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ABSTRACT

Safe policy improvement (SPI) offers theoretical control over policy updates,
yet existing guarantees largely concern offline, tabular reinforcement learning
(RL). We study SPI in general online settings, when combined with world model
and representation learning. We develop a theoretical framework showing that
restricting policy updates to a well-defined neighborhood of the current policy
ensures monotonic improvement and convergence. This analysis links transition
and reward prediction losses to representation quality, yielding online, “deep”
analogues of classical SPI theorems from the offline RL literature. Building on
these results, we introduce DeepSP I, a principled on-policy algorithm that couples
local transition and reward losses with regularised policy updates. On the ALE-57
benchmark, DeepSP I matches or exceeds strong behaviorals, including PPO and
DeepMDPs, while retaining theoretical guarantees.

1 INTRODUCTION

Reinforcement learning (RL) trains agents to act in complex environments through trial and error
(Sutton and Barto, 2018). To scale to high-dimensional domains, modern approaches rely on function
approximation, making representation learning essential for learning latent spaces where behaviorally
similar states are grouped and policies and value functions are easier to estimate (Echchahed and
Castro, 2025). A complementary approach is model learning, where a predictive model of the
environment is trained (Ha and Schmidhuber, 2018). Such models support planning, latent simulation,
and improving value estimates (Hafner et al., 2021; Schrittwieser et al., 2020; Xiao et al., 2019).

In the online setting, where the agent updates its policy during interaction, avoiding catastrophic
errors is critical. Two key challenges arise: out-of-trajectory (OOT) world models and confounding
policy updates. OOT issues arise when the world model fails to capture rarely visited regions of
the state space, leading to unreliable predictions and unsafe updates when the latent policy explores
these regions (Suau et al., 2024). Confounding updates occur when both the policy and its underlying
representation are updated simultaneously: poor representations can lock the agent into suboptimal
behavior, while the policy itself prevents corrective updates to the representation. Safe Policy
Improvement (SPI) mitigates such risks by ensuring that new policies are not substantially worse than
their predecessors (Thomas et al., 2015). Classical SPI methods provide rigorous results in tabular
MDPs but depend on exhaustive state—action coverage, making them unsuitable for continuous or
high-dimensional spaces.

We address this gap by connecting representation and model learning with safe policy improvement
in general state spaces. Our contributions are threefold. First, we introduce a neighborhood operator
that constrains policy updates and guarantees convergence. Second, we combine this operator with
principled model losses to bound the gap between a policy’s performance in the world model and in
the true environment, thereby enabling safe policy improvement in complex MDPs. This analysis
also shows that our scheme enforces representation quality by ensuring that states with similar values
remain close in the learned latent space. Third, we connect our theory to PPO (Schulman et al., 2017)
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and proposd®eepSPI, a practical algorithm that achieves strong empirical performance on the
Arcade Learning Environment (ALE; Bellemare et al. 2013) while retaining theoretical guarantees.

1.1 ReELATED WORK

Regularizing policy improvements.Regularized updates, as in TRPO, PPO, and related analyses,
are now standard for stabilizing policy optimization (Schulman et al., 2015; 2017; Geist et al., 2019;
Kuba et al., 2022). Our work extends this perspective to the joint training of a world model and a
representation, where we constrain policy updates in a principled neighborhood while controlling
model quality through transition and reward losses.

SPI methods provide principled guarantees on policy updates from xed datasets (ofine RL)
(Thomas et al., 2015; Ghavamzadeh et al., 2016a; Laroche et al., 2019; Siméo et al., 2020; Castellini
et al., 2023). These methods assume tabular state spaces and of ine data, where error bounds must
hold globally across all state—action pairs, often via robust MDP formulations (lyengar, 2005; Nilim
and Ghaoui, 2005). Our setting is fundamentally different: we studipe RL with high-dimensional

inputs, where such global constraints are intractable. We take inspiration from the SPI literature but
introduce local, on-policy losses that make safe improvement feasible in practice. In spirit, other
model-based methods share the goal of providing SPI-like guarantees in more general settings, but
are again purely of ine, omit any form of representation learning, and rely on assumptions that differ
substantially from ours (Yu et al., 2020; 2021; Kidambi et al., 2020).

Representation learning and model-based RLAuxiliary transition and reward prediction losses

are central to many model-based methods, fibeepMDPto Dreamer and related world-model
approaches (Gelada et al., 2019; Hafner et al., 2021). In particular, the losses we consider for
learning transitions and rewards generalize a wide range of objectives used across the model-based
RL literature (Francois-Lavet et al., 2019; van der Pol et al., 2020; Kidambi et al., 2020; Delgrange
etal., 2022; Dong et al., 2023; Alegre et al., 2023). Conceptually, our representation guarantees are
closely connected to classical notions of state abstraction in MDPs (Li et al., 2006)zisihtolation

(Larsen and Skou, 1991; Desharnais et al., 1998). Building on bisimulation, prior work develops
representations that group states into areas in which the agent is guaranteed to behave similarly under
the current policy (Castro, 2020; Zhang et al., 2021; Castro et al., 2021; Agarwal et al., 2021a; Avalos
et al., 2024). By contrast, we directly link representation quality and model accuracy to our safe
policy improvement analysis, yielding tractable guarantees in the online setting.

2 BACKGROUND

In the following, given a measurable spaewe write ( X) for the set of distributions ovet . For
any distribution 2 ( X), we denote by sugp) its support.

Markov Decision Processe$MDPs) offer a formalism for sequential decision-making under uncer-
tainty. Formally, an MDP is a tuple of the forM = hS A;P;R;s;; i consisting of a set of states
S, actionsA, a transition functio® : S Al ( S),abounded reward functidR: S A! R

with kRk; = Ryax, aninitial states; 2 S, and a discount factor 2 [0; 1). Unless otherwise stated,
we generally assume th&tandA are compact. An agent interactinghh producegrajectories i.e.,

in nite sequences of states and actiqss a;), , visited along the interaction so th&f = s, and

St+1 P(js;a)forallt O

At each time step, the agent selects an action according to a (statiomaigy :S! ( A)
mapping states to distributions over actions. Running an MDP undetuces a unique probability
measureP over trajectories (Revuz, 1984), with associated expectation opétafore write
E [ j so = s] when the initial state is xed ts 2 S. A policy hasfull supportif supg ( js))= A
foralls 2 S, and we denote the set of all policies by A stationary measuref is a distribution
over states visited under, and is de ned as a solutionof () = Es Ea (js)[P( j S;a@)]. Such
a measure is often assumed to exist in continual RL (Sutton and Barto, 20a8igiin episodic
RL (Huang, 2020), and de nes tleecupancy measuia discounted RL (Metelli et al., 2023).

!Details on the formalization of episodic processes and value functions can be found in Appendix A.
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Value functions. The performance of the agent executing qg;pohcﬁ in each single state
s 2 S can be evaluated through thialue functionv (s)= E [ 5, 'R(st;a)]jso = s]. The
goal of an agent is to maximize thieturn from the initial state, given by(; M) = V (s/).

To evaluate the quality of any actian2 A, we consider thaction value functiorQ (s;a) =
R(s;a) + Eso p(jsa)V (Y, being the unique solution of Bellman's equation with (s) =

Ea (js) Q (s;a). Alternatively, any given action can be evaluated throughatheantage function

A (s;a)= Q (s;a) V (9), giving the advantage of selecting an action over the current policy.

Representation learning in RL. In realistic environments, the state—action space is too large for
tabular policies or value functions. Instead, deep RL employs an encod&ft S that maps states

to a tractabléatent spaces, from which value functions can be approximated. Learning such encoders
is referred to asepresentation learningechchahed and Castro, 2025). To improve representations,
agents are often trained with additional objectives, commauoiliary tasksrequiring predictive
signals. Policy-based methods then optimizatant policy™: S! ( A) jointly with , executed

in the environment as( j (s)). By convention, we write’( j s) for = (s) when is clear, and
denote the set of all latent policies by For any~ 2, the composed policy belongsto .

Model-based RLaugments policy learning withweorld modelM = hS;A;P;R;s,; i, whichcan
improve (i) sample ef ciency by generating trajectories (e.g., Hafner et al. 2021), (ii) value estimation
through planning (e.g., Buckman et al. 2018), and (iii) representation learning by grouping states
with similar behavior (e.g., Gelada et al. 2019; Zhang et al. 2021). V#renS, the model must
replicate environment dynamics, which is often intractable. Instead, we focBglemed by the
learned representation so thatM becomes an abstraction ldf . Learning transition and reward
functions then additionally serves as an auxiliary signal for the representation, encouraging states
with similar behavior to map close B. SinceS is the latent space, corresponds to the policies of

M . We further assums8 is equipped with ametrid: S S ! [0;1 ) to measure distances.

3 NO WAY HOME: WHEN WORLD MODELS AND POLICIES GO OUT OF
TRAJECTORIES

World models are usually learned toward minimizingeaard lossL ; and/ortransition lossL p

from experiences collected along the agent's trajectories. Those experiences are either gathered
in the form of abatchor areplay bufferB. In general, the loss functions take the following form:
Lk=E &g fr ;R; andL, =E g fp ; P; ,wherefr (respfp)assigna “cost” relative

to the error betweeR andR (resp.P andP) according to the experiencesand their representation.
Henceforth, we refer to the policy, used to insert experiencesinas thebehavioral policy.

3.1 QOUT-OF-TRAJECTORY WORLD MODEL

One may consider leveraging the modiél to improve the policy . This can be achieved by
directly planning a new policy in M or drawing imagined trajectories in the world model to
evaluate new actions and improve on sample complexity during RL. However, since the world model
is learned from experiences storeddinwe can only be certain of its average accuracy according
to this data. This is problematic because some regions of the state specarafy have been
rarely, or not at all, visited under,. In that case, the predictions madeMn might cause the agent

to “hallucinate” inaccurate trajectories in the latent space and spoil the policy improvement. This
problem, known as theut-of-trajectory (OOT) issue (Suau et al., 2024), arises when a polidf in
deviates substantially from,, which can render the model unreliable.

To illustrate this problem, consider the world model of Figure 1. Assume the model is trained by
collecting trajectories produced by in M where p(az j S) foralls 2 S;, with > 0. For

a suf ciently small , the regionS; in the original environment would remain largely unexplored
while havmg almost no impact on the losdgs; L, . Therefore, the representation of stateS4n

(s3 ands?) may turn completely inaccurate. Here, the model incorrectly assigns a rew20dm$3,
whereas the true reward is strictly negative. Consequently, the optimal polidy deterministically
selectsa, in s;. When executed in the original environment, this policy drives the agesy thereby
degrading the behavioral policy,.
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(@) A large I\@fM whose state space is divided in four (b) A simple world modeM whose state space is

regionsS = [, Si. S = fs1;50;53;53; 840.

Figure 1: InM , continuously playin@g; in states fronS; eventually leads the agent to the regn and

playingas in S; eventually leads the agent& where a reward of is incurred at each time step, whatever the

action played. Playing, in S; leads the agent to the regi®3, where all actions incur negative rewards. Here,
(s) = s foranys 2 S; andi = f1;2;4g. Fors 2 S3, we have either (s) = sz or (s) = s3.

3.2 CONFOUNDING POLICY UPDATE

Updating both the representation and the policy solely from experience collected under a behavioral
policy candegradeperformance rather than improve it. In the same spirpa&y confounding

(Suau et al., 2024), we call this phenomemoamfounding policy update The MDP in Figure 2
illustrates the issue.

The agent maps the stat®sands; to thesamelatent states, i.e.

(s) = siff s 2 fs,;s309. Statess; ands, each have their own
latent state. We consider the behavioral poligy= ~p , where
~p is a stochastic policy with a small exploration rate

pajs)=1 “o(@js)= 1)

for0< . A good representation would ideally group states

from which the agent behaves similarly. Because trajectories that

reachsz and pick a, are unlikely, the two states appear identic&igure 2: MDP where the probabil-

under p:jV °(sz) V ®(sz)j 0. Therefore, this justi es using ity of transitioning froms; to s is
as representation for,, because the values of andsz are 1 .for0< < =,

nearly identical: the agent exhibits close behaviors ungdérom

those states.

Suppose exploration undey, eventually discovers that playira in s sometimes yields the2

reward. Based on exploration data, an RL agent might therefore be tempted to change the latent
policy to ~(ay j s) = 1 without modifyinghe representation. With the representation still grouping

s, andsg, the new policy would now deterministically pieg in both concretestates. Whenever the

agent actually reaches, it would receive the large negative reware: , which turns the overall

return (froms;) negative, thusvorsethan under , even thougta; is indeed optimal irs.

A solution to this problem would have been to split the representatisp andsg in two distinct

latent states. In general, representation and policy learning musiupdedsince any change in

the policy that alters the distribution over states can invalidate a previously adequate representation.
However, in this example, the agent has no incentive to do so based on the experiences collected
under . As we will show below, updating both the policy and the representation jointly should be
handled carefully to ensupmolicy improvement

Our goal is toestablish suf cient condition guarantesafe policy improvementduring the RL
process, either based on world models, state representations, or both, thus alleviating OOT world
model and confounding policy update issues. Notice that, in the examples, both problems occur when
performingaggressiveipdates from ,, to a new policy™ (the mode of the distributions drastically
shifts). Intuitively,smoothupdates indeed ensure to alleviate those issues: constraining the policy
search to policies “close” toy, (i) prevents hallucinations in parts of the world model that have
been underexplored; (ii) reduces the risk of signi cantly degrading the return when updating the
policy. While the bene ts of regularizing policy improvements have already been both theoretically
and practically justi ed (e.g., Geist et al. 2019; Kuba et al. 2022), their implications when mixing
model-based and representation learning in RL have been underexplored.
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Roadmap. Torigorously address the OOT and confounding-update issues, the next sections develop
the theoretical foundations of our approach, showing how controlled policy updates, local model
losses, and representation stability interact. We brie y summarize how the main results connect.

Our analysis combineseighborhood-restricted policy updates model-quality bounds, and
representation guarantees Sect. 4 introduces the neighborhood operator de ning a trust region
around the behavioral policy; restricting updates to this region ensures monotonic improvement and
convergence (Thm. 1). Sect. 5 then links the reward and transition losses to value discrepancies:
Thm. 2 shows that, when these losses are small, and updates remain in the neighborhood, the world
model stays accurate under the learned representation. Combining these ingredients yields our
rst SPI result (Thm. 3), guaranteeing that direct policy updates in the world model translate to
improvement under controlled error. Finally, Thm. 4 shows that the same loss-based control stabilizes
the encoder, ensuring that value-distinct states remain separated in the latent space.

4 YOUR FRIENDLY NEIGHBORHOOD POLICY

Motivated by the intuition that constraining policy updates can mitigate OOT and confounding policy
issues, we consider measuring the update asrthertance ratio (IR) of the policies. This measure
provides guarantees for constraining policy and representation updates, and with an appropriate
optimisation scheme, ensures both policy improvement and convergence. In Section 5, we will further
show that properly constraining the IR allows for safe policy improvements in world models while
providing representation guarantees.

Let ; 9 2 , the extremal importance ratios are dened asDR'(; 9 =
extf %@is)= (ajs): s2S;a2 sup ( jS))g; whereext 2 finf;supg: We de ne aneighbor-
hood operator® based onthe IRN©: | 2 for some constant < C < 2, establishing a

trust region for policies updates that constraints the IR betWeeiC andC:
. )
2 ¢ DG 9 D¥G I C

Ne()= °2 ) :
and supp ( js) = supd A js) 8s2S

8 2 : (2

A critical question is whether an agent that restricts its policy updates to a de ned neighborhood is
truly following a soundpolicy improvement scheme. The following theorem shows that it does and
further guarantees convergence.

Theorem 1. (Policy improvement and convergence guarantdsspyme andA are nite spaces.
Let o2 be apolicy with full supportand ), o be asequence of policy updates de ned as

n+1 = argsup E E Ar(sa); 3)
ONC(,)S na 9%js)
where is asampling distributiorwith supg ) = Sforeachn 0. Then, the value function

n

V n is monotonically improving, convergesYo , and so is the return( ;M ).

The proof consists in showing the resulting policy update scheme is an instamieayflearning
(Kuba et al., 2022), which yields the guarantees. Notice that sigdeas full support, all the
subsequent policies, have full support as well. To maintain the guarantees, considering a stationary
measure , as the sampling distribution is only possible whep{ ,) = S. Note that this is

always the case in episodic tasks (as the policy itself has full support). This is more generally true in
ergodic MDPs (Puterman, 1994).

5 WITH GREAT WORLD MODELS COMES GREAT REPRESENTATION

This section explains how the neighborhood operator of Eq. 2 enables safe policy improvement during
world-model planning and representation updates in complex environments. Standard SPI methods
ignore representation learning and require exhaustive state—action coveBageabtain guarantees,
making them unsuitable for general state-action spaces. Even in nite domains, bounding the count

2There are clear similarities between the IR, our neighborhood operator, and the PPO loss function (Schulman
etal.,, 2017). We discuss this connection in Section 6.
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of each state—action pair does not scale. Laroche et al. (2019) prdpaselthe bootstrappinfpr
under-sampled pairs, but their approach remains impractical in large-scale settings despite conceptual
similarities to our operator. Further discussion of SPI limitations is provided in Appendix D.

Learning an accurate world model. SPI typically relies on optimizing a policy with respect to

a latent model learned from the data store@®inin contrast to previous methods, our approach
scales to high-dimensional feature spaces by (i) learning a representati@h(ii) considerindocal

error measuresas opposed to global measures across the whole state-action space. We formalize
them as tractabl®ss functionsTheir local nature makes them compliant with stochastic gradient
descent methods. Formally, given a distribut®® ( S A ), we de ne thereward loss_§ and
thetransition lossL B as

LB = _E R(sia) R(s;a) ; Lp = E WP jsia;P(j (s)a) (4

where ;P is thepushforward measuref P by , andW theWasserstein distand®aserstein, 1969).

W between; 2 S isdenedasw (; )=inf ,( . )E(ss d(s;sY, where( ; )is

the set of all couplings of and . While the Wasserstein operator may seem scary at rst glance, it
generalizes over transition losses that can be found in the literature (cf. Sect. 1.1). In particular, when
the latent space is discrete, this distance boils down ttotlaévariation distance Another notable

case is when the transition dynamics are deterministic, in which case the transition loss reduces to

LB = Esasos d (s9;P( (s);a) . Finally, in general, a tractable upper bound can be obtained
asLp  Esass Eg () (s)a) 9( (989 (proof in Appendix C).

Lipschitz constants. To provide the guarantees, for any particular policg —, we assume the
world model is equipped withipschitz constantk = Ks de ned as follows: for alls;; s, 2 S,

E R(si;a) E R(sza) Kg dsi;s);
ar “(js1) az “(js2)
W E P(issa); E  P(jspa) Kg d(s;;s):
ar ~(js1) az “(js2)
Intuitively, the Lipschitzness of the latent reward and transition functions guarantees that the latent
space is well-structured, so that nearby latent states exhibit similar latent dynamics. Gelada et al.

(2019) control those bounds by addingradient penalty ternto the loss and enforce Lipschitzness
(Gulrajani et al., 2017). One can also obtain constrained Lipchitz constants as a side effect by

enforcing the metrid to match thebisimulation distancén the latent space (Zhang et al., 2021).
Interestingly, when the latent space is discrete, Lipschitz constants can be trivially inferred since
Kz = 2Ruax andKFT = 1 (Delgrange et al., 2022). Note also that as the spaces are assumed
compact, restricting to continuous functions ensures Lipschitz continuity.

For the sake of presentation, we restrict our attention to the following assumption for Thms. 2 and 3:

Assumption 1. We assume that the agent operates in the episodic RL setting, i.e., we consider the
standard RL framework where the environment is eventually reset with probability one.

Our results extend to general settings where a stationary distribution is accessible (c.f. Remark 3).

World model quality. Before introducing our safe policy improvement theorem, we rst show
that the local losses effectively measure the world model's quality with respect to the original
environment. Namely, their difference in return obtaineder any latent policy in a well-de ned
neighborhood is bounded by the local lossdgrived from the reference, behavioral policy's
state-action distribution. This is formalized in the following theorem.

Theorem 2. Suppose > = and K'; < =, LetC 2 (1;%=), , 2 be the base policy,
(— )2NC( p,)where” 2 isalatentpolicyand : S! S a state representation. Then,
Le = + Ky Lp",

D3P (5) ’
whereAEL( ) denotes thaverage episode lengtthenM runs under ,, Ky = Kg51 « 7),
andLy®; L * are the local losses of Eq. 4 over the stationary distributioninduced by .

(- M) M AEL(»)
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In simpler terms, if the deviatiors(premuniR, or SIR for short) between the behavioral policy and
anynewpolicy ~ stays strictly lower tha#= , the gap in return between the environment and the
world model for this new policy can be bounded using data collectedyislinimizing local losses

from y's data ensures that re ning the representatidior ~ improves model quality: when these
losses vanishyl andM are almost surely equivalent underThe bound depends on the Average
Episode Length (AEL), but even a loose upper bound is suf cient to preserve guarantees. It is also
strongly in uenced by the discount factor which de nes an implicit horizon. Smaller values permit
larger deviations from, and relax the accuracy required of the world model.

Safe policy improvement.We consider the setting where the world model is used to improve the
behavioral policy , = 7, , with 7, 2 and the representationis xed during each update.
Restricting updates to a well-de ned neighborhood guarantees ¢hat ; M ) (M)

M M , Where is de ned as the cumulativenodeling errorfrom the local losses.

Theorem 3. (Deep, Safe Policy Improvemeritnder the same preamble as in Thm. 2, assume that
if xed during the policy update and the behavioral is a latent policy with= andp2 .
Then, the improvement of the returnMf under~ can be guaranteed on, as
C M) (M) T M “nM ;
where = AEL( p) Lr"= + KyLp® = -
' VIR =y 1
Theorem 3 addresses the OOT issue (Section 3.1): if the SIR of the behavioral remains strictly below
1= | then minimizing the local losses reduces the erf@nsuring safe policy improvement when
the world model is used to enhance the policy. While our focus is not on of ine SPI, Appendix E
(Thm. 5) additionally provides a PAC variant of the result, following the standard use of con dence
bounds in the SPI literature.

Representation learning.Finally, we analyze how learning a world model using our loss functions
as an auxiliary task facilitates the learning of a useful representation. A good representation should
ensure that environment states that are close in the representation also have close values, directly
supporting policy learning. Speci cally, we seeklimost Lipschitz continuity (Vanderbei, 1991) of
the form9K : 8sy;s2 2 S;jV *(s1) V °(s2)] K d( owa(S1); ow(s2))+ L ,( o) Wherel
is an auxiliary losglepending on the data collected by ,,. Notably, a critical question is whether
updating the policy and its representation, respectivelyamd , maintains Lipschitz continuity.
Crucially, as the behavioral, is updated to- with respect to the experience collected under

b, the bound must hold fdr ,. The following theorem is a probabilistic version of this statement,
formalized as a concentration inequality:

Theorem 4. (Deep SPI for representation learninghder the same preamble as in Thm. 2, let

"> Q0and =4 % Then, with probability at least ~ under , we have for all
IR b
S1;S2 2 S that

Vi(s1) V (s2) Ky d( (s1); (s2))+ ™

Theorem 4 addresses confounding policy updates (Section 3.2): minimizing the losses increases the
probability that learned representations remain almost Lipschitz under controlled policy changes (with
an SIR belowi=). This prevents distinct states from collapsing into identical latent representations
that degrade performance. We note that Gelada et al. (2019) proved a similar bound,when

(the policy update was disregarded), which in contrast to aurglyholds with

Lg + Ky Lg 1,1
1 -(s1)  -(s2)

However, in general spaces, for any spe@ 2 S, -(s) might simply equal zero, making the bound
unde ned. In particular, in the continuous settir®)is widely assumed to be endowed with a Borel
sigma-algebra, where the probability of every single point is indeed zero.

6 ACROSS THESPIVVERSE PPOCOMES INTO PLAY

These theorems inspire a practical RL algorithm that combines policy improvement and guarantees
with solid empirical performance. The critical part of our approach is to make sure updates are
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restricted to the policy neighborhood while minimizing the auxiliary lodsgsL . In fact, our
neighborhood operator has close connections to PPO (Schulman et al., 2017), where the policy update
is given by
n+1 S argsup E E Ar(ssa) D, (%s) ; (5)
2

s noa js)

with D  ( %js) = Ea ,(jsgReLu “@s=, js) clip( (@9=,@js); 1 ) A r(s;a) ,
forsome > 0. By xing = C 1, instead of strictly constraining the updates to the neighborhood,
the regularizatio® , ( °j s) corrects the utilitye, o(js) A " (s;a) (compare Eqg. 3 and Eq. 5), so

that there is no incentive forto deviate from , with an IR outside the rand@ C;C]. Under

the same assumption as in Theorem 1, PPO is also an instance of mirror learning (Kuba et al., 2022),
meaning it also bene ts from the same convergence guarantees.

Strictly restricting the IR in a neighborhood is much harder in practice, considering a PPO objective
is thus an appealing alternative. However, it is not suf cient to add the auxiliary lbsselsg to the
objective of Eg. 5 to maintain the guarantees. Indeed, updating the representiagioninimizing

the additional losses may push the the policy outside the neighborhood. As a solution we
propose to incorporate the local losses by replacing all occurrenees dh Eq. 5 by the utility

Ur(siais)=A"(sia) r r(SA p ‘plsias); 6)
where ‘r(s;a) = R(s;a) R( (s);a), p(sias) = Eq p(j (ga d (8989, s°
P(js;a),and r; p 2 (0;1]. Intuitively, g, “p are transition-wise auxiliary losses that al-

low retrievingL ;" andL, " in expectation w.r.t. the current policy,. When optimized, since they
are clipped in a PPO-fashiob), » allows restricting the policy updates to the neighborhood.

Algorithm 1: DeepSPI From this loss, we propodeepSPI , a prin-
Inputs: HorizonT, batch sizeB, vectorized cipled algorithm Ieveraglng. the pollc;y Im-
environmenenv , parameters provement and representation learning ca-
Initialize vectors pabilities developed in our theory As our
s2S(T+) B g2 AT B.r 2 RT B losses rely on distributions de ned over the
repeat current policy, we focus on the on-policy set-
fort 1toT do ting. While model-based approaches are not

Draw actions from the current policy:
agi (] (sg) 8L i B
Perform a single parallelize®|) step:
It;St+1 env.step (st;at)

Update by descending ~
r DeepSPl_loss (s;a;r;U ;)

standard in this setting, we stress thaghly
parallelized collection of data(e.qg., via vec-
torized environmentgnables a wide cover-
age of the state spacécf. Mayor et al., 2025;
Gallici et al., 2025), which is suitable to opti-

. changeA in Eq. 5 byU from Eq. 6 mize the latent modeDeepSPI updates.the .

S1  SrTe world model, the encoder, and the policy si-
until convergence multaneously while guaranteeing the represen-
return tation is suited to perform safe policy updates.

6.1 ILLUSTRATIVE EXAMPLE

To illustrate the representation learning capabilities of
DeepSPI, we consider the toy grid-world shown in Fig. 3.
This environment mirrors the confounding policy update
discussed in Sect. 3.2, instantiated earlier in Fig. 2.

The agent starts in the cell labeled I. Upon leaving the

orange cell immediately to its right, it is sent to the top

branch with probabilityl and to the bottom branch

with probability . It must then traverse a corridor of Figure 3: Toy maze environment illustrating
blue cells (her&=5). Moving one cell to the right yieldsthe confounding policy update problem.

a reward of +1, and the agent cannot move backwards.

At the nal corridor cell, marked with &, moving right yields a reward of +1 regardless of whether
the agent is in the top or bottom branch, and the episode termiffdteslifference is when the agent

*we give the formulation of Kuba et al. (2022), which is equal to the one of Schulman et al. (2017).
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Figure 5: Aggregate results atochasticversions of the standard 57 environments from ALE, with 95%
con dence intervals (Cls). Higher values for the mean, median jiatedquartile mear(IQM) indicate better
performance, while a lower optimality gap is preferable (cf. Agarwal et al. 2021b). Cls are obtained through
percentile bootstrapping with strati ed resampling. Plots per environment available in Appendix H.3.

moves up from the cell: in the top branch, it receives a reward+of ", whereas in the bottom
branch it receives@ )n ) before termination. As in Sect. 3.2, this construction ensures that

if both ? states are merged in the latent space, choosing “right” remains acceptable (their values
coincide), but choosing “up” produces a negative expected return from the initial state | (details in
Appendix G). To improve upon the policy that always chooses “right,” the agent must learn to assign
distinct representations to the tWwaells, select “up” in the top one, and “right” in the bottom one.

We compare the behaviour of PPO dbeepSPI in this environment. Since our goal is to high-
light the agent's representation-learning capabilities, each observation is provided as raw pixels.
The agent must therefore learn

both a policy and an encoder

mapping pixels to a structured

latent space. Further details on

the environment and observation

scheme are given in Appendix G.

As shown in Fig. 4, the repre-

sentation learned by PPO col-

lapses the top and bottocells

into a single latent state. With

such a representation, the begfigyre 4: value from cell I in the maze (left) and distance between the
policy PPO can Iea_rn is to alwaysrepresentation of the cell from the top and bottom branches (right).
choose “right,” which leads to a

return of 4:8. In contrastDeepSPI bene ts from the representation quality guarantees of Thm. 4,
which ensure that states with different values remain separated in the latent space for all policies in a
suitable neighborhood. This is exactly what we observe: the learned representation distinguishes the
two ? cells. As a result, the agent learns to choose “up” in the?toell and “right” in the bottom

one, achieving a return of 8.

7 EXPERIMENTS

In this section, we evaluateeepSPI on the Atari Ar-

cade Learning Environment (ALE; Bellemare et al. 2013),

where each frame is four stacked frames. While ALE

domains feature a wide range of dynamics, to further high-

light the robustness of our approach to probabilistic set-

tings, we inject stochasticity by following Machado et al.

(2018) withsticky actiongrepeat the previous action with

probabilityp,) andrandom initialisation(games (re)start

afternnoop frames), using, = 0:3 andnnoop = 60. Figure 6: Sample ef ciency w.r.t. IQM nor-

As baselines, we use PPO (vectorizdeanRL ; Huang gﬁ"éeg scores on the .Sioc.haztis‘f) /A(I:_IE_SZI
et al., 2022) andDeepMDPs (Gelada et al., 2019).2"'2d4€d I€gIoNs gIve PoINtWISE =570 ©IS Ob-
b \ tained via percentile strati ed bootstrap.
DeepMDPsare auxiliary transition and reward losses
(Sect. 5) that can be plugged into RL algorithms to improve representations, with guarantees. Unlike
DeepSPI, these representation updates are unconstrained and can push policies out of the neigh-
borhood, smone of the SPI guarantees presented in this paper appBeepMDPs For a fair

comparison, we plugged tligeepMDPosses to (vectorized) PPO, and we use the architecture as for
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Figure 8: Sample environments from ALE whé&eeamSPI learns meaningful behaviors.

DeepSPI . We use defaultleanRL hyperparameters for all three algorithms, except data collection
(128environments, horizo8 steps).

As latent space, we use the r&D representation obtained after the convolution layers (as recom-
mended and used by Gelada et al., 2019). For the transition function, we use a mixture of multivariate
normal distributions (the transition network outp&tsieans/diagonal matrices). To enforce Lips-
chitz constraints on reward and transition functions, we mBgl€l with Lipschitz networks, using
norm-constrained GroupSort architectures to enfart@schitzness Anil et al., 2019.

As shown in Fig. 5 and 6,DeepSPI delivers strong performance, improving on
both PPO andDeepMDP Notably, these results are obtained while preserving SPI-
style properties; a valuable combination, as such theoretical control typically comes
at the expense of performance and substantial data requirements. Beyond perfor-
mance, we assess whether thHeeepSPlI world model exhibits accurate dynamics.
Fig. 7 reportsL,, Lg during training. Note
thatDeepSPI consistently achieves lower tran-
sition losses, indicating more accurate predic-
tions. We discuss the statistical signi cance of
that statement in Appendix H.3. In contrast to
the off-policy setting of Gelada et al. (2019), we
did not observe competing transition and reward
losses in our parallel on-policy setting, as our
losses are always computed under the current
Figure 7: Median transition and reward losses durirgplicy rather than replay-buffer data.
training, aggregated across all the ALE. For the sake

f . .
visualization, we cut  lower values from the plot. fo probe the predictive quality of the latent

model and illustrate Thm. 3, we introduced
DreamSPI, a naive variant wher@eepSPI learns the world model and representation, and PPO
updates the policfrom imagined trajectorieéAppendix F). Unlike off-policy approaches that exploit
replay buffers, our on-policy setting updates the world model only from fresh interaction data, making
model learning and planning harder to combine. EverbseamSPI learns in several environments
and exhibits coherent behaviours (cf. Fig. 8 & Appendix H.3). Although its aggregate median
score remains below the baselines, this is expected given stricter data requirements than standard
model-based approaches. Importantly, the ability to maintain a model offers bene ts that extend far
beyond raw scores, enabling future applications in safety, veri cation, and reactive synthesis.

8 CoNCLUSION AND FUTURE WORK

We developed a theoretical framework for safe policy improvement (SPI) that combines world-model
and representation learning in nontrivial settings. Our results show that constraining policy updates
within a well-de ned neighborhood yields monotonic improvement and convergence, while auxiliary
transition and reward losses ensure that the latent space remains suitable for policy optimisation.
We further provided model-quality guarantees in the form of a “deep” SPI theorem, which jointly
accounts for the learned representation and the reward/transition losses. These results directly
address two critical issues in model-based RL: out-of-trajectory errors and confounding policy
updates. Building on this analysis, we propoBeskpSPI, a principled algorithm that integrates the
theoretical ingredients with PPO. On ALBeepSPI is competitive with and often improves upon

PPO andeepMDPs while providing SPI guarantees.

This work opens several directions. A rst avenue is to make pure deep SPI model-based planning
practical. Our experiments witireamSPI suggest that this is feasible but requires improved sample

ef ciency. Another direction goes beyond return optimization: a principled world model, grounded in
our theory, can support safe reinforcement learning via formal methods, through synthesis (Delgrange
et al., 2025; Lechner et al., 2022), or shielding (Jansen et al., 2020).
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REPRODUCIBILITY STATEMENT

All theoretical results are stated with explicit assumptions, and complete proofs are included in the
appendix. The experimental setup is described in detail in the main text and supplementary material,
including environments, hyperparameters, and training procedures. We provide the full source code
as supplementary material to enable reproduction of our results. Datasets used in the experiments are
publicly available (we usenvpool Atari).
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Appendix

A REMARK ON VALUE FUNCTIONS AND EPISODIC PROCESSES

An episodic procesis formally de ned as an MDMM = hS A;P;R;s;; i where:

(i) there is a special statgset2 S, intuitively indicating the termination of amngpisode

(ii) the reset state does not incur any rewadR(Syese; @) = 0 for all actionﬁa 2A; o

(i) sresetis @almost surely visited under any policy: for all policie2 ,P (st;a); gj9i:Si = Seset =1;
and
(iv) M restarts from the initial state once rese{(fs g j Seset @) =1 foralla2 A.

Note that by items (iii) and (iv)sresetiS almost surelyn nitely often visited: we have forall 2  that

n o}
P (st;a); ¢j8i 0,9 >0 S = Speset = 1:

Alternatively and equivalently, an episodic process may also be de ned without a unique reset state by the means of
severakerminal stateswhich go back to the initial state with probability one.

Notice that our formulation embeds (but is not limited to) nite-horizon tasks, where an upper bound on the length
of the episodes is xed. Thaverage episode lengfAEL) of is then formally de ned a®\EL( ) = E [T]with

X
T()= (i+1) 1fsi = Sesetand8j<i; s j 6 Sresel
i=0

for any trajectory = (s; &), o-

Often, when considering episodic tasks, RL algorithms stops accumulating rewards upon the termination of every
episode. In practical implementations, this corresponds to discarding rewards whed@negindicating episode
termination, is set ttrue . In such case, we may slightly adapt our value functions as:

" I
S % v ' "
V (s)= E 1fsi 6 Srese@ R(s;;a) So=s if S6 Sreset
> t=0 i=1
"0 otherwise

or, when formalized as Bellman's equation:

Ca) — R(S;a)"' Eso P(js;a)V (30) if S6 Sreset
Q(sa)= 0 otherwise; and
V ()= E Q (s;a):
(is)

a

All our results extend to this formulation (cf. Remark 2).

Remarkl (Occupancy measuredn RL theory, the discounted occupancy measure

b3 n o}
(=@ ) 'Po(sa); giSst=S
t=0

is often considered as the default marginal distribution over states the agent visit along the interaction, mostly
because of its suitable theoretical properties. In fact, for any arbitrary MDR, the stationary distribution of

the episodic process obtained by considering a reset probability of from every state of the original MDP
(Puterman, 1994; Metelli et al., 2023). Again, we contend that all our results can be extended to the occupancy
measure with little effort.
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B PoLiCcY IMPROVEMENTS THROUGHMIRRORLEARNING AND CONVERGENCE
GUARANTEES

In this section, we prove that © (Eq. 2) is a propemirror learning neighborhood operatoAs a consequence,
appropriately updating the policy accordingNd” is guaranteed to be an instance of mirror learning, yielding the
convergence guarantees of Theorem 1.

For completeness, we recall the de nition of neighborhood operator from Kuba et al. (2022).
De nition 1 (Neighborhood operatar)The mappindN : ! 2 is a (mirror learning)neighborhood operatpif

1. (continuity)It is a continuous map;
2. (compactnesdyveryN ( ) is a compact set; and

3. (closed ball)There exists a metrid: I [0;1 ), such that for all policies 2 , there exists > 0,
suchthad(; 9 implies °2N ().

The trivial neighborhood operator i ( ) =
Lemma 1. N © is a neighborhood operator.

Proof. Henceforth, x a policy 2 . When taking the supremum, in mum, maximum, or minimum value
over states and actions, we always consider actions to be taken from the support of the behavioral policy (in the
denominator of the quotient).

ltem 2 (compactness) is trivial due B (; 9 2 CandDRP(; 9 Cforany °2 N €( ). This

meansN () contains its extrema, i.e., all the policie$satisfyingD|f (; 9=2 CandDR"(; 9 C,
orDIM(; 9 2 candDRP(; 9= C.
In the following, forany 2  and sequencg ), o, we write , ! for the convergence of the sequence to

with respect to the metric

k 1 ok, ifsupp( 1( js))= supg 2(js)) 8s2S; and

d( 1 2) = 1 otherwise

()

In other words, ,, ! means that , converges to in supremum normas ! 1 when the support of the
converging policy stabilizes and becomes the same as the limit policy.

Let us prove item 1 (continuity). We show tHet is a continuousorrespondencey showing it is upper and
lower hemicontinuougOk, 2007).

N € is upper hemicontinuougihc) if it is compact-valueditem 1) and, for all policies 2  and every sequences
(n)y oand( 9), gwith 22NC( p)foralln O, n! and 2! Oimplies °2N (). Let( n), o

and( 2), , be sequences of policies witt§ 2N ©( ,) foralln 0.
Fixs2 S anda 2 A. Consider the mapping

Yajs).

(ajs)

Itis clearfs.5 is continuous since the application oto (a ] s) is continuous and the division of two continuous
functions is also continuous (when considering actions from the support §&)). Importantly, forext 2
fsupinfg, D&(; 9 = ext ffsa(; 9:s2S;a2 supd ( js))gis also continuous: sinc andA are
nite, the supremum (resp. in mum) boils down to taking the maximum (resp. minimum) of nitely many many
continuous functions, which is a continuous operation.

fsa: f(; 92 ja2supg (js)g! [01); (; 97

Now, assume that, ! and 7!  © The continuity oD ' meansthab&'( ; J)! DR'(: 9. Since
92NC( n),wehaveDif ( n; J) 2 CandDR’( n; 7) Cforalln 0.BythefactthaDE'( n; J
converges t® X(; 9 forext 2 f inf; supg, we also have thd (; 9 2 CandDRP(; 9 C.

Then,N € is uhc.

N € is lower hemicontinuou@hc) if, for every policy , sequencé¢ ), ,with »! ,andpolicy °2N ©( ),
there exists a sequen¢e?),, , with 2!  %and such that there ism 0 from which, for alln  no,
92N C( ).
n n
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Therefore, le{ ), o be asequence of policies so that! and °2N ( ).Since , ! ,we have

8 > 0;9n92 N:8n ng;k p K, and supp n( js)= supg (js) 8s2S:

In particular, this holds for< mn =, where min =min f (ajs): s2S;a2 supd ( js))g:Letng Obe
the step associated withk  mn = andn  ng. Write , = k | k, and let

2C n
min(C 1)+2C n

Construct a sequené¢e?), ,sothat,forals2S,a2A,andn no,

2 (0;1)

n:

p@is)=( ) %ajs)+ o a(@js):

Intuitively, 2 is a mixture of distributions  js) and ,( js). Consequently, 3( j s) is a well-de ned
distribution. Finally, note that? !  because, ! 0, and so does, .

Now, we restrict our attention @2 supfd . ( j S)). Note that since, stably converges to with its support,
has the same support ag. Furthermore, since®2 N ©(C), °has also the same support as In consequence,
¢ has the same support ag.

Having that said, we start by showing the upper bound:

O(ajs Yajs
n( J ):( n) ( J )+ n
n(ajs) n(@js)
(1 )er (because (ajs) C (ajs))
Y aG@js)
C (ajs) . .
1 —_ 4 b
C
=(1 e
( n)1 "= (ajs)
C
(1 n)il = + g
Note that for alix 2 [0; =],
1 1 a+2x)(1 x) 1 x(1 2x)
+ + M E—— :
T x 1+2x becausel +2x T x 0 T x 00 1 x 0:
Then, sincd® < =, < 1=, we have
2(ajs)
ni‘ 1 C 1+ 2= )+ .
n( JS) ( n) ( ) n
Letx, =1+ Zmi: , and note that
2C , ~ 2C  n= e ~ 2C =, C Xn).
""" .n(C 1)+2C, C+2C =, 1 1 C 2C =, 1 X, C’
Then,
2aj9)
SR s 1 X, C+
NOT A,
=Xxp C n Xn C+ 4
_ CL  Xn) C  xn)
_chlxnCX”C+1xnC
_Xn C(l Xn C) xnp C%1 xp)+ C( xp)
- 1 x, C
_Xp C x2C%2 x, C2+x2C?+C x, C
B 1 x, C
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_ Xxp C?2+C

"1 x, C

1 x, C
1 x, C

which means thaD ;s ( »; 8) C.
We now show the lower bound:
Orm s .
pais) o 1@

n

a(ajs) n(ajs)
(2 C) (ajs) . .

1 ) <@js + (becauseYajs) (2 C) (ajs))
a oS (becausen(ajs)  (ai9)+ o)
_ (2 C)
=(1 n)m"'
.
@ )2 C (@1 =)+ n (becauseforak 2 R; & 1 x)

=1 n) 2 C 2 n=4,, +C =)+ |

=(1 n) 2 C+(C 2) n=m)* 0

=2 C+(C 2) "= min n(2 C+(C 2) ":mm)+ n
=2 C+(C 2) n=mm + o(C 1+(2 C) 2=m)
=2 C+(C 2) n=mm+ o(C D+ o 2 C) o=

2, (C 1 2C, (2 ©)
=2 c+(C 2 n= min T + "= min
( ) min (C 1)+2C n min (C 1)+2C n
1
S, ¢4, C 2, (€D Ly 42 C)

min min (C 1)+2C n min (C 1)+2C n
2 C:
To see how we obtain the last line, note that it suf ces to show the content of the parenthesis multiplieid by
greater than zero, i.e.,
c 2, 2C (C 1) , 2, me (2 C)
min min (C l)+2C n min (C 1)+2C n
2C (C 1)+2C, .+ (2 C) 2 C

0

0 min (C 1) +2C y min

0 2C mn (C 1)+2CH (2 C) (2 C) (mn(C 1)+2C )

0 2C min (C 1) (2 C) ( min (C 1) +2C y 2C n)
0 2C min (C 1) (2 C) ( min (C 1))

0 2C 2 C;

which is always satis ed becau& 1. Therefore, since this holds for asy2 S and both ¢ and , have the
same support, we have taff (; 9 2 C.

Thus,wehav®¥ (; 9 2 CandDRP(; 9 C, 22NC( ,). ThereforeN € isIhc.
SinceN € is uhc and Ihc, it is continuous. This concludes the proof of item 1.

It remains to showitem 3. Let=(C 1) ming, (@] s), with ataken fromsupg{ ( j s)). Assumed( ; 9
(cf. Eq.7). Foralls2S;a2 supd ( js)),we have

Yaijs)
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(ajs)+

(@ajs)+(C 1) min (ajs)
(@ajsg)+(C 1) (ajs)
(ajs) A+C 1)

(ajs) C

or equivalently:
Yajs)
(ajs)

It remains to show the lower bound:

Yajs) (ai9)
= (ajs) (C 1) min (ajs)
(ais) (C 1) (js
= (ajs) @ C+1

= (ajs) C
(ajs)2 C);
or equivalently:
Yajs)
(ajs)
This concludes the proof of item 3. O

Then, Theorem 1 is obtained as a corollary of Lemma 1, and the fact that the update process

ne1 = argsup E E [Ar (ssa)];
2N C(,)S na %js)

is an instance of mirror learning (Kuba et al., 2022).
C CRUDE WASSERSTEINUPPERBOUND

Lemma 2. Lets 2 S anda 2 A, the following upper bound holds:
W P(]s;a); P(j (s):a) Eso p(jsia) Ego B(j (s);a)a (SO);SO3

Proof.
W JP(js;a); P(j (s);a) "
= sup Eso p(jsia)f () Eso 5(j (5);a)f(50) (1)
Kikgp 1 4

Eeo p(jsa) SUP f (59  Ew () 9mf(s)

Lip

= EsO P(js;a),\,N (s9) ﬁ( ] (S);a) #

= Es° P(js;a) an_ E(Sl;SQ) d(sl;SZ) (2)
2( (s9:P(j (s)a)

- 3 .0 .
= Eso p(jsa) B p(j (s d (898

Here, (1) corresponds to the dual Kantorovich—Rubinstein formulation (Kantorovich and Rubinstein, 1958) where
k kLip corresponds to the Lipschitz norm, while (2) follows from the primal Monge formulation (Monge, 1781),

with a trivial coupling induced by (50, the Dirac measure with impulsés?). O
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D REMARK ON SAFE PoLICY IMPROVEMENT METHODS

Standard principlegdafe policy improvemenmtethods (SPI; Thomas et al., 2015; Ghavamzadeh et al., 2016a,;
Laroche et al., 2019; Simé&o et al., 2020; Castellini et al., 2023; Wienhoft et al., 2023) do not consider representation
learning. Instead, SPI methods assutne S and learrR, P by maximum likelihood estimation with respect to

the experience stored Bicollected by the behaviorak. Then, the policy improvement relies on nding the best
policy inM that is (probably approximately correctly) guaranteed to improves on the behavioral policy (up to an
error term > 0) against a set of all admissible MDPs, calletbust MDPs(lyengar, 2005; Nilim and Ghaoui,

2005; Wiesemann et al., 2013; Ghavamzadeh et al., 2016b; Suilen et al., 2024):

argsup 5 M such that arginf  (;: M9 (M9 : where
2 M o2 (W e)
( R R R d )
M S,a S a e(s;a an
M;e = M =hSA;P;R;s; i .(’ )7 .(' ) MAX (, )
drv P(js;a);P(js;a) es;a 8s2S;a2A

e(s; a) being arerror term depending on the number of times each stabed actiora are present in the datad®t
anddry being thetotal variation distancéMuller, 1997) which boils down to the; distance when the state-action
space is nite. To providg@robably approximately corre¢PAC) guarantees, the state-action pairs need to be visited
asuf cient amount of timedepending on the size of the state-action space, to eassisuf ciently small.

Note that the reward and total variation constraints are very related to our localllgsseslL  : the representation
corresponds here to the identity ashel, coincides with Wasserstein as the state space is discrete (Villani, 2009).
The major difference here is that the bounds need to gloloally, i.e., for all state-action pairs, which make their
computation typically intractable in complex settings (e.g., high-dimensional feature spaces).

We arguethis objective is ill-suited to complex settings First, classic SPI does not apply to general spaces.
Second, assuming we deal wittite , high-dimensional feature spaces (e.g., visual inputs or the RAM of a video
game), it is simply unlikely thaB contains all state-action pairSPI with baseline bootstrappir{¢taroche et al.,

2019) allows bypassing this requirement by updatip@nly in state-action pairs wheresaf cient number of
samples are presentB Nevertheless, this number is gigantic and is linear in the state-action space while being
exponential in the size of the encoding oénd the desired error. This deems the policy update intractable. Finally,

as mentioned, standard SPI does not consider representation learning. This is a further obstacle to its application in
complex settings.

E SAFE PoLicY IMPROVEMENTS PROOFS

Notations Henceforth, we denote By  the value function of the world mod&l obtained under any latent policy
~2 . Whenitis clear from the context thatis the representation used jointly with a latent poligywve may
simply writeV "~ instead oV (" ) for the value function of executingin M . In the following, we may also write
(s;@) as a shorthand for rst drawing and them ( j s) for any policy 2

We start by recalling a result from Gelada et al. (2019) that will be useful in the subsequent proofs.
Lemma 3 (Lipschitzness of théatentvalue function) LetM be a latent MDP and" be a policy forM . Assume
that M has reward and transition constanks and Ks with Ks < =. Then, the latent value function is

Ke<1 k ;)-Lipschitz,i.e., foralk;;s; 2 S,

K _
d(s1; s2)

H
XN|R
T

Note that the bound is straightforward when the latent space is discrete and the discreté fetris chosen for

d: the largest possible difference in valuegfigs=1

We also consider bounding expected value difference between the original MDP and the latent MDP by the local
losses evaluated with respect to a behavioral policyymportantly, the expectation is measured over states and
actions generated according tg whereas the values correspond to those evaluated andérer latent policy

~. The following Lemma states that the value difference yielded by a latent policy can be measured according to
another behavioral policy, provided that the latent policy lies within a well-de ned neighborhood of the behavioral

policy.
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Lemma 4 (Average value difference bound)et , 2 be the behavioral policy,™ ) 2 N * ( ) so that
-2 and :S! Sisa state representation. Assuide is equipped by the Lipschitz constamg andKPZ and

letKy = Kg51 k ;). Assume thak 5 is strictly lower thani= . Then, the average difference of valuevbfand
M under~ is bounded by

LRb+ Kv LPb_

_E Vi(s) V ((9) prT—

b

Proof. The proof follows by adapting the proof of (Gelada et al., 2019, Lemma 3) by taking extra care of the
behavioral policy. Namely, we want to evaluate the value difference bound for the latent padisguming states

and actions are/have been produced by executing the behavioral pgli€ie idea is to incorporate the divergence
from pto ~ in the bound, formalized as the supremum IR between the underlying distribution of the two policies.

E VO V()

b " #
= E E R(s;a+ E V() E R((spa+ _E vV (s)
s pa ~(j(s) sO P(jsa) a _~(j (s) sO P(j (s)a)
2 3
- E E R(sa R((ha+ E 3 E V(Y V(95
s pa ~(j(s) a ~(j (s) s® P(jsa)

230 P(i (s)a) 3

- E E R(sa R((ha)+ E 3 E V(DY V(EN+V(() V(95

s, a (i (s) a ~(j (s) s° P(jsa)
s P(j (s)a)
- E E R(s;a R( (s);a)
s _
p & “(j (s) > 3
+ E 9 E VY V(EY + E V(Y \77(s°)g
a ~(j (s)) s° P(jsa) s® P(jsa)
s® P(j (s)a)
R(s;a) R( (s);a) + E V() V(Y + E V() V(S
s pa (i (s) s® P(jsa) s® P(jsa)
sO P(j (s)a)
(Jensen’s inequality)
E R(s;a) R((s)a) + E E E VE) VS
s pa (i (s) s pa (i (s) s° P(jsa)
sO P(j (s)a)
+ E E E vV (sY V(Y

s p,a “(j (s) s® P(jsa)
(Triangle inequality)

“(aj (s) - -
+ E E — 77 E v S V(s
s pa (i9) b(@jS) s p(jsa) ( (8% &)
s0 P(j (s)ia)
“(aj (9)) - _
T E E T e o V(s V s
s pa o(is) p(@jS) s° P(jsa) ( 0) ( 0))

(because sugp( j (s))) = supfd p( js)) foralls2S)

23



Published as a conference paper at ICLR 2026

DRP( 7)) E R(s;8 R((s);a + DRP(bn7) E E V(9 E V(Y

sa sa , s (P(jsa) ¢ P(j (s)a)
+ DR ) E E VE) V(EY)
s;a , SO P(jsia) i
(becaus@,”p( by )= SUPs.a % )

=DR"( b 7) Lg DR (™) E E vV (sh E vV (sY

sa s P(js@a) s© P(j (s)a)
+ DR( ) E E V() V()
s,a p SO P(jsia)
(by de nition of L °)
DRP(5i7) Lr"+ Kv DR°(57) E Wy P(jsi@iP(j (s):a)

b
+ DR(bn7) E E V(Y V(Y
sa p SO P(jsa)
(by Theorem 3 and the dual formulation of Wasserstein)
=DRP(p;7) Lp°+ Ky Lp® + DRP(p;7) E E V(&) V(Y
s;a p SO P(jsa)
(by de nition of L °)
DRP(n7) L+ Kv Lp® + DR°(0i7) E E V() V(Y
s;a p SO P(js:a)
(Jensen's inequality)
=DR"(b;7) Lg"+ Kv Lp® + DRP(57) E V (s) V ((9)
S

b
(as , is a stationary measure)

To summarize, we have:

E VI V() DEP(m) Le"+ Ky Ly + DEP(w) E V(9 V((9):
Or equivalently,
I DR(uN_E V() V() DR(57) Lg"+ Ky Lp

b

- — L.+ K L
E V() V() DE(wn7) =R supv
S b 1 ( b’ )
_Leg"t+ Kv Lp
e () '
which is we e ne ecaus p; ) IS assume StI’ICty ower t .
hich Il-d db DS”p( )i d strictly | hde O

In the main text, we made the assumption the environment is episodic. Let us formally restate this assumption:
Assumption 2. The environmentl and the world mode\Wl are episodic.
Assumption 3. 852 S, (S) = Sresetif and only ifs = Sreget

Note that, as mentioned in Section 2, Assumption 2 ensures the existence of a stationary distritaicthe
ergodicity of both the original environment and the latent model. Assumption 3 guarantees that the reset states are
aligned in the original and latent MDPs.

We are now ready to prove Theorem 2.
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Theorem 2. Suppose > = andKFi, < 1=, LetC2(1;=), ,2 Dbethebasepolic,™ )2NC( p)
where™ 2 isalatentpolicyand : S! S a state representation. Then,

Lg °= + Ky Lpb_
=P (b0 '

(- ;M) M AEL(»)

whereAEL( p) denotes thaverage episode lengtthenM runs under ,, Ky = Kgx(1 k ;),andLg® Lp"®
are the local losses of Eq. 4 over the stationary distributioninduced by .

Proof. The rst part of the proof follows by the expected value difference bound of Lemma 4. The second part
of the proof follows by adapting of the one of Delgrange et al., 2025, Theorem 1, where the authors considered
discrete latent MDPs and reach-avoid objectives (rewards were disregarded).

Our goal is to get rid of the expectation. First, note that for amasurable statso that (fsg) > O, we have
V() V((s) = ,0s9 Ese V(9 V ((s9) . Forsimplicity, we write ,(s) as shorthand
for ,(fsg) when considering such states. Second, note thaitasis almost surely visited episodically (Assump-
tion 2), restartingthe MDP (i.e., visitingsresey iS @ measurable event, meaning that.;has a non-zero probability

»(Sresed 2 (0;1). Then,

C M) T M (8)
=V (s) V (s1) )
=2 vis) Vi) (10)
-1 V (Sesed V ( (Sresed) (by Assumptions 2 and 3)

1 - __
(See) s E b V(s) V ((s) (11)

Lg "= + Ky Lpb .
o(Sresed (DR ( 5;7) )

Finally, the result follows from the fact th&t | (s.s) COrresponds to the AEL. Indeed, whih is episodic, it is
irreducible and recurrent (Huang, 2020); thus, given the random variable

X
Ts( = sp;a0;S1;a1;:::) = T 1fsyt = sands; 6 sforall0O<t<T g;
T=1

12)

we have (S) = 1= [Tjso=5s] for anys 2 S and stationary policy , whereE [T Sp = S] is themean
recurrence timef s under (Serfozo, 2009, Chapter 1, Theorem 54). In particular, this mean&that...) =
E [T et S0 = Sresel = E |, [T]is the AEL ofM under , which yields

- LR b: + KV L b
- M T M E [T P_.
( ) (71 DR (57)

Remark2 (Extension to episodic value functiondp Lemma 4 and Theorem 2, we considered the standard

de nition of value function. One may wonder whether the results hold when considering episodic value functions,
as de ned in Appendix A. It turns out that it is the case, as one can easily adapt the proofs for those particular value
functions.

We start by adapting the proof of Lemma 4:

E VO V()

b
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0 1
E  R(s;a)+ E V()
a “(j (s) s0 P(js@) #
= E 1fS6 Sresed

S . -

’ R( (s);a@)+ E vV (s)

a “(j (s) sO P(j (s)a)
" #
E E R(s;a) + E Vv (sY E R( (s);a)+ E V(Y

s p,a (i (s) sC P(jsa) a ~(j (s) S0 P(j (s)a)

The remaining of the proof is identical.
Concerning Theorem 2, we take a detour by de ning a new value funttias

U (s) = E R(s:a) + E U (sY) 1fs°6 Swesed 8s2S
a ~(i (s) 0 P(jsa)

The latent counterpald  is de ned similarly. By de nition of the episodic value function (Appendix A) and since
V (Sresep = 0, itis clear that

Vi(S) - Ui(s) If SS Sreset \77(8) - gi(s) If 56 (Sreset)
U (s) 1fs8 seseg oOtherwise; and U (s) 1fs8 (Swesedg otherwise.
(13)
Therefore,
E U9 U ()
b
“(aj (s _
e O rsa R
sa (als)
#
aj (s - __
o B @O e () 116 e E U () 11°6  (Sese)d
sa Cb(@js) s P(jsia) s0 P( (s)a)
(Triangle inequality and importance sampling)
=DR"(»7) E R(s;a) R((sha) + DR’(w™) E E V(9 E V (Y
sa sa s P(jsa) s0 P(j (s)a)
(by Eq. 13 and de nition of the SIR)
DR"( ) E R(s;a R((s);a + DgR’(m’) E E V() V(Y
s;a b s;a p SO P(jsa)
+ DR(w7) E E V() E V(&Y
sa  s® P(jsa) sO P(j (s)a)

(Triangle inequality)
DR"( 5:7) Lg®+ DR°( b 7) E Vi) V((s)+ DR (n7) Ky Lp

b
(by the same developments as in the proof of Lemma 4)

Lg®+ Ky Lp
=RP (o)

DR (b5;7) Lg + DR (") DR'(b7) Kv Lp (Lemma 4)

=DR"( 5 7) Lg°

+ Ky Lpb 1+

1+
DRP(p;7) * DRP(p;) *

=DEP(5) Le® Koy Lyt

+ sup .= 1
Dr ( b;7)
_Le"t Ky Lp®
DR (60
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Now, in the proof of Theorem 2, it suf ces to replace Equation 9 by observing that, in the episodic case, we have
C ;M) TM =V (s) V(s)=UZ(s) U(s) (again, by Equation 13)
1 - — 1 - _
=- U (si) U (i) == U (Sesed U ( (Sresed)
Modulo this change, the remaining of the proof remains identical; one just needs to replace the occurrences of
Es , V(5 V(() byes L U(s) U ((9)-
Since the subsequent results all rely on Lemma 4 and Theorem 2, they all extend to episodic value functions.

Theorem 3. (Deep, Safe Policy Improvementnder the same preamble as in Thm. 2, assume thifaked during
the policy update and the behavioral is a latent policy with= ~ and~p 2 . Then, the improvement of the
return ofM under™ can be guaranteed on, as
C M) (M) M mM
1 1

where = AEL Lg = + KyLy® +
(o)t TP oy 1

Proof. First, note that
C M) (M)
=( ;M) TM o+ TM (M) (14)
By Theorem 2, we have witB ;3" ( ,; p) =1 that

L, b= b
R + Ky LP.

. Ve M
(M) by M EY [T] 1 ;
which implies that
_ L= + Ky LgP
(siM) oM EY[T] S E
__ Lr "= + Ky Lp°
0 (oiM) M+ E[T] (15)
On the other hand, we have
. Le = + Ky Lp°
- M =M EM 1] = P_.
( ) o [T 2R (50)
which implies that
__ Le®= + Ky Lyt
T M T M EM [T] = P_. 16
( ) U e (16)
By plugging Equations 15 and 16 into Equation 14, we get the desired result:
C M) (M)
= (M TM o+ T M ( pM
| & } LMy
L= + Ky L - rR= + Ky Lp°
M R v P - EM T P
LT =5 (o) E%, [T 1
=+ Ky Lp°® e — R + Ky Lp?
EM [T] = P * M ‘M EM [T P
o [T] DR (5) ’ > o [T] 1
= T M M EM[T] Le"= + KyLp® ! b1
’ ' ° P 1
O
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In the following, we provide a probabilistic version of Theorem 3, as it is standard in the SPI literature. Essentially,
we derive probably approximately correct estimations from interaction daltg, pif , . Then, we use those
estimations to get an approximation gfthe error term of the safe policy improvement inequality of Theorem 3.

Those PAC guarantees rely on a discrete latent space. While it may seem restrictive, learning discrete latent spaces
turns out to be bene cial not only theoretically (e.g., it yields trivial Lipschitz bounds on the latent reward and
transition functions), but also in practice (see, e.g., Hafner et al., 2021).

Finally, note that we provide two versions of the theorem: (1) one where we have access to an upper bound of the
AEL (which is mild in practice), and (2) another one where this bound cannot be derived. The latter case yields
an additional challenge as we need to estimate the AEL from sample states drawn according to the stationary
distribution. In this case, the bound yields a probabilistic algorithm that is guaranteed to almost surely terminate
without any prede ned endpoint, as it depends on the current approximation of the losses.

Theorem 5(Probabilistic Deep SPI with con dence bound)nder the same preamble as in Theorem 3, assume
nowsS is discrete. Lefhs;;a;;ry;sfi : 1t Tgbe asetofl transitions drawn from | by simulatingM
i.e.,St by &t b( JSt);re = R(st; a), ands? P(js;a)foralll t T.Let";, > Oanddene

1 X . 1 X _ A X
CP =1 T P( (S?)J (st);ar); CR = T re R( (s)a) ; reset == T 1fst = Sresed;
t=1 t=1 t=0

— 1
=R (b )

+ 1, andR =max 1;4RZ, . Then, the policy can be safely improved as
C M) (mM) M oM 17)
with probability at leastl under the following conditions:

(1) one has access to an upper bound AEL( ), the number of collected transitions is lower-bounded by

_201= 2
T oLz Rl CCErKT) angh= L Ce= + KyLp 4 or
(2) without access to such a bound, we take
2 8 0 1,93
2 :Arese CR: + KV CP + "+ (]: + KV) 2
T m max ]:"fese‘; @ t — A ;
2 > reset ,>

and” = 1 Ce= + Kylp + "

reset

I m
Proof. Let”; > 0. First, note that we need Iw , to satisfy both (af’r + " > L ,* and
m

b)Cp +">L p ° with probability 1 andT R a(=) o satisfy simultaneously (a), (b), and (c)

AN

reset < ,(Sresep With probabilityl . This statement is proven by Delgrange et al. (2022) and Delgrange
et al. (2025). The result is essentially due to a raw application of Hoeffding's inequality and the fact that Wasserstein
boils down to total variation when the state space is discrete (Villani, 2009).

Let"%> 0.
Case 1.Assume we have an upper bound on AEL), sayL. Then it follows that

L e’y KyvLp® ( is the safe policy improvement error term of Theorem 3)
L Lty Ky(Cp +" :
with probability at leasi whenever

R log(=2)

T "

To ensure an error of at mastchoose'°such that

L Lr+"? + Kv(Cp + "O) L L + Ky Cp + "
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Equivalently,

I

O w0

L (1= +Ky)

Thus, it suf ces that
R log(=2) R log(=2)

T @ "2

(L (1= +Ky))?

to satisfy " with probability at least.

Case 2. Suppose we do not have an upper boundd&i ( ). From the proof of Theorem 2, we know that

AEL( p) = 1= ,(Srese). In this case we include an estimatgs in the bound and use the high-probability
deviations

n . mn . N n .
CR"‘ O>LRby L\P"' 0> CP, reset 0< b(sreseb-

We have
1 Ls
= ——— =R+ KylL 18
(Se) vte 4o
1 ;
A B Ky (Ce + Y (19)
reset
with probability at leasi whenever
R log(=3).
T W.
To guarantee an error at mdstwe require
1 1 y
i feakyle 4 Bty (e ) (20)
reset reset

Assuming'®< “leses We multiply both sides of (20) bfteset "9 and expand:

r "0 w A wn 0
Ee + Ky Cp 1 = + " reset

reset

CfR'*'Kvﬁp + ;+KV "0

Cancel the common ternEe + Kylp and group thé®terms:
i

w A w0 ¢ " 1
reset x e v Kylp +"+ L+Ky

reset

Therefore a suf cient condition isSthe explicit upper bound

3 . A

"0 < min_ “eset reset : (21)
3 fese L\i+KVCP et 11Ky ’3

IW ©

Areset
Together with the concentration requiremenflgrthe choicg21) ensures an error onof at most* with probability
at leastl

Finally, the safe policy improvement bound follows from the fact thist greater than with probability 1
Then, due to the SPI bound of Theorem 3, the improvement is guaranteed to be even larger whemstéagl of

" as error term. This guarantees the improvement whisrsmall enough. O

Remark3 (Episodic assumption)For the sake of presentation, we have considered and proved the bounds for
episodic processes (cf. Appendix A). One could extend them to more general cases under the assumption that
one has access to a stationary distributionof M . As mentioned in Section 2, the existence of a stationary
distribution is often assumed in continual RL (Sutton and Barto, 2018) and guaranteed unique in the episodic case
(Huang, 2020). Then, replacing the difference of returns in Theorem 3 by an expectation (similar to Theorem 2 with
Lemma 4) would allow to remove the AEL term and obtain similar results.
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Theorem 4. (Deep SPI for representation learninghder the same preamble as in Thm. 2,"let 0 and
=4 % Then, with probability at least under , we have for alk;;s; 2 S that
IR b

Vi(s1)) V (s2) Ky d( (s1); (s2))+ "

Proof. First, let us consider bounding the following absolute value difference for every possible 2ttgi.e.,
V (s) V ( (s)) . Tothataim, we consider Markov's inequality:

$2S: V (s) ( () >"=
, S2S: V (s) ((s) "=

, Es bV’(sl)l Vo( ()

b

v
v

(Markov's inequality)

Lg"+ Kv Lp" |

: by Lemma 4
TR (by )

Consideranyjoint distribution 2 ( ,; ), i.e., any joint distribution ove® S whose marginals both match
,- Then, by the union bound, we have

( (s1) >"=or V (sp) V ((s2) >'=
((s1)) "=or V (s) V ( () "=
( (s

D) = or musi2S S V() V(() =
(union bound)

rBl;Szi 2S S : Vi(Sl) \Y
hs1;si2S S @ V (s1) V
hs1;5012S S Vi(Sl) \Y

= , 51281V (s1) V((s1) "= + , $2S:V () V ((s2) "=
( has , as marginal distributions)

LRD+ Kv Lpb_
(e )

Therefore, since this holds for any suchwe have with at least probability that for alls;;s, 2 S,
V (s1) V ((s1)) "™andV (s2) V ( (s2)) "=.Inconsequence, with same probability, we have

V (s1) V (s2)
=Vi(s1)) V(m)+V (1) V((s2)+V ((s2) V (s2)

Vi(s1)) V((s1)+ V((s1) V((s2)+ V(s2) V((s2) (triangle inequality)

V((s1) V((s2) +"

Ky d( (s1); (s2))+ ™ (by Lemma 3)
O

4also referred to as Chebyshev's inequality (Stein and Shakarchi, 2005).
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F DREAM SPI

Algorithm 2: DreamSPI

Input: (others) world model and encoder parameters #, actor/critic parameters , imagination
horizon H

Init. s 2ST+D B: 32 AT B:y2RT B g2 S BT.42AH BT.ppRH BT

repeat

fort 11T do

L ar (] (sv)

I't; St+1 env. step(St; at)

Update # by descending ryDeepSPI_loss(s;a;r;U  ;#)

. Only , P, and R are updated here
world_model S:A;P:R
Set latent start states: s1 F (Sgi):1 t T;1 i Bg

Perform latent imagination:
fort 1t Hdo

a “(Jsv)
Ft;St+1 world_model.step(St;at)
Update by descending  ppo_loss(s;aF;A ;)
. Perform a standard PPO update of the actor/critic w.r.t. the imagined trajectories

S1 ST+1
until convergence
return

We report in Algorithm 2 the algorithm we used in our experiments to evaluate the quality of the world model’s
predictions. Note that the algorithm is on-policy; we leverage parallelized environments to make sure data coming
from the interaction covers sufficiently the state space (Mayor et al., 2025). Empirically, we found most beneficial
to use discrete latent spaces, and model the transition function with categorical distributions (32 classes of 32
categories, as in Dreamer; Hafner et al., 2021). This observation agrees with the observation made by Hafner et al.
(2021) on the benefits of categorical latent spaces in world models.

G ADDITIONAL DETAILS ON THE ILLUSTRATIVE EXAMPLE

Figure 9: Underlying MDP of the grid world of Fig. 3. Actions leading to self-loops are omitted for clarity.

In this section, we expand on the illustrative example introduced in Sect. 6.1. The underlying MDP for the grid
world is shown in Fig.9. Formally, the MDP has four actions ag;; with dir 2 f'*;#; ¥; ¢, and 2n + 6 states:

* the initial state Sy, which transitions to S; whenever a s is played;
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» the hazardous state Sy, sending the agent to S7” with probability 1~ and to s{ with probability , independently
of the action played;

« the 2n corridor states s;” and s;° for i 2 f1;:::; ng, forming the top and bottom branches; and
. 2 —+
* the terminal states Sgin, Suvins Swin» a1d Stail-

We focus on the value of the initial state V (S;) for policies 2 . We highlight three policies of particular
interest:

(a) The good policy g0a: the policy moves right everywhere except in S;;, where it chooses a-:
h <t n x i
(1 ) t 4 N — + t

t=1 ¥ t=1

= t+@ )+ "
t=1

V()

n
= + (1 + N
——+@ n

Learning 4,04 requires that the representation distinguishes the two branches and assigns distinct latent states

to s, and s;. With n = 5, this corresponds to a return of ~ 8:01, which is the value reported in Fig. 4 for
DeepSPI. This highlight the representation learning capabilities of our algorithm.

(b) The bad policy p,g: the policy moves right everywhere except in s;7 and S;Z, where it chooses a-:

h < < i
n 2 n
Vbad(sl): (1 ) t+n7n+ t+n (n)
t=1 , t=1
<2 i
= t n
t=0
n
= n
1
<0
Such a policy may arise due to the policy confounding update described in Sect. 3.2, where the representation
incorrectly merges s and s7. With n = 5, this corresponds to a return of 1:09.
(c) ... and the ugly "always right" policy 1 : this policy deterministically selects @ in every state. Its value is
X > 2 n+2
\VA | (SI) — t_— 2 t— 1 .
t=1 t=0

With n = 5, this corresponds to a return of  4:8. This coincides with the values reported in Fig. 4 for PPO,
indicating that PPO alone fails to address the confounding policy update in this example.

As mentioned in the main text, we want to highlight the representation learning capabilities of DreamSP I. For
this reason, we provide a view of the grid in raw pixels to the agent (cf. Fig. 10). In our experiments, we choose

= 0:2. To evaluate PPO and DeepSP1I in this environment, we use the default parameters from cleanRL
(Huang et al., 2022), both for PPO and DeepSPI. However, we enforce for both algorithms a compact, small
discrete representation with a limited capacity of 256 latent states (precisely, we use 4 categories of 4 classes,
with the same latent representation as the one used by Hafner et al., 2021). For DeepSP I, we restrict the ratio to
1= 1, which leads to a neighborhood constant C < 1= | as the theory suggests. Fig. 4 reports the median of 10
independent runs/seeds per algorithm, as well as the interquartile range (25-75%). Note that the values V (S))
reported in Fig. 4 are computed analytically.

H EXPERIMENTS: EVALUATION ON THE ATARI LEARNING ENVIRONMENTS

H.1 IMPLEMENTATION

Our implementation can be found at https://github.com/florentdelgrange/deepspi.
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Figure 10: Observations of the grid perceived by the agent. The white-most cell corresponds to the agent’s
location in the grid. Each observation has size 84  84.
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Figure 11: Relative improvement of DeepSP I compared to PPO over the full stochastic ALE suite (41/61).

H.2 SETTING

Each presented experiment on the environments from ALE has been conducted across 8 seeds for each algorithm.
Each run requires (mean  std) 16:75 1:7 min for PPO, 60:24 20:16 min for DeepMDP, 62:49  20:71 min for
DeepSPI,and 80:8 1:35min for DreamSPI on an NVIDIA A40. This correspondstoa  3:6 overhead when
using DeepSP1T instead of PPO, which we consider a modest cost given the guarantees we obtain. Because our
method is on-policy and fully parallelizable, the wall-clock time remains well below that of off-policy approaches
that do not exploit vectorized environments. For comparison, SAC requires roughly 40 hours for the same number of
collected frames on an NVIDIA A100 (Huang et al., 2022), and Dreamer—-v2 needs about two days on NVIDIA
V100 (Hafner et al., 2021).
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H.3 ADDITIONAL PLOTS

In this section, we present additional figures to highlight statistics and the performance of our algorithm, DeepSPI.
Fig. 11 presents the relative improvement of DeepSPI w.r.t. PPO (Fig. 11). We formally compute the relative
improvement as

score  SCOFepuseline

jSCO rebaselinej

and we use the maximum median human normalized score as the metric to compare in each environment. See
next page for a comparison of each of the algorithms (average episodic return) per environment, across training
steps. We report the median and interquartile range (25-75%) for each environment. Recall that one training step
corresponds to gathering four Atari frames in the environment.

Transition and reward losses. In the main text, we stated that the transition loss achieved by DeepSP1I is, in
general, lower than for DeepMDP s. We elaborate here on the statistical significance of this claim. First, as for the
human normalized score, we provide in Fig. 12 aggregate metrics for the transition and reward losses. This analysis
already reveals that there is no statistically significant difference between the capacity to predict rewards between
the two algorithms. We take a closer look at the transition loss.

For each environment i, we summarize the transition loss of DeepSPT and DeepMpB by scalars ‘¥ and “M°F,

and form paired differences dj = ‘"' “MPP. The reported mean differenced = L~ ; dj = 0:1381 therefore
means that, on average across environments, DeepSPI’s transition loss is about 0:14 units lower than DeepMDP’s.
To quantify uncertainty on this average effect, we use a paired bootstrap: we resample the n environments with

the 2.5th and 97.5th percentiles of Fd®gE_ ;. The resulting interval [ 0:2226; 0:05907] lies entirely below zero,
which under the usual frequentist interpretation provides strong evidence that the true mean gap in transition loss is
negative (DeepSP I better) rather than a consequence of sampling noise.

The paired Wilcoxon signed-rank test (Wilcoxon, 1992) further supports this conclusion without invoking normality
of the d;: it ranks the absolute differences jd;j, assigns each rank the sign of dj, and uses the signed rank sum as a
test statistic for the null hypothesis Hp : median(d;) = 0. We obtain a very small two-sided p-valuep = 6:6 10 4
indicating that observing differences this systematically negative would be extremely unlikely if DeepSPTI and
DeepMDP had the same typical transition loss.

Finally, the aggregates of Fig. 12 provide a complementary robust view: the interquartile mean (IQM) of transition
loss is lower for DeepSP I than for DeepMDP, indicating that DeepSP I improves not only the mean performance
but also the performance on the central bulk of environments. Taken together, the negative mean difference with
a 95% confidence interval that excludes zero, the significant Wilcoxon test, and the lower IQM all consistently
indicate that DeepSP T achieves statistically significantly lower transition loss than DeepMDP across Atari.

H.4 HYPERPARAMETERS

As mentioned in the main text, we use the same parameters for PPO as the default cleanRL’s parameters.
We list the DeepSPI parameters in Table 1 and those of DreamSPI in Table 2. We used the same pa-
rameters as DeepSPI for DeepMDPs. For DeepSPI, we performed a grid search for the transition density
in fIndependentNormal; MixtureIndependentNormal(n = 5); Categorical(n_cat = 32;n_cls = 32)g. The grid
search revealed that the mixture of independent normal distributions (i.e., with diagonal covariance matrices)
worked best for DeepSPI. We also found that using Lipschitz networks to enforce the Lipschitzness of the latent
space (cf. Sect. 5) was faster than enforcing a gradient penalty (as used by Gelada et al. 2019) since, in contrast to
gradient penalties, enforcing a Lipschitz condition through the architecture does not require additional sampling
from the latent transition function (which might turn out costly, especially with mixture distributions). Furthermore,
norm-constrained GroupSort architectures ensure Lipschitzness by construction. For the reward and transition
coefficients, we performed a grid searchin Rr; p 2 10 2:5 10 3:10 3;5 10 410 4 . We found the

best performance at g =0:0land p =5 10 4,
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