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ABSTRACT

Ranking of vertices in a graph for different objectives is one of the most funda-
mental tasks in computer science. It is known that traditional ranking algorithms
can generate unbalanced ranking when the graph has underlying communities,
resulting in loss of information, polarised opinions, and reduced diversity (Celis,
Straszak & Vishnoi [ICALP 2018]).

In this paper, we focus on unsupervised ranking on graphs and observe that popular
centrality-measure-based ranking algorithms such as PageRank may often generate
unbalanced ranking here as well. We address this issue by coining a new approach,
which we term relative centrality. Our approach is based on an iterative graph-
dependent local normalization of the centrality score, which promotes balancedness
while maintaining the validity of the ranking.

We further quantify the reasons behind this unbalancedness of centrality measures.
using novel structure that we propose. We term this as the multi-core-periphery with
communities (MCPC) structure. We provide theoretical and extensive simulation
support for our approach towards resolving the unbalancedness in MCPC.

Finally, we consider graph embeddings of 11 single-cell datasets. We observe that
top-ranked as per existing centrality measures are better separable into the ground
truth communities. However, due to the unbalanced ranking, the top nodes often
do not contain points from some communities. Here, our relative-centrality-based
approach generates a ranking that provides a similar improvement in clusterability
while providing significantly higher balancedness.

1 INTRODUCTION

Ranking of data points is one of the fundamental problems in computer science, with applications
ranging from information retrieval (Liu et al., 2009), recommendation systems (Page et al., [1998)),
community detection (Liu et al., 20165 |Hajij et al.,2020), resource allocation problems (Zipkin,|1980)
and is also extensively used in online economies (Singh & Joachims| [2019).

Ranking algorithms are often applied to data where the data has an underlying partition into groups/
communities, such as when allocating resource (Celis et al.| [2017), using ranking algorithms for
community detection (Liu et al.} | 2016), or deciding influential nodes in social networks (where people
of different ethnic backgrounds or political beliefs can be considered as communities) (Zhang et al.,
2015; [Kojaku & Masudal |2017). Here in many cases it is desirable to have a balanced ranking, i.e.,
top data points ranked by the algorithm should contain a reasonable fraction data points from each
community. While there has been recent progress in the supervised setting with respect to ranking
with group fairness constraints (Celis et al.l 2017} [Singh & Joachims} 2019;|Zehlike et al., [2022), the
balancedness of ranking in the unsupervised learning context remains under-explored.

In this paper, we focus on unsupervised ranking on graphs with underlying communities. We note that
the primary class of ranking algorithms here are Centrality measures. Different centrality measures
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Figure 1: An example of the bene t of unsupervised balanced ranking algorithms. While the top-ranked
nodes by existing centrality measures have improved separability (the induced subgraph can be clustered with
better accuracy), the unbalancedness results in some communities being completely overlooked. In contrast, our
relative-centrality-based algorithm offers signi cantly higher balancedness while having comparable separability.

rank the nodes of a graph according to their notion of importance. Centrality measures like PageR-
ank (Page et al., 1998) have been hugely in uential, and others such as Betweenness (Barthelemy,
2004), Closeness (Okamoto et al., 2008), Degree centrality (Zhang & Luo, 2017) and K-core rank-
ing (Hébert-Dufresne et al., 2016) have been used in understanding phenomena such as cognitive
behavior (Bassett et al., 2013), online ampli cation (Barber et al., 2015), and others.

Single-cell RNA seq data: Motivation and a use-case of unsupervised balanced ranking.

Balancedness can be very important in the unsupervised context as well. As a concrete example, we
consider single-cell RNA seq data, which is one of the most in uential biological data of the last
decade (Chattopadhyay et al., 2014; Poulin et al., 2016; Zhang et al., 2021; Li et al., 2024).

Here, we are given a dataset with somdata points (each data point corresponding to a single cell),
with d features (each feature corresponding to the gene expressions of a cell). In single-cell analysis,
the main goal is to understand cell behavior (understanding biological systems, diseases, and others)
through gene expression.

Here, separating the data points into different clusters (according to their cell types) using gene
expression is an important step in single-cell analysis, as noted by this popular Nature review
paper (Heumos et al., 2023). Once the different communities are found, bioinformaticians then use it
for different downstream tasks.

However, despite signi cant research and progress, the performance of the state-of-the-art community
detection algorithm can be very poor (e.g., NMI less than 0.6). In such a case, centrality measures
may be helpful. For example, we observe that if we run popular centrality measures like PageRank
on the graph and choose to run community detection on only the induced subgraph of the top-ranked
vertices, the performance of the community detection algorithm is much improved. However, the
top-ranked points can be unbalanced, and some communities may be completely missed while others
are underrepresented, which affects the downstream tasks. See Figure 1 for a detailed example.
Motivated by this example, we focus on directed graphs. Our contributions are as follows.

1.1 CONTRIBUTIONS

A Balanced meta-ranking-algorithm. As the primary contribution, we coin a novel concept,
“relative centrality”, and design a meta ranking algorithm (Details in Section 3.1) that provides
superior balancedneds several popular centrality measures on the graph embeddings of a large set
of biological (single-cell) datasets.

A new structural assumption. Structural assumptions are ubiquitous in the design and analysis of
unsupervised learning algorithms, used for both inspiration of new algorithms as well as analysis of
established algorithms. In the context of ranking on graphs with underlying community structures,
two such structures are community structure and core-periphery structure. The former is used for
understanding community detection, and the latter is heavily interlinked with the performance of
centrality measures. We refer the readers to Figure 2 for a schematic representation of these two
structures. Here, the recent review (Yanchenko & Sengupta, 2023) on core-periphery structures has
noted“a better understanding of the interplay between community and core-periphery struetsire”

an interesting open problem.
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Against this backdrop, we propose a new structure that we calllé-core-periphery with communi-
ties(MCPC) by combining these two structures to quantify the unbalancedness in traditional centrality
measures observed in real-world graphs. Readers may refer to Figure 3 to gain an initial overview and
refer to Section 2 to get a more detailed insight into this structure. We provide theoretical proof of the
unbalancedness in random graphs with MCPC structure and show that our relative centrality approach
overcomes this, demonstrating initial theoretical evidence and large-scale simulation support.

Applications to real-world data in improving inference of community structure. Finally, as a
concrete application of our balanced ranking algorithm, we show that if we apply graph clustering
algorithms to the induced subgraph of top-ranked nodes of the aforementioned datasets, we have a
comparable improvement in clustering accuracy to existing centrality measures, while our result is
signi cantly more balancedDetails can be found in Section 4.

We end this section by laying out a detailed organization of the rest of the paper.

Organization. In Section 2, we provide further background on the community and core-periphery
structures and the motivation behind our multi-core-periphery structure, and then formalize the
MCPCstructure and the characteristics of an ideal ranking algorithm in this framework. We further
discuss connections to real world data and other models.

Then, in Section 3, we de ne a random graph model in Section as an instantiation of MCPC and
analyze the unbalancedness in traditional centrality measures. In Section 3.1, we de ne our relative
centrality approach and describe our algorithms, along with initial theoretical and simulation support
for its balancedness. We also evaluate these phenomena on graph embeddings of a generalized
mixture model in Appendix C.

Section 4 contains our experiments on the real-world graphs. Motivated by the standard clustering
pipeline of single-cell data, we look at the graph embeddings of 11 complex single-cell datasets. For
all the datasets, selecting top-ranked nodes by centrality measures leads to improved separability
(observed both structurally and through improved performance of clustering algorithms), with our
methods providing signi cantly superior balancedness compared to traditional centrality measures.

Finally, while we make exciting progress in balanced unsupervised ranking algorithms and show both
theoretical analysis and impact on real-world datasets, we note that our work has some limitations.
We place a detailed discussion in Appendix E.3.

We conclude this Section with a discussion of related works.

1.2 COMPARISON WITH EXISTING WORK

In this paper, we design a balanced ranking algorithm that is applicable to a large set of real-world
data and can also be theoretically supported in the MCPC structure. Even within the core-periphery
literature, work with multiple cores is rarer. The existing works here mainly focused on comparably
restrictive settings. The works (Tung & Verma, 2015) and (Kojaku & Masuda, 2017) proposed speci ¢
equations to capture the interaction between nodes from different cores and designed maximum
likelihood-based algorithms for these equations; the paper Elliott et al. (2020) studied directed
graphs with multi-cores, but they do not consider the coexistence of community structure. As such,
we applied the algorithms of Elliott et al. (2020) to our graph simulation model and observed an
almost-random outcome and thus placed it in Appendix E, along with a more in-depth comparison
with the literature as well as some limitations of our work. Most importantly, to the best of our
knowledge, none of the previous papers considered the unbalancedness issue of centrality measures
in a similar setting.

2 MULTI CORE-PERIPHERY WITH COMMUNITIES(MCPC): A THEORETICAL
LENS FOR CENTRALITY MEASURES IN GRAPHS WITH COMMUNITIES

In this section, we lay out the intuition behind the MCPC structure to capture the unbalancedness in
the ranking due to traditional centrality measures, starting by discussing two popular structures.

Community structure. A graph is thought to have community structure if the vertices have an
underlying (unknown) partition into somkecommunities such that vertices from the same underlying
community are more likely to be connected by edges than vertices from different communities.
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Figure 3:Example of graphs with MCPC structure. Unlike the graphs
with community structure where inter-community edges are spread
Figure 2:Structures in analysis and uniformly in a community, here, the (dense) cores have a smaller
design of centrality measures and fraction of inter-community edges. In (a), both cores have the same
community inference algorithms ~ density (they are identical) and centrality measures such as degree
centrality will result in balanced ranking. In (b) the blue core is sparser,
and therefore existing centrality measures will rank them lower.

This structural assumption has inspired important clustering objectives such as modularity (Brandes
et al., 2007; 2006; Noack, 2009) and correlation clustering (Bansal et al., 2004) and also popular
probabilistic models such as the stochastic block model (SBM) (Abbe, 2018; Mukherjee et al., 2024).
Figure 2 (a) gives a schematic representation of a graph with community structure.

Core periphery (CP) structure. We now turn our focus on a different kind of structure called
core-periphery (CP) structure which has been extensively studied in the network analysis literature in
the last two decades (see the surveys (Rombach et al., 2014; 2017; Yanchenko & Sengupta, 2023)
and the references therein). Here, the graph is assumed to contain a dense subgraph (the core), and
the other vertices (forming the periphery) are sparsely connected to each other, as well as the core.
Figure 2 (b) gives a schematic representation of a graph with core-periphery structure.

Centrality measures perform well on core-periphery structure. ldentifying the cores is an
important task in graphs with core-periphery structure (Cucuringu et al., 2016; Rombach et al., 2014;
Yanchenko & Sengupta, 2023). Here centrality measures (such as degree centrality and PageRank)
are known to be very good at ranking the core nodes above periphery nodes (Rombach et al., 2014;
Yanchenko & Sengupta, 2023) even being near-optimal in some random graph setting (Barucca
et al., 2016), making CP structures a promising setup to better understand balancedness of centrality
measures in graphs with underlying community structure.

However, the majority of the work in the core-periphery structure is in a single-core setting. Some

recent papers have observed the existence of multiple cores in graphs (Wang et al., 2011; Elliott

et al., 2020; Kojaku & Masuda, 2017), and also coexistence of CP and community structure (Tun¢ &

Verma, 2015; Yang & Leskovec, 2014), with the recent survey (Yanchenko & Sengupta, 2023) noting
“a better understanding of the interplay between community and CP strucageh open problem.

To the best of our knowledge, none of the existing works discussed the balancedness of centrality

measures in the presence of multiple cores. Here we propose the following structure.

The MCPC structure. Consider a grapls(V; E) with a hidden partition into communities

V; has a further partition into eoreV;. ; andperipheryVi. ¢ such that most edges starting in a core
end up in that core itself (the cores alensely connect@dThe peripheries adeosely connected
We formalize this notion witltore concentrationas follows.

De nition 2.1 (Core concentration)Given a directed grap&(V; E), for anyV%Vv® Vv, let
E (V% VY% denote the number of edges starting/ifand ending iV Then we de ne the core
concentration (or simply concentration)®f V as

CG(S)= E(S;S) E(S;S) JE(SV)] 1)



Published as a conference paper at ICLR 2025

That is, we expect the core to have two properties. First, only a few edges originating in a core
should leave the core, which we penalize with thHe(S; S) term. Secondly, we expect more edges
from the peripheries ending at the cores (making each core a more central part of the corresponding
community), which we incentivize with theE(S; S) term.

Next, we expect the cores to haesver inter-community edgesmpared to the peripheries. Note that

if such a situation were to occur, the top-ranked core-ranking algorithms will be easier to separate,
capturing the behavior of PageRank in our initiating example in Figure 1. Then, the concrete de nition
of theMCPCstructure is as follows.

De nition 2.2. We say a graph‘:(v E) with an underlying hidden partitiohiVy;:::;V,ghas an
(; )-MCPCstructure for = (1) > Oand < 1iff

i) The hidden partition imposes a community structure on the graphki(®;, Vi) E(Vi; V).

if) Each hidden partition; can be further partitioned into two sets, namely the agreand the
peripheryV o, such thaCGCs (Vi. 1) > CCs(Vi.0) + . (the coreVi.; has a higher core concentration
than periphery. o).

E(Vi1:Vj) E(ViiVj)
i) For any two communitied/; V, TR Vi

edges between cores than the peripheries).

. (There are fewer inter-community

In this context, in Figure 3 (a), the two cores have almost identical concentration, whereas the
peripheries have a lower concentration than the cores. Therefore, a simple degree centrality (ranking
the nodes in descending order of their degree) will rank the cores above peripheries, while also
ranking the cores in a balanced manner.

Unbalancedness of Centrality measures on graphs with MCPC structureHowever, the bal-
ancedness of centrality measures may deteriorate quite fast if the different cores have different levels
of connectedness. For example, let us consider the instance in Figure 3(b). Concretely, it is a
3-regular directed graph (i.e., each node has the same out-degree, and both the communities (blue
and red) have the same number of core and periphery vertices (5 each)). However, the blue core
has a lower core-concentration than the red core. In such a case, degree centrality will result in an
biasedunbalancedanking of the nodes. Note that the downstream algorithm will not know the total
number of cores or core vertices. In such a case, if one selects points from the top of the ranking,
it may lead to an unbalanced representation of the communities (as we observed in the example of
the cancer dataset). Against this backdrop we de ne the two primary characteristics we want in a
ranking algorithm.

De nition 2.3 (Performance metrics of a ranking algorithm w.r.t. MEPC structure.)

i) Core-prioritization: A ranking algorithm should rank core vertices above periphery vertices. We
guantify this as the AUROC value (Marques et al., 2023) of the w.r.t. core/periphery label of each
vertex, which is close t& when almost all core vertices are placed above almost all periphery vertices.

i) Balancednesslet F be a ranking of the vertices, and IEf denote the tog n vertices
in the ranking. Then, we quantify the balancedness in thectop vertices in the ranking as

Bc(F;G) := min; ’Ff\\,# max JFf\\/iV]“ . That is, the top points in the ranking should
contain a roughly equal proportion of points of each core. The ranjsmg reaches a perfect balancedness
if Bc(F; G) = 1. Thetotal balancednesss de ned asB(F; G) := -1 Bi=n (F; G).

Relative centrality mitigates the unbalancednessWe show in Section 3 that the relative centrality
measure we propose achieves a balanced ranking with high core-prioritization even when the cores
have different concentrations. This provides a theoretical understanding of the unbalancedness
of existing centrality measures and evidence of our algorithm's performance in a controlled (yet
important) setting. We further present extensive experiments in Section 4.1 to demonstrate the
usefulness and balancedness of our algorithm on real-world data.

MCPCin the real world; Single-cell data and beyond.First, we give some more insight on why
single-cell data is a good t for this structure. These datasets can be considered as high-dimensional
(usually more than 25,000) noisy data, suffering from technical noise and experimental error Jovic
et al. (2022). Many data points could be abnormal cells, such as dead cells and doublets, or cells
affected adversely by experimental noise. Therefore, separating such cells in the graph embeddings
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may be very hard. In our MCPC structure, we capture them as peripheries. In contrast, the cells
with less degenerative effect can be seen as cores. This further motivates the design and analysis of
balanced ranking algorithms, as one would hope to select cores for each cell type. In Section 4.1, we
observe that the communities in graph embeddings of real-world biological data indeed contain cores
with higher concentration values, and these cores have a lower fractioleetommunity edges
compared to the whole data.

Beyond this applicationiCPC structure may also be relevant to certain social choice scenarios. For
example, if we consider the social network of US population through the lens of political af liation,
the resultant data should exhibit soMEPC structure. This is because there will be people who are
rmly committed to one political af liation, either Democrats or Republicans; these people will form

the core of each community. In contrast, more neutral people will align with different af liations for
different topics, forming the peripheries. Some recent papers have observed that social networks such
as Twitter can have multiple cores (Kojaku & Masuda, 2017; Yang et al., 2018).

3 ANALYSIS AND EXPLORATION OF CENTRALITY AND RELATIVE
CENTRALITY IN MCPCVIA A RANDOM GRAPH MODEL

A general graph with an MCPC structure may be too complicated to both simulate and analyze. In
this direction, we de ne a block model-based random graph setup to instantiate graphGRth
structure. In a block model, the set of vertidtsre divided into some blocks, and then the nature

of interaction between two vertices is a function of their block identity. For example, the popular
stochastic block model (Abbe, 2018) (SBM) is such a model, used to generate graphs with underlying
community structure. Block models are also popular in CP literature, with the performance of
many algorithms made under different CP assumptions quanti ed on these block model-generated
graphs (Cucuringu et al., 2016; Elliott et al., 2020; Zhang et al., 2015; Yang et al., 2018).

We take a similar approach in this paper and de ne a model that wéA&ZHC-block model that
generates a directed graph where the out-degree of each vekié iso(1)) for somek. For
simplicity, we de ne it w.r.t.” = 2 underlying community, which can be easily extended.

partitioned into2 communitiesvV, andVa,, with eachV; further partitioned into a coré;.1 and a
peripheny,.o. Thereisa& 4 block-probability matriX? such that each row sumstoThen, for any
Vi 2 V-c andvj 2 Veoco, we add arv; ! v; edge iid with probabilityk=jV-ocoj P[(;c); (% 9.

Baseline centrality measuresWe consider degree centrality, PageRank (with 3 different damping
factors), Katz Centrality (Bloch et al., 2023), and a popular core-decomposition-based algorithm
(that we call onion decomposition) (Hébert-Dufresne et al., 2016) as initial baseline algorithms for
evaluation of centrality measures MCPC structures.

Centrality measures can be unbalanced even when both communities and cores are of same
size. We setj\V..cj = 0:25 n for all the blocks and then set the block parameters to lead to an

(; ) MCPCstructure. Here, it is important to note that while we demonstrate the phenomenon in
theory and in simulation when the size of all the cores and peripheries are the same, our algorithms
are applicable even when they are of different sizes. In fact, in our real-world experiments, the size of
the different communities in a dataset varies widely. Then, the behavior of degree centrality can be
captured as follows.

Theorem 3.2(Behavior of degree centrality) et G(V; E) be a graph sampled from thCPC-block
model w.r.t. partition o/ into V-.c; ("; c) 2 f 0; 1g°> wherek = ! (logn). LetF (v) be the degree of
the vertex. Then for any; 2 V-.; we haveF (vi) =2k + k (1 0(1))(CCs(V-1)).

That is , the degree of a vertex is almost linearly related td@g of the core it belongs in. If
CCs (V1) > CGs(V-0.1) + C for any constanC, the degree of all vertices M., will be higher
than the ones ivo.1. This will result in anunbalancedanking. The proof of Theorem 3.2 can be
found in Appendix A.1. Next, we observe this in simulation.

Initial simulation. For simulation purposes, we instantid@as in Table 1, parameterized with

When =0, the generated graph will have 0:3 and 0:25, andCGCs (Vo:1) CGCs(Vi:1). In

such a case, degree, as well as the other centrality measures, have high balancedness throughout the
ranking, as observed in Figure 4(a). Moreover, it has a high core prioritization (as the concentration
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(@) ICEF of inducedb) Balancedness @€) ICEF of induced sulfd) Balancedness of rankings for=
subgraph for graph gerankings in a graplgraph =0:05 0:05
erated with =0 generated from =0

Figure 4: Balancedness and intra-community edge fraction (ICEF) of the induced subgraph of the
top-ranked nodes due to different centrality methods and our initial method (N-Rank) on 2-block
MCPC graphs generated with parametexs per Table 1. When = 0, in the generated graph both

the cores have roughly equal concentration and the centrality measures produce a balanced ranking.
When > 0, while the ICEF still increases at the top of the ranking (indicating better separability),

the unbalancedness increases, which is mitigated by our method.

of peripheries is lower). Thus, the induced graph of theadm@ction of the points has kigher
intra-community edge fraction (ICERjvhich is simply the fraction of edges with endpoints being in
the same community) asdecreases, which we note in Figure 4(b).

Unbalancedness when cores have varying concentratiohlowever, the scenario changes # 0.
Consider =0:05. Thenwe hav€Cs(V1.1) CGCs(Vo:1)+0:07. While the core prioritization will
still be high for the centrality measures, the balancedness becomes very low, as shown in Figure 4(c).

3.1 MITIGATING UNBALANCEDNESS WITH RELATIVE CENTRALITY FRAMEWORK

The primary reason behind the unbalancedness of the traditional centrality measures is that they
capture the global centrality of vertices. With this observation, we aim to develop a method that
generates a scoring with the following properties.

i) The core vertices should be assigned a higher score than the periphery vertices.

i) The score of two vertices belonging to different cores should be sintitagpectiveof the cores
they belong to.

If a scoring of the vertices satis es the two properties, we callrélative centralitymeasure. Then
ranking vertices in descending order according to some score should lead to high balancedness as
well as core prioritization. We rst propose an initial Algorithm 1, that we call N-Rank.

Algorithm 1: NeighborRank (N-Rank) withrstep initialization
Input: GraphG(V;E);t. Let the Adjacency matrix bA.

s 1, {#Vector of all ones}
foriin 1:tdo

s ATs {# Obtaining initial centrality score}
end for
FOW)  sfi]
forvi 2 V do

Ng(vi)isth ighborhood of
Su TV 1y 2 Na(W)iFO(y) > F O(w)glf vig. viGb(avsl()etlison?hneetl)gutggirngcédges

FO(y, . .
PO (v;) m { The relative-centrality step}
VJ2 Vi
end for
return F(®

3.1.1 DeSCRIPTION OF OUR FIRST METHOON-RANK AND ANALYSIS IN THE TWO BLOCK
MODEL

As discussed, we want an “initial centrality measure” that ranks the core vertices above periphery
vertices (so far, we are independent of the balancedness).
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We de ne a generalized class of measBré& via at-step power method, as de ned in Algorithm 1.
Whent = 1, this converges to the in-degree centrality measure. As we mostly focus on (almost)-
regular directed graphs, this is essentially the same as the degree centrality measure>\Whin
(approximately) captures thestep random-walk reachability of vertices. We note that we focus on
(almost) regular directed graphs in this paper motivated by K-NN embeddings of real-world vector
datasets. However, our algorithms can be applied to non-regular directed graphs as well.

Then, let us focus on the performance of the initial centrality measuretwith. Theorem 3.2 states
that vertices from a core with high&@Cs will get a higher score as per the initial centrality measure.
To mitigate this unbalancedness, for each V, we select th&®2 Ng(v) (v's neighborhood) with
higherF scoreand obtain the nal scoré& (v) as the ratio of value ofv with average of these
neighbors (including itself). Note that this value can be at mdst

Consider any vertex 2 V- 1. Furthermore, let be small 6(1=k)), i.e., inter-community edges
between different cores are few. Then, for many sudll of its neighbors will belong to either the
same core, which will have a very similar score, or peripheries, which will have a lower score as they
belong to a set with a lower concentration, following Theorem 3.2. Then, wefigxe 1 for any

v 2 V-1, irrespectiveof which core it is. We capture this behavior in Theorem A.7 in Appendix A.2

where we show that almost core vertex hdS(a; ) value of1  o(1) with high probability. This
generates initial intuition about the balancedness of N-Rank. Then, in Lemma A.8 of Appendix A.3,
we show that the peripheries will have a lower score than the core vertices, which indisitps
N-Rank has diigh core prioritization

Finally, we show that on expectation, roughly the same fraction of points from each core has the

score of (v) = 1, which is the maximum possible score. In contrast, following Theorem 3.2, the
degree-centrality method will have points only from the stronger core at the top of the ranking.

Theorem 3.3(1-step N-Rank places points from each core at the tbp} G be ann vertex graph
obtained from théCPCblock model withk = ! (log n) resulting in an( (1) ;o(1=k)) MCPGC
structure w.r.t. to the core-periphery blocks @) be the score of the vertices as per Algorithm 1
fort = 1. Then, we get the following behavior on expectation for any abre

(1 0o(1))jV:a , o (14 0(1))jVa
= 2oL BV ViF(V) = 1g]] e
PIC; 1) (5 1) K ' PIC; 1) (5 1) K

That is, on expectation, a similar fraction of poin{d (=k)) from each core will have a score din

the 1-step N-Rank method. This provides an initial theoretical insight into why the highest-ranked
points in N-Rank should be balanced. The proof can be found in Appendix A.4.

In fact, we observe in all our simulations that N-Rank has a high balancedness while having similar
ICEF improvement compared to the baselines (Figure 4(d)). Figure 4(c) shows that N-Rank has high
balancedness for = 0:05, even though the two cores have different concentrations. Thus, N-Rank
with 1-step can be thought of as a way to create a relatively central version of degree centrality.

Generalization into a meta-algorithm. Next, we generalize our algorithm in two natural ways.

1) There may be periphery vertices in the graph that have afighalue compared to it&-hop
neighborhood (E.g., a periphery vertex that has no edges going to a core). To mitigate this issue, we
can look at somg-hop neighborhoolll .y (v) of v when selecting the reference set.

2) We have observed that our N-Rank approach increases the balancedness in the initial centrality
measurd-¢ . In this direction, we can recursively apply this process by rst calculating/thep

N-Rank value and then feeding it back to the algorithm as the initial centrality measure to further
increase balancedness. We can apply this recursive procegs afiymany times.

Due to space restriction, we write the general method as a meta-algorithm M-Rank(t,y,z) 2 in
Appendix B with an in-depth discussion. Then, N-Rank can be written as MR-Rank(1,1,0). We
further de ne MR-Rank(t,2,0) as N2-Rank (t steps) and MR-Rank(t,1,1) as RN-Rank(t steps). M-
Rank(t,y,z) has aruntime @((t jEj+(z 1) kY jVj) for k-regular directed graphs.

Large scale simulation and core-prioritization vs. balancedness tradeoffs.We use the -
parameterized block probability matrix in Table 1 and varfyom 0 to 0:2 with an increment 060:02,
generating a graph for each value for a large-scale simulation. We make the following observations.
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(a) Core prioritization (b) Balancedness

Figure 5: Core-prioritization and total balancedness (as per De nition 2.3) of centrality measures on
graphs generated MCPC-block model for differentalues (As per Table 1). Asincreases, the
difference in the concentration of the cores from the two communities increases, and as a result, the
gap in the balancedness of our method becomes higher (while core-prioritization remains similar)
compared to existing centrality measures.

As increases, three structural changes occur in the graph. v, v, Vio  Vii
(separation ofCC values between cores and peripheriesy,, os+ o075, o075, 005~

decreases, (inter-core edge fraction) increases, and the difeo 04 0.2 02 02

ference between the core concentration values of the two corgs 08 o,o(;f-,.z o.ooﬂz—,.; 0.3547

becomes larger. We observe in Figures 5(a) and 5(b) that as this

happens, our balancedness becomes superior to the basefuisie 1: Block probability matrix to

while maintaining comparable core prioritization. generate MCPC-block model graph

4 EXPERIMENTS ON REAL-WORLD DATA

Motivated by the work ow of single-cell data, we focus &aNN embedding of vector datasets.

with jVj = n and for each datapoing, we add directed edges starting frenand ending at the
representative vertices kfnearest neighbors.

In this direction, we explore the relative centrality measures in a more complex simulation model
based on the Gaussian mixture model (Reynolds et al., 2009) in Appendix C. As before, our methods
have higher balancedness when different cores have different concentration values.

4.1 9NGLE-CELL DATA

Datasets:We use a total 011 datasets. We use tifedatasets from a recent database (Abdelaal et al.,
2019), the popular Zheng8eq dataset (Duo et al., 2018), and two more large datasets (Smith et al.,
2019), and a T-cell dataset (Savas et al., 2018) of cancer patients. All of these datasets have annotated
labels available of their corresponding cell types that form the underlying communities. The size
of the datasets vary frort400to 54; 000. For each dataset, we rst pre-process it with a standard
pipeline (details in Appendix D) and then obtain #8-NN graph embedding, which we denote
asGy. This is very similar to the pipeline of the state-of-the-art clustering method for single-cell
data, Seurat (Stuart et al., 2019). Then we apply the baseline centrality measures and our relative
centrality-based algorithms to these graphs. We make the following observations.

Inference. For each graplso(V; E), we select some topfraction of the points in the descending
order of their ranking as per the ranking algoritkhand denote it aB.(V). First, we explain the
observations w.r.t. the T-cell dataset (Savas et al., 2018).

i) Core-ranking improves community structure. We observe that asdecreases, the corresponding
induced subgraph hashigher intra-community edge fractipas observed in Figure 6(a).

ii) Evidence of coresLet S be the topc-fraction of the points. Then, we have the very interesting
observation tha€Cs, (Vi \ S) > CC,(Vi). Thatis, the higher-ranked points indeed form the cores
of their communities as per our De nition 2.2. We discuss this in detail in the Appendix D.

iii) Relative centrality has a higher balancednessThe single-cell datasets we look at have many
ground truth communities (sub-populations), and we aim to keep points from all communities at the
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(a) ICEF of induced subgraph (b) Preservation ratio of the subset

Figure 6: Improvement in intra-community edge fraction and balancedness for the top-ranked nodes
of different centrality measures in the (Savas et al., 2018) dataset

top of the ranking. Thus, balancedness, as de ned in De nition 2.3, is unsuitable, as it only captures
the behavior of the worst-preserved community. In this direction, we de ne the following metric.

and a subse®  V, the prgservation rgtio of° w.r.t. the underlying partition is de ned as

0 — Vi z S\ Vij . jSj
PRVIVY = g =0 Min v vy

That is, each ground truth cluster contributes the minimur%%f\\,’i—ij‘, ’J\\’,—? to the term. We want
to observe what fraction of points are necessary to achieve proportionality. The higher this value,
the more clusters havejs 45V fraction of the points in the Itered set. Note that the value of
PR(V; V9 lies betweerl="and1. Furthermore, when there are only two communities, any set's
preservation and balancedness values are related by a xed linear equation. Then we observe that
our methods have superior preservation ratithroughout for the T-cell dataset in Figure 6(b), with
RN-Rank having the best performance. In fact, atdhe0:2, the baseline methodompletely

missto include vertices from some communities, which we succeed at. The plots of all of the other

datasets, along with a summarization, can be found in Appendix D.

Improvement in clustering outcome. Finally, we observe that not only does the induced graph by
F<(V) have higher ICEF, but the subgraph is also better separable into its ground truth communities.
To this end, we sat = 0:2 (the results are robust to the choice of the cutoff point). Then, we apply
the well-known Louvain algorithm (Blondel et al., 2008) on the original 20-NN embedding as well
as the induced subgraph for each CR algorithm. We compare the purity of the outcome on these
points compared to the whole graph. We present the results on 7/11 datasets in Table 2. As before,
our methods again demonstrate a superior preservation ratioRMitRank being the besthile

having comparable improvement in clustering accuracy. We provide the results for the other datasets,
NMI improvement for top20%in Appendix D. As with the experiments presented here, our methods
provide a superior preservation ratio throughout the ranking for almost all of the datasets and have a
similar improvement in ICEF as well as clustering outcome (NMI, purity) compared to the baselines.
We add further discussion around the clustering improvement-balancedness tradeoff in Appendix E.

Datasets BH Se Tcell ALM AMB ™ VISP

# of points 1886 2133 5759 10068 12832 54865 15413
Metrics PR Purity PR Purity PR Purity PR Purity PR Purity PR Purity PR Purity
?/g%gi' 1.000.93 1.000.89 1.00072 100044 1.0.046 1.000.86 1.000.48

Katz 0.48 1.00 0.501.00 0.6D85 0.430.73 0.510.78 0.740.98 0.490.73
PageRank (0.5)  0.511.00 0.501.00 0.690.84 0.470.72 0.570.76 0.76 0.98 0.530.71
PageRank (0.85) 0.491.00 0.511.00 0.600.84 0.420.74  0.490.79 0.730.98 0.470.72
PageRank (0.99) 0.451.00 0.501.00 0.570.85 046 044 080 0.720.99 0.450.73

Degree 0.521.00 0.50 1.00 0.730.81 0.52 0.69 0.610.71 0.78 0.96 0.570.67

Onion 0.341.00 0.220.98 0.500.77 0.240.73 ®@F2 051097 0.350.75
RN-Rank 0.680.99 0.560.99 0.890.79 0.610.71 0.690.69 0.870.95 0.610.68
N2-Rank 0.501.00 0.521.00 0.885 0.510.71 0.630.73 0.850.96 0.56 0.69

Table 2: Preservation ratio of top 20% points and purity score of Louvain on the induced subgraph
(compared to the entire graph) for graph embeddings of single-cell data.
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Ethics statement In this paper we have focused on balanced ranking, with our experiments focused
on single-cell RNA seq data. As such, we do not see any direct ethical concern with our current work.
However, balanced ranking, in general, has the potential to reduce bias in different contexts, and
future work in this direction should be ethically veri ed.

Reproducibility statement Our paper consists of theoretical proofs on the MCPC structure, simu-
lations on this structure, as well as large-scale real-world experiments.

We have provided proofs of all of our Theorems in Appendix A.

We have shared our codes for the simulation and real-world data in the supplementary material. The
simulation experiments can be run using the simulation.ipynb le, and is self-contained (needed
modules are provided in the zip). Due to the large size of the real-world vector datasets, we are unable
to share them, but we have shared the code used to run the experiments.
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A STRUCTURES AND RESULTS IN THEMCPGBLOCK MODEL

In this section, we provide theoretical support to the observed unbalancedness of centrality measures
as well as the balancedness and ef cacy of relative centrality as discussed in Section 3 in the random
graph model. We rst reintroduce the model for ease of following.

The generative block model We are interested in the random graph generateddiglack model.

Vo; V1, and each community: has a further partition into a coké.; and the periphery-.,. We
focus on the balanced case, whire.j = n=4for any(’; c) pair. This is associated witha 4
blogk-probability matrixP, that is indexed witlfi;j ) 2 f O; 1¢%. FurthermoreP is row stochastic,
i, (oco PI(;0); (%A =1 forall (i;] ) pair.

Then, for each vertex paw; 2 V- andv; 2 V.co, we add anv; ! v; edge with probability
PICi0) (% iy

Then, we work under the following setting.

1. P[(5;¢9;(; D)]is (1) forall ™ and any®. That is, within a community, a constant fraction
of edges going out from a periphery vertex ends up in the corresponding core, and a constant
fraction of edges originating in a core vertex remains in the core.

2. k=1 (logn).

3. We denote the total degree, in-degree, and out-degree of a vemgth deg(v;), deg, (vi)
anddeg (V) respectively and the out-neighborswfare denoted aN g (v;).

We denote the resultant graph-generating proceB&H$ V-.c 9¢.c)2r 0;1¢2; P K)

Then, we are interested in the case wB&h generates a; ) MCPCstructure with = (1)

and 1. Recall that this implies tha2Cs (Vi:1) > CCs(Vi.g) + fori 2 f 0; 1g and the fraction
of the inter-community edges originating in the core igaction of that of the ones starting in the
periphery.

Preliminary bounds We are primarily interested in the degree of the vertices generated by such
a graph to quantify the unbalancedness in degree centrality as well as the powenraatue
centralityapproach. We de ne the map : [n] ! f 0;1g? s.tX[i]=(";c) ( Vi 2 V. First

we note down the Chernoff concentration bound, which will be useful going forward.

ables that can take valuesfif); 1g, with E[z;] = pfor1 i n. Then we have
P .
1.pPri Lz p+ g D(p* jipn
P "
2.Pr L Lz p e D(P ipn

whereD (xjjy) is the KL divergence ok andy.

Next, we obtain some bounds on out-degree and in-degree of vertices.

Lemma A.2 (The graph is almost-regular w.r.t. out-degrekpt G be a graph generated from
BM(f Veic Oc)2f 0:192; P; K). Then, with probabilityl n #, the out degree of any vertex 2 V is
bounded as

k ok) deg (vi) k+ ofk)

Proof. Lete; denote the indicator random variable indicating which is 1 if there is an edgevfrom
tov;, andO otherwise.

P P
Thendeg (vi)=  j,, &; - Furthermore, ledleq .s)(vi) denote ;. ;g €; . Then, fromasim-
ple counting argument, we hat#gdeg, .. (V)] = JVLCJ Veej PIXTIL Cie)l = PIXTiL; (o)) k.
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Next, by Chernoff bound we have

Pr(deg .. )(vi) > E[deg .. ,(vi)]+8 IOk logn)

) Lo PP —— ’ . . )
e D E[deg . e y(Vi)l=jVee j+8 © k log n=jV-c | E[deg Vo yWiIEIVe | jVoe |

We note that the KL divergencey is D (xjjy) = xIn(x=y)+(1  x)In((1 x)=(1 vy)), which
is lower bounded byx  y)?=2x whenx >y . Then, the KL divergence can be lower bounded as

o p o o
D E[deq .. (Vvi)]g9Vicj+8 k logn=jV.cj E[deq ... )(Vi)lgVic] jVici

=D E[deg .. (Vvi)]=0:25n +8 pk logn=0:25n E[deq ... (vi)]=0:250 0:25n

64k logn
2E[deq ..\l
64k logn
kPIX [vi]; ()]

3
X
16logn 4 PIX[vi];(ic)] 15

That s, p_p
Pr(deg” ™ (vi) >k P[X[vi;(:c)]+8 Kk logn) n 16

Applying it for all (*; ¢) and summing up we get
X

Pr(deg (vi) k P[X[i];(‘;c)]+32pEIogn) n 1
(ie)

P —
Here we note that i) PIX[i];(;¢)] = 1 and thatp kp logn = o(k) ask = ! (logn). This
completes the upper bound. The lower bound follows similarly.

O

Then, the distribution of the in-degree of the vertices can be obtained as follows.
Lemma A.3. Let G be a graph generated froBM(f V-.c 9¢.c)2f 0;1¢2; P; K). Then, for any vertex
vi 2 V, the expected in-degree af is
X
E deg, (vi) =k P[("% ¢); X [iT]

(°%cO)

indicating which is 1 if there is an edge fromto v; , andO otherwise.

PIX 11X [ 1] k

First, note that alé;; are independent. TheRy(e; =1) = Vo i

expectation we get, for any

. Then, summing on the

X X N RVET
E[deg. (vi)] = Ele;i 1= jV-o.coj alt '.C\(;)’ X[I Ik
j2[n] (*%:c0)2f 0;1g2 IVx il
X O 0.5 1 X
=7 0 PN Ky T pes ey

4 n=4

("%c9 ("%c9)

Then, we have the following bound on the indegree of the vertices.
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Lemma A.4. Let G be a graph generated froBM(f Vij g(i;j y2f 0;142; P; K). Then, the in-degree of
any vertexv is bounded as

jPr(jdeg. (v) E[deg, (vV)]] 8 pEp logn) n ¢

Proof. We obtain this using Theorem A.1.

For the upper tail, we have

Pr(deg, (v) > E[deg, (V)] +8 P k logn) e D (E[deg, (v)]=n+8 PP log n=n jj E[deg.. (v)]=n)n

We note that the KL divergence between Bernoulli random variable® (xjjy) = x In(x=y)+(1
x)In((X x)=(1 y)),whichis lower bounded bix y)?=2x whenx >y . Then,D (E[deg, (v)]=n+
4 "k TognjjE[deg, (v)]=n)n can analyzed as

D (E[deg. (V)]=n+8 P k' lognjjE[deg. (V)]=n)n

64k logn
2E[deg, (v
[deg, (V)] 5 3
64k logn X .
P < 16logn 4 P[(;c); X [v 45
L PCoxm o L Gex
Then, substituting, we get an upper bounahof®. O

This, along with the fact that the sum of entries of any columR &f (1) , gives the following fact.
Fact A5. Let G be a graph sampled froBM(f V. g¢.c)of 0,142 Wherek = ! (logn) and
P[(5;c);(;1)] = (1) . Then for all vertices;; 2 V-1, we havedeg, (v) = ( k) with proba-
bility 1 n 7.

Proof. This is straight from the fact th&[deg, (v;)] = ( k) and the tail deviation ig Ep logn
o(k) with high probability.

mRl

Then we make a connection between the concentration of any of the core/periphery blocks and degree
of each vertices in the core.

Lemma A.6. Let G be a graph sampled froBM(f V-.c ¢.c)of 0;1¢2; P; K) wherek = ! (logn).
Then, for any vertex; 2 V.. we have with probabilitt. n 4,

deg, (vi) = k(1 o(1))+ k CGCs(Vyc)(1 of1)):

Proof. Let us rst recall the de nition of concentration. We haveCs(S) = (E(S;S)
E(S;S))=E(S;V).

First, we note thaE (S; V) = k(1 0(1)) jV-1j. Also, letdeg, .)(u) denote the number of edges
connected tal from the sefS.

Then, we have P =
CCa(Vig) = — " 2v., deg. (vi) vi2v., 98Gs v, ) (Vi)_ vi2vy 98Q+ v ) (Vi)
b b k(1 o(1)) V]
vav, 468 (Vi) oy degu v (Vi)
k(1 o(1) Vi
vov. deg (V) k(L o) jVci
k(L o1) Vi

That is, L X

Jk(@ o(1)) Vi

CCs(Vie) = deg, (v) 1 )

Vi 2V‘;c
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Then, we can use the fact that the in-degree of each veriéxiiis bounded tightly from I!jer‘Fr}ma A4,

Applying an union bound we get that with probability n 6, jdeg, (vi) deg. (vio)j 8 k logn

for anyv;; vio 2 V..

hen, with the same r%bability, for anyy 2 V.., we have thatjV.. deg, (vi)
viozve, d8g (V)] 32 k' TognjVicj.

Furthermore note that &s= ! (logn), we havep Ep logn=k = o(1). This implies with probability
1 n 4 foranyv; 2 Ve,

jV‘;cj : p_p —
CCs (V) KT o) Vi deg, (vi) 1 32 k logn=k
— 1 —
_) CCG (V‘;C) m deg (V) 1 = O(l)
_ 1 o :
=) K@ od) deg, (vi) =1+ CCs(V-c) o(1)

=) deg, (v)) = k+ k CCs(Vie) o(K)CCo(Vie) oK)
=) deg (v)= k(I o)+ k CCs(Vie)L o(L):

This completes the proof. O

A.1 PROOF OFTHEOREM3.2

Now, we are ready to complete our rst proof. First, we know ttheg(v;) = deg. (v) +deg (v),
wheredeg (v) = k o(k). Then Lemma A.6 directly implies that with probability n 4,
deg(i) = 2k + KCCs(V-1)  o(k).

Here, Fact A.5 dictatedeg, (v) = ( k), and simply applying to Equation 1, we ge€s (V1) =
(1) . Then, we can write thateg(i) = k (2+ CCs(V~1) 0(CCs(V-:1))), which completes the
proof.

A.2 MOST CORE POINTS IN THEL-STEPN-RANK HAVE HIGH SCORE

We rst show that all the core points in our block model with MCPC structure are assigned a high
score in thel-step N-Rank algorithm (Algorithm 1).

Recall that forl-step N-Rank we rst obtain the scoFe(v;) for all verticesv; 2 V. Itis easy to see,
thatF (v;) = deg. (v;) for all vertices.

Then in the next step, for each vertgxwe selecS,, as the set of vertices with a higheérscore.
Then, we obtair (v;) = Fvi)

average,i 28y, F(vj)®
Then, we are ready to prove tHafv;) is betweerl  o(1) and1 for any core vertex;, which we
guantify in the following Theorem.

Lemma A.7. Let G be a graph obtained from thCPCblock model withk = ! (log n) resulting

inan( (1) ;o(1=k)) MCPGCstructure w.r.t. to the core-periphery blocks. Eglv) be the score of
the vertices as per Algorithm 1 for= 1. Then, forl  o(1) fraction of core vertices; 2 V-.; for

any’,we havel o(1) Fg(v) 1.

Proof. Recall that the graph hdg1) ;o(1=k)) MCPCstructure. That isCCs (V-.1) + Veogq
for any("; 9 pair where > 0is a constant.

Let CC be the minimum concentration among the cores. Then, Lemma A.6 dictates, that with
probabilityl n 3,

If vi 2 V..o thendeg, (vi) k+ k (CC )+ o(k)

On the other hand, for core vertices we have

18
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If vi 2 V.. thendeg, (vi) k+k CC ofk)

This implies that for any; 2 V., andv; 2 V-0, Fg (Vi) > F g (v;) with high probability.
Thus, in Algorithm 1 when we sele&,, for anyv; 2 V-1, it does not include any periphery vertices.
Then, we can show that the nal score of all core vertices will be pretty similar.

Consider any-.;. We rst note that = o(1=k). Then it is easy to see thB{V-.1;V-0.1) = =
o(1=k) forany™;°,

First we count the number of verticesVh ; that has an outgoing gdge¥».; for some %6 " (that

is inter-core edges originating W ;. This can be upper bounded as, ,. , deg, .v.,,)(Vi). This

W = 0(jV- 1j). With high probability this can also

be upper bounded y(jV-. 1j) + P iV-1j logn = o(jV-4j).

sum has an expected valuej¥f. 1

Let S 1 denote the verticeslgor\; 1 thatdo nothave any outgoing edge o.1. For any such vertex,
maxtF (V)0 2ne(v) K (oco PICEEY; X1+ ofk).

P . .
Onthe other handig (Vi) K (oco) PICAC); X[ ofk).

Then we have

P 0. ~0)- Y [i

Bv) k p (%) P[(\ ,cO)jX[f]] o(k)

K (oo PICECY; X[+ ofk)
o1 b 2 o(k)

K (oge PIC% S X il + ofk) X
1 o(1) [As we knowk PIC%CY: X[iIT1= ( k)]
(*%c?)
This completes our proof. O

A.3 N-RANK HAS HIGH CORE PRIORITIZATION

Next, we show that the periphery vertices have a lower score than almost all core vertices, which
indicates a high core prioritization.

Lemma A.8 (Separation betweefi score of cores and peripheried)et G be a graph sampled
from BM(f V-.c 9¢.cy2r 0:1¢2; P; K) wherek = ! (logn). Then, for any; 2 V.o (a periphery vertex),
F(vi) < miny, 2., F(vj) with high probability.

Proof. Letv; 2 V..o be a periphery vertex s€(V-.o) = CC. Then, its neighbors consist of some
core vertices and other periphery vertices.

Letk; be the number of neighbors af that is a core vertex. AB[(; 0); (*; 1)] = (1) , we know
ki= ( k).

Furthermore, ify; 2 V-, 1, deg, (vj) (which is itsF (v; ) score) is lower bounded g+ k (CC +
) o(k). On the other handleg, (vj) k+ k CC + o(k).
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Then,averagej 2s, F (V) is lower bounded by

a |, min, deg, (v)+(deg (v) ki) deg (v)

average »s, F(vj)

deg (Vi) |

ka min_ deg, (vj) deg, (vi)

deg, (vi) + deg,  vi2S,\Vii

deg, (vi) + dle(;, (k o(k)) [Using the lower bound odeg, (vj) : vj 2 V-1
and upper bound odeg, (vi)]

deg, (vi) + C3 k [For some constar®@s]

deg. (vi) + C4 deg. (vj) [Forsome constar®, asdeg, (vi) = O(k)]

deg. (vi)(1+ Cq4)

Then, we havé (v;) degﬁsf)((rl)cz,) 7+ with probabilityl o(1=n). Thatis,F (v;) is upper
bounded by a constant less thhwith very high probability. On the other hand, Lemma A.7 dictates

thatF (v;) value of core vertices is upper boundediby o(1). Then there exists a large enough
such that foralh  ng there is a separation. O

A.4 EXPECTED BEHAVIOR OF THE TOPRANKED POINTS OFN-RANK

So far, we have shown that while the degree of a core vertex is directly proportional to its concentration,
the N-Rank score of core vertices is hidgh ( o(1)) irrespective of the concentration of the core.

Now we prove Theorem 3.3, which shows that on expectation, roughly the same fréttiok) of
points from each core have a scorelofThis is a provable improvement on degree centrality in terms
of balancedness.

A.4.1 FACTS ON THE BEHAVIOR OF THE INDEGREE OF THE VERTICES IN ANMCPCBLOCK
MODEL GRAPH

First, we make some further observations (and recall some previously made ones) about the in-
degree and the out-degree neighbors of the vertices. For simplicity, we &¢he]; [ % ) :=

v P(5el %)

V.00 v ’ )

1. The in-degree of any vertex can be seen as a suminflependent Bernoulli random
variables (the possibility of edges), with tHeg, (vi) having the same distribution for all
Vi 2 V- as follows.

Let Binom(n® pY) refer to the sum on®i.i.d Bernoulli variables with probability° of
outputting 1. Then,

X
deg, (vi) Binom jVo.coj; P[(C% EY; (55 0)] ®3)
("%c0)2f 0;1g2

2. For any core vertex; 2 V-1, deg, (v;) is greater than all its out-degree neighbors from a
periphery (this is straightforward to see from Lemma A.8) with probahility o(1=n).
3. For any core-vertey; 2 V-1, probability that it has an out-going edgeMo.; is o(1).

4. Without loss of generality, we shall prove the results for the dgre. The same result
applies to any core (of course, the dependencieB change based on which core we
consider).

Next, we prove an useful relation between the degree of a vertex and degree of a neighbor.

Weak correlation between in-degree of a vertex and in-degree of their neighbors.
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We note that the in-degreeswf2 Ng (V) \ Vo1 (Ny) are slightly different from Equatio(8). This

is because one edgel u is deterministically there. For simplicity Igt.. = P[(";c); (0; 1)]. Then
we have

1. deg, (v) X Finom(j}/?;lj;po;l
Xo:1

P
2.deg. (W) 1+Y 1+ pinom(Voy Lipoa)+ Binom(jVsc i Prc )
{ (";c)2f 0;192nf 0;1g

g + Binom(jV-.cj; prc) (as before).
(*;c)2f 0;1g2nf 0;1g

Yo;1
(slightly modi ed)

Next, we note down the following useful equality

nO pO

Pr(Binom(n® 1.p%=1t 1)

E[Binom(n% pY)]
t

Pr(Binom(n®p% = t) =

=) Pr(Binom(n®%p?%) = t) = Pr(Binom(n® 1,p9=1t 1)

Further, note thaE[X .1] = k P[(0; 1); (0; 1)]. Further, a& = ! (log n) andP[(0; 1); (0; 1)] = (1) ,
a simple Chernoff bound applied along the lines of Lemma A.4 implies that there existg§1)
such that

Pr 1 )E[Xo1]l Xo1 @+ )E[Xoe1] 1 n8 4)

Similarly,
Pr- (1 )E[Yoal Yor (1+ )E[You] 1 n8 ()
Let this range[(1  )E[Xo.1]; (1 + )E[Xo:1]] be calledR*. Similarly we de neRY w.r.t. Yo.1.
Then,
1 YPr(Y=t 1iYo12RY) Pr(X =tjXo12R*) (1+ )Pr(y=1t 1jYp12 RY) (6)

A result on bounding functions of pmfs.

As we shallsee, a key term we shall control inpur analysis would be the following kinds of sum,
specically L, Pr(X =t) Pr(X t)}and [, Pr(x =1t) Pr(X <t)X whereX is a
in-degree of a vertex.

In this direction, we prove the following useful lemma.

Lemma A.9. Let X be any discrete random variable with the supporf 8et::;ng. Then, the
following holds for anyk  n.

x 1 xX
Pr(X = x) Pr(X<x)* 1=n
k+1
x=0 x=0

Pr(X = x) Pr(X x)*+1=n (7)

Proof. We knowX is a discrete random variable withpossible outcomes. Then, we can extend
the probability distribution function o to a continuous functiof such thaﬁ’\(f‘) =Pr(x =
for anyf 2 [t;t + 1). Thenf can be approximated by @ontinuousfunctionf such that

JHif(x) f(x)jdx L for any constant. For now, let us continue witb = 4

. . . Rn+1 _ _.4 . Rn"'l _
This further implies that, ~ f (x)dx =1 1=n*. Thisis because, = f(x)dx = 1 (asf"a step
function representation of a probability distribution function (corresponding.to

Next note that
Rxf“ dt  1=n* RXf d Rxf“ dt+1=n*
o fF()dt 1=n o F(dt  Jf(t)dt+1=n"
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Ri+
EurthermorePr(X t) = é ! f’\(t)dt for anyt 2 [n]. This is simple to see &r(X 0) =
o f(H)dt and so on. Therefore,

ZX
Pr(X b xc) f(t)ydt Pr(X d xe)
=) Pr(X bxc 1=n* f(t)dt Pr(X dxe+1=n*
0

R
Then, we de neF (x) = 5( f (t)dt as the anti-derivative df. Simply replacing the de nition in the
equation above gets us
Pr(X bxc) 1=n> F(X) Pr(X dxe)+1=n’

Also note thaPr(X  x); Pr(X < x );f (x); andf (x) are allnon-decreasingunctions onx.

Now, we are ready to prove the bounds. On the right side, we have

X
Pr(X = x) Pr(X <x )
x=0 |
z n+1 z bxc Tk
= f(x) f(t)dt  dx
0 0
Z i Zy k
f(x) f(t)ydt  dx
0 0
z n+1 YA X k
f (x) f(t)dt+1=n* dx
0 0 |
Z Zy k ’
f (x) f(t)dt+ + k=n* dx
0 0
Z Z k Z n41
f () f(t)dt+ dx+ k=n*dx
0 0 0
z n+l

f (X)F (x)Xdx +1=n?

Next, note that

z n+1 n
F(x)k+ 1 1+1=n*
k — —
PR dx= S = g I FIOD Sy ®)
Putting it on the equation above we get
X k 2 4 2
XZOPr(X—x) Pr(X <x) k+1+1_n +1=n I(+1+2—n
= = < k = 2 _
) . Pr(X = x) Pr(X<x)* 2=n ]
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Next, we prove the other direction. We have

Pr(X = x) Pr(X x)X

x=0 |
Z Z 4e "k
= f(x) f(t)dt  dx
0 0
z n+1 z X k
f(x) f(t)dt  dx
ZOn+1 ZOx k
f (x) f(t)dt 1=n* dx
0 0 |
Zhu Zy k .
i f (x) i f (t)dt+ k=n* dx
Z n+1 Z X Kk Z n+1
f (x) f(t)dt+  dx k=n*dx
0 0 0
VA n+1

f (X)F(x)kdx 1=n?

Then applying Equation (8) we get

1
k+1

Pr(X = x) Pr(X <x )X 2=n?

x=0
1

— — k —n2
=) ] Pr(X = x) Pr(X<x)*+2=n

This completes the proof.
O

Next, we shall the aforementioned results to prove an upper bound on the number of core vertices in
a core with N-Rank scorg.

A.4.2 UPPER BOUND ON THE EXPECTED NUMBER OF CORE VERTICES WITN-RANK SCORE
OF1

Without loss of generality, let be any core vertex iNg.1. To further simplify notation we denote
pe = PI(;c); (0; 1)].

We obtain an upper bound on the probabift( F (v) = 1) for anyv 2 Vo:1. Let this be de ned by
the indicator random variablk,, which is1if v 2 S and0 otherwise. Then we havg# v : v 2

Vo:1; F(v)=1]= iVo:1j E[1,]. We focus on a speci ¢ case (that is simpler to tackle).
E[1,]=Pr(1, =1)
=Pr deg, (V) uznsi\)((v) deg, (v)

Pr deg, (v) max deg, (v) [Only compare with neighbors
u2Ne (V)\ Vo from the same core]

For the sake of abbreviation we de &, := Ng(V)\ Vo.1.
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We shall further condition on the number of neighbetsas that has the same degre® aghe reason

for this step is more technical. Essentially, we want to use the inequality of Lemma A.9, but we have an
upper bound only on sum of terms that look lReg(X = t)(Pr( X <t ))¥. Here roughlyPr(X = t)
controlsdeg, (v) beingt, and(Pr(X <t ))¥ controls the probability that of its neighbors have

lower degree value. Therefore, we need to consider the case of the neighbors that may have the same
degree. In this direction, we de n&(v) := fu:u 2 Ng(v)\ Vo.1;deg, (u) = deg, (v)g, and get

Pr deg, (v) uang\%)\(vA deg, (u)

=Pr deg, (V) J’;ﬁXde%(“)

=Pr(jz(vj ) Pr deg. (v) maxdeg, (u) Z(v) )

+

Pr(jz(v)j> ) Pr deg. (v) LErzlf\ltxdeg+(u)2(v)>
Pr deg, (v) maxdeg, (u) Z(v) +Pr(jz(v)j> )

Then, we prove the two following lemmas.
LemmaA.10. LetZ(v) := fu:u 2 Ng(v)\ Vo.1;deg, (u) = deg, (v)gthatis the neighbors of
in Vo;1 with the same in-degree as Then,Pr(jZ (v)j > 10e k?73) = o(1=k)

Proof. First recall thatdeg, (v) is a sum ofn independent random Bernoulli variables with
E[deg. (v)] C kforsome constar€. Then, itis easytopinferthanaxizf ong Pr(deg, (v) = i)

#<. Furthermore, note th&r(deg, (v) 2 [E[deg, (v)] 4 k' logn; E[deg, (v)]+4 k' logn]

1

Furthermore with probabilitt.  1=n*, jNg(v)\ Vo.1j (1 + o(1))k. Then conditioned on this
event, we rst bound the probabilitr(jZ (v)j =

We get

Pr(z(v)j= ) < 20 Pk p|ogn pl%

20 pE P logn ek &% 20 pE P logn 28%(

Then, as per the proof statement let 10e k273, Then we get,

Pr(jZ(v)j = 10e k?73)

p_p— 1 7
20 k logn P

p_p_—— 1 1 KT8 4 g4 KTe
20 k logn 2 k= PEES

Then,Pr(jZ(v)j 10e k%) Kk Pr(jZ(v)j = 10e k%3 (asPr(jZ(v)j = t) is a decreasing
function ont) and we get

Pr(jZ(v)j 10e k%3)
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Next we bound the second ter@; deg, (v) maxyzn, deg, (u) Z(v) Ck>3

Lemma A.11. Letv be a core vertex. Then
1+ 0(1)

Pr deg, (v) Lﬁgﬁ)fdeg(u)Z(v) Cck?=2 PI0:1): 0: K

Proof.

We want to boundPr deg, (v) maxyan, deg, (u) j Z(v) Ck2=2 . Recall thatE[jNg (V) \
Vo:1j = P[(0;1); (0;1)] k. Let this value be denoted fisor convenience. ThejNg (V) \ Vo.1j lies
within (1 0(1))Q with probabilityl n 2. Then we get

Pr deg, (V) Lfgﬁxdeg(u)Z(v) Ck*3
Pr deg.(v) maxdeg, (u) Z(V) Ck¥3%jNyj (1 o@)Kk +Pr(jNyj (@ o)k
Pr deg, (v) maxdeg, (u) Z(v) Ck?3;iNyj (1 o)k +1=n?

Now, let the event oZ (v) Ck%3:jN,j (1 0(1)Q be denoted aE. Here note now we are

working under the condition that there arleastk®= (1  o(1))k  Ck2=3 neighbors o in Vo1
that do not have the same degreeras

Then, we have
Pr(deg, (v) maxjE) Pr(deg, (v) maxjE;xo12 R*)+Pr(xo12R)
u v u v

Pr(deg, (v) ~maxjE;xo12 R*)+1 =n® [From Equation #

Continuing, we get
Pr(deg, (v) max deg, (u) E;xo:1 2 RY)
u v

X
Pr(X = tjXo.1 2 R*) Pr(Y <t 1)<’

t=1

1+ )Pr(Y =t 1Yo12R¥) Pr(Y <t 1)< [From Equation B
t=1
@) X lPr(Y = 1) (Pr(y<t)*’ [Pr(AjB)  Pr(A)=Pr(B)]
Pr(Yo1 2 RY) _, - y : -
X 1 .
a1+1:1) Pr(Y = t) (Pr(y <t))X [SubstitutePr(Yo.; 2 RY) from Equation (5)
t=0

. Pha _ Kk° 1 —n2
Finally, from Lemma A.9 we have _," Pr(Y =1t) (Pr(y<t)) worr T 1=n".
Combining the results we get,

Pr deg. (v) maxdeg, (u) jZ(V)j Ck*3
u v

1+1:1 .
PI0; 1): (0 1)k CKkz) " 27"
1+ 0(1)
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Then, continuing from Equation (9) we get

Pr(deg, (v) 2rna>(< )deg (w) Pr deg, (v) LETZI?I.X deg. (u) Z(v) +Pr(jz(v)j> )
1+ o(1) _
PL; 1); (0 Dk * 7Y
1+ 0(1)

P[(0; 1); (0; )]k
=) E[jVo;l\f \" :I'—A(vi) =1gj] P]['(;i()l)(JOV(;-)l]Jk

(10)

Note that as the upper bound holds for any dére. Next we establish a lower bound, which we
nd slightly easier to get (and is still within &L o(1)) factor of the upper bound.

A.4.3 LOWER BOUND ON THE EXPECTED NUMBER OF CORE VERTICES WITN-RANK SCORE
OF1

Next, we want to obtain a lower bound on the expected number of core verteX\@iph= 1
irrespective of the core concentratioHere, we re-emphasize that our upper bound was also derived
in the same manner.

As before, we are interested in

Pr(1, =1)=Pr deg. (V) uzrna>(<v) deg. (v)
G

Now, we consider two events

1)

E,:=d d
1= deg.. (v) N (1 (ol Vi) COF ()

This is the event that has a higher in-degree than all out-neighbor that is a periphery vertex. Note
that this happens with probabilityt (O (1=n)) from Lemma A.8.

2)
E2 = jNG(V)\ Vl;lj =0

This implies thatv has no outgoing edge to another core. Note Eyahappens with probability
1 o(l)as = o(1=k).

Then we have
Pr(1, =1) Pr(Ey)Pr(E2)Pr(1, =1 jE;1;E»)
(A o1) (1 O (1=n)) Pr(1,=1jE;Ez) (1 o(1) Pr(1,=1jE;Ey)

Then, we focus on the conditional probability of the vertex having the highest degree, which is as
follows

Pr(1, =1 jEq;Ep) =Pr deg, (V) UZNggva;\(Vo deg, (u)

Let1, j E1;E, = 1,. We then focus on this event for a xed value g (V) \ Vo:1j, i.e.,
$UjiNG (V) \ Vo.1j = k®We can write it down as

X
E[2VjiNG (V) \ Voij= k9= Pr(X =t) Pr((Y t 1)
t=0

As we have a lower bound in Lemma A.9 of this form, we do not need to consider the case of
neighbors having the same in degree separately, as we did for the upper bound.
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Furthermore, for the upper bound, we switchédo Y through a simple conditional probability
upper bound oPr(AjB) Pr(A)=Pr(B). Unfortunately, there is no such trivial lower bound that
is usable here. Therefore we need a more precise analysis.

Recall thatX is a sum o2 many binomial distribution (each corresponding to one of the blocks).
In the previous section we us&d.; to obtain an upper bound. Let each of these binomial r.vs be
denoted aX ¢ .

P
We rst de ne the ordered seT = (to,0;t0;1;t1;0;t1;1) and letTgym ==, i denote the sum of
the elements i .

Then we have,

X Y
Pr(X = t) = PT(X‘YC = t‘;c)
T:TSU,B:(t v X v
= PI’(X"C = t‘;c)+ PF(X‘YC = t‘;c)
T:to;12RX T:to;lzRX
Toum =t T =t
| {Z } | sum {Z }
1 2
First we show that ; is very small, which is easy to show.
X Y
2= Pr(X-c = t)
T: to;]_ 2 RX
Toum =t
X

PI’(X();J_ = tO;l)
T :tO;lng ;Tsum:t

1 [Applying Chernoff as in Equation (b)

n8
T:t0:12R*;Teum=1

1 there are onlyl elements

n4 each has n possible choices

Next, we look at ;. Our goal is to switchx toy as before (with more care as now we need a lower
bound).

X Y
1= Pr(X-c = t)
T: to;]_ 2 R
Tsym =t
X
= Pr(Xo;1 = to;1) Pr(Xo;o = to;0) Pr(Xuy1 = ti1) Pr(Xgo = tyo)
T: to;]_ 2 RX
Toyum =t
X
= Pr(Xo;1 = to:1) Pr(Yo,o = too) Pr(Yy1 = ti:a) Pr(Yio = tio)
T itgn 2 R
Taum =t

[As apart fromyo.1, otherX .. andY- are identical
=) (1 )Pr(Y = tjyo1 2 RY) 1 (1+ )Pr(Y = tjyo1 2 RY)

The last statement comes from the fact that in rangg,of 12 RY (1  )Pr(Yo1 = tox 1)
PY(XO;l = to;]_) (1 + )Pr(Yo;l = to;]_ 1)

Furthermore, using the calculation of directly implies thatPr(Y = tjyo; 2 RY)  Pr(y =
tho;]_) 1=n3.
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Combining these calculations we get:

PriX=t) (1 )PHY=t 1) n% (11)

Then we have

E[2vjiiNG(V)\ Vo1 = K9

)@ 0
Pr(X =t) (Pr(Y t 1)
t=1
1 IP(Y=t 1) 2=n® (Pr(Y t 1)<

(1 PY = )Pr(Y )k 2=n?
t=0

K 1
@ ) PrY=tPr(Y )k 2=n?

t=0

1 o(1) 2 .
@a ) 0 2=n [Applying the lower bound from Lemma Al.9
LLC) (As = o)

kO
Then, compiling all the results we have

E[l,] (1 ol)@ O (1=n) E BViiNe(W)\ Vouaj = K°

iNG (V)\ Vo;1j
(1 o) _
@ 0(1))1NG(VI)E\V0;1J kO 2=n®
(1 o1) _
@ o) e ives  KOF 2=’
(1 o1))
P[(0; 1); (0; 1)]k(1 + o(1))
(1 o1))

P[(0; 1); (0; 1)1k

As we had chosen the core to Yg1 without loss of generality, the result holds for any core. We can
thus conclude

h L@ o)ivia

E jVo1\f vi i F(vi)=1gj P D] K (12)

A.4.4 PROOF OFTHEOREM3.3

Then, we can summarize the proof directly from the upper bound obtained in Appendix A.4.2
(concluded in Equatio(il0)) and the lower bound obtained in the Appendix A.4.3 (concluded in
Equation (12)).
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B META ALGORITHM

Algorithm 2 A meta generalization:
Meta-Relative-Rankt; y; z)

Input: GraphG(V; E) and meta-parametetsy; z.
ObtainF () as follows.

s 1, {#Vector of all ones}
for iin 1:tdo

s ATs {# Obtaining initial centrality score}
end for
FOv) ]

{1. Obtain ay-hop NeighborRank}

forv2 V do
s f u:iu2 Ngy (V); FO(u) > F O (v)g

FO(v)  averagé O (u)] FO(v)
u2s
end for

{2. Recurse the procegstimes}
He F® counter 0
while counter <z do
forv2 V do
SM f u:u2Ngy(V);H(u)>H (Vg

B (v) averagfH (u)] H(v)

uzsy’
end for
H H,counter counter+1.
end while
return B

We design the algorithm meta-algorithm by extending the idea of N-Rank (Algorithm 1) in two ways
(as we brie y discussed in Section 3.

1) There may be periphery vertices in the graph that have afigthalue compared to it$-hop
neighborhood. To mitigate this issue, we can look at sgrhep neighborhoodlic., (v) of v when
selecting the reference set.

As we look at a larger set of vertices for comparison, this method is less likely to report local maxima
as core nodes and thus causereased core prioritizationOn the other hand, if we look at a vertex

from a sparse core, then a large-hop neighborhood may contain more vertices from other cores, and
using them in the reference set reduces their nal core. This leads to potentiailyeabalancedness.

2) We have observed that our N-Rank approach increases the balancedness in the initial centrality
measurd-¢ . In this direction, we can recursively apply this process by rst calculating/thep

N-Rank value and then feeding it back to the algorithm as the initial centrality measure to further
increase balancedness. We can apply this recursive procegs afiymany times.

The idea is that if thg-hop N-Rank has higher balancedness than the initial centrality measure,
recursively applying the process should resuinicreased balancednesg to a point. On the other
hand, such a method can also amplify any loss of core prioritization dgidaép N-Rank, and thus

lead to potentially dower core prioritization
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B.1 THE CHOICE OF T FOR THE INITIAL CENTRALITY MEASURE

In the rst step of our algorithm, we obtain an initial centrality measif€ by calculating the total
probability of random walks starting at different vertices and reaching a particular vertex. When
t =1, this converges to the in-degree of a vertex (up to some multiplicative factor). Whdsrger,

this can be thought of as a truncated variant of PageRank without any damping.

In our experiments, we sét= 1 for the graphs generated by tNeCPCblock model and = log jVj

for both concentric GMM as well as real-world experiments. This is based on the intuition thst if
large, then it can help discard local minima. In real-world data, there may be some periphery vertices
that do not have any outgoing edges to a core and, as such, can have thefighesiue among its
outgoing neighbors, thus obtaining a scord.of largert can solve this issue.

On the other hand, if is too large, it can further increase tRé") value of a core with higher
concentration (as more random walks will be trapped there) and can reduce the balancing effect of
the subsequent steps.

We further note that while we choose log jVj, the nal outcome is not very sensitive to the choice
of t, and for most graphs, the results r t logjVj were quite similar. Finally, while we do
not need to do a hyperparameter tuning for our real-world experiments (txingpg jV| for all
experiments), it is an important direction to consider whether a data-dependent valcendbe
obtained.

In general, observing the impact of using different initial centrality measures on the overall perfor-
mance is an important direction.

C A MORE COMPLEX SIMULATION MODEL: THE CONCENTRIC GAUSSIAN
MIXTURE MODEL

Mixture models are one of the fundamental statistical models to study the inference of communities
in data. Here, each underlying community has a center, and then points for that community are
generated with respect to distributions with mean as the respective center. When the distributions are
Gaussian, the model is called the Gaussian mixture model (GMM) (Reynolds et al., 2009), which is
widely studied in the clustering literature (Sanjeev & Kannan, 2001; Kumar & Kannan, 2010; Lu &
Zhou, 2016; Lof er et al., 2021). In this section, we extend the GMM in a natural way to incorporate
anMCPCstructure.

De nition C.1 (Concentric GMM with two communities)There are two centes 2 RY;" 2 f 0; 1g.
Each centeis associated withwo d-dimensional isotropic Gaussian distributions with the center as
its mean and variances.; and -.o respectively, with .1 1:1 -.o. We denote the distributions as

D(l‘) and Dg) respectively. We sample; points from each distributioj(‘), and collectively note
them asv:; . Then, the two underlying communities are= V.1 [ V:o.

For simulation, we sed = 20, jV;; j = 2000 for all i;j , and the variances of the distributions are set

0;1 0;0 1;1 1;0
01 03 01 0:3
that there is an overlap between the two communities. Then, we make the following observations.

as wherel < 3. Furthermore, we choose the centers as two so

i) The 20-NN embeddinghas dn ) MCPCperiphery structure, with the points sampled from
the lower variance distributiong.oc and 1.; forming the cores and the rest being peripheries.

i) When =1, the two communities are symmetrical and we hay®2;8:3) MCPC structure

with both cores having similar concentration. Then all core-ranking methods have high balancedness,
as noted in Figure 7(b), and when we select the top points from the ranking, the induced subgraph
has a higher ICEF, as observed in Figure 7(a). From hereon, we=s&ig n step in the rst step for

all our algorithms to avoid local maxima when obtaining the initial centrality scores.

iif) Cores with different concentration. Next, we observe that if we set= 1:5, then one core has a

higher variance than the other, and the corresponding vertices in the graph have a lower concentration

than the other core. Then, traditional centrality measures indeed have a lower balancedness, and our
methods perform relatively better, with RN-Rank having the highest balancedness value, as noted
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(a) Cores with sam€Cs (b) Cores with sam€Cs (c) Cores with different  (d) Cores with differen€Cs
CGCs

Figure 7: Improvement in ICEF, and balancedness of of top points for different ranking algorithms in
concentric GMM

(a) Average ICEF (b) Balancedness

Figure 8: Average ICEF and total balancedness of ranking by centrality on the 20-NN embedding of
data generated with the concentric GMM for different instantiations of the model

in Figure 7(d). Furthermore, we note that all methods provide a similar increase in ICEF upon core
selection in Figure 7(c), with N2-Rank being slightly better than our other methods, the same as in
the random graph model. We provide a more detailed simulation result for different valués of
Appendix C to further support the balancedness of relative centrality.

Next, we do a larger-scale simulation to concretize this observation and further look at the ICEF-
improvement vs. balancedness tradeoff of our methods. We use the same setup as in Section C, but
run our methods on graphs generated with several different parameters.

We setd = 20, size of each core or periphevy,. = 2000, and the two centers being = f0g® and
c, =0:3 fig®. Then, we set the following variances of the distributions, parameterized by

01 =0:1; 1.0 =0:3and 1. = 0; c. Then, we generaté.. many points with a-dimensional
isotropic Gaussian with- as the center and.; as variance, with the cores being generated with
lower variance distribution than their corresponding periphery.

Then, when =1, both the cores (and the peripheries) are generated from distributions of the same
variance0:1 (0.3 for the peripheries). As a result, the cores have similar concentrations, and the graph
satis es a(0:2; 0:75)-MCPCstructure. Then, the average ICEF of the induced subgraph, as well as
the total balancedness of the ranking of all methods, are very similar.

Next, we increase slowly, resulting in the variance of the second community being higher both for
the core and the periphery. The results are captured in Figure 8. While the average ICEF of all the
methods is pretty similar (withid%), the traditional centrality measures have signi cantly higher
balancedness, becoming as higi2@%for =2.

Furthermore, among our methods, RN-Rank seems to have the highest balancedness, whereas N2-
Rank seems to have the highest ICEF. This tradeoff indicates the possibility of more interesting
algorithms via the relative centrality framework going forward.
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Name Abbreviation # of points  # of communities Source
Baron_Human BM 8569 14 (Abdelaal et al., 2019)
Baron_Mouse BH 1886 13 (Abdelaal et al., 2019)

Muraro Mu 2122 9 (Abdelaal et al., 2019)
Segerstolpe Se 2133 13 (Abdelaal et al., 2019)
Xin Xi 1449 4 (Abdelaal et al., 2019)
Zhengmix8eq Zh 3994 8 (Duo et al., 2018)
T-cell dataset Tcell 5759 10 (Savas et al., 2018)
ALM ALM 10068 136 (Smith et al., 2019)
AMB AMB 12382 110 (Abdelaal et al., 2019)
™ ™ 54865 55 (Abdelaal et al., 2019)
VISP VISP 15413 135 (Smith et al., 2019)

Table 3: Details of the scRNA datasets we use

D SINGLE-CELL DATA

Datasets First, we provide a detailed description of the datasets we use in Table 3. Note that each
dataset has annotated labels that we use to verify the performance of our algorithm. Next, we describe
the experimental setup. For each dataset, we rst log-normalize it and then apply PCA dimensionality
reduction of dimension 50, which is a standard pipeline in the single-cell analysis literature (Duo
et al., 2018). Then, we obtaz0-NN embedding of each of the datasets and obtain a ranking of the
vertices via both the baseline and traditional centrality measures as well as our relative centrality
approach. Then, we select som&action of the vertices from the top of the ranking and calculate

the intra-community edge fraction of the induced subgraph by these vertices and also the preservation
ratio, using the annotated labels.

ICEF and preservation ratio of all datasets We put the change in the intra-community edge
fraction as well as the preservation ratio by changing the fraction of points we select in the ranking
for all of the 11 single-cell datasets that we consider in this paper in Appendix F. As can be observed
from the gures, our methods have comparable improvement in intra-community edge fraction to the
baselines. However, our methods generally have a superior preservation ratio. We make the following
three observations.

i) Our RN-Rank method provides the best preservation ratio among all the methods, and it has slightly
lower ICEF improvement. Here, note that for different values,dhe baseline methods, in fact,
completely fail to include many more underlying communities than our relative centrality based
methods.

i) Among our methods, N2-Rank provides the highest improvement in ICEF and has a lower
preservation ratio than our other methods. In this direction, a better understanding of the preservation
ratio-ICEF improvement tradeoffs of our framework is a very interesting future direction.

iii) Finally, for the Zhengmix8eq dataset, the traditional centrality measures do not provide any
improvement in ICEF via subset selection, as can be observed in Figure 15. This further points to
weaknesses in the traditional centrality measures and the power of our relative centrality framework.

Balancedness of ranking We note that the balancedness values for the datasets Xin, Zheng, Tcell,
and ALM are moderate, and we observe the same patterns as with the preservation ratio, with
RN-Rank obtaining the best results. The other datasets show that the balancedness AUC values are
very small, less thafi:1. This indicates that at least one cluster is lost for these datasets when we
Iter out points. We attribute this to these datasets having several very small clusters. Improving our
algorithms to have non-negligible (worst case) balancedness in such datasets is an important future
direction.

Purity improvement upon core-ranking based point selection Here, we put the ICEF, purity,
and preservation ratio of the t@9% points for different CR algorithms for all the datasets.
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Datasets BH MU Se Xi Zh Tcell ALM AMB ™ VISP
# of points 1886 2122 2133 1449 3994 5759 10068 12832 54865 15413
Metrics PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity PR ICEF Purity
ovra||gl|1|;:| 1.000.940.93 1.000.940.95 1.000.920.89 1.000.97 0.99 1.000.78 0.8 1.000.720.72 1.000.68 0.44 1.0.0.740.46 1.000.94 0.86 1.000.690.48
Katz 0.521.001.00 0.77 1.00 1.00 0.520.99 0.99 0.631.00 1.00 0.920.790.82 0.710.800.82 0.500.81 0.69 0.610.850.69 0.830.990.95 0.570.81 0.64
PageRank (0.5) 0.521.001.00 0.77 1.00 0.99 0.520.99 0.98 0.67 1.00 1.00 0.940.790.76 0.76 0.80 0.81 0.550.800.67 0.650.84 0.69 0.850.98 0.95 0.600.800.62
PageRank (0.85) 0.521.00 1.00 0.76 1.00 1.00 0.530.990.99 0.601.00 1.00 0.890.790.80 0.700.79 0.82 0.47 0.820.69 0.610.850.70 0.810.990.96 0.56 0.81 0.64
PageRank (0.99) 0.521.001.00 0.751.00 1.00 0.530.990.99 0.551.001.00 0.840.790.79 0.640.78 0.83 0.46 0.820.70 0.580.850.73 0.790.990.97 0.540.810.65
Onion 0.311.001.00 0.58 0.99 0.99 0.400.97 0.92 0.46 1.00 1.00 0.890.790.77 0.570.740.77 0.370.810.64 0.400.86 0.74 0.610.98 0.94 0.450.800.62
Degree 0.60 1.00 0.99 0.77 0.99 0.99 0.530.990.98 0.76 1.00 0.99 0.970.780.78 0.800.800.82 0.570.79 0.61 0.690.83 0.66 0.880.98 0.94 0.630.79 0.60
RN-Rank 0.710.98 0.97 0.820.990.98 0.57 0.98 0.98 0.790.991.00 0.890.86 0.86 0.890.800.80 0.650.78 0.61 0.730.810.58 0.900.98 0.94 0.67 0.78 0.59
N2-Rank 0.521.001.00 0.751.000.99 0.510.990.99 0.741.001.00 0.86 0.87 0.89 0.890.820.85 0.570.78 0.65 0.690.82 0.65 0.880.980.93 0.620.79 0.59

Table 4: Preservation ratio, intra-community edge fraction, and purity score of Louvain of top
one-third ranked points

NMI improvement upon core-ranking based point selection Then, in Table 5, we observe the
improvement in the NMI outcome of Louvain when applied on the2®%o of the ranked points by

the different methods, along with the preservation ratio of the selected subset. As with the purity, all
core ranking methods give subsets that have similar improvements in the NMI.

Datasets BM BH MU Se Xi zh Teell ALM AMB ™ VISP
# of points 8569 1886 2122 2133 1449 3994 5759 10068 12832 54865 15413
Metrics PR NMI PR NMI PR NMI PR NMI PR NMI PR NMI PR NMI PR NMI PR NMI PR NMI PR NMI
%g?d’;i' 1.000.75 1.000.70 1.000.74 1.000.67 1.000.60 1.000.72 1.000.46 1.00.74 1.000.74 1.000.82 1.000.69
Katz 0.800.77 0.480.75 0.730.78 050072 0.610.58 0.900.80 0.600.61 0430.86 051087 0.740.82 0.490.85

PageRank (0.5) 0.800.76 0.510.77 0.750.78 0.500.70 0.640.57 0.930.77 0.690.63 0.470.85 0.570.86 0.760.82 0.530.84

PageRank (0.85) 0.790.77 0.490.75 0.740.79 0.510.72 055057 0.880.77 0.600.62 0.420.86 0.490.88 0.730.83 0.470.85

PageRank (0.99) 0.790.78 0.450.76 0.730.79 0.500.72 0.500.52 0.830.79 0.570.63 0.400.87 0.460.88 0.720.83 0.450.85
Onion 0.710.78 0.340.75 0.510.69 0.220.53 0.400.45 0.920.74 0.500.44 0.240.82 0.350.88 0.450.79 0.350.83
Degree 0.760.75 0.520.77 0.760.75 0.500.70 0.700.60 0.960.75 0.730.60 0.520.84 0.610.85 0.780.82 0.570.82

RN-Rank 0.830.70 0.680.75 0.840.78 0.560.72 0.720.57 0.850.76 0.890.60 0.610.84 0.690.83 0.870.80 0.610.81
N2-Rank 0.850.74 0.500.78 0.740.80 0.520.74 0.720.60 0.820.77 0.870.64 0.510.85 0.630.86 0.850.82 0.560.83

Table 5: Preservation ratio and NMI of Louvain of t83@%ranked points
Community # 0 1 2 3 4 5 6 7 8 9

CC(V) -0.14 0.07 0.2 -0.15 -0.09 0.04 0.02 -02 -0.3 -0.26
CCs(Vi\ S) 01 005 035 005 019 05 015 -006 04 -01

Table 6: A comparison of the concentration of the entire community vs. the subset of each community
that is on the toj20%ranked node by RN-Rank (denoted 8yon the T-cell dataset (Savas et al.,
2018). Note that the concentration of the subset is strictly better for each community, denoting a
presence of core within each community as per our MCPC de nition

Evidence of MCPC structure in single-cell data : As we brie y discussed in Section 4.1, we see
some interesting evidence of presence of cores within communities of the single-cell data as per our
de nition.

Our large scale experiments on single-cell data has already established
i) As we select top ranked points, they are more separable into their ground truth communities.
i) Our relative-centrality based approach results in signi cantly more balanced ranking.

While both of these observation mimic our simulation and theoretical observation in the MCPC
structure, this does not directly indicate the presence of separable cores within each community in
the real-world graphs. To test this, we calculate the concentration (as per De nition 2.1 in Section 3)
of the nodes in each community and also the nodes of each community that are present in the top
20%of the ranking. We use the T-cell data as an example. The values are noted in Table 6.

As we can see, the concentrations of the subsets are indeed consistently higher! This indicates that
the points we select based on our ranking indeed leads a slight MCPC structure on the real graphs,
making our theoretical insight on the unbalancedness of existing centrality measures in the MCPC
structure more relevant.
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Figure 9: Performance of the HITS+K-Means algorithm in (Elliott et al., 2020) when applied to
balancedMCPC-block model

E DisSCUSSIONS

E.1 CORE DETECTION ALGORITHMS IN SINGLECORE PERIPHERY STRUCTURE

As we discussed, there exists a large literature of core-detection algorithms particularly focused on
single core-periphery structure (Rombach et al., 2014; 2017; Yanchenko & Sengupta, 2023). In this
direction, the recent and comprehensive survey (Yanchenko & Sengupta, 2023) cited that most of
the core-periphery detection algorithms nge¢f logjVj or more time and highlighted centrality
measures as being ef cient. This, along with the ease of applying these methods to a multi-core
periphery structure, motivated our choice of baseline.

E.2 RESEARCH ON EXISTENCE OF MULTIPLE CORES

As we discussed, (Elliott et al., 2020) seems to be the only notable work in the literature that
considered directed graphs with multiple cores. In this direction, we apply their core-detection
algorithm to ouMCPGC-block model. Their method requires the knowledge of the number of cores
and the number of peripheries. When the graph consifcofes an® peripheries (as in our block
model), their method involves rst obtainingdadimensional score using the popular HITS algorithm.
Then, they applK -Means withK = 4 to the four-dimensional dataset to separate #idocks.

In this direction, we apply their method to a graph generated with the block probabilities in Table 1
with = 0 andn = 4000. Note that this is the simplest setting, where both cores have identical
behavior in terms of core concentration, inter-core edges as well as overall community structure. We
show the outcome in Figure 9. As we can observe, the output is not close to the ground truth. This
can, in part, be attributed to the fact that their structure, although a multi-core directed one, is quite
different from ourMCPC structure.

Finally, (Tun¢ & Verma, 2015) seems to be the closest structure tM@PC structure, even though

itis in an undirected graph setting. Indeed, this seems to be one of the initiating works in aiming to
understand the coexistence of community and core-periphery structure in a systematic manner, and is
thus an important contribution. Their approach is as follows.

They also assume that the graph is partitioned into some ground truth communities, and each
community has some core and some periphery vertices. They assume a hypothesis model in which the
probability of an edge between andy; isa i; (C; + C;j)+ b. We now decompress this de nition.

Here ;; = 1 iff i andj belong to the same community, aBatherwise. NextC; = 1 if v; is

a core vertex. That is, i) All inter-community edge probability is a Xedi) Intra-community
core-periphery edge probability s+ b, and iii) Intra-core edge probability 2a + b.

Despite its expressibility, this structure has a few signi cant shortcomings.

First, it does not consider that the edge density can differ for different cores. We quantify this
phenomenon with the concentration of a set of vertices and show that when cores have different
concentrations, it can lead to many core ranking algorithms performing in an unbalanced manner,
which we mitigate with our novel relative centrality framework.
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Next, the model also does not consider that the inter-community edge probability between core
vertices is less than between peripheral vertices. We capture this {nouy MCPCstructure def-
inition, and this observation allows us to obtain subsets of real-world datasets with better community
structure by using our core ranking algorithms.

Finally, they do not present any core detection algorithm beyond a maximum likelihood approach
w.r.t. the inference model we discussed. It is well known that such methods may have very slow
convergence. Indeed, the experiments in (Tun¢ & Verma, 2015) consider graphs with lea8dhan
vertices. In comparison, we apply our methods to datasets>wifi); 000 points and terminate
generally in less thahO seconds, owing to our fag€i(jJEj + jVjlogjVj) run time.

E.3 LIMITATIONS AND FUTURE DIRECTIONS

In this paper, we take a step toward quanti cation of MEPC structure, and design of core-ranking
algorithms that mitigate unbalancedness observed in traditional centrality measures when applied
to MCPC structures. In this direction, there are several questions/directions that we are unable to
explore in this paper, which can be thought of as our limitation. We place them here.

1. Our proofs are in the MCPC-block model, which we use to prove the unbalancedness of
traditional centrality measures and the performance of our algorithm. It will be interesting
to obtain similar proofs in the other simulation model we study, the concentric GMM
model. Furthermore, our proofs can be extended to the case when the size of the cores and
peripheries are different.

2. We proposed the algorithm concept of relative centrality and proposed the meta-algorithm
Meta-Rank in Algorithm 2. We used two instantiations of our algorithm, namely N2-Rank
and RN-Rank and showed interesting ICEF improvement vs. balancedness tradeoffs. How-
ever, obtaining the best possible instantiations for different problems remains an interesting
open direction.

3. Even though our methods provide a superior preservation ratio compared to the traditional
centrality measures in the single-cell data, we also have a lower-than-ideal preservation ratio
in some datasets, such as the Segerstolpe dataset. Designing algorithms with even higher
balancedness is an important goal.

4. In this paper, our real-world experiments focused on a large set of single-cell datasets. We
believeMCPC structures may be present in other kinds of datasets as well. Exploring the
existence of such structures in different domains is also important.

5. We show a concrete application to single-cell datasets whereby the subsets are better
separable into their ground truth communities. We chose th2Q@éfof the points for the
experiments. Overall, the higher the number of points we select from this ranking, the higher
the preservation ratio (less unbalancedness), but the lower the improvement in separability.
As in real-world graphs it is not expected that there is a clear separation between core
and periphery vertex behavior within communities, a clear cutoff choice is not apparent.
However, we observe that choosing any cutoff percentage between 20 and 40 results in a
noticeable improvement in the clustering accuracy while maintaining a good preservation
ratio.

6. Although we havesigni cantly higher balancedness/preservation that all baseline centrality
measures, the NMI/purity improvement of clustering on the points selected by our methods
is lower, even though the improvements ammparable However, such a tradeoff is
inevitable. If the selected points have very low balancedness, then it indicates that only a
few points from some communities are present (some communities can be also completely
missing) and therefore the total number of inter-community edges go down, resulting in a
visibly better clustering outcome (at the cost of losing information about many underlying
communities). Analogous phenomena have been widely studied in the “quality-fairness”
tradeoff in case of the supervised fair-clustering paradigm (Hakim et al., 2024). Studying
the limit of the “clustering improvement-balancedness tradeoff” in our unsupervised ranking
scenario is a very interesting and important future direction.

7. Finally, we note that in this paper, we used our methods to obtain a subset of the dataset
that is better separable into the ground truth communities. An important next step, and thus
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a limitation of this work, is that we do not use the clustering on this set to obtain a better
clustering of the whole dataset. While we have some progress in this direction, it is beyond
the scope of the paper and requires a systematic study.

F PLoTs oFICEF OF INDUCED SUBGRAPH AND PRESERVATION RATIO OF ALL
SINGLE-CELL DATASETS

Figure 10: Baron Human dataset

Figure 11: Baron Mouse dataset

Figure 12: Muraro dataset
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Figure 13: Segerstolpe dataset

Figure 14: Xin dataset

Figure 15: Zhengmix8eq dataset

Figure 16: Tcell dataset
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Figure 17: ALM dataset
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Figure 18: AMB dataset
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Figure 19: TM dataset
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Figure 20: VISP dataset
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