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ABSTRACT

We study gradient methods for solving an optimization problem with an (Lo, L1)-
smooth objective function. This problem class generalizes that of Lipschitz-
smooth problems and has gained interest recently, as it captures a broader range
of machine learning applications. We provide novel insights on the properties of
this function class and develop a general framework for analyzing optimization
methods for (Lo, L)-smooth function in a principled manner. While our con-
vergence rate estimates recover existing results for minimizing the gradient norm
for nonconvex problems, our approach allows us to significantly improve the cur-
rent state-of-the-art complexity results in the case of convex problems. We show
that both the gradient method with Polyak stepsizes and the normalized gradient
method, without any knowledge of the parameters Ly and L, achieve the same
complexity bounds as the method with the knowledge of these constants. In ad-
dition to that, we show that a carefully chosen accelerated gradient method can
be applied to (Lo, L1)-smooth functions, further improving previously known re-
sults. In all cases, the efficiency bounds we establish do not have an exponential
dependency on Ly or L, and do not depend on the initial gradient norm.

1 INTRODUCTION

In this paper, we focus on the deterministic unconstrained optimization problem
*:= min f(z 1
f* = min f () 1)

where f: R? — R is a smooth function. With the rise of deep learning, ensuring efficient con-
vergence has become increasingly critical. Traditional optimization methods, such as the gradient
descent method and its variants, often rely on assumptions like Lipschitz-smoothness to guarantee
convergence rates. However, in modern machine learning problems, these assumptions might be too
restrictive, especially when optimizing deep neural network models.

In experiments provided in (Zhang et al.l[2019), it was shown that the norm of the Hessian correlates
with a norm of the gradient of a loss when training neural networks. This observation motivated the
authors to introduce a new, more realistic assumption on a function class named (Lg, L1)-smooth.
The class of (Lg, L1 )-smooth functions includes the class of Lipschitz-smooth functions. Also, they
provided the convergence rate of the gradient method (GM) with fixed, normalized, and clipped step-
sizes for non-convex optimization and showed that normalized and clipped methods are favorable
in the new setting. In recent years, many works have studied methods for solving (Lg, L1)-smooth
optimization problems. Despite this interest from the community, the existing convergence results
are suboptimal in some important cases, and the analysis of such methods is not satisfactory.

Motivated by this gap, the present work investigates properties of (L, L1)-smooth functions and
gradient methods for optimizing these functions. The following subsection discusses existing results
for (Lg, L1)-smooth optimization.

Contributions. Our contributions can be summarized as follows:

* In Section |2| we provide novel results and insights into the (Lo, L1)-class by (i) providing new
examples and operations that preserve the (Lg, L1)-smoothness of functions and (ii) deriving new
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properties for this function class, leading to tighter bounds on descent inequalities. In Section [3}
we propose new, intuitive step sizes that follow by directly minimizing our tighter upper bounds
on the function growth. We also discuss the relation between these stepsizes and those used in the
normalized and clipped gradient method.

» For nonconvex functions, we achieve the best-known O (% + @) (Theorem complex-
ity bound for finding an e-stationary point, where Fy = f(z9) — f* is a function residual at
the initial point. For convex problems, we significantly improve existing results by achieving the
(’)(LUTR2 + L1 RIn £2) (Theorem complexity bound, where R = ||xg — 2*| is an initial
distance to a solution.

* We also study two new methods: normalized gradient method (NGM) and gradient method with
Polyak stepsizes (PS-GM), which do not require the knowledge of the parameters Lo, L;. For

both methods, we show that they enjoy the same O( L%Rz + L2R?) complexity bound without
knowing L and L; (see Theorems.T|and [5.1]).

* Finally, in Section [6] we present a simple procedure achieving the accelerated complexity of

O(my/ LOTRQ + L2R?), where m > 0 is a number of oracle queries for solving a simple one-

dimensional problem. This procedure prescribes running the monotone version of the accelerated
gradient method |Nesterov et al. (202 1)) from the initial point constructed after a certain number of
iterations of the (nonaccelerated) GM.

In contrast to other results in the literature, all our complexity bounds neither depend on the initial
gradient norm, nor have an exponential dependency on L;.

Related work. Following the introduction of the ( Lg, L1 )-class by Zhang et al.|(2019), subsequent
works have explored other smoothness generalizations and analyzed gradient methods under these
new assumptions. |Chen et al.|(2023) introduced the a-asymmetric class, relaxing the assumption on
twice differentiability and allowing a sublinear growth on the norm of a gradient. In (Li et al.,|2023),
authors went further and proposed the weakest (r,1)-smooth class, which allows even quadratic
growth of the norm of the Hessian with respect to the norm of the gradient. Despite the generality
of this assumption, there are still some issues and open questions regarding the existing results even
for the basic (Lo, L1 )-smooth class.

In (Zhang et al. |2020), the authors analyzed the clipped GM with momentum and improved
complexity bound with respect to problem parameters Lo, L;. Using the right choice of clip-
ping parameters, [Koloskova et al.| (2023) proved, for nonconvex and convex problems, respec-
tively, the O( % + @) and O( @ + \/ngRQ) oracle complexity bounds for obtaining
an e-approximate solution, where L is a Lipschitz constant. For convex problems, |Li et al.
(2023) proposed an (asymptotically) faster accelerated gradient method achieving the complexity
of O((L?R? + % +1)4/ F‘)%L“Rz !l Several works have studied adaptive optimization methods
that do not require the (Lo, L1) parameters to be known. [Faw et al.| (2023); [Wang et al| (2023)
studied convergence rates for AdaGrad for stochastic nonconvex problems. Hubler et al.[ (2024)

proposed a gradient method with the backtracking line search and showed the O(% + @)
complexity bound for nonconvex problems. For convex problems, Takezawa et al.|(2024) obtained
the complexity of (9(@ + \/ng R?), where L is a Lipschitz constant, for the PS-GM, which
requires knowing the optimal function value.

One interesting paper that is highly related to our work and independently appeared online during
the finalization of our manuscript is |Gorbunov et al.| (2024). In this paper, the authors propose

a new formula (called “smooth clipping”) for choosing stepsizes in the GM for convex (Lg, L1)-
smooth functions; up to absolute constants, this formula coincides with one of ours. Their proof

techniques differ from ours, which leads to (D(L(’er2 + L?R?) complexity which is slightly worse

than our (’)(LU?R2 + LR ln(%)), especially when initial function value is reasonably bounded (see
Section [3). The authors also show that the PS-GM achieves the same result as in our work. Addi-

tionally, they provide an accelerated method with complexity O(\/ LOTRQ LiRexp(L1R)) and study

'See Appendix E}
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also the strongly convex and stochastic cases as well as some adaptive methods. In contrast, our
work has a slightly different scope and offers deeper insights by providing the intuition on arriving
at the “right” stepsize formulas, an analysis for nonconvex functions, the study of normalized gradi-
ent methods, and a superior version of the accelerated scheme with significantly better complexity.
Importantly, our proof techniques are somewhat different from those in|Gorbunov et al.[(2024)) and
are more aligned with classical optimization theory, at least in the specific cases we consider in our

paper.
2 DEFINITION AND PROPERTIES OF (Lg, L1)-SMOOTH FUNCTIONS

In this section, we state our assumptions and discuss important properties of generalized smooth
functions. We start with defining our main assumption on (Lg, L1 )-smooth functions.

Throughout this paper, unless specified otherwise, we use the standard inner product (-, -) and the
standard Euclidean norm || - || for vectors, and the standard spectral norm || - || for matrices. We also
assume that there exists a solution for the problem (TJ).

Definition 2.1. A twice continuously differentiable function f: R — R is called (Lg, L1 )-smooth
(for some Ly, Ly > 0) if it holds that

IV2f(z)|| < Lo+ L1 ||V £ ()] for all z € R<. )

The class of (Lo, L1)-smooth function is a wide class of functions, which includes the class of
Lipschitz-smooth functions. Definition[2.T|of generalized smooth function was introduced in (Zhang
et al [2019). For twice differentiable function, this definition is equivalent to definition of «-
symmetric functions with a = 1 provided in (Chen et al.;,[2023)). All our further results also hold for
a-symmetric functions, however, we use the stricter assumption for clarity in presentation. Any a-
symmetric twice differentiable function is also (Lg, L1 )-smooth function, but with a different choice
of parameters; thus, our results also hold for a-symmetric functions. For the purpose of analysis of
the methods, we provide an alternative and more useful first-order characterization of the class of
(Lo, L1)-smooth functions.

Lemma 2.2. Let f be a twice continuously differentiable function, Then, f is (Lo, L1)-smooth if
and only if any of the following inequalities holds for any x,y € Rd.

elally—=ll _q
Ly ’

|f(y) = f(z) = (Vf(x),y — )| < (Lo +L1va(m)||)w

L? ’
where ¢(t) == et —t —1(t > 0).

IVf(y) = V()| < (Lo + L[V (2)]]) ©)

“4)

The proof of Lemma [2.2] can be found in Appendix [A] It is worth noting that inequality (3) is
stronger than that from Corollary A.4 (Zhang et al.,[2020). The bound in inequality @) is tighter than
those presented in previous works (see, for example, Lemma A.3 in (Zhang et al., [2020), Lemma 8
in (Hiibler et al., 2024)). These tighter estimates allow us to construct gradient methods in the sequel.
When the function f is also convex, we have the following useful inequalities.

Lemma 2.3. Let f be a convex (Lg, L1)-smooth nonlinearE] function. Then, for any x,y € R,

Lo+ LiIVIWI , (LallVI(y) = V(@)
f(y) Zf(x)—i—(Vf(x),y—@-i— L% (b*( Lo+ Li|Vf®)|| )’ )
B . Lo+ Li|VfW)Il , (LallVI(y) = VI(@)|
(Vf(z) = V£y), y) > L% ¢*( Lo+ Li|Vf(®)] ) ©

Lo+ Li[[VIf@)  (LillVF(y) = V()]
i L3 ¢*( Lo+ Ly V(@) )

where ¢, is the function from LemmalA.4)

2Hereinafter, for L; = 0 and any t > 0, we assume that t2, etc., which are the

Eth'*l — t d’(th) l
Iy — v 12 2
limits of these expressions when L1 — 0; L1 > 0.
* According to Lemma this means that Lo + L1 ||V f(z)|| > 0 for any z € R%.
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Moreover, using Lemma[A:4] we can simplify the lower bound in ().

Corollary 2.4. Let f be a convex (Lq, L1 )-smooth nonlinear function. Then, for any =,y € R,

IVf(y) = V()2
(Lo + LallVF(W)ID) + La IV f(y) = V(@)

F) > f(@) + (Vf(@)y -2 + 5 @

Lemmais a generalization of Theorem 2.1.5(Nesterov, [2018) to (L, L1 )-smooth functions, and
matches it when L; = 0 (since %qﬁ*(Lla) — 5a” as L1 — 0). The proof of Lemma is
1

presented in Appendix [A]

3 GRADIENT METHOD

Having established a few important properties of an (Lg, L1 )-smooth function f, we now turn our
attention to the gradient method (GM) for minimizing such a function:

Tpt1 = Tk — MV f(2k), k>0, ®)
where 7o € R? is a starting point and 7, > 0 are certain stepsizes.

We start with showing that the gradient update rule (8 and the “right” formula for the stepsize 7y
both naturally arise from the classical idea in optimization theory—choosing the next iterate x4 by
minimizing the global upper bound on the objective function value constructed around the current
iterate xj (see (Nesterov, [2018)). Indeed, let = € R4 be the current point and let a := Ly +
Ly ||V f(x)|| > 0. According to d%b, for any y € R9,

fly) < fl@) + (Vf(a),y — ) + Li'%qﬁ(my — z)).

Our goal is to minimize the right-hand of the above inequality in y. Since the last term in this bound
depends only on the norm of y — x, the optimal point y* = T'(z) is the result of the gradient step

T(x)=xz—1r" Hg;gg” for some r* > 0 ensuring the following progress in decreasing the function
value:

a a  (LiVi@)]
7@) = (@) 2 map{ IV A @)l = zo(an = 30, (F520),
where ¢, is the conjugate function to ¢ (see Lemmal[A.4). Furthermore, * is exactly the solution of
the above optimization problem, satisfying L1 ||V f(z)|| = a¢’(L17r*). Solving this equation, using
the fact that (¢')~1(7) = ¢L(7) = In(1 + ), we obtain r* = ¢/ (2¥E) — L +
Lilvi @y,

a

The above considerations lead us to the following optimal choice of stepsizes in (8):

1 Ly ||V f ()|
i p—— | [ , k>0, 9
= L " T nivseol) ®
resulting in the following progress in decreasing the objective:
Lo+ Li[[Vf(zi)| L |IVf ()|
— > . = Ag. 10
Fow) = (@) 2 7 (L niv ) = (10

The above expression for Ay is quite cumbersome but, in fact, it behaves as the simple fraction

#%. More precisely, from Lemma 3), we see that
[V f(z)]? <A, < [V f(zx)]? _
2Lo +3L1[[Vf(zi)l = 7 7 2(Lo+ La|[Vf(zi)l)

Thus, there is not much point in keeping the complicated expression (I0) and we can safely simplify

it as follows: IV f(xp)|?
Tk
f(@k) — f(@h41) = 2L + 3L1 ||V f (k)|

1L

4
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Interestingly, we can also arrive at exactly the same bound (1)) by using a simpler choice of step-
sizes. Specifically, replacing In(1 + +) with its lower bound 2 (wh1ch is responsible for the

inequality in Lemma[A-4]3) that we used to simplify (I0) into (]E[)) we obtain the following sim-
plified stepsizes:

1
Lo+ 3Ly||Vf(zp)l

With this choice, the iterates of method (8) still satisfy (IT)) (see Lemma [B.1).

Further, note that, up to absolute constants, stepsize (@) acts as

0l k> 0. (12)

1
max{Lo,L1 [V f(zk)][}
min{%, m} which is the so-called clipping stepsize used in many previous works Zhang
et al.| (2019; [2020); Koloskova et al.| (2023). Thus, with the right choice of absolute constants, we
can expect the corresponding clipping stepsizes, to satisfy a similar inequality to (TT). This is indeed
the case, and we can show, in particular, that the clipping stepsizes

1 1
B k> 13
U mm{QLo 3L1|\Vf(a:k)||} 20, (13)

do satisfy (TT) although with slightly worse absolute constants (see Lemma [BT).

We have thus demonstrated in this section that clipping stepsizes (I3)) are simply a convenient ap-
proximation of the optimal stepsizes (9), ensuring a similar bound on the objective progress. This
observation seems to be a new insight into clipping stepsizes which has not been previously explored
in the literature.

It is not difficult to see that the three stepsizes we introduced in this section satisfy the following
relationships:
i <0 < g (14)

3.1 NONCONVEX FUNCTIONS

We are now ready to present a convergence rate result for nonconvex functions.

Theorem 3.1. Let f be an (Lo, Ly)-smooth function, and let {x} be iterate sequence of GM (B))
with one of the stepsize choices given by (9), (I2) or (I3). Then, ming<i<x |V f(zr)| < € for any
given € > 0 whenever

2LoF, 3L.F,
2 + PV
ae ae

where a = 1 for stepsizes (O) and (12), and a = % for stepsize (13).

The proof of Theorem [3.1] can be found in Appendix [B.2] The rate in Theorem@ matches, up to

absolute constants, the rate in (Koloskova et al. 2023) for clipped GM with ) = (LO +cLy) fore =

éo or equivalently the GM with stepsize n, = L min{1

K+1>

) W} Furthermore our rate is

significantly better than the rate O( Lgf &+ LT?J) obtained in (Zhang et al., [2019) for the clipped

GM since £ F 0 < Lg F" + L2 LFO , and the latter expression can be arbitrarily far away from the former
whenever LO is sufﬁc1ently small and L1 is distinct from zero. In addition to that, our convergence
rate result does not depend on the gradient norm at the initial point, in contrast to |Li et al.| (2023)
who consider a wider class of generalized-smooth functions but whose rate (polynomially) depends

on ||V f(zo)]||. Also, our rate from Theoremis better than O (£ef + @) provided in (Hiibler
et al.,[2024)) for the GM equipped with a certain backtracking line search.

3.2 CONVEX FUNCTIONS

Let us now provide the convergence rate for convex functions.

Theorem 3.2. Let {x}} be the iterates of GM (8) with one of the stepsize choices given in (O) (I2)
or (13), as applied to problem (1) with an (L, Ly)-smooth convex function f. Let x* be an arbitrary
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solution to the problem and let Fy = f(x¢) — f*. Then, the sequence Ry, = ||z — z*||, k > 0, is
nonincreasing, and f(xy) — f* < € for any given 0 < € < F whenever
2 LoR* 3 F 243 LoR? 3(1+1
K>=20 4 2L Rm =t (s ey Sk
a € a

a €

e 2 L§R2),

where R := Ry, and a = 1 for stepsizes @), (I2) and a = § for stepsize (T3).

The proof of Theorem|3.2|can be found in Appendix Notice, that the second estimate O(LOTRZ +
L2 R?) in Theorem comes from a very pessimistic bound on Fjy with the exponentially large
quantity exp(LiR) L%§2 coming from Lemmas and However, in the case when Fj is
reasonably bounded (e.g., we apply “hot-start” or f is a well-behaved function such as the logistic
one), the O(L; R1In %) term from the main estimate can be much smaller than O(L? R?) from the
pessimistic estimate.

In Theorem @ we do not make an assumption on L-smoothness of a function, while this as-
sumption is used in (Koloskova et al., 2023). Moreover, the rate in the theorem is better than

(Q(LOTR2 + \/g L1 R?) rate provided in (Koloskova et al., [2023) for clipped GM, since it does not

have ﬁ dependency on L; and L. Also, our result does not include the norm ||V f(zo)|| of the
gradient at an initialization point in the estimate, while the rate provided in (Li et al., 2023)) does

depend on ||V f(z0)|| which can be large and be an order of L. Consider for example f(z) = % [|]|P
(see Proposition[A.T]) for p > 2 and starting point x sufficiently far from the origin, in this case, the
gradient ||V f(zo)[| = ||zo||P~! can be arbitrary large.

4 NORMALIZED GRADIENT METHOD

To run GM from Section [3] it is necessary to know the parameters (Lg, L1) in advance. In many
real-life examples, those parameters are unknown, and it might be computationally expensive to
estimate them. Furthermore, for any given function f, the pair (Lg, L) is generally not unique
(see Examples [A-T] and [A2)), and it is not clear in advance which pair would result in the best
possible convergence rate of our optimization method. To address this issue, in this section, we
present another version of the gradient method that does not require knowing (Lg, L1). This is the
normalized gradient method (NGM):

Br

Th1 =Tk — o V. (Tk), k>0, 15)
IVf ()]

where 7y € R? is a certain starting point, and f3;, are positive coefficients. The following result
describes the efficiency of the NGM.

Theorem 4.1. Let {x}} be the iterates of NGM (13)), as applied to problem (1)) with an (Lg, Ly )-

smooth convex function f. Consider the constant coefficients B, = \/;;H, 0<k<K-—1, where

R>0isa parameter and K > 1 is the total number of iterations of the method (fixed in advance).
Then, ming<x<x f(zx) — f* < € for any given € > 0 whenever

LoR? 4 -
K—|—12max{ off ,§L%R2},
€

where R = %(%2 + R), R:=|lxo—x*|, and =* is an arbitrary solution of the problem.

The parameter R in the formula for coefficients 3, is an estimation of the initial distance R to a
solution, and the best complexity bound of K* = (Q(L(’f’R2 + L3 R?) is achieved whenever R=R.

Note that, even if R # R, the method still converges but with a slightly worse total complexity of
K*p?, where p = max %, % .

The proof of Theorem@is based on the following two important facts (Nesterov}, 2018} Section 3).
First, under the proper choice of coefficients 55, NGM ensures that the minimal value vy among

. (Vf(zp)zp—2") i iti
v = IS F Gl 0 < k < K, converges to zero at the rate of NS These quantities vy, have
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a geometrical meaning—each of them is exactly the distance from the point z* to the supporting
hyperplane to the sublevel set of f at the point x,. Second, whenever v} converges to zero, so does
ming<p<r f (zx) — f*. Moreover, we can relate the two quantities whenever we can bound, for any
given v > 0, the function residual f(x) — f* over the ball ||z — z*| < v:

Lemma 4.2 ((Nesterov, 2018, Lemma 3.2.1)). Let f: R? — R be a differentiable convex function.

Then, for any z,y € R? anaﬂ vi(zyy) = %, it holds that

fz) = fly) < max{f(z) = f(y) : |z —yll < vs(z:y)}- (16)

In our case—when the function f is (Lg, L1 )-smooth—the corresponding bound can be obtained
from Lemma[2.2} The complete proof of Theorem@.T|can be found in Appendix [C|

In Theorem@ we fix the number of iterations K before running the method, which is a standard
approach for the (normalized)-(sub)gradient methods (Section 3.2 in |[Nesterov| (2018)). However,
doing so may be undesirable in practice since it becomes difficult to continue running the method if
the time budget was suddenly increased and also prevents the method from using larger stepsizes at
the initial iterations. To overcome these drawbacks, one can use time-varying coefficients by setting

Br = \/%, 0 < k < K — 1. This results in the same worst-case theoretical complexity as in

Theorem[4.T]but with an extra logarithmic factor (see Theorem|[C.2)). Moreover, one can completely
eliminate this extra logarithmic factor by switching to an appropriate modification of the standard
(sub)gradient method such as Dual Averaging|Nesterov|(2005).

For R = R, the complexity of NGM is (’)(LU—RZ + L?R?) which is generally worse than that of the
previously considered GM (see Theorem and the corresponding discussion). However, recall
that GM requires knowing (Lg, L1 ), and its rate depends on the particular choice of these constants.
In contrast, NGM does not require the knowledge of these parameters, and its “real” complexity is
(L3R 2p2. ¢
O(1) min { + LiR": fis (L07L1)—sm00th}7

€

where O(1) is an absolute constant.

5 GRADIENT METHOD WITH POLYAK STEPSIZES

In the previous sections, the parameters required to run the methods were Ly, L for GM, and the
estimation R of the initial distance for a solution R for NGM. To achieve good complexity for
NGM, the estimate R should be close to real R, otherwise the multiplicative factor {%, %} will
lead to an arbitrary large complexity estimate. Sometimes, parameters Lo, L and a good estimate

R are unknown, while the optimal value of the function is available. One of the examples of such
problems is over-parametrized models in machine learning where f* is usually 0.

In this section, we focus on the case when f* is known and analyze the gradient method (8) with the
Polyak stepsizes:
floe) — f*

V@l
Theorem 5.1. Let {x1} be the iterates of PS-GM (8), (T7), as applied to problem (1) with an
(Lo, L1)-smooth convex function f. Then, it holds that ming<k<r f(xr) — f* < € for any given
€ > 0 whenever

o k> 0. (17)

4LoR?

K+1> maX{ ,36L§RQ},

where R = ||xg — a*|| and x* is an arbitrary solution of the problem.

We prove the theorem by using a standard inequality for the gradient method with Polyak stepsizes
(PS-GM) for convex functions,
Ii
2

2 p2
R — Ry, >

*Here [t]+ := max{t,0} is the nonnegative part of ¢ € R.
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where Ry = ||z — 2*||, fr = f(zx) — f*, and g = ||V f(xx)||. We then leverage the lower

bound (7), and bound gradient norm g by ¢~ 1(fi), where ¢(g) == ZLO‘?’TIQ’ obtaining
2
R2 _ R2 Z fk .
PR [ ()2

Summing up these relations, passing to the minimal value of fj, and rearranging the resulting
inequality, we obtain the desired bound. The complete proof of Theorem [5.1] can be found Ap-

pendix
Notice that the rate O( LOTRQ + L2R?)in Theoremis the same as the rate NGM in Theorem

Further, our rate is better than (’)(LoiR2 + \/g Ly R2) provided in Takezawa et al.| (2024), since it

does not have a dependency on e with respect to L; and L parameters. Furthermore, it is more
general since we do not assume L-smoothness of the function. Finally, it is worth mentioning that
the rate for PS-GM holds for any choice of (Lo, L1). Thus, the rate holds for the best choice of
(Lo, L1) pair and is the same as for the NGM.

6 ACCELERATED GRADIENT METHOD

This section focuses on developing an accelerated method for minimizing an (Lg, L1 )-smooth func-
tion f.

We start with the following observation. Consider a point z € R with ||V f(z)|| < f—‘; Then, by
the definition of (Lo, L1)-smoothness, ||V f(z)|| < Lo+ L1 ||V f(z)|| < 2Lo. Hence, in the region

L
Q:={z R [V/@) < 7},

the function f behaves like a standard 2 Ly-smooth function. Consequently, we may try to apply the
Fast Gradient Method (FGM) to minimize f expecting (after we have found an initial point in Q) the
O(4/ L"Tm) oracle complexity for finding an e-approximate solution, where R is the initial distance

to the solution. The problem with the above approach is ensuring that the iterates of FGM stay
in Q. In general, the set () may have a complicated structure and might even be nonconvex. One
reasonable idea is to find another, better-structured region, contained in () in which we can keep all
the iterates of the method. A good candidate for such a region is the initial feasible set

Fo = {z e R?: f(z) < f(w0)}- (18)

According to Lemma[2.3] for any 2 € Fo, we can upper bound the corresponding gradient norm by
the function residual which is, in turn, bounded by the initial function residual:

PIVI@I) < flz) = f* < flxo) = f = Fo,

where ¢(7) = m Since 1 is increasing, to ensure that ||V f(x)]| < %’, it suffices to require
that the initial function residual is sufficiently small:
Lo Ly
R<o(72) =% =A 19

Thus, whenever F; < A, we have the inclusion 7y C (), meaning that the function f is 2L-
smooth over Fy. Note that we can find an initial point z satisfying (T9) by using any of our
basic (nonaccelerated) methods considered previously. For instance, running GM from Section |§|
from a certain initial point x5, we can ensure (I9) in (’)(LOTR2 + L?R?) = O(L3R?) gradient-
oracle queries, where R = |z, — *|| (see Theorem [3.2); furthermore, the obtained point z does
not go far from z* compared to our initial point x, specifically, it holds that ||zg — z*|| < R
(again, see Theorem @) Thus, if we could guarantee that FGM, when started from z, keeps its

iterates in the initial sublevel set F;, we would obtain the total complexity of O(4/ LOTRZ + L2R?),

which is better than that of the basic methods (at least in the case when € is not too large).
However, for most classical versions of FGM (such as those presented in (2018)), the
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Algorithm 1 AGMsDR (zo, T'(+), L, K) Nesterov et al{(2021)

1: Input: Initial point z¢ € R, update rule T°(+), constant L > 0, number of iterations K > 1.
2: Vo = To, Ao = 0, Co(l‘) = %HZE — 270H2.

3:fork=0,1,..., K —1do

yr = argmin, {f(y): y = vk + B(xx — vx), B € [0,1]}.

Trt1 = T(yr).

Find ar+41 > 0 from the equation Lai+1 = Ai + ar+1. Set A1 = Ag + akt1-

Vg1 = argming cpa{Cr+1(2) = Cp(2) + ant1 [f(yr) + (Vf(yr), © — yr)]}-
return x g .

A

Algorithm 2 Two-Stage Acceleration Procedure

1: Input: Initial point z, € R?, constants A, L > 0, update rule T(-), number of iterations K.
2: Run GM with stepsize rule (9), (I2) or (T3) from =, to get zo: f(zo) — f* < A.
3: return zx = AGMsDR(zo,T(-), L, K).

monotonic decrease of the function value cannot be guaranteed. Nevertheless, one monotone version
of FGM does exist, namely, the Accelerated Gradient Method with Small-Dimensional Relaxation
(AGMsDR) (Nesterov et all, 2021). We present this method in Algorithm [T} in a slightly more
general form compared to the original work. Specifically, instead of computing the point xj1 by
the standard gradient step from a point yy,, we allow to use any update rule 7'(-) : R — R<, as long
as it ensures a sufficient decrease in the function value:

f@) ~ @T@) 2 5 IVF@IP, Ve e Fo 20)

where L > 0 is a certain fixed constant. As long as there exists such a T'(+) for our function class, we
can prove that the points x and yj constructed by the method remain in Fy, and f(xj) converges
at the O( Lklf ) rate (see Appendix [E.1|for the proof):

Theorem 6.1. Consider problem (1) with a differentiable convex objective f. Let AGMsDR (Algo-
rithm be applied to solving this problem, given an update rule T'(-) satisfying, for a certain fixed

constant L > 0, the sufficient decrease property 20) over the initial sublevel set (I8). Then, for all
k >0, it holds that

2LR?
k2

flare) < flyr) < floe),  flaw) = 7 <
where R := ||xg — x*|| and x* is an arbitrary solution of the problem.

For our class of (Lg, L1 )-smooth functions, we can choose T'(-) as the gradient step 7'(z) = = —

0,V f(x) with any of the stepsize rules (9), (I2), or (13) (with z, replaced by x). Then, according to
Lemma [B.1]and the fact that, under our assumption (I9), for any = € Fy, it holds that ||V f(z)|| <

Lo ;
Iy, we obtain

i AVI@IP o a o
T = I 2 op s s = sz O

where a = 1 for stepsize rules (9), (T2), and a = 5 for stepsize rule (T3). Thus, such a T'(-) indeed
satisfies (20) with

5
L= —L. (21)
2a
We are now ready to formally define our two-stage acceleration procedure, see Algorithm [2] Our
main result can be summarized as follows (see Appendix for a formal proof):

Theorem 6.2. Consider problem (1) with an (Lo, L1)-smooth convex function f. Let xx be the
output of Algorithm |2| as applied to solving this problem with A given by , T(-) being the
gradient update T'(x) = x — 1,V f(x) with any of the stepsize rules ©), (12), or (13), and L given
by l| where a = 1 for stepsize rules ), (12) and a = % for stepsize rule (13). Then, to ensure
that f(xg) — f* < efora given 0 < e<A and an appropriately chosen K, the algorithm requires
at most the following number of first-order oracle queries:

5LoR2 13+ 18
(m+1){ 0 W T { e L%RQ-‘.
a

ae
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where R = ||xzs — x*||, * is an arbitrary solution of the problem, and m > 1 is the number of
oracle queries needed to compute yy, at each iteration of AGMsDR (Algorithm[I).

Observe that, at every step, AGMsDR requires solving a certain one-dimensional subproblem to
find yi, which we assume can be done in at most m oracle queries. For many practical problems,
this subproblem can usually be solved quite efficiently, so the extra factor m in the complexity es-
timate from Theorem [6.2]is typically insignificant. Nevertheless, from the theoretical point of view,
understanding how to to completely remove the one-dimensional search (as in the standard FGM for
Lipschitz-smooth functions) is still an important question which we leave for future research.

Let us now compare the obtained complexity with that of other existing accelerated methods. In|L1

2p2 , LiFo Fo+ Lo R2 .
et al| (2023), the authors showed O((L{R* + =12 + 1)4/ “022%) complexity for Nesterov Ac-
celerated Gradient (NAG) method, which is significantly worse than ours. Even when Fj satis-

fies , NAG complexity simplifies to O((L}R? + 1)1/ £222); while our bound have summa-

tion instead of a product of two terms which is significantly better. In (Gorbunov et al., [2024),
the complexity estimate for a normalized variant of Similar Triangles Method Max (STM-Max)

is O(1) exp(O(1)L1R)+/ L”fRz which is also worse than our rate provided in Theorem [6.2|and is

worse than the complexity of NAG when (I9) holds. Both STM and NAG do not guarantee the
monotonic decrease of the value function; both methods can escape the initial sublevel set F;, and
consequently, the gradient norm might increase during optimization. While our Algorithm 2] guar-
antees that after the first stage, the gradient norm becomes smaller than f—‘; and all the iterates of
the second stage maintain this property and stay in the sublevel set Fy by construction. However,
Algorithm 2] requires additional knowledge of f* to stop the first stage of the procedure.

7 CONCLUSION

This work investigates gradient methods for (Lg, L1 )-smooth optimization problems. We have pro-
vided new insights into this function class and presented examples along with the operations preserv-
ing the (Lo, L1)-smoothness. Moreover, we have provided new properties of the function class that
have rendered tighter bounds on the descent inequalities. Based on these tighter bounds, we derived
new stepsizes for the gradient method and connected them with normalized and clipped stepsizes.
For such stepsizes, we have shown the best-known (’)(% + @) complexity for finding an e-
stationary point in non-convex problems. For convex problems, we have significantly improved the

existing results and obtained the (Q(L"TR2 + L1RIn %) complexity for the gradient method with
our stepsizes. We have also analyzed the gradient method with Polyak stepsizes and a normalized

gradient method that achieve (’)(LofR2 + L3 R?) complexity bound, which is significantly better than
previously known complexity bounds. Both of these methods are useful because they automatically
adjust to the best possible pair of possible parameters (Lg, L1). Finally, we have proposed a new
procedure by combining our results on the gradient method with the AGMsDR method, and showed

fast O(m L%m + L2 R?) complexity bound which does not have the dependency on the initial

gradient norm and does not have an exponential dependency on L, in contrast to previous works.
Whether it is possible to eliminate the line search for determining y; in AGMsDR method is an
interesting open question for further research. Another interesting question is how to improve the
L? R? complexity of the first phase.
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A MISSING PROOFS IN SECTION 2]

A.1 PROOF OF LEMMA 2.2]

Proof. [ == ] Let z,yy € R? be arbitrary and let h := y — x # 0 (otherwise the claim is
trivial). Then, for any ¢ € [0, 1], using , we can estimate

t t
IVf(@+th) =V f(z)|| < ||h|\/ IV2f (@+7h)|ldr < ||h||/ (Lo+La[[Vf(z+Th)[)dr =: v(t).
0 0
Our goal is to upper bound v(1). We may assume that L; > 0 since otherwise v(1) = Lo||h| and
the proof is finished. Differentiating, we obtain, for any ¢ € [0, 1],
V'(t) = Lollh|| + Lalpl[IV f(z + th)|| < (Lo + LalIV f (@) DIIRI + LRl (2),

where the final bound is due to the triangle inequality and the previous display. Hence, for any
t € [0,1], we have

d
S (Lo + LalIV @)l + )|l + La[Iallv(0)] < LA,

where € > 0 is arbitraryﬂ Integrating this inequality in ¢ € [0, 1] and noting that v(0) = 0, we get
LQ + L1 HVf(a:)H +€e+ Lll/(l)

In < L1 ||R]|,
Lot Lvi@ire =M
or, equivalently,
eLthH —1
v(1) < (Lo + Li||Vf(2)] +€) I

Passing now to the limit as e — 0, we obtain @)

[ - ] Let z, y € R be arbitrary points and let i := y — x. Then, using , we can estimate

@) - f(@) — (Vf(@)y—2)| < / (VF(x + th) — V£ (x), h)|dt

eLallnll — Li||h|| -1
L2 ’

LeLallnlle _q
< (Lo +L1||Vf(:c)||)||h||/O 4= Lo+ Lo VS@)I)

which is exactly ().

(“) = ] Let us fix an arbitrary point 2 € R? and an arbitrary unit vector h € R¢. Then, for
any t > 0, it follows from (@) that

elit — Lit—1
|[f(z +th) = f(z) =tV f(2), h)| < (Lo + La [V (@) ) ——F7——
1
Dividing both sides by t? and passing to the limit as t — 0, we get
(V2 f(z)h, h)| < Lo + L[|V f(2)]-
This proves (2) since the unit vector / was allowed to be arbitrary. O

A.2 PROOF OF LEMMA [2.3]

Proof. [Proof of ] Let 2,y € R? be arbitrary points and let us assume w.l.o.g. that L; > 0. In
view of the convexity of f and , for any h € R?, we can write the following two inequalities:

0 < fly+h) —fl@)=(Vf(x),y+h-=x)

< Bylay) + (Vi) - Vi), ny + LT LIV

Li||k|),

>This additional term is needed to handle the possibility of Lo 4+ L1 ||V f(z)|| being zero.

12
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where B¢(z,y) = f(y) — f(z) — (Vf(z),y — x). Denoting ¢ := Lo + L1[|Vf(y)|| > 0 and
s:=Vf(y) — Vf(x), we therefore obtain

L
By > mas{ (5o — Fao(Talhl)} =max{llsly = Fyotan)} = Foo. (1),

heRd

[Proof of (6)] Summing up (5) with the same inequality but 2 and y interchanged, we obtain (6).

[Proof of ] By using a lower bound ¢, (y) > ﬁ in (5) and denoting a = ||V f(z) — Vf(v)]|
and g = ||V f(y)||, we obtain

Lo+ Lig Lia® Lo+ Lig

L% (LO + ng)Q 2(L0 + ng) +a

a?

:f(x)+<Vf(x),y—x>+m' D

fy) = f(@) +{(Vf(x),y —x) +

A.3 EXAMPLES AND PROPERTIES OF (Lg, L1)-SMOOTH FUNCTIONS

Let us present a few simple examples of (Lg, L1 )-smooth functions.
Example A.1. The function f(z) = %Hxﬂp, where p > 2, is (Lg, L1 )-smooth with arbitrary L; > 0

and Ly = (leg)p 2

Example A.2. The function f(x) = In(1 4 €*) is (Lo, L1 )-smooth with arbitrary L; € [0,1] and
Lo=1(1—- L)

The preceding examples also show that the choice of Ly, L; parameters is generally not unique.
While we cannot guarantee that the class is closed under all standard operations, such as the sum-
mation, affine substitution of the argument, we can still show that some operations do preserve
(Lo, L1)-smoothness under certain additional assumptions.

Proposition A.3. Let f: R? — R be a twice continuously differentiable (Lg, L1)-smooth function.
Then, the following statements hold:

1. Let g: R — R be an L-smooth and M-Lipschitz twice continuously differentiable function.
Then, the sum f + g is (L, L})-smooth with Ljy = Lo + MLy + L and L} = L,

2. Let fi: R% — R be an (L ;, L1 ;)-smooth function for each i = 1,... n. Then, the function
h:RY x ... xR¥ — Rgivenby h(z) =Y 1, fi(x;), where v = (1, ..., y,), is (Lo, L1)-
smooth with Ly = maxi<;<pn Lo; and L1 = maxi<i<p L1 ;.

3. If f is univariate (d = 1) and h(x) = f({a, :c) +b), z € RY, where a € R%, b € R, then h is
(L}, L})-smooth with parameters L) = ||a||* Lo and L}, = ||a|| L.

4. Let additionally V2 f(z) = 0 for all z € R? and f be 1-coerciveﬂ Then, f is (Lo, L1)-smooth
iff its conjugate f, (which is, under our assumptions, deﬁned on the entire space and also twice
continuously differentiable) satisfies V? f,(s) = I for all s € RY, where I is the

identity matrix.

Lo+L lIsl]

One simple example of the additive term g satisfying the assumptions in the first item of Propo-
sition is an affine function (for which L = 0); another interesting example is the soft-max
function g(z) = pIn(321", elles®)+bil/m) where a; € R, b; € R, u > 0. Based on the second

statement of Proposition and Example the function f(z) = 1 Sllellp = 11)

p > 2is (Lo, Lq)-smooth with arbitrary L; > 0 and Ly = (pL—*lz) . Using the third statement,

we can generalize Example and conclude that f(z) = In(1 + e!**)) is also (Lo, L1)-smooth
with arbitrary Ly € [0, [|al|] and Ly = }(||a]| — L1)?. Also, we can use the last statement of the

proposition to show that f(z) = @¢(L1HCE||) = L—‘l’( efllzl — 1y ||lz|| — 1) is (Lo, L1 )-smooth since
the Hessian of its conjugate f. (s )— ¢*(L s H) = —‘2’[(1—|—L1H H)1 (1+L1H Iy Lt ” H]has.the
1

?:1 |; [P with

SThis means that f”(zzu) — 4ooas ||z]| = co.

13
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form V2f,(s) = ml . In particular, we can construct an (Lg, L1 )-smooth function by taking

any convex function h,, adding to it ¢, and taking the conjugate (this corresponds to the infimal
convolution of A with ¢).

A.4 PROOF OF EXAMPLE [A_T]

Proof. Differentiating, we obtain, for any x € R4,

ICUT
Vi) = e ?e, V2 f() = ||x||P-2(f A )

]2

where I is the identity matrix. Hence, for any L; > 0, the minimal value of Ly satisfying the
inequality from Definition 21]is given by

Lo = ;ne?gg{\\vgf(x)ﬂ —Li|Vf(@)} = Q%ﬁ{(p = Dl2lP7? = Lyl P~}

= max{(p — 1)7'27:? — Ly7}.

>0
The solution of the latter problem is 7* = (%)”_1. Substituting this value, we obtain
p—2\P2 p—2\p~1 p—2\pP2
n=e-n(g) -nlg) =0g) 0
0o=1(p ) I 1 I, I,
A.5 PROOF OF EXAMPLE[A 7]
Proof. Differentiating, we obtain, for any = € R,
! eT 1 e'E ! !
= = O, 1 N = = 1-— .
f@)= Tom €O, @)= s = 00— @)

Thus, for any L; € [0, 1], the minimal value of Ly satisfying the inequality from Definition [2.1|is

Lo = max{|f"(2)| ~ L[ f'(x)]} = maxx {r(1—7) = Ly7)

1
= 1—L)r—72}=2(1—- 1) O
fél(%ﬁ){( T =77} = o 1)

A.6 PROOF OF PROPOSITION[A.J]

Proof. [Claim 1] Since, g and Vg are M and L Lipschitz continuous, ||Vg(z)|| < M and
|V2g(z)|| < Lforallz € R. Let F = f + g, then, for any z € R?, we can estimate

IV2E ()| < IV f(2)]| + [V29(2)]| < Lo + L + L[|V f(2)]
< Lo+ L+ Lif[Vg(2)|| + L[ VE (2) |
< (Lo+ LM+ L)+ L1||VF(z)].

[Claim 2] Notice, that the gradient of f is Vf(z) = (Vfi(x1)",...,Vfn(z,)T)T and the Hessian
of fis V2 f(x) is a block-diagonal matrix, with V2 f;(x;) blocks. Thus,

192 @)l = max [V2fiwa)ll  mmax {Loi + Lol 90 1}

1<i<n
max {Loi + Ly [VI(@)} < max Lo+ (max Lii)[ V().

N

[Claim 3] Observe that the gradient of a function is V f(z) = ¢'({a,z) + b)a, and the Hessian is
V2f(z) = g"({a,z) + b)aa". Hence,

IV2f @)l = 19" ({a, z) + b)lllall® < (Lo + Lilg'({a, z) + b)) al|?
= Lollal® + llal L+ V f ()]].

14
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[Claim 4] Under our assumptions, s = V f(x) is a one-to-one transformation from R? to R (whose
inverse transformation is = V f,(s)); moreover, the Hessians at such a pair of points are inverse
to each other: V2f.(s) = [V2f(x)]~! (see, e.g., Corollaries 4.1.4 and 4.2.10 in
Lemaréchal (1993)), as well as Example 11.9 from[Rockafellar & Wets|(2009)). Thus, for any pair of

points x, s € R% such that s = V f(x), our assumption ||V f(z)| < Lo + L1||V f(z)|| which, due
to the convexity of f, can be equivalently rewritten as V2 f(z) < (Lo + L1 ||V f(x)|)1, is equivalent

to
2 = [v2 -1 L = 1
VA =V = Lol = Lot Ll

This proves the claim since the transformation s = V f(x) is one-to-one. O

A.7 PROOF OF LEMMA [A 4]

In our analysis, we often use certain properties of the function ¢ and its conjugateﬂ ¢+, which we
summarize in the following lemma (see Appendix[A.7]for the proof).

Lemma A.4. The following statements for the function ¢(t) = e* —t — 1 hold true:
1 () < ﬂltii%)for all t € [0,3) and ¢(t) < £ e' for all t > 0.
2. ¢u(y) = maxy>o{yt — &)} = (1 + ) In(1 +~) — v forany v > 0.

3. % < ¢i(y) < gforally > 0.

Proof. [Claim 1] Indeed, for any ¢ € [0, 3), we have

W=c-t-1=3 b=y A Oy <Dy E
pt)=e —t—1= , 2+.§* 5T 9 Iy

i= 2Z i=0 ! i=0 j= :Z’,.j 2 ':03 2(1_5)
Similarly, for any ¢ > 0,

2t 2=t 12
(b(t) Z 277 . S? 7_ 2et
j — .
=0 Jj=3 L—O

[Claim 2] By the definition, for any v > 0, we have
«(7) = t—op(t)} = 1 t—e'}+ 1.
¢+(7) = max{yt — ¢(t)} = max{(1 + )t — e’} +
Differentiating, we see that the solution of this optimization problem is ¢, = In(1 4 ~y). Hence,
¢«(7) =1 +7)In(l+7) =1 +7)+1=1+7)In(1+~) -~

[Claim 3] We first show that, for any v > 0,

2y
In(1 >
n(l+7) 2 3 e
Since both functions coincide at v = 0, it suffices to verify the corresponding inequality for the
derivatives: 1 4 4 .

> pr— = .
L4y = 2+7)?2  4+47+97 14442
But this is obviously true. Applying the derived inequality, we get, for any v > 0,

- 29(1+17) RO+ -2+ _ A
qb*(w):(lﬂ)ln(lﬂ)—vzﬁ”— 2+~ T2+

which proves the first part of the claim.

For the second part, we note that ¢, () and g coincide at v = 0. Hence, it suffices to check the
corresponding inequality for the derivatives, i.e., to verify that, for all v > 0,

¢.(7) =In(l+7) <.
But this follows from the concavity of the logarithm. O

"The conjugate function is defined in the standard way: ¢.(y) := max;>o{7yt — ¢(t)}.
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B MISSING PROOFS IN SECTION[3]

B.1 ONE-STEP PROGRESS

Lemma B.1. Let f : R? — R be an (Lg, Ly)-smooth function, let x € RY, and let T(x) =
x — nV f(x), where 1 is given by one of the following formulas:

1 Ly|[V £ ()| . !
W= L@l in(1-+ Lo + L1||Vf(x)||>’ R P TAZICI

1 1
Npg=mind — — 1
(3) 7 mm{2LO 3L1||Vf(x)||}
Then,

al| Vf(x)]?
flx) = f(T(2) = 2Lo + 3L, ||V f(z)|’

where a = 1 in cases (1) and (2), and a = % in case (3).

Proof. [Case (1)] The proof of this case was already presented in Section 3]
For the other two cases, we start by applying Lemma 2.2]to get

Lo+ Li[[Vf (=)
L3

A= fla) = f(T(x) = (Vf(z),x = T(x))

2 Lo+ Lig
L3

O(La || T(x) — ])

=g d(n«L1g),

where g == ||V f(z)|| and ¢(t) = ' —t — 1.

[Case (2)] Estimating ¢(t) < 63%; < 2’% (Lemma l and substituting the definition of 7, we
can continue as follows:

53 gt - lathag GBI (ot o),
- L7 2-nsliyg 2 —nsla1g >
B (1 B Lo+ Lig ) g° _ g°
- L 3 = :
(Lo + %ng)<2 — Lngiéngg) LO + §ng 2L0 + 3L1g
[Case (3)] Observe that
1 1 1

cl =

7 <7 < 3 .
2Ly +3L1g max{2Lo,3L1g} ~ Lo+ 3L1g

Combining these bounds with ¢(t) < 63%; (Lemma (1)), we get

Lo+ Lig 3LinAg* <1 311 (Lo + L19)> 2
-~ a =+ |M19g

A > 70192 - =
) LT 6—2nalig 6 —2naL1g

> (1 _ 3(Lo + L1g) ) g9
- (Lo + 3L1g)(6 — +259—) ) 2Lo + 3L1g

Lo+3L1g
_(,_ 3o+ Lig) g 1 & -
6Lo+7L1g ) 2Lo+3L1g — 22L0+3ng'

B.2 PROOF OF THEOREM [3.1]

Proof. According to Lemma[B.1] for any & > 0, we have

al|V f(zp)|?
f(zr) = f(@rt1) > 2Lo + 3L1 ||V f(zk)||’
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where a is an absolute constant defined in the statement depending on the stepsize choice. Denote
fie = f(zr) = f* (> 0)and g, = ||V f(xr)]. In this notation, the above inequality reads

2

fr = fror1 = at(gr), Y(y) = 2L0173L1’y'

Summing up these inequalities for all 0 < k < K and denoting g7 = ming<x<xk gr, We get

K
Fo>fo—fx = GZ¢(9k) > a(K + )Y (gk),
k=0

where the final inequality holds since v is an increasing function. Denoting the corresponding
inverse function by 1!, we come to the conclusion that

die <™ () <<

whenever
Fy

m < ¥(e),

or, equivalently,

Fo  2LoFy, 3I1F,
K+1> = .
= a(e) ae? * ae

B.3 PROOF OF THEOREM [3.2]

First, we prove that the distance to the solution is nonincreasing.
Lemma B.2. Under the conditions of Theorem we have Ry1 < Ry forany k > 0.

Proof. Let k > 0 be arbitrary and denote 8, = (V f(xx), x —2*) and g, = ||V f(xr)||. According
to the update rule of the method, we have

R}y = RE — 208k + jig3-
Therefore, to prove that R < Ry, we need to show that
Mg < 2By

Applying bound (7)) twice, we see that
Br = [f(an) = 1+ [f" = flaw) — (Vfaw), 2" — )]

9 N

> + ,
~ 2Lo+ 3L1gk 2Lo + L1gi — Lo+ Ligk

where the final inequality follows from the fact that £ 4 ¢ > -2 (convexity of ¢ ~— 7). Thus, we

b -
need to check if

< 22
Tk = Lo+ Ligg @2)

Furthermore, it suffices to check this inequality only for the largest among the three stepsizes we
consider. According to (4, this is stepsize (9). Applying In(1 + ~) < v (which holds for any

v > 0), we see that
1 Lig 1
= —In(1+ ) < ,
Ligx Lo+ Ligk Lo+ Ligk
so (22) is indeed satisfied. O

Now we can prove the theorem.
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Proof of Theorem[3.2] Let k > 0 be arbitrary and denote fj, == f(zx) — f* and gi == ||V f(x)]|.
According to Lemma[B.1] we have

2

i
_ > a ——_—
fo = fror1 2 a¥lgr),  ¥(7) Lo+ 3017
where a is an absolute constant defined in the statement depending on the stepsize choice. Further,
according to Lemma [B.2] the distances Ry, := ||z, — «*|| are nonincreasing. In particular, R), <

Ry = R. Hence, in view of the convexity of f, we can estimate

Ik S (Vf(xp),zp — %) < geRi < giR.

Combining the above two displays and using the fact that the function 1) is increasing, we obtain

Jr — fe41 2 w(%).

Consequently,
— Bt I 2LoR? | 3LiR
a< T e Jf:’““g/ t:/ (02 + 1>dt
1/}( ) fr+1 d}(ﬁ) fr+1 t 3
1 1 fr
= 2Lk =) +3LiRIn
N\ e U e
Summing up these inequalities for all 0 < k < K — 1 and dropping the negative f term, we get
2L R?
ok < 22 3 g J0
fx frx
Hence, fx < ¢ whenever
2L R?
K> 4 L1R1 fo = K(e).
ae

To upper bound K (€), we first estimate fj using Lemmas and

L LoR?
fo < fg¢(L1R) < 0T€L1R~
1

This gives us
2LoR? LoR?\ 2LoR? [ LoR?
aK(e) < =22 +3L1R(L1R+1n 0 ) = 220 L 312R? +6L1R1n( 0 )
€ € € €

Estimating In ¢ < é (holding for any ¢ > 0) and applying the AM-GM inequality, we get
2L /L 2+ 3)LoR?
aK(e) < of? +3LIR? + 6, [LoR? "I3R2 < @ (3 + )L2R2 O
€ € €

C MISSING PROOFS IN SECTION [4]

C.1 GENERAL RESULT
Lemma C.1. Let {x}} be the iterates of NGM (13) with arbitrary coefficients By, > 0, as applied

to problem (1) with an (Lo, L1)-smooth convex function f. Then, ming<i<g f(xx) — f* < € for
any given K > 0 and € > 0 whenever

L R2+Z 6]6 o . 3 €
Ok = ﬁ < d(e) = mm{QLl’”LO}’

where R := ||xg — x*|| is the distance from the initial point to a solution x* of the problem.

18
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Proof. According to (T3)), for any k& > 0, we have
@k — a*|* = [log — 2 [|* = 20 (V f (@), 21 — ) + 03|V f ()|
= |lzx — 2*|1* — 2Bkvr + Bz,
(Vf(2p) w0 ="

% F e ) (> 0). Summing up these relations over k = 0, ..., K and rearranging
the terms, we obtain

where vy, ==

K K
2 Bron <R+ > BE
k=0 k=0
Denoting v}, = ming<x<x Uk, We get
K
* R2 + Ek:o /6/3
VK S TSR 5
2Zk:0 /Bk
Let fj = minp<g<x f(#). Then, by Lemmaf4.2]
fie = 17 <max{f(z) = [* : ||z = 27| < vk}

Applying Lemmaand the fact that ¢(t) < 6.3%; for any ¢ € [0,3) (Lemma , we obtain

* * LO * 3L0(U}<()2
— < — (L < — 87
e =" < L%Qb( 10k) < 6—2Lyvj,

whenever Liv;; < 3. To achieve the desired accuracy e, it thus suffices to ensure that the following
two inequalities are satisfied:

= g (23)

2L1v5 <3,  Lo(vi)? <e
This is equivalent to
N . 3 [ €
Vg Smln{E, fo} = 5(6),
and follows from &, < 6(e) in view of (23). O

C.2 PROOF OF THEOREM [4.1]

Proof. According to Lemma[C.1] we need to ensure that
R2 K 52
5y = M < 5(e) = min{g, 6}.
2 Zk:o ﬂk 2Ll LO
In our case, A ~
_ R2+R* R
2RVEK+1 VK +1

0K

Therefore, d < 0(e) iff
R? 4 259
> = —
K+1 ) — max{gl;lR ,

L0R2 }
C.3 ANALYSIS FOR TIME-VARYING STEP SIZE

Theorem C.2. Let {x}} be the iterates of NGM (13)), as applied to problem (1)) with an (Lg, L1)-

smooth nonlinear’| convex function f. Consider decreasing coefficients 3, = —2—, k > 0, where

. VE+1’
R > 0 is a parameter. Then, ming<y<x f(xr) — f* < € for any given € > 0 whenever

e \2
K + 12 max{4Np(e), (=7 ) Na()n(@4Nz(0)12 |,
where R = %(%2 + R), R = ||zo — x*|| (z* is an arbitrary solution of the problem), and
4 LyD?
Np(e) = Inax{gL%D2, 07}.
€
8This means that Lo + L1||V.f(z)|| > O for any z € R?, see Lemma
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Proof. According to Lemma [C.I} we need to ensure that

_ B+ Y8 _-{3\/7}
Ok = 5 B < 4(€) == min oL\ I |

For our choice of ), we obtain, by standard results (e.g., Lemma 2.6.3 in[Rodomanov| (2022)), that

K+1 K K+1

1 A . 1 N
2 2 _
Zﬁ,ﬁR ZkgR[lJrln(KJrl)], Zﬁkfszsz K +1.
k=0 k=1
Hence, - .
5 R2 + R2[1 + ln(K +1)] R Rln(K +1)
= 2RVE VK WK 11
To ensure that i < d(e), it suffices to ensure that the followmg two inequalities are satisfied:
R < ﬁ, RIn(K +1) < 5(e).
K+1 2 K+1

The first inequality is equivalent to K +1 > 45%2' To get the second one, it suffices to take, according
. s
to Lemma(w1thp =1and¢ = %),

5 5 2 2 12 2 -2
K+l= <6152(]:)[ln52(}:)}+> E(e—l) 55(6) [ln;}(i)}+

Putting these two inequalities together and substituting our formula for §(€), we come to the require-

ment that
K+1z max{;‘i), (ei 1)26i6) [ ;2? )] }
— max{4Na(e), (Q_Ll)QNR(G)[m(zLNR(e))]i},
where

D? 4 5 5
527(6) = max{ngD 5

Lemma C.3. For any real p,d > 0, we have the following implicatiorﬂ'

. e [lnz%h g N ln—t<5
“\e—1 pé '

ND(G) =

L0D2 }

Proof. W.l.o.g., we can assume that p = 1, and our goal is to prove the implication

e [ngly = £(6) — o(t) == m7t<5

t>
“e—1 ¢

The general case then follows by the change of variables ¢ = (¢')P and § = p¢’.

Further, we can assume that § < é since otherwise ¢(t) < % < 4 for any ¢ > 0 (since the maximum
of ¢ is achieved at ¢, = ¢). Under this additional assumption, [In $]; = In %

Let us now assume that t > ¢(J) (>
the interval [e, +00), we have

< %). Since the function ¢ is decreasing on

o(t) < o(1(6)) = 2O _ Int©)

nt_

For t = 0, we define by continuity “3* = —oo.
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To finish the proof, it remains to show that the final fraction in the above display is < 1, or, equiva-

lently, that
e Ingy /1y
t(0) = —5<<7> .
() e—1 6 —\§

Rearranging and denoting u = (%) e—1, we see that the above inequality is equivalent to

Inu 1
dlu) = 2 <~
u e
But this is indeed true since ¢ attains its maximum value at u = e. O

D MISSING PROOFS IN SECTION [3]

D.1 PROOF OF THEOREM[3.1]

Proof. Let x* be an arbitrary solution. By the method’s update rule and convexity of f(-), we get,
forall £ > 0,
lper =[P = [l — 2|* = 2V f (@), 2p — %) + 0|V F (n) ||
o G =
IV (k)2

Denote Ry, = |z, — 2*||, gx = |V f(zy)|| and fr = f(zx) — f*. According to Lemma [2.3] for
each & > 0, it holds that
g

Jr = Y(gr), where (g) := m

Observe that the function v is increasing, so its inverse ¢! is well-defined and is increasing as
well. In terms of this function, g < 1 ~*(f%) and hence

fk fk 2
Ri= Rz 55> (=)

Summing up these inequalities over 0 < k£ < K and rearranging, we get

- fr 2
kz—%<¢_1(fk)) < R} — Ry, <Rj=R%

-1
Note that wf(t) is increasing in ¢ (as the composition of increasing in y function

<|lzx —x

2
g =>0.

Yy — ol
Yy T 2Lo+3Livy

with increasing in ¢ function v = ¢~1(¢)). Thus, by taking a minimum over the terms on the
left-hand side of the above display and denoting f} := ming<x<x fr, we get

(K + 1)(%)2 < R

Rearranging, we obtain

i) 2 YR
or, equivalently,
&wawzuaz (K+M%§f*:2“J&£R .
R2(2Lg + 3L, Y2 iy S + TR

Hence,
2L R?
fi < ;
(K+1)(1-3L;RVK+1)

whenever 3L R/ K + 1 < 1. Thus, to achieve desired accuracy € > 0, the number K of iterations
should satisfy the following conditions:

1 4L0R2
3L1RVK +1< — <
! tizy K+1-°©
Thus, the final iteration complexity is K + 1 > max{%7 36L3IR?}. O
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E MISSING PROOFS IN SECTION [6]

The proof of Theorem @ is similar to the original proof Theorem 1 in Nesterov et al.[(2021), but
instead of smoothness of f we use more general property provided in the statement of Theorem

E.1 PROOF OF THEOREM[6.1]

Proof. Let us prove by induction that, for any £ > 0, we have

Ag fzr) < G = Ce(vg). (24)
This trivially holds for k& = 0 since Ay = 0 and ¢} = 0. Now assume that (24) is satisfied for some
k > 0 and let us prove that it is also satisfied for the next index ¥’ = k + 1. We start by noting that

Cor1 = Cor1(Veg1) = Ge(vrg1) + appr [f (yr) + (VF(Yr), Vi1 — un))

> Gt gloes — ol + o ) + (V) v — )]

> Agf(or) + %H%H — 0l1? + a1 [f (i) + (Vf (Uk)s ves1 — Y], (25)

where the first inequality holds due to the strong convexity of (i, and the second one is due to the
induction hypothesis. Further, note that, by construction, y; € [vg, 2x]. Considering separately any
of the three possible situations, yx = vg, yx = xx and yi € (vg, 21 ), we see that, in all cases,

(Vf(yr) vk — yx) > 0.
Then, by adding and subtracting (V f(yx), vk) in and using the estimate in the preceding in-
equality, as well as f(yx) < f(xx) (which holds by construction), we obtain

1
Coyr = Anf(zr) + apy1 f(yr) + §||Uk+1 — || + @t 1 (VS (Yr), Ves1 — vk)

1
> Apy1f(yr) + §Hvk+1 — 0l1? + ars1 (Vf (Yk), Ves1 — Vi)

az 1
> Apr1f(yr) — %HW"(%)HZ = Akt {f(yk) SETANDlNE
where the final identity is due to fact that, by the definition of ax41,
La,, = Apsr. (26)

By the induction hypothesis and by construction, yj, stays in the sublevel set JFy, since f(yx) <
f(zr) < f(zo). Then, by the definition of xj1 and 20), it holds that f(zry1) < f(yk) —
> IV () II? (< f(yw)). This proves that (i, > Agy1f(@k41) completing the induction.

Let & > 1 be arbitrary. By the convexity of f and the definition of Ay, we have
1, 1
G < Gela") = SR+ ) aalf (i) + (VF(ui) 2™ — )] < SR+ Apf*.
i=0
where R = ||zg — *||. Combining this with (24), we conclude that

o) — < B

< A Q7

It remains to estimate the rate of growth of the coefficients Ax. From @) and the definition of Ay, 1,
it follows, for any k > 0, that

A
kL+1 = a1 = Appr — Ax = (V Ak + VAR (V Ak — VA
< o A (A — VD).

Dividing both sides of this inequality by 1/ Ax11 and summing up the result, we see that, for any
k > 1, it holds that

2
AL >
b= 4L

Substituting this estimate into (27]), we obtain the claim. [
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E.2 PROOF OF THEOREMI[6.2|

Proof. Based on the second estimate in Theorem [3.2] GM with stepsizes @), @), or (I3) finds a
point xg, such that f(zo) — f* < A with A defined by in the following number of iterations /
oracle queries (note that one iteration needs precisely one gradient computation):

24+ 2 LoR? 3(1+1 13+ 18
No = { e+ ( G)L%Rﬂ = [ L%Rﬂ,
a Lo a
5L2
where R = ||xs — *||, and a is an absolute constant from the statement depending on the stepsize
rule. Moreover, for the obtained point xy, it holds that Ry = ||xg — z*|| < R.

Further, as discussed in the paragraph after Theorem[6.1} for the specific value of A we have chosen,
our update rule 7'(-) satisfies the sufficient decrease property (20) with L given by . Hence, by
Theorem [6.1] after & > 1 iterations of AGMsDR, we have

J2LRY  5LoRE _ SLoR

flaw) = f k2 akz — ak?
To obtain f(xg) — f* < e, it therefore suffices to perform the following number of iterations:
LoR2
K(e) = [ 50R—‘,
ae

Each iteration of AGMsDR requires one computation of the gradient plus at most m oracle queries
for the line search. Hence, the oracle complexity of AGMsDR is at most

N(e) == (m + 1)K (e).

Summing up Ny and N (€), we obtained the claimed complexity. O

F COMPLEXITY OF NAG

Unfortunately, the NAG algorithm presented in|Li et al.| (2023) is not scale-invariant and its complex-
ity reported in Theorem 4.4) is not written explicitly. To streamline the comparison
of the complexity bound for NAG with those for other methods for minimizing an (L, L1 )-smooth
function, we provide a simple fix making the algorithm scale-invariant and also rewrite the result of
(Li et al.} Theorem 4.4) (assuming it is true) in an explicit form.

Theorem F.1. Consider problem (1) with an (Lg, L1)-smooth convex function f assuming Lo > 0.
Let NAG Li et al|(2023) be applied to solving the rescaled version of this problem:

Fro= min{fo) = 1)},

starting from a certain point vy € R%. Then, for an appropriate choice of parameters, NAG finds
a point ¥ € R? such that f(z) — f* < € for a given ¢ > 0 after at most the following number of
iterations / gradient-oracle queries:

16(128L%R2 | 18LYR 1)\/7110 + Lok
LO € ’

where Fy = f(xo) — f*, R = ||lxg — «*|| and x* is an arbitrary solution of our problem.

Proof. By construction, f is an (Lg, L1)-smooth with Ly = 1 and L; = L;. In the terminology of

(2023), this means that f is f-smooth w.r.t. the function

Theorem 4.4 from [Li et al. (2023) then tells us that the sequence of the iterates {2} constructed by
NAG satisfies -
x 7 _ A(Fo + R?)
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where Fy = f(x0) — f*, R == ||zo — 2*||, and 57 > 0 is the stepsize parameter required to satisfy

o 1 1 _ 1 - 1 -
= mm{m[z(za)]w 25(2(;)} T I6[(2G)2 T 16(1 + 2L,G)?” (29)

where G is an arbitrary constant such that

G > max{8/((2G)(Fy + R?), 40} = maX{S\/(l +2L1G)(Fy + R?), o} (30)

where o == ||Vf (o). In terms of our original function f, the guarantee (28) reads

. « 4(F0 + L()R2)
ft -—f(ft)_f SW

To achieve the fastest possible convergence, we select the largest possible stepsize n which is, ac-
cording to (29),
1

T 161+ 20,G)2

Substituting this formula into the previous display and dropping the (useless for improving the con-
vergence rate) constant 4 from the denominator, we obtain

64(1 + 2L1G)?(Fy + LoR?) -
t2 -

2
£ > 8(1 4 20,G)y | Lo ), (31)
€

The obtained t(¢) is exactly the iteration complexity of the algorithm for obtaining an e-approximate
solution for the original problem, and is also its gradient oracle complexity since the method makes
precisely one gradient-oracle query at each iteration.

fi <

whenever

It remains to choose the smallest possible parameter G satisfying (30). We start with rewriting this
inequality in terms of the original function:

G > max{8\/(1 + 2L1G)<& + R2), %(;} = max{\/m7 %(;}

Lo

where gy = |V f(x0)|| and A = 64(5—2 + R2). This inequality is equivalent to the system of two
inequalities:

G2>1+2L,6)A,  G> L

Rearranging, we see that the first inequality is equivalent to

G>\/JA+L3A2 + 1A =G,

. g . g
Further, it turns out that G, > f?) Indeed, according to (EI), we have Fy > m

go < 1\/2LoFy + %L%FOQ + %LlFo < V2LoFy + 3L1 Fy; on the other hand, estimating A > %,

we see that L (\/Z +L1A) > 8y/LoFy+64L, Fy. Thus, the smallest possible value of G satisfying
the original requirement is in fact G = G,.

, meaning that

Choosing now G = G, and substituting the definition of A, we obtain

2 2(A+ L3A?) +2L2A2 1282 F
1+2L1G:%§ (A+ A7) + 20 :2(1+2L§A):2(1+M+128L§R2).
A A 0
Substituting this bound into (31), we obtain the claimed bound on #(e). O
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Figure 1: Comparison of gradient methods for f(z) = - /z|”. %-NGD stands for Normalized Gradient
Method, where R is an estimation of the true initial distance to a solution R. n«-GD, 7*'-GD, n°'-GD stand
for gradient method with stepsizes (9), (T2) and (T3) respectively, PS GD stands for Polyak stepsizes gradient

method, and AccGD stands for two-stage accelerated procedure (AlgorithmE[).

G NUMERICAL RESULTS

In Fig.[T} we compare the Performance of the analyzed methods for solving optimization problem ()
with a function f(z) = ;|z|”. To generate a starting point we We fix L = 1 and choose Lo =
(%)1’_2 according to Example For GM, we choose stepsizes according to (EI), and .

For NGM, we use time-varying coefficients 5 = k—fl with different values of R € {%R, 2R,10R},
which allows us to study the robustness of this method to our initial guess of the unknown initial
distance to the solution. Note that, for this particular problem, the choice of R = Ris rather special
and allows the method to find the exact solution after one iteration, so we are not considering it. We
observe that, NGM and PS-GM outperform GM with stepsizes from (9), (I2) and (I3). This can be
explained by the fact that the complexity of GM depends on the particular choice of (L, L), while
complexity of NGM and PS-GM involves the optimal parameters L, L, as discussed in Section [4]
Moreover, closer initial distance estimation R to a true value R leads to a faster convergence of
NGM to a solution.

In Fig.[2] we present an experiment studying the performance of the GM with the stepsize rule (9)
based on the choice of (Lo, L1). For each choice of L; € {1,2,4,8,16} we set Ly = (”L;f)p_Q,
according to Example [A.T} As expected from the theory (see the corresponding discussion at the
end of Section EI) the choice of (Lg, L) pair is crucial in practice for the performance of GM and
depends on a target accuracy e.

In Fig. 3] we conduct an experiment on the performance of accelerated methods and consider the
GM EI, the proposed two-stage procedure from Section@with T, (x) being the gradient update with
stepsizes (E[) and L = 3Ly, and two variants of normalized Similar Triangles Methods (STM, and
STM-Max) from Gorbunov et al.|(2024)). STM uses normalization by the norm of the gradient at the
current point in a gradient step, while STM-Max normalizes by the largest norm of the gradient over
the optimization trajectory. It is worth noticing that only STM-Max has theoretical convergence
guarantees. Weset p = 6, Ly = 1, Ly = (1%2);)4 (see Example and vary the initial
distance to the solution R = ||z¢ — ™||. We observe that for a large initial distance to the solution,
our proposed procedure outperforms STM-max. This fact supports our theoretical founding and
reasoning on accelerated methods provided in Section [6] We also notice that the second variant
STM outperforms all considered methods in terms of the best iterate convergence. However, there is
no theoretical analysis for it. Additionally, we compare the performance of Algorithm[2] STM and

STM-Max with good starting point z, such that f(z) — f* < E)LTOZ In Fig. 4] we plot the function
1

values residual for different values of p € {4.0,6.0,8.0}. Since f(zg) — f* < 5LT02 Algorithm
will run only the second stage, which is AGMsDR. We observe that for smaller values of p = 4.0,
all three accelerated methods are comparable, while for larger values of p € {6.0,8.0} STM and
STM-Max outperform Algorithm 2]
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Figure 2: Convergence of the gradient method on the same function but with different choices of (Lo, L1).
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Figure 3: Comparison of two-stage procedure (Algorithm denoted by AccGD with Similar Triangles Method
(SMT) and Similar Triangles Method Max (STM-max) for f(z) = &||||°, with different initial distance R.
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Figure 4: Comparison of two-stage procedure (Algorithm@) denoted by AccGD with Similar Triangles Method
(SMT) and Similar Triangles Method Max (STM-max) for f(x) =

T
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