 1 < b = b < b(m + 1) = b3 (m + 1)4/3, we have b < ¢3(m + 1)2, which is equivalent
pl/3 " . 7 3cob?/3
c1 > m In addition, since b := c2[b(m 4 1)]'/3 and b = b, we have = : m O
C.2 The proof of Theorem [5f The restarting mini-batch variant
(a) Similar to the proof of Theorem |2| summing up from ¢t := 0 to ¢t := m and using with p := &
and p = % from Lemma we obtain
( ( L2 m t—1 )
E[Fai)] < E[FEE)] + 55 30003 fwik [l 17
t=0 =0
gl1a® _ @] s’y (5)y12 3
- *Z’it Z,3y — ¢ I _ZT (G (™) (73)
NS 5(5) ()y)2 S
+ = Z@twt]}i 1557 = VF@ES)I?] + = Zetst,
2= 2b 150
where ¢, 9, k¢, 0t, wi ¢, w, and Sy are defined in Lemma@
2 2

Let us fix ¢t := L, 1t := 1, ¢t := %, and B¢ := B € [0,1]. Then 6; = LL”) vt and Kkt =

2 _9p before. M = B2, wiy = P20 and s, = (1 - B)2[1=27] < =8 4
(5 ~¢ ) as before. Moreover, wy = 8%, w; ¢+ = B ,and s = (1 — ) 57 | < 135 due to

Lemma and E [||13(<)S) — Vf(x(()s))H2] < Z
Using this configuration and noting that z(*) = 1‘521_1 and 761 = x(()s>, following the same argument

as , reduces to
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B[F)] < E[FEeD)] - 223" 4E [16, )]
t=0 (74)

(A+L2n?)0? 1 a-8) T
* era |:l~)(m+l)(17B) 3 ]Em+ 27

where '7A’m is defined as follows:

2 2 R s
o L(1+If n )Z;n:(),ytz ﬂ2(t z),YQE [H 'E+)1 _xg >||2:|

(75)
— o (2 - 2L - Ly E[I2(, - 2712] .
Similar to the proof of , if we choose n € (0, %), set § 1= % — 2L > 0, and update v as in :
é d db
= — an = ,
e T b+ L1+ L?n?)[B2ve41 + B442 + - + B2y
then 7;,, < 0. Moreover, since 8 € [0,1] and 1+ L2n2 < 2, can be simplified as
_ (- Ln® - 1 (1-8)
E|F@®)| <E|r@t-—1)| - =L E [|1Gy(@))12] + _ + 2 5.
[FE)] <E[FEE)] - = 2 (16 (¢ )11?] TR R
Summing up this inequality from s := 1 to s := S and noting that F(ﬁs)) > F*, we obtain
m 4[FEO) — F* 402 1 1-8
Sk [0, ayp] < EED I s L 8=B e
SEm e Ln?SXm L?n? | b(m +1)(1 - B) b
Let us first choose 8 :=1 — S Then, 1 — 82 < 51/2(25:_21)1/2 nd (1+L2L’72)B2 < % Using these

b1/2(m+1 1/2
inequalities, similar to the proof of (63)), we can upper bound

ﬁ_@wl_ﬂumwww

Lb

LbY/4p1/2 4 [b(m + 1)]Y/4VLé
bL/2[b(m + 1)]1/4 '

Using this bound, the update rule of y¢, and /1 — 32 > W, we apply Lemmawith w:= 32

2 2
and € := W to obtain

5 i N S(m +1)y/1— B2 - S(m + 1)b1/4p1/2
m = Y& > > — — .
= L[ A5 + \/1 By %] 2V/2 [Lb1/4b1/2 + [b(m + 1)]1/4\/L5]
t=0—m

Utilizing this bound into and noting that T ~ Up <{x§s)}8:1_)s), we can upper bound it as

8V [LbY/401/2 + [b(m + 1)]/4 VLS|
L2865 (m + 1)b1/4p1/2

802
E [IG,(@7)|? FOYy—-F*] 4 ————
(G (@2)I1?] < FE) =P+ i
which is exactly (44)).

(b) Now, let us choose b = b € N4 and assume that b := = ¢2b(m + 1) for some c; > 0. In this case, the
right-hand side of can be upper bounded as

8\/§[Lb3/4 + [z‘;(m+1>]1/4\/m} 2

— (0 * 8o

Ry = TSI p /T [F(@©) — F*] + T e bt D)
_ 8V2Ap + 8v2c1Ap + 852
T n25S(m+1) T VLon2S(m+1)1/261/2 T LZnZcib(m+1)’

where Ap := F(z(®)) — F* > 0.
For any £ > 0, to guarantee E [HQW(ET)HQ] < €2, we impose R < 2. From the upper bound of Ry,
we can break its relaxed condition into three parts as
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8vV2Ap €2 8v2c1Ap €2 802 €2
a5 <o = —, and —H—o———— < —. (77)
n26S(m + 1) 3 VLn2S(m 4 1)1/2p1/2 3 L2n2cib(m + 1) 3
Let us choose m 41 := ﬁ max {¢2,1}. Then, b= Lgi’élaz max {¢2,1}. Moreover, the last condition
of holds and m + 1 > ﬁ. Hence, the second condition of leads to

2426 Ap 1 _ WBLaAr
© VIon2e2 Jb(m+1) © Vene

From the second condition of (77)), we also have

24+/2c1 A 96v/3A
(m+1)bS = ZVEAEF () 4 1) 1/2p1/2 = 96V3AR max {1,0} .
n2v/ Lée? 13 L/ Lée3
From this expression, to guarantee the first condition of (77)), we need to impose
96v3A 24V2A
(m+1)S = # max {1,c} > %’
3 L/ Lébe3 n2de

. . 2v65
which leads to 1 < b < TvIne"

Finally, the total number of stochastic gradient evaluations V f¢(z¢) is at most

Toy i= [b+3b(m+1)] S = [(c} +3)b(m + 1)S]

A
= L(c% + 3)% max {1, U}J .

. . . 961/3A
The total number of proximal operations prox,,,, is at most Tprox = (m+1)S = {Mﬁ max {1, O’}J .0
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