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ABSTRACT

To model discrete sequences such as DNA, proteins, and language using diffusion,
practitioners must choose between three major methods: diffusion in discrete
space, Gaussian diffusion in Euclidean space, or diffusion on the simplex. Despite
their shared goal, these models have disparate algorithms, theoretical structures,
and tradeoffs: discrete diffusion has the most natural domain, Gaussian diffusion
has more mature algorithms, and diffusion on the simplex in principle combines
the strengths of the other two but in practice suffers from a numerically unstable
stochastic processes. Ideally we could see each of these models as instances of the
same underlying framework, and enable practitioners to switch between models
for downstream applications. However previous theories have only considered
connections in special cases. Here we build a theory unifying all three methods of
discrete diffusion as different parameterizations of the same underlying process:
the Wright-Fisher population genetics model. In particular, we find simplicial and
Gaussian diffusion as two large-population limits. Our theory formally connects
the likelihoods and hyperparameters of these models and leverages decades of
mathematical genetics literature to unlock stable simplicial diffusion. Finally, we
relieve the practitioner of balancing model trade-offs by demonstrating it is possible
to train a single model that can perform diffusion in any of these three domains at
test time. Our experiments show that Wright-Fisher simplicial diffusion is more
stable and outperforms previous simplicial diffusion models on conditional DNA
generation. We also show that we can train models on multiple domains at once
that are competitive with models trained on any individual domain.

1 INTRODUCTION

To generate high quality sequences conditioned on desired properties, practitioners build diffusion
models of language, DNA, and proteins (Sahoo et al., 2024; Sarkar et al., 2024; Alamdari et al.,
2023; Li et al., 2024). These models corrupt each letter in a sequence – the “forward" process –
and train a model to reverse that corruption – the “backward” process. A model which has been
trained to de-noise can be used for high-quality conditional generation (Wang et al., 2024b), for
optimization (Gruver et al., 2023), and myriad other downstream tasks (Luo et al., 2022; Baron et al.,
2025).

A practitioner has three main choices of forward process (Fig. 1b), each with their own strengths:

1. Discrete: occurs in the most natural domain (Campbell et al., 2022).

2. Gaussian: has more mature sampling and training procedures (Dieleman et al., 2022).

3. Simplicial: in theory inherits the continuous algorithms of Gaussian diffusion while in a
natural space, but in practice suffers from numerical instability (Avdeyev et al., 2023).

Unfortunately, there is little theoretical infrastructure to compare these models, and thus practitioners
have little tacit knowledge to rely on when selecting or designing a model. This gap in understanding
is particularly evident in two basic comparison problems which have yet to be solved. First, despite
models from the three frameworks achieving similar likelihood values, there is a belief that the
“continuous-space likelihood is not directly comparable with discrete-space likelihood" (Avdeyev
et al., 2023). Second, forward processes in each of these models are specified by hyperparameters
with vastly different interpretations. It is unclear how to qualitatively compare the assumptions
embedded into each set of hyperparameters across models.
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(a) (b)

Figure 1: Discrete, Gaussian, and Simplicial diffusion for discrete data are unified by Wright-
Fisher diffusion. (a) Wright-Fisher diffusion with population size ζ “ 6, showing mutation and
reproduction processes across generations. (b) The three diffusion methods emerge as different limits
of Wright-Fisher: discrete diffusion corresponds to ζ “ 1, while Gaussian and simplicial diffusion
arise as ζ Ñ 8 with zero and non-zero reproduction rates.

Here we address these theoretical and practical challenges by unifying these streams with a process
from human population genetics – the Wright-Fisher (WF) model. Our contributions are as follows.

• We formally prove all three methods are instances of WF (Fig. 1). In particular discrete
diffusion corresponds to the WF model with a population size of 1, and simplicial and
Gaussian diffusion correspond to large population limits with and without reproduction.

• We use this connection to answer the two comparison questions above. Surprisingly, we
show that likelihoods can only be compared in some cases, depending on a seemingly
inconsequential parameterization choice introduced for only discrete diffusion models in
Austin et al. (2021) which we call the hollow parameterization.

• We apply our theory to explain and solve the instability of simplicial diffusion by leveraging
decades of mathematical genetics literature. We show that this stable simplicial diffusion is
superior in conditional generation of DNA.

• We leverage our theory to show that a particular parameterization choice – the sufficient-
statistic parameterization – allows one to train a single model that can perform diffusion
on all three domains at test time1. We show in experiment that models trained this way
are competitive with models trained on single domains. This removes the necessity for the
practitioner to choose a particular model before training.

2 RELATED WORK

We discuss past unification theories and attempts at stable simplicial diffusion. In App. A we discuss
related works in classical diffusion theory, and parameterizations of diffusion models.

Theories unifying discrete and continuous diffusion Winkler et al. (2024) indirectly used a result
from (Stone, 1963) to connect the special case of one-dimensional, unbiased discrete diffusion to
one-dimensional Gaussian diffusion. They use this observation to heuristically argue, or conjecture,
the convergence of the backwards processes as well. Sahoo et al. (2025) suggested that by taking
Gaussian diffusion and applying argmax, one recovers discrete diffusion. 2 They used this insight
to answer the loss comparison problem by proving that the ELBO of discrete diffusion is always

1Of independent interest, it also explains the root of the noted “time-invariance” of masking diffusion and
extends this property to every diffusion model. We discuss this in App. D.

2Interestingly, Stone (1963) also wrote discrete diffusion as the function of an underlying Gaussian diffusion.
However the function from Stone (1963) was a path-dependent time-dilation rather than argmax.

2



108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

Under review as a conference paper at ICLR 2025

superior to that of continuous diffusion. Unfortunately, this is based on a mathematical error (details
in App. B): by applying argmax to Gaussian diffusion one does not get a Markov process, a property
which was crucial to their proof of the loss comparison question. In our approach, we build a
mathematically rigorous foundation to compare these models.

Stable simplicial diffusion models Richemond et al. (2022) and Avdeyev et al. (2023) suggest
diffusion on a simplex using two processes used in finance: the “Cox-Ingersoll-Ross process”, and its
normalization onto the simplex, the “Jacobi process”. However these models struggle from numerical
instability. One solution to this instability is to essentially perform Gaussian diffusion (see App. A).
Another is to build flow-matching models on the simplex (Stark et al., 2024; Tang et al., 2025; Davis
et al., 2024). However these sacrifice the ability to straightforwardly calculate a likelihood and access
to many diffusion algorithms, such as classifier guidance.

3 BACKGROUND AND MOTIVATION

First we describe diffusion models for discrete data and the challenges unifying the frameworks.

3.1 DIFFUSION MODELS FOR DISCRETE DATA

We consider modelling a distribution ppx0q over a discrete space of size B, and will extend to
sequences of discrete objects below. Our model will begin with a distribution that is easy to sample
from, qpx1q, and then applies a stochastic process parametrized by θ from time 1 to 0. This produces
a trajectory qθppxtq

1
t“0q and we hope to pick θ so that qθpx0q „ ppx0q.

Markov processes To generate training data to fit qθppxtq
1
t“0q, we take samples x0 „ ppx0q and

evolve it according to a Markov process to get a trajectory pppxtq
1
t“0q. We can train qθ on these

trajectories by optimizing a negative ELBO

´ log qθpx0q ď ´ Epppxtq1t“0|x0q log
qθppxtq

1
t“0q

pppxtq1t“0|x0q

“ ´ Epppxtq1t“0|x0q log
qθppxtq

1
t“0|x1q

pppxtq1t“0|x0, x1q
` KLpppx1|x0q|qpx1qq.

(1)

The time dilation function To make the second term of Eqn. 1 small we need ppx1|x0q « qpx1q.
Conveniently, applying a Markov process to x0 usually leads to ppxt|x0q converging to a stationary
distribution ppx8q as t Ñ 8, a good choice for qpx1q. However our t is on the interval r0, 1s, so
we compress r0,8q into r0, 1s: we pick an increasing “time dialation” function τ : r0, 1s Ñ r0,8q

and simulate xt so that it has had the Markov process applied to it for time time τt. In particular,
if τ1 is very large, ppx1|x0q « ppx8q “ qpx1q. τt is a more convenient parametrization for our
presentation than equivalent functions βt “ 9τt, αt “ expp´τtq in other works (Shi et al., 2024).
Picking τ1 very large, the second term of the ELBO can be made arbitrarily small, so we leave it out
of the presentation below.

Matching forward and backward flow qθ is usually parameterized to take xt, t and predict the x0
that generated xt, that is, approximate ppx0 | xt, tq; we represent this prediction x̃0 “ qθpx0|xt, tq
as a vector of probabilities over the B tokens

ř

b x̃0,b “ 1. Some rearrangement then allows one to
rewrite the first term of Eqn. 1 as an expectation of a term L that can be interpreted as the divergence
between the “infinitesimal flow” forward p and backward qθ at xt:

Et„Unifp0,1qEppxt|x0qLpxt, t, x0, x̃0q.

Thus getting a stochastic estimate of the ELBO has 3 steps: (1) Sample noisy xt by simulating the
Markov process for time τt, (2) Predict de-noised x0 with qθpx0 | xt, tq, and (3) Estimate the ELBO
by computing the particular form of L.

Moving to multiple dimensions To model sequences of discrete objects x0 “ x10 ¨ ¨ ¨xD0 , we
simply apply the forward process to each position xd0 independently. “Sample noisy xt" remains
the same, repeated for every d. The “infinitesimal flow” for each position is also independent: the
“Estimate ELBO” step also remains the same, repeated for every d and then summed across all d.
Therefore, in the “Predict de-noised x0” step we will predict x̃d0 “ qθpxd0|xt, tq for each d.

3



162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215

Under review as a conference paper at ICLR 2025

3.2 CHALLENGES COMPARING DOMAINS FOR DISCRETE DIFFUSION

Comparing diffusion models A practitioner much choose a forward process which will determine
how they train their diffusion model. For discrete diffusion, the forward process is mutation defined
with a rate matrix L; the form for L was derived in Campbell et al. (2022). This gives Alg. 1, where
x⃗0 is the indicator vector for the token x0, Dpλ1||λ2q “ λ1 log

λ1

λ2
´ λ1 ` λ2 is the KL divergence

between two Poisson distributions, ŵpx̃0q :“
ř

b x̃0bŵpbq, and 9τt is the derivative of τt. For Gaussian
diffusion, the forward process is Brownian motion on embeddings embpx0q P Rr; the form for L
was derived in Ho et al. (2020). This gives Alg. 2. Now, how can a practitioner compare how well
each model fits its data, and how can they leverage their expert knowledge when designing their
forward process? Unfortunately there is little infrastructure for answering these questions.

Algorithm 1 ELBO for discrete diffusion

1: Sample t „ Unifp0, 1q

2: Sample noisy xt:
3: Sample xt „ Categoricalpx⃗T0 e

τtLq

4: Predict de-noised x0:
5: Predict x̃0 “ qθpx0|xt, tq
6: Estimate ELBO:
7: ŵpbq “ p⃗bT eτtLqp1{⃗bT eτtLqT

8: L “
ř

b‰xt

LbÑxt 9τtD pŵpx0qbxt ||ŵpx̃0qbxtq

Algorithm 2 ELBO for Gaussian diffusion

1: Sample t „ Unifp0, 1q

2: Sample noisy xt:
3: Set xt “ e´τtembpx0q `

?
1 ´ e´2τtNp0, Iq

4: Predict de-noised x0:
5: Predict x̃0 “ qθpx0|xt, tq
6: Estimate ELBO:
7: L “ 9τte

´2τt

p1´e´2τt q2
}embpx0q ´ embpx̃0q}2

8:

Likelihood comparison We would like to compare the ELBOs ErLs of discrete and Gaussian diffusion,
but the later are infinity due to a singularity as t becomes small3. Practitioners must therefore choose
a minimum tmin

4. Formally this is equivalent to estimating an ELBO for log ppxtmin
q instead of

log ppx0q. However, ppxtmin
q is a continuous density, fundamentally a different object than the

probability of a discrete object ppx0q. Paradoxically, the values of the ELBOs of the two models are
often close suggesting they may nevertheless be formally comparable.

Hyperparameter comparison Discrete and Gaussian diffusion models are specified by hyperparame-
ters L and emb with vastly different interpretations: a matrix whose entry Lb1Ñb2 describes the rate
at which b1 mutates to b2, versus an embedding function emb that takes the alphabet into Euclidean
space Rr for some r (we write embpx̃0q as shorthand for

ř

b x̃0,bembpbq).

Stability of simplex diffusion Below we’ll also discuss simplicial diffusion which in principle
combines the combines the strengths of discrete and Gaussian diffusion. In practice, it is numerically
unstable and slow as Sample noisy xt involves “sampling from Jacobi diffusion processes [which] is
more expensive than commonly used SDEs”, and Estimate ELBO involves a calculation which “at
very small t tends to become very large and cause numerical issues” (Avdeyev et al., 2023).

Practical unification Currently, practitioners must commit to a qθpx0 | xt, tq trained on one these
three modalities before training, restricting their access to downstream algorithms. Ideally they could
avoid making this choice.

4 UNIFYING DISCRETE AND GAUSSIAN DIFFUSION

To build the infrastructure for comparing domains for discrete diffusion, we unify discrete and
Gaussian diffusion in a broader framework. Our results lead to better understanding of loss and
hyperparameter comparisons. In the following section we extend our framework to simplicial
diffusion.

3To see this, note at initialization }embpx0q ´ embpx̃0q}
2 is roughly a constant, and for the classical choice

τt “ ´ 1
2
logp1 ´ tq, the square error in Alg. 2 is weighted by 1

2t2
, so the loss is ≳

ş1

0
t´2dt “ 8; a different

choice of τt only acts as a change-of-variables, and therefore cannot make the loss finite.
4Some discrete diffusion models also have a singularity at t Ñ 0`, requiring one to specify a tmin (Campbell

et al., 2022; Lou et al., 2023). This is not the case for “schedule-conditioned” models, including masking,
partially explaining its popularity (Amin et al., 2025; Shi et al., 2024).
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Figure 2: Discrete diffusion with a large popu-
lation converges to Gaussian diffusion. With
ζ “ 1000, we show example trajectories px⃗tqt
that converge to approximate Gaussians near π⃗.

Algorithm 3 ELBO for ζ discrete diffusion

1: Sample t „ Unifp0, 1q

2: Sample noisy xt:
3: Sample x⃗t „ Multinomialpζ, x⃗T0 e

τtLq{ζ
4: Predict de-noised x0:
5: Predict x̃0 “ qθpx0 | x⃗t, tq
6: Estimate ELBO:
7: ŵpbq “ p⃗bT eτtLqp1{⃗bT eτtLqT

8: L “
ř

b‰b1

LbÑb1 9τtζx⃗tb1D pŵpx0qbb1 ||ŵpx̃0qbb1 q

4.1 UNIFICATION RESULT

Our idea is to represent each dimension of a sequence with ζ copies to get a sequence of sequences.

ex. for ζ “ 4, x0 “ A|C|C|T is represented as AAAA|CCCC|CCCC|TTTT.

Then each letter in each sequence is evolved by the mutation matrix L. When ζ “ 1 we get discrete
diffusion and we show that as ζ Ñ 8 we get Gaussian diffusion. Below we discuss the case where
x0 is a single letter / token, which can naturally be extended to a multi-dimensional diffusion model.

x⃗t on the simplex We will ultimately arrive at a Gaussian limit in Euclidean space, but we first
represent xt on the simplex. Above, xt was one of B tokens; now it’s one of Bζ sequences of B
tokens xt “ x

p1q

t ¨ ¨ ¨x
pζq

t . It can be generated by sampling each xpzq

t „ Categoricalpx⃗T0 e
τtLq. In

App. E.1 we note that the loss and target ppx0 | xt, tq do not depend on the order of xt. Therefore
we can represent xt as a normalized vector of counts x⃗t,b “ #tb in xtu{ζ . In App. E.1 we derive the
ELBO, giving Alg. 3 – differences to discrete diffusion in Alg. 1 are in blue.

Gaussian limit as ζ Ñ 8 The main idea of our proof below is that as ζ Ñ 8, trajectories converge
quickly to π⃗, the stationary distribution of L, and behave like Gaussians near π⃗ because of the central
limit theorem (Fig. 2). As ζ Ñ 8 we will zoom further and further into the neighbourhood of π
where the diffusion occurs – we move from diffusion on the simplex to diffusion in Euclidean space.
Our proof extends previous results in one-dimension (Stone, 1963), but uses more modern machinery;
interestingly, we see that in the multi-dimensional case, the relevant Gaussian diffusion occurs in a
subspace determined by the first eigenspace of L. 5.

Theorem 4.1. (Formal statement and proof in App. E.2) Call 0 ą ´λ1 ą ´λ2 ą . . . the eigenvalues
of L and P1 the projection onto the left eigenspace corresponding to λ1. Without loss of generality,
assume λ1 “ 16. For each ζ pick time dilation τ ζt “ 1

2 log
`

ζe´2τt ´ ζ ` 1
˘

and rescale x⃗ζt “
a

ζ ´ pζ ´ 1qe2τtpx⃗t ´ π⃗q{
?
π⃗. Define the embedding into RrankpP1q, Q1 “ j1pQ̃1Q̃

T
1 q´1{2Q̃1

where Q̃1 “ diagpπ⃗q´1{2P1diagpπ⃗q1{2 and j1 is any isometry from ImpQ̃1q Ñ RrankpP1q.

When ζ “ 1 we get discrete diffusion: τ ζt “ τt and x⃗ζt is only linearly transformed px⃗t ´ π⃗q{
?
π⃗.

When ζ Ñ 8, we get Gaussian diffusion in the first eigenspace:

• Only the first eigenspace has signal: the component of xζt in KerQ1 becomes independent
of x0.

• The paths pQ1x⃗
ζ
t qtPp0,1q converge in distribution to paths from Gaussian diffusion with time

dilation τt and embedding embpx0q “ Q1px⃗0{
?
π⃗q.

• The ELBO in Alg. 3 converges to the ELBO in Alg. 2.

5This is analogous to asymptotic methods that zoom into a point in a bounded space to get a limit in its
unbounded tangent plane (ex. chapter 20 of van der Vaart (1998))

6This assumption is for convenience. Rescale Lnew
“ 1

λ1
L and τnew

t “ λ1τt to get the same diffusion.
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Proof idea: As ζ Ñ 8, by the law of large numbers, x⃗t approaches x⃗T0 e
τtL which itself goes to the

stationary distribution of L. We can therefore decompose

x⃗t ´ π⃗ “ x⃗T0 e
τζt L ´ π⃗

looooomooooon

signal

` x⃗t ´ x⃗T0 e
τζt L

loooooomoooooon

noise

.

The “noise” term is x⃗t ´ Ex⃗t. Since xt is an average of ζ samples, by the central limit theorem, it is
approximately Gaussian with scale ζ´1{2 and independent of x0. The “signal” term therefore is what
allows us to predict x0.

The only relevant behaviour is that of the slowest-decaying eigenspaces of L: the top eigen-space
represents the convergence to π⃗ and cancels with ´π⃗, the next one is P1 with eigenvalue ´1, and all
others vanish quickly. Therefore the signal is approximately e´τζt P1x⃗0. This means

x⃗t ´ π⃗ « e´τζt P1x⃗0 `
1

?
ζ
N p0,Σq for some Σ.

Finally, choosing the right scaling and τ ζt gives us Gaussian diffusion. Most of the formal proof
involves checking regularity conditions. □

4.2 APPLICATION: UNDERSTANDING COMPARISONS OF LOSSES AND HYPERPARAMETERS

Figure 3: The hollow parame-
terization leads to realistic re-
verse path samples. ζ “ 300.

Loss comparison Thm. 4.1 suggests that there is virtually no dif-
ference to training a discrete diffusion model with ζ “ 10100 and
training Gaussian diffusion with Alg. 2 on a computer, suggesting
their ELBOs are comparable. Yet the limiting Gaussian ELBO is
infinite! Fig. 2 suggests why: paths from x⃗t have two phases, a
nearly deterministic phase at low t (Fig 2 left), and then a random
phase (Fig 2 right). Diffusion models reversing these paths should
therefore go through a random phase, until ppx0 | x⃗t, tq becomes
obvious, and then trace a deterministic path back to x0. How-
ever, at initialization, x0 is “never obvious” to the neural network
qθpx0 | x⃗t, tq, leading to mismatches to the deterministic paths in
samples (Fig. 3 “Random"). As ζ gets larger, the paths get more
deterministic, causing the singularity in the limit.

The practical solution is simple – weight the output of the neural network by the evidence for
each x0, qθpx0 | xt, tq9ppxt | x0, tqqθpx0q where ppxt | x0, tq “automatically handles” deciding
when x0 is obvious (Fig. 3 “Hollow”). This was suggested in the appendix of Austin et al. (2021)
as way to improve discrete diffusion models, but becomes important here as a way to build new
Gaussian diffusion models with formally comparable likelihoods7. Amin et al. (2025) showed that in
higher dimensions this becomes equivalent to using the “hollow” predictor8 qθpxd0 | xt, tq9ppxdt |

xd0, tqqθpxd0|x´d
t , tq where x´d

t is all positions except d. In App. E.3 we formally prove that the
hollow parametrization removes the singularity of the ELBO.

Figure 4: emb of amino
acids from BLOSUM L.
embpx0q from Thm. 4.1 for L
from Amin et al. (2025).

Hyperparameter comparison Thm. 4.1 gives us a formula for
emb determined by the slowest-decaying directions in L. App. E.4
also shows that every emb can be induced from some L. Remarkably,
this connection accommodates embeddings in different dimensions
Rr: r is determined by the dimension of the dominant eigenspace
of L. In Fig. 4 we show emb for the BLOSUM stochastic processes
for amino acids, and see it clusters similar amino acids together. The
practical implications are (1) one can sanity-check their designed
L by plotting its induced embeddings, and (2) discrete diffusion
offers a richer design space, as one can specify all the interacting
eigenspaces of L rather than just the dominant one, emb.

7Note the hollow parametrization is specific to discrete data where there are only finitely many possible x0.
8This does not require a change of architecture: the network can take in xt but must learn to disregard xd

t .
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5 UNIFYING SIMPLICIAL DIFFUSION

Now we add simplicial diffusion to our unification of discrete and Gaussian diffusion. Proving the
equivalence of the forward process: we add reproduction to our population of ζ letters and simply
refer to the well known result of Kimura (1955) from mathematical genetics. We also derive new
results on the limit of the ELBO and explore our connection with theory of mathematical genetics;
this will allow us to address the instabilities that plague simplicial diffusion models.

5.1 UNIFICATION RESULTS

The Wright-Fisher model We now allow our population of ζ to reproduce. The population is
swapped with a new generation at rate ζ (that is, a new generation occurs at ∆τ „ Expp1q{ζ)
and at each generation we create ζ “children” which pick a parent uniformly at random. Between
generations, individuals also mutate according L (Fig. 1a). We now ask what happens when ζ Ñ 8.

The limit of pppxtqtq Kimura (1955) was the first to derive the ζ Ñ 8 limit of the stochastic
process. Unlike the mutation-only case which zooms in to π⃗, this limiting distribution has paths that
travel throughout the simplex (Fig. 1b). This limit, often itself called “Wright-Fisher diffusion” is
exactly the forward process in simplicial diffusion (Avdeyev et al., 2023). Details are in App. E.5.1.
One biologically reasonable assumption past works make is a parent-independent mutation rate
matrix, that is, L “ ψ ˆ p1π⃗T ´ Iq for stationary distribution π⃗ and mutation rate ψ ą 0. This does
not restrict the design space of simplicial diffusion, which is specified by an intensity parameter ψ
and stationary distribution π⃗, so we make the same assumption.

The limit of the ELBO We derive the limit of the discrete diffusion ELBO. Remarkably, we get an
objective that matches “score functions” s⃗ like that heuristically derived in Avdeyev et al. (2023).

Theorem 5.1. (Proof in App. E.5.2) As ζ Ñ 8, the discrete diffusion objective in Alg. 1 converges to
the quantity in line 9 of Alg. 4.

The main idea of the proof is an application of a Taylor expansion and Stirling’s approximation; the
main challenge is handling of behaviour at the boundaries of the simplex and regularity conditions.

5.2 APPLICATION: FAST AND STABLE SIMPLICIAL DIFFUSION

We have unified simplicial diffusion with discrete and Gaussian diffusion, in particular allowing like-
lihood comparison, which will be crucial in the following section. Our unification also immediately
suggests a connection to the mathematical genetics literature. We now apply the solutions from that
literature to improve simplicial diffusion models. Many of the formulas are standard but long – we
save their statement and experimental validation to App. C.

Algorithm 4 ELBO for simplicial diffusion. Our changes to Avdeyev et al. (2023) are coloured.

1: Sample t „ Unifp0, 1q

2: Sample noisy xt:
3: Sample m „ Apψ, τtq with Alg. 5; if τt ă 0.05, use Alg. 6
4: Sample x⃗t „ Dirichletpψπ⃗ `mx⃗0q.
5: Predict de-noised x0:
6: Predict x̃0 “ qθpx0 | xt, tq
7: Estimate ELBO:
8: Compute s⃗px⃗t | x0, tq “ ∇xt log ppxt|x0, tq with Eqn. 2
9: L “ 9τt

2 }s⃗px⃗t | x0, tq ´ s⃗px̃t | x0, tq}2
diagpx⃗tq´x⃗tx⃗Tt

(this is an ELBO); if τt ă 0.05, use Eqn. 3

Sampling noisy xt Avdeyev et al. (2023) and Richemond et al. (2022) sample xt by costly and
approximate simulation from a stochastic differential equation (SDE). Instead, the suggestively titled
paper “Exact simulation of the Wright-Fisher diffusion” (Jenkins and Spanò, 2017) gives a fast
exact formula for the marginals xt. The algorithm samples x⃗t from a Dirichlet that is centred at the
stationary mutation distribution π⃗ when m “ 0 and becomes more concentrated around the signal x0
when m is larger. m itself is an integer sampled from a distribution Apψ, τtq that represents, going
back in time τt, how many ancestors the population descend from – it is small when τt is large, when
everyone descended from a handful of individuals from far back in time.
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Figure 5: Improved simplicial diffusion performs accurate conditional DNA generation. We
generate DNA samples of length 500 conditioned on accessibility with a classifier. (a) For an example
target, we plot predicted accessibility profiles at the centre 150 positions of 5 example samples from
each model. We smooth profiles with a bandwidth of 2. (b) For 1000 targets and 10 samples from
each model, we plot the error between the predicted and target profiles and its standard error.

Computing the loss For the loss, Avdeyev et al. (2023) derived a likelihood that involved calculating
the derivative the predictor qθpx0 | xt, tq making it too expensive to train on. They instead suggest
training a heuristically motivated loss matching the vector s⃗ to a ground truth. In Thm. 5.1 we
recognize this loss as an ELBO and derive the appropriate scaling 9τt

2 and metric diagpx⃗tq ´ x⃗tx⃗
T
t .

Low t behaviour Both the simulation ofApψ, τtq and the calculation of the gradients ∇xt log ppxt |

x0q involves an infinite series (Tavaré, 1984). Luckily the terms converge extremely fast. This is
not true however at low t, which is the primary cause of the instability of simplicial diffusion. This
instability is also well known in the genetics literature, with Griffiths (1984) emphatically stating that
using the infinite series at low t “produces nonsense from a computer.”

The solution at low t is to replace the series approximation, which gets worse with lower t, with a
central limit approximation for Apψ, τtq (Griffiths, 1984; Jenkins and Spanò, 2017) that improves
with lower t; this is analogous to how reflected diffusion models were made stable despite their
own infinite series expansion with the same problem Luo et al. (2022). We picked the τt ă 0.05
threshold as recommended by Jenkins and Spanò (2017). In App. C.3 we describe how to use this
approximation to also stabilize the loss computation.

State of the art DNA generation conditioned on a classifier Simplicial diffusion models are state
of the art tools for generating DNA conditioned on high-dimensional epigenetic properties (Avdeyev
et al., 2023); however they have recently been surpassed by flow-matching models (Stark et al.,
2024), which are more stable but sacrifice a closed-form ELBO and access to diffusion sampling
algorithms. Given our stability improvements above, we expect to be able to generate higher quality
sequences than previous methods. We fit the state of the art diffusion model (Avdeyev et al., 2023)
and flow-matching model (Stark et al., 2024) to DNA data (B “ 4) of length D “ 500; then we
generate samples from these models conditioned on achieving target “DNA accessibility profiles”.

First we see our model leads to a much better fit of the data. The diffusion model from Avdeyev et al.
(2023), was only able to achieve an average ELBO of 8 nats / position (12.7 before training), while a
trivial model which predict uniform letters in each position achieves 1.39. In contrast, our model
achieves an ELBO of 1.30. In Fig. 5 we also see our new model generates conditional samples with
profiles that much better match the target. Experimental details are in App. F.

6 PRACTICAL UNIFIED DIFFUSION MODELS

Our results show that diffusion, Gaussian and simplicial diffusion are three views of the same process.
But which view should a practitioner choose for their particular downstream task? Unfortunately,
there is limited theoretical infrastructure we can use to answer such a question.

Instead our theory provides a practical solution: leveraging our finding that these methods have
comparable likelihoods, we show through a particular parameter choice (Fig. 6), one can train a
single neural network that can perform diffusion on any domain at test time. In App. D we also show

8
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Figure 7: The sufficient statistic parametrization enables a single model to perform competitive
discrete, Gaussian, and simplicial diffusion. We compare individual models for each modality
with a single unified model using the SSP. (a) We train on proteins and measure sample quality by
predicted protein fold-ability (pLDDT). Each model was trained for the same amount of time. (b) We
train on language and measure sample quality using the perplexity of a much larger language model.
Each model was trained for 33 epochs.

this parameterization will also allow us to make any diffusion model time-invariant, explaining and
generalizing a celebrated property of masking diffusion.

6.1 THE SUFFICIENT STATISTIC PARAMETERIZATION (SSP)

The goal of a diffusion model is to predict xd0. To do so,
one must integrate over the unseen x´d

0 weighted by their
likelihood of producing the data x´d

t :

ppxd0 | x´d
t q “

ż

ppxd0 | x´d
0 qdppx´d

0 | x´d
t q.

We can summarize this “evidence” in the normalized vector
ϕ⃗pxd

1

t , tqb9ppxd
1

t | t, xd
1

0 “ bq (Fig. 6).
Some algebra shows that ϕ⃗’s are sufficient statistics, that
is, they contain all relevant information about the diffusion
process and t, leaving a regression task that invariant to both.

Figure 6: The sufficient statistic
parameterization represents x⃗t
from all diffusion models in the
same space.

Proposition 6.1. (Proof in App. E.7) There is a function F d, depending on ppx0q and not on the
diffusion process or t, such that

ppxd0 | x´d
t , tq “ F dpϕ⃗px⃗1t , tq, . . . , ϕ⃗px⃗Dt , tqq.

Therefore we can parametrize our neural network qθpxd0 | x´d
t , tq “ F dθ pϕ⃗px⃗1t , tq, . . . , ϕ⃗px⃗Dt , tqq for

a neural network F dθ that tries to learn the “universal” F d.

6.2 APPLICATION: UNIFIED DIFFUSION MODELS

Practitioners must commit upfront to the domain their diffusion occurs. The SSP instead enables
training a single neural network that can perform diffusion on any domain at test time: as long the
target distribution ppx0q remains constant the optimum F d remains the same. Furthermore, we’ve
shown above that the ELBOs of each modality are comparable, so we can train Fθ by alternating
minimizing the ELBO of a different modality in each batch.

We train discrete, Gaussian, and simplicial diffusion models on proteins and compare to a single
model trained using the SSP which alternates between discrete, Gaussian, and simplicial training
steps. We trained our models to approach the performance of state-of-the-art protein diffusion model
DPLM (Wang et al., 2024a) in likelihoods (2.36) and a “foldability” metric for samples (45.2) (Amin
et al., 2025). In Fig. 7 we see that a single SSP model trained on proteins for 48 hours is competitive
in perplexity and sample quality with three single-domain models each trained for the same amount
of time. We perform a similar experiment for discrete and Gaussian language models (simplicial
diffusion models are challenging to scale to a large vocabulary size of B « 3 ˆ 104) and see similar

9
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results; we also see the unified model training can even slightly improve sample quality. We trained
our language models for the same amount of time as a state-of-the-art diffusion language model (Lou
et al., 2023) matching its likelihood (SEDD uniform has an NLL of 3.70). Experimental details are in
App. F, another downstream task is tested in App. G.1, and we also repeat these results on MNIST
images in App. G.2.

7 CONCLUSION

Our theoretical and practical unification developed foundations that we used to improve simplicial
diffusion and avoid the need to choose a specific model at train time. However, the theory suggests a
number of other directions we have not yet explored.

Notable omissions from our presentation are reflected diffusion, flow matching, masking diffusion,
and diffusion with insertions and deletions. The later two can likely be easily accommodated with
previous theories unifying masking and uniform diffusion on one hand (Amin et al., 2025), and
substitution and insertion - deletion diffusion on the other (Johnson et al., 2021).

As well, our framework suggests new types of diffusion models “between” the three existing streams
of diffusion which we only use as a lens for understanding existing models. Implementing these
intermediate models may be of independent practical interest.

Finally, the SSP can be used to unify models beyond the three modalities. For instance it can be used
to train models across hyperparameter settings, or optimize hyperparameters without retraining. In
principle, the SSP can even be used to transfer a model to a modality it was not trained on.
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A EXTENDED RELATED WORK

We add more related work beyond those in Sec. 2.

Classical theories unifying discrete and continuous stochastic processes There is a long history
of deriving continuous limits of discrete processes, the “forward” processes of diffusion models.
Groundbreaking work by Stone (1963) derived Gaussian diffusion as a limit to biased one-dimensional
random walks. In one of the most celebrated results in mathematical genetics, Kimura (1955) also
derived a continuous limit of the Wright-Fisher process with non-zero reproduction. These models
were originally developed to describe the stochastic fluctuations of allele frequencies, also called
genetic drift. We (1) apply these results to understand and improve diffusion models, (2) also show
convergence of the ELBO of diffusion models, and, to our knowledge, (3) derive a new result – the
multi-dimensional Gaussian-diffusion limit of Wright-Fisher with zero reproductions – demonstrating
previously un-characterized behaviour dependent on the eigenspace of the mutation operator. Results
(2) and (3) are what allow us to compare likelihoods and hyperparameters.

Parameterizations of discrete diffusion models In diffusion, one uses a neural network to “denoise”
sequences; we call the choice of inputs and outputs of these neural networks the “parameterization”.
A number of works suggest superficially distinct, but ultimately equivalent parameterizations (Camp-
bell et al., 2022; Lou et al., 2023). Austin et al. (2021) however suggested a distinct parametrization
for discrete diffusion models by scaling the output of the neural network to “automatically” incor-
porate the information about the noised token about that particular location; we call this choice the
“hollow” parametrization for reasons discussed below. Zheng et al. (2024), Ou et al. (2024), and
Sahoo et al. (2024) suggested that masking diffusion enables a special choice of “time-invariant”
parametrization; in App. D our theory shows on the contrary that every diffusion model can be made
time-invariant.

Gaussian diffusion which appears as simplicial diffusion Han et al. (2022); Mahabadi et al.
(2023); Shabalin et al. (2025), and Floto et al. (2023) suggest a stable diffusion model on the simplex
by applying softmax to Gaussian diffusion and using Itô’s theorem. This parameterization is stable
because forward and backward diffusion can occur as Gaussian diffusion in the logit-space. Lou
and Ermon (2023) has a similar idea, swapping the softmax for an asymmetric transformation and
Gaussian diffusion with reflected Gaussian diffusion. With these simplifications however, the process
is exactly (reflected) Gaussian diffusion except the input to the neural network is transformed onto
a simplex; in particular, it doesn’t interact with the topology of the simplex. In other words, this
implements simplicial diffusion in the parametrization of the neural network, but not in the sampling
or loss computation.

Another unification theory Li et al. (2025) looked at Gaussian diffusion with a generalized noising
strategy; they noted a special case resembled masking diffusion. However the training procedure and
ELBO of this special case are distinct from standard masking diffusion (Shi et al., 2024).

Diffusion models for discrete and sequential data Zhang et al. (2024) connect diffusion with the
evolution process to suggest an optimization algorithm, but do not formally establish connections with
biological evolution. In contrast, our work makes this connection explicit. Recent work has explored
various approaches to applying diffusion models to discrete domains: Eijkelboom et al. (2024)
propose using Gaussian diffusion for categorical data by constraining the clean data distribution to
the simplex hyperplane and training using cross entropy, while Li et al. (2024) achieve state-of-the-art
results in large-scale DNA generation by combining autoregressive and discrete diffusion.

B MATHEMATICAL ERROR IN SAHOO ET AL. (2025)
In Theorem 3.1, Sahoo et al. (2025) shows that the ELBO of a discrete diffusion model is always
tighter than that of a Gaussian diffusion model. In its proof, with wt from Gaussian diffusion,
zt “ argmaxpwtq, and x “ z0 “ w0, they state “Since the transition zt Ñ zs is Markov, we get:
qpzs | wt, zt, xq “ qpzs | zt, xq”. Putting aside the correctness of this statement, it is clear that the
proof as stated requires the Markov property of pztqt.

The way the Markov property is shown is as follows. They first define a discrete diffusion model, let’s
call this pz̃tqt, such that z̃0 comes from the data distribution and z̃ evolves with respect to a uniform
forward process with rate parameter βptq chosen such that the marginals match ppzt|z0q “ ppz̃t|z̃0q.
In Eqn. 29 they compute d

dtppzt|z0q and in Eqn. 32 they compute d
dtppz̃t|z̃0q for all starting points
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and show they are identical. After noting the equivalence of equations 29 and 32, they state "This
pmf and the ODE are the unique signatures of a Uniform-state discrete diffusion process (Lou et al.,
2023; Schiff et al., 2025)." and from this conclude that the path distributions of pz̃tqt and pztqt are
equivalent, and in particular, that pztqt is Markov9.

However, despite a similar result for Markov chains (two Markov processes with identical semi-
groups are equivalent), ppzt|z0q “ ppz̃t|z̃0q and d

dtppzt|z0q “ d
dtppz̃t|z̃0q for all starting points is not

enough to conclude the identity of the path distributions pppztqt|z0q “ pppz̃tqt|z̃0q. First note that
d
dtppzt|z0q “ d

dtppz̃t|z̃0q is not an independent condition: it follows from ppzt|z0q “ ppz̃t|z̃0q. Next
consider this counter example:

• z̃0 “ 1 and pz̃tqt evolves by switching sign with rate 1. Therefore ppz̃t “ 0q “ 1 ´ 1
2e

´2t.

• z0 “ 1 and pztqt has a 50% chance to stay at 0 forever and a 50% chance to swap sign
at time ´ 1

2 logU for a U „ Uniform and never again. Therefore ppz̃t “ 1q “ 1
2 p1 `

pp´ 1
2 log Uniform ą tqq “ 1 ´ 1

2e
´2t.

• When z0 “ ´1 or z̃0 “ ´1, then swap signs.

We have ppzt|z0q “ ppz̃t|z0q for all z0 and therefore d
dtppzt|z0q “ d

dtppz̃t|z0q but clearly pppztqtq ‰

pppz̃tqtq.

Simple computer simulations indeed show that pppargmaxpwtqqtq and pppz̃tqtq are different. We
show this in Fig. 8. Indeed a statistical test applied to these simulations shows pppargmaxpwtqqtq ‰

pppz̃tqtq: a Mann-Whitney test shows that the paths of the argmax of Gaussian diffusion have more
transitions that those of discrete diffusion with p ă 10´300.

Figure 8: The argmax of Gaussian diffusion appears different from discrete diffusion in sim-
ulation, despite having the same marginals. We compare example paths of pppargmaxpwtqqtq

(left, red; we show Gaussian diffusion wt in grey), pppz̃tqtq for uniform discrete diffusion (centre,
blue), and their empirical marginals over 10’000 simulations (right); we simulate using a grid size of
0.0001. Note the two processes have the same marginals but their paths appear different; in particular,
whenever wt is near 0, pargmaxpwtqqt undergoes a very large number of transitions in a small time10.

C WRIGHT-FISHER SAMPLING AND SCORE CALCULATIONS

Here we discuss the details of the methods in Sec. 5. Note, just like App. E.1, we can deal with x⃗t
rather than the actual sequences xt. In App. C.1 we discuss details about our algorithms, in particular

9This interpretation of the text was confirmed in personal communication with the first author of Sahoo et al.
(2025)

10Indeed, noting the self-similarity of Brownian motion, one can show that, conditioned on wt “ 0, with
probability 1 pztqt makes infinitely many transitions in the interval rt, t ` ϵq for any ϵ ą 0. The probability of
infinitely many transitions in a bounded interval for discrete diffusion however is 0.
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how to sample form Apψ, τtq and calculate the functions s⃗pv⃗ | x0q. In App. C.2 we discuss the
computational complexity and stability of these algorithms in theory and in experiment. In App. C.3
we discuss how we sample and calculate the ELBO at low t. Finally, in App. C.4 we discuss our
condiitonal sampling procedure.

We also note two more differences between our method and that of Avdeyev et al. (2023):

• Our neural network directly predicts x⃗0 rather than the “score” s⃗.

• As described in App. E.5.1, we use the natural permutation-symmetric “multi-allelic” exten-
sion to the 1D SDE when B ą 2, while they use a stick-breaking procedure.

• We use high-precision operations to calculate large alternating series accurately, as described
in App. C.2.

C.1 ALGORITHM DETAILS

Sample noisy xt We’ve discussed the algorithm from Jenkins and Spanò (2017) in the main text.
We now present their algorithm for sampling from Apψ, τtq.

Algorithm 5 Exact sampling from ancestral process Apψ, τtq

1: Define coefficients: cψkm “
p2k`ψ´1qpψ`mqpk´1q

m!pk´mq! e´kpk`ψ´1qτt{2 for k ě m

2: Sample U „ Uniformr0, 1s

3: Initialize M Ð 0
4: Initialize an empty vector k⃗ “ pq

5: while True do
6: Find kM ě M such that cψ

pkM`1qM ă cψkMM
7: Make kM even: kM Ð 2rkM{2s

8: Update lower bound: S´ Ð S´ `
řkM`1
k“M p´1qk´McψkM

9: Update upper bound: S` Ð S` `
řkM
k“M p´1qk´McψkM

10: Update k⃗ “ pk0, . . . , kM´1, kM q

11: while S´ ă U ă S` do
12: Update lower bound: S´ Ð S´ `

řM
m“0pcψ

pkm`2qm ´ cψ
pkm`3qmq

13: Update upper bound: S` Ð S´ `
řM
m“0p´cψ

pkm`1qm ` cψ
pkm`2qmq

14: Update k⃗ “ k⃗ ` p2, . . . , 2q

15: end while
16: if S´ ą U then
17: return m “ M
18: else if S` ă U then
19: M Ð M ` 1
20: end if
21: end while

Compute loss We present a formula for s⃗pv⃗ | x0, tq “ ∇ log ppx⃗t | x0, tq|v⃗ to enable computation
of the loss. Avdeyev et al. (2023) computed these scores using a previously determined result with
B “ 2 then generalizing to higher dimensions with their stick-breaking procedure and a change of
variables. We are instead able to derive it directly from first principles.

There are two infinite series which will be important,

Gψpτ, x0, x⃗tq “ 1 `

8
ÿ

k“1

p´1qkaψk pτ, πx0
, x⃗t,x0

q

Fψpτ, x0, x⃗tq “ 1 `

8
ÿ

k“1

p´1qkbψk pτ, πx0
, x⃗t,x0

q
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where

aψk pτ, πx0 , x⃗t,x0q “ e´
kpk`ψ´1qτ

2
p2k ` ψ ´ 1qpψqpk´1q

k!
2F1p´k, ψ ` k ´ 1;ψπx0

; x⃗t,x0
q

bψk pτ, πx0 , x⃗t,x0q “ e´
kpk`ψ`1qτ

2
pψqpkq

k!

p2k ` ψ ` 1qpψ ` kq

pψ ` 1qψ
2F1p´k, ψ ` k ` 1;ψπx0 ` 1; x⃗t,x0q

where 2F1 is the hypergeometric function. Although these look complicated, in practice, most terms
in the numerators and denominator of a and b nearly cancel to 1, and, when t is not too small,
e´kpk`ψ`1qτ{2 decays extremely quickly.

Using the results in Tavaré (1984) we compute s⃗pv⃗ | x0q in terms of these series. Since we’re only
interested in differences for calculating the ELBO, s⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tq we ignore constants not
depending on x0.

Proposition C.1. (Proof in App. E.6)

ppx⃗t | x0, tq “ Dirichletpπψqpx⃗tqGψpτt, x0, v⃗q.

For c⃗pv⃗q “ ∇ logDirichletpπψqpx⃗tq “ pψπ⃗ ´ 1q{x⃗t which does not depend on x0,

s⃗pv⃗ | x0, tq “ c⃗pv⃗q ` x⃗0wpx0, v⃗q (2)

where

wpx0, v⃗q “
e´ψτt{2pψ ` 1q

πpx0q

Fψpτt, x0, v⃗q

Gψpτt, x0, v⃗q
.

With the hollow parameterization, calling w⃗b “ wpbq, we get

s⃗pv⃗ | x̃0, tqb “ c⃗pv⃗qb `
e´ψτt{2pψ ` 1q

πpx0q

x̃0,bFψpτt, b, v⃗q
ř

b1 x̃0,bGψpτt, b1, v⃗q
.

C.2 COMPUTATIONAL COMPLEXITY AND STABILITY

Numerical stability Sampling from Apψ, τtq and calculating Gψ and Fψ involve alternating
series of many terms which vary by many orders of magnitude, and cancel out leaving very small
residuals – known as “catastrophic cancellation”. To calculate these accurately, we may need higher
precision than provided by float64; we perform any high precision calculations using the mpmath
library Johansson and Others (2010). Avdeyev et al. (2023) did not use high precision in their
calculations, potentially introducing errors and instability to their loss computation.

We perform all calculations at float64 to take advantage of parallel GPU computations, estimate
the error of each computation using a condition number and recompute just those terms with condition
number above a threshold in mpmath on a CPU. In practice, we only need to perform calculations at
high precision for small t, before we switch to the “low time regimen” τt ă 0.05 where we switch tot
he Griffiths approximation.

The condition number of a series a1 ` a2 ` ¨ ¨ ¨ ` aM is defined as η “
ř

m |am|{|
ř

m am|; one can
estimate the error of their summation at finite precision by

error « η ˆ precision.

When there is catastrophic cancellation, the denominator in the definition of η will be very large, rep-
resenting that error might be high. To estimate η, we keep track of ˜ř

m|am| ( ˜
ř

representing our finite-
precision summation) and estimate η « ˜ř

m|am|{| ˜
ř

mam|. If η ą desired error{float 64 precision “

10´6 ˆ 252, then we recompute at higher precision.

Sampling The complexity for sampling x⃗t involves (1) Opmq for sampling m, which is Op1{τtq
in expectation (see App. C.3), and (2) OpBq time for sampling x⃗t from a Dirichlet. Crucially, the
complex calculations involving an infinite series occur in (1) and are independent of the alphabet size
B. Comparatively, sampling from the SDE requires OpBT {∆tq compute. A higher ∆t will decrease
compute but lead to lower-fidelity samples, especially at low t where even small fluctuations in xt can
lead to instability. We also parallelize the computations in Alg. 5 to benefit from GPU acceleration.
The result is that, except when we must switch to high precision, our sampling procedure is much
faster than that using an SDE (Fig. 9a), and much more stable at low τ (Fig. 9b).

17



918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Under review as a conference paper at ICLR 2025

(a) Fast sampling (b) Stable sampling (c) Fast and stable loss calculation

Figure 9: Leveraging mathematical genetics literature, we build fast and stable simplicial
diffusion. (a) We plot the time it takes to sample a sequence of D “ 500 using an SDE, versus our
exact sampling for various values of t on an A100 80GB GPU. We threshold switching to the Griffiths
approximation at τt “ 0.1. (b) For τ “ 0.1 and B “ 3 we sample 3 ˆ 107 points from the exact
sampling method, Griffith’s approximation, and using an SDE with 25 steps as used in Avdeyev
et al. (2023). We then perform density estimates of these data and plot the error to the exact samples.
We plot a ˆ6 zoom into the vertex A. We see the SDE struggles to sample near the corner. We use
ψ “ 3, π⃗ “ r0.25, 0.4, 0.35s (c) We plot the accuracy of our approximation of the infinite series
Gψpτ, x0, x⃗tq including different numbers of terms for various values of τ P r0, 0.2s. We choose
ψ “ B “ 4 and π⃗ uniform, and plot the relative error for two values of x⃗t,x0 . We only use the series
approximation for τ ě 0.05 (grey), which allows us to only use 80 terms. Meanwhile (Avdeyev et al.,
2023) used 1000 terms to accommodate smaller τ (red). Our error threshold is 10´6.

Loss computation The complexity for computing the loss involves (1) OpBkmaxq computations
for the series Fψ and Gψ, and (2) OpBq computations for computing the loss given the vectors s⃗.
Crucially, the complex calculations involving an infinite series occur in (1) and can be parallelized
across B allowing massive acceleration on GPU. kmax should become very large as t becomes small,
leading (Avdeyev et al., 2023) to choose kmax “ 1000. Instead we only use the series computation
for τ ě 0.05, allowing us to use kmax “ 80 (Fig. 9c), and compute a OpBq ELBO for τ ă 0.05 in
App. C.3.

C.3 LOW TIME REGIMEN

When t is small, sampling from Apψ, τtq or calculating Gψ, Fψ become unstable and can require
unbounded compute. Griffiths (1984) suggested a Gaussian approximation for Apψ, τtq which we
will also use for deriving stable approximations of s⃗pv⃗ | x0, tq which require bounded compute.

Sample noisy xt We copy the following from Jenkins and Spanò (2017). Note compute does not
scale with τt.

Algorithm 6 Sampling from ancestral process Apψ, τtq - Low t approximation

1: Set β Ð 1
2 pψ ´ 1qτt

2: if β ‰ 0 then
3: Set η Ð β{peβ ´ 1q

4: Set µ Ð
2η
τt

5: Set σ2 Ð
2η
τt

pη ` βq
2

´

1 `
η

η`β ´ 2η
¯

β´2

6: else
7: Set µ Ð 2

τt

8: Set σ2 Ð 2
3τt

9: end if
10: Sample Z „ N pµ, σ2q

11: return m “ maxp0, tZ ` 0.5uq Ź Round to nearest non-negative integer

Compute loss The loss in this regimen, even with the Griffiths approximation, becomes intractable;
instead we use the Griffiths approximation to simply bound the loss.
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When t is small, x0 is almost always b˚ “ argmaxbx⃗t,b. We therefore set x̃0 “ δb˚ . In practice, in
our protein setting, we only see b˚ ‰ argmaxbx⃗t,b with τt ă 0.05 at a rate of less than 1 in 7 ˆ 107.
Since x0 ‰ b˚ is so rare we only aim to find a loose bound. Calling v⃗ “ x⃗t we bound the loss by

L ď
9τt
2

p}s⃗pv⃗ | x0, tq ´ c⃗pv⃗q}Diagpv⃗q´v⃗v⃗T ` }s⃗pv⃗ | b˚, tq ´ c⃗pv⃗q}Diagpv⃗q´v⃗v⃗T q2

“
9τt
2

pwpx0, v⃗q
a

v⃗x0 ` wpb˚, v⃗q
a

v⃗b˚ q2.

In the next proposition we give an alternate formula for wpx0, v⃗q which will allow us to Griffith’s
approximation and a saddle point approximation to estimate wpb˚, v⃗q. It will also allow us to bound
wpx0, v⃗q. To our knowledge, this strategy is original.

Proposition C.2.
wpx0, v⃗q “ v⃗´1

x0
Ẽv⃗x0 ,π⃗x0mt

where Ẽv⃗x0 ,π⃗x0 is over the weighted, normalized distribution ppApψ, τtq “ mtq
pψqpmtq

pψπx0 qpmtq
v⃗mtx0

.

Proof. Inspection of first expression of the proof of Prop. C.1.

We can now bound wpx0, v⃗q _ wpb˚, v⃗q ď v⃗´1
x0

Ẽ1,pmt where p “ π⃗x0
^ π⃗b˚ . Therefore, we get

L ď 2 9τtv⃗
´1
x0

pẼ1,pmtq
2. (3)

Now we only need to calculate Ẽ1,pmt; to do so we apply a saddle point approximation to Griffith’s
approximation to get Eqn. 4 below. Note compute does not scale with τt.

Saddle point approximation Let’s take the Griffiths approx as t becomes small, so wt „ Npµ, σq

where µ, σ are form Alg. 6. We can use a Stirling approximation to get

pψqpmtq

pψpqpmtq
9p1 `Op1{mqq

ˆ

1 `
p1 ´ pqψ

ψp`mt ´ 1

˙pψp`mt´1q`1{2

pψ `mt ´ 1qp1´pqψ

“p1 `Op1{mqqpψ `mt ´ 1qp1´pqψ.

We take a saddle point approximation of Ẽ1,pmt, i.e. take its value as the maximizer of the approxi-
mate log likelihood

C ´
1

2σ2
pmt ´ µq2 ` p1 ´ pqψ logpψ `mt ´ 1q `Op1{mtq.

We therefore get the approximation

Ẽ1,pmt «

´

pµ´ pψ ´ 1qq `
a

pµ` pψ ´ 1qq2 ` 4p1 ´ pqψσ2
¯

{2. (4)

Noting mt „ τ´1
t , this approximation has relative error roughly Opτ2t q. And as τt Ñ 0, µ „ τ´1

t

and σ „ τ´1{2 so
Ẽ1,pmt « µ « 2{τt.

C.4 TIME REVERSAL SDE
Reversing the SDE Eqn. 5 using the result of Anderson (1982), we get

dz⃗τ “

ˆ

ψ

2
pπ⃗ ´ z⃗τ q ´Bp1{B ´ z⃗τ q ´

`

diagpz⃗τ q ´ z⃗τ z⃗
T
τ

˘

∇ log ppx⃗t | tq

˙

dτ

` diag
´

a

z⃗τ

¯ ´

I ´
a

z⃗τ
a

z⃗τ
T

¯

dW⃗τ

where z⃗τt “ x⃗t. s⃗px⃗t | x̃0, tq approximates Ex0|x⃗t log ppx⃗t | x0, tq “ ∇ log ppx⃗t | tq, meaning we
can substitute it into the place of ∇ log ppx⃗t | tq. We sample by discretizing this SDE and sampling
backwards.

To perform classifier guidance conditioning on a variable y, we can add ∇ log ppy | xtq to
s⃗px⃗t | x̃0, tq. In practice, we perform the classic one-step approximation ∇ log ppy | xtq «

∇ logEx0„qθpx0|xt,tqppy | x0q. If we have a classifier fpx0q “ ppy | x0q then we approximate
Ex0„qθpx0|xt,tqppy | x0q using the “one-shot” prediction fpx̃0q.
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D TIME-INVARIANT DISCRETE DIFFUSION MODELS

Zheng et al. (2024), Ou et al. (2024), and Sahoo et al. (2024) noted that for masking diffusion, it is
not necessary to pass t to the neural network – it has “time-invariant" parametrization. Zheng et al.
(2024) suggests this makes masking models a fundamentally different object than other diffusion
models: “we reveal that both training and sampling of [masked models] are theoretically free from the
time variable, arguably the key signature of diffusion models, and are instead equivalent to masked
models.” Our sufficient-statistic parameterization shows on the contrary that every diffusion model
can be made time-invariant by a choice of parameterization, with masking as a special case.

Does this suggest that every diffusion may perform as well as masking diffusion after this choice of
parameterization? Amin et al. (2025) suggests that masking performs well not because of its choice
of parameterization, but because of “schedule conditioning”.

Time-invariance is a function of parameterization: Masking is time-invariant due to a choice of
parametrization. To see this, imagine applying a time-dependent rotation to each xdt ; we are essentially
performing the same diffusion but now must also pass t to qθ so it can “undo” the transformation. The
ϕ⃗ can be thought of as automatically transforming xt so F d is independent of time in any diffusion
model.

Masking uses SSP: Indeed the SSP of masking diffusion, ϕ⃗pxdt , tq “ δxt if xt ‰ mask and
ϕ⃗pxdt , tq “ r 1

B , . . . ,
1
B s otherwise, is exactly the canonical parametrization. Thus the time-invariance

of masking isn’t special – rather masking’s most convenient parametrization happens to be the SSP.

E THEORETICAL RESULTS

E.1 MUTATION POPULATION DISCRETE DIFFUSION LOSS

In this appendix we derive Alg. 3 by showing it is equivalent to Alg. 1. Namely, we assume D “ 1
and xt is a sequence of length ζ and show

• Predict de-noised x0: the target of qθpx0 | xt, tq, ppx0 | xt, tq, only depends on the
vectorized x⃗t.

• Compute loss: L “
ř

x1‰xt
Lx1Ñxt 9τtD

ˆ

ppx1
|x0,tq

ppxt|x0,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppx1
|x̃0,tq

ppxt|x̃0,tq

˙

is equivalent to the form

in Alg 3.

Given prediction and loss computation only depend on x⃗t, we can also replace sampling xt with just
sampling x⃗t „ Multpζ, x⃗T0 e

τtLq{ζ, giving Alg. 3.

Predict de-noised x0 Simply note

ppx0 | xt, tq9ppx0qppxt | x0, tq

“ppx0q

ζ
ź

z“0

px⃗T0 e
τtLq

x
pzq
t

“ppx0q

B
ź

b“1

px⃗T0 e
τtLq

ζx⃗t,b
b .

Compute loss For sequences x ‰ x of length ζ which differ in exactly one position, say xpzq “ b ‰

b1 “ x1pzq, then LxÑx1 “ LbÑb1 and for every x0

ppx1 | x0, tq

ppx | x0, tq
“
x⃗0e

τtLb⃗1

x⃗0eτtLb⃗
.
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If x, x1 differ in more than one position, then LxÑx1 “ 0. Call xrz,bs

t a sequence which has all the
same letters as xt except has b in position z. Then calling p⃗ “ x⃗T0 e

τtL and q⃗ “ x̃T0 e
τtL,

L “
ÿ

x1‰xt

Lx1Ñxt 9τtD
ˆ

ppx1 | x0, tq

ppxt | x0, tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppx1 | x̃0, tq

ppxt | x̃0, tq

˙

“

ζ
ÿ

z“0

ÿ

b1‰x
pzq
t

L
b1Ñx

pzq
t

9τtD

˜

p⃗b1

p⃗
x

pzq
t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q⃗b1

q⃗
x

pzq
t

¸

“
ÿ

b

#tz | x
pzq

t “ bu
ÿ

b1‰b

Lb1Ñb 9τtD
ˆ

p⃗b1

p⃗b

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q⃗b1

q⃗b

˙

“
ÿ

b1‰b

Lb1Ñb 9τtζx⃗t,bD
ˆ

p⃗b1

p⃗b

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q⃗b1

q⃗b

˙

.

E.2 PROOF OF GAUSSIAN CONVERGENCE

Our formal statement of the theorem adds some mild positivity assumptions for τ , π and P1 which
are satisfied by any reasonable choice of τ and almost every choice of L. It is also more specific
about the limiting behaviour of x⃗ζt in non-dominant eigenspaces: we also limit to Gaussian diffusion,
but with meaningless embeddings sampled from random Gaussian vectors independent of x0.

Let us interpret the embedding Q1. In the case that L is doubly stochastic, or reversible,
π “ r 1

B , . . . ,
1
B s and L is symmetric; in this case Q1 “ j1P1 is just the orthogonal projec-

tion onto the dominant eigenspace. In the more general case that L satisfies detailed balance,
pdiagpπq1{2Ldiagpπq´1{2qij “

b

πi
πj
Lij is symmetric so Q̃1 is the orthogonal projection onto the

dominant eigenspace of the “symmetrized” generator.

In more general cases, we don’t get a symmetrized operator or an orthogonal projection Q̃1, so
we must “correct” for this with the adjustment pQ̃1Q̃

T
1 q´1{2Q̃1 which makes QT1Q1 an orthogonal

projection.

Theorem E.1. (Formal statement and proof of Thm. 4.1) Call ´λ1 ą ´λ2 ą . . . the negative
eigenvalues of L and P1, P2, . . . the projections onto the corresponding left eigen-space. Without
loss of generality, assume λ1 “ 1. Assume 9τt is bounded on every compact interval of p0, 1q,
πb ą 0 and P1⃗b ‰ 0 for all b and P1⃗b ‰ P1⃗b

1 for any b ‰ b1. For each ζ pick time dilation τ ζt “
1
2 log

`

ζe2τt ´ ζ ` 1
˘

and rescale x⃗ζt “
a

ζ ´ pζ ´ 1qe´2τtpx⃗t ´ πq{
?
π. Define the embedding

into RrankpPiq, Qi “ jipQ̃iQ̃
T
i q´1{2Q̃i where Q̃i “ diagpπq´1{2Pidiagpπq1{2 and ji is any isometry

from ImpQ̃iq Ñ RrankpPiq.

Fix an x0.

• (Path convergence) Call pz⃗tq
1
t“0 the paths with z⃗0 “ Q1px⃗0{

?
πq evolving under the

Ornstein-Uhlenbeck process

dz̃τ “ ´z̃τdτ `
?
2dWτ

for a Brownian motion pWτ q8
τ“0 and call z⃗t “ z̃τt . Then pQ1x⃗

ζ
t qtPp0,1q converges in

distribution to pz⃗tqtPp0,1q in the sense of Lem. E.8.

• (Convergence of non-dominant directions) The component of x⃗ζt in KerQ1 is
ř

ią1 Q̃ix⃗
ζ
t .

Each component pQix⃗
ζ
t qt also converges to a Gaussian diffusion independent of x⃗0 with

modified time-dilation and scaling: call pz⃗tq
1
t“0 the paths with z⃗0 „ N p0, Iq independent of

x0 evolving, forward and backward on p´8,8q, under the stationary Ornstein-Uhlenbeck
process

dz̃τ “ ´z̃τdτ `
?
2dWτ

for a Brownian motion pWτ q8
τ“0 and call z⃗t “ z̃

τ
piq
t

where τ piq
t “ λi

2 logpe2τt ´ 1q. Then

pp1 ´ e´2τtq´1{2Qix⃗
ζ
t qtPp0,1q ⇝ pz⃗tqtPp0,1q.
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• Call the ELBO in Alg. 3

Lpx⃗ζt , t, x⃗0, x̃0q “
ÿ

b1‰b2

Lb2Ñb1 9τ ζt ζx⃗t,b1px⃗ζt qD pŵpx0qb2,b1 ||ŵpx̃0qb2,b1q

where x⃗t,b1pv⃗q is the inverse of the transform from x⃗t,b1 to x⃗ζt,b1 . Then, for all v⃗, t, x⃗0, x̃0

Lpv⃗, t, x⃗0, x̃0q Ñ
9τte

´2τt

p1 ´ e´2τtq2
}embpx0q ´ embpx̃0q}

2
,

the ELBO in Alg. 2, which, in particular, is independent of the value of v⃗.

Proof. We prove the convergence of paths using Lem. E.8 which makes use of standard techniques.
We break the proof up into four sections: the first three verify the conditions of Lem. E.8 and the last
shows the convergence of the ELBO.

Part 1. Convergence of Marginals: Note

z⃗t „ e´τt z⃗0 `
a

1 ´ e´2τtN p0, Iq.

We want to prove convergence to this quantity. Note, writing Mult for a multinomial distribution,

x⃗ζt „

a

ζ ´ pζ ´ 1qe´2τt

ζ

´

Multpζ, x⃗T0 e
τζt Lq ´ ζπ⃗

¯

{
?
π⃗

“p1 ` op1qq
a

1 ´ e´2τt

´

ζ´1{2pMultpζ, x⃗T0 e
τζt Lq ´ x⃗T0 e

τζt Lq ` ζ1{2px⃗T0 e
τζt L ´ π⃗q

¯

{
?
π⃗.

The second term is
a

1 ´ e´2τtζ1{2px⃗T0 e
τζt L ´ π⃗q “

a

1 ´ e´2τt
ÿ

i

ζ1{2e´λiτ
ζ
t Pix⃗0

“
ÿ

i

ˆ

ζp1 ´ e´2τtq

pζpe2τt ´ 1q ` 1qλi

˙1{2

Pix⃗0

Ñe´τtP1x⃗0.

For the first term, we need a “uniform” central limit theorem as the underlying distribution changes
with ζ because of x⃗T0 e

τζt L. Lem. E.9 shows that ζ´1{2pMultpζ, x⃗T0 e
τζt Lq ´ x⃗T0 e

τζt Lq approaches
N p0,diagpp⃗tq ´ p⃗tp⃗

T
t q for p⃗t “ x⃗T0 e

τζt L, which itself approaches π⃗ as τ ζt Ñ 8. Therefore the first
term, divided by

?
π⃗ approaches

a

1 ´ e´2τtN
´

0, I ´
?
π⃗

?
π⃗
T

¯

.

Note Q̃i
?
π⃗ “

?
π⃗

´1
Piπ⃗ “ 0 for each i and, for i ą 1, Q̃ipP1x⃗0{

?
π⃗q “

?
π⃗

´1
PiP1x⃗0 “ 0.

Therefore, as desired,

Q1x
ζ
t ⇝

a

1 ´ e´2τtN p0, Iq ` e´τtembpx0q,

and for i ą 1,
p1 ´ e´2τtq´1{2Qix

ζ
t ⇝ N p0, Iq .

Part 2. Local uniform convergence of conditionals: Note

z⃗t|z⃗s „ e´pτt´τsqz⃗s `
a

1 ´ e´2pτt´τsqN p0, Iq.

We want to prove convergence to this quantity. Note

x⃗t|x⃗s „
ÿ

b

Multpζx⃗s,b, b⃗
T epτζt ´τζs qLq{ζ

where x⃗t “
?
π ˝ x⃗ζt {

a

ζ ´ pζ ´ 1qe´2τt ` π are the “unscaled” versions of the vector and x⃗s is
similar. It will be convenient below to extend this definition to x⃗ζs for which ζx⃗s,b are not integers,
but which still satisfy

ř

b

?
πbx⃗

ζ
t,b “ 0. To do so, we just round ζx⃗s,b down to tζx⃗s,bu.
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Fix v⃗. We now show x⃗ζt |x⃗ζs “ v⃗ ⇝ z⃗t|z⃗s “ v⃗; a very similar argument also shows x⃗ζt ⇝ z⃗t. Call x⃗ζ

a variable distributed as x⃗ζt |x⃗ζs “ v⃗, so, calling

wζt “

a

ζ ´ pζ ´ 1qe´2τt

ζ
,

Nζ
s,b “

?
πbv⃗b{w

ζ
s ` ζπb,

Cζt,b „ Mult
´Y

Nζ
s,b

]

, b⃗T epτζt ´τζs qL
¯

independent across b,

then

x⃗ζt „wζt

˜

ÿ

b

Cζt,b ´ ζπ

¸

{
?
π

“wζt

˜

ÿ

b

”

pCζt,b ´Nζ
s,bb⃗

T epτζt ´τζs qLq `Nζ
s,bp⃗b

T epτζt ´τζs qL ´ πq

ı

¸

{
?
π

noting
ř

b p
ζ
t,b “ ζ. This is exactly the “noise, signal” breakdown we had in the proof sketch.

For the signal (second term), first note

ÿ

b

πbp⃗b
T epτζt ´τζs qL ´ π⃗q “ π⃗T epτζt ´τζs qL ´ π⃗ “ 0,

so, ignoring the π term in Nζ
s,b the second term is

wt
ws

˜

ÿ

b

?
πbv⃗bp⃗b

T epτζt ´τζs qL ´ π⃗q

¸

{
?
π “

wt
ws

´

p
?
π ˝ v⃗qT epτζt ´τζs qL

¯

{
?
π

“p1 ` op1qq
ÿ

i

ˆ

1 ´ e´2τs

1 ´ e´2τt

˙pλi´1q{2

e´λipτt´τsqQ̃iv⃗.

For the first term, we again apply Lem. E.9, noting Nζ
s,b “ p1 ` op1qqζπb to get

ÿ

b

wtpC
ζ
t,b ´Nζ

s,bb⃗
T epτζt ´τζs qLq{

?
π⃗

⇝
a

1 ´ e´2τt
ÿ

b

?
πbN

´

0,diagp⃗bT epτζt ´τζs qLq ´ epτζt ´τζs qLT b⃗⃗bT epτζt ´τζs qL
¯

{
?
π⃗

“
a

1 ´ e´2τtN
´

0,diagpπ⃗T epτζt ´τζs qLq ´ epτζt ´τζs qLT diagpπ⃗qepτζt ´τζs qL
¯

{
?
π⃗

“
a

1 ´ e´2τtN

˜

0,diagpπ⃗q ´ p
ÿ

i

e´λipτ
ζ
t ´τζs qPiqdiagpπ⃗qp

ÿ

i

e´λipτ
ζ
t ´τζs qPTi q

¸

{
?
π⃗

“
a

1 ´ e´2τtN

˜

0, I ´ p
ÿ

i

e´λipτ
ζ
t ´τζs qQ̃iqp

ÿ

i

e´λipτ
ζ
t ´τζs qQ̃Ti q

¸

.

Therefore, as desired,

Q1x⃗
ζ
t | x⃗ζs “v⃗ „ e´pτt´τsqQ1v⃗ `

d

p1 ´ e´2τtq

ˆ

1 ´
1 ´ e´2τs

1 ´ e´2τt
e´2pτt´τsq

˙

N p0, Iq

“v⃗ „ e´pτt´τsqQ1v⃗ `
a

1 ´ e´2pτt´τsqN p0, Iq
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and similarly

p1 ´ e´2τtq´1{2Qix⃗
ζ
t | x⃗ζs “ v⃗ „

ˆ

1 ´ e´2τs

1 ´ e´2τt

˙λi{2

e´λipτt´τsqpp1 ´ e´2τ2q´1{2Qiv⃗q

`

d

1 ´

ˆ

1 ´ e´2τs

1 ´ e´2τt

˙λi

e´2λipτt´τsqN p0, Iq

“e´pτ
piq
t ´τpiq

s qpp1 ´ e´2τ2q´1{2Qiv⃗q

`

b

1 ´ e´2pτ
piq
t ´τ

piq
s qN p0, Iq

Finally, convergence is clearly uniform for nearby v⃗ using the uniformity of Lem. E.9.

Part 3. Tightness: Pick s ă t P p0, 1q.

E}x⃗ζt ´ x⃗ζs}2 “ E}Erx⃗ζt |x⃗ζss ´ x⃗ζs}2 ` E}x⃗ζt ´ Erx⃗ζt |x⃗ζss}2

The first term has, for each x0,

E}Erx⃗ζt |x⃗ζss ´ x⃗ζs}2 “E}wtpx⃗se
pτζt ´τζs qL ´ π⃗q{

?
π⃗ ´ x⃗ζs}2

“
1

minb πb
E}wtpx⃗se

pτζt ´τζs qL ´ x⃗sq ´ pws ´ wtqpx⃗s ´ π⃗q}2

ď
1

minb πb
E

´

|wt|}x⃗se
pτζt ´τζs qL ´ x⃗s} ` |ws ´ wt|}x⃗s ´ π⃗}

¯2

“
1

minb πb
E

´

|wt|}px⃗s ´ π⃗qT pI ´ epτζt ´τζs qLq} ` |ws ´ wt|}x⃗s ´ π⃗}

¯2

ď
1

minb πb
E

´

|wt|p1 ´ e´pτζt ´τζs qλB q}x⃗s ´ π⃗} ` |ws ´ wt|}x⃗s ´ π⃗}

¯2

“
1

minb πb

´

|wt|p1 ´ e´pτζt ´τζs qλB q ` |ws ´ wt|
¯2

E}x⃗s ´ π⃗}2

ď
ζ

minb πb

ˆ

p1 ´ e´pτζt ´τζs qλB q ` |1 ´
ws
wt

|

˙2

ˆ

´

ETrCovpMultpζ, x⃗T0 e
τζs qL{ζq ` }x⃗T0 e

τζsL ´ π⃗}2
¯

ď
1

minb πb

ˆ

p1 ´ e´pτζt ´τζs qλB q ` |1 ´
ws
wt

|

˙2

p1 ` ζe´2τζs q

ď
1

minb πb

ˆ

p1 ´ e´pτζt ´τζs qλB q ` |1 ´
ws
wt

|

˙2 ˆ

1 `
1

e2τs ´ 1

˙

Now,

1 ´ e´pτζt ´τζs qλB “1 ´ e´2λBpτt´τsq

ˆ

1 ´ e´2τsp1 ´ ζ´1q

1 ´ e´2τtp1 ´ ζ´1q

˙λB{2

ď1 ´ e´2λBpτt´τsq

` 1 ´

ˆ

1 ´ e´2τsp1 ´ ζ´1q

1 ´ e´2τtp1 ´ ζ´1q

˙λB{2

.

When |τs ´ τt| ă 1{4λB

1 ´ e´2λBpτt´τsq ď 4λBpτt ´ τsq ď 4λB |t´ s| sup
uPrs,ts

9τu.
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Next note that if α ě 1, x ÞÑ 1´xα has decreasing derivative, from 0 to ´α on the interval x P r0, 1s,
so, it is dominated on this interval by αp1 ´ xq. If ζ ą 1,

1 ´

ˆ

1 ´ e´2τsp1 ´ ζ´1q

1 ´ e´2τtp1 ´ ζ´1q

˙λB{2

ď1 ´

ˆ

1 ´ e´2τsp1 ´ ζ´1q

1 ´ e´2τtp1 ´ ζ´1q

˙1_pλB{2q

ďp1 _ pλB{2qq

ˆ

1 ´

ˆ

1 ´ e´2τsp1 ´ ζ´1q

1 ´ e´2τtp1 ´ ζ´1q

˙˙

ďp1 _ pλB{2qq

ˆ

pe´2τs ´ e´2τtqp1 ´ ζ´1q

1 ´ e´2τt

˙

ď
1 _ pλB{2qe´2τs

1 ´ e´2τt

´

1 ´ e´2pτt´τsq
¯

ď
4 _ p2λBqe´2τs

1 ´ e´2τt
|t´ s| sup

uPrs,ts

9τu

Finally

1 ´
ws
wt

“ 1 ´

ˆ

1 ´ e´2τsp1 ´ ζ´1q

1 ´ e´2τtp1 ´ ζ´1q

˙1{2

.

which is similar to above.

The second term has

E}x⃗ζt ´ Erx⃗ζt |x⃗ζss}2 ď
2ζ

minb πb

ÿ

b

ETrCovpMultpζx⃗s,b, b⃗
T epτζt ´τζs qLq{ζ | x⃗ζt q

“
2

minb πb

ÿ

b

Ex⃗ζs,b
ÿ

b1

p⃗bT epτζt ´τζs qLb⃗1qp1 ´ b⃗T epτζt ´τζs qLb⃗1q

ď
2

minb πb

˜

ÿ

b‰b1

b⃗T epτζt ´τζs qLb⃗1 `
ÿ

b

p1 ´ b⃗T epτζt ´τζs qLb⃗q

¸

“
4

minb πb

ÿ

b

p1 ´ b⃗T epτζt ´τζs qLb⃗q

ď
4B

minb πb
p1 ´ e´pτζt ´τζs qλB q

which is bounded similar to the first term.

Part 4. Convergence of the ELBO: Define p “ x⃗T0 e
τζt L. We’ve shown above that

p “ π⃗ `

d

1

ζpe2τt ´ 1q
P1x⃗0 ` opζ´1{2q

so

pb2
pb1

“
πb2
πb1

`
1

πb1

d

1

ζpe2τt ´ 1q

ˆ

b⃗2 ´
πb2
πb1

b⃗1

˙T

P1x⃗0 ` opζ´1{2q

and similar for q. Using a second-order Taylor expansion on D, we get

D pŵpx0qb2,b1 ||ŵpx̃0qb2,b1q “
1

2

πb1
πb2

1

π2
b1
ζpe2τt ´ 1q

˜

ˆ

b⃗2 ´
πb2
πb1

b⃗1

˙T

P1px⃗0 ´ x̃0q

¸2

` opζ´1q.

Next note 9τ ζt “ 9τt
e2τt

e2τt´1 ` op1q. Finally note

x⃗tpv⃗q “
?
π ˝ v⃗{

a

ζ ´ pζ ´ 1qe´2τt ` π “ π ` op1q.
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Putting this together, we get

Lpv⃗,t, x⃗0, x̃0q

“
ÿ

b1‰b2

Lb2Ñb1 9τ ζt ζx⃗t,b1pv⃗qD
ˆ

pb2
pb1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

qb2
qb1

˙

“ 9τt
ÿ

b1‰b2

Lb2Ñb1

e2τt

e2τt ´ 1
πb1

1

2πb2πb1

1

pe2τt ´ 1q

˜

ˆ

b⃗2 ´
πb2
πb1

b⃗1

˙T

P1px⃗0 ´ x̃0q

¸2

` op1q

“
9τte

2τt

2pe2τt ´ 1q2

ÿ

b1‰b2

Lb2Ñb1

˜

ˆ

b⃗2 ´

c

πb2
πb1

b⃗1

˙T

Q̃1

´

px⃗0 ´ x̃0q{
?
π⃗

¯

¸2

` op1q

“
9τte

´2τt

p1 ´ e´2τtq2

›

›

›
Q̃1

´

px⃗0 ´ x̃0q{
?
π⃗

¯
›

›

›

2

Σ
` op1q

where

Σ “
1

2

ÿ

b1‰b2

Lb2Ñb1

ˆ

b⃗2 ´

c

πb2
πb1

b⃗1

˙ ˆ

b⃗2 ´

c

πb2
πb1

b⃗1

˙T

.

To solve Σ, we note
ÿ

b1‰b2

Lb2Ñb1 b⃗2⃗b
T
2 “

ÿ

b2

b⃗2⃗b
T
2

ÿ

b1‰b2

Lb2Ñb1 “ ´
ÿ

b2

b⃗2⃗b
T
2 Lb2,b2

ÿ

b1‰b2

πb2
πb1

Lb2Ñb1 b⃗2⃗b
T
2 “

ÿ

b1

b⃗1⃗b
T
1

ÿ

b2‰b1

πb2
πb1

Lb2Ñb1 “ ´
ÿ

b1

b⃗1⃗b
T
1 Lb1,b1

ÿ

b1‰b2

c

πb2
πb1

Lb2Ñb1 b⃗2⃗b
T
1 “ diagp

?
π⃗q pL ´ diagLqdiagp1{

?
π⃗q

ÿ

b1‰b2

c

πb2
πb1

Lb2Ñb1 b⃗1⃗b
T
2 “ pdiagp

?
π⃗q pL ´ diagLqdiagp1{

?
π⃗qqT .

So,

Σ “ ´
1

2
diagp

?
π⃗qLdiagp1{

?
π⃗q ´

1

2
pdiagp

?
π⃗qLdiagp1{

?
π⃗qqT .

In particular, since Q̃T1 diagp
?
π⃗qLdiagp1{

?
π⃗q “ ´Q̃T1 ,

Q̃T1 ΣQ̃1 “ Q̃T1 Q̃1 “ QT1Q1.

This gives us

Lpv⃗,t, x⃗0, x̃0q Ñ
9τte

´2τt

p1 ´ e´2τtq2
}embpx0q ´ embpx̃0q}

2
.

E.3 HOLLOW PARAMETERIZATION SOLVES GAUSSIAN ELBO SINGULARITY

Here we show that the hollow parametrization introduced in Sec. 4.2 resolves the singularity of the
Gaussian ELBO in Alg. 2 at t Ñ 0`. Before going into the proof, let us give some intuition. Assume,
xd0 were distributed uniformly and independently. Then

ppxd0 | xt, tq9ppxdt | xd0, tqppxd0 | x´d
t , tq,

where x´d
t includes all positions but d. However

ppxd0 | x´d
t , tq “

ż

ppxd0 | x´d
0 qdppx´d

0 | x´d
t , tq “ Uniform.

Therefore, we get ppxd0 | xt, tq9ppxdt | xd0, tq. At initialization, we can say our neural network
qθpxd0 | x´d

t , tq « Uniform, so,

qθpxd0 | xt, tq « ppxd0 | xt, tq.
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Therefore, the hollow parametrization initializes the diffusion model near a uniform, site-wise
independent model. The proof below involves a lot of algebra, but the basic intuition for why we
should not see singularities is that by initializing at a valid diffusion model, we get comparable
ELBOs.

Again we assume D “ 1 for simplicity as results are straightforward to generalize to higher D.

Proposition E.2. Assume emb is injective and τt is increasing and differentiable. Define

L “
9τte

´2τt

p1 ´ e´2τtq2
}embpx0q ´ embpx̃0q}2,

and the normalized vectors ϕ⃗pxt, tq9ppxt | x0, tq. For x̃0 build using the hollow predictor x̃0 “

ϕ⃗pxt, tq ˝ q⃗{ϕ⃗pxt, tq
T ˝ q⃗ for a vector t bounded away from 0 and 8,

0 ă c “ min
b
q⃗b ď max

b
q⃗b ă C ă 8,

we have
Et,x0,xtL ă 8.

Proof. Note first
}embpx0q ´ embpx̃0q}2 ď }emb}2}x⃗0 ´ x̃0}

and, simplifying ϕ⃗ “ ϕ⃗pxt, tq,

Ex0|xt}x⃗0 ´ x̃0} “ }ϕ⃗ ˝ p⃗{ϕ⃗T p⃗´ ϕ⃗ ˝ q⃗{ϕ⃗T q⃗}

for p⃗b “ ppx0q.

Call b “ argmaxb1 ϕ⃗b1 , so

}ϕ⃗ ˝ p⃗{ϕ⃗T p⃗´ ϕ⃗ ˝ q⃗{ϕ⃗T q⃗} ď

˜

ϕ⃗bp⃗b

ϕ⃗T p⃗
´
ϕ⃗bq⃗b

ϕ⃗T q⃗

¸2

` p1 ´ ϕ⃗bq
2

ÿ

b1‰b

ˆ

p⃗b1

ϕ⃗T p⃗
´

q⃗b1

ϕ⃗T q⃗

˙2

“

¨

˝

1

1 `
ř

b1‰b
ϕ⃗b1 p⃗b1

ϕ⃗bp⃗b

´
1

1 `
ř

b1‰b
ϕ⃗b1 q⃗b1

ϕ⃗bq⃗b

˛

‚

2

`

ˆ

C

c

˙2

Bp1 ´ ϕbq
2

ď

˜

1 ´
1

1 `
CBp1´ϕbq

c

¸2

ď

ˆ

CB

c

˙2

p1 ´ ϕbq
2 `

ˆ

C

c

˙2

Bp1 ´ ϕbq
2.

We’ve therefore bounded Et,x0,xtL above by some constant times Et,xt 9τte
´2τt

p1´e´2τt q2
p1 ´ maxb ϕ⃗bq

2.

Note without the hollow parameterization, we wouldn’t have the p1 ´ maxb ϕ⃗bq
2 term; we now show

this becomes small very fast as t Ñ 0 (because x0 becomes “obvious” from xt), cancelling out the
singularity.

Next note, calling b “ argminb1 }embpb1q ´ x⃗t},

p1 ´ max
b
ϕ⃗bq

2 “

˜

1 ´
1

1 `
ř

b1‰b expp´ 1
2p1´e´2τt q2

p}embpb1q ´ x⃗t}2 ´ }embpbq ´ x⃗t}2qq

¸2

ď
ÿ

b1‰b

exp

ˆ

´
1

2p1 ´ e´2τtq
p}embpb1q ´ x⃗t}

2 ´ }embpbq ´ x⃗t}
2q

˙

,
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which is only large if x⃗t is roughly equidistant to two potential x0. Call ϵ “ minb‰b1 }embpbq ´

embpb1q}{4, so, if minb1 }embpb1q ´ x⃗t} ă ϵ then, by the triangle inequality

}embpb1q ´ x⃗t}
2 ´ }embpbq ´ x⃗t}

2 ěp}embpbq ´ embpb1q} ´ }embpbq ´ x⃗t}q2

´ }embpbq ´ x⃗t}
2

“}embpbq ´ embpb1q}

´ 2}embpbq ´ embpb1q}}embpbq ´ x⃗t}

ě16ϵ2 ´ 8ϵ2 “ 8ϵ2.

Therefore, Et,xt 9τte
´2τt

p1´e´2τt q2
p1 ´ maxb ϕ⃗bq

2 is bounded by

BEt
9τte

´2τt

p1 ´ e´2τtq2

ˆ

exp

ˆ

´
4ϵ2

p1 ´ e´2τtq

˙

` ppminb1 }embpb1q ´ x⃗t} ě ϵq

˙

.

To deal with the first term, perform a change of variables u “ p1 ´ e´2τtq´1, giving

Et
9τte

´2τt

p1 ´ e´2τtq2
exp

ˆ

´
4ϵ2

p1 ´ e´2τtq

˙

“
1

2

ż 8

0

du expp´4ϵ2uq ă 8.

For the second term, note

ppminb1 }embpb1q ´ x⃗t} ě ϵq ď
ÿ

b

ppx0 “ bqpp}N p0, p1 ´ e´2τtqIrˆrq} ą ϵq

“ppχ2
r{ϵ2 ą 1{p1 ´ e´2τtqq

where χ2
r is a chi-squared distribution with r degrees of freedom. Finally, by the same change of

variables u as above, we get

Et
9τte

´2τt

p1 ´ e´2τtq2
ppminb1 }embpb1q ´ x⃗t} ě ϵq “

1

2

ż 8

0

duppχ2
r{ϵ2 ą uq “

1

2
Eχ2

r{ϵ2 ă 8.

E.4 EVERY EMBEDDING CAN BE INDUCED FROM SOME INFINITESIMAL GENERATOR

Define an injective embedding emb : t1, . . . , Bu Ñ Rr for some r. For an infinitesimal generator
L with a unique stationary distribution π⃗, define Q1 “ j1pQ̃1Q̃

T
1 q´1{2Q̃1, j1 is some isometry,

Q̃1 “ diagpπ⃗q´1{2P1diagpπ⃗q1{2 where P1 is the projection onto the first left eigenspace. Is there a
choice of L such that Q1px⃗0{

a

π⃗x0
q “ embpx0q for every x0?

If we restrict to L P RBˆB then the answer is no. To see this, call W P RBˆr the matrix with
Wb⃗ “ embpbq. Then, defining D “ diagpπ⃗q´1{2, we need WTW “ DQ1Q

T
1D “ DPD for

some orthogonal projection P or rank r. The space tWTW | W P RBˆru generates all rank-r
positive-semi-definite matrices, an algebraic variety of dimension Bˆ r. Meanwhile, P has rpB´ rq

degrees of freedom and D has B ´ 1, so DPD generates an algebraic variety of dimension at most
B ˆ r ´ r2 `B ´ 1, which is less than B ˆ r when r is large.

If however we allow r ` 1 “dummy” tokens, to let L P RpB`rqˆpB`rq, then the next proposition
shows that the answer is yes. This demonstrates an important distinction between the design space of
Gaussian and discrete diffusions: dummy variables which never appear in the data have no effect on
the training of Gaussian diffusion, but can serve as transient states in discrete diffusion.

Proposition E.3. There is some infinitesimal generator L P RpB`r`1qˆpB`r`1q such that
Q1px⃗0{

?
π⃗q “ embpx0q for every x0 P t1, . . . , Bu. There are infinitely many such generators.

Proof. Call W P RBˆr the matrix with Wb⃗ “ embpbq. Call Λ “ WTW and without loss of
generality, assume its first r rows are linearly independent. We split the proof into two parts: first
we show that QT1Q1 can equal DPD for any orthogonal projection matrix P with P

?
π⃗ “ 0 and

D “ diagpπ⃗q´1{2 for any distribution π; then we show that Λ can be written as the top B ˆ B
submatrix of DPD for some choice opf D and P . This will show that there is a Q1 such that
Q1p¨{

?
π⃗¨q is equivalent to emb up to isometry.
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Part 1 Pick an orthogonal projection P and a distribution π such that P
?
π⃗ “ 0 Call P̃ “

diagpπ⃗q´1{2Pdiagpπ⃗q1{2 and

Lµ “ ´
`

I ´ 1π⃗T
˘

` µP̃ .

Clearly, for every µ, Lµ1 “ 0 and π⃗TLµ “ 0. Also, L1 “ ´I ` 1π⃗T , so for µ in a neighbourhood
of 1, Lµ has positive entries off the diagonal – therefore it’s an infinitesimal generator – and Lµ has a
kernel of dimension 1 – so π is the unique stationary distribution of Lµ.

When µ is slightly greater than 0, the first eigenspace of Lµ is that of P̃ ; in particular, when P̃ is a
projection, P1 “ P̃T so Q̃1 “ P. Note QT1Q1 “ Q̃T1 pQ̃1Q̃

T
1 q´1Q̃1 which is the projection onto the

orthogonal complement of KerQ̃1 “ KerP ; therefore it is equal to P.

P and π⃗ are the same for any small value of µ, justifying the “infinitely many” proposal in the
statement.

Part 2 First we need to ensure the rare case that 1 is orthogonal to the top eigenspace of Λ does not
occur. To ensure this, simple add another embedding embpB ` 1q “

ř

b w⃗bembpbq for some w⃗ to
get a new matrix Λ adding this extra token:

Λ̃ :“

„

Λ Λw⃗
pΛw⃗qT w⃗TΛw⃗

ȷ

Pick a v⃗ so v⃗TΛv⃗ ‰ 0 and w⃗ “ ηv⃗. As η Ñ 8, Λ̃{η2 Ñ v⃗TΛv⃗pe⃗e⃗T q where e is the indicator vector
for position B ` 1. Therefore for some η, the top eigenvector approaches e⃗ and is not orthogonal to
1. Below we simply assume that 1 is not orthogonal to the top eigenspace of Λ.

Decompose Λ “ ηV diagpλ⃗{ηqV T for a matrix V P RBˆr with orthonormal columns, a vector λ of
eigenvalues, and a scalar η ą maxi λi to be chosen later. For an orthonormal matrix U P Rrˆr to be
chosen later, define

Ṽ “

„

V diagpλ⃗{ηq1{2

UpI ´ diagpλ⃗{ηqq1{2

ȷ

so Ṽ has orthonormal columns. Define the orthogonal projection P “ Ṽ Ṽ T , so in particular, the
upper B ˆB submatrix of P is Λ{η.

Finally we’ll pick η and U to get a positive normalized vector π⃗ such that π⃗b “ 1{η for all b P

t1, . . . , Bu and Ṽ
?
π⃗ “ 0, completing the proof. Breaking π⃗ into its first B components and other r

components, r1{η, π⃗2s, we can write the equation Ṽ T
?
π⃗ “ 0 as

π⃗2 “ ´η´3{2U´1diag

˜

λ⃗

I ´ λ⃗{η

¸1{2

V T1.

We can always choose U to rotate to get π⃗2 “ 1η1 where

η1 “ η´3{2

›

›

›

›

›

›

diag

˜

λ⃗

I ´ λ⃗{η

¸1{2

V T1

›

›

›

›

›

›

{
?
r.

Finally we need to solve for η in

1 “ B{η ` η´3

›

›

›

›

›

›

diag

˜

λ⃗

I ´ λ⃗{η

¸1{2

V T1

›

›

›

›

›

›

2

.

This is possible by the intermediate value theorem as the right hand side goes to 0 as η Ñ 8 and
goes to 8 as η Ñ maxi λi from above (as we’ve assumed V T:,i1 ‰ 0 for i where λi is the maximum
eigenvalue).
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E.5 PROOF OF WRIGHT-FISHER CONVERGENCE

Define ∆B Ă RB be the simplex, i.e. the set of non-negative vectors with components summing
to 1. Let px⃗ζt q1t“0 be a stochastic process on p 1

ζZ
Bq X ∆B with x⃗ζ0 “ x⃗0 evolving with respect to

Lmut ` ζLwf where

Lwf
x⃗ζÑx⃗1ζ “

ζ!
ś

b ζx⃗
1ζ
b !

ź

b

px⃗ζbqζx⃗
1ζ
b “ Multpζ, x⃗ζqpζx⃗1ζq,

and, if x⃗ζ , x⃗1ζ differ by one count b Ñ b1,

Lmut
x⃗ζÑx⃗1ζ “ pψp1π⃗T ´ Iqqb,b1 “ ψπ⃗b1

otherwise it’s 0. Let pz⃗tqt be a continuous Wright-Fisher process, that is, z⃗t “ x⃗0 and

dz⃗t “
ψ

2
pπ⃗ ´ z⃗tqdt` diag

´

a

z⃗t

¯ ´

I ´
a

z⃗t
a

z⃗t
T

¯

dW⃗t (5)

where pWtqt is a Brownian motion.

E.5.1 CONVERGENCE OF THE FORWARD PROCESS

We have convergence of the forward processes from previous literature.

Theorem E.4. (Thm 1.1 Ethier and Kurtz (1986, Chapter 10)) Assume L “ ψ ˆ p1π⃗T ´ Iq. In the
topology of convergence of compact sets, px⃗ζt qtPr0,1q ⇝ pz⃗τtqtPr0,1q.

Note when B “ 2, pz⃗tqt is distributed as the Jacobi process described in Avdeyev et al. (2023).

When B ą 2 Avdeyev et al. (2023) considers B ´ 1 parallel Wright-Fisher processes with B “ 2;
they then use a stick-breaking procedure to get an SDE on the simplex. This SDE is distinct to ours in
Eqn. 5 and is not symmetric to the order of letters – it requires us to specify a first letter, second letter,
and so on, which behave differently in paths pxtqt – except for at stationary. We instead directly
consider the multi-allelic Wright-Fisher from Ethier and Kurtz (1986, Chapter 10) which is invariant
to permutations of letters in the alphabet and simplifies our derivations.

E.5.2 CONVERGENCE OF THE ELBO
Call s⃗pv⃗ | x0q “ ∇ log ppzt|x0, tq|zt“v⃗, and s⃗pv⃗ | x̃0, tq “

ř

b x̃0,bs⃗pv⃗ | x0 “ b, tq.

Theorem E.5. (Proof of Thm 5.1) Call the ELBO in Alg. 1

Lζpx⃗ζ , t, x0, x̃0q “
ÿ

x⃗1ζ
t ‰x⃗ζt

pζLwf
x⃗1ζ
t Ñx⃗ζt

` Lmut
x⃗1ζ
t Ñx⃗ζt

q 9τtD

˜

ppx⃗1ζ
t | x0, tq

ppx⃗ζt | x0, tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

b

x̃0b
ppx⃗1ζ

t | x0 “ b, tq

ppx⃗ζt | x0 “ b, tq

¸

.

For v⃗ for which ζv⃗ are not integers, define Lpv⃗, t, x0, x̃0q “ Lζpx⃗ζ , t, x0, x̃0q for a x⃗ζ nearest to v⃗.
Then, for all v⃗ in the interior of ∆B , t P p0, 1q, x̃0 P ∆B , and x0,

Lζpv⃗, t, x0, x̃0q Ñ
9τt
2

}s⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tq}2diagv⃗´v⃗v⃗T

Proof. Overview of proof: For notational convenience, define

Dpx⃗1ζ
t q “ D

˜

ppx⃗1ζ
t | x0, tq

ppx⃗ζt | x0, tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

b

x̃0b
ppx⃗1ζ

t | x0 “ b, tq

ppx⃗ζt | x0 “ b, tq

¸

.

Much of the proof consists of checking uniform convergence and regularity conditions. The main
idea however is that when ζ is very large, the transition rates ζLwf

x⃗1ζ
t Ñx⃗ζt

` Lmut
x⃗1ζ
t Ñx⃗ζt

are only large for

x⃗1ζ
t very close to v⃗. For those terms, we can perform a second order Taylor expansion

Dpx⃗1ζ
t q «

1

2
}s⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tq}2

px⃗1ζ
t ´v⃗qpx⃗1ζ

t ´v⃗qT

so
Lζpv⃗, t, x0, x̃0q «

9τt
2

}s⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tq}2Σ
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where Σ “ p
ř

x⃗1ζ
t ‰x⃗ζt

ζLwf
x⃗1ζ
t Ñx⃗ζt

` Lmut
x⃗1ζ
t Ñx⃗ζt

qpx⃗1ζ
t ´ v⃗qpx⃗1ζ

t ´ v⃗qT . Finally, we show
ř

x⃗1ζ
t ‰x⃗ζt

Lmut
x⃗1ζ
t Ñx⃗ζt

px⃗1ζ
t ´ v⃗qpx⃗1ζ

t ´ v⃗qT Ñ 0, and through a central limit theorem,
ř

x⃗1ζ
t ‰x⃗ζt

ζLwf
x⃗1ζ
t Ñx⃗ζt

px⃗1ζ
t ´ v⃗qpx⃗1ζ

t ´ v⃗qT Ñ diagv⃗ ´ v⃗v⃗T .

Crucial to our proof is Lem. E.10 which states that for each x⃗ζt in the interior of the simplex,

ppx⃗ζt | x0, tq “ Em„Apζqpψ,τtqEp⃗„Dirpψπ⃗`mx⃗0qMultpζ, p⃗qpx⃗ζt q

for a distribution Apζqpψ, τtq such that Apζqpψ, τtqpmq Ñ Apψ, τtqpmq quickly for each m ď ζ as
ζ Ñ 8.

Part 1: Eliminating the boundary For a small ϵ ą 0, call ∆B
ϵ the points in ∆B that have an entry

less than ϵ; in particular, define ϵ ă p4Bq´2{ minb v⃗b . We first show that the contribution form the
epsilon-boundary vanishes, i.e.

Epζq “
ÿ

x⃗1ζ
t R∆Bϵ

pζLwf
x⃗1ζ
t Ñx⃗ζt

` Lmut
x⃗1ζ
t Ñx⃗ζt

q 9τtDpx⃗1ζ
t q Ñ 0.

First note for large enough ζ, Lmut
x⃗1ζ
t Ñx⃗ζt

“ 0 for all x⃗1ζ
t R ∆B

ϵ and

Lwf
x⃗1ζ
t Ñx⃗ζt

ď

ˆ

ζ

ζx⃗ζt

˙

pmin
b
x⃗1ζ
t,bq

minb ζx⃗
ζ
t,bpv⃗q

ď Cpϵ2minb v⃗bqζ ă Cp4Bq´ζ

for some C ą 0. Also note for any x⃗ζt ,

1 ě ppx⃗ζt | x0, tq ě ppApψ, τtq “ 0qEp⃗„Dirpψπ⃗qMultpζ, p⃗qpx⃗ζt q

Taking the leading term of the divergence Dpx⃗1ζ
t q,

Epζq ≲
ÿ

x⃗1ζ
t R∆Bϵ

p4Bq´ζ ´ logEp⃗„Dirpψπ⃗qMultpζ, p⃗qpx⃗1ζ
t q

Ep⃗„Dirpψπ⃗qMultpζ, p⃗qpx⃗1ζ
t q

.

Now Multpζ, p⃗qpx⃗1ζ
t q ě pminb p⃗bq

ζ so the denominator is ě Pp⃗„Dirpψπ⃗qpminb p⃗ ě 1{2Bqp2Bq´ζ .
Therefore

Epζq ≲p4Bq´ζ
ÿ

x⃗1ζ
t R∆Bϵ

ζ logp2Bq

p2Bq´ζ

≲2´ζζ ˆ ζB´1

Ñ0

since there are OpζB´1q elements with x⃗1ζ
t R ∆B

ϵ .

Part 2: Uniform convergence of the likelihood Next we show ppx⃗ζt pv⃗q|x0,tq
ppz⃗t“v⃗|x0,tq

“ 1 ` Opζ´1q

uniformly in ∆B
ϵ . While something like this is implied by the convergence of the process from

previous work, the fast uniform convergence will be important for our results below.

We will do so by showing the same property for each of the quotients

Em„Apζqpψ,τtqEp⃗„Dirpψπ⃗`mx⃗0qMultpζ, p⃗qpx⃗ζt pv⃗qq

Em„Apζqpψ,τtqDirpψπ⃗ `mx⃗0qpx⃗ζt pv⃗qq
,
Em„Apζqpψ,τtqDirpψπ⃗ `mx⃗0qpx⃗ζt pv⃗qq

Em„Apψ,τtqDirpψπ⃗ `mx⃗0qpv⃗q
.

The first quotient converges by the concentration of a Bayesian posterior (Miller, 2019). In particular,
by the uniform Stirling approximation (Robbins, 1955) uniformly for x⃗ζt P ∆B

ϵ{2,

Multpζ, p⃗qpx⃗ζt q “p1 `Opζ´1qq

˜

ź

b

x⃗ζb

¸´1{2

p2πζq´pB´1q{2e´ζKLpx⃗ζt ||p⃗q.
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We’d like to write this as approximately a normal density with mean x⃗ζ and variance restricted to
vectors summing to 0 tw⃗ P RB | w⃗T1 “ 0u. We can do so with a Taylor expansion; for p⃗ near x⃗ζ ,

KLpx⃗ζt ||p⃗q “
1

2
}x⃗ζt ´ p⃗}2

diagpx⃗ζt q´1 ´Op}x⃗ζt ´ p⃗}3q.

We can also write }x⃗ζ´ p⃗}2
diagpx⃗ζt q´1

“ }x⃗ζ´ p⃗}2
Λ: where Λ “ diagx⃗ζ´x⃗ζ x⃗ζT has kernel orthogonal

to vectors summing to 0 and

Λ: “ diagpx⃗ζt q´1 ´
1

B
x⃗ζ´1
t 1

T ´
1

B
1x⃗ζ´1,T

t `

ř

b x⃗
ζ´1
t,b

B2
11

T .

Note also that the pseudo-determinant of Λ is
ś

b x⃗
ζ
b so we can write

Multpζ, p⃗qpx⃗ζt q “p1 `Opζ´1qqp1 ´Opζ}x⃗ζ ´ p⃗}3qqN px⃗ζt , ζ
´1Λq.

This allows us to write

EP pp⃗qMultpζ, p⃗qpx⃗ζt q

P px⃗ζt q
“ p1 `Opζ´1qq

Ew⃗„N p0,ΛqP px⃗ζt ` ζ´1{2w⃗qp1 ´Op}w⃗}3{ζ1{2qq

P px⃗ζt q
.

For a small δ ă ϵ{4 call ϕ a C8 function with support in the δ-ball, and which is 1 in the δ{2-ball.
We break the numerator up into

Ew⃗„N p0,Λqϕpζ´1{2w⃗qP px⃗ζt ` ζ´1{2w⃗qp1 ´Op}w⃗}3{ζ1{2qq

` Ew⃗„N p0,Λqp1 ´ ϕpζ´1{2w⃗qqP px⃗ζt ` ζ´1{2w⃗qp1 ´Op}w⃗}3{ζ1{2qq.

The second term is less than

EP pp⃗qp1 ´ ϕpp⃗´ x⃗ζt qqN p0,Λqp
a

ζpx⃗ζt ´ p⃗qq ďEP pp⃗q1p}x⃗ζt ´ p⃗} ą δ{2qN p0,Λqp
a

ζpx⃗ζt ´ p⃗qq

≲e´ζCδ2

for some C. For the first term, we can define P̃ pp⃗q “ P pp⃗qϕpp⃗´ x⃗ζt q which is a compactly supported
C8 function. Therefore

Ew⃗„N p0,ΛqP̃ px⃗ζt ` ζ´1{2w⃗qp1 ´Op}w⃗}3{ζ1{2qq

“P̃ px⃗ζt q ` ∇P̃ px⃗ζt qTEw⃗„N p0,Λqpζ´1{2w⃗ `Opζ}w}2qqp1 ´Op}w⃗}3{ζ1{2qq

“P px⃗ζt q `Opζ´1q.

For the second quotient, note the denominator is bounded below for v⃗ P ∆B
ϵ . By Lem. E.10

sup
v⃗P∆Bϵ

|Em„Apζqpψ,τtqDirpψπ⃗ `mx⃗0qpx⃗ζt pv⃗qq ´ Em„Apψ,τtqDirpψπ⃗ `mx⃗0qpx⃗ζt pv⃗qq|

≲ζ´1
ÿ

m

e´cm2

sup
v⃗P∆B

ϵ{2

Dirpψπ⃗ `mx⃗0qpv⃗q.

Since supv⃗P∆B
ϵ{2

Dirpψπ⃗ ` mx⃗0qpv⃗q ď pm ` ψqψp1 ´ ϵ{2qm´1 is eventually decreasing in m, the

whole quotient is Opζ´1q. Next note the derivative of Em„Apψ,τtqDirpψπ⃗ `mx⃗0qp¨q is bounded on
the compact set ∆B

ϵ so

sup
v⃗P∆Bϵ

|Em„Apψ,τtqDirpψπ⃗ `mx⃗0qpx⃗ζt pv⃗qq´Em„Apψ,τtqDirpψπ⃗ `mx⃗0qpv⃗q|

“Op}x⃗ζt pv⃗q ´ v⃗}q “ Opζ´1q.

Part 3: Taylor expansion of the divergence Given the calculation above, for ζ large enough and
any x⃗1ζ

t “ x⃗ζt pv⃗q `Opζ´1{2q, we can approximate

ppx⃗1ζ
t | x0, tq

ppx⃗ζt pv⃗q | x0, tq
“ exp

´

log p
´

z⃗t “ x⃗1ζ
t | x0, t

¯

´ log p
´

z⃗t “ x⃗ζt pv⃗q | x0, t
¯¯

`Opζ´1q

“1 ` s⃗pv⃗ | x0, tq
T px⃗1ζ

t ´ v⃗q `Opζ´1q.
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A second order Taylor expansion then gives

Dpx⃗1ζ
t q “

1

2

´

ps⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tqqT px⃗1ζ
t ´ v⃗q

¯2

` opζ´1q

“
1

2
}s⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tq}2

px⃗1ζ
t ´v⃗qpx⃗1ζ

t ´v⃗qT
` opζ´1q.

Given the calculation above, we note that since Lmut
x⃗1ζ
t Ñx⃗ζt pv⃗q

is only non-zero for ζ values of x⃗1ζ
t each

with x⃗1ζ
t “ x⃗ζt pv⃗q `Opζ´1q,

ÿ

x⃗1ζ
t

Lmut
x⃗1ζ
t Ñx⃗ζt

Dpx⃗1ζ
t q “ Opζ ˆ ζ´2q “ op1q.

This gives

Lζpv⃗, t, x0, x̃0q “
9τt
2

}s⃗pv⃗ | x0, tq ´ s⃗pv⃗ | x̃0, tq}2Σ ` op1q

where
Σ “

ÿ

x⃗1ζ
t P∆Bϵ

ζLwf
x⃗1ζ
t Ñx⃗ζt

px⃗1ζ
t ´ v⃗qpx⃗1ζ

t ´ v⃗qT .

The proof is therefore finished if we show Σ Ñ diagv⃗ ´ v⃗v⃗T .

Part 4: Convergence of Σ Note, by the uniform Stirling approximation (Robbins, 1955) uniformly
for x⃗1ζ P ∆B

ϵ ztx⃗ζt u, the infinitesimal generator approximates a Normal distribution near v⃗,

Lwf
x⃗1ζÑx⃗ζpv⃗q “p1 ` op1qq

˜

ź

b

v⃗b

¸´1{2

p2πζq´pB´1q{2e´ζKLpv⃗||x⃗1ζ
q

“p1 ` op1q `Opζ}v⃗ ´ x⃗1ζ}3qqN
`

v⃗, ζ´1pdiagpv⃗q ´ v⃗v⃗T q
˘

px⃗1ζq

Noting that, by Pinsker’s inequality, KLpv⃗||x⃗1ζq ě 2}v⃗ ´ x⃗1ζ}21 ě 2
B }v⃗ ´ x⃗1ζ}2, for some very small

δ ą 0
}Σ ´ pdiagv⃗ ´ v⃗v⃗T q} ≲

ÿ

x⃗1ζ
t P∆Bϵ ,}x⃗

1ζ
t ´v⃗}ąζ´1{3´δ

ζ´pB´1q{2`1e´ζKLpv⃗||x⃗1ζ
q

≲ζ´pB´1q{2`Be´ 2
B ζζ

´2{3´2δ

“op1q

E.6 WRIGHT-FISHER LOSS CALCULATIONS

See the discussion above Prop. C.1 for definitions.

Proposition E.6. (Proof of Prop. C.1)
ppx⃗t | x0, tq “ Dirichletpπψqpx⃗tqGψpτt, x0, x⃗tq.

For c⃗px⃗tq “ ∇ logDirichletpπψqpx⃗tq which does not depend on x0,
s⃗ “ s⃗px⃗t | x0, tq “ c⃗px⃗tq ` x⃗0wpx0q

where

wpx0q “
e´ψτt{2pψ ` 1q

πpx0q

Fψpτt, x0, x⃗tq

Gψpτt, x0, x⃗tq
.

Proof. For mt „ Apψ, τtq,
ppx⃗t | x0, tq “EmtDirichletpψπ `mtx0qpx⃗tq

“
ź

b‰x0

x⃗ψπb´1
t,b Emt

Γpψ `mtq

Γpψπx0 `mtq
ś

b‰x0
Γpψπbq

x⃗
ψπx0`mt´1
t,x0

“
Γpψq

ś

bPB Γpψπbq

ź

bPB
x⃗ψπb´1
t,b Emt

Γpψπpx0qqΓpψ `mtq

ΓpψqΓpψπx0
`mtq

x⃗mtt,x0

“Dirichletpψπqpx⃗tqEmt
pψqpmtq

pψπpx0qqpmtq
x⃗mtt,x0

.
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From Eqn. 5.2 of Tavaré (1984), we have

ppmt “ jq “

8
ÿ

k“j

e´kpk`ψ´1qτt{2p´1qkp´1qj
p2k ` ψ ´ 1qpj ` ψqpk´1q

j!pk ´ jq!
.

He wrote, in Eqn. A5,

8
ÿ

j“1

xjppmt “ jq

“

8
ÿ

k“1

e´kpk`ψ´1qτt{2p´1qkp2k ` ψ ´ 1q

k
ÿ

j“1

xj

j!

pj ` ψqpk´1q

pk ´ jq!p´1qj

“

8
ÿ

k“1

e´kpk`ψ´1qτt{2p´1qkp2k ` ψ ´ 1q

k
ÿ

j“1

xj

j!

pψqpj`k´1qp´kqpjq

k!ψpjq

“

8
ÿ

k“1

e´kpk`ψ´1qτt{2
p´1qkp2k ` ψ ´ 1qpψqpk´1q

k!

k
ÿ

j“1

xj

j!

pψ ` k ´ 1qpjqp´kqpjq

ψpjq

.

The last sum is then written as 2F1p´k, ψ ` k ´ 1;ψ;xq ´ 1 for the hyper-geometric function 2F1.
A very simple extension gives us

8
ÿ

j“1

pψqpjq

pψπx0qpjq

xjppmt “ jq “

8
ÿ

k“1

e´kpk`ψ´1qt{2 p´1qkp2k ` ψ ´ 1qpψqpk´1q

k!

ˆ p2F1p´k, ψ ` k ´ 1;ψπx0
;xq ´ 1q .

Including the j “ 0 term, by Eqn 5.3 of Tavaré (1984), cancels out the ´1 in the brackets above, so
our expectation

Emt
pψqpmtq

pψπx0
qpmtq

x⃗mtt,x0
“1 `

8
ÿ

k“1

e´kpk`ψ´1qτt{2
p´1qkp2k ` ψ ´ 1qpψqpk´1q

k!

ˆ 2F1p´k, ψ ` k ´ 1;ψπx0 ; x⃗t,x0q

“Gψpt, x0, x⃗tq.

Finally, using identities of the hypergeometric function,

∇x⃗t,x0
Gψpt, x0, x⃗tq “

8
ÿ

k“1

e´kpk`ψ´1qτt{2
p´1qkp2k ` ψ ´ 1qpψqpk´1q

k!

´kpψ ` k ´ 1q

ψπx0

ˆ 2F1p´k ` 1, ψ ` k;ψπx0
` 1; x⃗t,x0

q

“
1

ψπx0

8
ÿ

k“1

e´kpk`ψ´1qτt{2
p´1qk´1p2k ` ψ ´ 1qpψ ` k ´ 1qpψqpk´1q

pk ´ 1q!

ˆ 2F1p´k ` 1, ψ ` k;ψπx0 ` 1; x⃗t,x0q

“
1

ψπx0

8
ÿ

k“0

e´pk`1qpk`ψqτt{2
p´1qkp2k ` ψ ` 1qpψ ` kqpψqpkq

k!

ˆ 2F1p´k, ψ ` k ` 1;ψπx0
` 1; x⃗t,x0

q

“
e´ψt{2pψ ` 1q

πx0

8
ÿ

k“0

e´kpk`ψ`1qτt{2
p´1qkpψqpkq

k!

p2k ` ψ ` 1qpψ ` kq

pψ ` 1qψ

ˆ 2F1p´k, ψ ` k ` 1;ψπx0
` 1; x⃗t,x0

q

“:
e´ψt{2pψ ` 1q

πx0

Fψpt, x0, x⃗tq.
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E.7 PROOF OF SUFFICIENT STATISTICS

Proposition E.7. (Proof of Prop. 6.1) There is a function F d, depending on ppx0q and not on the
diffusion process or t, such that

ppxd0 | x´d
t , tq “ F dpϕ⃗px⃗1t , tq, . . . , ϕ⃗px⃗Dt , tqq.

Proof.

ppxd0 | x´d
t q “

ż

ppxd0 | x´d
0 qdppx´d

0 | x´d
t q

“
1

ppx´d
t q

ż

ppxd0 | x´d
0 qppx´d

t | x´d
0 qdppx´d

0 q

“
1

ppx´d
t q

ż

ppxd0 | x´d
0 q

ź

d1‰d

ppxd
1

t | xd
1

0 qdppx´d
0 q

“

ś

d1‰d

ř

b ppxd
1

t | xd
1

0 “ bq

ppx´d
t q

ż

ppxd0 | x´d
0 q

ź

d1‰d

ppxd
1

t | xd
1

0 q
ř

b ppxd
1

t | xd
1

0 “ bq
dppx´d

0 q

“Eppx´d
0 q

˜

ppxd0|x´d
0 q

ź

d1‰d

ϕ⃗pxd
1

t qxd1

0

¸

{Eppx´d
0 q

˜

ź

d1‰d

ϕ⃗pxd
1

t qxd1

0

¸

,

E.8 LEMMAS

Our first lemma establishes conditions for convergence of paths using standard techniques inspired
by arguments used throughout Ethier and Kurtz (1986) or Bass (2011) for example.

Lemma E.8. Say px⃗ζt qtPp0,1q are Markov processes on Rr for ζ “ 1, 2, . . . and pz⃗tqtPp0,1q is another
Markov process on Rr. Say the following conditions are satisfied

1. (Convergence of marginals) x⃗ζt ⇝ z⃗t for each t.

2. (Local uniform convergence of conditionals) Conditional distributions exist such that for
each v⃗ P Rr, s ă t, and bounded compactly supported measurable function f , there is an
ϵ ą 0, such that

sup
}w⃗´v⃗}ăϵ

|Ex⃗ζt |x⃗ζs“w⃗f ´ Ez⃗t|z⃗s“w⃗f | Ñ 0.

3. (Tightness) For every ra, bs Ă p0, 1q, there are β, θ,M ą 0 such that for all s, t P ra, bs,
supζąM E}x⃗ζs ´ x⃗ζt }β ă Cps´ tqθ.

Then, with the topology of convergence on compact sets11, the paths converge in distribution

px⃗ζt qtPp0,1q ⇝ pz⃗tqtPp0,1q.

Proof. Pick a compact set ra, bs Ă p0, 1q. We show px⃗ζt qtPra,bs ⇝ pz⃗tqtPra,bs. Say px⃗ζmt qtPra,bs is a
subsequence which doesn’t enter a neighbourhood of pz⃗tqtPra,bs; we’ll now show a contradiction.
By Prokhorov’s theorem, since it’s tight by Assumption 3 and Thm. 8.8 of Ethier and Kurtz (1986,
Chapter 3), it has a subsequence which converges to a process py⃗tqtPra,bs. As we’ll show below, for
every set a ď t1 ă t2 ă ¨ ¨ ¨ ă tm ď b, py⃗tqtPttiumi“1

“ pz⃗tqtPttiumi“1
. This must mean py⃗tqt “ pz⃗tqt

by the Kolmogorov extension theorem, a contradiction.

What remains is to show, for a ď t1 ă t2 ă ¨ ¨ ¨ ă tm ď b, px⃗ζt qtPttiumi“1
⇝ pz⃗tqtPttiumi“1

. It is
sufficient to prove that for any t1 ă ¨ ¨ ¨ ă tm and compactly supported continuous function on Rr, h,

Ehpx⃗ζ1, . . . , x⃗
ζ
mq Ñ Ehpz⃗1, . . . , z⃗mq. (6)

11This is a standard topology for these results. See for example Thm 1.1 of Ethier and Kurtz (1986, Chapter 10).
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By the Stone-Weierstrass theorem, each such h can be arbitrarily well approximated by product of
m univariate functions, so it is sufficient to consider hpz⃗1, . . . , z⃗mq “

śm
i“1 hipz⃗iq. Finally, by the

Markov property,

Ehpx⃗ζ1, . . . , x⃗
ζ
mq “ Ex⃗ζ1 |x⃗ζ0

h1px⃗ζ1qEx⃗ζ2 |x⃗ζ1
h2px⃗ζ2q ¨ ¨ ¨Ex⃗ζm|x⃗ζm´1

hmpx⃗ζmq.

We can call h̃ζm´1px⃗ζm´1q “ hmpx⃗ζm´1qEx⃗ζm|x⃗ζm´1
hmpx⃗ζmq. By Assumption 2 h̃ζm´1px⃗ζm´1q con-

verges uniformly to hmpx⃗ζm´1qEz⃗m|z⃗m´1“x⃗ζm´1
hmpz⃗mq, a bounded function with compact support.

Therefore, to prove Eqn. 6 it is sufficient to show the result replacing h with h1 ˆh2 ˆ ¨ ¨ ¨ ˆhm´2 ˆ

h̃m´1. By induction, we reach h “ h̃1for which we get Eqn. 6 by Assumption 1.

Our next Lemma is a non-asymptotic bound on the convergence of multinomials to Normal distri-
butions. It states that as long as ζ Ñ 8 and the probabilities don’t get too low, we can bound the
expectation of a function by Opζ´1{2q.

Lemma E.9. Let Yζ „ Multpζ, p⃗q for probability vector p⃗ P RB with mini pi ě c ą 0. Call
Zζ “ ζ´1{2pYζ ´ ζpq. For any bounded measurable function f ,

|EfpZζq ´ EfpZq| “ oc,B,f p1q

where Z „ N p0,diagpp⃗q ´ p⃗p⃗T q and the rate of decay oc,B,f p1q only depends on c, B, and f .

Proof. For every ϵ, pick a compactly supported C8 function gϵ such that }gϵ ´ f}8 ă ϵ{2, so

|EfpZζq ´ EfpZq| “ ϵ` |EgϵpZζq ´ EgϵpZq| “ ϵ` oc,B,gϵp1q

by Thm 1.3 of Gotze (1991).

Our final lemma characterizes the distribution of the finite population Wright-Fisher process as
described in Sec. 5 and App. C.

Lemma E.10. For each x⃗ζt in the interior of the simplex,

ppx⃗ζt | x0, tq “ Em„Apζqpψ,τtqEp⃗„Dirpψπ⃗`mx⃗0qMultpζ, p⃗qpx⃗ζt q

for a distribution over the natural numbers Apζqpψ, τtq supported on t1, . . . , ζu such that
|Apζqpψ, τtqpmq ´ Apψ, τtqpmq| “ Cζ´1 expp´C 1m2q for constants C,C 1 only depending on
ψ, τt, each m.

Proof. This is standard in the population genetics literature. Define Apζqpψ, τtqpmq the probability
that m alleles survive backwards in the coalescent of population ζ up to time τt. Conditioned on
observing m individuals with allele x0, Hoppe (1984) showed that sampling more individuals from
the population is equivalent to sampling from a Pólya urn with allele probabilities ψπ⃗ `mx⃗0, giving
the Dirichlet multinomials.

Tavaré (1984) shows Apψ, τtqpmq “ limζÑ8 Apζqpψ, τtqpmq and for m ą 0

Apζqpψ, τtqpmq “

ζ
ÿ

k“m

e´kpk`ψ´1qτt{2p´1qk´m p2k ` ψ ´ 1qpm` ψqpk´1q

m!pk ´mq!

pζ ´ k ` 1qpkq

pζ ` ψqpkq

.

Note
pm` ψqpk´1q

pk ´mq!
ď

pm` ψqpk´1q

pk ´ 1q!

pk ´ 1q!

pk ´mq!
ď km`ψpm` ψqckm

for some c ą 0 and
ˇ

ˇ

ˇ

ˇ

pζ ´ k ` 1qpkq

pζ ` ψqpkq

´ 1

ˇ

ˇ

ˇ

ˇ

≲ k2{ζ.
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Therefore

|Apζqpψ, τtqpmq ´Apψ, τtqpmq| ≲
8
ÿ

k“m

e´kpk`ψ´1qτt{2p2k ` ψ ´ 1qk2m`ψm
c

m!

ˆ

k2

ζ
^ 1

˙

≲ζ´1m
c

m!

8
ÿ

k“m

e´kpk`ψ´1qτt{2k2m`ψ`3

ďζ´1m
c

m!
e´mpm`ψ´1qτt{2

8
ÿ

j“0

e´jpm`ψ´1qτt{2pj `mq2m`ψ`3

and
8
ÿ

j“0

e´jpm`ψ´1qτt{2pj `mq2m`ψ`3 ď

m
ÿ

j“0

pj `mq2m`ψ`3

`

8
ÿ

j“m

e´jpm`ψ´1qτt{2pj `mq2m`ψ`3

ďmp2mq2m`ψ`3 `

8
ÿ

j“m

e´jpm`ψ´1qτt{2p2jq2m`ψ`3

ďp2mq2m`ψ`4 ` 22m`ψ`3
8
ÿ

j“0

e´jpm`ψ´1qτt{2j2m`ψ`3

“p2mq2m`ψ`4 ` 22m`ψ`3
8
ÿ

j“1

e´pj´ 4
τt

log jqpm`ψ´1qτt{2j5´ψ

ďp2mq2m`ψ`4 ` 22m`ψ`3
8
ÿ

j“1

e´pj´ 4
τt

log jqpψ´1qτt{2j5´ψ

≲p2mq2m`ψ`4 ` 22m`ψ`3.

F EXPERIMENTAL DETAILS

F.1 DNA
We describe the experiments in Sec. 5.2.

Training and data For all DNA models, we use the same base CNN model and optimizer hyper-
parameters used to train DDSM (Avdeyev et al., 2023) and Dirichlet flow matching (Stark et al.,
2024) with code from https://github.com/jzhoulab/ddsm used with compliance with
their licence and https://github.com/HannesStark/dirichlet-flow-matching
used with an MIT licence. We train our Wright-Fisher simplicial model on the FlyBrain enhancer
data from https://zenodo.org/records/10184648.

We trained our model on an A100 80GB GPU over 11 h for 700 epochs like Avdeyev et al.
(2023). We trained a DDSM model using the code in https://github.com/jzhoulab/ddsm
and used a pre-trained flow-matching model from https://github.com/HannesStark/
dirichlet-flow-matching.

Computational comparison All three models we tested need to pass their noisy x⃗t through a
neural network. We chose the same neural network for our diffusion model as used in (Avdeyev
et al., 2023) and (Stark et al., 2024). For a reasonably sized model, like the ESM model for protein
experiments, the neural network computations took 75% of our compute time on average, meaning
the overhead from sampling and loss computations cannot be more than 25%.

However the DNA architecture was very small, at only 3 M parameters. For the DNA setting then
we precomputed and cached x⃗t, Fψ and Gψ so that a majority of training time would come from the
neural network. Indeed our model took 3 hours on an A100 to train for 200 epochs, comparable to 7
hours on an A6000 for 200 epochs in Stark et al. (2024).
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DNA accessibility (ATAC) predictor To get accurate predictions of a position-resolution epi-
genetic marker for DNA-accessibility (a property one often wants to design), we use the CNN
bpAITAC model from Chandra et al. (2025) to predict chromatin accessibility traces with code
from https://github.com/nuriachandra/bpAITAC. The model is trained on embryonic
drosophila chromatin accessibility from the Calderon et al. (2022) developmental fly dataset 16-20
hour subset, with ATAC-seq reads combined across cell types, using held-out chromosome chr2L for
validation. bpAITAC was trained on a single NVIDIA TITAN RTX GPU (24GB) with early stopping
based on validation loss.

bpAITAC produces two outputs: 1) total counts (a measure of regional accessibility), and 2) proba-
bility distribution of the counts. The base-pair resolution counts prediction is easily computed by
multiplying the two outputs. The resulting per-base counts are modelled by a Poisson distribution.
That is, bpAITAC takes a one-hot-encoded sequence x0 of length D “ 500 and predicts a positive
250-dimensional vector that represents the predicted “accessibility-profile” in the centre 250 positions
of the sequence. For a target profile of 250 numbers, y⃗ P N250, we compute the probability by using
the bpAITAC predictions as means of independent Poisson distributions

ppy⃗|x0q “

D
ź

d“1

Poisson pv⃗dq py⃗dq

where v⃗ “ bpAITACpx0q is the output of the predictor. Since bpAITAC is a neural network which
accepts one-hot-encoded x0t, we may also pass x0 which have each position x0,d lying on the
simplex.

Evaluation We use the ode_likelihood function to evaluate the likelihood of the trained
diffusion model in the code of Avdeyev et al. (2023).

We collected 100 trace predictions from Calderon et al. (2022) validation chromosome chr2L to use
as targets, picking the 100 peaks with the highest combined signal. For each target and model we
sampled 10 conditional samples using 1000 function evaluations. We sampled from our simplicial
diffusion model using the procedure described in App. C.4. To sample from the flow matching model
in Stark et al. (2024), we modified the get_cls_score function in their code to return the one-step
predictor that we used in our App C.4. Finally, we write custom code based on reversing an SDE to
sample from the simplicial diffusion model in Avdeyev et al. (2023). To do so, we note they perform
diffusion in a space with each position v⃗t,d P r0, 1sB´1. We compute their prediction x̃0pv⃗tq by
transforming the output of their neural network and then compute a prediction of ∇v⃗t log ppy|x̃0pv⃗tqq

with a one-step estimator as in in our App C.4, and add it to their score for v⃗ every step. We add this
modification into their function Euler_Maruyama_Sampler.

To calculate x̃0pv⃗tq we note they build a neural network to predict s⃗ “ ∇v⃗t log ppv⃗tq which equals
ÿ

b

x̃0,b∇v⃗t log ppv⃗t|x0 “ bq

for some implicit prediction x̃0,b which we must solve for. Now note, by the choice of the re-
verse stick-breaking procedure of Avdeyev et al. (2023), Ûb,b1 :“ p∇v⃗t log ppv⃗t|x0 “ bqqb1 “

∇vt,b1 log ppvt,b1 |v0,b1 “ δb,b1 q for b1 ď b and p∇v⃗t log ppv⃗t|x0 “ bqqb1 “ ∇v⃗t,b1 log Betap1, B ´

b1qpv⃗t,b1 q otherwise. So, s⃗ “ Ux̃0 “ U:,:´1x̃0,:´1`U:,´1p1´x̃T0,:´11q “ pU:,:´1´U:,´11
T qx̃0,:´1`

U:,´1. Therefore we can solve for x̃0,:´1 by solving this linear system.

F.2 PROTEIN

We describe the protein experiments in Sec. 6.2.

Training and data For all protein models, we started from pre-trained ESM2 150M weights (Lin
et al., 2023) under an MIT license as in MDLM (Wang et al., 2024a). We trained with a learning
rate of 10´5 for an A100 80GB GPU over 48 h for 3 million sequences, substantially less than the
training budget of Wang et al. (2024a). We trained on UniRef50 (Suzek et al., 2007) data from
https://zenodo.org/records/6564798.

Evaluation From each model we sampled 1000 sequences of length 200. We used a uniform grid of
100 points and integrated backwards, and we applied 4 corrector steps per predictor step as described
in Campbell et al. (2022). Then we predicted pLDDTs of sequences with Omegafold Wu et al. (2022)
under the Apache-2.0 License, with 1 cycle for each sequence.
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F.3 LANGUAGE

We describe the language experiments in Sec. 6.2.

Training and data We used the same architecture and training settings
as Lou et al. (2023), using their code at https://github.com/louaaron/
Score-Entropy-Discrete-Diffusion under an MIT license. We trained our model on 4
A100 80GB GPUs on 33 billion tokens taken from the lm1b dataset. We used a learning rate of
3 ˆ 10´4 and an EMA of 0.9999. Our diffusion transformer had an embedding dimension of 768
with 12 layers and 12 attention heads. The Gaussian models used pre-trained BERT embeddings
scaled by a factor of 8.

For our individual discrete and Gaussian language models, each device used a physical batch size of
64 and took 2 gradient accumulation steps for an overall batch size of 512. For our unified model, we
accumulated over Gaussian and discrete batches to get an overall batch size of 1024.

Evaluation We sample using 1000 iterations. Following Lou et al. (2023), we evaluate the sample
quality of our models through the generative perplexity of their unconditional samples according to
GPT2-large.

G SUPPLEMENTARY EXPERIMENTS

G.1 ANTIBODY OPTIMIZATION DOWNSTREAM TASK

We test our unified models from Sec. 6.2 on a different downstream task. Hie et al. (2023) suggested
that generative protein models can be used to suggest mutations that improve the stability of antibody
sequences. To test our diffusion model’s ability to successfully improve antibody properties, we
perturb a parental VHH sequence by noising a UniRef50-trained diffusion model by t then denoising
with 128 steps.12 To emulate a realistic wet lab setting, we investigate sampling 50 unique single-
and double-point mutants of the seed VHH by rejection sampling. We repeat this process 100 times,
selecting the top resulting sequence from each repeat “experiment” according to a proprietary ther-
mostability oracle. The amount of noising for each of the individual Gaussian, simplicial, and discrete
diffusion models was determined by a hyperparameter sweep over t P r0.01, 0.02, 0.05, 0.1, 0.2, 0.5s,
where the chosen hyperparameter gave the most unique sequences with fewer than or equal to 5
mutations to the parental sequence. This hyperparameter was then shared with each sub-model of the
unified model.

The thermostability oracle we used is an ensemble of 10 CARP/ByteNet regressors (Yang et al.,
2024), pretrained on approximately 537,000 sequences from phage display, processed using Next
Generation Sequencing (NGS), and 9556 Tm datapoints obtained from NanoDSF. The resulting
ensemble achieved a test cross-validated Spearman correlation of 0.72.

In Fig. 10 we see that unification does not substantially harm performance on this downstream task.
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Figure 10: The sufficient statistic parametrization enables a single model to perform competitive
discrete, Gaussian, and simplicial optimization of antibodies. Using our protein models from
Fig. 7, we “denoise” antibody sequences and plot the predicted improvement in melting temperature
in libraries of size 100.

12Note that this follows established methods for ML-based antibody diversification as in Raghu et al. (2025).
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G.2 FITTING IMAGE DATA: MNIST
We perform the analysis of Fig. 7 for image data and find a similar result.

We evaluate our unified discrete diffusion framework on the MNIST dataset, consisting of 28x28
grayscale images. We discrete the pixel intensities to N “ 8 levels using uniform quantization,
preserving the continuous structure of the token identities while reducing the computational cost. We
compare the performance of our single unified model (SSP) to the performance of three individually-
trained diffusion models: discrete, simplicial, and Gaussian.

All models use a U-Net backbone with an embedding size of 128, 4 downsampling/upsampling
blocks, and ReLU activations. Models are trained with the Adam optimizer with learning rate 0.001
and batch size 128 for 20 epochs. For Gaussian diffusion, we map each class index x P t0, ¨ ¨ ¨ , Cu

to a 2D continuous embedding with a circular parameterization embpxq “ plangle cospθq, sinpθqq

where θ “ x
C´1π. This embeddings encodes the similarity of different pixel values and ensures that

the resulting diffusion process closely resembles continuous diffusion. We found models with a 1-D
parameterization embpxq “ 2 ˆ p x

C´1 q ´ 1 performed much worse.

We evaluate the model performance using validation likelihood, as shown in Figure 11. First, as in
Fig. 7 we find that the likelihoods between the unified model are competitive with the individually
trained models. In fact, we are even able to achieve slightly better performance for discrete and
Gaussian diffusion, perhaps because the parameterization is easier to learn from, or because of a
benefit from learning on diverse data.

As well, while we might expect Gaussian diffusion to achieve the best data fit due to the continuous
nature of the data, we see the opposite: among our individual models, Gaussian surprisingly achieves
the worst likelihood. This demonstrates the importance of considering multiple types of diffusion
paradigms depending on the downstream tasks, thereby motivating our approach of training a single
unified model.

We also generate 64 unconditional samples per model using 1,000 steps of ancestral sampling.
Through our visualizations in Figure 12, we see that the unified model does not lead to compromised
sample quality compared to individual models.
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Figure 11: The sufficient statistic parametrization enables a single model to perform competitive
discrete, Gaussian, and simplicial diffusion on MNIST. We train all models for 20 epochs.

(a) Discrete (b) Simplicial (c) Gaussian

(d) Unified Discrete (e) Unified Simplicial (f) Unified Gaussian

Figure 12: Unconditional MNIST samples.
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