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Abstract

Large Reasoning Models (LRMs) often suf-
fer from overthinking, generating verbose rea-
soning traces that compromise both computa-
tional efficiency and interpretability. Unlike
prior efforts that rely on global length-based
rewards, we propose a semantic-aware decom-
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kilometers every morning. When she
walks at a speed of s km/h, ... Key

position of redundancy into two distinct forms:
internal redundancy (informational stagnation
within the reasoning process) and external re-
dundancy (superfluous continuation after the
final answer). We introduce a dual-penalty re-
inforcement learning framework that surgically
targets these inefficiencies: a sliding-window
semantic analysis is employed to penalize low-
gain steps within the reasoning trajectory, while
anormalized metric suppresses the post-answer
tail. Extensive experiments demonstrate that
our method significantly compresses Chain-of-
Thought traces with minimal accuracy degrada-
tion, while maintaining strong generalization
to out-of-domain tasks. Crucially, we reveal
an asymmetry in redundancy: external redun-
dancy can be safely eliminated without per-
formance loss, whereas internal redundancy
removal requires a calibrated trade-off to main-
tain reasoning fidelity. Our framework enables
fine-grained, implicit control over reasoning
length, paving the way for more concise and
interpretable LRMs. Our code is here.

1 Introduction

Large reasoning models (LRMs), represented by
OpenAl’s ol (Jaech et al., 2024), DeepSeek-R1
(Guo et al., 2025), and QwQ (Team, 2025), have
achieved a paradigm shift in complex problem-
solving. This success is primarily attributed to
the emergence of dense Chain-of-Thought (CoT)
sequences, which allow models to manifest inter-
mediate reasoning steps and navigate complex log-
ical landscapes. However, this increased reasoning
depth comes at a significant cost: LRMs frequently
exhibit pathological overthinking, the generation

first scenario: 9/s + t = 4 h, second
scenario: 9/(s+2) + t = 2.4 h. . Let"

Information:1. Distance: 9 km;
2. Times: At speed s: total time 4
hours (so time walking + t
minutes) ... Step 1: Express the
walking time in terms of speed. ..
Step 2: Set up equations. ... Step 7:
Calculate time when speed is s + 0.5
=3 km/h; Total time = walking time
+ coffee time = 3 +24/60 =3 + 0.4 =

3.4 hours. Convert to minutes: 3.4 x
&m minutes. Final Answer: 204

J

ing s km/h, coffee t
24 min. ... Compute new speed: s+
= 3 km/h; walking time = 9 km + 3
kmvh =3 h. ... Add coffee time: 3 h+
24 min = 204 minutes

24 min. ...New scenario speed: s +
0.5 =3 knvh, walking time: 9 km + 3
km/h =3 h. ... Total time = walking 3
h + coffee 24 min = 204 minutes.
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Figure 1: Response examples for AIME24. The under-
lined answer (e.g., “204”) acts as a delimiter: content
before it is the First Correct Solution (FCS) subject to
internal redundancy; content after it is external redun-
dancy. Our method generates a more efficient FCS (full
content in Appendix D) while eliminating superfluous
post-answer text compared to R1 and ol.

of redundant, repetitive, or superfluous reasoning
traces that escalate computational overhead and ob-
scure the core logical derivation (Chen et al., 2024;
Sui et al., 2025).

Recent research (Liu et al., 2025a; Sheng et al.,
2025; Wang et al., 2025a,b) has begun to investi-
gate CoT compression, primarily through reinforce-
ment learning (RL) techniques that penalize total
sequence length. However, these methods often
treat reasoning as a one-dimensional token bud-
get problem (Luo et al., 2025a; Arora and Zanette,
2025), overlooking the underlying semantic struc-
ture of redundancy. Such indiscriminate length-
reduction strategies can inadvertently suppress es-
sential reasoning steps, leading to a precarious
trade-off between conciseness and accuracy. In this
work, we propose that effectively mitigating over-
thinking requires a fine-grained, semantic-aware
decomposition of the reasoning process.

We introduce a novel taxonomy that bisects CoT
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redundancy based on the First Correct Answer
(FCA), the earliest point where the model attains
the final answer (Chen et al., 2024). This frame-
work distinguished between two fundamentally dif-
ferent types of inefficiency:

1. Internal Redundancy: This refers to infor-
mational stagnation within the First Correct
Solution (FCS), where the model “cycles”
through semantically similar content or reit-
erates premises without advancing the logical
state.

2. External Redundancy: This denotes the
“post-answer tail”, the unnecessary continu-
ation, re-derivation, or verification that oc-
curs after the correct answer has already been
reached.

As illustrated in Figure 1, mainstream LRMs ex-
hibit significant density in both dimensions. Our
analysis suggests that internal redundancy reflects a
lack of reasoning efficiency, while external redun-
dancy signifies a failure in termination awareness.
By disentangling these components, we can apply
targeted surgical penalties during RL training rather
than relying on blunt global length constraints.

To operationalize this, we develop a Dual-
Redundancy Penalty framework. For internal re-
dundancy, we utilize a dynamic sliding-window
semantic similarity metric to detect segments with
low informational progression. Crucially, we im-
plement an implicit threshold mechanism within
this penalty to protect the model’s essential reason-
ing structure, ensuring that only “stagnant” tokens
are penalized. For external redundancy, we apply
a normalized proportion-based penalty to encour-
age prompt termination upon reaching the FCA.
Unlike prior length-constrained RL, our approach
optimizes the information density of the reasoning
trajectory, fostering a concise yet coherent logical
flow.

Extensive experiments across multiple mathe-
matical benchmarks demonstrate that our frame-
work significantly compresses CoT sequences
while preserving, or even refining, reasoning accu-
racy. Our ablation studies provide a critical insight:
external redundancy can be almost entirely elim-
inated with negligible impact on performance,
whereas internal redundancy removal follows a
more sensitive Pareto frontier. This highlights
the safety and necessity of our decoupled approach.
In summary, our contributions are:

* We propose the first systematic decomposition
of CoT overthinking into internal and external
components, shifting the focus from sequence
length to semantic efficiency.

* We design a semantic-aware RL reward fea-
turing a sliding-window internal redundancy
penalty with an implicit threshold, enabling
precise control over reasoning fidelity and
brevity.

* We demonstrate through extensive empiri-
cal results that our dual-penalty mechanism
achieves a superior accuracy-efficiency trade-
off compared to existing global-length base-
lines.

* We show that our findings generalize across
different model scales and architectures, con-
firming that the “safety” of external redun-
dancy removal is a robust property of large
reasoning models.

2 Related Work

Chain-of-Thought Reasoning CoT prompting
(Wei et al., 2022) and its subsequent refinements
have established a paradigm for eliciting step-by-
step reasoning in Large Language Models (LLMs),
significantly enhancing performance on complex
cognitive tasks (Qiao et al., 2022). However, as
models scale and tasks grow in complexity, a patho-
logical phenomenon known as overthinking has
emerged (Chen et al., 2024; Team et al., 2025).
Excessive verbosity in reasoning traces not only in-
flates computational overhead during inference but
also obscures the transparency and interpretability
of the model’s logical derivation.

CoT Compression via Reinforcement Learn-
ing Recent efforts have pivoted toward optimiz-
ing reasoning efficiency, primarily utilizing Rein-
forcement Learning (RL) to incentivize brevity.
Most existing approaches employ global length-
based rewards to penalize sequence length (Team
et al., 2025; Arora and Zanette, 2025; Shen et al.,
2025; Qu et al., 2025) or implement hard token-
budget constraints during training (Hou et al.,
2025). While effective at reducing total token
counts, these methods treat redundancy as a mono-
lithic attribute. By relying on coarse-grained length
metrics, they risk inadvertently suppressing criti-
cal reasoning steps, leading to a fragile trade-off
between conciseness and logical integrity.
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Figure 2: The Dual-redundancy Reward framework iteratively optimizes the LLM via complementary redundancy

detection.

3 Redundancy Detection

Redundant reasoning in LRMs can occur at differ-
ent stages of the CoT process (Han et al., 2024; Liu
et al., 2024; Ma et al., 2025). As shown in Figure
1, we observe that redundancy clusters either be-
fore or after the first correct answer, motivating a
segmentation-based analysis.

ERD
GSMSK FCS 0.57
ERD
MATHS00 FCS 0.62
ERD
AIME24 FCS 0.39

0.0 0.2 04 0.6 0.8
Chain-of-Thought Composition Ratio

Figure 3: Analysis of ERD. Since human-written so-
lutions inherently contain no external redundancy, we
only report the ERD performance for the LRMs.

3.1 External Redundancy

Definition 1 (External Redundancy). Consider-
ing a question (), any content in a generated solu-
tion that appears after the first sentence containing
the correct answer A is defined as external redun-
dancy.

External redundancy comprises all tokens gener-
ated post-FCS. This content is generally superflu-
ous to the derivation process, does not contribute to
the final answer’s correctness, and can be consid-

ered uninformative “overthinking”. We emphasize
that any trial-and-error reasoning that occurs before
the FCA is not categorized as redundant.

To quantify the severity of this redundancy, we
propose the External Redundancy Degree (ERD).
The ERD measures the proportion of redundant
content rather than its absolute length, which pre-
vents bias against intrinsically longer CoT outputs.
Specifically, for a given solution sequence:

ERD=1— (1)

where Tt is the number of tokens in the FCS, and
Tiotar 1 the total length of the reasoning trace. As
illustrated in Figure 3, a higher ERD value indicates
a greater degree of post-hoc redundancy in the CoT
process.

3.2 Internal Redundancy
3.2.1 Definition and Methodology

Unlike external redundancy, internal redundancy,
occurring within the reasoning process prior to the
FCA, is more abstract. To formalize this concept,
we propose the following framework:

Assumption (Logical Trajectory). For any solv-
able question (), there exists an underlying minimal
logical trajectory L = (Q, 1,12, ..., I, A), where
each [; represents a necessary and non-redundant
logical transition.

In practice, a model’s solution X serves as a nat-
ural language expansion of L. Internal redundancy
arises when the expansion of a specific transition
(e.g., from [; to [; 1) becomes excessively wordy
without introducing new logical information.
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Figure 4: IRD Analysis on different datasets. The local similarity of DeepSeek-R1 is significantly higher than that

of human answers and GPT-4o.

Definition 2 (Internal Redundancy). Given a log-
ical trajectory L, internal redundancy is defined as
any linguistic expansion within the First Correct
Solution that does not facilitate a transition to a
subsequent logical step ;.

Internal redundancy manifests as the excessive
use of tokens to reiterate or over-explain existing
logical states without advancing the reasoning pro-
cess. This form of redundancy represents a degra-
dation in reasoning efficiency, where the model’s
output becomes dense in tokens but sparse in new
information. Based on this, we formalize its detec-
tion via the following hypothesis:

Hypothesis (Similarity-Redundancy Correlation).
For two solutions X, and X}, derived from the same
trajectory L, if X, is more redundant than Xj, it
will exhibit higher local semantic similarity.

To quantify this phenomenon, we propose the
Internal Redundancy Degree (IRD), which em-
ploys a dynamic sliding-window approach to mea-
sure local semantic density.

Methodology Given a solution X partitioned
into N sentences {si,...,sy}, we define a win-
dow size w = |aN | and a stride ¢t = | BN | (with
a = 0.1, 8 = 0.05). For each window W;, we
compute its embedding v; = fembed(W;). The IRD
is defined as the average cosine similarity between
adjacent windows:

M-1

Z cos(v;, Vit1) 2

=1

1
IRD =

M—-1

where M is the total number of windows. A high
IRD signals that adjacent segments are semanti-
cally stagnant, indicating that the model is “cycling”
through similar concepts without sufficient logical
advancement.

To justify the design of this metric, we conducted
extensive comparative experiments across various
window scales, specifically evaluating the efficacy
of absolute sentence counts versus dynamic ratios.
Our results demonstrate that the ratio-based ap-
proach provides superior resolution in distinguish-
ing local similarity across sequences of varying
lengths, confirming its robustness over fixed-length
alternatives (detailed experiments are provided in
Appendix A.1 and A.2).

Property We emphasize that IRD is a relative
metric. Our objective is not to reduce similarity to
zero, as a baseline level of redundancy is essential
for maintaining semantic coherence, but to identify
the optimal efficiency balance. Furthermore, by
utilizing a proportional window design, IRD effec-
tively measures informational density per unit of
progress. This allows for consistent comparisons
across varying problem complexities and divergent
logical trajectories.

3.2.2 Empirical Validation

To validate the IRD metric, we compare the rea-
soning traces of DeepSeek-R1 against high-quality,
concise benchmarks, including human-written so-
lutions and GPT-40 outputs. We randomly sam-
pled 20 instances from each of the three datasets:
AIME24, GPQA (Rein et al., 2024), and Live-
CodeBench (Jain et al., 2024). As illustrated in Fig-
ure 4, the semantic similarity distributions reveal a
stark contrast in reasoning patterns. The IRD val-
ues for DeepSeek-R1 are densely clustered in the
high-similarity region (typically above 0.75), indi-
cating a high degree of informational stagnation. In
contrast, the distributions for human references and
GPT-40 are notably more dispersed and uniform
across a lower similarity range. Furthermore, the
mean IRD of DeepSeek-R1 is significantly higher



than that of both human and GPT-40 benchmarks
across all evaluated domains. These empirical re-
sults confirm that diminished reasoning efficiency
consistently manifests as elevated local semantic
similarity, validating the IRD as a robust metric for
quantifying internal redundancy.

4 Dual-Redundancy Penalty

To mitigate both internal and external redundancy,
we augment the reinforcement learning objective
by incorporating two distinct penalty terms into the
accuracy-based reward function Rt = Race -
Dint * Pext- These penalties, derived from our de-
fined redundancy degrees, incentivize the model
to generate concise reasoning trajectories while
eliminating unnecessary repetition or post-answer
continuation.

Internal Redundancy Penalty In section 6.1,
our ablations reveal that excessive compression
of the internal reasoning process can lead to sig-
nificant accuracy degradation. To safeguard the
model’s reasoning integrity, we design the inter-
nal redundancy penalty with an implicit threshold
mechanism using a sharpened sigmoid function:

pint = 1 — o(IRD) 3)

1
o) = ek

where o (x) denotes a sigmoid function with steep-
ness k and center c. In this work, we set &k = 20
and ¢ = 0.7. This configuration ensures that the
penalty remains negligible when IRD is below a
safe threshold (approx. 0.5), but escalates rapidly
once redundancy exceeds this limit. By tuning
k and ¢, we can precisely calibrate the tolerance
threshold and the severity of the penalty. Unlike
global length-based rewards that treat all tokens
equally, this design enables fine-grained control
over internal redundancy, balancing brevity with
reasoning fidelity.

“)

External Redundancy Penalty To discourage
post-answer verbosity, we apply a normalized lin-
ear penalty based on the ERD:

DPext = 1 —-ERD (5)
5 Experiment

5.1 Training Setup

We adopt verl (Sheng et al.,, 2024), a high-
throughput, scalable reinforcement learning library

optimized for LLMs. All experiments are con-
ducted using the Group Relative Policy Optimiza-
tion (GRPO) (Shao et al., 2024) algorithm across
a cluster of 64 NVIDIA A800 GPUs. Our training
is performed with a maximum response length of
16k tokens. We employ a sampling temperature of
0.6 and a top-p of 1.0. During the GRPO process,
we set the group size to 8 samples per prompt and
a global batch size of 128.

We fine-tune DeepSeek-R1-Distill-Qwen-1.5B
and 7B on the DeepScaleR dataset (Luo et al.,
2025b). To ensure robust identification and ex-
traction of the First Correct Solution from reason-
ing trajectories, we specifically filter for problems
with numeric answers containing at least two digits,
thereby minimizing extraction noise. The compre-
hensive training procedure is formalized in Ap-
pendix B.

5.2 Baselines

We benchmark our method against state-of-the-art
RL-based compression approaches, all of which
rely on global length-based objectives.

ThinkPrune (Hou et al., 2025): Implements
a hard token-budget truncation during RL, com-
pelling the model to condense reasoning within a
fixed length.

LC-R1 (Cheng et al., 2025): Utilizes an auxil-
iary LLM to provide external supervision, reward-
ing the model based on the compression ratio be-
tween the original and teacher-distilled responses.

Laser-DE (Liu et al., 2025b): Employs a soft-
margin reward mechanism, incentivizing correct
outputs that fall below a predefined target length
within a large context window.

Training (Arora and Zanette, 2025): Exploits
intra-sample competition during RL, assigning
higher rewards to shorter trajectories among multi-
ple correct completions.

5.3 Evaluation Setup

We conduct evaluations across three mathe-
matical reasoning benchmarks of varying diffi-
culty: GSM8K (Cobbe et al., 2021), MATHS500
(Hendrycks et al., 2021), and AIME24. Reason-
ing accuracy is measured using the Pass@1 metric.
During inference, we set the maximum generation
length to 16k tokens. For GSM8K and MATHS500,
we sample n = 4 responses per problem at a tem-
perature of 0.6; for AIME24, we increase the sam-
ple size to n = 64 to account for its smaller prob-
lem set.



To ensure a fair comparison across CoT compres-
sion methods, some of which may truncate or omit
the final conclusion, we exclude the terminal an-
swer statement from our token count statistics. This
refinement ensures that our length measurements
precisely reflect the efficiency of the reasoning tra-
jectory itself rather than the final formatting.

To evaluate the trade-off between reasoning per-
formance and computational cost, We adopt the
Accuracy-Efficiency Score (AES) as proposed by
(Luo et al., 2025a). The AES provides a holistic
metric to assess model efficiency, defined as:

AES — 49 ALen + (3 - |AAcc|, if AAcc >0
~ la-ALen —v-|AAcc|, if AAcc < 0
(6)

where the relative changes in length (ALen) and
accuracy (AAcc) are calculated relative to the base-

line:
_ Lenpase — Lenmodel

AlLen (N

Lenpgse

Acc — Acc
AAcc — model base (8)
Accbase

Following the original implementation, we set the
hyperparameters to o = 1, § = 3, and v = 5. This
configuration prioritizes accuracy preservation by
assigning it higher weights (3, ) relative to length
reduction, while the larger value of + imposes a
more stringent penalty for any degradation in rea-
soning accuracy.

5.4 Main Results

As summarized in Table 1, our method achieves
state-of-the-art (SOTA) results in terms of AES
across both the DeepSeek-R1-Distill-Qwen-1.5B
and 7B models. The performance gain is par-
ticularly pronounced on the more challenging
AIME24 benchmarks, where our approach sig-
nificantly outperforms all baseline methods.

A qualitative analysis reveals that despite the
overall length reduction in existing baselines, many
still harbor substantial internal and external redun-
dancy in their reasoning traces. This highlight a
critical limitation of global length-based rewards:
they may reduce volume without necessarily im-
proving informational density. In contrast, our
method acts as a precision tool for CoT refinement.

We further observe a strong correlation between
high AES scores and low redundancy degrees
across all baselines. This convergent trend sug-
gests that effective CoT compression is inherently
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Figure 5: Performance on GPQA and LiveCodeBench.
Our method generalizes well to out-of-domain reason-
ing tasks.

driven by the minimization of internal and external
redundancy, an observation that provides strong
empirical validation that our metrics successfully
capture the fundamental nature of overthinking in
LRMs.

5.5 Cross-Domain Generalization

To assess the generation of our reinforcement learn-
ing framework, we evaluate whether redundancy
compression patterns learned from mathematical
tasks transfer to non-mathematical domains. We
test on two out-of-domain (OOD) benchmarks:
GPQA diamond and LiveCodeBench.

As illustrated in Figure 5, our method consis-
tently compresses CoT traces across both bench-
marks while maintaining reasoning integrity. These
results indicate that the model has internalized
a domain-agnostic paradigm for concise reason-
ing rather than merely overfitting to the training
distribution. This underscores the robustness and
broader transferability of our dual-penalty frame-
work to diverse reasoning-intensive tasks.

6 Ablations

6.1 Internal vs. External Redundancy

We conduct an ablation study to investigate the in-
dividual and joint effects of internal and external



Model GSMSK MATHS00 AIME24 Overall
Acc Tokens IRD ERD AES Acc Tokens IRD ERD AES Acc Tokens IRD ERD AES AES
DeepSeek-R1-Distill-Qwen-1.5B
Baseline 84.1 1555 737 430 / 822 3549 715 552 / 28.5 8681 714 28.6 / /
ThinkPrune-4k  86.1 910 779 40.1 049 837 2101 732 398 046 286 6431 752 21.0 0.27 1.22
LC-R1 82.5 507 672 193 058 79.6 1673 758 225 037 242 5075 79.6 204 -0.34 0.61
Laser-DE 86.4 971 743 375 046 836 2282 780 363 041 327 7268 735 222 0.60 1.47
Training 81.0 292 616 7.8 0.63 828 1543 655 145 0.59 285 7049 732 174 021 1.13
Ours 84.9 513 496 57 070 838 1505 51.0 79 0.63 340 6077 725 109 0.88 221
DeepSeek-R1-Distill-Qwen-7B
Baseline 91.1 844 70.0 36.0 / 912 2836 781 51.6 / 523 7241 778 31.1 / /
ThinkPrune-4k  92.8 716 705 360 021 89.7 1683 779 36.1 032 504 5723 792 146 0.03 0.56
LC-R1 87.5 152 61.8 49 0.62 875 1201 658 7.0 037 527 6087 79.1 102 0.18 1.17
Laser-DE 93.3 637 682 31.1 032 921 1402 77.0 30.1 0.54 527 5061 805 11.8 0.32 1.18
Training 91.2 387 65.1 146 054 91.0 209 763 383 025 508 6669 788 23.1 -0.06 0.73
Ours 90.9 318 518 65 0.61 898 1200 587 6.1 050 532 5025 774 37 036 1.47

Table 1: Performance comparison across CoT compression baselines. Acc refers to Pass@ 1; Tokens represents the
average reasoning length. Our method achieves the optimal trade-off between reasoning fidelity and token efficiency.
For improved legibility, IRD and ERD are scaled by a factor of 100.
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Figure 6: Impact of internal and external redundancy penalties on CoT compression. These two penalties operate
independently with minimal interference, yet their combined use enhances compression efficiency beyond individual

applications.

redundancy penalties on CoT compression. Figure
6 illustrates the training dynamics across four ex-
perimental configurations. Compared to a baseline
utilizing only a length-based truncation penalty, in-
corporating either internal or external redundancy
penalties yields a more pronounced reduction in
converged response length. Notably, the simultane-
ous application of both penalties achieves the most
significant compression, demonstrating a clear syn-
ergistic effect.

As shown in Figures 6b and 6¢c, we track the
evolution of IRD and ERD throughout the training
process. Our analysis reveals two key insights:

1. Inefficacy of Global Truncation: Global
truncation penalties fail to effectively target
either internal or external redundancy, explain-
ing their inferior compression performance.

2. Orthogonality of Redundancy Types: The
internal and external redundancy penalty ap-
pear to operate independently. We attribute

this independence to the spatial isolation of
these two redundancy domains within the so-
lution sequence (i.e., before and after the first
correct answer). Despite the fact that the
GRPO reward signal is distributed across all
tokens, the model successfully identifies the
specific sources of redundancy and optimizes
accordingly.

In addition, we observe a non-monotonic trend in
response length when only the external redundancy
penalty is applied: it initially decreases but sub-
sequently rebounds. This suggests that the model
attempts to circumvent the penalty by increasing
the total response length to lower the relative pro-
portion of external redundancy. Notably, this side
effect is effectively neutralized by the simultane-
ous application of the internal redundancy penalty.
The disappearance of this trend underscores the
robustness of our dual redundancy penalty mech-
anism. Similar empirical results for the 7B model
are provided in Appendix C.1.
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Figure 7: Impact of IRD and ERD reduction on accuracy. Reducing IRD consistently lowers accuracy, whereas
penalizing external redundancy does not harm performance.

6.2 Analysis of Accuracy Drop

To isolate the causes of accuracy degradation, we
conduct an ablation study on DeepScaleR-1.5B-
Preview. Unlike models that may still gain per-
formance during RL, this performance-saturated
model provides a stable testbed. Its plateaued rea-
soning capabilities allow us to observe the intrinsic
impact of redundancy compression, decoupling it
from the interference of reward-driven improve-
ments.

Experimental Protocol The ablation is con-
ducted in two sequential stages.

» Stage I (External): We first apply the ex-
ternal redundancy penalty alone during RL
training with a 16k maximum response length.
After 160 steps, as the average response length
converges around 4100 tokens, we conclude
this stage.

* Stage II (Internal): Starting from the Stage
I checkpoint, we proceed to a second phase
where the internal redundancy penalty is
added.

Core Findings Our results reveal a stark contrast
between the two types of redundancy. As shown
in Figure 7, when the ERD is reduced to 0.09, the
model maintains nearly identical accuracy across
all three benchmarks (GSM8K, MATHS500, and
AIME24) compared to its initial state. In contrast,
progressive reduction of the IRD triggers a substan-
tial drop in performance, particularly on the chal-
lenging AIME24 dataset. This disparity suggests
that accuracy degradation during CoT compres-
sion is primarily attributable to the removal of
internal redundancy. We hypothesize that aggres-
sive IRD compression forces the model to bypass

essential intermediate steps, widening the semantic
gap between adjacent reasoning segments. This
disruption of local coherence leads to “reasoning
leaps” that exceed the model’s inherent inference
capacity, aligning with observations in (Xu et al.,
2025).

Identical trends are observed in DeepSeek-R1-
Distill-Llama-8B (see Appendix C.2), confirming
that the asymmetric impact of redundancy holds
across different architectures and scales.

7 Conclusion

In this paper, we introduced a novel perspective
on overthinking in LRMs by decomposing it into
internal and external redundancy. We developed
a dual-penalty reinforcement learning framework
that utilizes fine-grained semantic rewards to sur-
gically mitigate both inefficiencies. Our results
demonstrate that this approach significantly com-
presses reasoning traces while strictly preserving
accuracy across multiple benchmarks. A key in-
sight from our study is that external redundancy
can be safely eliminated without performance loss,
whereas internal redundancy requires a calibrated
trade-off to maintain reasoning fidelity. These find-
ings provide a robust foundation for developing
more efficient, interpretable, and human-aligned
reasoning models.

Limitations

Despite the effectiveness of our dual-redundancy
penalty framework, several limitations warrant fur-
ther investigation.

* Our methodology relies on the identification
of the First Correct Answer as a pivot for
redundancy decomposition. While this is



straightforward in objective reasoning tasks
such as mathematics and programming, ex-
tending this framework to open-ended gen-
eration or tasks without a singular objective
answer remains challenging. In such scenar-
ios, defining the boundary between essential
elaboration and redundancy becomes inher-
ently subjective.

* The IRD metric, based on sliding-window se-
mantic similarity, primarily captures linguistic
verbosity and informational stagnation. How-
ever, it may struggle to detect higher-level
logical redundancies, such as cyclic reasoning
that utilizes diverse vocabulary. The sensitiv-
ity of the IRD is also coupled with the perfor-
mance of the underlying embedding model,
which may exhibit biases in specific special-
ized domains.

* While we demonstrated strong out-of-domain
generalization, our study predominantly fo-
cuses on reasoning-intensive tasks. The im-
pact of internal redundancy compression on
tasks requiring divergent thinking or creative
exploration has not yet been fully explored,
where a certain level of redundancy might be
beneficial for maintaining contextual nuance.
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A Window Size Analysis
A.1 Dynamic Window Size

To evaluate the robustness of the Internal Redun-
dancy Degree metric, we investigate the impact of
the window size ratio (&) on the detection of local
semantic similarity. In this experiment, we vary o
across a range of scales while maintaining the stride
B at half the window size (8 = «/2). The analy-
sis is conducted on solutions from both DeepSeek-
R1I and human references within the MATHS500
dataset. As illustrated in Figure 8, the disparity
in semantic similarity between DeepSeek-R1 and
human-authored solutions narrows as the window
size ratio increases. We hypothesize that larger win-
dow sizes encompass excessively broad reasoning
segments, which tends to average out the semantic
signals and obscure the fine-grained, local infor-
mational progression. Based on these empirical
results, we selected a window size of a = 0.1 for
our primary experiments. This configuration pro-
vides a sufficiently high resolution to capture local
sentence-level redundancies.
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Figure 8: Impact of window size ratio « on local seman-
tic similarity detection.

A.2 Absolute-Sentence Window Size

To further justify the necessity of our dynamic win-
dow size design, we investigate an alternative ap-
proach using a fixed number of sentences n as the
window size, rather than a relative proportion c. In
this setup, the sliding stride is consistently main-
tained at half the window size (n/2). We compare
the Internal Redundancy Degree of DeepSeek-R1
and human references across varying values of n
on the MATHS500 dataset. As illustrated in Figure
9, the results demonstrate two critical limitations
of the absolute window approach. First, the IRD

of DeepSeek-R1 does not consistently maintain a
significantly higher level compared to human refer-
ences, failing to reliably distinguish between redun-
dant and concise reasoning. Second, the maximum
margin between the two groups is approximately
0.1, which is markedly smaller than the margin ob-
served in our ratio-based configuration. This lack
of sensitivity suggests that absolute windows fail
to account for the inherent variations in response
length across different problems. Consequently,
we confirm that the ratio-based dynamic window
is a more robust and stable metric for quantifying
internal redundancy in LRMs.
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Figure 9: Comparison of IRD using absolute sentence
window sizes.

B Training Algorithm

Algorithm 1 Dual-Redundancy Penalty Training
Require: Model M, Dataset D, Reward function
R, Optimizer O, Window size w
1: for each batch of prompts {%},JL from D do

Sample K responses {ygk)}le for each x;

2

3:  for each response gjgk) do

4 if final answer is incorrect then
5: Assign reward rgk) +0

6: else

7: Locate the FCS in g)i(k)

8 Split into [FCS, post-FCS]

9: Compute IR penalty: pjy

10: Compute ER penalty: pext

11: Assign reward: rik — rgk * Dint * Pext
12: end if

13:  end for

14:  Compute GRPO policy loss with {rgk)}

15:  Update model M via optimizer O

16: end for




C Supplement Experiments

C.1 Ablation 1

As discussed in Section 6.1, we observed a non-
monotonic trend in response length when only the
external redundancy penalty is applied. Figure 10
provides a detailed longitudinal analysis of this
phenomenon across both the DeepSeek-R1-Distill-
Owen-1.5B and 7B models.

C.2 Ablation 2

We conduct accuracy drop analysis on DeepSeek-
RI-Distill-Llama-8B. As illustrated in Figure 11,
same conclusion derived from the experiment.

D Examples of compressed solutions

A response sample from our proposed method after
applying the dual redundancy penalties is shown
in Figure 12. It is evident that content after the an-
swer has been successfully eliminated, resulting in
a concise output. Furthermore, compared to base-
line models, the internal logic within the FCS is
significantly more compact. The overall response
exhibits a clear, highly interpretable logical struc-
ture, improving the clarity and readability of the
reasoning process.
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Alright, let's break down the problem step by step.

Problem Understanding: Aya walks 9 kilometers every morning. When she walks at a
speed of s km/h, it takes her 4 hours (including £ minutes in the coffee shop). When her
speed increases to s 4+ 2 km/h, it takes her 2 hours and 24 minutes (including £ minutes in
the shop). We need to find the time it takes when her speed is s + % km/h, in minutes.

Key Information: 1. Distance: 9 km 2. Times: - At speed s: total time 4 hours (so time
walking + ¢ minutes) - At speed s + 2: total time 2 hours 24 minutes (which is
2+ % = 2.4 hours) Our goal is to find the time when her speed is s + %

Step 1: Express the walking time in terms of speed. Let’s denote: - ¢ = time spent in
the coffee shop (constant) - w = walking time (in hours) So for the first case: Total time
(walking + coffee) = w + 6t_0 = 4 hours. Walking time w = % hours. Similarly, for the
second case: Total time = w + % = 2.4 hours. Walking time w = 5142 hours.

Step 2: Set up equations. From the first case: % + % = 4 --- (Equation 1) From the
second case: % I % = 2.4 --- (Equation 2)

Step 3: Subtract Equation (1) from Equation (2) to eliminate %. Equation (2) -

Equation (1): (z35 — 2) + (& — &) = 2.4 — 4 Simplify:9 (<5 — ) = 1.6

Calculate the difference: 9 < s;(ii;? = —1.6 Simplify numerator: s — s — 2 = —2
Thus: 9 (3(;—32)) = —1.6 Multiply: s(;—fz) = —1.6 Multiply both sides by -1:
18
=1.6

s(s+2)

Step 4: Solve for s(s + 2). Multiply both sides by s(s + 2): 18 = 1.6s(s + 2) Divide
both sides by 1.6: 15 = s(s + 2) Calculate 1> = 180 = 45 — 11.25 Hence:

s + 2s = 11.25 Bring all terms to one side: s> + 2s — 11.25 = 0

Step 5: Solve the quadratic equation for s. Using quadratic formula:
—24+/(2)2—4(1)(—11.25) L ) L _a47
8= T Calculate discriminant: 4 + 45 = 49 Thus: s = —5— We take

the positive solution: s = % = 2.5km/h

Step 6: Find time ¢ using Equation (1). From Equation (1): % + % — 4 Calculate:
55 = 3.6 hours So: 3.6 + = = 4 Subtract: & = 0.4 Multiply: ¢ = 0.4 x 60 = 24
minutes

Step 7: Calculate time when speed is s + 0.5 = 3 km/h Walking time w = % =3

hours. Total time = walking time + coffee time = 3 + % = 3+ 0.4 = 3.4 hours Convert

to minutes: 3.4 x 60 = 204 minutes

Final Answer: \boxed{204}

Figure 12: Response sample showing a concise reasoning trajectory for a distance-speed problem.
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